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Abstract

Some properties and relations satisfied by the polynomial solutions of a bispectral problem are studied.

Given a finite order differential operator, under certain restrictions, its polynomial eigenfunctions are ex-

plicitly obtained, as well as the corresponding eigenvalues. Also, some linear transformations are applied

to sequences of eigenfunctions and a necessary condition for this to be a sequence of eigenfunctions of a

new differential operator is obtained. These results are applied to the particular case of classical Hermite

polynomials.
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1. Introduction and main results

We consider the ordinary differential operator of order N

L ≡
N

∑
i=0

ai(x)∂
i
x (1)

where ai(x) are polynomials in the variable x, deg(ai) ≤ i, and ∂ i
x, i = 1, . . . ,N, represents the derivative

of order i with respect to x. We also consider a sequence {λn} ⊂ C of eigenvalues and the corresponding

sequence of eigenfunctions {Pn}, which we assume that are monic polynomials with deg(Pn) = n for each

n ∈ N. That is,
N

∑
i=1

ai(x)∂
i
xPn(x) = λnPn(x) , ∀n ∈ N. (2)

The polynomials {Pn} satisfying (2) are called eigenpolynomials in this work. We approach the relations

between the operator L and its eigenvalues and eigenpolynomials.

Although we study eigenpolynomials of (1) in general, we are especially interested in families of poly-

nomials that are at the same time eigenfunctions of a certain difference operator J. One of such sequences

{Pn} of polynomials satisfy

J




P0(x)
P1(x)

...


= x




P0(x)
P1(x)

...


 , (3)
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where

J =




α0,0 1 0 · · ·
...

. . .
. . .

. . .

αp,0 · · · αp,p 1 0 · · ·
0 αp+1,1 · · · αp+1,p+1 1 0 · · ·

0
. . .

. . .
. . .

. . .

0 αn,n−p · · · αn,n 1 0 · · ·
. . .

. . .
. . .

. . .
. . .




. (4)

Equation (3) is satisfied if and only if those polynomials satisfy a (p+ 2)-term recurrence relation

n−1

∑
k=n−p

αn,kPk(x)+ (αn,n − x)Pn(x)+Pn+1 = 0 , n = 0,1, . . . , (5)

with initial conditions

P0 = 1, P−1 = · · ·= P−p = 0.

The difference operator is given by

J(n)Pn =
n

∑
k=n−p

αn,kPk +Pn+1

and we have

(J(n)Pn) (x) = xPn(x). (6)

If the polynomials Pn satisfy (2) and (6), we say that the sequence {Pn}, n∈N, is a solution for the bispectral

problem defined by L and J.

S. Bochner [8] studied the above problem for the case where the order of the differential operator is

N = 2 and determined the polynomial solutions of (2). He completely solved the problem, and his classi-

fication defined the nowadays well-known families of classical orthogonal polynomials which correspond

to p = 1 in (5). Some years later, Krall [15], [16] studied the differential operator of order N = 4, giving

a classification with seven families. This classification includes three new families of polynomial eigen-

functions that cannot be reduced to operators of order 2. Since the celebrated paper by Bochner and the

relevant contributions by Krall, there have been several contributions about the bispectral problem, see, for

example, [7], [17]. Some extensions of these works have been attempted, even for operators in differences

with complex coefficients [13], [14]. However, the difficulty of the problem has made impossible to obtain

conclusions as relevant as those already known for the operators orders N = 2 and N = 4. The goal of

this work is to shed some light on this problem by providing some relationships between the differential

operator (1) and its eigenpolynomials. We hope that these contributions open new possibilities for solving

the problem with a general order N.

In what follows, we assume that the differential operator (1) is given; we also assume that there exist

both the sequence of eigenvalues {λn} and the corresponding sequence of eigenpolynomials {Pn} satisfying

(2) . We may assume a0 ≡ 0 because, otherwise, we would substitute a0 by a0 −λ0. For the same reason,

we take λ0 = 0. Also, we define

an(x) = 0, n > N. (7)

Then, for each n ∈ N we write the polynomials an(x) and Pn(x) as

an(x) =
n

∑
i=0

an,ix
i, an,i ∈ C, i = 0,1, . . . ,n, (8)

and

Pn(x) =
n

∑
i=0

bn,ix
i, bn,n = 1 ,bn,i ∈ C, i = 0,1, . . . ,n− 1. (9)
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A relevant tool in this paper is the sequence {δ
(k)
n } defined from the coefficients of the polynomials

ai(x), i = 1, . . . ,N, as

δ
(k)
n =

n

∑
i=k

(
n

i

)
i!ai,i−k, k = 0,1, . . . ,n . (10)

The following theorem is the key to understand the connection between these sequences (10) and the

coefficients of the eigenpolynomials. We remark that, in addition, this theorem provides a valuable method

to obtain the coefficients bn,k, k = 0,1, . . . ,n− 1, from the polynomials Pn(x) (see (9)).

Theorem 1. For the sequence {Pn(x)} of eigenpolynomials and the sequence {λn} of eigenvalues of L we

have

1. For each n ∈N, (2) is equivalent to

N

∑
k=0

δ
(k)
m+kbn,m+k = λnbn,m, m = 0,1, . . . ,n, (11)

where bn,m+k, k = 0, . . . , ,N, are the coefficients of the polynomials {Pn} as described in (9).

2. Let M be the semi-infinite upper triangular matrix

M =




δ
(0)
0 δ

(1)
1 · · · · · · δ

(N)
N 0

0 δ
(0)
1 δ

(1)
2 · · · · · · δ

(N)
N+1 0

0 δ
(0)
2 δ

(1)
3 · · · · · · δ

(N)
N+2 0

. . .
. . .

. . . · · ·
. . .

. . .




and let Mn+1 be the truncation of M formed by its first n+ 1 rows and columns for each fixed n ∈ N.

Assume

λn 6= 0,λ1, λ2, . . . ,λn−1, n = 1,2, . . . (12)

Then Pn(x), n= 1,2 . . . , is the unique monic polynomial satisfying (2) whose coefficients bn,0, · · · ,bn,n−1

in (9) determine an eigenvector of Mn+1 corresponding to the eigenvalue λn. That is,

(Mn+1 −λnIn+1)bn = 0, (13)

where bn = (bn,0, · · · ,bn,n−1,1)
T .

(We understand, here and in the rest of the paper, that bn,s = 0 when s > n.)

As a consequence of (11), the eigenvalues of L are determined as

λn = δ
(0)
n , n ∈ N. (14)

From (10) and (14), if (2) holds then the eigenvalues can be obtained as

λn =
min{n,N}

∑
i=1

(
n

i

)
i!ai,i, n = 1,2, . . . (15)

(it is also a well-known fact in the literature, see [10], [16]). This expression allows us to remark that, given

a differential operator L, the sequence of eigenvalues {λn} is unique.

