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The wind-aided flame spread process along a solid fuel rod under oblique forced flow is analyzed in absence 
of gravity or when the forced flow dominates the gravity-induced flow. The transverse velocity is large enough 
to ensure that mixing of the fuel vapors and air occurs in a thin boundary layer surrounding the fuel rod and 
we can use the boundary layer approximation to describe the gas-phase chemical reaction and downwind flame 
spread process. A global, second-order, Arrhenius expression is employed to describe the gas-phase reaction, 
while the solid surface gasification reaction is modeled in terms of a constant pyrolysis temperature. The solid 
is heated by the hot gases convected from the flame by the axial component of the velocity in the direction of 
the flame spread. The solid will be considered thermally thick, assuming the thickness of the heated layer in the 
solid to be small compared with the rod radius. The analysis determines the flame spread velocity and the flow 
structure in the flame front region. The analysis also shows that flame spread is not possible at large flow 
velocities due to finite rate effects, while at low velocities the gas-phase reaction is diffusion-controlled. By 
including radiation losses from the surface a flame spread limit, at low velocities, is also found in the present 
analysis. 

NOMENCLATURE 

Latin symbols 
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Lv 
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Re 

rod radius 
strain rate 
preexponential factor for gas-phase 
reaction 
gas-phase specific heat at constant 
pressure 
solid-phase specific heat 
Damkohler number 
modified Damkohler number 
activation energy for gas-phase 
reaction 
thermal conductivity 
Lewis number 
heat of pyrolysis 
solid-phase surface mass flux 
exponent in T dependence of k 
gas to solid characteristic thickness 
ratio 
Prandtl number 
nondimensional heat of reaction, 
q = qplCpT^ 
heat of reaction per unit of mass 
fuel 
nondimensional heats 
solid surface recession rate 
Reynolds number, Re = avjv^ 
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sR 
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Ta 
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U, V, W 

V, W 
wF 

Wf 
Y 
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characteristic transversal Reynolds 
number, Rec = A^/a^ 
mass of oxygen consumed per unit 
mass fuel in the global reaction 
corrected overall mass stoichiometric 
ratio, S = s/Y0as 

radiation parameter 
modified radiation parameter 
temperature 
nondimensional activation 
temperature, Ta = Eg/RT^ 
laminar burning velocity of a 
stoichiometric flame 
gas-phase velocity components 
similarity velocities 
fuel consumption rate per unit 
volume and time 
flame spread rate 
mass fraction 
boundary layer coordinates 
characteristic length of the front 

Greek Symbols 

a 
Pl,2 
X 

8 
6 

K 

thermal diffusion coefficient 
coupling functions 
gas to solid ratio of specific heats at 
constant pressure, x = c

Plcs 
characteristic thickness 
emissivity factor 
strain rate constant coefficient 
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A 
A* 
V 

P 
a 
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CI 
A 

nondimensional heat of pyrolysis, 
A = Lv/cpTQO 

parameter, A = S/(S + q) 
nondimensional surface mass flow, 
fls = rhs/p00\/a00Ue 

kinematic viscosity 
density 
Stefan-Boltzmann constant 
nondimensional production term 
nondimensional flame spread rate 
corrected nondimensional spread 
rate 

Subscripts 
0 0 

C 

e 
f 
F 
g 
O 
V 

s 

infinite 
characteristic value 
external 
flame 
fuel 
gas phase 
oxygen 
pyrolysis 
surface of solid 

Superscripts and Tildes 

Solution at z —> + °° (frozen) 
Solution at z —> - °° (equilibrium) 

INTRODUCTION 

The subject of flame spread over condensed 
fuels burning in air has received considerable 
attention in the literature due to its implications 
for fire safety. Early reviews of the subject were 
given by Williams [1] and [2], Fernandez-Pello 
and Hirano [3]. More recent reviews are given 
by Wichman [4], di Blasi [5], and Sigirano and 
Schiller [6]. 

The effects on flame spread of the convective 
transport of heat and reacting species, due to a 
forced flow or to the flow induced by gravity, 
have been studied using approximate or numer
ical simulations of the complete equations. 
Most of these studies, after the pioneering work 
of de Ris [7] who considered the chemical 
reaction to be diffusion-controlled, have dealt 
with the special cases for which the flow, or 
gravity, is parallel to the solid surface. In these 
cases the flame spread velocity is constant, 

Fig. 1. Schematic representation of the flame spread pro
cess along a fuel rod with forced flow velocity oblique to the 
rod. The reference frame is moving relative to the rod with 
the flame spread velocity Wf. 

whereas in the cases of flame propagation up
wards (see for example Williams [8]) or down
wind propagation when the flow is parallel to 
the solid surface (see for example [9] and [10]), 
the flame spread processes are self-accelerating. 

In this work we shall analyze the three-
dimensional wind-aided flame spread process 
along a fuel rod, of radius a, in the general case, 
not considered previously in the literature, 
when the forced flow is oblique to the rod (Fig. 
1). In this case if by external heating, in a certain 
region of the fuel rod, we ignite the diffusion 
flame between the vaporizing fuel and air, then 
the flame will spread along the rod by means of 
two fronts: one against the longitudinal compo
nent of the external velocity, and the other 
downwind, aided by the flow. 

The flame front propagation against the flow 
is dominated by the structure of the flame front 
region, where, as shown in the analysis of de Ris 
[7], a balance is found between convection and 
upstream heat conduction. Therefore, the anal
ysis of this upwind flame front region, which we 
do not analyze in this paper, can not be carried 
out using the boundary layer approximation. 
We shall neither analyze the case of pure trans
verse flow where the two flame fronts have the 
same structure, and can not be described using 
the boundary layer approximation. 

