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Abstract

Some properties and relations satisfied by the polynomial solutions of a bispectral problem are studied.
Given a finite order differential operator, under certain restrictions, its polynomial eigenfunctions are ex-
plicitly obtained, as well as the corresponding eigenvalues. Also, some linear transformations are applied
to sequences of eigenfunctions and a necessary condition for this to be a sequence of eigenfunctions of a
new differential operator is obtained. These results are applied to the particular case of classical Hermite
polynomials.
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1. Introduction and main results

We consider the ordinary differential operator of order N

N
L= Za,(x)&} 1)
i=0
where a;(x) are polynomials in the variable x, deg(a;) < i, and d!,i = 1,...,N, represents the derivative

of order i with respect to x. We also consider a sequence {A,} C C of eigenvalues and the corresponding
sequence of eigenfunctions {P,}, which we assume that are monic polynomials with deg(P,) = n for each
n € N. That is,

a;(x)dLPy(x) = AyPy(x), Vn €N, )

=

i=1

The polynomials {P,} satisfying (2)) are called eigenpolynomials in this work. We approach the relations
between the operator L and its eigenvalues and eigenpolynomials.

Although we study eigenpolynomials of () in general, we are especially interested in families of poly-
nomials that are at the same time eigenfunctions of a certain difference operator J. One of such sequences
{P,} of polynomials satisfy

) 3)
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where

0,0 1 0
p.0 Op.p 1 0
J = 0 (Xp+171 ap+1,[7+1 1 0 . (4)
0 .. ’
0 Cn—p Oy 1 0

Equation (3)) is satisfied if and only if those polynomials satisfy a (p -+ 2)-term recurrence relation

n—1
Y o kPi(x)+ (O —x)Pu(x) +Pry1 =0, n=0,1,..., 5)
k=n—p

with initial conditions

The difference operator is given by

n
J()Py="Y 0P+ Poy
k=n—p

and we have
(J(n)Py) (x) = xPy(x). 6)

If the polynomials P, satisfy (2)) and (@), we say that the sequence {P, }, n € N, is a solution for the bispectral
problem defined by L and J.

S. Bochner [8] studied the above problem for the case where the order of the differential operator is
N = 2 and determined the polynomial solutions of (2). He completely solved the problem, and his classi-
fication defined the nowadays well-known families of classical orthogonal polynomials which correspond
to p =1 in (3). Some years later, Krall [15], [[16] studied the differential operator of order N = 4, giving
a classification with seven families. This classification includes three new families of polynomial eigen-
functions that cannot be reduced to operators of order 2. Since the celebrated paper by Bochner and the
relevant contributions by Krall, there have been several contributions about the bispectral problem, see, for
example, [7], [17]. Some extensions of these works have been attempted, even for operators in differences
with complex coefficients [[13], [[14]. However, the difficulty of the problem has made impossible to obtain
conclusions as relevant as those already known for the operators orders N = 2 and N = 4. The goal of
this work is to shed some light on this problem by providing some relationships between the differential
operator (I)) and its eigenpolynomials. We hope that these contributions open new possibilities for solving
the problem with a general order N.

In what follows, we assume that the differential operator (1) is given; we also assume that there exist
both the sequence of eigenvalues {4, } and the corresponding sequence of eigenpolynomials { P, } satisfying
@) . We may assume ay = 0 because, otherwise, we would substitute ay by ag — Ag. For the same reason,
we take A9 = 0. Also, we define

an(x)=0, n>N. @)

Then, for each n € N we write the polynomials a,(x) and P,(x) as

n
an(x):Zan,ix’, an;i€C,i=0,1,...,n, ®)
i=0
and .
Pu(x) =Y bpix', bun=1b,;€C,i=0,1,....n—1. 9)
i=0



A relevant tool in this paper is the sequence {S,Ek) } defined from the coefficients of the polynomials
ai(x),i=1,...,N,as
n
59 =Y (’Z)i!aiik, k=0,1,....n. (10)
i=k
The following theorem is the key to understand the connection between these sequences (I0) and the
coefficients of the eigenpolynomials. We remark that, in addition, this theorem provides a valuable method
to obtain the coefficients b, s, k =0,1,...,n— 1, from the polynomials P,(x) (see ().

Theorem 1. For the sequence {P,(x)} of eigenpolynomials and the sequence {A,} of eigenvalues of L we
have

1. Foreachn €N, @) is equivalent to
s
Y 6, bnmik = Abum, m=0,1,....n, (11)
k=0

where by ik, k=0,...,,N, are the coefficients of the polynomials {P,} as described in (9).
2. Let M be the semi-infinite upper triangular matrix

&7 s .. &Y o
0 1 N
we| 08 5%01 m o ge )
0 &0 s 8o

and let M, 11 be the truncation of M formed by its first n+ 1 rows and columns for each fixed n € N.
Assume

l,,;éo,kl,kz,...,l,,,l, n:1,2,... (12)

Then P,(x),n=1,2..., is the unique monic polynomial satisfying @) whose coefficients by, - ,bp 1
in @) determine an eigenvector of M,,| corresponding to the eigenvalue A,. That is,

(Mn+1 - AernJrl)brz =0, (13)
where by = (b0, ,byn—1,1)T.

(We understand, here and in the rest of the paper, that b, ; = 0 when s > n.)
As a consequence of (), the eigenvalues of L are determined as

A=6" neN. (14)
From (I0) and (I4), if @) holds then the eigenvalues can be obtained as

min{n,N} n
=Y (l,)i!a,»,,», n=1.2,... (15)

i=1
(it is also a well-known fact in the literature, see [[10], [[L6]). This expression allows us to remark that, given
a differential operator L, the sequence of eigenvalues {4, } is unique.