In the proof of Theorem 1 we will see that condition (12) is not neccesary for the existence of eigenpoly-

nomials. However, under such condition, the relation (13) provides an easy method to obtain the coefficients

of these polynomials as coordinates of eigenvectors for a sequence of finite triangular matrices. Moreover,

(12) is also a relevant condition in other places of this work. In particular, we highlight its importance in

the expression of the coefficients of the eigenpolynomials in (16). Henceforth, in the sequel we assume that

condition (12) is satisfied. That is, we assume that the eigenvalues λn, n = 0,1, . . . , are all different from

zero and also different from each other, which only depends on the leading coefficients an,n in (8).

In our next result, we provide the explicit expression of the coefficients of each eigenpolynomial in terms

of the elements of the sequence {δ
(k)
n }. Due to (10), this result implies the uniqueness of the sequence {Pn}

of eigenpolynomials, which is completely determined by the coefficients of polynomials ai(x) that define

the differential operator L.
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Theorem 2. Under the above conditions and using the notation from (9), for each n ∈ N we have

bn,i =∑
E
(i)
n




k

∏
s=1

δ
(is)
i+i1+···+is

λn −λi+i1+···+is−1


 , i = 0,1, . . . ,n− 1, (16)

where the sum is extended to the set E
(i)
n = {(i1, . . . , ik)∈Nk : k ∈N, i1+ · · ·+ ik = n− i} and we understand

i+ i1 + · · ·+ is−1 = i when s = 1.

The above concepts and results allow us to study the linear transformations

P
(1)
n = Pn + γnPn−1 (17)

of the eigenpolynomials {Pn}, where the sequence {P
(1)
n } is obtained from a given sequence {γn} ⊂ C. We

focus our interest in the case of new families {P
(1)
n } which are eigenpolynomials of some finite order dif-

ferential operator and also satisfy a (p+2)-term recurrence relation. In the following theorem, a necessary

condition for (17) to provide a new family of eigenpolynomials for some finite order operator is given.

Theorem 3. Assume {P
(1)
n } and {λn} are eigenpolynomials and eigenvalues, respectively, of some finite

order differential operator

L(1) =
Ñ

∑
i=0

a
(1)
i (x)∂ i

x (18)

of order Ñ ≥ N. Then

k−1

∑
j=0

(−1) j

[
N

∑
s=1

(
n− k+ j

s− 1

)
s!as,s

]
bn−k+ j,n−k

k− j

∑
r=1

γn−k+ j+1 . . .γn−k+ j+rEk,n, j+r−1 = 0 (19)

for any n, k ∈ N such that n ≥ k > Ñ, where

Ek,n,s =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bn−k+s+2,n−k+s+1 bn−k+s+3,n−k+s+1 · · · · · · bn,n−k+s+1

1 bn−k+s+3,n−k+s+2 · · · · · · bn,n−k+s+2

0 1 · · · · · · bn,n−k+s+3

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 bn,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (20)

We point out the relevance of Theorem 3, since it makes unnecessary to study coefficients a
(1)
i (x) and

values of Ñ, reducing the problem of non existence to the verification of a condition that depends only on

the sequence {γn}, as well as the initial operator (1) and its eigenpolynomials {Pn}.

In the last part of this work, we will study a particular case of the linear transformation (17). More

precisely, we will focus on the Geronimus transformations, a particular case of Darboux transformations

(see [4]). Depending on the field of application, different versions of this kind of transformations have been

used in the literature (see the introduction in [9] for more details). We will use the definitions introduced in

[2], which have also been used in [1, 3, 5, 6]. For the convenience of the reader, Section 3 will include a

brief summary of these concepts. In [11], [13], the application of Geronimus transformations, under certain

conditions, to some classical polynomials was studied. More precisely, in [11] it was showed that the Krall

polynomials can be obtained from some instances of the Laguerre and the Jacobi polynomials under these

transformations. Moreover, in [13], the Laguerre polynomials were studied, and the transformation of these

polynomials in eigenfunctions of a finite order differential operator under several applications of Geronimus

transformation was proved. The Hermite polynomials, in combination with the Bessel polynomials, were

only partially studied in [12]. In our paper, we complement these works by showing that the Geronimus
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transformation on the Hermite polynomials does not produce a new family of eigenfunctions for any finite

order differential operator. This will be proved using Theorem 3, that is, we will prove that condition (19)

is not satisfied.

The rest of the paper is distributed as follows. In Section 2 we analyze the relationships between the

sequence {δ
(k)
n } given in (10) and the eigenvalues and eigenpolynomials of L. In order to do that, we will

prove Theorems 1-2 and, as an example, we will apply these results to the Hermite polynomials. Section 3 is

devoted to the study of the linear transformations (17) of the sequence of eigenpolynomials. In this section,

several auxiliary results and Theorem 3 are proved. Section 3 is applied to the Hermite polynomials in

Section 4, giving in this section some more lemmas and theorems related with condition (19). Finally, in

Section 5 we summarize the main conclusions of this work.

2. Eigenvalues and eigenpolynomials of L

We start this section proving Theorems 1-2.

Proof of Theorem 1:

Firstly, we prove the equivalence between (2) and (11). We underline that (11) is a very important

relationship between the sequence {δ
(k)
n } and the sequences of eigenvalues and eigenpolynomials satisfying

(2). We point out that (11) can be written as

N

∑
k=0

[
m+k

∑
i=k

(
m+ k

i

)
i!ai,i−k

]
bn,m+k = λnbn,m, n ≥ 0 , m = 0,1, . . . ,n , (21)

which in the case N = 2 is a straightfull interpretation of (11) in [8]. We follow here the lines of this relevant

paper of Bochner [8]. For each n ∈ N, (9) leads to

∂ i
xPn(x) =

n−i+1

∑
s=1

(i+ s− 1)(i+ s− 2) · · ·sbn,i+s−1xs−1

=
n−i+1

∑
s=1

(
i+ s− 1

i

)
i!bn,i+s−1xs−1, i = 1, . . . ,N,

where we recall that bn, j = 0 if j > n and we understand that the sum is equal to 0 if i > n. Then, (2) is

equivalent to
N

∑
i=1

(
i

∑
k=0

ai,kxk

)(
n−i+1

∑
s=1

(
i+ s− 1

i

)
i!bn,i+s−1xs−1

)
= λn

n

∑
r=0

bn,rx
r. (22)

Comparing the coefficients of xr,r = 0, . . . , in both sides of (22) we arrive to (21), as we wanted to prove.