However, in the case of flame propagating 



downwind, which we analyze in this paper, 
accounting for the effects of the crosswise com
ponent of the velocity, we find that, due to this 
component, the heat transported by the axial 
component of the velocity is partially balanced by 
the heat transported by the crosswise component 
limiting the heating region of the front to a zone 
of the order of the radius of the rod. Then, there 
is a constant flame spread velocity, Wf, to be 
determined by our analysis. If we use a refer
ence frame moving relative to the rod with the 
velocity Wf, which is very small compared with 
the axial component n»„ of the external velocity, 
the flame front structure becomes quasi-steady. 
Then the quasi-steady form of the equations can 
be used, both for the solid and the gas phases. 
Along the rod, we can distinguish three differ
ent regions: a flame front region, of character
istic size a, separates a nonburning region 
downstream (on the right hand side of Fig. 1) 
where the flow is two-dimensional, from an 
upstream burning region (left side of Fig. 1) 
where the flow structure is also two-dimensional 
if the regression velocity of the surface is small 
compared with the flame spread velocity. 

The structure of the upstream burning region, 
in the stagnation point zone, is dependent only 
on the transverse velocity component vm and it 
has been often analyzed for the case where the 
Reynolds number based on the rod radius and 
Veo is large compared with unity; then, mixing 
and chemical reaction of the fuel with the air 
take place in a thin boundary layer [11]. With 
this large Reynolds number assumption, which 
we shall use in our work, viscosity, heat conduc
tion, and diffusion effects are also confined in 
the flame front region to a thin boundary layer. 
The gas flow outside this layer is inviscid, with the 
constant temperature (and density) of the air 
stream, and only influenced by the effects of 
combustion in the boundary layer through their 
effect on the boundary layer separation and sub
sequent formation of the von Karman street in the 
wake of the rod. Nevertheless, for reasons that will 
become more clear from the analysis, we shall 
neglect the effects of the changes in wake struc
ture on the flame spread velocity. Then, as in the 
flow past swept wings, outside the boundary layer 
the axial flow velocity is constant equal to w^ and 
the transverse component of the velocity at the 
edge of the boundary layer is proportional to v^ 

independent of w^. Within the boundary layer the 
flow structure is determinated by its behavior in 
the leading stagnation line region, because upwind 
information is eliminated with the boundary layer 
approximation. Thus, the flame spread velocity 
will be determinated by the boundary layer flow 
structure in the zone around the stagnation line, 
which will be analyzed below. 

The importance of the kinetic effects on flame 
spread was first taken into account by Frey and 
T'ien [12], in a numerical study with an Arrhenius 
reaction of the second order for the gas phase and 
a first order for the solid pyrolysis. The computa
tions show that the flame spread process is extin
guished at low Damkdhler numbers. Frey and 
T'ien [12] were the first to correlate the flame 
spread velocity with the Damkdhler number. 

The kinetics of the gas-phase reaction will 
also be modeled in our analysis by an exother
mic one-step Arrhenius reaction between the 
pyrolyzed fuel and the oxygen of the air. The 
solid pyrolysis process will be modeled in terms 
of a pyrolysis temperature Tv; so that no pyrol
ysis is considered to occur at solid surface 
temperatures below Tv, and the fuel tempera
ture will remain constant, equal to Tv, if pyrol
ysis occurs. When the solid surface temperature 
reaches the value Tv the solid begins to gasify at 
a rate controlled by the heat transfer process. 
This simplified model describes well the pyrol
ysis process when the gasification reaction is 
endothermic with a large activation energy. We 
shall consider that the regression velocity of the 
interface is small compared with Wf, and thus 
the relative changes in the rod radius are small 
in the flame front region. 

The temperature field in the heated region of 
the solid is steady when seen with the reference 
frame moving with the front. In this frame the 
solid moves toward the burning region with a 
velocity Wf. The heat reaching the solid from 
the gas phase penetrates the solid by heat 
conduction reaching a layer with a thickness 
that, in the flame front region, we consider to be 
small compared with the rod radius, a; so that 
the solid behaves as thermally thick. 

We shall leave out of the analysis the buoy
ancy force due to gravity; this is justified, for 
example, for flame spread in a microgravity envi
ronment, or more precisely when the gravity-
induced velocity, of order Vga, is small compared 



with Veo. We do not include in the analysis the 
effects of radiation from the gas phase in the 
flame spread process; the heating due to convec
tion will dominate the process when the flow 
velocity is large enough. But we shall take into 
account the effect of radiation losses from the 
solid surface to describe the possible extinction of 
the flame spread process when the forced flow is 
reduced leading to a reduction of the heat coming 
from the gas phase to vaporize the fuel; however 
our analysis will only be applicable if the extinc
tion Reynolds number is still large compared with 
unity. These extinction processes are similar to 
those anticipated theoretically by T'ien [13] for 
the diffusion flame in the stagnation point re
gion adjacent to a solid fuel and the case 
described experimentally by Olson [14], in the 
case of propagation opposite to the flow in a 
microgravity environment. 

Based on order of magnitude estimates for 
this model, some approximations are made to 
simplify the numerical solution of the resulting 
problem. A numerical integration is performed 
by means of an implicit finite difference method 
based on the box method of Keller [15, 16] and 
a special mesh adaptation procedure is used to 
improve the description of very thin flames at 
high Damkohler numbers. 

Results are presented, first, for the case where 
the gas-phase reaction is infinitely fast, because it 
shares the main characteristics of the spread pro
cess and it is the appropriate starting point to 
evaluate finite chemical kinetic effects. Compari
son is then made with the cases where finite rate 
chemistry is included, and an extinction regime is 
identified at low Damkohler numbers. Finally, 
some results are also presented for the effects of 
radiation losses from the surface. We show how 
the flame spread velocity is reduced, at high 
Damkohler numbers, due to radiation losses, with 
decreasing values of the transverse velocity. The 
flame spread velocity is positive only for values of 
the transverse velocity above a critical value. 

FORMULATION 

For the description of the reacting boundary 
layer we shall use coordinates with the origin 
placed at the point on the stagnation line, of the 
external transverse inviscid flow, where the sur

face temperature first reaches the gasification 
value Tv. The x coordinate is the distance from 
the stagnation line along the rod surface and 
transverse to the rod axis, the y coordinate is 
normal to the solid surface, and the z coordinate 
is parallel to the rod axis, positive in the direc
tion of flame spread. In terms of these coordi
nates the surface temperature atx = 0, remains 
equal to Tv, forz < 0, and it is unknown, Ts(z) 
smaller than Tv, for z > 0. 