In the proof of Theorem[I]we will see that condition (I2)) is not neccesary for the existence of eigenpoly-
nomials. However, under such condition, the relation (I3)) provides an easy method to obtain the coefficients
of these polynomials as coordinates of eigenvectors for a sequence of finite triangular matrices. Moreover,
(12) is also a relevant condition in other places of this work. In particular, we highlight its importance in
the expression of the coefficients of the eigenpolynomials in (I6). Henceforth, in the sequel we assume that
condition (I2) is satisfied. That is, we assume that the eigenvalues A,,, n =0, 1,..., are all different from
zero and also different from each other, which only depends on the leading coefficients ay,, in (8).

In our next result, we provide the explicit expression of the coefficients of each eigenpolynomial in terms
of the elements of the sequence {5,Ek)}. Due to (I0Q), this result implies the uniqueness of the sequence {P, }
of eigenpolynomials, which is completely determined by the coefficients of polynomials a;(x) that define
the differential operator L.



Theorem 2. Under the above conditions and using the notation from (9), for each n € N we have

k S&S')Jr +i,
bpi= s ) i=0,1,...,n—1, (16)
"’l ; J;Il Ao = Aicgiy oty

where the sum is extended to the set E,(,i) ={(it,...,ix) ENF: k€N, iy +---+ iy = n—i} and we understand
i+iy+---+ig_; =iwhens=1.

The above concepts and results allow us to study the linear transformations
1
PV =Pt yuPu (17)

of the eigenpolynomials {P,}, where the sequence {P,El)} is obtained from a given sequence {%,} C C. We
focus our interest in the case of new families {P,El) } which are eigenpolynomials of some finite order dif-
ferential operator and also satisfy a (p + 2)-term recurrence relation. In the following theorem, a necessary
condition for (I7)) to provide a new family of eigenpolynomials for some finite order operator is given.

Theorem 3. Assume {P,Sl)} and {A,} are eigenpolynomials and eigenvalues, respectively, of some finite
order differential operator

N

Y=Y a(x)3i (18)

i=0

oforderﬁ > N. Then

k—1 | N n— k+] k—j
Z (*1)] Z ( | >S!as,s bn7k+j,n7k Z Yokt jt1--- ’}/nfk+j+rEk,n,j+r71 =0 (19)

=1\ ST r=1

forany n, k € N such thatn > k > IT/, where

bn7k+s+2,n7k+s+1 bn7k+s+3,n7k+s+1 oot bn,n7k+s+l
1 bn7k+s+3,n7k+s+2 oo bn,n7k+s+2
0 1 e bn,n7k+s+3
Ek,n,s = 0 : (20)
0 0 P T

We point out the relevance of Theorem[3] since it makes unnecessary to study coefficients al(l) (x) and
values of N, reducing the problem of non existence to the verification of a condition that depends only on
the sequence {,}, as well as the initial operator (I} and its eigenpolynomials { P, }.

In the last part of this work, we will study a particular case of the linear transformation (I7). More
precisely, we will focus on the Geronimus transformations, a particular case of Darboux transformations
(see [4]). Depending on the field of application, different versions of this kind of transformations have been
used in the literature (see the introduction in [9] for more details). We will use the definitions introduced in
[2], which have also been used in [1, 3, 15, 6]. For the convenience of the reader, Section 3] will include a
brief summary of these concepts. In [[L1], [[13], the application of Geronimus transformations, under certain
conditions, to some classical polynomials was studied. More precisely, in [[11] it was showed that the Krall
polynomials can be obtained from some instances of the Laguerre and the Jacobi polynomials under these
transformations. Moreover, in [13], the Laguerre polynomials were studied, and the transformation of these
polynomials in eigenfunctions of a finite order differential operator under several applications of Geronimus
transformation was proved. The Hermite polynomials, in combination with the Bessel polynomials, were
only partially studied in [12]. In our paper, we complement these works by showing that the Geronimus



transformation on the Hermite polynomials does not produce a new family of eigenfunctions for any finite
order differential operator. This will be proved using Theorem[3] that is, we will prove that condition (I9)
is not satisfied.

The rest of the paper is distributed as follows. In Section Pl we analyze the relationships between the
sequence {S,Ek) } given in (I0) and the eigenvalues and eigenpolynomials of L. In order to do that, we will
prove Theorems[Il2]and, as an example, we will apply these results to the Hermite polynomials. Section[3lis
devoted to the study of the linear transformations (IZ) of the sequence of eigenpolynomials. In this section,
several auxiliary results and Theorem [3] are proved. Section [3is applied to the Hermite polynomials in
Section ] giving in this section some more lemmas and theorems related with condition (I9). Finally, in
Section[3] we summarize the main conclusions of this work.