In the second place, we prove (13). With this purpose, we consider (11), which is, for each fixed n,

(δ
(0)
m −λn)bn,m + δ

(1)
m+1bn,m+1 + · · ·+ δ

(N)
m+Nbn,m+N = 0 , m = 0,1, . . . ,n. (23)

The relation (23) can be interpreted as an upper triangular linear system, with matrix of coefficients Mn+1,

whose unknowns are bn,0, · · · ,bn,n−1,bn,n. In matrix notation this is (13). Hence the coefficients of bn define

an eigenvector of Mn+1 corresponding to the eigenvalue λn.

The identity (14) together with the fact that det(Mn−λnIn) 6= 0 prove that the coefficients bn,0, · · · ,bn,n−1

are uniquely determined. �

Next, we prove Theorem 2, which shows how the sequence {δ
(k)
n } provides the explicit expression of

the coefficients of eigenpolynomials.

Proof of Theorem 2:

Taking i = n−m in (23) we see

δ
(0)
m bm+i,m + δ

(1)
m+1bm+i,m+1 + · · ·+ δ

(N)
m+Nbm+i,m+N = λm+ibm+i,m, i = 0,1, . . . ,

5



where, as usual, bm+i,m+ j = 0 when j > i. Then, for m fixed and i = 1,2, . . . we have

(λm+1 −λm)bm+1,m = δ
(1)
m+1

(λm+2 −λm)bm+2,m − δ
(1)
m+1bm+2,m+1 = δ

(2)
m+2

...
...

...

(λm+N −λm)bm+N,m − δ
(1)
m+1bm+N,m+1 − ·· · − δ

(N−1)
m+N−1bm+N,m+N−1 = δ

(N)
m+N

...
...

...
...

(λs −λm)bs,m − δ
(1)
m+1bs,m+1 − ·· · − δ

(N−1)
m+N−1bs,m+N−1 = δ

(N)
m+Nbs,m+N

...
...

...
...





(24)

Hence, the first relation in (24) leads to

bm+1,m =
δ
(1)
m+1

λm+1 −λm

,

which is (16) when n = m+ 1 and i = m.

From the second and consecutive relations of (24) we are going to obtain (16) for n = m+ k, i = m, and

k = 2,3, . . . In fact, assume that bm+k,m satisfies (16) for k = 2,3, . . . ,q. Then, the (q+1)-th relation of (24)

implies

(λm+q+1 −λm)bm+q+1,m = δ
(1)
m+1bm+q+1,m+1 + δ

(2)
m+2bm+q+1,m+2 + · · ·+ δ

(N)
m+Nbm+q+1,m+N . (25)

On the other hand, since m can be substituted in (24) by any m+ p, p ∈N, we know that

bm+q+1,m+ j = ∑
E
(m+ j)
m+q+1




k

∏
s=1

δ
(is)
m+ j+i1+···+is

λm+q+1 −λm+ j+i1+···+is−1


 , j = 1, . . . ,N.

From this and (25),

bm+q+1,m =

q+1

∑
j=1

δ
( j)
m+ j

λm+q+1 −λm
∑

E
(m+ j)
m+q+1




k

∏
s=1

δ
(is)
m+ j+i1+···+is

λm+q+1 −λm+ j+i1+···+is−1


 , j = 1, . . . ,N. (26)

Furthermore it is obvious that, if ∑k
s=1 is = q+ 1, then ∑is 6= j is = q− j+ 1 for each j ∈ {i1, . . . , ik}. Thus, it

is easy to see

E
(m)
m+q+1 =

q+1⋃

j=1

E
(m+ j)
m+q+1.

Consequently, from (26) we arrive to

bm+q+1,m =

q+1

∑
j=1

∑
E
(m+ j)
m+q+1

δ
( j)
m+ j

λm+q+1 −λm




k

∏
s=1

δ
(is)
m+ j+i1+···+is

λm+q+1 −λm+ j+i1+···+is−1




= ∑
E
(m)
m+q+1




k

∏
s=1

δ
(is)
m+i1+···+is

λm+q+1 −λm+i1+···+is−1


 ,

which is (16) for n = m+ q+ 1 and i = m. �

Remark 1. Because δ
(k)
n , k = 0,1, . . . ,n, are polynomials in n, from (16) we recover the well-known fact

that the coefficients bn, j are rational functions of the variable n.
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As an example, we consider the case of Hermite polynomials, which we denote as {Hn}. The three-term

recurrence relation satisfied by these polynomials is

{
Hn = xHn−1 −

1
2
(n− 1)Hn−2, n ∈ N

H0 = 1, H−1 = 0,

and the banded matrix associated to this recurrence relation is the tridiagonal matrix

J =




0 1 0 · · ·

1
2

0 1
. . .

0 1 0 1
. . .

... 0 3
2

. . .
. . .

. . .
. . .




. (27)

It is well-known [8] that the Hermite polynomials are the classical eigenpolynomials of the differential

operator

L ≡ a1(x)∂x + a2(x)∂
2
x

where a1(x) =−2x and a2(x) = 1. With some straight computations, we obtain

δ
(k)
r =






−2r if k = 0

0 if k = 1

r(r− 1) if k = 2

0 if k ≥ 3

, r = k,k+ 1, . . .

The eigenvalues are δ
(0)
n = λn =−2n, n = 1,2, . . . , and Theorem 2 is applicable because the restriction (12)

is fulfilled.

Due to δ
(1)
r = 0 and E

(n−1)
n = {1}, in (16) we see bn,n−1 = 0. Also, when n− i is odd, there exists an

index is odd in each (i1, . . . , ik) ∈ E
(i)
n and bn,i = 0. Regarding the even coefficients bm+2s,m,m,s,∈ N, since

E
(m)
m+2s can be substituted by {

(s)

(2, . . . ,2)}, we have

bm+2s,m =
s

∏
j=1

δ
(2)
m+2 j

λm+2s −λm+2 j−2
=

(−1)s

22s

(m+ 2s)!

m!s!

or, what is the same,

bn,n−2s =
(−1)s

22s

n!

(n− 2s)!s!
. (28)

Hence, we arrive to the known expression for the monic Hermite polynomials

Hn(x) = xn +
[ n

2 ]

∑
s=1

bn,n−2sx
n−2s =

n!

2n

[ n
2 ]

∑
s=0

(−1)s

(n− 2s)!s!
(2x)n−2s.

3. Linear transformations on eigenpolynomials

Given a banded matrix J as in (4), let C ∈ C be such that the determinants of truncation of the infinite

matrix CI − J formed by its first n rows and columns satisfy det(CIn −Bn) 6= 0 for each n ∈ N. In these

conditions, it is well known [9] the existence of a lower triangular matrix L and an upper triangular matrix

U such that

J−CI =UL.
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In the case that concerns us, L is a (p+ 1)-banded matrix whose entries in the diagonal we assume equal

to 1. We know that there exist p bidiagonal matrices L(i), i = 1,2, . . . , p, such that L = L(1)L(2) · · ·L(p) (see

[6]), where

U =




γ1 1

γp+1 1

γ2p+1 1

. . .
. . .