Far from the cylinder, the oblique flow is 
assumed to have a transverse component v«, and 
a longitudinal component n»„ of the same order 
of magnitude; with the transverse Reynolds 
number, avjvm large compared with unity. For 
these conditions, the flow outside a thin bound
ary layer, which may separate on the lee side of 
the rod, will be irrotational and will determine 
the external boundary conditions for the equa
tions describing the flow in the laminar bound
ary layer, of thickness a/^/Re. Because for x/a 
<sC 1, ue = A,x, where Ae, of order vja, is the 
crosswise inviscid flow strain rate at the stagna
tion point, these equations have, for x/a <sC 1, a 
similarity solution, with the three components 
of the velocity u,v, and w in the form, 

u/x~A(y, z), v « V(y, z), w « W(y, z), (1) 

where the strain rate A and the velocities V and 
W, are only functions oiy and z; the same is 
true for the rest of the flow variables, 

YP^YP(y,z),Y0 

~ Y0(J, z), T 

~ T(y, z) and p 

~p(y,z). (2) 
The similarity solution corresponds to the first 
term of an expansion of the flow variables in 
powers of (x/a)2. 

Due to the parabolic character of the bound
ary layer equations, the structure of the flow at 
small values of x/a is independent of the down
stream evolution of the boundary layer, aside 
from the effects of the boundary layer separa
tion, which we will neglect. The analysis of the 
flow in the upstream similarity region of the 
boundary layer will determine the flame spread 



velocity; the flow downstream is slave to the 
flow in the stagnation region. 

Using the previous considerations, the gas-
phase reacting boundary layer equations, valid 
for y > 0, take the form: 

d{pV) d{pW) 
pA + — — + — = 0 

dy dz 
(3) 

PA2 + PV 
dA 
dy PW 

.dA 
dz Pa>Ae 

Pr dy \cp dy) 

PV 

PV 

Pv 

.dW 
dy 

dYP 

dy 

dYn 

pW 

PW 

dW _ 
dz ~ 

dYP 

Pr 
kgdW\ 

dy \cp dy) 

d t k„ dYP 

(4) 

(5) 

dz dy \CpLeF dy 

dy PW 
.dYr. dY, 

dz dy \CpLe0 dy 

PV 
dT 
dy PW 

dT 
dz 

qF 
w. 

wF 

(6) 

- swp 

(7) 

(8) 
d_ (kgdT\ 

dy \cp dy) „p 

where Pr is the Prandtl number, LeF and Le0 
are the fuel and oxidizer Lewis numbers respec
tively, kg = kco{TITco)n is the gas-phase conduc
tivity as a function of the temperature, cp is the 
specific heat, considered constant, at constant 
pressure, s is the mass of oxygen consumed per 
unit mass of fuel in the single-step irreversible 
reaction F + sO —»P, and qp is the heat release 
per unit mass of fuel due to the reaction. 

For the fuel consumption rate per unit vol
ume and time wp, we use an Arrhenius expres
sion 

wP= -pBgYFY0e-^/RT, (9) 

where Bg is the preexponential factor and Eg is 
the activation energy of the gas-phase reaction. 

The density p is determined in terms of T by 
the gas-phase equation of state that takes the 
simplified form 

pT - pJTa (10) 

because the spatial pressure variations can be 
neglected compared with the pressure itself, 
and we also consider the mean molecular mass 

to be constant and equal to that of the free 
stream air. 

For the description of the temperature within 
the cylinder, we consider the case when the 
conductivity of the solid is small enough as to 
ensure that, in the flame spread region (z *** a), 
the thickness of the thermally heated layer of 
the solid is small compared with the rod radius 
a. In this case, the temperature distribution in 
the solid (y < 0) is given by 

ms(z) dT 
Ps dy 

W, 
dT 

' dz ' 
d2T 

s dy2' 
(11) 

where ms(z) is the solid pyrolysis rate per unit 
surface and time, which will be zero for z > 0; 
ps is the solid density, Wf is the flame spread 
velocity, and as is the solid thermal diffusivity. 
The ratio mjps is the regression velocity r of the 
solid surface, which we consider to be small 
compared with Wf. 

Boundary Conditions 

The boundary conditions for this system of 
equations are the following: At the edge of the 
boundary layer the fluid variables tend to the 
values of the inviscid flow, 

A^Ae,W^ Wm Y0 -> Y0m YF -> 0, 

T -» Tec at y ■ (12) 

The analysis of the inviscid external flow gives 
Ae = Kvja, where K is a constant coefficient, 
For a circular rod, K = 2 if we assume that there 
is no separation of the external irrotational 
inviscid flow; this value is slightly reduced due to 
the boundary layer separation. In the second 
condition of (12) we have replaced (Wf + W„) 
by Wm anticipating that Wf <sC W^. 

For y —»• -oo, in the solid, outside the ther
mally heated layer, the temperature T —»• T^. 

The boundary conditions at the interface 
correspond to the requirement that the solid 
and gas temperatures must be equal there. So 
that 

?o+ T0- Ts(z) at y = 0, (13) 

the surface temperature must be constant, 
Ts(z) = Tv, for z < 0, while Ts(z) < Tv must 
be obtained as part of the solution for z > 0. 



The no slip condition for A and W at the 
interface leads to 

A = W=0aty = 0, (14) 

where the surface condition for the longitudinal 
velocity has been simplified from W = ~Wf, 
anticipating that Wf <sC W^. Finally, the con
servation of mass, species, and energy at the 
surface gives 

{pV}0+ = ms(z), 

l ms(z)YF -

(15) 

dYf 

I ms(z)Y0 

CpLep dy 

kg dYc 

CpLe0 dy 

= ms(z), 

0, (17) 

dT 
dy 

- k 
dT 
dy 

= ms(z)Lv 

+ e*(T}(z) - It), 
(18) 

where ks is the solid-phase heat conductivity, Lv 
is the heat of surface pyrolysis per unit mass of 
fuel, <T is the Stefan-Boltzmann constant, and e 
the surface emissivity. In Eq. 15 we have re
placed (V - r) by V because the interface 
regression velocity, r = mjps, is small com
pared with the gas-phase value V0+, due to the 
small value of the ratio between the gas and 
solid densities. The interface regression velocity 
r leads to changes with z of the cylinder radius, 
given by daldz = —r/Wf, which we also neglect 
in the flame spread region. 