2. Eigenvalues and eigenpolynomials of L

We start this section proving Theorems[TH2l
Proof of Theorem 1k

Firstly, we prove the equivalence between @) and (I1). We underline that (I1)) is a very important
relationship between the sequence {5,$k) } and the sequences of eigenvalues and eigenpolynomials satisfying
@). We point out that (TT)) can be written as

N |m+k k
Z lz (m+ )i!ai,ik‘| bn,m+k:A’nbn,m7 I’lZO, m:(),l,...,n, (2])
k=0 | i=k !

which in the case N = 2 is a straightfull interpretation of (11) in [§]. We follow here the lines of this relevant
paper of Bochner [8]. For each n € N, (9) leads to

n—i+1
Z (i+s—1)(i+s=2)- -sbn7i+s,1xﬁl

s=1

n—i+1 /-
—1
Z (l+s )i!bn’H»sle], i:]7"'7N7

s=1 l

3;P,, (x)

where we recall that b, j = 0 if j > n and we understand that the sum is equal to 0 if i > n. Then, @) is

equivalent to
N i ' n—i+1 i+s—1\. O n
Z Z aj kX Z ( ; ) l!bn,H»sflxs =My Z bn,rxr- (22)
i=1 r=0

s=1

Comparing the coefficients of x",r = 0, ..., in both sides of 22)) we arrive to 21)), as we wanted to prove.
In the second place, we prove (13). With this purpose, we consider (1)), which is, for each fixed n,

(6r§10)_ln) rzm+6 m+1 nm+1+ +5m+N ”'71+N:07 mZO?]"“’”‘ (23)

The relation (23)) can be interpreted as an upper triangular linear system, with matrix of coefficients M, |,
whose unknowns are b, ¢, - -+ ,bpn—1,bp,,. In matrix notation this is (13). Hence the coefficients of b,, define
an eigenvector of M, | corresponding to the eigenvalue A,,.

The identity (I4) together with the fact that det(M,, — A,1,,) # O prove that the coefficients by, o, - , by p—1
are uniquely determined. 0

Next, we prove Theorem[2] which shows how the sequence {S,Ek)} provides the explicit expression of
the coefficients of eigenpolynomials.
Proof of Theorem 2

Taking i = n—m in 23) we see

0 .
6r§1 ) m+1 m + 6 +1bm+1 m+1 +---+ 5m+Nb’”+’ m+N = A471Jrlbm+t ms 1= 07 1 IR



where, as usual, by, 1y j =0 when j > i. Then, for m fixed and i = 1,2,... we have

()Lm+1 - km)berl m . = 8r(n;) 1

()Lm+2 - xm)ber2,m - 6,514)>1bm+2,m+l - 8r§1+2

()Lm+N - km)an»N,m - S,S,IllberN,mel - 5,%;\;1,)1bm+N,m+Nfl = 6rE1N+)N
(Afs - 2fm)bs,m - 5,,(11421 bs,m+1 - = 5,,(17%;117)1bs,m+N71 = 6,&,]:7,)Nbs,m+N

(24)
Hence, the first relation in (24) leads to
5( 1)

b _ m+1
m+1,m — m’
m+1 "~ Ym

whichis (I6) whenn =m+1andi=m

From the second and consecutive relations of (24) we are going to obtain (I8) for n = m+k, i = m, and
k=2,3,...In fact, assume that by, ,, satisfies (I6) for k =2,3,...,g. Then, the (¢ + 1)-th relation of 24)
implies

(Afm+q+1 - 2fm)bm+q+1,m = m+l m+q+1,m+1 + 6m+2 m-+q+1,m+2 +-+ 5m+N m+q+1,m+N- (25)

On the other hand, since m can be substituted in 24) by any m+ p, p € N, we know that

k & Uis)
m+j+i 4+ .
bm+q+1,m+j_ Z ) ) - ; , J=1,...,N.
(m-+j) s=1 mtq+1 T Amet iy et
Em+q+]
From this and 23)),
g+1 6(] k 5(15)
m+j m j+iy 4+ .
m+q+1m—2k Z II)L 7 : , j=1,...,N. (26)
m+q+1 — (1)) s=1 mtq+1 = Mmt-j+ip 4+

m+q+1

Furthermore it is obvious that, if ¥*_, iy = ¢ + 1, then Yijis=q— j+1foreach j € {i1,...,i}. Thus, it
is easy to see

(m+j)
m+q+1 U Em+q+1

Consequently, from 26) we arrive to

q+1 () X (is)
b _ 6m+j 5m+j+i1 +e s
m+q+1m = 1 1 1 2 — :
=1 gy matl T Am\ =1 g1 T At iyl
Em+q‘+|
k (is)
— Z H Oty +-+is
- )
£ s=1 xm+q+l - km+i1+---+is,l
m+q+1
which is (T6) forn =m+qg+1and i = m. 0
k . .
Remark 1. Because 5,5 ), k=0,1,...,n, are polynomials in n, from (L6) we recover the well-known fact

that the coefficients b, j are rational functions of the variable n.



As an example, we consider the case of Hermite polynomials, which we denote as { H, }. The three-term
recurrence relation satisfied by these polynomials is

H, =xH,_| — %(nf )H,—»,neN
Ho=1, H_ =0,

and the banded matrix associated to this recurrence relation is the tridiagonal matrix

0 1 0
1
Lo
J=l o 10 1 7)
3
0 3

It is well-known [§] that the Hermite polynomials are the classical eigenpolynomials of the differential
operator

L= a;(x)dx +ax(x)d?

where a; (x) = —2x and a,(x) = 1. With some straight computations, we obtain
—2r if k=0
k) _ 0 if k=1 -
8= 1) it ke TEREELL
0 if k>3

The eigenvalues are 6,50) =, =—2n,n=1,2,..., and Theorem[2is applicable because the restriction (12))
is fulfilled. |

Due to 6}]) =0 and E,(,"f ) — {1}, in (I6) we see by, ,,—1 = 0. Also, when n — i is odd, there exists an

index is odd in each (iy,...,i) € E,(,i) and b, ; = 0. Regarding the even coefficients b4 25m,m,s, € N, since
(s)
E,(H)ZS can be substituted by {(2,...,2)}, we have
(2) .
H 5m+2] _ (*1)5 (m+2s)'
m+2s " )~m+2s m+2j72 22 m!s!

or, what is the same,
(—1)* n!
22 (n—2s)!s!’

