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Abstract 

Lightweight and high-temperature performance are important indicators to promote the 

development of the aviation industry. Al-Li alloys with low density, high specific strength, 

excellent low temperature performance and good corrosion resistance are an ideal aerospace 

structural material. Ni-based and Co-based superalloys with superior high-temperature 

properties are key materials for aero-engine turbine blades. However, with the continuous 

development of the aviation industry, higher requirements have been placed on the performance 

of these materials. Therefore, designing materials with better performance is the focus of 

current research in the aviation field. 

Understanding how the presence and stability of phases in a given material influences its 

mechanical properties is critical to designing novel materials. Systematic analysis of stable and 

metastable phases in alloy systems by experiments is expensive and time-consuming because 

slow kinetics may hinder the convergence towards thermodynamic equilibrium. Thus, in this 

thesis, the stability of the different phases in Al-Li, Ni-Al and Co-Al alloys were studied by 

first-principles calculations in combination with statistical mechanics principles. The obtained 

thermodynamic information can provide theoretical support for the design of novel multi-

composition alloy. 

Firstly, the whole solid-state region of the Al-Li phase diagram was predicted by first-principles 

calculations and statistical mechanics, including the effect of configurational disorder and 

lattice vibrations. The formation enthalpy of different configurations at different temperatures 

was accurately predicted by means of cluster expansions that were fitted from first-principles 

calculations. The vibrational contribution was determined from the bond length vs. bond 

stiffness relationships for each type of chemical bond within and the Gibbs free energy of each 

phase as a function of temperature was obtained from Monte Carlo simulations. The predicted 

phase diagram was in excellent agreement with the currently accepted experimental one in 

terms of the stable (AlLi, Al2Li3, AlLi2, Al4Li9) and metastable (Al3Li) phases. In addition, it 

provided accurate information about the gap between Al3Li and AlLi solvus lines.  

The Ni-Al phase diagram was also predicted using the same methodology. The contribution of 

magnetic enthalpy was also included in the Gibbs free energy of each phase in this case. The 

computed phase diagram was in excellent agreement with the experimentally accepted phase 
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diagram and provided information about the phase boundary between AlNi3 and Ni below 300 

K, which was unknow before.  

Finally, the phase diagram of the Co-Al system was predicted. The magnetic entropic 

contribution was also included through the Heisenberg Hamiltonian. The computed phase 

diagram was compared with the currently accepted experimental phase diagram and the 

different contributions to the stability of each phase were analyzed independently. The potential 

of this strategy to predict phase diagrams of magnetic systems was clearly established. Overall, 

the methodology developed in this thesis shows that accurate phase diagrams of alloys of 

technological interest can be predicted from first-principles calculations and statistical 

mechanics principles. 
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Resumen 

Baja densidad y buen comportamiento a altas temperaturas son indicadores importantes para 

promover el desarrollo de la industria de la aviación. Las aleaciones de Al-Li con baja densidad, 

alta resistencia específica, excelentes propiedades mecánicas a bajas temperaturas y buena 

resistencia a la corrosión son un material estructural aeroespacial ideal. Las superaleaciones a 

base de Ni y Co con las mejores propiedades a altas temperaturas son materiales clave para los 

álabes de turbinas de motores aeronáuticos. Sin embargo, con el continuo desarrollo de la 

industria de la aviación, se han impuesto mayores requisitos al rendimiento de estos materiales. 

Por tanto, diseñar materiales con mejores prestaciones es uno de los focos de la investigación 

actual en el campo de la aviación. 

Comprender cómo la presencia y estabilidad de las fases en un material determinado afectan 

sus propiedades mecánicas es fundamental para diseñar nuevos materiales. El análisis 

sistemático de las fases estables y metaestables en aleaciones mediante experimentos es costoso 

y requiere mucho tiempo porque la cinética lenta hace difícil la convergencia hacia el equilibrio 

termodinámico. En esta tesis, la estabilidad de las fases en aleaciones Al-Li, Ni-Al y Co-Al se 

estudió mediante cálculos de primeros principios combinados con mecánica estadística. La 

información termodinámica obtenida puede proporcionar apoyo teórico para el diseño nuevas  

aleaciones con una composición compleja. 

En primer lugar, el diagrama de fases de Al-Li se predijo mediante cálculos de primeros 

principios y mecánica estadística, incluyendo el efecto del desorden configuracional y la 

vibración de la red. La entalpía de formación de diferentes configuraciones a diferentes 

temperaturas se calcularon con precisión mediante expansiones en serie que se ajustaron a partir 

de los cálculos de primeros principios. La contribución vibracional se determinó a partir de las 

relaciones entre la longitud del enlace y la rigidez del enlace para cada tipo de enlace químico 

y la energía libre de Gibbs de cada fase en función de la temperatura se obtuvo a partir de 

simulaciones de Monte Carlo. El diagrama de fases calculado coincidió con el diagrama 

experimental actualmente aceptado en términos de las fases estables (AlLi, Al2Li3, AlLi2, 

Al4Li9) y metaestables (Al3Li). Además, proporcionó información precisa sobre la brecha de 

miscibilidad entre las líneas de solvus de Al3Li y AlLi. 

El diagrama de fases de Ni-Al también se calculó siguiendo la misma metodología. La 

contribución de la entalpía magnética también se incluyó en la energía libre de Gibbs de cada 

fase. El diagrama de fases calculado concordó perfectamente con el diagrama de fases aceptado 
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experimentalmente y proporcionó información sobre los límites entre AlNi3 y Ni por debajo de 

300 K, que se desconocía hasta ahora.  

Finalmente, se predijo el diagrama de fases del sistema Co-Al, donde también se incluyó la 

contribución entrópica magnética a través del hamiltoniano de Heisenberg. El diagrama de fases 

calculado se comparó con el diagrama de fases experimental actualmente aceptado y las 

diferentes contribuciones a la estabilidad de cada fase se analizaron de forma independiente. El 

potencial de esta estrategia para predecir diagramas de fases de sistemas magnéticos está 

claramente establecido. En general, la metodología desarrollada en esta tesis muestra que se 

pueden predecir diagramas de fases precisos de aleaciones de interés tecnológico a partir de 

cálculos de primeros principios en combinación con mecánica estadística. 
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 Introduction  

 Phase diagram 

In the field of Materials Science and Engineering, phase diagrams are the foundation to study 

the evolution of the material microstructure during solidification, crystal growth, joining, solid-

state reactions, phase transformation, oxidation, etc. [1,2]. Moreover, a phase diagram also 

serves as a roadmap to support the development of materials, from their synthesis to their 

applications [3,4]. Detailed knowledge of phase equilibria and the underlying thermodynamics 

enables the establishment of the link between processing and microstructure, which is a crucial 

step in modern material design. 

Phase diagrams were determined primarily through time-consuming and expensive experiments 

until the last decades of 20 century. Although this approach is both feasible and necessary for 

determining phase equilibria of binary and ternary species within limited compositional 

regions, it is nearly impossible to obtain phase diagrams for ternary and higher-order systems 

over wide composition and temperature ranges. Thus, one of the current challenges in this field 

is to use alternative methods to obtain multicomponent phase diagrams. 

Most recent advances on ICME (Integrated Computational Materials Engineering) have 

produced new approaches on  modelling and simulation in Materials Science and Engineering 

[5,6]. ICME has played an important role in multi-scale modeling and simulation-based design 

of materials. Motivated by the ever increasing computing power and the large amount of data 

repositories, the integration of first-principles calculation based on DFT (Density functional 

theory) and Calphad (Calculation of Phase Diagrams) [7,8] establish a robust development 

framework of data-driven ICME, as shown in Figure 1.1. Material design strategies can be 

established within this framework since the issues/questions related to phase stability, kinetics, 

phase transformations and control of the mechanical properties - that are important for the 

development of novel alloys - can be currently addressed. The three approaches of determining 

the phase diagram including experiment, Calphad and first-principles calculations will be 

elaborated as follows. 
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Figure 1.1: Schematic diagram of the ICME roadmap to design new materials for engineering 

applications. 

 

 Experimental determination of phase diagrams 

Various experimental techniques are currently utilized to determine phase diagrams based on 

the principle that the physical and chemical properties, the phase composition and/or the 

structure varies when a phase transition occurs. These techniques include Differential Scanning 

Calorimetry (DSC), X-Ray Diffraction (XRD), and diffusion couples (DC).  

DSC is a thermal analysis technique that measures the absorbed or released energy of a sample 

during heating or cooling. When there exists a phase transition, DSC will show a sharp change 

in the energy absorbed or released at the corresponding transition temperature [9,10]. Although 

the absorbed or released energy is associated with enthalpy information of the phase transition 

[11], the actual enthalpy is difficult to obtain from DSC because thermal transfer inside the 

sample is neglected [12,13]. Moreover, DSC cannot provide crystallographic information about 

the phases, and the reaction mechanism during phase transition cannot be revealed. DSC is 

usually combined with XRD techniques to determine the structural characteristics and the loci 

of phase boundaries [14,15]. However, it is still difficult or impossible to determine complex 

phase changes, such as magnetic transitions [16].  

Another powerful tool to determine phase diagram is the DC technique. It can be used to 

determine the solubility range of each phase in the phase diagram. However, it is assumed that 
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local equilibrium at the interphase boundary is achieved even though the boundary is still 

migrating. Therefore, the data evaluated from the DC method are not always valid for the 

determination of equilibrium compositions [17].  

It should be noted that the accuracy of phase diagram highly depends on the sample preparation 

[18]. For instance, Al-Re phase diagram [19] has not been fully characterized because the 

difference in the melting temperature of Al (660 °C) and Re (3186 °C) is very large, which 

leads to experimental difficulties in specimen preparation. Additionally, the convergence 

towards thermodynamic equilibrium can be hindered by slow kinetics, especially at low 

temperature, and it is almost impossible to ensure that the actual stable phases have been 

obtained [20,21]. For this reason, there are low-temperature regions in the phase diagram that 

can never be analyzed experimentally.  

Given the cost and the time necessary to calculate the phase diagram by means of experiments, 

modeling and simulation in conjunction with experiments can be employed to improve the 

efficiency of phase diagram determination. 

 Phase diagram calculation by Calphad  

The thermodynamic modeling based on the Calphad method is a major part of ICME. The 

essence of the Calphad method is to use thermodynamic data parameters such as heat capacity, 

mixing energy, etc. obtained from experiments, combined with thermodynamic models 

(solution model, sublattice solution model and order-disorder model) to express the Gibbs free 

energy of each phase as a function of composition and temperature [21-23]. The Calphad 

method has proven its capability to describe multicomponent systems from to the Gibbs free 

energies obtained from binary and ternary systems in Calphad models [25,26]. However, 

extrapolation of binaries and ternaries into higher order systems is limited in many situations 

[27,28]. This is the case when there are new stable quaternary or higher-order phases, or when 

the descriptions of unstable or hypothetical phases/endmembers are so unphysical that cause 

undesired over-stabilization or underestimated stability. Since Calphad itself is not a predictive 

methodology, the thermodynamic descriptions for all phases in the system must be pre-defined. 

If there exists new quaternary or higher-order compound phase in the system, their Gibbs free 

energy descriptions should be determined beforehand [29]. 

In addition, the credibility of Calphad highly depends on the suitability and quality of the 

thermodynamic database [30,31]. However, many thermodynamic databases available today 

are designed for conventional single principal element alloys [32], which means that: 1) the 
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thermodynamic descriptions are apparently not adequate  for multi-principal element systems, 

such as high entropy alloys; 2) the thermodynamic descriptions may not be complete for a 

whole system but limited to only the major component rich corner [33]; and 3) phases irrelevant 

to the targeted type of alloys are deliberately excluded [31]. At the same time, it is challenging 

to use the Calphad method to deal with magnetism, and a comprehensive review on the 

measurement of magnetic properties calls for more efforts than merely evaluating the 

thermodynamic properties for the system. Finally, the  spin and magnetic moment phenomena 

are dominated by quantum mechanical effects, which are difficult to accurately describe by the 

classic thermodynamics in the Calphad method [34]. 

 Phase diagram calculation by first-principles  

The low-temperature thermodynamics of alloys has remained a challenge in Materials Science, 

primarily because of the slow diffusion kinetics. It can be regarded as an unknown region in the 

phase diagrams and cannot be filled by Calphad method [35]. In recent decades, application of 

first-principles calculations in condensed matter physics has greatly expanded to fill this gap 

[36,37]. The methodology based on first-principles calculations and statistical mechanics 

principles supported by the cluster expansion (CE) formalism was developed at the end of the 

last century [38-40]. It did not only provide physics-based thermo-chemistry data for predicting 

phase equilibria without experimental input [41], but also can be used as an input for Calphad 

method. 

The CE approach, firstly introduced by Sanchez et al. [42], expresses the energy of a given 

configuration as a linear combination of atomic clusters multiplied by the corresponding cluster 

interaction coefficients, that are fitted from the mixing enthalpies at 0 K obtained by DFT for a 

(sufficiently) large number of configurations. The configurations on the convex hull in the 

enthalpy-composition space are ground state phases at 0 K. The thermodynamic properties of 

each phase at high temperature depends on all possible microstates whose properties can be 

easily and accurately determined by means of the CE formalism according to their configuration 

[38,40]. Thus, the free energies of different phases (including the entropic contribution due to 

the configurational disorder) can be obtained as a function of temperature from Monte Carlo 

(MC) simulations using the principles of statistical mechanics. This method has been widely 

used in several systems, such as Al-Cu [39], Co-Ni [43], CrMoNbV high entropy alloys [44], 

refractory binary alloys [45], and many others.  
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However, some configurations above the convex hull may appear at higher temperatures due 

to thermal fluctuations [39,46], which results - for instance - in  a considerable discrepancy in 

the predicted miscibility gap [39]. A typical example is the stability of θ and θ' phases in the 

Al-Cu phase diagram. Both phases have the same stoichiometry (Al2Cu) but different lattices. 

θ' is in the convex hull and remains the stable phase up to 550K, but becomes metastable (and 

θ becomes the stable phase) at higher temperature due to the contribution of the vibrational 

disorder to the free energy, and the solvus line of θ' also changes accordingly.  

The standard strategy to account for the vibrational entropy contribution to the free energy is 

based in the quasi-harmonic approximation [47,48]. Within this framework, the thermal 

properties of solid materials are traced back to those of a system of non-interacting phonons 

whose frequencies are, however, allowed to depend on volume or on other thermodynamic 

constraints. Thus, phonon calculations have to be carried out to determine the force constant 

matrix of each atom, which reflects the energy response from lattice vibration at each 

temperature [49]. The lattice vibration is a degree of freedom under the configurational 

dimension, which means any change of atomic configuration will make the lattice vibration 

different. Therefore, it is not feasible to perform phonon calculations for solid solutions or 

phases with certain solubility, because the phonon calculations should be performed for all 

possible microstates [50,51]. This effort can be, however, dramatically reduced in systems with 

simple lattices because the force constant matrix can be transferred among different 

configurations and the stretching and bending stiffness of the different bonds can be accurately 

approximated through a bond length vs. bond stiffness relationship (thereafter denominated L-

S relationship) in the force constant matrix [52-54]. Thus, the L-S relationship is determined 

from several configurations by comparison with full phonon calculations, and then it is used to 

predict the force constant matrix of atoms in other configurations with the same lattice structure 

to minimize the computational effort. The vibrational entropy contribution to the free energy 

can be obtained through this approach, so that accurate predictions of the phase diagram at high 

temperature of different systems can be obtained [55-57]. 

Magnetic enthalpy and entropy also contribute to the stability of phases in the system in which 

at least one component is magnetic. The magnetic contribution to the free energy can be 

determined through the Inden-Hillert-Jarl (IHJ) model [58]. This approach assumes that spin 

orientations are uniformly distributed in the magnetic materials, neglecting the details of the 

interaction between magnetic elements in the lattice, and this simplification affects the 

temperature dependence of the magnetic heat capacity [58]. Overall, this model provides an 
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empirical analytical expression for the magnetic entropy above and below the Curie 

temperature, TC, based on the experimental results [59,60] but its accuracy is limited when 

temperature is close to or below the magnetic phase transition temperature because it is based 

on the framework of classical statistical mechanics [61]. Moreover, the IHJ model neglects the 

dynamic behavior of magnetic moments (spin fluctuations and spin flips), which may lead to a 

unrealistic miscibility gap in some magnetic systems, such as Fe-Ni [62] and Ni-Si alloys [63].  