We look for a solution of the previous system 
of equations representing an ignition flame 
front that separates the nonburning region, 
downstreams at z —»• °°, and the upstream, z —»• 
-oo, burning region. Downwind the flow vari
ables must approach 

A-
Yo 

>My), 
~* Y0CO, 

w-
YP-

■W(y), 
»0, T- T forz + 0°. 

(19) 

Here, the functionsA(y) and W(y) are given by 
the nonburning, no-vaporization solution of the 
previous system of equations with 7^ = Tm 
justified only for large activation energies of the 
pyrolysis reaction. 

Upstream, the solution must approach, as
ymptotically, the one-dimensional steady burn
ing solution of the system of equations (3-18), 
with d/dz = 0, 

A >A(y), W^W(y), 
-+Y0(y),YF^YF(y),T^T(y) 

for z —»• - (20) 

In the region z —»• -°°, the energy equation 
(11) can be readily integrated in the solid to give 
the interface condition 

(16) (mX 
(Tv - T„) 

dT 

37Jo 
(21) 

Finally, notice that the pyrolysis rate ms(z) 
(unknown for z < 0, and zero for z > 0) and 
the surface temperature Ts(z) (equal to Tv for 
z < 0, and unknown for z > 0) must be 
obtained, as part of the solution, together with 
the flame spread velocity Wf, an eigenvalue of 
the problem. 

ORDER OF MAGNITUDE ESTIMATES 

We shall write the previous system of equations 
in nondimensional form, using as scales appro
priate characteristic lengths and velocities for 
the flame spread region. These scales, as well as 
the characteristic value of the flame spread 
velocity Wfc, will be obtained, together with 
some preliminary physical insight into the prob
lem, by means of order of magnitude estimates 
of the terms appearing in the system of equa
tions given in the previous section. 

Let (, be the characteristic length in the z 
direction of the flame front region (equal for 
the solid and gas phases) and 8g and 8S the 
characteristics thickness of the gas-phase 
boundary layer and of the heated layer in the 
solid. Let W«, and Vc be the characteristic values 
of the velocity components longitudinal and 
transverse to the boundary layer, respectively, 
and let the strain rate be of order Ae. From the 
continuity equation, Ae **> Vc/8g «== WJ(, we 
obtain 

m^wjv^i, (22) 

because we analyze the distinguished case 
where w~ and v- are of the same order. 



The thickness of the gas-phase boundary 
layer is obtained from the requirement that the 
convective and diffusive terms in the momen
tum equation for A must be of the same order, 
i.e., A2 «== arJAJ82

g, where a^ = kjpjzp is the 
air thermal diffusivity. Then the boundary layer 
thickness S is given by 

\aJAe, or 8 ~ a/^jRec, (23) 

where Rec = a2AJarji = KOVJOL^ is the 
characteristic transverse Peclet, or Reynolds 
number. The characteristic value, within the 
boundary layer, of the velocity transverse to the 
layer is Vc = V a J e . 

From the energy balance at the interface 
k^T. f 

If 
T 
-*- ra 

~ Tv)/8 

qF 

ks(Tv - r00)/S i, where 

c T 

T 
T 
-*- ra 

Yr c T 

(s + Y0„) (24) 

is the flame temperature in the upstream burn
ing region, in the Burke-Schumann limit of 
infinite gas-phase reaction rates and in absence 
of radiation losses; this will be used in the 
following as a reference flame temperature. 
Then, the ratio of characteristic thickness of the 
gas boundary layer and solid heated layer is 

kco if i v = N (25) 

where, the factor N is of order unity for most 
plastic fuels. 

Finally one relation between the characteris
tic flame front velocity, Wfc, and the thickness 
of the solid thermal layer is obtained from solid 
energy equation 

Wt 
T - T T - T 

fc e 
(26) 

Then, Wfc *=* as£/82, and we obtain, for the 
characteristic flame spread velocity 

Wfc~ W^ — N2. (27) 

Notice that this estimate for the flame spread rate 
was also obtained by de Ris [7] for flame spread 
rate in opposed flow with velocity W^ in the flame 

front region. Although this dependence with the 
longitudinal velocity of the spread rate is the same 
in both cases, it is important to point out that the 
flame structure and its dependence on W^ is very 
different. When the longitudinal velocity increases, 
the flame spread increases because the flame front 
region becomes longer; whereas in the opposed 
flame spread configuration, the thickness of the 
boundary layer in the gas phase decreases as the 
longitudinal velocity increases, and then the 
heat flux from the gas increases because the 
flame approaches to the surface. Thus, with 
increased flow velocities, in downwind propaga
tion, the flame front is longer, whereas in the 
case of up- wind propagation the flame is closer 
to the surface. 

Observe that the assumption Wf <sC Wm 

made in the previous section, is valid if as « : 
a^, which is the case for most plastic fuels. 
Notice also that if N **> 1, 8g **> 8S is small 
compared with a if Rec : » 1. 

Finally, the regression velocity r whose order 
is k«,(Tf - Tv)l8gpsLv according to Eq. 18 can 
be compared with Wfc to give r/Wfc «== cs(Tv -
Tco)/LvNVRec, which for large values of Rec is 
small compared with unity justifying the previ
ous assumptions. 

NONDIMENSIONAL EQUATIONS 

To write the equations in nondimensional form, 
we measure A with Ae, W with Wm V with Vc, 
z with (,, and the coordinate y with 8g in the gas 
phase and with Sgkjka, in the solid phase. The 
oxygen mass fraction, the density, and the tem
perature will be measured with their ambient 
values y0oo, pco, and Trj3. 