Hence, we arrive to the known expression for the monic Hermite polynomials

bn,rz72s = (28)

(5]

H,(x) :x"+2bn,n,gsx 25 — "SZE) n—2s 's'

s=1

3. Linear transformations on eigenpolynomials

Given a banded matrix J as in @), let C € C be such that the determinants of truncation of the infinite
matrix CI — J formed by its first n rows and columns satisfy det(CI, — B,,) # 0 for each n € N. In these
conditions, it is well known [9] the existence of a lower triangular matrix L and an upper triangular matrix
U such that

J—CI=UL.



In the case that concerns us, L is a (p + 1)-banded matrix whose entries in the diagonal we assume equal
to 1. We know that there exist p bidiagonal matrices L(i), i=1,2,...,p,such that L = LOL® .. LP) (see
[6]), where
1
no1 1

yp+1 1 ' Yit1
L) — Yo+i+1 1 Ji=1,...,p.

1 )
Cas Yop+i+1 1

The product U LOL?) ... LP) is called bidiagonal Geronimus factorization of J and was introduced in [4].
These factorizations together with the ones introduced in [6] constitute the so-called bidiagonal Darboux
factorization. We call Geronimus transformation of J to each (p + 2)-banded matrix

JO .= cr 4 Lp=stOpp=s+2) 1y .. .L(I’*X), s=1,2,...,p. (29)

For each of these matrices J(*) there exists an associated sequence {P,E‘Y)} of polynomials verifying a (p+2)-
term recurrence relation. These polynomials are called also Geronimus transformed of {P,} (see [4]).

In the following we analyze the relation between the Geronimus transformation and the linear transfor-
mation (I7), where we assume 7, # 0 for each n € N. We write (T7) as v(!) (x) = Tv(x), where v{!) (x) =

(A A 0,0) v(a) = (), Pi(), ..} and

1

n o1

T = . . 30
0 p (30)

Then 7! is an infinite lower triangular matrix and v(x) = T~ 'v(!) (x). We underline in this point the formal
sense of 7~!. This matrix does not necessarily represent an operator, we just understand 7! as a table
of values satisfying that the formal product of T times 7~' is 7T ' = T~!T = I. Since T is a bidiagonal
matrix, each entry of 77! and 7~'T is obtained from a sum with a finite number of terms.

Using (@) and (I7),
o (x) = Tov(x) = TITv (x)

or, equivalently,
(117" —x1) vV (x) = 0. 3D

In general, it is possible that 7JT ! is not a banded Hessenberg matrix and, in that case, {P,gl)} does not
satisfy a (p 4 2)-term recurrence relation for any p € N. However, if

J=cr+uLWM...Lw) (32)
is a bidiagonal Darboux factorization of J then
T ' =cr+rutV....I1-1

Since TULW ... L(P=1 js a (p +2)-banded Hessenberg matrix, we have that the sequence of monic poly-

nomials {P,Sl)} satisfy a (p +2)-term recurrence relation if and only if L(”)T~! is a diagonal matrix, that
is, T = L(P). Under these conditions, TJT~! = CI + TULWY ... L(P=1) coincides with @9 when s =1,
that is, TJT " = J). In other words, {P,El) } would be the sequence of polynomials corresponding to the
first Geronimus transformation of {P,}. This is the case of the Hermite polynomials, as we will show in
Theorem [ of Section 4]

Given the sequence {P,} of eigenpolynomials of the operator in (Il), we are interested in studying
whether the new polynomials {P,El) } defined in (I7) are eigenfunctions for some finite order differential
operator like (I). We will prove in this section Theorem[3] for which we need before some auxiliary results.
Firstly, the following lemma gives a relation between the eigenvalues {4, } of L.



Lemma 1. Fori, j € Nandi < jwe have

¥ i i+1 Jj—1
Aj—li—szl{(s1)+(S1)+"'(s1):|5!as,sa (33)

where we understand (sTl) =0form<s—1.
Proof. Assume i € N and j =i+ 1. Then, using (I3) and (;) + ( i )= (H]), we have

s—1 s
i+1 /- i .
i+1 i
)~i+1 A = Z ( s )S!as,s - Z (S)S!as,s

s=1 s=1

i i1 . i+1 .
(i+ ])!ai+1,i+1 +S:Zl |:(l—§ ) - (;):| S!as,s = Z (sl 1)S!as,s (34)

s=1

Take now i,j € Nand j > i+ 1. If we write A; — A; = (4; — Aj—1) + - + (i1 — A;), we can use (34)
in each difference to reach (33). O

Also in the study of the transformed polynomials {P,El)}, the sequence {6,$k) } defined in (I0) plays
an important role. Firstly, we show that it is possible to express such sequence explicitly in terms of the
eigenvalues and the eigenpolynomials of L.