A more accurate approach is based on the Heisenberg model and can be used to obtain the 

magnetic contribution to the free energy [64]. In this approach, the atomic occupation variable 

is replaced by the magnetic spin [65-67] and a Heisenberg Hamiltonian reflecting the magnetic 

interactions among atoms is obtained from DFT calculations. Afterwards, the magnetic specific 

heat of each phase at different temperature is determined by MC simulations based on the 

Heisenberg Hamiltonian. Then, TC is obtained from the peak value of the magnetic specific heat 

[68], while the magnetic entropies of different phases can be obtained by integrating the 

magnetic specific heat with respect to the temperature [64]. This technique has been applied to 

predict the TC in a broad range of materials, such as 3d transition metals [69,70] and rare-earth 

magnets [71,72]. 

In summary, methods based on first-principles calculations and statistical mechanical 

simulations play a key role in the prediction of alloy phase diagrams. It can not only fill the 

gaps in experimental data but also provide broader thermodynamic information for the 

development and design of new materials. 

 Binary systems  

Weight reduction and the higher operation temperature of turbine blades and engines are two 

important factors that drive the development of new materials for aerospace applications [73]. 

Guiding the design and development of novel alloys through the solid solution information 

(including solubility and critical temperature) of different phases provided in the phase diagram 

has become an important approach to improve the performance and reliability of aerospace 

components.  

Currently, Aluminum-Lithium (Al-Li) alloys play a vital role in weight reduction of key 

aerospace components, which not only improved fuel efficiency but also increased load 

capacity [74]. Nickel (Ni)-based and Cobalt (Co)-based superalloys are key materials for 

aerospace engines, in which the addition of Al leads to the apparition of strengthening 

precipitates that improve the strength at high temperature [75]. The development process and 
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existing problems of Al-Li, Ni-based and Co-based superalloy will be introduced in detail as 

follow. 

 Al-Li system  

Al-Li alloy is one of the most widely used structural materials in the aviation industry due to 

its high modulus of elasticity, high hardness, high fatigue crack growth resistance, and low 

density [74,76]. The strength of Al-Li alloy is strongly dependent on Li content. It has been 

found that addition of 1 wt.% of Li to Al can reduce alloy density up to 3% and increases the 

elasticity modulus by 6% [77,78]. However, a Li content above 1.3 wt.% results in a decrease 

in both yield stress and tensile strength, so the maximum strength of Al-Li alloy is always 

obtained in the range between 1.1-1.3 wt.% of Li [79].  

Since 1920, three different generations of Al-Li alloy have been developed [80]. The industrial 

application of the 1st generation (including 2020, VAD 23 and 1420) was compromised by its 

limited ductility and toughness, while high anisotropy of mechanical properties and 

delamination issues during manufacturing in the short-transverse direction also hindered the 

use of the 2nd generation (including AA 2090, AA 2091 and AA 8090) [81]. In the early 1990s, 

the 3rd generation (2094, 2095, Weldalite, etc.) were introduced to overcome the previously 

mentioned limitations of Al-Li alloys, which featured a Li concentration between 1.0  wt.% and 

1.8 wt.% [77,80,82]. 2055 and 2060 alloys are the newest 3rd generation among Al-Li alloy 

launched by Alcao Inc. at 2012 and 2011, respectively [83]. These alloys exhibit excellent 

corrosion resistance, high thermal stability, and a synergy of high strength and good toughness.  

Although, Al-Li alloys have been widely used in the aerospace field [82], they still face some 

limitations. For instance, Al-Li alloys used for fuselage skins are susceptible to intergranular 

corrosion [73], which is due to the precipitate microstructure according to the Li concentration. 

Thus, Al-Li phase diagram serves as the basis for exploring the effects of alloying additions on 

precipitation. 

The strengthening of Al-Li alloy is mainly derived from the formation of metastable ordered 

′-Al3Li (L12) phase, a superlattice fcc structure of Cu3Au-type, which acts as one of the major 

hardening precipitates in Al-Li alloy. The metastable two-phase boundary in the Al-Li phase 

diagram has been investigated extensively due to the important role of such metastable phase 

[84]. However, there is still significant disagreement in the solubility limits of δ′ phases at low 

temperature, as shown in the results of Hallstedt [85] and Neibecker [86]. The Al-Li phase 

diagram was firstly predicted using Cluster Variation Method (CVM) by Sigli and Sanchez 
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[87], but their results showed large differences for the concentration of ′ phase when compared 

with experimental data. The Al-Li phase diagram was studied using first-principles calculation 

in 1990 by Sluiter et al. [88]. The computed solid solubility of Li in the Al-rich solid solution 

was larger than the experimental one, and the fcc-Li appears to be a stable phase in the phase 

diagram, which is contrary to the experimental evidence. The analysis by Liu et al. [89], based 

on first-principles calculations, indicated that ′ was a stable phase due to the fact that the effect 

of lattice vibration on the free energy was neglected, leading to the large discrepancies in the 

two-phase boundaries on the Al-rich compared with the experimental data. From the above 

discussion, it is clear that a reliable model capable to describe the thermodynamic properties 

and phase diagram information of the Al-Li system is not available. Thus, it is necessary to 

carry out a new thermodynamic assessment for the Al-Li system to overcome this limitation. 

 Ni-Al system 

The evolution of aircraft that fly further and faster has been a consistent goal of aircraft 

designers. Achieving this goal has required new materials with other attributes in addition to 

strength and light weight. In particular, engines that can operate at higher temperatures result 

in higher efficiency and reduced gas emissions because the combustion cycle is more complete 

[90].  

Currently, Ni-based superalloys are used for the manufacture of high temperature components 

in gas turbines, such as combustor, high-pressure turbine, shrouds, blades, etc., due to their 

exceptional strength at high temperatures [91,92]. Alloys based on the Ni-Al system are of 

interest for different engineering applications. The extraordinary properties of Ni-based 

superalloys are associated with the microstructure with the L12-ordered γ′ (Ni3Al) precipitates 

coherently embedded in fcc γ (Ni) matrix [93]. The volume fraction, morphology and size 

distribution of γ′ will change during long-term service at elevated temperatures, which can 

significantly affect the mechanical properties (such as strength, fatigue and creep) of Ni-Al-

based superalloys [94-96].  

The development of Ni-Al superalloys has been subject to some limitations, such as low 

ductility at the ambient temperature and low strength and creep resistance at elevated 

temperatures [97]. It has been reported that the high-melting-point refractory element additions, 

such as Nb, Re, Ru, W and Mo, are particularly effective in improving the creep resistance, 

alloy strength and service temperature [99-101]. Unfortunately, high levels of refractory 

elements Mo, W, and Re are prone to form deleterious topologically close-packed (TCP) phase 
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due to their limited solubility in γ matrix, which is harmful to the failure of the alloys [102-

104]. Addition of Cr to Ni3Al superalloy stabilizes the γ and γ′ region and improves the ductility 

and corrosion resistance but decreases the strength [104]. These studies indicate that the high-

temperature performance of Ni-Al-based alloy can be improved by alloying additions and heat 

treatments. Thus, it is essential to know the Ni-Al phase diagram for guiding the design and 

development of novel Ni-Al-based superalloys. 

The Ni-Al phase diagram was studied firstly using CVM in 1985 by Sigli and Sanchez [105]. 

Even though the vibrational contribution to the free energy of pure elementary phases and 

stoichiometric compounds was taken into account, the calculated phase diagram was not in 

agreement with the experimental one. Pasturel et al. [106] studied the Ni-Al phase diagram 

using first-principles calculations, which showed a better agreement with the experimental one. 

However, the Al3Ni2 was considered as a line compound in their version, and both Al4Ni3 and 

Al3Ni5 were neglected. Actually, Al3Ni5 is a frequently detected phase which was considered 

as a stoichiometric phase with two different crystal structures [107], while some experiments 

show significant composition range for Al3Ni5 [109-111].  In addition, there is significant 

controversy in the two-phase region between AlNi and AlNi3. Overall, there is currently 

insufficient thermodynamic information to describe the thermodynamic properties of all phases 

in the Ni-Al system. Therefore, a new thermodynamic evaluation of the Ni-Al system is 

necessary to eliminate the shortage of reliable thermodynamic databases for this system. 

 Co-Al system 

Co-based superalloys have been in use for several decades in the manufacturing of various 

components such as vanes or combustion chambers in gas turbines  [111]. Co-based superalloys 

have a higher melting temperature (about 1450°C) than Ni-based superalloy, leading to 

excellent strength at high temperature as well as creep resistance [112,113]. Moreover, Co-

based superalloys exhibit superior corrosion resistance, wear resistance, and weldability 

compared with Ni-base superalloys [114,115]. However, the strength of Co-based superalloy 

relies only on solid solution strengthening and carbide dispersion strengthening, that are not as 

effective as the γ′-Ni3Al precipitate strengthening in Ni-based superalloys, and this fact hinders 

their applications in components subjected to high stresses [116,117].  

A γ′-Co3(Al,W) ordered phase similar to γ′-Ni3Al was firstly discovered in Co-Al-W-based 

alloys by Sato et al. [118]. It has a high melting point and high-temperature mechanical 

properties, paving the way for the use of Co-based superalloy in the next generation of high-
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temperature structural materials [120-122]. Recently, Makineni et al. [122] found a Co-Al-(Mo, 

Nb)-based alloy that exhibits higher solvus temperature and better mechanical strength than the 

commercial Ni-based and the Co-Al-W-based superalloys. The Co-Al-V-based superalloy with 

a high γ′ phase stability and a low density developed by Chen et al. [123] showed that the hot-

corrosion/oxidation resistance may be deteriorated due to the elevated V-content. They also 

confirmed that the addition of Cr reduces the γ/γ′ lattice misfit as well as the γ′ coarsening rate 

in Co-Al-Ta-based superalloy [124]. Overall, the γ′ derived from Co3Al in Co-Al system by 

adding different alloying elements is considered as the critical phase for the development of the 

next generation of Co-Al-based superalloy. 

Currently, all available Co-Al phase diagrams are determined through the Calphad method. 

Shevchenko et al. [125] studied the Co-Al phase diagram by the Gibbs free energy description 

based on the model of ideal associated solutions. Ostrowska et al. [126] also assessed the Co-

Al phase diagram by the Calphad method. It should be noted that a metastable two-phase region 

between Co and CoAl has been experimentally confirmed by Kozakai et al. [127,128], but it 

was not included in the existing Co-Al phase diagram due to the limitation in the Calphad 

method, where the thermodynamic information of metastable phases is hardly to obtain due to 

the kinetic factors. Therefore, a thermodynamic evaluation of the Co-Al system is necessary to 

eliminate the shortage of reliable thermodynamic databases for this system, and this 

thermodynamic information can also be used to design new Co-Al-based ternary and multi-

component systems. 

 Objectives 

Many of the component chemistries used in new alloy designs are largely the product of trial 

and error. The complex interactions among various elements make it difficult to understand 

exactly how changes in an alloy chemical composition will ultimately affect its performance. 

Understanding how composition affects phase fractions, phase composition, lattice parameters, 

and structural stability requires a comprehensive thermodynamic foundation that does not 

currently exist for multi-component systems. Therefore, the knowledge of phase equilibria 

across the whole concentration range of a binary phase diagram is crucial for the extrapolation 

of material properties and thermodynamic modeling to multi-component systems.  

The present thesis aims to provide a method to predict accurately the solid-state region of the 

Al-Li, Ni-Al and Co-Al phase diagrams from first-principles calculations combined with MC 

simulations. The thermodynamic information obtained from these binary alloys can be used in 
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the future to generate a database to extrapolate to the thermodynamic properties for multi-

component system. This thesis is structured as follows: 

Chapter 1 briefly illustrated the role of phase diagrams in the design of new alloys. By 

elaborating on the shortcomings of experimental and Calphad methods, the necessity of first-

principles calculation combined with MC simulation for predicting phase diagrams was 

introduced 

Chapter 2 introduced the research methodology used in this thesis. The total energy of a 

configuration was obtained by first-principles calculation based on DFT, which can be used to 

construct the CE. The lattice vibrational contribution to free energy was studied by L-S 

relationship. The magnetic excitation contribution to free energy was calculated using the 

effective Heisenberg Hamiltonian. The Gibbs free energy of each ground state phase in the 

phase diagram was obtained by MC simulation. 

Chapter 3 presents the prediction of the solid-state region of Al-Li phase diagram using first-

principles calculations and statistical mechanics principles including the effect of 

configurational disorder and lattice vibration. The formation enthalpies of many configurations 

were determined using first-principles calculations and the vibrational free energy of each 

configuration was included using the L-S relationship. Temperature-dependent CEs were fitted 

considering the formation enthalpy and vibrational free energy of each configuration, and they 

were used to predict the free energies of the different phases. The whole Al-Li phase diagram 

was predicted from this information and compared with the currently established phase 

diagrams [129,130]. In addition, the effect of vibrational entropy was assessed by comparison 

with our previous predictions of the Al-Li phase diagram without this contribution [89]. 

The whole solid-state region of the Ni-Al phase diagram was accurately predicted in Chapter 4 

from first-principles calculations and MC simulations. In addition to the configurational and 

vibrational entropy, it should be noted that the stable phases (AlNi3 and Ni) in the Ni-rich part 

of the Ni-Al phase diagram are ferromagnetic and the contribution of magnetic enthalpy has to 

be taken into account [85,131]. The magnetic entropy contribution is normally much smaller 

than the configurational and vibrational ones [132,133] and is neglected. The computed phase 

diagram is compared with the currently accepted Calphad phase diagram and the contributions 

of vibrational entropy and magnetic effects to the overall stability and solubility of the different 

phases were analyzed independently.  
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The solid-state region of the Co-Al phase diagram is calculated in Chapter 5 from first-

principles calculations and statistical mechanics principles. Configurational entropic 

contributions to the free energy were included through MC simulations using the CE formalism. 

The vibrational entropy of each phase was determined through the L-S relationship associated 

with the lattice. The magnetic contribution was also included through the Heisenberg 

Hamiltonian [64]. The computed phase diagram was compared with the currently accepted 

experimental phase diagram and the different contributions to the stability of different phases 

are analyzed independently. The potential of this strategy to predict phase diagrams of magnetic 

systems is clearly established. 

Finally, the main conclusions of this thesis and the avenues for future work are briefly 

summarized in Chapter 6. 

 



CHAPTER2. METHODOLOGY 

13 

 

 Methodology 

 First-principles calculations 

First-principle calculations is a computational method used to solve the Schrödinger equation 

[134] for materials in many-particle systems. The physical and chemical properties of materials 

are investigated through the interaction between nucleus and electrons, and their basic motion 

laws in the framework of quantum mechanics. It includes two categories of ab initio 

calculations based on Hartree-Fork self-consistent field [135] and DFT [136].  

 Density functional theory 

DFT is a method based on two fundamental theorems, which was proposed in 1964 by 

Hohenberg and Kohn for Thomas-Fermi model of inhomogeneous electron gas [137]. These 

theorems state that: 1) the ground-state energy in Schrödinger's equation is uniquely determined 

by the number density of particles [138], and 2)  the electron density that minimizes the energy 

of the overall functional at the condition of constant number of particles.  

Schrödinger equation can be solved by finding the charge density wave function with three 

spatial variables for each atom [139]. However, it is extremely difficult to solve the equation 

for a many-body system. The widely used DFT-based calculations represents the state-of-the-

art solution of the multi-body Schrödinger equation, which contains several approximations as 

follows [140,141]: 

1) Adiabatic or Born-Oppenheimer approximation [140]. The nuclei can be assumed to be 

‘frozen’ because they are much heavier than the electrons and only contribute to an external 

potential for the electrons. The electrons and nuclei are always in an instantaneous ground state. 

2) Independent-electron approximation [141]. Each electron moves independently with 

respective to the others in an average effective potential collectively determined by all of the 

electrons. The many-body electron problems are replaced using independent electrons with an 

exchange-correlation functional of the electron density and an associated exchange-correlation 

energy and potential by Hohenberg and Kohn [137]. 

3) Exchange-correlation functional approximation by the local spin density approximation 

(LSDA) [142] and the generalized gradient approximation (GGA) [143,144]. In the LSDA, the 

exchange-correlation energy density at each point in space is assumed to be the same as in a 

homogenous electron gas with the same electron density. Exchange and correlation energies 

for a homogenous electron gas are available based on the Ceperley-Alder [142] and Perdew-

https://www.sciencedirect.com/topics/materials-science/energy-density
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Zunger [145] fittings. In the GGA, the exchange-correlation energy density depends 

additionally on the gradient of the electron density. The GGA is accomplished by a low-order 

expansion of the exchange-correlation energy of an electron gas. Numerous approaches have 

been developed for this low-order expansion including the widely used PW91 [143] and 

Perdew-Burke-Ernzerhof (PBE) [144] implementations. 