We thus obtain the following nondimensional 
system of boundary layer equations for the gas 
phase (y > 0), 

d{pV) d{pW) 
pA + —— + — = 0, 

dy dz 
(28) 

dA\ , dA dA d 
PA2+ PV—+ pW—=\+Pr—\T" ,, dy dz dy \ dyj 

dW dW d (^dW\ 
dy dz dy \ dy j 

(29) 

(30) 



pV 

pV 

dy 

dT 
1 

dy 

PW dz 

dT d 
dz dy 

d 
dy 

ryn a Pi,: 
dy 

dT 
dy 

(31) 

(32) 

The two equations for the mass fractions, YF 

and Y0, are replaced by two equations for the 
following coupling functions 

P! = Y0- SYF and |32 = (1 - K)Y0 + AT, 
(33) 

where S = s/YQco is the overall mass stoichio
metric ratio, A = S/(S + q) and q = qplCpT^ 
is the nondimensional heat of reaction, and 
L0 = LF = 1. 

The nondimensional reaction term is given by 

a = -pDYpYoe TJT (34) 

where Ta = EJRT^ is the nondimensional 
activation temperature, and 

(JF iQcJjg <?F * Qoo J>gQ 

c T ^ , ^ &-*- CD -t *-C (-. 

(35) 

is the nondimensional Damkohler number. 
The energy equation for the solid phase takes 

the form 

il, dT dT 
— a — 
X dy dz 

d2T 
dy2' (36) 

where p\s = ms/pco\/aJJe is the nondimensional 
surface gasification rate, x = cp/cs is the gas to 
solid ratio of specific heats at constant pressure, 
and 

CL = Wfl{ Wrc (37) 

is the nondimensional spread rate. 
The boundary conditions take the form 

y^+^:A, W, j31; |32, and T^>1, (38) 

y - > - ° ° : r - > l , (39) 

z -> -°° : A -*A(y), W^W(y), 

fr -> Uy), P2 -> P2(y), T -> t(y), (40) 

z _» +oo; A -*A(y), W^W(y), 

/ S ^ l . f o ^ O , T - > 1 . (41) 

And, finally, at the solid surface the boundary 
conditions are 

{pV\o+ - A« 

A+ = w0+ = o, 

V = T0- = Ts(z), 

A,/3i - T" 

A^2 - r" 

ay 

3& 
ay 

-5 As 

(42) 

(43) 

(44) 

(45) 

= -A[qs(z) + A,(A - T,) 
o+ 

SROI i)], 

<7<?0) - Qs(z) = AA. + S R ( ^ - 1). 

(46) 

(47) 

where A = LJCpT^ is the nondimensional heat 
of pyrolysis, and qg(z) = {TndT/dy}0+ and 
^ ( z ) = {dT/dy}0- are the nondimensional 
heat fluxes from the gas and to the solid, 
respectively. In addition, the surface tempera
ture must be constant, Ts(z) = Tv, for z < 0, 
and the solid gasification rate must be zero, 
jis(z) = 0, at z > 0. 

The radiation parameter 

SR = 
eaTi 

^Rec' 
(48) 

similar in form to the one used by Bhattacharjee 
and Altenkirch [17], measures the ratio between 
the radiant heat losses and the heat conducted 
to the solid. 

The problem is to calculate, as an eigenvalue, 
the nondimensional spread rate O, as well as the 
surface distribution of temperature and pyroly
sis mass flux. The solution involves, among 
other parameters, the mass stoichiometry ratio 
S, inversely proportional to the oxygen concen
tration, the nondimensional Damkohler num
ber / ) , characterizing the kinetics, and the radi
ation loss parameter SR. 

NUMERICAL ANALYSIS 

Basic Procedure 

For positive values of W^ the gas-phase value of 
W is positive. Then, the gas-phase boundary 



layer equations are parabolic with information 
convected in the positive z direction; so they 
must be integrated marching in the positive z 
direction beginning with the selfsimilar two-
dimensional burning solution at z —»• -°°. On 
the other hand, the solid energy equation is also 
parabolic, but it must be integrated marching in 
the negative z direction. This opposite parabolic 
characteristic of the model led us to use an 
iterative procedure, integrating the gas and 
solid equations sequentially. 

If, for the moment, we consider the distribu
tion of heat flux toward the interior of the solid, 
qs(z), as known for z < 0 and the surface 
temperature, Ts(z), known for z > 0, we can 
integrate the gas conservation equations for z < 
0, using the assumed qs(z) and constant surface 
temperature Tv, allowing us to obtain the mass 
flow rate ils(z) from the energy balance at the 
surface. The integration is continued for z > 0 
in terms of the assumed Ts(z) and calculating, 
using the energy balance at the surface, the heat 
flux, qg(z), from the gas. Then, we integrate the 
solid energy equation, marching in the negative 
z direction fromz —»• +°°, using the distribution 
qs(z) = qg(z) obtained from the gas phase. The 
flame spread rate O that enters in the solid 
energy equation must be calculated iteratively, 
so as to reach the pyrolysis temperature Tv at 
z = y = 0. Then, with this calculated value of O, 
the integration of the solid energy equation is 
continued to the negative values of z, using the 
condition of constant surface temperature Tv 
and the mass flow gasification rate, iis(z)> ob
tained previously in the gas-phase calculations, 
thus generating the new estimate of qs(z). 

The sequential integration of the gas and 
solid equations gives the spread rate in a few 
iterations (usually 5-10 iterations to reduce the 
error in O to less than 0.1%). 

Numerical Algorithm 

A modified version of the Box Method of Keller 
[15, 16], an implicit scheme, is used to integrate 
the two systems of nonlinear parabolic differen
tial equations. The method provides a discreti
zation in tridiagonal matrix form; the nonlinear 
terms have been treated by a simple iterative 
update of the matrix coefficients coupled with a 
linearization of the reaction term. 

One of the main features of the Box Method 
is the possibility of using, with second-order 
accuracy, a nonuniform mesh in the crosswise 
coordinate. For large values of the Damkohler 
number the flame thickness becomes very thin, 
so that it is necessary to place a large number of 
points in the flame region to decrease the 
numerical error due to the exponential reaction 
term. To solve this problem accurately enough, 
with the least computing time, we have used an 
adaptive mesh in the flow field, reconstructing 
the mesh periodically, using the error measure 
proposed by Dwyer et al. [18]. In this way it has 
been possible to cover the wide range of 
Damkohler numbers, from high enough when 
the flame is very thin and the Burke-Schumann 
approximation of infinite chemical kinetics is 
applicable, down to the smaller values leading 
to extinction. 