Lemma 2. Forn€ Nandk=1,...,n, we have (—1)k6,§") =

(A'rsz - )mkarl )bnkarl,rsz ()*nfk - 2'rzflﬁLZ)bnfkwLZ,nfk oot ()*nfk - )%)bn,rsz
1 bn7k+2,n7k+l oo bn,n7k+1
0 1 Bun—ks2
. 0 : (35)
0 0 N b1

Proof. The determinant on the right side of (33) is of order k. We proceed by induction on n. If k =1,
applying 23) (with m = n — 1), we obtain
( 5(0)

n—1

- )Ln)bn,rzfl + 8/51) = Oa

which is equivalent to
(Afnfl - ﬂvn)bn,nfl = _6}'$])a

that is exactly (33). We have just proved that (33) holds for all n € N and k = 1. In particular, (33) is true
forn=1.
Foranyn e Nandk=1,2,...,n,let Gﬁ,k) be the determinant on the right hand side of (33). Take a fixed
n € N and assume
W= (—16¥, k=1,2,...,m, (36)

©

foreachm =1,2,...,n— 1. We want to prove that (36) holds also for m = n. In fact, expanding G’ when

k < n along its last column and taking into account (36),

;('Lk) = G,(,lk,ill)bn,nfl - Gf,k:%bn,nfz +-- (_] )kGEzlf)k+1bn,n7k+l + (_] )k+1 ()’n*k - 2’Vl)bn,n*k'

Therefore

(*1)kG£,k) = - [S(kil)bn,nfl + 8,55722)bn,n72 +- 6,51,)k+]bn,n7k+l + ()Lnfk - )Ln)bn,nfk:|

n—1

because k —i <n—ifori=1,2,...,k— 1. From this and (23) we arrive to (36) for m = n, as we wanted to
prove. O



Given any monic polynomial Q,,(x) = X" + @ n— 13" 1 + -+ 4 gu1X + gno We define

Ak,n,s(Qn) = 37
(PP [ () KR G | e [+ ()]
1 In—k+2,n—k+1 qnn—k+1
0 1 qnn—k+2
0 .
0 0 Tt 1 qn,n—1
Furthermore, we denote
Ans = Dems (), ALY = A (PEY) (38)
As an immediate consequence of Lemmas[iland 2l we obtain the following.
Lemma 3. Forne Nandk=1,2,...,n we have
k150 _ g
(71) On = Ak,n,sS!as,s-
s=1
Moreover, we prove in the following lemma that A,(clfz sand A, ¢ in (B8} are related.
Lemma 4. With the above notation,
1) k] i(n—k+j
Apns = Bicns + Y (-1) o1 bu—irjn—t | Y, Yatctjt  Yais jrrEtom jar—1 | »
j=0
where Ey ,, ; is defined in 0.
Proof. Let us start denoting D,((lrz = bfll ,)H( and
(1) (1) (1)
bnkaerrl,rsz bn7k+j+2,rsz brz,rsz
1 p p)
n—k+j+2,n—k+j+1 nn—k+j+1
0 1 b
D) .= M 01, k=2,
M, 0
: : )
0 0 bn,nfl
If we expand the determinant that define A,(clfz ; (see B7)-(8)) along its first row, it is easy to see that
0 N (m kT 0
Ak,n,s = Z (_ 1 ) Dk,n,j' (39)
j=0

Notice that each determinant D

k.n,j

(1)

is of order k — j. Furthermore, (I7) implies that

bE[l’l.):bn,i‘f'Yanfl,ia neN, i=0,1,...;n



(where b\ = by = 1,b,_1,, = 0). Using

this equality in the first column of D,((]rz ; and expanding this

determinant as the sum of two determinants, we obtain
1 1
byt j+1n—k bflf)k+j+2,n7k bft,r)t*k
| p() p)
n—k+j+2,n—k+j+1 nn—k+j+1
0 1 b
(1) n,n—k+j+2
Dknj =
)l O
; : L0
0 0 1 bn,nfl
(1) (1)
bn—k+j+2,nfk+j+1 bn,nfk+j+1
1 b
nn—k+j+2
+ Ykt jr1bn—kvjn—k 0 ' (40)
: 1)
0 1 bn,rzfl

Repeating this procedure in the second column of the first addend on the right hand side of (@Q),

1
buktjrintk  bnkrjron—i b}('l,}?lfk
1 buis) ; i
n—k+j+2.n—k+j+1 n,n—k+j+1
i
1 0 1 bn,n7k+j+2
D= 0 '
0 0 1 bﬁl],)lfl
(1) (1)
bn7k+j+2,n7k+j+1 bzl,r)lfk+j+1
i
1 bn,n7k+j+2
+ Yokt j+ 100kt jn—k 0 :
0 Lo

because such addend can be expressed as the addition of two determinants of which the second one is zero.
Iterating the procedure we see that the first addend on the right hand side of (#0) is

Dn—k+j+1.n—k
1
0

0

(We denote this term by Dy ,, ; because it has

back to [@0), we denote the determinant of the second addend on the right hand side as E ,E

bn—k+j+2.n—k byn—k
bn—k+jr2.n—ktj+1 bnp—k+j+1
1 bn,n7k+j+2
0 . . ’
0 1 bn,nfl

the same structure than D,((lrz ; but switching bg}) by b;;.) Going
1)

nj? following the



similarity with the determinant E} , ; defined in 0. Then, we have proved

1 1
D/((,,)l’j = Dk,n,j + erfkﬂﬂbn7k+j,rszE/E!n)’j7 41)

where E,Elk) w1 = 1. Now, we can repeat with the second addend in (1) the same idea that we used with
' )
ij

= b;j+ ¥;b;i—1,; and split the determinant in two following the addition given by the former expression.

Dy, ;. That is, at each step we select a column, express all the coefficients b;;” from that column as

(1)
b;;
Applying this process to the first column and recalling that b, . j1,,—k+j+1 = 1, we can express EY as

k.n,j
EY) = B+ Yooksjr2EL) i=0,1,... k—1 (42)
kn,j — Tkn,j YH*kvLijZ ko, j+1° J=Y 1. .