4) Replacement of the strong Coulomb potential of the nucleus and the tightly bound core 

electrons by a pseudopotential. Pseudopotentials obtained from atomic calculations are not 

unique and can be tailored to simplify calculations such as the commonly used ultrasoft 

pseudopotentials and the projector augmented wave (PAW) method [146]. 

With above approximations, the DFT-based first-principles calculations solve a set of one-

electron Schrödinger equations, within which, each one is given by Kohn-Sham equations 

[147]: 

    [−
ℏ2

2𝑚𝑒
∇2 −

𝑒2

4𝜋𝜀0
∑

𝑧𝐼

|𝑟−𝑅𝐼⃗⃗⃗⃗⃗|
𝑁
𝐼=1 +

𝑒2

4𝜋𝜀0
∫

𝜌(𝑟′)

|𝑟−𝑟′|
𝑑3𝑟′ + 𝑉𝑋𝐶[𝜌(𝑟′)]]𝜓𝑖(𝑟′) = 𝜀𝑖𝜓𝑖(𝑟)         

(2.1) 

where 𝜀𝑖  is the ith one-electron energy eigenvalue with 𝜓𝑖(𝑟)  being the ith one-electron 

wavefunction. e is the electron charge, and  𝜀0 vacuum permittivity. −
ℏ2

2𝑚𝑐
∇2 represents the 

electronic kinetic energy with ℏ = ℎ 2𝜋⁄  being the reduced Planck constant. 𝑚𝑒 the electronic 

mass, ∇ can be defined as follow 

∇2= ∑ 𝜕2 𝜕𝑥𝛼
2⁄3

𝛼=1                                                   (2.2) 

where 𝑥𝛼  is the Cartesian coordinates of the electron. 
𝑒2

4𝜋𝜀0
∑

𝑧𝐼

|𝑟−𝑅𝐼⃗⃗⃗⃗⃗|
𝑁
𝐼=1  defines the interaction 

between an electron and all of atomic nuclei. 
𝑒2

4𝜋𝜀0
∫

𝜌(𝑟′)

|𝑟−𝑟′|
𝑑3𝑟′ is called the Hartree potential, 

which refers to the Coulomb interaction between the electron and itself. 𝑉𝑋𝐶[𝜌(𝑟′)] represents 

the exchange to the one-electron equations. It can be expressed as functional derivative of 

exchange correlation energy: 

𝑉𝑋𝐶[𝜌(𝑟′)] =
𝛿𝐸𝑋𝐶[𝜌(𝑟′)]

𝜌(𝑟′)
                                                 (2.3) 

where 𝐸𝑋𝐶[𝜌(𝑟′)] is the exchange correlation energy with the electron density of 𝜌(𝑟′).  
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 Quantum espresso package 

Quantum Espresso [148,149] is a free and open-source software for electronic-structure 

calculations and materials modeling based on DFT, where plane waves (PWs) are used to 

express the electronic wave functions and pseudopotentials (PPs) are employed to describe the 

interaction between valence electrons and atomic cores [150]. The Quantum Espresso is written 

by C++ and Fortran. The codes are constructed for periodic boundary conditions, which can 

deal with infinite crystal system directly and treat an efficient convergence of the 

thermodynamic limit for aperiodic but extended systems, such as liquids or amorphous 

materials. The basic computations can be performed including the energies for isolated or 

extended/periodic systems, structural optimizations (atomic coordinates and cell shape), ground 

state of spin-polarized or magnetic systems, second and third derivatives of the total energy at 

any arbitrary wavelength, ab initio molecular dynamics of thermodynamic ensembles, 

determining of saddle points and transition states via transition-path optimization, calculation 

of nuclear magnetic resonance and electronic paramagnetic resonance parameters [151]. Other 

utilities for data post-processing and advanced graphic application are available. 

 Lattice vibrations 

 Quasi-harmonic approximation 

At finite temperature, atoms tend to fluctuate around the equilibrium positions, resulting in 

lattice vibrations. For a classical vibrating system, a harmonic approximation means only 

vibrations with small amplitude were considered. The potential energy E of the system can be 

expressed by a Taylor expansion up to second order in the atomic displacements u from the 

equilibrium positions [152]. 

𝐸 = 𝐸0 + ∑
𝜕𝐸

𝜕𝑢𝑖
𝑖 𝑢𝑖 +

1

2
∑ 𝑢𝑖

𝜕2𝐸

𝜕𝑢𝑖𝜕𝑢𝑗
𝑢𝑗𝑖,𝑗                                (2.4) 

in which 𝐸0 is the potential energy where all atoms within are at their equilibrium positions. 𝑢𝑖 

and 𝑢𝑗  stand for the displacements of atoms i and j. As all atoms within are at their equilibrium 

positions, the first derivatives of E vanish because it corresponds to the forces acting on atoms. 

Thus, the second order term only matters for the vibrational properties. The second derivatives 

of E with respect to u are called the force constant matrices, 𝛹(𝑖, 𝑗): 

𝛹(𝑖, 𝑗) =
∂2𝐸

∂𝑢𝑖 ∂𝑢𝑗
                                                (2.5) 
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It should be noted that a structure will generally expand at elevated temperatures. The harmonic 

approximation performed at constant volume from eq. (2.4) neglects the thermal expansion, 

which results in an overestimation of the energy. This limitation can be overcome by quasi-

harmonic approximation [50,153] that contains the volume-dependent free energy contribution, 

in which each strained volume agrees the harmonic regime. 

The dynamical matrix, 𝐷𝑖,𝑗(q)  can be obtained by the Fourier transform of 𝛹(𝑖, 𝑗)  at 

wavevector 𝑞 [50,154].  

D𝑖,𝑗
𝑘𝑘′

(q) =
1

√𝑀𝑘𝑀𝑘′
∑ Ψ𝑖,𝑗(0𝑘, 𝑙′𝑘′)𝑙′ 𝑒𝑖𝑞⋅[r(𝑙′𝑘′)−𝑟(0𝑘)]                     (2.6) 

where r(lκ) is the equilibrium atomic position, Mκ is the atomic mass of type κ. Usually D(q) is 

arranged to be a 3na×3na matrix, where 3 comes from the freedom of the Cartesian indices for 

crystal and na is the number of atoms in a unit cell.  

The phonon frequencies 𝜔(𝑞) as a function of wavevector 𝑞 are obtained from the eigenvalues 

of 𝐷(q) [50,154,155] according to: 

𝑑𝑒𝑡 |
1

√𝑀𝑘𝑀𝑘′
𝐷𝑖,𝑗

𝑘𝑘′
(q) − 𝜔2(𝑞)| = 0                                      (2.7) 

The phonon density of states (DOS), 𝑔(𝜔), is obtained by an integration over the first Brillouin 

zone Ω of the crystal structure: 

𝑔(𝜔) =
1

Ω
∫ 𝑑𝑞𝛿(𝜔 − 𝜔(𝑞))

Ω
                             (2.8) 

The supercell method [156] is one of the techniques most widely used to calculate the force 

constant tensor. In this method, supercells are constructed from the fully relaxed primitive unit 

cell containing perturbations of atomic displacement under symmetry constraints. By relating 

the atomic displacements to the resulted interatomic forces obtained using first-

principles calculations, a set of equations (eq. (2.4)) is generated. The solutions of this set of 

equations are the force constants, the eigenvalues of the corresponding dynamical matrix 

correspond to the normal modes of oscillation (phonons) of the structure, that is phonon 

frequency. By sampling a great number of k-points within the irreducible Brillouin zone, the 

phonon DOS can be obtained by eq. (2.8). For the actual implementation of the supercell 

method, the force constants were obtained using the Phonopy code [50]. 
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 Vibrational free energy 

In the quasi-harmonic approximation, the vibrational entropic contribution to the free energy is 

determined by Born-von Karman model according to [157]: 

𝐹𝑣𝑖𝑏(𝑉, 𝑇) = −𝑇𝑆𝑣𝑖𝑏(𝑉, 𝑇)                            (2.9) 

where 𝑇  is the absolute temperature. 𝑆𝑣𝑖𝑏(𝑉, 𝑇)  is the vibrational entropy at the given 

temperature and volume that expressed as [55] 

𝑆𝑣𝑖𝑏(𝑉, 𝑇) = −𝑘𝐵 ∫
𝑔(𝜔)

1−𝜗
[𝜗log(𝜗) + (1 − 𝜗)log(𝜗)] d𝜔     (2.10) 

where ℏ is the reduced Planck’s constant, 𝑘𝐵 the Boltzmann constant, 𝜗 = e
−

ℏ𝜔

𝑘𝐵𝑇 and 𝑔(𝜔) is 

calculated from eq. (2.8). 

 Bond length vs. bond stiffness 

The contribution of the lattice vibration to the free energy can be described by using L-S 

relationship. This calculation method has the advantage of reducing the computational burden 

of calculating phonon DOS for each supercell configuration that is used to fit the CE.  

The L-S relationship can be determined as follows. Several different configurations in each 

lattice (since these relationships are transferable in configurations within the same lattice) were 

expanded up to 10% in volume with an increment of 2% after full relaxation to generate 

different atomic bond lengths using Alloy Theoretic Automated Toolkit (ATAT) code [158]. 

Supercells of the expanded configurations were constructed, and a displacement of 0.1 Å was 

applied to each symmetrically distinguished atom within. Then, self-consistent calculations 

were performed to obtain the forces acted on each atom due to the displacements. 

Three assumptions are made to obtain the desired transferable properties in the L-S relationship 

[159,160]. Only the nearest neighbor interactions are considered because the longer ranged 

force constants do not exhibit good transferability. The bending stiffnesses b are averaged over 

various spatial directions, and off-diagonal terms in the bond stiffness tensor are constrained to 

be zero. Hence, the resulting force constant matrix Ψ between pairs of symmetrically different 

atoms has only two independent terms, namely the stretching stiffness s and the isotropic 

bending stiffness b: 

Ψ(i, j) = (
𝑏 0 0
0 𝑏 0
0 0 𝑠

)                                               (2.11) 
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A L-S relationship was fitted for each chemical bond from the stiffness values obtained for the 

same chemical bonds with different length. The phonon DOS of any configuration can be easily 

obtained from the L-S relationship fitted for a given lattice, instead of using expensive supercell 

calculations for each configuration. Finally, the vibrational free energies of all configurations 

generated using ATAT code [158] that kept the original symmetry can be calculated from eqs. 

(2.9) and (2.10). 

 Magnetic excitation 

 Heisenberg Hamiltonian 

An effective Heisenberg Hamiltonian is firstly obtained to capture the magnetic free energy 

contribution of a given configuration with localized magnetic moments in the magnetic system. 

This is achieved by mapping the enthalpy at 0 K onto the following relationship [161,162]: 

𝐻𝑚𝑎𝑔 = − ∑ (𝑁𝑛𝑛
↑↑ − 𝑁𝑛𝑛

↑↓ )𝐽𝑖𝑗𝑆𝑖𝑆𝑗𝑖𝑗                              (2.12) 

where 𝐻𝑚𝑎𝑔 = 𝐸𝐹𝑀 − 𝐸𝐴𝐹𝑀 ,  𝐸𝐹𝑀  and 𝐸𝐴𝐹𝑀  are total energy of one configuration with 

ferromagnetic (FM) and antiferromagnetic (AFM) behavior, respectively.  𝑁𝑛𝑛
↑↑  and 𝑁𝑛𝑛

↑↓  denote 

the number of the nearest-neighbor atomic pairs with parallel and antiparallel spins aligned with 

respect to each other. The unit vectors 𝑆𝑖 and 𝑆𝑗  are the operators for the spin angular 

momentum of atoms i and j.  𝐽𝑖𝑗 is the coupling constant between atom i and j. 𝐽𝑖𝑗 > 0 for FM 

interactions and 𝐽𝑖𝑗 < 0 for AFM interactions. At elevated temperature, the spins may flip while 

the coupling constants remain constant. 

The Heisenberg Hamiltonian can be combined with MC simulations to obtain the magnetic free 

energy 𝐹𝑚𝑎𝑔 and magnetic entropy 𝑆𝑚𝑎𝑔(𝑇) at elevated temperature: 

      𝐹𝑚𝑎𝑔(𝑇) = −𝑇𝑆𝑚𝑎𝑔(𝑇)                              (2.13) 

𝑆𝑚𝑎𝑔(𝑇) = ∫
𝐶𝑚𝑎𝑔

𝑇
𝑑𝑇

𝑇

0
                                    (2.14) 

where 𝐶𝑚𝑎𝑔 stands for the magnetic specific heat, which was obtained from the averaging stage 

according to [163]: 

𝐶𝑚𝑎𝑔 =
|⟨𝐸2⟩−⟨𝐸⟩2

|

𝑘𝐵𝑇2                                     (2.15)  

where E is the average magnetic exchange energy that can be expressed as 
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                                ⟨𝐸⟩ =
1

𝑁
∑ 𝐻𝑚𝑎𝑔

𝑖
𝑖                                   (2.16)  

and 𝐻𝑚𝑎𝑔
𝑖  stands for the magnetic enthalpy contribution of each possible spin microstate 𝑖, as 

given by eq. (2.12). The Curie temperature TC can be determined by the peak of magnetic 

specific heat 𝐶𝑚𝑎𝑔 as a function of temperature [68]. 

 VAMPIRE package 

VAMPIRE [164] is an open source atomistic spin simulation package. The code was created 

by the University of York and is designed to be accessible without requiring in-depth technical 

or programming knowledge. VAMPIRE is a state-of-the-art atomistic simulator for magnetic 

nanomaterials, capable of simulating many different systems and determining parameters such 

as coercivity [165], Curie point [166], inversion dynamics [167], statistical behavior, and more. 

The features of VAMPIRE are split into three main categories: material parameters, structural 

parameters, and simulation parameters. Material parameters essentially define the magnetic 

properties of a class of atoms, including magnetic moments, exchange interactions, damping 

constants etc. Structural parameters define properties such as the system size, shape, particle 

size, or Voronoi grain structures. Combined with the material parameters, they essentially 

define the system to be simulated. VAMPIRE includes a number of built-in simulations for 

determining the most common magnetic properties of a system, such as Curie temperature TC 

and hysteresis loops. 

 Cluster expansion approach 

 Parent crystal structure 

Enumerating configurations using the ATAT code requires the specification of parent crystal 

structure [168]. The parent crystal structure serves as the reference to which chemical and 

structural perturbations are applied. Usually the parent crystal structure is a high symmetry 

phase, making it possible to study group/subgroup symmetry breaking ordering and structural 

transitions. Taking fcc Al-Li system as an example, its input format is shown in Table 2.1. A 

crystal is determined by a unit cell and a collection of basis sites. The unit cell vectors, 𝑙1, 𝑙2 

and 𝑙3 determine a lattice. The basis sites have coordinates 𝑏⃗⃗1, 𝑏⃗⃗2, … and represents a motif 

within the unit cell that is translated to all the lattice sites to generate the full crystal. A site i in 

the full crystal with coordinates 𝑟𝑖 = 𝑛⃗⃗1𝑙1 + 𝑛⃗⃗2𝑙2 + 𝑛⃗⃗3𝑙3 + 𝑏⃗⃗𝑁, is completely specified by the 

integer vectors 𝑛⃗⃗1, 𝑛⃗⃗2 and 𝑛⃗⃗3, which determine the lattice site, and 𝑁, which is an index that 
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specifies the basis site. A typical example is the B2 crystal structure, which is a simple chemical 

ordering over the sites of a body-centered cubic (bcc) parent crystal structure. Similarly, the 

common L12 crystal structure correspond to periodic orderings of two chemical species over 

the sites of a fcc parent crystal structure. 

Table 2.1: Input file lat.in of parent crystal structure used in the fcc Al-Li  

Parent crystal structure (lat.in) Explanation 

0 2.00781403 2.00781403 

2.00781403 0 2.00781403 

2.00781403 2.00781403 0 

unit cell vectors 𝑙1, 𝑙2 and 𝑙3 

1 0 0 

0 1 0 

0 0 1 

Lattice vector 𝑛⃗⃗1, 𝑛⃗⃗2 and 𝑛⃗⃗3 

0 0 0 Al, Li Basis sites 𝑏⃗⃗ 

 

 Mixing enthalpy 

The mixing enthalpy 𝐻𝑐𝑜𝑛𝑓 at 0 K due to the atomic occupation of an A1-xBx configuration in a 

given lattice s is given by [169] 

𝐻𝑐𝑜𝑛𝑓
𝐴1−𝑥𝐵𝑥 = 𝐸𝑠

𝐴1−𝑥𝐵𝑥 − (1 − 𝑥)𝐸𝑠
𝐴 − 𝑥𝐸𝑠

𝐵                (2.17) 

where 𝐸𝑠
𝐴1−𝑥𝐵𝑥 , 𝐸𝑠

𝐴  and 𝐸𝑠
𝐵  stand for the energy of the relaxed A1-xBx, A and B in the 

corresponding lattice s. 