 , L(i) =




1

γi+1 1

γp+i+1 1

γ2p+i+1 1

. . .
. . .



, i = 1, . . . , p.

The product UL(1)L(2) · · ·L(p) is called bidiagonal Geronimus factorization of J and was introduced in [4].

These factorizations together with the ones introduced in [6] constitute the so-called bidiagonal Darboux

factorization. We call Geronimus transformation of J to each (p+ 2)-banded matrix

J(s) :=CI+L(p−s+1)L(p−s+2) · · ·L(p)UL(1) · · ·L(p−s), s = 1,2, . . . , p. (29)

For each of these matrices J(s) there exists an associated sequence {P
(s)
n } of polynomials verifying a (p+2)-

term recurrence relation. These polynomials are called also Geronimus transformed of {Pn} (see [4]).

In the following we analyze the relation between the Geronimus transformation and the linear transfor-

mation (17), where we assume γn 6= 0 for each n ∈ N. We write (17) as v(1)(x) = Tv(x), where v(1)(x) =(
P
(1)
0 (x),P

(1)
1 (x), . . .

)T

, v(x) = (P0(x),P1(x), . . .)
T

and

T =




1

γ1 1

0 γ2

. . .

. . .
. . .



. (30)

Then T−1 is an infinite lower triangular matrix and v(x) = T−1v(1)(x). We underline in this point the formal

sense of T−1. This matrix does not necessarily represent an operator, we just understand T−1 as a table

of values satisfying that the formal product of T times T−1 is T T−1 = T−1T = I. Since T is a bidiagonal

matrix, each entry of TT−1 and T−1T is obtained from a sum with a finite number of terms.

Using (4) and (17),

xv(1)(x) = T Jv(x) = T JT−1v(1)(x)

or, equivalently, (
T JT−1 − xI

)
v(1)(x) = 0. (31)

In general, it is possible that TJT−1 is not a banded Hessenberg matrix and, in that case, {P
(1)
n } does not

satisfy a (p+ 2)-term recurrence relation for any p ∈ N. However, if

J =CI+UL(1) · · ·L(p) (32)

is a bidiagonal Darboux factorization of J then

T JT−1 =CI +TUL(1) · · ·L(p)T−1.

Since TUL(1) · · ·L(p−1) is a (p+ 2)-banded Hessenberg matrix, we have that the sequence of monic poly-

nomials {P
(1)
n } satisfy a (p+ 2)-term recurrence relation if and only if L(p)T−1 is a diagonal matrix, that

is, T = L(p). Under these conditions, T JT−1 = CI + TUL(1) · · ·L(p−1) coincides with (29) when s = 1,

that is, T JT−1 = J(1). In other words, {P
(1)
n } would be the sequence of polynomials corresponding to the

first Geronimus transformation of {Pn}. This is the case of the Hermite polynomials, as we will show in

Theorem 4 of Section 4.

Given the sequence {Pn} of eigenpolynomials of the operator in (1), we are interested in studying

whether the new polynomials {P
(1)
n } defined in (17) are eigenfunctions for some finite order differential

operator like (1). We will prove in this section Theorem 3, for which we need before some auxiliary results.

Firstly, the following lemma gives a relation between the eigenvalues {λn} of L.
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Lemma 1. For i, j ∈ N and i < j we have

λ j −λi =
j

∑
s=1

[(
i

s− 1

)
+

(
i+ 1

s− 1

)
+ · · ·

(
j− 1

s− 1

)]
s!as,s, (33)

where we understand
(

m
s−1

)
= 0 for m < s− 1.

Proof. Assume i ∈N and j = i+ 1. Then, using (15) and
(

i
s

)
+
(

i
s−1

)
=
(

i+1
s

)
, we have

λi+1 −λi =
i+1

∑
s=1

(
i+ 1

s

)
s!as,s −

i

∑
s=1

(
i

s

)
s!as,s

= (i+ 1)!ai+1,i+1+
i

∑
s=1

[(
i+ 1

s

)
−

(
i

s

)]
s!as,s =

i+1

∑
s=1

(
i

s− 1

)
s!as,s (34)

Take now i, j ∈ N and j > i+ 1. If we write λ j −λi = (λ j −λ j−1)+ · · ·+(λi+1 −λi), we can use (34)

in each difference to reach (33).

Also in the study of the transformed polynomials {P
(1)
n }, the sequence {δ

(k)
n } defined in (10) plays

an important role. Firstly, we show that it is possible to express such sequence explicitly in terms of the

eigenvalues and the eigenpolynomials of L.

Lemma 2. For n ∈ N and k = 1, . . . ,n, we have (−1)kδ
(k)
n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(λn−k −λn−k+1)bn−k+1,n−k (λn−k −λn−k+2)bn−k+2,n−k · · · · · · (λn−k −λn)bn,n−k

1 bn−k+2,n−k+1 · · · · · · bn,n−k+1

0 1 · · · · · · bn,n−k+2

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 bn,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (35)

Proof. The determinant on the right side of (35) is of order k. We proceed by induction on n. If k = 1,

applying (23) (with m = n− 1), we obtain

(δ
(0)
n−1 −λn)bn,n−1 + δ

(1)
n = 0,

which is equivalent to

(λn−1 −λn)bn,n−1 =−δ
(1)
n ,

that is exactly (35). We have just proved that (35) holds for all n ∈ N and k = 1. In particular, (35) is true

for n = 1.

For any n ∈N and k = 1,2, . . . ,n, let G
(k)
n be the determinant on the right hand side of (35). Take a fixed

n ∈ N and assume

δ
(k)
m = (−1)kG

(k)
m , k = 1,2, . . . ,m, (36)

for each m = 1,2, . . . ,n− 1. We want to prove that (36) holds also for m = n. In fact, expanding G
(k)
n when

k ≤ n along its last column and taking into account (36),

G
(k)
n = G

(k−1)
n−1 bn,n−1 −G

(k−2)
n−2 bn,n−2 + · · ·+(−1)kG

(1)
n−k+1bn,n−k+1 +(−1)k+1(λn−k −λn)bn,n−k.