Applying @2) to E,E‘ln)‘j+1 we can rewrite (2) itself as
1 1
ElE,n),j = Ek,n,j + Yn7k+j+2Ek,n,j+l + Yn7k+j+27/rsz+j+3E/E,n)’j+2
k—j

== (7n7k+j+27n7k+j+3 e erfkwtjwtr)Ek,n,jJrrfl )
r=1

where ¥kt j42Ynk+j+3 Yokt j+r = 1 if r=1, and Eg , s = 1. Using this expression in (4I)) we reach
k—j

1
D;(c,,),,j =Dinj+bp_itjn—k Z Ykt jb 1 Yokt je2 Yokt j+3 = Yt j+r ) Elr, o r—1.- (43)
r=1

Finally, we use (3) to rewrite (39) as
k=1 .
1 (n—k+j
a0, = L (" Vo
=0

Lokt e
+ Z (_]) g1 bnkarj,nfk Z (Ynkaerrl T Yka+j+r)Ek,n,j+r71 :
Jj=0

r=1
Since the first addend is exactly A , 5, the proof concludes here. O

Proof of Theorem 3k
Using (@) and (I8), we recall (see (I3))

e B (=L () nen

Then, taking n =1,2,..., we check a;; = al(yll-) for each i € N.
On the other hand, defining

- n
=y (’;)i!afpk, k=0,1,....n,
i=k
(see (I0)) and applying Lemma[3lto L"), we obtain
Sk (1
& = (—1)1 Y Al sty

s=1

Then, using Lemma] and again Lemma[3]

5 _
n k—1 - k—j
k n—k+
= SVE ) + (71)k+1 Z Z (71)1 ( s—1 J> bn7k+j,n7k lz Yo—k+j+1°"° ’ank+j+rEk,n,j+r71 S!as,s
s=1 /=0 =1
k—1 . k—j
k ; n—k+j
= 5r5 ) + (_1)k+l Z (—1) lz ( s—1 )S!as,s‘| bp—k+jn—k Z Yokt j+1 " Yokt jbrEn jrr—1-
=0 s=1 =1



Since {P,El)} is the sequence of eigenpolynomials for L), then g,sk) =0forn>k>N. Also, 5,Ek) =0 for
n >k > N (see (I0)). Therefore, we arrive to (19). O

4. Darboux transformations on the sequence of Hermite polynomials

Theorem [3 gives a necessary condition for the Darboux transformation to produce a new sequence of
eigenpolynomials for some finite order differential operator with the same sequence of eigenpolynomials
as L. In this section we show that (I9) is not verified in the case of Hermite polynomials. This proves
that Darboux transformations, even in the case of classical orthogonal polynomials, may not lead to new
families of eigenfunctions.

With the purpose to analyze TheoremBlwhen {P,(x)} = {H,(x)} are the Hermite polynomials, we study

the sequence {7} that defines {P,Sl)(x)} = {H,(,l)(x)} in this case.
Theorem 4. Let {H,(x)} and {H,E1> (x)} be sequences that satisfy (D), that is,
H" (x) = Hy(x) + $aHo1 (). (44)

Then {H,E1> (x)} satisfies a (p+ 2)-term recurrence relation as () if and only if @4) is a Geronimus trans-
formation of {Hy,(x)}. In that case, p =1 and we have

1 m—1

= —"——— 5 m:2737.-- (45)
i ” 2}/1 2%7171

Proof. Let T and J be the matrices defined in (30) and (27), respectively. Then, TJT ' is a Hessenberg
matrix, that is,

&o 1 0 -

8] 0 61’1 1 0

TJT ! = O

63,0 85,1 Ss,s 1 0

where 845, = Vs Oris—1r + Orpsr — Yrp10r45,41 for r,s =0,1,..., and we understand J,.,,1 = 1. Here

; j represent the entries of J, which are given in (27). Thus, the main diagonal of 7JT ! is given as
Orr =% — Yr+1,r =0,1,... (assuming ¥ = 0). The first subdiagonal is

r+1 r+1
Oyl = - = Y1041 41 = — T (Y1 = Yrt2), r=0,1,...

The second subdiagonal is

r+1 +2
6r+2,r = 7r+2—_7r+1—+7r+1'yr+2('yr+2_'yr+3)a r=0,1,...,

2 2
and the following subdiagonals are
8r+x,r:7’yr+18r+s,r+lv r:O,l,..., 523 (46)

As in (@T)), we see that

(ror~'—x1) | H ) | =o0.

If TJT ! is the banded matrix corresponding to a (p +2)-term recurrence relation for some p € N then

n—1
Y S (0 + (Bup— 0 H (1) +H () =0, n=0,1,..., (47)
k=n—p



with 8, ,—p #0forn=p,p+1,... Thatis, 8, ,—,—1 =0forn=p,p+1,..., and also
Oppnp-s=0,forn=p,p+1,...,s> 1 (48)

Under these conditions p > 1, because p = 0 implies 6, ,— 1 = 0, thatis, § = %,(% — Yus1),n=1,2,..., and
then we would have 6, ,_» # 0 in #8)), which contradicts (#g).

On the other hand, (46) indicates that it is not possible to have 6,,’,,,p,1 =0, if 6y u—p # 0 for n =
p+1,p+2,..., p>2. Consequently, p =1 and @) is a three-term recurrence relation.