Lattice vibrations will contribute to the free energy at elevated temperature, changing the 

relative stability of each configuration with respect to that at 0 K. The mixing enthalpy 

contribution due to lattice vibrations in each configuration is given by: 

𝐻𝑣𝑖𝑏
𝐴1−𝑥𝐵𝑥(𝑇) = 𝐹𝑣𝑖𝑏,𝑠

𝐴1−𝑥𝐵𝑥(𝑇) − (1 − 𝑥)𝐹𝑣𝑖𝑏,𝑠
𝐴 (𝑇) − 𝑥𝐹𝑣𝑖𝑏,𝑠

𝐵 (𝑇)                 (2.18) 

where 𝐹𝑣𝑖𝑏,𝑠
𝐴1−𝑥𝐵𝑥(𝑇), 𝐹𝑣𝑖𝑏,𝑠

𝐴 (𝑇) and 𝐹𝑣𝑖𝑏,𝑠
𝐵 (𝑇) stand for the vibrational free energy of A1-xBx, A 

and B in the corresponding lattice s at temperature 𝑇.  
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Similarly, the mixing enthalpy contribution due to magnetic excitation is given by: 

𝐻𝑚𝑎𝑔
𝐴1−𝑥𝐵𝑥(𝑇) = 𝐹𝑚𝑎𝑔,𝑠

𝐴1−𝑥𝐵𝑥(𝑇) − (1 − 𝑥)𝐹𝑚𝑎𝑔,𝑠
𝐴 (𝑇) − 𝑥𝐹𝑚𝑎𝑔,𝑠

𝐵 (𝑇)                 (2.19) 

where 𝐹𝑚𝑎𝑔,𝑠
𝐴1−𝑥𝐵𝑥(𝑇), 𝐹𝑚𝑎𝑔,𝑠

𝐴 (𝑇) and 𝐹𝑚𝑎𝑔,𝑠
𝐵 (T) stand for the magnetic free energy of A1-xBx, A 

and B in the corresponding lattice s at temperature 𝑇.  

Therefore, the temperature-dependent mixing enthalpy 𝐻𝑚𝑖𝑥  - including the configurational 

and vibrational contributions - of an 𝐴1−𝑥𝐵𝑥 configuration in each lattice can be summarized 

from eqs. (2.17) and (2.18) as 

𝐻𝑚𝑖𝑥
𝐴1−𝑥𝐵𝑥(𝑇) = 𝐻𝑐𝑜𝑛𝑓

𝐴1−𝑥𝐵𝑥 + 𝐻𝑣𝑖𝑏
𝐴1−𝑥𝐵𝑥(𝑇)                 (2.20) 

while that including the configurational, vibrational, and magnetic contribution can be 

expressed from eqs. (2.17)-(2.19) as 

𝐻𝑚𝑖𝑥
𝐴1−𝑥𝐵𝑥(𝑇) = 𝐻𝑐𝑜𝑛𝑓

𝐴1−𝑥𝐵𝑥 + 𝐻𝑣𝑖𝑏
𝐴1−𝑥𝐵𝑥(𝑇) + 𝐻𝑚𝑎𝑔

𝐴1−𝑥𝐵𝑥(𝑇)              (2.21)  

  Cluster expansion 

CE [38-40] including the different contributions for each lattice can be fitted from the mixing 

enthalpies. The CE only including the configurational contribution is expressed as 

𝐸 = ∑ 𝑚𝛼𝐽𝛼〈𝜑𝛼(𝜎⃑)〉𝛼                                            (2.22) 

where 𝜎⃑ = {𝜎1, 𝜎2, … , 𝜎𝑁} is the vector of occupation variables that indicates which type of 

atom locates on lattice site i. 𝜎𝑖 = -1 when site i accommodates an A atom and 𝜎𝑖 = +1 when 

the site i accommodates a B atom.  𝑚𝛼  are multiplicities indicating the number of clusters 

equivalent to α by symmetry. The coefficients 𝐽𝛼 are called effective cluster interaction (ECI) 

with cluster α whose values are determined by the specific chemical properties of the alloy. The 

sum is over all possible clusters α that are mutually symmetrically distinct under the space 

group of the underlying lattice. The average 〈… 〉 is over all clusters α’ that are equivalent by 

symmetry to cluster α. 𝜑𝛼(𝜎⃑) is the cluster function. Any function of the discrete occupation 

variables σ can be expanded in polynomials called cluster functions 𝜑𝛼(𝜎⃑). In a binary A-B 

alloy, the 𝜑𝛼(𝜎⃑) is simply defined as the product of occupation variable 𝜎𝑖 which form a cluster 

α, 

𝜑𝛼(𝜎⃑) = ∏ 𝜎𝑖𝑖𝜖𝛼                                                (2.23) 
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The 𝜑𝛼 of eq. (2.23) can be shown to form a complete basis for any scalar function of the 

configuration, (𝜎⃑), of the crystal. For a binary alloy on a parent crystal structure with N  sites, 

there are exactly 2N configurations 𝜎⃑, and there are an equal number of 𝜑𝛼, one for each distinct 

cluster of sites within the crystal. While the cluster expansion, Eq. (2.22), extends over 

all  2N clusters, in practice it must be truncated beyond some maximally sized cluster. 

The expansion coefficients of a truncated CE can then be trained to a large data set of energies 

for different configurations as calculated with a first-principles electronic structure method. 

A CE formalism including both the configurational and vibrational contribution can be 

expressed as 

𝐻𝑚𝑖𝑥(𝜎⃑, 𝑇) = ∑ 𝑚𝛼⟨𝜑(𝜎⃑)⟩𝛼(𝐽𝛼 +α 𝐽𝛼
𝑣𝑖𝑏(𝑇))    (2.24) 

where 𝐽𝛼
𝑣𝑖𝑏(𝑇) are the ECIs due to vibrational effect at temperature 𝑇 where the same clusters 

included in eq. (2.23) are used. Similarly, a CE formalism including the configurational, 

vibrational, and magnetic contributions is expressed as 

𝐻𝑚𝑖𝑥(𝜎⃑, 𝑇) = ∑ 𝑚𝛼⟨𝜑(𝜎⃑)⟩𝛼(𝐽𝛼 +α 𝐽𝛼
𝑣𝑖𝑏(𝑇) + 𝐽𝛼

𝑚𝑎𝑔(𝑇)    (2.25) 

where 𝐽𝛼
𝑚𝑎𝑔(𝑇) are the ECIs due to magnetic effect at temperature 𝑇 and the same clusters 

included in eq. (2.23) are used. 

The ECIs were fitted from the mixing enthalpy by the least square method. The accuracy of the 

CEs was assessed by cross-validation score as well as by the accurate prediction of the mixing 

enthalpies of ground state configurations. Focused on a CE for mixing enthalpies, the cross 

validation (CV) is expressed as the root mean square of differences between those calculated 

from first-principles and the energies predicted from the CE [170,171], 

CV =
1

𝑛
∑ (𝐸𝑖 − 𝐸̂𝑖)

2𝑛
𝑖=1                                        (2.26) 

where 𝐸𝑖  is the calculated energy of configuration i by DFT calculation, while 𝐸̂𝑖  is the 

predicted energy of configuration i obtained from a least-squares fit to the (n-1) other structural 

energies. 

 Monte Carlo simulations 

Once the CE for an alloy system has been obtained, MC simulations on a lattice model can be 

used to efficiently calculate thermodynamic properties [172,173]. MC simulations readily 

https://www.sciencedirect.com/topics/materials-science/binary-alloy
https://www.sciencedirect.com/science/article/pii/S0927025622006085#fd1
https://www.sciencedirect.com/topics/engineering/coefficient-of-expansion
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provide thermodynamic quantities such as energy and composition by averaging over a huge 

number of ensemble of microscopic states using the Metropolis MC algorithm [174].  

A very convenient way to obtain thermodynamic information regarding an alloy system is to 

perform MC simulations which sample a semi-grand-canonical ensemble [175]. In this 

ensemble, the energy and concentration of an alloy with a fixed total number of atoms (N) are 

allowed to fluctuate while temperature and chemical potentials are externally imposed. For an 

A-B alloy, only the composition x of element A and the difference in chemical potential (∆𝜇 =

𝜇𝐴 − 𝜇𝐵) between the two species needs to be specified.  

The grand potential ∅  of the system can then be summarized in a partition function of the form 

[176] 

𝛽∅(𝛽, ∆𝜇) = −ln𝑍                                               (2.27) 

where 𝛽 =
1

𝑘𝐵𝑇
, is the reciprocal of the temperature T and kB is Boltzmann’s constant. Z is 

partition function and can be expressed as [172] 

𝑍 = ∑ exp (−𝛽𝑁(〈𝐻𝑓
𝑖〉 − ∆𝜇𝑥))i                               (2.28) 

where 〈𝐻𝑓
𝑖〉 is the average formation enthalpy of each microstate 𝑖, which can be parametrized 

in a compact form with the help of the CE. 𝑁 is the number of sites in the crystal lattice. 

From eqs. (2.27) and (2.28), the derivative of the grand potential for each phase can be written 

as: 

d(𝛽∅) = 𝑁(〈𝐻𝑓〉 − ∆𝜇𝑥)d𝛽 − 𝑁𝛽𝑥 d(∆𝜇)      (2.29) 

where 〈𝐻𝑓〉 stands for the average formation enthalpy. 

For a given ∆𝜇, ∅ can be calculated as [172]: 

∅(𝛽1, ∆𝜇) = ∅(𝛽0, ∆𝜇) +
𝑁

𝛽
∫ (Hf − ∆μx) d𝛽

𝛽1

𝛽0
     (2.30) 

and for a given 𝛽，∅ can be calculated as: 

∅(𝛽, ∆𝜇1) = ∅(𝛽, ∆𝜇0) − 𝑁 ∫ 𝑥 d∆𝜇
∆𝜇1

∆𝜇0
      (2.31) 

where the integral is performed along a continuous path joining points (𝛽0, ∆𝜇0) and (𝛽1, ∆𝜇1) 

that does not encounter a phase transition. 
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The difference between Gibbs and Helmholtz free energies can be neglected during solid-state 

transformations, so the Gibbs free energy 𝐺 is expressed as [178] 

𝐺 = ∅ + ∆𝜇𝑥                (2.32) 

The two-phase boundary between phases that share the same lattice can be determined by the 

intersection of ∅ obtained from increasing and decreasing ∆𝜇. For two adjacent phases with 

different lattice structures, the two-phase equilibrium region in the phase diagram can be 

determined by the common tangent of their Gibbs free energies curves at a given temperature. 
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 Prediction of the Al-Li phase diagram  

 Introduction 

The strength/weight ratio was the prime driver for materials selection for both engines and 

aircraft [73,179]. Al-Li alloys have gained attention for their use in weight and stiffness-critical 

structures used in aircraft, aerospace and military applications because they exhibit better 

properties, such as a low density and high specific strength, than those of commercial Al alloys 

[77,79,180].  

The main strengthening in Al-Li alloys is generally achieved from the existence of a huge 

volume fraction of the Al3Li (δ′) phase [77,181,182], which is the main reason for high elastic 

modulus observed in these alloys, since Al3Li itself has a large intrinsic modulus.  δ′ precipitates 

are considered metastable [183]. This conclusion does not come from free energy calculations, 

but from experimental observations: the equilibrium δ (AlLi) phase precipitates at grain 

boundaries and its growth depends on the coarsening and eventual disappearance of δ′ 

precipitates [183,184]. This process leads to the apparition of a precipitate-free zone, devoid 

of δ′ precipitates, adjacent to the grain boundaries. It was initially assumed that δ formation was 

due to a martensitic transformation from δ′, but this hypothesis was not in agreement with 

transmission electron microscopy observations which showed evidence of the heterogeneous 

nucleation of δ precipitates at grain boundaries and dislocations, independent of δ′ [185]. 

Nevertheless, the growth of the δ precipitates was carried out at the expense of the Li in solid 

solution and in the δ′ precipitates. This latter mechanism assumes that δ′ is metastable, but this 

result should be confirmed by free energy data. 

In this chapter, the Al-Li phase diagram is predicted by first-principles calculations and 

statistical mechanics principles including the effect of vibrational entropy. To this end, the L-S 

relationships of nearest-neighbor bonds in the Al-Li system were obtained from several ordered 

configurations, and the accuracy of this approach to calculate the phonon density of states was 

proven by comparison with the full phonon calculations. Then, the formation enthalpies of 

many configurations were determined using first-principles calculations and the vibrational free 

energy of each configuration was included using the L-S relationship. Temperature-dependent 

CEs were fitted by taking into account the formation enthalpy and vibrational free energy of 

each configuration, and they were used to predict the free energies of the different phases. The 

whole Al-Li phase diagram was predicted from this information and compared with the 
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currently established phase diagram [129,130]. In addition, the effect of vibrational entropy was 

assessed by comparison with our previous predictions of the Al-Li phase diagram without this 

contribution [89]. 

 Methodology 

 DFT calculations 

The first step to calculate the Al-Li diagram is to determine the ground state phases at 0 K from 

the formation energies of the different Al-Li intermetallic compounds. Al and Li exhibit fcc 

and bcc structures, respectively, in the stable configurations. Thus, symmetrically distinct fcc 

and bcc Al1-xLix configurations with Al and Li atoms randomly placed in fcc and bcc lattice 

sites were generated with up to 8 atoms per unit cell using ATAT code [158]. 

The relaxed energy of each Al1-xLix configuration was calculated by DFT using Quantum 

Espresso [148,149] in the ultra-soft pseudopotential mode [186]. The atomic positions, lattice 

parameters and angles of each configuration were fully relaxed at pressure P=0. The exchange 

correlation energy was evaluated using the PBE approach [144] with 114 Ry as the energy cut-

off. The Brillouin zone was sampled using a Monkhorst-Pack grid with a density of 40 

points/Å−1. 

 Vibrational free energy calculation 

The L-S relationship is related to the lattice symmetry [159] and only fcc and bcc lattices need 

to be considered because all phases in the Al-Li system are either fcc or bcc. All configurations 

were relaxed by DFT calculation in section 3.2.1, four ordered configurations were used to 

determine the L-S relationship for the fcc lattice and only three for the bcc lattice. They were 

compressed and expanded up to 10% with increment of 2.5% in volume to create cells with 

different bond lengths. For each volume, a supercell of 3×3×3 unit cell was used and a 

displacement of 0.2 Å was applied for each symmetrically different atom in the unit cell to 

calculate the force acted on each atom because small atomic displacement. Therefore, a L-S 

relationship for each type of bonding interaction (either Al-Al, Li- Li or Al-Li) was fitted from 

the values 𝑏 and 𝑠 obtained for each lattice, which can be used to obtain the force constant 

matrices of all configurations enumerated by ATAT code.  

Following the quasi-harmonic approximation, the vibrational free energy of a configuration is 

determined by Born-von Karman model according to [156] 

𝐹𝑣𝑖𝑏(𝑉, 𝑇) = 𝐸(𝑉) − 𝑇𝑆𝑣𝑖𝑏(𝑉, 𝑇)          (3.1) 
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where 𝐸(𝑉) is the volume-dependent energy of the configuration, 𝑇 the absolute temperature 

and 𝑆𝑣𝑖𝑏(𝑉, 𝑇) the vibrational entropy. 𝐸(𝑉) and 𝑆𝑣𝑖𝑏(𝑉, 𝑇) at a given volume can be expressed 

as [187,188] 

𝐸(𝑉) = ∫ ℏ𝜔 𝑔(𝜔) [
1

2
+

𝜗

1+𝜗
] 𝑑𝜔         (3.2) 

𝑆𝑣𝑖𝑏(𝑉, 𝑇) = −𝑘𝐵 ∫
𝑔(𝜔)

1−𝜗
[𝜗𝑙𝑜𝑔(𝜗) + (1 − 𝜗)𝑙𝑜𝑔 (𝜗)] 𝑑𝜔     (3.3) 

 Cluster expansion 

The temperature-dependent mixing enthalpy 𝐻𝑚𝑖𝑥  of a configuration with composition 

𝐴𝑙1−𝑥𝐿𝑖𝑥 - including the vibrational entropy contribution - can be expressed as [189] 

𝐻𝐴𝑙1−𝑥𝐿𝑖𝑥

𝑚𝑖𝑥 (𝑇) = 𝐹𝑣𝑖𝑏
𝐴𝑙1−𝑥𝐿𝑖𝑥(𝑇) − (1 − 𝑥)𝐹𝑣𝑖𝑏,𝑠

𝐴𝑙 (𝑇) − 𝑥𝐹𝑣𝑖𝑏,𝑠
𝐿𝑖 (𝑇)    (3.4) 

where 𝐹𝑣𝑖𝑏,𝑠
𝐴𝑙 (𝑇) and 𝐹𝑣𝑖𝑏,𝑠

𝐿𝑖 (𝑇) stand for the vibrational free energy of pure Al and Li in the 

corresponding lattice at temperature 𝑇. It should be noted that the mixing enthalpy given by eq. 