RESULTS AND DISCUSSION 

The flame spread rate calculations have been 
carried out with physical constants correspond
ing to polymethylmethacrylate (PMMA) and 
ambient gas properties of standard air (Table 
1). We thus obtain the following nondimen-
sional physical constants: 

± v Z..J, ± a 

= 152, q 

= 80.1, A 

= 4.9, and x 

= 0.6. 

Three values of the oxygen mass fractions 
have been considered: near PMMA flammabil-
ity limit (YQco = 0.18, S = 10.67), normal 
atmosphere (YQco = 0.23, S = 8.35), and high 
oxygen content (YQco = 0.33, S = 5.82) 
although not enough to originate dissociation 
and thus invalidate the irreversible global reac
tion approach. The calculations have been made 
for a wide range of the Damkohler number, D, 
and two values of the emissivity coefficient (e = 
0 and 1). 

We began with the Burke-Schumann analyses 
of infinitely fast chemical kinetics (BS), which 
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Data Used for Computation 

Value 

180,030 
2.5 • 109 

2.5952 • 107 

1.92 
1200 
0.225 
1875 
1.5884 • 106 

663 
288 
1125 
0.02524 
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0.73 
0.8 

a 
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mann 

a The thermochemical data of the PMMA have been 
chosen from Ref. 3. 

already allow us to describe the main fluid-
dynamic characteristics of the spread mecha
nism. Moreover, it constitutes the appropriate 
reference solution in order to evaluate the 
influence of the finite chemical kinetic effects. 
These effects are analyzed for values of the 
Damkohler number ranging from high enough, 
where the results tend to the BS results, to 
sufficient low Damkohler numbers, where ex
tinction occurs. Finally, some results are pre
sented taking into account the influence of 
radiation. 

Flame Structure with Infinite Reaction Rates 

In the Burke Schumann limit (BS) of high 
Damkohler number, reactants only coexist in a 
very thin reaction layer with very small values of 
the concentrations. Thus the energy equation 
simplifies to the Burke-Schumann equilibrium 
relation Y0YF = 0, implying that the reactants 
do not coexist, and we can obtain the tempera
ture and concentrations in terms of the coupling 
functions ft and /32 by 

Y0 = 0, YF 

= -MS, T 

= (j32 - (1 - A)j31)/A when /3X < 0 

YF = 0, Y0 = JSJ, T = |32/A when j8j > 0 
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Nondimensional contours levels in the Burke-Schu
mann approximation for Y0oo = 0.23 and e = 0. (a) 
Temperature levels, (b) Contours of oxygen mass fraction, 
Y0/Y0oo, in thin traces and fuel mass fraction, YF, in thick 
ones. The calculated flame spread velocity is, in this case, 
Hfi 9.13. 

In Fig. 2, we give details of the BS flame 
structure, for the ambient oxygen mass fraction 
of 0.23, with the surface emissivity factor e set 
equal zero. The nondimensional isotherm map 
is presented in Fig. 2a, where the flame position, 
defined by f$r = 0, is represented with fine trace. 
The fuel and oxygen mass fraction contour 
levels are represented in Fig. 2b. It can be seen 
that the diffusion flame remains nearly parallel 
to the wall in the negative side of the z axis, and 
then falls down to the solid surface in the 
domain z > 0 where there is no gasification. 
The flame reaches the surface with an angle of 
90°, imposed by the boundary condition of zero 
pyrolysis mass flux at z > 0. This displacement 
of the flame ahead of the pyrolysis front is due 
to the longitudinal convective flow, which also 
aids in the transport of heat from the gas to the 
solid surface. As a consequence of the longitu
dinal convective flow the isotherms shown in 
Fig. 2a have a characteristic nose shape, and the 
heat flux to the solid (see Fig. 5) reaches a 
maximum in the point where the flame touches 
the surface. 

Flame Structure with Finite Reaction Rates 

The flame structure with finite reaction rates is 
shown in Fig. 3, for an ambient oxygen mass 



Fig. 3. Nondimensional contours at a Damkohler number 
of D = 1010 with YQoo = 0.23 and e = 0. (a) Temperature 
levels, (b) Contours of oxygen mass fraction, Y0/Y0oo, in 
thin traces and fuel mass fraction, YF, in thick ones, (c) The 
contour level of production term, d>. The calculated flame 
spread velocity is, in this case, £1 = 8.51. 

fraction of 0.23, a value of the Damkohler 
number 1010, and e = 0. The nondimensional 
isotherms are presented in Fig. 3a, while the 
mass fraction contour levels for the fuel and 
oxygen are represented in Fig. 3b, and the 
nondimensional reaction term in Fig. 3c. For 
comparison, the BS flame position, as given for 
the same conditions in the infinite Damkohler 
number limit, is represented in fine trace. 

In this finite Damkohler number case, the 
flame may be expected to quench before reach
ing the wall, due to a lowering of the flame 
temperature. When the flame approaches the 
wall we begin to see, as shown in Fig. 3b, 
increasing amounts of fuel leaking through the 
reaction zone. The oxygen, in smaller quantities, 
also crosses the reaction zone but the effect is 
less visible since, due to the flame configuration 
and the gas flow pattern, the oxygen has to move 
across the reaction zone by traverse diffusion. 
There is a frozen region near the wall, where 
fuel and oxygen coexist, while the reactants are 

Fig. 4. Nondimensional contours at a Damkohler number 
of D = 109 with Y0oo = 0.23 and e = 0. (a) Temperature 
levels, (b) Contours of oxygen mass fraction, Y0/Y0oo, in 
thin traces, and fuel mass fraction, YF, in thick ones, (c) The 
production term, co. The calculated flame spread velocity is, 
in this case, H = 6.95. 

convected by the longitudinal velocity compo
nent W downwind of the flame, while moving 
outwards from the symmetrical plane by azi
muth al convection. For this large value of D, 
1010, the flame shape and location (see Fig. 3c) 
is well described by the BS solution in most of 
the flow field, although not near the surface 
where, due to the lower temperatures, the reac
tion is quenched. 