Let J = CI + UL be a Geronimus factorization of J (see (32))). Since TJT ! and TU are tridiagonal
matrices, LT ' must be a diagonal matrix. In addition, the entries in the diagonals of L and T—! coincide,
so we have L = T. Therefore, TJT ' = CI + LU is a Darboux (Geronimus) transformation of J.

Reciprocally, if (@) is a Geronimus transformation of {H, (x)} obviously TJT ! = CI+ TU is a tridi-

agonal matrix and the polynomials {H,El) (x)} satisfy a three-term recurrence relation.
Finally, we assume that (@4) holds. Then {6)) provides

r—+1 r—+2

0="Yr2—— = V1 T hrhr2 (2= %3), r=0,1...,
that is,
r+1 r+2
= — =0,1,... 49
Yr+3 Yr+2 + 2'}/r+] 2%+2 r 3Ly ( )
Note that (@9) is equivalent to
m— 1 1
m + = +—, ”f'l:3,4-,...7
o 2’}/'7171 7 2’}/1
as we wanted to prove. o

We recall that in a Geronimus factorization we need to fix two parameters. In fact, firstly we choose
C € C such that there exists the UL factorization of / — CI. Then, UL depends on a second parameter. This
implies that in (49) the sequence {7} is determined in terms of ¥;, >. In the sequel we assume

1
r+-—=0.
2n
Thus, since @3), if @4) is a Geronimus transformation of {H, } we have
m
')’m}’erl:*Ea m:1727"'; (50)

and it is easy to check

2m—-1)2m—-3)---5-3 1
Yom = - A
2m—2)2m—4)---4-22y
, m=12,... (51
B 2m(2m—2)---4-2

(writing 2m—2)(2m—4)---4-2=1,2m—1)(2m—3)---5-3=1, whenm=1).
In the case of Hermite polynomials, a;; = —2,a;; = 0,Vi > 2. Moreover, the coefficients of the polyno-
mials were given in (28). Then (I9) becomes —2Xy (n, k), where

k*(fmﬂz(nfk+1'k

Yy (n,k) = Z 2 (n— /2 }/n ktjt1 - Yokt jrrEkn j+r—1- (52)
=0 U
J even

For the rest of this section, our goal will be to prove that (19) is not satisfied. In order to do this, we will
show that X (n, k) # O for n, k under the conditions of Theorem[3l
To compute the right hand side of (32), we will use the following result.



Lemma 5. Let us define

%( 1)r(2m+2r—1)!(m—l+M)7 mMEN.

SM(m):r:() 72 r;(m+r_1)' m—1+r
Then
Su(l) = (2-1—3>(2-A24&A34>---<2M—3> (53)
sum) = 2= Usy) Y

(m—1)!

Sor n, M € N. In particular we have Sy (m) # 0 for all m, M € N.

Proof. Using
m—1+M\ (m—-2+M m—2+M
m—1+r) \m—1+r m—2+r
it is easy to check
m=1,2,.... M=0,1,... (55)

Su(m) =22m—1)Sy(m—1),

Now, for each m, M we write
(2m— 1)1

S = M
(o) = P )
and since (53) we see f(m—1,M) = f(m,M). This means that f(M) := f(m,M) does not depend on m.

Furthermore, from (36) it is Sy(1) = f(M) and (36) becomes (34).
On the other hand, writting

(M)Z(M_])+(M_l), r=0,1,....M (57)
r r—1 r

(56)

(where we assume (”’7 711) = (MA; 1) = 0 ) and substituting this expression in
& N @D M
=3 (5) St ()
we have
oM\ @+ M1 M r+ ) (M -1
s = % (-3) S (0) 5 (5) T () )
oMt 1\ e+ 1) 1 M—-1\ 1M N\ @2+ (M1
- () G ) () n (0) w5 ()

We will show

C(2:1-3)(2:2-3)-(2:q=3)"&/ 1\ @r+ ) (M—q\
Sp(1) = 5 2;)( 4) 7(r+q)m< i ),ql,...,M. (59)

In fact, (38) is (39) for ¢ = 1. Proceeding by induction, and considering
()= ) ()
= +
r r—1 r
as in (37), we obtain (39) for ¢ + 1 when we assume that (39) is satisfied for ¢. In particular, for g = M in
(B39) we arrive to (33). O



Also with the aim to study (32)), in the following lemma we analyze the determinant Ey »,j defined in

20D.

Lemma 6. IfEy , i1, is considered over the Hermite polynomials, then

0, ifk—j—risodd,
Epnjtr—1= n!

_ i even.
kN (k—j—r) ki Uk Jmriseven

Proof. The order of the determinant E ,, ;1 is k— j—r. In the first place, if k— j —ris odd then Ey , j1—1
has an odd number of columns. Taking into account 28), Ey , j+r—1 =

0 _l(n7k+j+r+2)! 0 l(n7k+j+r+4)! 0
22 (n—k+j+r+1)! 24 (n—k+j+r)!12!
k—j—r—1
1 0 1 (n—k+j+r+3)! 0 (=1) 2 n!
37 ik ) KT T k) (k= j—r—1)/2)!

0 ' :

L (n=1)!
: 0 1 0 _?(zﬂ)!
0 0 1 0

Expanding this determinant each time along their first (k— j —r— 1) /2 odd columns we obtain a determinant
of order (k— j—r+1)/2 whose entries in the last column are zero. Then Ey j+r—1 = 0, which proves the
case k — j —r odd.