(3.4) will be used to fit the CE but it does not correspond to the actual formation enthalpy, 𝐻𝑓, 

that is expressed as 

𝐻𝐴𝑙1−𝑥𝐿𝑖𝑥

𝑓 (𝑇) = 𝐹𝑣𝑖𝑏
𝐴𝑙1−𝑥𝐿𝑖𝑥(𝑇) − (1 − 𝑥)𝐹𝑣𝑖𝑏

𝐴𝑙 (𝑇) − 𝑥𝐹𝑣𝑖𝑏
𝐿𝑖 (𝑇)    (3.5) 

where 𝐹𝑣𝑖𝑏
𝐴𝑙 (𝑇)  and 𝐹𝑣𝑖𝑏

𝐿𝑖 (𝑇)  stand for vibrational free energy of pure Al and Li in their 

equilibrium structure, namely fcc Al and bcc Li. 

The temperature-dependent CE formalisms for the fcc and bcc lattices can be fitted from the 

temperature-dependent mixing enthalpies of the configurations in fcc and bcc lattices by eq. 

(2.24), respectively. The number of clusters and the ECI coefficients for them were fitted using 

the ATAT package [158]. The lattice distortion of each configuration after relaxation was 

determined to assess whether the lattice symmetry changed. Following the criteria reported in 

the literature [190], only configurations whose distortion was below 10% were considered to 

keep the original lattice symmetry and used to fit the CE for each lattice. 

 Monte Carlo simulations 

The semi-grand canonical MC simulations [191] of fcc and bcc Al-Li systems were carried out 

using ATAT package in periodic supercells of dimensions 20×20×20 primitive unit cells. The 

temperature range varied from 10 K to 1000 K with a temperature increment of 10 K for each 

chemical potential. At each temperature, MC simulations were carried out from the ground state 
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phases with increasing and decreasing ∆𝜇 with an increment of 0.005 eV/atom in the chemical 

potential, where ∆𝜇 represents the difference in chemical potential between the Al and Li. For 

each value of T and ∆μ, a MC simulation included 2000 passes for equilibrium, followed by 

5000 passes for calculating the thermodynamic averages. The grand potential and Gibbs free 

energy of each phase can be calculated from eqs. (2.30)-(2.32). 

For two adjacent phases with the same lattice structure, the two-phase equilibrium region in the 

phase diagram can be determined by the intersection of ∅  obtained from increasing and 

decreasing ∆𝜇 . For two adjacent phases with different lattice structures, the two-phase 

equilibrium region in the phase diagram can be determined by the common tangent of their 

Gibbs free energies curves at a given temperature. 

 Results 

 Bond length vs. bond stiffness relationship 

There are three types of chemical bonds between different atomic species in Al-Li alloys, 

namely Al-Al, Li-Li and Al-Li bonds. Their L-S relationships in the fcc lattice were obtained 

from the ordered Al, Al3Li, AlLi and Li compounds, whose structures are shown in Figure 3.1. 

Their space groups are FM-3M, PM-3M, R-3M and FM-3M, respectively. The first-nearest 

neighbor bonds in fcc Al and fcc Li (Figures. 3.1(a) and (d)) are Al-Al and Li-Li and their 

equilibrium bond lengths are 2.837 Å and 3.05 Å, respectively. The first-nearest neighbor bonds 

in fcc Al3Li (Figure 3.1(b)) are Al-Al and Al-Li with the same equilibrium bond length of 2.828 

Å. Finally, the first-nearest neighbor bonds in fcc AlLi (Figure 3.1(c)) are Al-Al (2.820 Å), Li-

Li (2.820 Å) and Al-Li (2.839 Å). They were also used to fit the L-S relationships to ensure 

that they are transferable. 
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Figure 3.1: Crystal structures of ordered Al-Li configurations with fcc lattice. (a) Al. (b) Al3Li.(c) AlLi. 

(d) Li. The first nearest-neighbor bonds are indicated with red lines. 

 

The force constant matrix of the three types of bonds in the ordered fcc Al-Li configurations 

with different volumes were determined from full phonon calculations and the corresponding 

L-S relationships. The stretching and bending stiffnesses of each bond are depicted in Figure 

3.2. The stretching stiffness decreases dramatically with bond length in the three bonds, while 

the bending stiffness increases slightly. The stretching and bending stiffness terms for the three 

types of bonds (Al-Al, Al-Li and Li-Li) are very close, regardless of the ordered configuration, 

and this result indicates that the force constant matrix is transferable for different configurations 

with the same lattice. The L-S relationships of stretching and bending stiffness for each type of 

bond were fitted by quadratic polynomials using the least-squares method and they are plotted 

as solid lines in Figure 3.2. They can be used to predict the force constant matrix of 

configurations with many atoms arranged in a fcc lattice. 
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Figure 3.2: Bond stiffness vs. bond length relationships fitted from ordered fcc Al-Li configurations. 

The symbols stand for the results obtained from full phonon calculations according to eq. (2.11). The 

solid lines are the fitted polynomials. (a) Al-Al bond. (b) Li-Li bond. (c) Al-Li bond. s stands for the 

stretching stiffness and b for the bending stiffness. 

 

The Al, AlLi and Li ordered configurations, whose structures are displayed in Figure 3.3, were 

used to determine the L-S relationships in the bcc lattice. Their space groups are IM-3M, FD-

3M and IM-3M, respectively. The first-nearest neighbor bonds in bcc Al and Li are Al-Al and 

Li-Li (Figures. 3.3(a) and (c)) and their equilibrium bond lengths are 2.778 Å and 2.968 Å, 

respectively. The first-nearest neighbor bonds in bcc AlLi (Figure 3.3(b)) are Al-Al, Al-Li and 

Li-Li with the same equilibrium bond length of 2.736 Å in all cases. 
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Figure 3.3: Crystal structure of ordered Al-Li configurations with bcc lattice. (a) Al. (b) AlLi. (c) Li. 

The first nearest-neighbor bonds are indicated with red lines. 

 

The force constant matrix of the three types of bonds in the ordered bcc Al-Li configurations 

with different volumes were determined from full phonon calculations. The corresponding L-S 

relationships are depicted in Figure 3.4. The stretching and bending stiffnesses in the three 

bonds follow the same trends found previously in the fcc ordered configurations (Figure 3.2). 

The L-S relationships of stretching and bending stiffness for each type of bond were fitted into 

quadratic polynomials using the least-squares method and they are plotted as solid lines in 

Figure 3.4. They were used to predict the force constant matrix of configurations with the bcc 

lattice. 
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Figure 3.4: Bond stiffness vs. bond length relationships fitted from ordered bcc Al-Li configurations. 

The symbols stand for the results obtained from full phonon calculations according to eq. (2.11). The 

solid lines are the fitted polynomials. (a) Al-Al bond. (b) Li-Li bond. (c) Al-Li bond. s stands for the 

stretching stiffness and b for the bending stiffness. 

 

 Vibrational free energy 

The accuracy of the L-S relationship to obtain the phonon DOS and the vibrational entropy 

contribution to the Gibbs free energy can be assessed by comparison with the results obtained 

from full phonon calculations for the most relevant phases in the Al-Li system. The vibrational 

free energies, Fvib, of Al, Al3Li, AlLi, Al2Li3, Al4Li9 and Li calculated using both approaches 

are plotted as a function of temperature in Figures. 2.5(a) to 2.5(f), and the corresponding 

phonon DOS are inserted in each Figure. The red curves stand for the results obtained from full 

phonon calculations while the black curves indicate the vibrational free energy and phonon 

DOS predicted with the L-S relationships. The phonon DOS predicted with the L-S 

relationships are consistent with those obtained from full phonon calculations for all the 

different intermetallic compounds with fcc and bcc lattices. As a result, the vibrational entropic 

contribution - that is obtained by the integration of the phonon DOS through eq. (2.8) - obtained 
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with the L-S relationships is very close to the actual one determined from the full phonon 

calculations. The small differences are similar for all phases and are not significant from the 

viewpoint of accuracy in the formation enthalpy. 

 

Figure 3.5: Vibrational free energy of phases in Al-Li system determined by full phonon calculations 

and predicted with the L-S relationships. (a) Al. (b) Al3Li. (c) AlLi. (d) Al2Li3. (e) Al4Li9. (f) Li. 

 

 Temperature-dependent cluster expansions 

Temperature-dependent CEs for fcc and bcc Al-Li systems were fitted and the ECI coefficients 

as well as the cluster features are listed in Tables A1, A2, A3 and A4 in the Annex A. The 
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formation enthalpies, 𝐻𝑓, of different configurations determined from the combination of first-

principles calculations and the L-S relationships and predicted with the CEs are compared in 

Figure 3.6 for three different temperatures: 0 K, 500 K and 1000 K. The red crosses and open 

symbols stand for the bcc configurations calculated using both strategies while the blue crosses 

and open symbols provide the same information for the fcc configurations. The 𝐻𝑓 predicted 

with the CE formalism are in good agreement with those obtained from first-principles 

calculations and the L-S relationships. The cross-validation scores for the fcc and bcc 

configurations were 0.0067 eV/atom and 0.0148 eV/atom, respectively. 

The ground state phases located on the convex hull at 0 K can be found in Figure 3.6(a). They 

are Al, Al3Li (δ'), AlLi (δ), Al2Li3, AlLi2, Al4Li9 and Li. Al and Al3Li (δ') have fcc structures 

while the others are bcc. Among them, the space groups of Al2Li3, AlLi2, Al4Li9 are R-3M, 

CMCM, and C2/M, respectively. At higher temperature, 𝐻𝑓 provides information about the 

stability of the phases including the contribution from vibrational entropy and the same phases 

are found in convex hull at 500 K (Figure 3.6(b)) and 1000 K (Figure 3.6(c)). Al3Li (δ') is 

located almost on the tie-line connecting Al and AlLi (δ) at 0K, and its formation enthalpy is 

only 4.17 meV/atom lower than that of the straight line connecting Al and AlLi, which is the 

same order of the accuracy in first-principles calculations. Thus, it is difficult to establish 

whether Al3Li (δ') is ground state phase at 0 K. Nevertheless, the stability of Al3Li (δ') is slightly 

increased with temperature due to the vibrational entropy contribution. In fact, the difference 

between the formation enthalpy of Al3Li and that of the straight line connecting Al and AlLi is 

increased to 6.172 meV/atom at 500 K (Figure 3.6(b)), and to 10.942 meV/atom at 1000 K 

(Figure 3.6(c)). 
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Figure 3.6: Formation enthalpies 𝐻𝑓  of different configurations in the Al-Li system at different 

temperatures. (a) 0 K. (b) 500 K. (c) 1000 K. Crosses stand for the enthalpies calculated using first-

principles calculations and the L-S relationships while open symbols provide the results given by the 

CE formalism. Red symbols stand for bcc configurations and blue symbols for fcc. 
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 Phase diagram 

 Al-Al3Li phase boundary 

The semi-grand canonical MC calculations were performed from each ground state phase in the 

direction of both increasing and decreasing ∆𝜇. In the Al-rich part, Al and Al3Li are the two 

ground state phases which share the same fcc lattice (Figure 3.6). Their phase boundaries can 

be determined by the grand potential ∅, which was obtained by thermodynamic integration 

from ∆𝜇 and T, as indicated in Section 2.5 and Section 3.2.4. 

The grand potentials ∅ are plotted as a function of ∆𝜇  at T=500 K in Figure 3.7(a) as an 

example. The black curve is calculated from Al by increasing ∆𝜇, while the red one is calculated 

from Al3Li by decreasing ∆𝜇. The intersection ∅𝐴𝑙 = ∅𝛿′ corresponds to ∆𝜇 where Al and 𝛿′ 

coexist. On the left of the intersection, ∅𝐴𝑙< ∅𝛿′, which indicates that Al is the stable phase in 

this ∆𝜇 range, while ∅𝛿′ < ∅𝐴𝑙 on the right of the intersection, and Al3Li is the stable phase. 

The two-phase equilibrium region of Al and Al3Li, expressed by ∅𝐴𝑙 = ∅𝛿′, can be mapped on 

to the conjugated relationship between composition x and chemical potential ∆𝜇, as shown in 

Figure 3.7(b), from which the composition of Al and Al3Li at equilibrium can be determined. 

Thus, the phase boundary between Al and Al3Li at 500K can be constructed and is marked by 

the dashed line in Figure 3.7(c). Following the same methodology, the phase boundary between 

Al and Al3Li can be determined as a function of temperature and the phase diagram in this 

region is constructed, as shown in Figure 3.7(c). The two-phase equilibrium region of Al and 

Al3Li exists up to T = 680 K. The ∅ − ∆𝜇 and 𝑥 − ∆𝜇 curves obtained by increasing ∆𝜇 and 

decreasing ∆𝜇 overlap when the temperature is higher than 680 K, which means Al and Al3Li 

cannot be distinguished from a thermodynamic viewpoint. 
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Figure 3.7 (a) Grand potentials ∅ of Al and Al3Li as a function of chemical potential ∆μ at 500 K. (b) 

Li content (expressed by x) as a function of ∆μ at 500 K. (c) Phase boundary between Al and Al3Li. 

 

 Al3Li-AlLi phase boundary 

The other adjacent phase to Al3Li is AlLi (Figure 3.6), which has a bcc lattice structure. 

Therefore, the phase boundary between AlLi and either Al or Al3Li can only be determined by 

the common tangent to their Gibbs free energy 𝐺, which were calculated by according to eq. 

(2.32). Since the Gibbs free energy of Al3Li is almost on the tie-line connecting Al and AlLi at 

0 K (Figure 6(a)), it is difficult to establish whether Al3Li (δ') is ground state phase at 0 K, and 

the Gibbs free energy of Al3Li is also compared. The dash lines in Figure 8(a) stand for the 

common tangent to the Gibbs free energies of Al and AlLi at each temperature, and they indicate 

the chemical potential at equilibrium between Al and AlLi. The Gibbs free energies of Al3Li 

are always above the common tangent to the Gibbs free energies of Al and AlLi at each 

temperature, and this result indicates the Al3Li is a metastable phase, mainly due to the 
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configurational entropic contribution to the free energy because the vibrational entropic 

contribution enhanced the stability of Al3Li.  

The composition of Al and AlLi at equilibrium can be obtained for each temperature from the 

common tangent at the Gibbs free energy curves, and the phase boundary between them is 

constructed (Figure 3.8(b)). The two-phase equilibrium region of Al and AlLi exist up to T = 

850 K, in good agreement with experimental results [129,130]. The Gibbs free energies of Al 

and AlLi overlap at T > 850 K (Figure 3.8(a)), and they become solid solutions above this 

temperature. 

Figure 3.8: (a) Gibbs free energy of Al, Al3Li and AlLi phases as a function of the Li content (expressed 

by x) at different temperatures. (b) Phase boundary between Al and AlLi. 

 

 AlLi-Al2Li3 and Al2Li3-AlLi2 phase boundaries 

AlLi and Al2Li3 share the bcc lattice structure, and their phase boundary was determined from 

the thermodynamic grand potentials ∅, as in the case of Al and Al3Li. Their grand potentials 

are plotted as a function of ∆𝜇 at T = 600 K in Figure 3.9(a) as another example. The black 

curve is obtained from AlLi by increasing ∆𝜇, while the red one is obtained from Al2Li3 by 

decreasing ∆𝜇. On the left of the intersection, ∅AlLi< ∅Al2Li3
, which indicates the Al2Li3 is the 

stable phase in this ∆𝜇 range, while ∅AlLi> ∅Al2Li3
 on the right of the intersection, and Al2Li3 is 

the stable phase. The intersection of the grand potentials can be mapped on to the conjugated 

relationship between composition x and ∆𝜇, as shown in Figure 3.9(b), which determines the 

composition of AlLi and Al2Li3 at equilibrium. Thus, the phase boundary between AlLi and 

Al2Li3 at T = 600 K can be constructed, and is indicated by the dashed line in Figure 3.9(c). 