Therefore

(−1)kG
(k)
n =−

[
δ
(k−1)
n−1 bn,n−1 + δ

(k−2)
n−2 bn,n−2 + · · ·+ δ

(1)
n−k+1bn,n−k+1 +(λn−k −λn)bn,n−k

]

because k− i ≤ n− i for i = 1,2, . . . ,k−1. From this and (23) we arrive to (36) for m = n, as we wanted to

prove.
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Given any monic polynomial Qn(x) = xn + qn,n−1xn−1 + · · ·+ qn,1x+ qn,0 we define

∆k,n,s(Qn) = (37)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
n−k
s−1

)
qn−k+1,n−k

[(
n−k
s−1

)
+
(

n−k+1
s−1

)]
qn−k+2,n−k · · · · · ·

[(
n−k
s−1

)
+ · · ·+

(
n−1
s−1

)]
qn,n−k

1 qn−k+2,n−k+1 · · · · · · qn,n−k+1

0 1 · · · · · · qn,n−k+2

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 qn,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Furthermore, we denote

∆k,n,s := ∆k,n,s(Pn), ∆
(1)
k,n,s := ∆k,n,s(P

(1)
n ) (38)

As an immediate consequence of Lemmas 1 and 2, we obtain the following.

Lemma 3. For n ∈ N and k = 1,2, . . . ,n we have

(−1)k+1δ
(k)
n =

n

∑
s=1

∆k,n,ss!as,s.

Moreover, we prove in the following lemma that ∆
(1)
k,n,s and ∆k,n,s in (38) are related.

Lemma 4. With the above notation,

∆
(1)
k,n,s = ∆k,n,s +

k−1

∑
j=0

(−1) j

(
n− k+ j

s− 1

)
bn−k+ j,n−k

[
k− j

∑
r=1

γn−k+ j+1 · · ·γn−k+ j+rEk,n, j+r−1

]
,

where Ek,n, j is defined in (20).

Proof. Let us start denoting D
(1)
k,n,k−1 = b

(1)
n,n−k and

D
(1)
k,n, j =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b
(1)
n−k+ j+1,n−k b

(1)
n−k+ j+2,n−k · · · · · · b

(1)
n,n−k

1 b
(1)
n−k+ j+2,n−k+ j+1 · · · · · · b

(1)
n,n−k+ j+1

0 1 · · · · · · b
(1)
n,n−k+ j+2

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 b
(1)
n,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, j = 0,1, . . . ,k− 2.

If we expand the determinant that define ∆
(1)
k,n,s (see (37)-(38)) along its first row, it is easy to see that

∆
(1)
k,n,s =

k−1

∑
j=0

(−1) j

(
n− k+ j

s− 1

)
D
(1)
k,n, j. (39)

Notice that each determinant D
(1)
k,n, j is of order k− j. Furthermore, (17) implies that

b
(1)
n,i = bn,i + γnbn−1,i, n ∈N, i = 0,1, . . . ,n

10



(where b
(1)
n,n = bn,n = 1, bn−1,n = 0). Using this equality in the first column of D

(1)
k,n, j and expanding this

determinant as the sum of two determinants, we obtain

D
(1)
k,n, j =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bn−k+ j+1,n−k b
(1)
n−k+ j+2,n−k · · · · · · b

(1)
n,n−k

1 b
(1)
n−k+ j+2,n−k+ j+1 · · · · · · b

(1)
n,n−k+ j+1

0 1 · · · · · · b
(1)
n,n−k+ j+2

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 b
(1)
n,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+ γn−k+ j+1bn−k+ j,n−k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b
(1)
n−k+ j+2,n−k+ j+1 · · · · · · b

(1)
n,n−k+ j+1

1 · · · · · · b
(1)
n,n−k+ j+2

0
. . .

...
...

. . .
. . .

...

0 · · · 1 b
(1)
n,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(40)

Repeating this procedure in the second column of the first addend on the right hand side of (40),

D
(1)
k,n, j =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bn−k+ j+1,n−k bn−k+ j+2,n−k · · · · · · b
(1)
n,n−k

1 bn−k+ j+2,n−k+ j+1 · · · · · · b
(1)
n,n−k+ j+1

0 1 · · · · · · b
(1)
n,n−k+ j+2

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 b
(1)
n,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+ γn−k+ j+1bn−k+ j,n−k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b
(1)
n−k+ j+2,n−k+ j+1 · · · · · · b

(1)
n,n−k+ j+1

1 · · · · · · b
(1)
n,n−k+ j+2

0
. . .

...
...

. . .
. . .

...

0 · · · 1 b
(1)
n,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

because such addend can be expressed as the addition of two determinants of which the second one is zero.

Iterating the procedure we see that the first addend on the right hand side of (40) is

Dk,n, j :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

bn−k+ j+1,n−k bn−k+ j+2,n−k · · · · · · bn,n−k

1 bn−k+ j+2,n−k+ j+1 · · · · · · bn,n−k+ j+1

0 1 · · · · · · bn,n−k+ j+2

... 0
. . .

...
...

...
. . .

. . .
...

0 0 · · · 1 bn,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(We denote this term by Dk,n, j because it has the same structure than D
(1)
k,n, j but switching b

(1)
i j by bi j.) Going

back to (40), we denote the determinant of the second addend on the right hand side as E
(1)
k,n, j, following the

11



similarity with the determinant Ek,n, j defined in (20). Then, we have proved

D
(1)
k,n, j = Dk,n, j + γn−k+ j+1bn−k+ j,n−kE

(1)
k,n, j, (41)

where E
(1)
k,k,k−1 = 1. Now, we can repeat with the second addend in (41) the same idea that we used with

Dk,n, j. That is, at each step we select a column, express all the coefficients b
(1)
i j from that column as

b
(1)
i j = bi j + γibi−1, j and split the determinant in two following the addition given by the former expression.

Applying this process to the first column and recalling that bn−k+ j+1,n−k+ j+1 = 1, we can express E
(1)
k,n, j as

E
(1)
k,n, j = Ek,n, j + γn−k+ j+2E

(1)
k,n, j+1, j = 0,1, . . . ,k− 1. (42)

Applying (42) to E
(1)
k,n, j+1 we can rewrite (42) itself as

E
(1)
k,n, j = Ek,n, j + γn−k+ j+2Ek,n, j+1 + γn−k+ j+2γn−k+ j+3E

(1)
k,n, j+2

= · · ·=
k− j

∑
r=1

(γn−k+ j+2γn−k+ j+3 · · ·γn−k+ j+r)Ek,n, j+r−1,

where γn−k+ j+2γn−k+ j+3 · · ·γn−k+ j+r = 1 if r = 1, and Ek,n,k−1 = 1. Using this expression in (41) we reach

D
(1)
k,n, j = Dk,n, j + bn−k+ j,n−k

k− j

∑
r=1

(γn−k+ j+1γn−k+ j+2γn−k+ j+3 · · ·γn−k+ j+r)Ek,n, j+r−1. (43)

Finally, we use (43) to rewrite (39) as

∆
(1)
k,n,s =

k−1

∑
j=0

(−1) j

(
n− k+ j

s− 1

)
Dk,n, j

+
k

∑
j=0

(−1) j

(
n− k+ j

s− 1

)
bn−k+ j,n−k

[
k− j

∑
r=1

(γn−k+ j+1 · · ·γn−k+ j+r)Ek,n, j+r−1

]
.