In the second place, if k — j —ris even then Ey j, j4,—1 =

0 =l —ktjtre)! 0 1 (n—k+jrred) (=] fﬁ; nl
22 (n—k+j+r)! , 24 (n—k+j+r)!2! 2k=j=r  (n—k+j+r)!((k—j—r)/2)!
1 0 ;;w 0 0
22 (n—k+j+r+1)!
_10
1 !
: ! 0 ~ 2 )
0 1 0

Expanding each time along the odd columns, Ey , j1,—1 =

k—j—r
=1 (n=ktj+r+2)! 1 (n—ktj4r+4)! (=1) 2 n!
2 (ki) 2% (n—k+j+r)2! 2o (k) ((k=j=r)/2)!
1 =1 (n—ktj+r+d)! (=) 2 n!
ke jr 22 (n—k+j+r+2)! 2k=j=r=2"" (n—k+j+r+2)!/((k—j—r—2)/2)!

1

Taking firstly a common denominator out of each row and then a common numerator out of each column,




we have, after simplifying

k—j—r

(=)= n!

Bl jor=1 = 5=~k )]

k—j—r

2=
)

o (=1)
! (k—j

2
((k=j=r)/2)!

k—j—r—=2
P e ) B S
20 (k—j—r12)/2)!
k—j—r—4
1 _1 c. (71) 2
: ((k—j—r+4)/2)!

k—j—r—6
=H 2
((k—j—r+6)/2)!

0 1 —1
k—j—r

k=j—r
Furthermore, it is easy to prove that the value of the determinant on the right hand side is % (ex-
kpor)y

panding the determinant along its last column). With this, the case k — j — r even is also proved. O

Using the above lemmas, the expression of X (n, k) in (32)) is transformed into

KL (12 (n—k+ ) B! n!

b = ‘ PO L

(k) ]2::0 27 (=R 2) A Tkt s T (60)
J even s even

If {H,(,])} were a sequence of eigenpolynomials for some differential operator L(!) with the same sequence
{—2n} of eigenvalues corresponding to {H,} then Theorem [3] would imply that Xz (n,k) = 0 for some
NeN,N>2 and n> k> N (see (I8)). However, in the following theorem we prove that the former
necessary condition does not hold.

Theorem 5. Let n be even and k be odd, n > k > 3. Then Xy (n,k) # 0.

Proof. Let n and k be fixed numbers that satisfy the hypothesis. Then, (60) can be rewritten as
Ya—k+j+1 Yo—k+j+2

(ni!k)! I;ZEI) 2(1_(;};/)2' kgl (nk+j+1) (HHHZ)...(ZHS) 2‘Y(s]/Z)! o

j even s even

ZH(n,k) =

where (Z’fﬁ}fl) ( ZZ{"I j’fz) -+ (£=2) has an odd number k — j — s of factors that can be grouped as

Yokt j+1 ( Viekt j2 Yokt j+3 )( Yn—s—1Yn—s )
n—k+j+1\(n—k+j+2)(n—k+j+3) (n—s—1)(n-ys))"

Due to (30), the above product is equal to

Yokt j+1 (_l)
(n—k+j+1)F(j,s) 2 ’

where F(j,s) :=(n—k+j+3)(n—k+j+5)---(n—s). Substituting in (6I) and using this notation,

Y—k+j+1 (—1)%/?

n! NT AL jol
(n—k)! (_E) ,;o 202(j/2)! (nk+j+1) ;) 25/2(s/2)1F (j,s)

J even s even

ZH(I’l,k) =

k=1 k=1 k-1 _
2

_ n! RS E Yo—k+2r+1
(n—k)! 2 = 2!

r

y (=17
= 24q'F(2r—2,2q)"




Since n is even and k is odd, necessarily n > k+ 1. Hence, applying (31)),

(n—k+2r)(n—k+2r—2)---5-3 1 F(k—n,k—2r)
Yo—k+2r+1 = —

(n—k+2r—1)(n—k+2r—3)---4.2 2_yl> :72)/1F(k—n—1,k—2r+1)'

Moreover,
Flk—n—1,k—2r+1)F(2r—2,2q) = F(k—n—1,2q) =21 (g —q)!

and
Flk—n k—2r) = — (n=k+20)!
’ PR (S Y
Therefore,
k— k—1
& (—k+2) T (—pye!
Zp(n,k) = . (62)
(n— k'2”§‘ "k'+r)'r'q2::oq(%— q)!
On the other hand, it is easy to see, using induction on s, that
m-—s (m m— 1
_] l — _1 m—s 1 < < .
F(7)=come(0)) ez
Considering this and
S0 A —T
= 9t(5-q)! (/2! 5 q)
and using the notation of (33)-(54), in (62) we have
(k) n!(—1 % kf —1)"(n—k+2r)! 3=
n =
H\, (n/2 = n k— 1+r)'r' }17/;*1 +r
B n!(fl)% s k+ A
T o nm/2) -k
as we wanted to prove. o
5. Conclusions
In this paper, the sequences {S,Ek)}, neN, k=1,2,...,n, are introduced, which are an important con-

nection between the coefficients of the polynomials {P,} and those of {a,} defining a differential operator
L as in (). In the first place, given a differential operator L, this connection allows, under certain con-
ditions, to guarantee the existence and uniqueness of their eigenvalues and eigenvectors, at the same time
that it leads to the explicit expression of such eigenvalues and eigenfunctions. In the second place, we
have derived a necessary condition for a linear transformation to provide a new family of eigenpolynomials
for some finite order operator. Finally, we have tested this necessary condition for the particular case of
Geronimus transformations applied to Hermite polynomials, which led us to the conclusion that Geronimus
transformed of Hermite eigenpolynomials are not eigenfunctions of any new differential operator.
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