Following this strategy, the phase boundary between both phases was built as a function T and 

is plotted in Figure 3.9(c). 
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Figure 3.9: (a) Grand potentials ∅ of AlLi and Al2Li3 as a function of the chemical potential ∆μ at 600 

K. (b) Li content (expressed by x) as a function of ∆μ at 600 K. (c) Phase boundary between AlLi and 

Al2Li3. 

 

The strategy to obtain the phase boundaries between Al2Li3 and AlLi2 is identical to the one 

presented above for AlLi and Al2Li3. The ascending and descending curves of the 

thermodynamic grand potentials ∅ as a function of ∆𝜇 at T = 500 K are plotted in Figure 10(a). 

The composition of Al2Li3 and AlLi2 at equilibrium could be determined from their intersection 

(Figure 3.10(b)) and this construction is repeated at different temperatures to plot the phase 

boundaries, which are plotted in Figure 3.10(c). 
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Figure 3.10: (a) Grand potentials ∅ of Al2Li3 and AlLi2 as a function of the chemical potential ∆μ at 500 

K. (b) Li content (expressed by x) as a function of ∆μ at 500 K. (c) Phase boundary between Al2Li3 and 

AlLi2. 

 

 AlLi2-Al4Li9 and Al4Li9-Li phase boundaries 

The phase boundaries between AlLi2 and Al4Li9 were also determined from their 

thermodynamic grand potentials ∅ and they are plotted in Figure 3.11(a) as a function of ∆𝜇 at 

T = 450 K as an example. Again, the intersection between the ascending and descending grand 

potentials was mapped on to the conjugated relationship between Li content (expressed by x) 

and chemical potential ∆𝜇, as shown in Figure 3.11(b). Thus, the composition of AlLi2 and 

Al4Li9 at equilibrium was determined and the phase boundary between AlLi2 and Al4Li9 at T = 

450 K was obtained and is plotted with the dashed line in Figure 3.11(c). The phase boundary 

in this region was constructed from the grand potentials at each temperature and is shown in 

Figure 3.11(c), from which the AlLi2 and Al4Li9 are both line compounds. The two-phase 

equilibrium region of AlLi2 and Al4Li9 exists up to T = 520 K, and AlLi2 and Al4Li9 cannot be 

distinguished above 520 K. 
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Figure 3.11: (a) Grand potentials ∅ of AlLi2 and Al4Li9 as a function of the chemical potential ∆μ at 450 

K. (b) Li content (expressed by x) as a function of ∆μ at 450 K. (c) Phase diagram between AlLi2 and 

Al4Li9. 

 

Exactly the same construction was used to obtain the phase boundaries between Al4Li9 and Li. 

The corresponding ascending and descending ∅ vs. ∆µ curves (Figure 12(a)), the composition 

at equilibrium of both phases at T = 400 K (Figure 3.12(b)) and the phase boundaries as a 

function of temperature (Figure 3.12(c)) were obtained. are shown in Figure 3.12(a). The two-

phase equilibrium region of Al4Li9 and Li exists up to T=520 K. 
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Figure 3.12: (a) Thermodynamics grand potentials ∅ of Al4Li9 and Li as a function of the chemical 

potential ∆μ at 400 K. (b) Li content (expressed by x) as a function of ∆μ at 400 K. (c) Phase diagram 

between Al4Li9 and Li. 

 

 Discussion 

The phase boundaries between each two adjacent phases were integrated to build the Al-Li 

phase diagram which is plotted in Figure 3.13(a) together with the previous one that was 

obtained including only the configurational entropy contribution to the free energy [89]. Al3Li 

is considered as a stable phase in the previous phase diagram that only includes configurational 

disorder and, thus, there are two Al-Al3Li and Al3Li-AlLi two-phase equilibrium regions (in 

red). However, since Al3Li is a metastable phase in the phase diagram including both vibrational 

and configurational entropy, the Al3Li-AlLi two-phase equilibrium region has disappeared and 

only one Al-AlLi two-phase equilibrium region exists. Moreover, the critical temperature of 

Al-Al3Li two-phase region (maximum of the red dashed line) was 730 K in the phase diagram 

with only configurational disorder, but this value is higher than the experimental ones (620 K) 

[130]. This discrepancy could be expected because neglecting the vibrational contribution often 

leads to overestimate of phase transition temperatures[172,191]. The phase diagram including 
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both vibrational and configurational contributions leads to a wider two-phase equilibrium 

region between Al and Al3Li (black dashed lines) than the one without considering vibrational 

effect, and the critical temperature also decreases to 670 K, which is in better agreement with 

the experimental data.  

AlLi2 and Al4Li9 appear as line compounds in the phase diagrams with or without vibrational 

entropy. Nevertheless, AlLi2 and Al4Li9 are only stable up to 300 K and 500 K, respectively, 

when vibrational disorder is not included. They reach 640 K and 520 K, respectively, when 

vibrational entropy is taken into account, which is much closer to the experimental data (600 K 

and 545 K, respectively). The solubilities of AlLi and Al2Li3 are also influenced by the 

vibrational entropy. The Li content in the two phase AlLi- Al2Li3 region reaches 0.6 at 700 K 

if only configurational disorder is included but is dramatically reduced at this temperature if 

vibrational entropy is taken into account. In addition, Al2Li3 is a line compound if only 

configurational disorder is included but it forms a two-phase region with AlLi2 if vibrational 

entropy is considered. 

The phase diagram calculated taking into account both vibrational and configurational entropic 

contributions is also compared with the accepted experimental phase diagram [172,191] in 

Figure 13(b). Both phase diagrams predict that Al3Li is a metastable phase. The Al-AlLi two-

phase equilibrium regions in the both phase diagrams are almost superposed and a small 

difference only appears at high temperature. The phase boundary between AlLi and Al2Li3 is 

also accurately predicted in the phase diagram. Moreover, AlLi2 and Al4Li9 appear as lines 

compounds in both phase diagrams and the maximum temperatures at which both disappear are 

also very close in both phase diagrams. Al2Li3 is a line compound in the experimental phase 

diagram while it is only a line compound up to 500 K in the calculated phase diagram and forms 

a solid solution at higher temperature. 
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Figure 3.13: (a) Comparison between Al-Li phase diagrams calculated in this work (black lines) and in 

a previous investigation (red lines) [130]. The phase diagram calculated in [130] only considered the 

configurational disorder contribution to the free energy. (b) Comparison between the Al-Li phase 

diagrams calculated in this work (black lines) and the experimental one (blue lines) [172,191]. (c) 

Schematic illustration of the gap between the solvus lines of AlLi and Al3Li. 

 

Overall, the calculated phase diagram is in very good agreement with the experimental data and 

the only remarkable difference is the gap between the solvus lines of AlLi and Al3Li, which is 

indicated by the arrow in Figure 3.13(b). This gap is very small in our calculated phase diagram 

as compared with the experimental data. A schematic illustration in the formation of gap is 

displayed in Figure 3.13(c), which shows the three curves of the Gibbs free energy of the stable 

Al and AlLi phases and of metastable Al3Li at a given temperature. The gap is given by the 

difference in the composition of Al determined by the common tangent, which is marked by 

the arrows. A large gap will be formed if the Gibbs free energy of metastable Al3Li is much 

higher than the common tangent between the Gibbs free energy of the stable Al and AlLi, (as 

shown in Figure 3.13(c)). However, based on our accurate calculations, the Gibbs free energy 

of metastable Al3Li is only slightly higher than the common tangent between the Gibbs free 

energies of Al and AlLi (Figure 3.8), and a large gap cannot be formed. The large gap in the 

experimental phase diagram is probably an error caused by sluggish kinetics and uncertainties 
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during experiments. Therefore, our calculation provides an accurate solvus line for Al3Li, which 

is very important for the heat treatment of Al-Li alloy.  

 Conclusions 

The whole phase diagram of the Al-Li system is predicted from first-principles calculations and 

statistical mechanics taking into account the influence of the configurational and vibrational 

entropy. To this end, the formation enthalpy of different configurations with either fcc or bcc 

lattices at different temperatures was accurately predicted by means of cluster expansion 

formalisms that were fitted from density functional theory simulations. The vibrational entropic 

contribution of each configuration was determined from the L-S relationship for each type of 

bond (either Al-Al, Li-Li and Al-Li) for each lattice that were obtained from full phonon 

calculations of various compounds. Thus, the thermodynamic grand potential and the Gibbs 

free energy of the different phases in the convex hull were obtained as a function of temperature 

by means of MC simulations and the phase diagram was determined. 

The calculated phase diagram was in excellent agreement with the experimental data and 

provides accurate predictions of the stable (AlLi, Al2Li3, AlLi2, Al4Li9) and metastable (Al3Li) 

phases, of the phase boundaries between them and of the maximum stability temperature of 

AlLi2 and Al4Li9 which are line compounds. In addition, the calculated phase diagram shows 

that Al2Li3 is a line compound only up to 500 K and forms a solid solution at higher temperature. 

It also indicates that gap between the solvus lines of AlLi and Al3Li is narrower than that found 

in the accepted experimental phase diagram, an information that is important to design 

precipitation high treatments for these alloys. Finally, the large influence of the vibrational 

entropic contribution to assess the metastability of Al3Li, the phase boundaries and the 

maximum stability temperature of different phases is revealed by comparison with predictions 

of the phase diagram that only considered the configurational entropy contribution. Overall, the 

methodology presented in this paper shows that accurate phase diagrams of alloys of 

technological interest can be predicted from first-principles calculations.  

Data availability 

The computational data generated in this chapter can be found at 

https://zenodo.org/doi/10.5281/zenodo.12528018. 
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 Prediction of the Ni-Al phase diagram  

 Introduction 

Alloys based on the Ni-Al system are of interest for different engineering applications. Ni-based 

superalloys present outstanding mechanical properties and high corrosion resistance at high 

temperature and are widely used in gas-turbine engines for propulsion and energy generation. 

They contain many elements but are built on the Ni-Al binary system [192] because the main 

strengthening contribution comes from the dispersion of γ’ (AlNi3) precipitates. Similarly, 

addition of small amounts of Ni to Al and Al alloys leads to the formation of diverse Ni-based 

intermetallic compounds that improve the wear resistance and high temperature strength. Thus 

Ni-Al alloys are suitable for high temperature structural components as well as for friction and 

corrosion resistant coatings to protect from aggressive liquids and gases [194-196]. In addition, 

intermetallic compounds based on Ni and Al (mainly AlNi3 and AlNi) present low-density, 

good thermal conductivity, oxidation resistance and high melting temperature [193] and have 

applications as coatings and high temperature structural elements when they are alloyed with 

other elements [197-199] to overcome the brittleness associated with their ordered lattice 

structure [199]. Other applications of Ni-Al alloys are found in catalytic devices [200,201] 

nanotechnology [202], and so on. 

Obviously, the Ni-Al phase diagram is a crucial factor to design and improve mechanical and 

functional properties of alloys based in these chemical elements. The Ni-Al phase diagrams 

determined in traditional Calphad method have been reported in literatures [204-207]. The 

presence of impurities and the precision of the measurements will affect the phase diagrams 

[17], and a long annealing time is necessary to reach the stability or to discriminate metastable 

from stable phases because the convergence towards thermodynamic equilibrium can be 

hindered by slow kinetics [20,21]. Although some efforts, such as substituting some 

experimental data with first-principles calculated single phase quantities [205], have been made 

to reduce time and expense, the effort saving is still limited. Moreover, there are often regions 

in the phase diagram in which the experimental information is limited. For instance, the Al3Ni5 

phase has been reported to proceed from a peritectoid reaction between AlNi3 and AlNi phases 

but there are some uncertainties about the formation mechanism as well as about the range of 

Ni solubility in the phase diagram [208-212]. Robertson et al. [208] found that the maximum 

temperature for stable Al3Ni5 phase is 973 K and its solubility is (62~69.5) at.% Ni while Li et 

al. [212] reported that Al3Ni5 is only stable below 923 K and the solubility range is (54.7~59.4) 

at.% Ni. Moreover, other researchers considered Al3Ni5 a line compound [213]. Additionally, 

two morphologies of Al3Ni5 have been observed by optical microscopy, namely striped and 



 

CHAPTER4.  PREDICTION OF THE Ni-Al PHASE DIADRAM 

47 

 

lath-like, which point out to two different routes to form Al3Ni5 [214]. One path starts with 

metastable AlNi (L10) phase [211] and the other with the stable AlNi (B2) phase [210]. 

However, the transformation mechanism for each one is not clear. 

In this chapter, the whole solid Ni-Al phase diagram is accurately predicted from first-principles 

calculations and MC simulations. In addition to the configurational and vibrational entropy, it 

should be noted that the stable phases (AlNi3 and Ni) in the Ni-rich part of the Ni-Al phase 

diagram are ferromagnetic and the contribution of magnetic enthalpy has to be taken into 

account [85,131]. The magnetic entropy contribution is normally much smaller than the 

configurational and vibrational ones [132,133] and is neglected. The computed phase diagram 

is compared with the currently accepted Calphad phase diagram and the contributions of 

vibrational entropy and magnetic effects to the overall stability and solubility of the different 

phases are analyzed independently. Thus, the capability of this methodology to predict accurate 

phase diagrams of alloys of technological interest is clearly established. 

 Methodology 

 DFT calculations 

All configurations enumerated by the ATAT code [158] were optimized using first-principles 

calculations. The electron exchange-correlation was described by the generalized gradient 

approximation with the PBE exchange-correlation functional and ultrasoft pseudopotentials, as 

implemented in Quantum Espresso [148,149]. An energy cutoff of 60 Ry was adopted for the 

plane-wave expansion of the electronic wave functions. The Brillouin zone was sampled by the 

Monkhorst-Pack scheme with a k-point density of 40 points/Å-1. Two stable phases with 

ferromagnetism appear in the Ni-Al phase diagram, namely Ni3Al and Ni, while all other stable 

phases are nonmagnetic. Therefore, an initial magnetic moment was set to 0.28 μB for Ni atoms, 

and 0 μB for Al atoms in collinear calculations was included in the simulations for the 

configurations with >75 at.% Ni [132]. All degrees of freedom of each configuration including 

volume, shape, and internal atomic positions, were allowed to relax under zero pressure. 

 Vibrational free energy calculation 

The L-S relationship for each lattice was determined from different configurations. Since the 

relationship is transferable [55,159,215] in configurations within the same lattice, any 

configuration can be used for fitting. All configurations were relaxed by DFT calculation, four 

configurations including the elementary ones for two different lattices were used, respectively. 

The relaxed configurations were expanded up to 10% in volume in increments of 2%, in order 
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to generate bonds with different lengths. Then, supercells of the expanded configurations were 

constructed. The supercells of fcc Al and fcc Ni contain 60 atoms, those of bcc Al, bcc Ni, bcc 

AlNi and fcc AlNi3 contain 64 atoms and those of bcc Al3Ni5 and fcc Al3Ni contain 96 atoms. 

A displacement of 0.1 Å was applied for each symmetrically different atom within each 

supercell. The force acted on each atom in each supercell is calculated by self-consistent field 

(scf) calculation using same parameter as section 4.2.1. Therefore, the force constant matrices 

between all atomic pair in a configuration can be obtained from eqs. (2.5) and (2.11). The 

vibrational free energy was calculated from eqs. (2.9)-(2.10). 

 Cluster expansion 

The temperature-dependent mixing enthalpy 𝐻𝑚𝑖𝑥  - including the vibrational entropic 

contribution - of an Al1-xNix  configuration (in which all sites accommodate either Al or Ni 

atoms) in a bcc or fcc lattice can be calculated as [216] 

𝐻𝑚𝑖𝑥
𝐴𝑙1−𝑥𝑁𝑖𝑥(𝑇) = (𝐸𝑠

𝐴𝑙1−𝑥𝑁𝑖𝑥 − 𝑇𝑆𝑣𝑖𝑏,𝑠
𝐴𝑙1−𝑥𝑁𝑖𝑥(𝑇)) − (1 − 𝑥) (𝐸𝑠

𝐴𝑙 − 𝑇𝑆𝑣𝑖𝑏,𝑠
𝐴𝑙 (𝑇)) −

− 𝑥 (𝐸𝑠
𝑁𝑖 − 𝑇𝑆𝑣𝑖𝑏,𝑠

𝑁𝑖 (𝑇))                            (4.1) 

where x is the atomic fraction of Ni, and 𝐸𝑠
𝐴𝑙1−𝑥𝑁𝑖𝑥, 𝐸𝑠

𝐴𝑙 and 𝐸𝑠
𝑁𝑖 stand for the energy of the 

relaxed Al1−xNix, Al and Ni in the corresponding lattice s. Svib,s
Al1−xNix , Svib,s

Al (T) and Svib,s
Li (T) 

stand for the vibrational entropy of Al1−xNix , Al and Ni in the corresponding lattice s at 

temperature 𝑇.  