Since the first addend is exactly ∆k,n,s, the proof concludes here.

Proof of Theorem 3:

Using (1) and (18), we recall (see (15))

λn =
n

∑
i=1

(
n

i

)
i!ai,i =

n

∑
i=1

(
n

i

)
i!a

(1)
i,i , n ∈ N.

Then, taking n = 1,2, . . . , we check ai,i = a
(1)
i,i for each i ∈ N.

On the other hand, defining

δ̃
(k)
n =

n

∑
i=k

(
n

i

)
i!a

(1)
i,i−k, k = 0,1, . . . ,n,

(see (10)) and applying Lemma 3 to L(1), we obtain

δ̃
(k)
n = (−1)k+1

n

∑
s=1

∆
(1)
k,n,ss!as,s.

Then, using Lemma 4 and again Lemma 3,

δ̃
(k)
n =

= δ
(k)
n + (−1)k+1

n

∑
s=1

k−1

∑
j=0

(−1) j

(
n− k+ j

s− 1

)
bn−k+ j,n−k

[
k− j

∑
r=1

γn−k+ j+1 · · ·γn−k+ j+rEk,n, j+r−1

]
s!as,s

= δ
(k)
n + (−1)k+1

k−1

∑
j=0

(−1) j

[
n

∑
s=1

(
n− k+ j

s− 1

)
s!as,s

]
bn−k+ j,n−k

k− j

∑
r=1

γn−k+ j+1 · · ·γn−k+ j+rEk,n, j+r−1.

12



Since {P
(1)
n } is the sequence of eigenpolynomials for L(1), then δ̃

(k)
n = 0 for n ≥ k > Ñ. Also, δ

(k)
n = 0 for

n ≥ k > N (see (10)). Therefore, we arrive to (19). �

4. Darboux transformations on the sequence of Hermite polynomials

Theorem 3 gives a necessary condition for the Darboux transformation to produce a new sequence of

eigenpolynomials for some finite order differential operator with the same sequence of eigenpolynomials

as L. In this section we show that (19) is not verified in the case of Hermite polynomials. This proves

that Darboux transformations, even in the case of classical orthogonal polynomials, may not lead to new

families of eigenfunctions.

With the purpose to analyze Theorem 3 when {Pn(x)}= {Hn(x)} are the Hermite polynomials, we study

the sequence {γi} that defines {P
(1)
n (x)}= {H

(1)
n (x)} in this case.

Theorem 4. Let {Hn(x)} and {H
(1)
n (x)} be sequences that satisfy (17), that is,

H
(1)
n (x) = Hn(x)+ γnHn−1(x). (44)

Then {H
(1)
n (x)} satisfies a (p+ 2)-term recurrence relation as (5) if and only if (44) is a Geronimus trans-

formation of {Hn(x)}. In that case, p = 1 and we have

γm = γ2 +
1

2γ1

−
m− 1

2γm−1

, m = 2,3, . . . (45)

Proof. Let T and J be the matrices defined in (30) and (27), respectively. Then, TJT−1 is a Hessenberg

matrix, that is,

TJT−1 =




δ0,0 1 0 · · ·
δ1,0 δ1,1 1 0 · · ·

...
...

. . .
. . .

. . .

δs,0 δs,1 δs,s 1 0 · · ·
...

...
...

. . .
. . .

. . .




where δr+s,r = γr+sαr+s−1,r +αr+s,r − γr+1δr+s,r+1 for r, s = 0,1, . . . , and we understand δr,r+1 = 1. Here

αi, j represent the entries of J, which are given in (27). Thus, the main diagonal of T JT−1 is given as

δr,r = γr − γr+1, r = 0,1, . . . (assuming γ0 = 0). The first subdiagonal is

δr+1,r =
r+ 1

2
− γr+1δr+1,r+1 =

r+ 1

2
− γr+1 (γr+1 − γr+2) , r = 0,1, . . .

The second subdiagonal is

δr+2,r = γr+2
r+ 1

2
− γr+1

r+ 2

2
+ γr+1γr+2 (γr+2 − γr+3) , r = 0,1, . . . ,

and the following subdiagonals are

δr+s,r =−γr+1δr+s,r+1, r = 0,1, . . . , s ≥ 3. (46)

As in (31), we see that

(
TJT−1 − xI

)




H
(1)
0 (x)

H
(1)
1 (x)

...


= 0.

If T JT−1 is the banded matrix corresponding to a (p+ 2)-term recurrence relation for some p ∈ N then

n−1

∑
k=n−p

δn,kH
(1)
k (x)+ (δn,n − x)H

(1)
n (x)+H

(1)
n+1(x) = 0, n = 0,1, . . . , (47)
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with δn,n−p 6= 0 for n = p, p+ 1, . . . That is, δn,n−p−1 = 0 for n = p, p+ 1, . . . , and also

δn,n−p−s = 0, for n = p, p+ 1, . . . , s ≥ 1. (48)

Under these conditions p ≥ 1, because p = 0 implies δn,n−1 = 0, that is, n
2
= γn(γn −γn+1), n = 1,2, . . . , and

then we would have δn,n−2 6= 0 in (46), which contradicts (48).

On the other hand, (46) indicates that it is not possible to have δn,n−p−1 = 0, if δn,n−p 6= 0 for n =
p+ 1, p+ 2, . . ., p ≥ 2. Consequently, p = 1 and (47) is a three-term recurrence relation.

Let J = CI +UL be a Geronimus factorization of J (see (32)). Since T JT−1 and TU are tridiagonal

matrices, LT−1 must be a diagonal matrix. In addition, the entries in the diagonals of L and T−1 coincide,

so we have L = T . Therefore, TJT−1 =CI+LU is a Darboux (Geronimus) transformation of J.

Reciprocally, if (44) is a Geronimus transformation of {Hn(x)} obviously T JT−1 =CI +TU is a tridi-

agonal matrix and the polynomials {H
(1)
n (x)} satisfy a three-term recurrence relation.

Finally, we assume that (44) holds. Then (46) provides

0 = γr+2
r+ 1

2
− γr+1

r+ 2

2
+ γr+1γr+2 (γr+2 − γr+3) , r = 0,1, . . . ,

that is,

γr+3 = γr+2 +
r+ 1

2γr+1

−
r+ 2

2γr+2

r = 0,1, . . . (49)

Note that (49) is equivalent to

γm +
m− 1

2γm−1

= γ2 +
1

2γ1

, m = 3,4, . . . ,

as we wanted to prove.