In Fig. 4 the flame structure is shown for a 
Damkohler number D = 109, lower than the 
previous by an order of magnitude. The size of 
the premixed region and the fuel leakage are 
seen to increase with decreasing values of the 
Damkohler number. In addition, the leading 
edge of the flame moves upstream along the 
mixture fraction line corresponding to the 
Burke-Schumann solution. 

Figure 5 shows, for various values of the 
Damkohler number, the variation along the fuel 
rod surface of the heat flux from the gas phase 
to the rod. This flux reaches its maximum value 



Fig. 5. Nondimensional heat flux from the gas to the solid 
for different Damkohler numbers (Y0oo = 0.23, e = 0). 

in the flame edge region of the front. In the BS 
limit, qg has its maximum value at the point 
where the flame touches the surface. With de
creasing values of D the peak becomes 
smoother and closer to the origin of the vapor
ization line; with the decreasing values of the 
heat flux to the solid the spread rate falls down. 

We show, in Fig. 6, how radiation from the 
surface of the rod affects the flame structure. 
The calculations were carried out for e = 1, 
YOo0 = 0.23, andD = 109 to compare with the 
case e = 0 shown in Fig. 4. The main effects are 
an expected lowering of the temperatures and a 
significant increase in the size of the premixed 
region. The extent of the region of nondimen
sional reaction rate larger than 0.1 does not 
change much, because the effect of the lowering 
temperature is compensated by an increase in 
the concentration of the mixed reactants. The 
flame approaches the rod and its leading edge 
moves upstream, farther from the vaporization 
region. 

Flame Spread Rate 

The results for the flame spread rate are pre
sented, for convenience, in the form of a re
duced nondimensional spread velocity, A = 

versus a modified Damkohler number 
D, based on a more accurate estimate of the 
characteristic chemical time. To obtain this, we 

Fig. 6. Nondimensional contours at a Damkohler number 
of D = 109 with Y0oo = 0.23 and e = 1. (a) Temperature 
levels, (b) Contours of oxygen mass fraction, Y0/Y0oo, in 
thin traces and fuel mass fraction, YF, in thick ones, (c) The 
production term, co. The calculated flame spread velocity is, 
in this case, H = 3.58. 

begin by noticing that large activation energy 
asymptotics leads to the following relations: 

^ 2 = ABgOLfp^Q^ I s CpTx Tj\ e-Ta/Tf 

Poo \^<9°o QF Ta) 
(49) 

for UL, the laminar burning velocity of a stoi
chiometric premixed flame, in terms of the 
dimensional variables. From this, it is possible 
to calculate the residence time in the flame, 
ajJUL, which together with the residence time, 
A'1, defines the Damkohler number, U\lafAe. 
This is roughly equal to the modified 
Damkohler number given by 

"-UfJDe~TjT'- <5o) 
to be used below in the description of kinetic 
effects on flame spread. 

When, in Fig. 7, we now plot the reduced 
spread rate, A = £l/CLBS, in terms of D, we 
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Fig. 7. The reduction of the flame spread velocity due to 
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modified Damkohler number D defined in Eq. 50, where 
ClBS is equal 5.77, 9.13, and 16.7 for YQoo equal to 0.18, 0.23, 
and 0.33, respectively. 

account for the major influence of finite chem
ical effects. In this figure we show the calculated 
values for three oxygen mass fraction (YOo0 = 
0.18, 0.23, and 0.33) without effects of the 
radiation losses (e = 0), and for YOo0 = 0.23 
with e = 1. The calculated values for e = 0 
nearly collapse into a single curve. 

For large Damkohler numbers or low strain 
rates, the reaction is very fast and the effects of 
finite gas-phase chemical kinetics become unim
portant. The heat transfer from the gas to the 
solid controls the spread process, and the 
spread rate tends asymptotically to the BS value 
A = 1. For large strain rates, the reaction is 
slow and chemical kinetics becomes important, 
and the spread rate depends strongly of the 
strain rate. In this case, finite rate chemical 
kinetic effects control the spread mechanism 
and the spread rate decrease monotonously, 
until extinction occurs. 

The flame structure in the upstream region, 
where the two-dimensional configuration is in
dependent of z, is also affected by the lowering 
of D. The vertical boundaries of Fig. 7 represent 
the extinction limits for the counter flow flame 
at z —> -oo, calculated with the asymptotic 

theory of Lilian [19]. The results of our calcu
lations show that the spread process stops for 
Damkohler numbers larger, although moder
ately close to the extinction values of the two-
dimensional flame. Nevertheless, we consider 
that this phenomenon has not been investigated 
in depth in this work, because our numerical 
scheme leads to instabilities in the region of 
very low nondimensional spread rates. 

The effect of surface radiation losses on the 
flame spread rate can be seen in Fig. 7. The 
spread process is dominated at low D by finite 
chemical rate effects, and heat losses by radia
tion become negligible. When D increases, the 
effects of finite chemical kinetics become unim
portant, but the flame spread process begins to 
be influenced by surface radiation losses, so that 
a maximum flame spread velocity appears in the 
VL(D) curve. Thus, for appropriately large val
ues of D, radiation losses will eventually affect 
the spread process, and the spread velocity will 
decrease monotonously until extinction occurs. 
This is so because when the heat emitted by 
radiation by the solid surface in the vaporization 
region, eoTjJ, becomes of the order of the heat 
reaching the surface by conduction, k^Tf -
Tv)/8g, the fuel vaporization flux and, then, the 
flame spreading velocity is significantly reduced. 
The ratio of the two heat fluxes SR = eaT^(aJ 
A^lkJJf - Tv), grows like D1/2, with de
creasing values of the strain rate, Ae = Kvja. 
SR is more appropriate to measure the radiation 
losses than the parameter SR introduced in the 
formulation. 