The temperature-dependent mixing enthalpy of an AlNi1−yVay  configuration (Ni sublattice 

sites in AlNi can accommodate either Ni atoms or vacancies) in the bcc lattice can be calculated 

as: 

𝐻
𝑚𝑖𝑥

𝐴𝑙𝑁𝑖1−𝑦𝑉𝑎𝑦(𝑇) = (𝐸𝑏𝑐𝑐

𝐴𝑙𝑁𝑖1−𝑦𝑉𝑎𝑦 − 𝑇𝑆
𝑣𝑖𝑏,𝑏𝑐𝑐

𝐴𝑙𝑁𝑖1−𝑦𝑉𝑎𝑦(𝑇)) − (1 − 𝑦) (𝐸𝑏𝑐𝑐
𝐴𝑙𝑁𝑖 −

− 𝑇𝑆𝑣𝑖𝑏,𝑏𝑐𝑐
𝐴𝑙𝑁𝑖 (𝑇)) − 𝑥 (𝐸𝑏𝑐𝑐

𝐴𝑙𝑉𝑎 − 𝑇𝑆𝑣𝑖𝑏,𝑏𝑐𝑐
𝐴𝑙𝑉𝑎 (𝑇))                      (4.2) 

where y is the atomic fraction of vacancy on the Ni sublattice, and 𝐸𝑏𝑐𝑐

𝐴𝑙𝑁𝑖1−𝑦𝑉𝑎𝑦
, 𝐸𝑏𝑐𝑐

𝐴𝑙𝑁𝑖 and 𝐸𝑏𝑐𝑐
𝐴𝑙𝑁𝑖 

stand for the energy of the relaxed bcc AlNi1−yVay, AlNi and AlVa. 𝑆
vib

AlNi1−yVay
, 𝑆vib,s

AlNi(T) and 

𝑆vib,s
AlVa(T) stand for the vibrational entropy of AlNi1−yVay, AlNi and AlVa in the corresponding 

bcc lattice at temperature 𝑇. Here we should note that AlNi and AlVa are used as the reference 

systems because of the atomic occupancy of the lattice. 
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The temperature-dependent CE can be fitted from the temperature-dependent mixing enthalpies 

of a set of configurations in the same lattice by eq. (2.24). For bcc and fcc lattices, 𝜎𝑖 = -1 when 

site i accommodates an Al atom and 𝜎𝑖 = +1 when the site i accommodates a Ni atom for a 

lattice without vacancies. For the AlNi bcc lattice with vacancies, only the Ni sublattice sites 

have occupation variables: 𝜎𝑖 = -1 when site i accommodates a Ni atom and 𝜎𝑖 = +1 when site 

i accommodates a vacancy. 

It should be noted that the mixing enthalpies given by eqs. (4.1) and (4.2) are the actual 

formation enthalpies only in the case of the fcc lattice because the stable reference phases are 

fcc Al and Ni. The temperature-dependent formation enthalpies of the bcc configurations can 

be obtained from the formation energies and vibrational entropic contribution of the 

configurations with respect to those of fcc Al and Ni. Moreover, the actual stoichiometry of the 

configuration should be included in the case of the bcc AlNi with vacancies. Thus, the 

temperature-dependent formation enthalpy of bcc configurations, 𝐻𝑓, can be calculated as: 

𝐻𝑓
𝐴𝑙1−𝑥𝑁𝑖𝑥(𝑇) = (𝐸𝑏𝑐𝑐

𝐴𝑙1−𝑥𝑁𝑖𝑥 − 𝑇𝑆𝑣𝑖𝑏,𝑏𝑐𝑐
𝐴𝑙1−𝑥𝑁𝑖𝑥(𝑇)) − (1 − 𝑥) (𝐸𝑓𝑐𝑐

𝐴𝑙 − 𝑇𝑆𝑣𝑖𝑏,𝑓𝑐𝑐
𝐴𝑙 (𝑇)) −

−𝑥 (𝐸𝑓𝑐𝑐
𝑁𝑖 − 𝑇𝑆𝑣𝑖𝑏,𝑓𝑐𝑐

𝑁𝑖 (𝑇))       (4.3) 

 Monte Carlo simulations 

The semi-grand canonical MC simulations of bcc and fcc lattices as well as of bcc lattices with 

vacancies were performed using the ATAT package. 20x20x20 supercells were used for each 

ground state phase. The fitted CE of each lattice was used to predict 𝐻𝑓
𝑖  from 𝐻𝑚𝑖𝑥

𝑖 , eqs. (4.2) 

and (4.3). MC simulations were performed at different T (from 10 K up to 1800 K) with a 

temperature increment of 10 K for each chemical potential and within a given range of ∆μ for 

each phase with increments of 0.005 eV/component in the chemical potential for each 

temperature, where ∆μ are chemical potential differences between Al and Ni for lattices without 

vacancies, and AlNi and AlVa for bcc lattices with vacancies. For each value of T and ∆μ, a 

MC simulation included 2000 passes for equilibrium, followed by 5000 passes for calculating 

the thermodynamic averages. The Gibbs free energy and grand potential at different 

temperature can be calculated from eqs. (2.30)-(2.31). Thus, all two adjacent phase boundaries 

can be determined by Gibbs free energy or Grand potential. 
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 Results 

 Phases in Ni-Al alloy 

The stables phases according to the accepted Ni-Al phase diagram are Al, Al3Ni, Al3Ni2, AlNi, 

Al3Ni5, AlNi3 and Ni  [193,204]. Their crystal structures are depicted in Figure 4.1 and the 

corresponding structural information is listed in Table 4.1. Based on our previous experience, 

some phases with complex structure can be treated as a distorted configuration on a simpler 

lattice. After careful analysis, it was concluded that all phases in Ni-Al phase diagram - with 

the exception of Al3Ni - can be treated as configurations existing on fcc or bcc lattices, with the 

atomic sites accommodating Al and Ni atoms. Al3Ni2 can also be treated as a configuration on 

a bcc lattice, with the Ni sublattice sites of AlNi (which is CsCl type B2 structure) 

accommodating Ni atoms and vacancies, while the Al sublattice site of AlNi only 

accommodates Al atoms. In the case of δ-Al3Ni5, the orthorhombic lattice is slightly distorted 

and one the three angles between the principal axes of the lattice is not 90º (γ=97.46º, Table 1). 
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Figure 4.1: Stable phases in Ni-Al alloys. (a) γ-Al. (b) DO11-Al3Ni. (c) D513-Al3Ni2. (d) β-AlNi. (e) 

δ-Al3Ni5. (f) γ’-AlNi3. (g) γ-Ni. 

 

Table 4.1: Structural information of the stable phases in the Ni-Al phase diagram 

Composition Symmetry Lattice constants (Å) phase 

Al Fm3m a =b=c=3.48 γ 

Al3Ni Pnma a =4.77, b=6.56, c=7.30 DO11 

Al3Ni2 P3̅m1 a =b=3.99, c=4.88 D513 

AlNi Pm3̅m a =b=c=2.86 B2 (β) 

Al3Ni5 Cmmm 
a =4.996, b=4.996, c=3.740, 

α=β=90º, γ=97.46º 
δ 

AlNi3 Pm3̅m a =b=c=3.52 L12 (γ’) 

Ni Fm3m a =b=c=3.48 γ 

 Cluster expansion at 0 K 

631 configurations with the fcc lattice, 437 configurations with the bcc lattice and 167 

configurations with the bcc lattice with vacancies were fully relaxed at zero pressure using 

Quantum Espresso. The lattice distortion after relaxation was determined to assess whether the 

lattice symmetry changed. Only configurations whose distortion was below 10% were 
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considered to keep the original lattice symmetry and used to fit the CE for each lattice, 

following the criteria in the literature [190,217]. Thus, the mixing enthalpies were calculated 

for 485 fcc configurations and 170 bcc configurations, following eq. (4.1), and for 163 bcc 

configurations with vacancies following eq. (4.2). They are plotted with solid symbols in 

Figures 4.2(a)-(c), respectively.  

The optimized ECIs were obtained for each lattice. Those for the fcc lattice include 25 pair 

cluster interactions, 20 triplet cluster interactions and 35 quadruplet cluster interactions. The 

optimized ECIs for the bcc lattice include 1 empty cluster interaction, 1 point cluster interaction, 

12 pair cluster interactions, 17 triplet cluster interactions and 7 quadruplet cluster interactions. 

Finally, the optimized ECIs for the bcc lattice with vacancies include 11 pair cluster interactions, 

21 triplet cluster interactions and 12 quadruplet cluster interactions. The values of the ECI at 0 

K are depicted in Tables B1, B2 and B3 in the Annex B. The mixing enthalpies for each lattice 

calculated with the CE formalism are plotted with open symbols in Figures 4.2(a) to 4.2(c). 

They were in good agreement with the DFT results and the cross-validation scores of the CE 

predictions were 0.0125 eV/atom, 0.0184 eV/atom and 0.0126 eV/atom for the fcc, bcc and bcc 

with vacancies configurations, respectively. 

The formation enthalpies at 0 K of all configurations (that are equal to the mixing enthalpies 

for the fcc lattice and are calculated from eq. (4.1) for the bcc lattices) are plotted in Figure 4.3. 

The formation enthalpy of Al3Ni is also included with a green symbol in this Figure. The 

primitive cell of the orthorhombic Al3Ni phase contains 16 atoms, and the computational work 

to fit the CE for this lattice will be huge. This effort is not justified because the configurational 

entropy of this phase with low symmetry is very limited [218]. Thus, Al3Ni is assumed to be a 

line compound and corresponding configurational entropy is neglected. The Gibbs free energy 

of Al3Ni at different temperatures is replaced by corresponding formation enthalpy at the same 

temperature, including the vibrational entropic contribution. The ground state phases in the 

convex hull are connected by the black line in Figure 4.3(a). They include Al, Al3Ni, Al3Ni2, 

Al4Ni3, AlNi, Al3Ni5, AlNi3 and Ni. In most experimental and Calphad Ni-Al phase diagrams, 

all of them were included with the exception of Al4Ni3, which is an ordered configuration in the 

bcc lattice with vacancies, whose structure is displayed in Figure 4.3(b). All vacancies appeared 

at the Ni sublattice and are arranged so that only one site was occupied by a vacancy in any row 

of the Ni sublattice along of x, y, or z directions. Actually, Al4Ni3 has been experimentally 

discovered for several times [220-222], and the reported structure is the same as Figure 4.3(b). 

In addition, it should be noted that different configurations with energies very close to the 
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convex hull (just a few meV/atom) were found for Ni contents between 0.65 and 0.9, in 

agreement with previous calculations [107]. 

 

 

Figure 4.2: Mixing enthalpy of configurations with different lattice symmetry at 0 K. (a) fcc lattice (b) 

bcc lattice and (c) bcc lattice with vacancies. The mixing enthalpies calculated by DFT are represented 

by solid symbols, while the predictions using the CE are represented by open symbols.  



Wei Shao 

54 

 

 

Figure 4.3: (a) Formation enthalpies of all configurations at 0 K. The ground state phases in the convex 

hull are connected by the black line. Al3Ni is neither in the bcc nor the fcc lattice, so it is depicted with 

a green point. Thus, the ground state phases are Al, Al3Ni, Al3Ni2, Al4Ni3, AlNi, Al3Ni5, AlNi3 and Ni, 

respectively. (b) Crystal structure of the predicted ground state phase Al4Ni3. 

 

The DFT calculations showed that two configurations enumerated in fcc and bcc lattices 

(depicted in Figures. 4.4(b) and 4(c), respectively) relaxed into the δ- Al3Ni5 phase (Figure 

4.4(a)). The energy variation during relaxation shown in Figure 4.4(f) reveals that the bcc and 

fcc Al3Ni5 configurations do not coincide with any local minima and will spontaneously 

collapse to δ-Al3Ni5. According to the literature [222], two different routes for the formation of 

Al3Ni5 have been observed: one starts from the L10 (NiAl) martensite in the fcc lattice (Figure 

4.4(d)) and the other from the B2 (NiAl) in the bcc lattice (Figure 4.4(e)). Moreover, the 



 

CHAPTER5.  PREDICTION OF THE Co-Al PHASE DIAGRAM 

55 

 

formation of Al3Ni5 appears to be diffusion-controlled [223]. The transformation from L10 

martensite (Figure 4.4(d)) to fcc Al3Ni5 (Figure 4.4(b)) only needs short-range diffusion of the 

Ni atoms in the Al sublattice and leads to small changes in the c/a ratio (from 0.711 in L10 to 

0.749 in fcc Al3Ni5). The transformation from B2 (AlNi) (Figure 4.4(e)) to bcc Al3Ni5 (Figure 

4.4(c)) involves atomic diffusion plus a Bain-type distortion [210,224-226] to change the c/a 

ratio from 0.5 in B2 (AlNi) to 0.749 in bcc Al3Ni5. Afterwards, both fcc and bcc bcc Al3Ni5 will 

collapse to δ- Al3Ni5 by adjusting the crystal shape (γ from 90° to 97.46°), which is shear 

controlled. However, the transformation path from L10 martensite has a steeper slope (Figure 

4.4(e)) and the changes in the lattice parameters from L10 to δ-Al3Ni5 (Figure 4.4(b) to (a)) are 

smaller than from B2 to δ- Al3Ni5 (Figure 4.4(c) to (a)). So, Al3Ni5 is treated as a fcc 

configuration. 

 

Figure 4.4: Crystal structures of (a)  δ- Al3Ni5. (b) fcc Al3Ni5. (c) bcc Al3Ni5. (d) L10 (NiAl) 

martensite, (e) B2 (NiAl). (f) Transformation path (marked by the change in c/a ratio) from bcc-Al3Ni5 

and fcc- Al3Ni5 to δ-Al3Ni5. 
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 Bond length vs. bond stiffness relationship 

There are three types of chemical bonds between different species in Ni-Al alloys, namely Al-

Al, Ni-Ni and Al-Ni bonds. Their L-S relationships in the bcc lattice were obtained from four 

ordered configurations Al, AlNi, Al5Ni and Ni, whose structures are shown in Figure 5. The 

nearest-neighbor (NN) bonds in each lattice are the ones that contribute most to the vibrational 

free energy [55,227,228], so only the NN bonds were considered. The NN bonds in bcc Al 

(Figure 4.5(a)) and bcc Ni (Figure 4.5(d)) are Al-Al and Ni-Ni, and their equilibrium bond 

lengths are 2.782 Å and 2.387 Å, respectively. The NN bonds in bcc AlNi (Figure 4.5(b)) are 

Al-Al, Ni-Ni and Al-Ni, and the respective equilibrium bond lengths are 2.481 Å, 2.864 Å and 

2.864 Å. The NN bonds in bcc Al5Ni (Figure 4.5(c)) are two kinds of Al-Al (equilibrium bond 

lengths of 2.850 Å and 2.778 Å), Ni-Ni (equilibrium bond length is 2.778 Å) and Al-Ni 

(equilibrium bond length is 2.464 Å).  

 

Figure 4.5: Crystal structures of ordered bcc Ni-Al configurations. (a) Al. (b) AlNi. (c) Al5Ni. (d) Ni. 

The NN bonds in each crystal structure are indicated by red lines. 

 

The ordered bcc Ni-Al configurations were expanded to different volumes and the force 

constant matrices of Al-Al, Ni-Ni and Al-Ni bonds in different volumes were determined from 

full phonon calculations. The stretching and bending stiffnesses of each bond as a function of 

the bond length are depicted with different symbols in Figure 4.6. The stretching stiffness of 

the three bonds decrease as bond length increases, while the bending stiffness increases slightly. 

The L-S relationships of stretching and bending stiffness for each chemical bond were fitted 
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with quadratic polynomials using the least-squares method. They are represented by the black 

and red curves in Figure 4.6. It is obvious that the L-S relationship for a given chemical bond 

holds the same trend in different configurations and, thus, the force constant matrix is 

transferable to different configurations in the bcc lattice.  

 

Figure 4.6: Bond length vs. bond stiffness relationships in the bcc lattice. (a) Al-Al bond. (b) Al-Ni 

bond. (c) Ni-Ni bond. The symbols stand for the results obtained from ordered bcc Ni-Al configurations 

by full phonon calculations according to eq. (2.11). The black and red curves stand for the fitted 

quadratic polynomials. 