We recall that in a Geronimus factorization we need to fix two parameters. In fact, firstly we choose

C ∈C such that there exists the UL factorization of J−CI. Then, UL depends on a second parameter. This

implies that in (49) the sequence {γi} is determined in terms of γ1, γ2. In the sequel we assume

γ2 +
1

2γ1

= 0.

Thus, since (45), if (44) is a Geronimus transformation of {Hn} we have

γmγm+1 =−
m

2
, m = 1,2, . . . , (50)

and it is easy to check

γ2m = −
(2m− 1)(2m− 3) · · ·5 ·3

(2m− 2)(2m− 4) · · ·4 ·2

1

2γ1

γ2m+1 =
2m(2m− 2) · · ·4 ·2

(2m− 1)(2m− 3) · · ·5 ·3
γ1






, m = 1,2, . . . (51)

(writing (2m− 2)(2m− 4) · · ·4 ·2 = 1, (2m− 1)(2m− 3) · · ·5 ·3 = 1, when m = 1).

In the case of Hermite polynomials, a11 =−2,aii = 0,∀i ≥ 2. Moreover, the coefficients of the polyno-

mials were given in (28). Then (19) becomes −2ΣH(n,k), where

ΣH(n,k) :=
k−1

∑
j=0

j even

(−1) j/2

2 j

(n− k+ j)!

(n− k)!( j/2)!

k− j

∑
r=1

γn−k+ j+1 . . .γn−k+ j+rEk,n, j+r−1. (52)

For the rest of this section, our goal will be to prove that (19) is not satisfied. In order to do this, we will

show that ΣH(n,k) 6= 0 for n, k under the conditions of Theorem 3.

To compute the right hand side of (52), we will use the following result.
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Lemma 5. Let us define

SM(m) =
M

∑
r=0

(
−

1

4

)r (2m+ 2r− 1)!

r!(m+ r− 1)!

(
m− 1+M

m− 1+ r

)
, m, M ∈ N.

Then

SM(1) =
(2 ·1− 3)(2 ·2−3) · · ·(2M− 3)

M!2M
(53)

SM(m) =
(2m− 1)!

(m− 1)!
SM(1) (54)

for n, M ∈ N. In particular we have SM(m) 6= 0 for all m, M ∈N.

Proof. Using (
m− 1+M

m− 1+ r

)
=

(
m− 2+M

m− 1+ r

)
+

(
m− 2+M

m− 2+ r

)

it is easy to check

SM(m) = 2(2m− 1)SM(m− 1), m = 1,2, . . . , M = 0,1, . . . (55)

Now, for each m, M we write

SM(m) =
(2m− 1)!

(m− 1)!
f (m,M) (56)

and since (55) we see f (m− 1,M) = f (m,M). This means that f (M) := f (m,M) does not depend on m.

Furthermore, from (56) it is SM(1) = f (M) and (56) becomes (54).

On the other hand, writting

(
M

r

)
=

(
M− 1

r− 1

)
+

(
M− 1

r

)
, r = 0,1, . . . ,M (57)

(where we assume
(

M−1
−1

)
=
(

M−1
M

)
= 0 ) and substituting this expression in

SM(1) =
M

∑
r=0

(
−

1

4

)r (2r+ 1)!

(r!)2

(
M

r

)
,

we have

SM(1) =
M

∑
r=1

(
−

1

4

)r (2r+ 1)!

(r!)2

(
M− 1

r− 1

)
+

M−1

∑
r=0

(
−

1

4

)r (2r+ 1)!

(r!)2

(
M− 1

r

)
(58)

=
M−1

∑
r=0

(
−

1

4

)r (2r+ 1)!

(r!)2

(
−

1

2(r+ 1)

)(
M− 1

r

)
=−

1

2

M−1

∑
r=0

(
−

1

4

)r (2r+ 1)!

(r+ 1)!r!

(
M− 1

r

)
.

We will show

SM(1) =
(2 ·1− 3)(2 ·2− 3) · · ·(2 ·q− 3)

2q

M−q

∑
r=0

(
−

1

4

)r (2r+ 1)!

(r+ q)!r!

(
M− q

r

)
, q = 1, . . . ,M. (59)

In fact, (58) is (59) for q = 1. Proceeding by induction, and considering

(
M− q

r

)
=

(
M− q− 1

r− 1

)
+

(
M− q− 1

r

)

as in (57), we obtain (59) for q+ 1 when we assume that (59) is satisfied for q. In particular, for q = M in

(59) we arrive to (53).
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Also with the aim to study (52), in the following lemma we analyze the determinant Ek,n, j defined in

(20).

Lemma 6. If Ek,n, j+r−1 is considered over the Hermite polynomials, then

Ek,n, j+r−1 =





0, if k− j− r is odd,
n!

(n− k+ j+ r)!((k− j− r)/2)!2k− j−r
, if k− j− r is even.

Proof. The order of the determinant Ek,n, j+r−1 is k− j−r. In the first place, if k− j−r is odd then Ek,n, j+r−1

has an odd number of columns. Taking into account (28), Ek,n, j+r−1 =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 − 1
22

(n−k+ j+r+2)!
(n−k+ j+r+1)!

0 1
24

(n−k+ j+r+4)!
(n−k+ j+r)!2!

· · · 0

1 0 − 1
22

(n−k+ j+r+3)!
(n−k+ j+r+1)! 0 · · · (−1)

k− j−r−1
2

2k− j−r−1
n!

(n−k+ j+r+1)!((k− j−r−1)/2)!

0
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
... 0 1 0 − 1

22

(n−1)!
(n−3)!

0 · · · · · · 0 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Expanding this determinant each time along their first (k− j−r−1)/2 odd columns we obtain a determinant

of order (k− j− r+ 1)/2 whose entries in the last column are zero. Then Ek,n, j+r−1 = 0, which proves the

case k− j− r odd.

In the second place, if k− j− r is even then Ek,n, j+r−1 =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 −1
22

(n−k+ j+r+2)!
(n−k+ j+r)! 0 1

24

(n−k+ j+r+4)!
(n−k+ j+r)!2!

· · · (−1)
k− j−r

2

2k− j−r
n!

(n−k+ j+r)!((k− j−r)/2)!

1 0 −1
22

(n−k+ j+r+3)!
(n−k+ j+r+1)! 0 · · · 0

0
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
... 1 0 − 1

22
n!

(n−2)!

0 · · · · · · · · · 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Expanding each time along the odd columns, Ek,n, j+r−1 =

= (−1)
k− j−r

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−1
22

(n−k+ j+r+2)!
(n−k+ j+r)!

1
24

(n−k+ j+r+4)!
(n−k+ j+r)!2!

· · · (−1)
k− j−r

2

2k− j−r
n!

(n−k+ j+r)!((k− j−r)/2)!