For values of this ratio above a critical value, 
of order unity, the flame structure will not 
survive in the upstream burning region, as 
shown by T'ien [13]. We find that the flame 
spread process is no longer possible for smaller 
values of this ratio, still of order unity. When 
with decreasing values of v^, SR grows to values 
of order unity, the fraction of the heat coming 
from the gas phase that not is lost by radiation 
and is not used for vaporization, may not be 
enough to raise the temperature of the solid 
from ^ to Tv and, then, flame spread is no 
longer possible. 

The reduction in flame spread velocity due to 
the effect of surface radiation is shown in Fig. 8 
in the Burke-Schumann limit, D —> °°, of 
infinite gas-phase reaction rates. The limiting 
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Fig. 8. The reduction in flame spread velocity, A = Cl/ClBS, 
as function of the radiation parameter SR in the Burke-
Schumann limit of infinite gas-phase reaction rates (YQoo = 
0.23, e = 1). 

value of SR from flame spread to occur is 
roughly SR = 0.6 for YOo0 = 0.23. 

CONCLUSIONS 

The wind-aided flame spread process along a 
solid fuel rod under an oblique forced flow, a 
generic case not considered previously in the 
literature, has been described for values of the 
transverse flow velocity component large 
enough that v^a/a^ ^> 1, and we can use the 
boundary layer approximation in its description. 
In the analysis we include the effects of finite 
rate of the gas-phase reaction, modeled as a 
global second-order Arrhenius reaction, and 
also the effects of radiant losses from the sur
face. We have not included the effects of radi
ation from the gas phase, because in this con
figuration, and for large Reynolds numbers of 
the transverse velocity, the heat transfer by 
convection is typically dominant. The pyrolysis 
law of the fuel is considered to have a strong 
dependence on the surface temperature, so that 
fuel gasification only occurs when Ts reaches a 

temperature Tv. Gravity effects have been left 
out of the analysis based on the assumption that 
galvl « 1. 

The numerical results show the detailed 
structure of the reacting flow field, and allow us 
to calculate the flame spread velocity as long as 
it is positive. This velocity is given in order of 
magnitude by Eq. 27, so that it is proportional to 
the longitudinal component of the forced flow 
velocity. The nondimensional spread velocity, 
defined in Eq. 37, is in the Burke-Schumann 
approximation mainly dependent on the oxygen 
mass fraction of the environment. Due to finite 
rate effects and radiation losses, the flame 
spread is reduced by a factor A = VllVLBS. If we 
leave out of the analysis the effects of surface 
radiation, the spread rate occurs at high 
Damkohler numbers in a diffusion-controlled 
form, well described by the Burke-Schumann 
approximation; when the Damkohler number 
decreases the spread rate decreases until flame 
spread is no longer possible at a Damkohler 
number D, of order unity, higher than the 
extinction value of the upstream cylindrical 
flame. The effect of finite reaction rate on the 
wind-aided flame propagation speed is found to 
be similar to its effect on the flame propagation 
velocity against the flow (see [3], for example). 

When the effects of surface radiation losses 
are included, our numerical analysis shows that 
the flame spread process is extinguished at high 
Damkohler numbers; that is, at low velocities 
flame spread is not possible. The reduction in 
flame spread velocity due to surface radiation is 
shown in Fig. 8 in the Burke-Schumann limit D 
—> °°. Our analysis indicates that flame spread 
does not occur for values of SR larger than, 
roughly, 0.6. This behavior has also been de
scribed for flame spread against the flow over 
thin fuel slabs in microgravity (see [14] and 
[17]). 

The authors express their appreciation to the 
European Space Agency and to Comision Inter-
ministerial de Ciencia y Tecnologia for the support 
given to this research under Contracts ESTECI 
9391NL/JSC and CICYT ESP96-1323-E respec
tively. We also acknowledge the support of this 
research by the Human Capital and Mobility 
Program of the EC, under Contract CHRX-CT94-
0623. 



REFERENCES 
1. Williams, F. A., Sixteenth Symposium (International) on 

Combustion, The Combustion Institute, Pittsburgh, 
1976, p. 1281. 

2. Williams, F. A., Combustion Theory, Benjamin Cumin-
ings, 1985, p. 509. 

3. Fernandez-Pello, A. C , and Hirano, T., Combust. Sci. 
Technol. 32:1 (1983). 

4. Wichman, I. S., Prog. Energy Combust. Sci. 18:553 
(1992). 

5. Di Blasi, C, Prog. Energy Combust. Sci. 19:71 (1993). 
6. Sirigano, W. A , and Schiller, D. N., in Physical and 

Chemical Aspects of Combustion (F. L. Dryer and R. F. 
Sawyer, Eds.), Gordon and Breach, New York, 1997, 
p. 353. 

7. de Ris, J. N., Twelfth Symposium (International) on 
Combustion, The Combustion Institute, Pittsburgh, 
1969, p. 241. 

8. Williams, F. A , Prog. Energy Combust. Sci. 8:317 
(1982). 

9. Fernandez Pello, A. C , Combust. Flame 36:63 (1979). 
10. di Blasi, C , Crescitelli, S., Russo, G., and Fernandez-

Pello, A. C , Twelfth Symposium (International) on 
Combustion, The Combustion Institute, Pittsburgh, 
1988, p. 205. 

11. Krishnamerthy, L., and Williams, A., Acta Astronautica 
1:711 (1974). 

12. Frey, A. E., and T'ien, J. S., Combust. Flame 36:263 
(1979). 

13. T'ien, J. S., Combust. Flame 65:31 (1986). 
14. Olson, S. L. (1987). The Effect of Microgravity on Flame 

Spread Over a Thin Fuel. NASA TM 100195. 
15. Keller, H. B., in Numerical Solution of Partial Differen

tial Equations (B. Hubbard, Ed.), Academic Press, 
New York, 1971, p. 327. 

16. Keller, H. B., Ann. Rev. Fluid Mech. 10:417 (1978). 
17. Bhattacharjee, S., and Altenkirch, R. A., Combust. 

Flame 84:160 (1991). 
18. Dwyer, H. A , AIAA I. 22:1705 (1984). 
19. Linan, A., Acta Astronautica 1:1007 (1974). 