1 −1
22

(n−k+ j+r+4)!
(n−k+ j+r+2)! · · · (−1)

k− j−r−2
2

2k− j−r−2
n!

(n−k+ j+r+2)!((k− j−r−2)/2)!

1
...

. . .
...

− 1
22

n!
(n−2)!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Taking firstly a common denominator out of each row and then a common numerator out of each column,
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we have, after simplifying

Ek,n, j+r−1 =
(−1)

k− j−r
2 n!

2k− j−r(n− k+ j+ r)!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−1 1
2!

− 1
3!

· · · · · · (−1)
k− j−r

2

((k− j−r)/2)!

1 −1 1
2!

· · · · · · (−1)
k− j−r−2

2

((k− j−r+2)/2)!

0 1 −1
. . . (−1)

k− j−r−4
2

((k− j−r+4)/2)!

0 1 −1
. . . (−1)

k− j−r−6
2

((k− j−r+6)/2)!

. . .
. . .

. . .
...

0 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Furthermore, it is easy to prove that the value of the determinant on the right hand side is
(−1)

k− j−r
2(

k− j−r
2

)
!

(ex-

panding the determinant along its last column). With this, the case k− j− r even is also proved.

Using the above lemmas, the expression of ΣH(n,k) in (52) is transformed into

ΣH(n,k) =
k−1

∑
j=0

j even

(−1) j/2

2 j

(n− k+ j)!

(n− k)!( j/2)!

k− j−1

∑
s=0

s even

γn−k+ j+1 · · ·γn−s

n!

(n− s)!(s/2)!2s
. (60)

If {H
(1)
n } were a sequence of eigenpolynomials for some differential operator L(1) with the same sequence

{−2n} of eigenvalues corresponding to {Hn} then Theorem 3 would imply that ΣH(n,k) = 0 for some

Ñ ∈ N, Ñ ≥ 2, and n ≥ k > Ñ (see (18)). However, in the following theorem we prove that the former

necessary condition does not hold.

Theorem 5. Let n be even and k be odd, n ≥ k ≥ 3. Then ΣH(n,k) 6= 0.

Proof. Let n and k be fixed numbers that satisfy the hypothesis. Then, (60) can be rewritten as

ΣH(n,k) =
n!

(n− k)!

k−1

∑
j=0

j even

(−1) j/2

2 j( j/2)!

k− j−1

∑
s=0

s even

(
γn−k+ j+1

n− k+ j+ 1

)(
γn−k+ j+2

n− k+ j+ 2

)
· · ·

(
γn−s

n− s

)
1

2s(s/2)!
(61)

where
(

γn−k+ j+1

n−k+ j+1

)(
γn−k+ j+2

n−k+ j+2

)
· · ·
( γn−s

n−s

)
has an odd number k− j− s of factors that can be grouped as

γn−k+ j+1

n− k+ j+ 1

(
γn−k+ j+2γn−k+ j+3

(n− k+ j+ 2)(n− k+ j+3)

)
· · ·

(
γn−s−1γn−s

(n− s− 1)(n− s)

)
.

Due to (50), the above product is equal to

γn−k+ j+1

(n− k+ j+ 1)F( j,s)

(
−

1

2

) k− j−s−1
2

,

where F( j,s) := (n− k+ j+ 3)(n− k+ j+5) · · ·(n− s). Substituting in (61) and using this notation,

ΣH(n,k) =
n!

(n− k)!

(
−

1

2

) k−1
2 k−1

∑
j=0

j even

1

2 j/2( j/2)!

(
γn−k+ j+1

n− k+ j+ 1

) k− j−1

∑
s=0

s even

(−1)s/2

2s/2(s/2)!F( j,s)

=
n!

(n− k)!

(
−

1

2

) k−1
2

k−1
2

∑
r=0

γn−k+2r+1

2rr!

k−1
2 −r

∑
q=0

(−1)q

2qq!F(2r− 2,2q)
.
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Since n is even and k is odd, necessarily n ≥ k+ 1. Hence, applying (51),

γn−k+2r+1 =−
(n− k+ 2r)(n− k+ 2r− 2) · · ·5 ·3

(n− k+ 2r− 1)(n− k+2r− 3) · · ·4 ·2

(
1

2γ1

)
=−

F(k− n,k− 2r)

2γ1F(k− n− 1,k− 2r+ 1)
.

Moreover,

F(k− n− 1,k− 2r+ 1)F(2r− 2,2q) = F(k− n− 1,2q)= 2
n
2−q
(n

2
− q
)

!

and

F(k− n,k− 2r) =
(n− k+ 2r)!

2
n−k−1

2 +r
(

n−k−1
2

+ r
)
!
.

Therefore,

ΣH(n,k) =
n!

γ1(n− k)!2n

k−1
2

∑
r=0

(n− k+ 2r)!

22r
(

n−k−1
2

+ r
)
!r!

k−1
2 −r

∑
q=0

(−1)q+1

q!
(

n
2
− q
)
!
. (62)

On the other hand, it is easy to see, using induction on s, that

m−s

∑
i=0

(−1)i

(
m

i

)
= (−1)m−s

(
m− 1

s− 1

)
, 1 ≤ s ≤ m.

Considering this and
k−1

2 −r

∑
q=0

(−1)q

q!
(

n
2
− q
)
!
=

1

(n/2)!

k−1
2 −r

∑
q=0

(−1)q

(
n/2

q

)
,

and using the notation of (53)-(54), in (62) we have

ΣH(n,k) =
n!(−1)

k+1
2

γ1(n/2)!(n− k)!2n

k−1
2

∑
r=0

(−1)r(n− k+ 2r)!

22r
(

n−k−1
2

+ r
)
!r!

( n
2
− 1

n−k−1
2

+ r

)

=
n!(−1)

k+1
2

γ1(n/2)!(n− k)!2n
S k−1

2

(
n− k+ 1

2

)
6= 0

as we wanted to prove.

5. Conclusions

In this paper, the sequences {δ
(k)
n }, n ∈ N, k = 1,2, . . . ,n, are introduced, which are an important con-

nection between the coefficients of the polynomials {Pn} and those of {an} defining a differential operator

L as in (1). In the first place, given a differential operator L, this connection allows, under certain con-

ditions, to guarantee the existence and uniqueness of their eigenvalues and eigenvectors, at the same time

that it leads to the explicit expression of such eigenvalues and eigenfunctions. In the second place, we

have derived a necessary condition for a linear transformation to provide a new family of eigenpolynomials

for some finite order operator. Finally, we have tested this necessary condition for the particular case of

Geronimus transformations applied to Hermite polynomials, which led us to the conclusion that Geronimus

transformed of Hermite eigenpolynomials are not eigenfunctions of any new differential operator.
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