 

The L-S relationships of Al-Al, Ni-Ni and Al-Ni bonds in the fcc lattice were obtained from 

four ordered configurations, namely Al, Al3Ni, AlNi3 and Ni, whose structures are shown in 

Figure 4.7. The NN bonds in fcc Al and Ni are Al-Al and Ni-Ni (Figures. 4.7(a) and (d)) and 

their equilibrium bond lengths are 2.837 Å and 2.448 Å, respectively. The NN bonds in fcc 

AlNi3 (Figure 4.7(c)) are Al-Al and Al-Ni, whose equilibrium bond lengths are both 2.495 Å. 

The NN bonds in fcc Al3Ni (Figure 4.7(b)) are two kinds of Al-Al (whose equilibrium bond 

lengths are 2.588 Å and 2.726 Å), two kinds of Al-Ni (whose equilibrium bond lengths are 

2.604 Å and 2.819 Å) and Ni-Ni (whose equilibrium bond length is 2.746 Å). 
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Figure 4.7: Crystal structures of ordered fcc Ni-Al configurations. (a) Al. (b) Al3Ni. (c) AlNi3. (d) Ni. 

The NN bonds in each crystal structure are indicated by red lines. 

 

The ordered fcc Ni-Al configurations were expanded to different volumes and the force 

constant matrix of Al-Al, Ni-Ni and Al-Ni bonds in different volumes were determined by full 

phonon calculations. The stretching and bending stiffnesses of each bond as a function of the 

bond length are depicted with different symbols in Figure 4.8, and they show similar trends to 

those in Figure 4.6. The L-S relationships of stretching and bending stiffness of each chemical 

bond were fitted into quadratic polynomials using the least-squares method, and the represented 

by the black and red curves in Figure 4.8.  

It should be noted that equivalent simulations were carried out assuming the Ni is non-magnetic. 

The L-S relationships fitted under this assumption are depicted in Figure B1 in the Annex B. 

The values of the stretching and bending stiffnesses of the non-magnetic configurations were 

very close to those obtained with magnetism, and it was concluded that the same L-S 

relationship can be used for magnetic and non-magnetic configurations.  
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Figure 4.8: Bond length vs. bond stiffness relationships in fcc lattice. (a) Al-Al bond. (b) Al-Ni bond. 

(c) Ni-Ni bond. The symbols stand for the results obtained from ordered fcc Ni-Al configurations by 

full phonon calculations according to eq. (2.11). The black and red curves are the fitted quadratic 

polynomials. 

 

 Vibrational free energy 

The quadratic polynomials in Figures 4.6 and 4.8 can be used to predict the force constant 

matrix of any bcc and fcc configuration, and as a result, the corresponding vibrational free 

energy can be obtained through the integration of the phonon DOS through eqs. (2.7) and (2.10). 

The accuracy of the fitted L-S relationships can be assessed by comparison with the results 

obtained from full phonon calculations on the most relevant phases of the Ni-Al system. The 

phonon DOS of Al, Al3Ni2, AlNi, Al3Ni5, AlNi3 and Ni phases obtained from the L-S 

relationships (black lines) and from full phonon calculations (red lines) are plotted in Figure 

4.9, together with the vibrational free energies, 𝐹𝑣𝑖𝑏, obtained as a function of temperature. The 

phonon DOS and vibrational free energies predicted by the L-S relationships are consistent with 

those obtained from full phonon calculations, including in the case of configurations with 

vacancies, such as Al3Ni2. It should be noted that Al3Ni is not included in Figure 4.9 because it 

has an orthorhombic structure and the corresponding L-S relationship was not calculated. The 
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phonon DOS and vibrational free energy of this phase as a function of temperature was only 

determined from full phonon calculations and it is plotted in Figure 4.10. Additionally, the 

vibrational free energies of ferromagnetic Ni and AlNi3 are also compared with those of non-

magnetic Ni and AlNi3 in Figure B2 in the Annex B. They are superposed, indicating the effect 

of magnetism on vibrational entropy can be neglected.  

 

Figure 4.9: Vibrational free energies of the different stable phases in the Ni-Al system obtained from 

full phonon calculations (red lines) and from the L-S relationships (black lines). (a) γ-Al. (b) D513-Al3Ni2. 

(c) B2(β)-AlNi. (d) δ-Al3Ni5. (e) γ’-AlNi3. (f) γ-Ni. The DOS predicted for each phase using both 

strategies is plotted in the inset of each Figure. 
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Figure 4.10: Vibrational free energy of Al3Ni obtained by full phonon calculations. 

 

 Temperature-dependent cluster expansions 

The temperature-dependent ECI of the cluster interactions used in section 4.3.2 for each lattice 

were fitted based on the vibrational free energy of the configurations. The temperature-

dependent ECI coefficients for fcc lattice, bcc lattice and bcc lattice with vacancies are also 

listed in Tables B4, B5 and B6 in the Annex B. The formation enthalpies at different 

temperatures (300 K, 600 K, 900 K and 1200 K) of all configurations in the three lattices are 

plotted in Figure 4.10. They were obtained from the DFT simulations of the formation energy 

plus the vibrational entropic contribution obtained from the L-S relationships. They are 

compared with the formation enthalpies predicted by the temperature-dependent CEs in Figure 

B3, Figure B4 and Figure B5 in the Annex B. Both were in good agreement and the 

corresponding cross-validation scores were similar to those obtained for the CE at 0 K. 

The formation enthalpies in Figure 4.10 include the contribution of formation enthalpy at 0 K 

and the vibrational entropy at different temperatures. Thus, the convex hulls at different 

temperatures provide information about the stability change of each phase due to lattice 

vibration. The phases on the convex hulls at 300 K (Figure 4.11(a)) and 600 K (Figure 4.11(b)) 

are the same as at 0 K (Figure 4.3(a)). Nevertheless, Al3Ni (marked with a green symbol) is no 
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longer located in the convex hull at 900 K (Figure 4.11(c)), and this change is due to the 

vibrational entropy. The vibrational free energy of Al3Ni is displayed in Figure 4.10 as a 

function of temperature. The reduction in the vibrational free energy of Al3Ni with temperature 

is much smaller than that found for all other stable phases in Figure 4.9, leading to the instability 

of this phase at high temperature. Other phases including Al, Al3Ni2, Al4Ni3, AlNi, Al3Ni5, AlNi3 

and Ni are always on the convex hull. 

 

Figure 4.11: Formation enthalpies of all configurations in the Ni-Al system at different temperatures. 

(a) 300 K. (b) 600 K. (c) 900 K. (d) 1200 K. The red symbols stand for the fcc configurations, the black 

symbols for the bcc configurations, and the blue symbols symbols for the bcc configurations with 

vacancies. The green symbol stands for Al3Ni. 

 

 Phase diagram construction 

 Al-Al3Ni phase boundary 

Semi-grand canonical MC simulations were performed from each ground state phase. In the Al-

rich solid region of the phase diagram, the adjacent phase to fcc Al is Al3Ni, which has an 
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orthorhombic lattice. Therefore, the solid phase boundary between Al and Al3Ni can only be 

determined by the common tangent of their Gibbs free energies. The Gibbs free energy of Al 

was calculated from eq. (2.32), the Gibbs free energy of Al3Ni at different temperatures was 

replaced by the formation enthalpy at different temperatures because it is a line compound. The 

dash line in Figure 4.12(a) shows the common tangent at 800 K, from which the composition 

of each phase at this temperature is determined. This strategy was used to obtained the two-

phase region between Al and Al3Ni in Figure 4.12(b). There is no common tangent between 

both phases, above 930 K, which means that they become solid solutions. 

 

Figure 4.12: (a) Gibbs free energies of Al and Al3Ni at different temperatures. (b) Phase boundary 

between Al and Al3Ni. 

 

 Al3Ni-Al3Ni2 phase boundary 

The other adjacent phase to Al3Ni is Al3Ni2 and the phase boundary between them also can be 

determined through the common tangent to their Gibbs free energies because both phases have 

different lattice structure. The Gibbs free energies of Al3Ni and Al3Ni2 are plotted as a function 

of temperature in Figure 4.13(a). The dashed line represents the common tangent at 900 K. 

Above 900 K, the common tangent to their Gibbs free energy does not exist, indicating that 

they become solid solutions. According to Figure 4.13(a), the two-phase region between Al3Ni 

and Al3Ni2 is drawn in Figure 4.13(b). 
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Figure 4.13: (a) Gibbs free energies of Al3Ni and Al3Ni2 at different temperatures. (b) Phase boundary 

between Al3Ni and Al3Ni2. 

 

 Al3Ni2-Al4Ni3 phase boundary 

Al3Ni2 and Al4Ni3 phases are both in the bcc lattice with vacancies, and the phase boundary 

between them can be determined from the intersection of the grand potentials. They are plotted 

as a function of ∆𝜇 at 600 K in Figure 4.14(a). It should be noted that the conjugated of ∆𝜇 in 

Figure 4.14(b) is the composition of AlVa because of the sites accommodation in the bcc lattice 

with vacancies. The composition of AlVa for Al3Ni2 is 1/3 while that of Al4Ni3 is 0.2485713, 

which correspond to a Ni content of 0.4 and 0.42857, respectively. The black curves in Figure 

4.14(a) and(b) are obtained from Al3Ni2 by decreasing ∆𝜇, while the red ones are obtained from 

Al4Ni3 by decreasing ∆𝜇 . ∅𝐴𝑙4𝑁𝑖3
  and ∅𝐴𝑙3𝑁𝑖2

  intersect in Figure 4.14(a). On the left of the 

intersection, ∅𝐴𝑙4𝑁𝑖3
< ∅𝐴𝑙3𝑁𝑖2

, which indicates that Al4Ni3 is more stable. On the right, ∅𝐴𝑙4𝑁𝑖3 
> 

∅𝐴𝑙3𝑁𝑖2
 and Al3Ni2 is more stable. The intersection is mapped onto the conjugated composition 

of AlVa, which is shown in Figure 4.14(b). Then, he atomic fraction of Ni in Al3Ni2 and Al4Ni3 

can be obtained and the phase boundary between Al3Ni2 and Al4Ni3 at 600 K can be constructed, 

and it is shown by the dashed line in Figure 4.14(c). In this way, the phase boundary between 

Al3Ni2 and Al4Ni3 is built. It shows that Al4Ni3 is a line compound. Above 1370 K, the grand 

potentials for Al3Ni2 and Al4Ni3 are overlapped, indicating that they become a solid solution. 



 

CHAPTER5.  PREDICTION OF THE Co-Al PHASE DIAGRAM 

65 

 

 

Figure 4.14: (a) Grand potentials of Al3Ni2 and Al4Ni3 as a function of chemical potential ∆µ at 600 K. 

(b) Composition of AlVa as a function of chemical potential at 600 K. (c) Phase boundary between 

Al3Ni2 and Al4Ni3. 

 

 Al4Ni3-AlNi phase boundary 

Al4Ni3 is also adjacent to AlNi. Even though AlNi has a bcc lattice, it can also be considered a 

particular bcc lattice with vacancies, in which the fraction of AlVa is equal to zero. Therefore, 

the phase boundary between Al4Ni3 and AlNi can be obtained from the grand potential obtained 

by MC simulations in the bcc lattice with vacancies. The grand potentials at 750 K are shown 

Figure 4.15(a). The black curve corresponds to Al4Ni3 by decreasing ∆𝜇, while the red one is 

obtained from AlNi by decreasing ∆𝜇. The conjugated composition of AlVa is shown in Figure 

4.15(b), where the composition of AlVa for Al4Ni3 is 0.2485713 and 0 for AlNi. The equilibrium 

composition of Ni in Al4Ni3 and AlNi is determined by the intersection of both curves and the 

phase boundary between Al4Ni3 and AlNi is plotted in Figure 4.15(c). Above 1370 K, the grand 

potentials of Al4Ni3 and AlNi are overlapped and they become a solid solution. 
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Figure 4.15: (a) Grand potentials of Al4Ni3 and AlNi as a function of the chemical potential ∆µ at 750 

K. (b) Composition of AlVa as a function of chemical potential at as a function of ∆μ at 750 K. (c) Phase 

boundary between Al4Ni3 and AlNi. 

 

 AlNi-Al3Ni5 phase boundary 

The adjacent phase to AlNi on the other side of the phase diagram is Al3Ni5, which has a fcc 

lattice. Therefore, the phase boundary between AlNi and Al3Ni5 can only be determined by the 

common tangent of their Gibbs free energy. The dash black line in Figure 4.16(a) stands for the 

common tangent at 900 K, which indicates the equilibrium chemical potential of AlNi and 

Al3Ni5. The common tangent always cuts the Gibbs free energy of Al3Ni5 at x = 0.625, which 

indicates AlNi does not have any solubility in Al3Ni5. The two-phase region of AlNi and Al3Ni5 

exists up to 1020 K, which is slightly higher than that in experimental phase diagram (973 K) 

[208]. The Gibbs free energies of AlNi and Al3Ni5 overlap with each other above 1020 K.  
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Figure 4.16: (a) Gibbs free energy of AlNi and Al3Ni5 at different temperatures. (b) Phase boundary 

between AlNi and Al3Ni5. 

 

 Al3Ni5-AlNi3 phase boundaries 

Al3Ni5 and AlNi3 are both in the fcc lattice, so their phase boundary can be determined by the 

intersection of their grand potentials, which is shown in Figure 4.17(a) at 700 K. The black 

curve indicates the grand potential obtained from Al3Ni5 by increasing chemical potential, while 

the red curve indicated that obtained from AlNi3 by decreasing chemical potential. The 

intersection is mapped onto the conjugated composition of Ni (Figure 4.17(b)) and the 

equilibrium composition of Ni in Al3Ni5 and AlNi3 at 700 K was determined. The phase 

boundary between Al3Ni5 and AlNi3 is plotted in Figure 4.17(c). 
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Figure 4.17: (a) Grand potentials of Al3Ni5 and AlNi3 as a function of chemical potential at 700 K. (b) 

Composition of Ni as a function of chemical potential at 700 K. (c) Phase boundary between Al3Ni5 and 

AlNi3. 

 

 AlNi-AlNi3 phase boundary 

According to literature, the two-phase region between AlNi and AlNi3 was observed at high 

temperature. Therefore, the phase boundary between them was constructed according to their 

Gibbs free energy. The result is shown in Figure 4.18. 

 

Figure 4.18: (a) Gibbs free energy of AlNi and AlNi3 at temperature above 1300 K; (b) Phase boundary 

between AlNi and Al3Ni5. 
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 AlNi3-Ni phase boundary 

Finally, the intersection of the grand potential was used to obtain the phase boundary between 

AlNi3 and Ni, since both share the fcc lattice. The grand potentials obtained by increasing and 

decreasing chemical potential at 600 K are plotted in Figure 4.19(a) and the conjugated 

composition of Ni is plotted in Figure 4.19(b), from which the phase boundary between AlNi3 

and Ni is obtained (Figure 4.19(c)). The two-phase region between AlNi3 and Ni exists up to 

1640 K, which is slightly higher than that in experimental phase diagram (1623 K) [204]. 

 

Figure 4.19: (a) Grand potentials of AlNi3 and Ni as a function of chemical potential at 600 K. (b) 

Composition of Ni as a function of chemical potential at 600 K. (c) Phase boundary between AlNi3 and 

Ni. 

 

 Discussion 

 Comparison with the experimental phase diagram 

The phase boundaries between adjacent phases were integrated to build the Ni-Al phase 

diagram, which is plotted in Figure 4.20(a) with red lines. The black lines in Figure 4.20 stand 

for the accepted experimental phase diagram [204]. Overall, the calculated phase diagram is in 
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excellent agreement with the experimental one, and this result demonstrates the potential of this 

methodology to determine the thermodynamic properties of each phase by including 

configurational and vibrational entropic contributions as well as the magnetic enthalpy. The 

calculated Al-Al3Ni two-phase region and the Al3Ni-Al3Ni2 two-phase regions are practically 

superposed to the experimental ones up to 900 K. The solubility of Ni in α-Al matrix is very 

low: simulations predicted a maximum solubility of 3.5 at.% at 930 K while the experimental 

phase diagram reaches 4.5 at.% at 916 K. The Al3Ni phase is a line compound with a critical 

equilibrium temperature of 930 K according to our calculations, which is very close to 916 K 

in the experimental phase diagram. Moreover, the phase boundaries concerning Al4Ni3 phase 

were determined in the Al-rich region of the phase diagram by our simulations. This line 

compound with a critical equilibrium temperature of 1370 K was recently reported 

experimentally [206,229].  

An AlNi single-phase region appears in the phase diagram at high temperature, which is 

facilitated by different mechanisms, namely vacancies on the Ni sublattice in the Al-rich part 

and the substitution of Al atoms by Ni atoms on the Al sublattice in the Ni-rich part. The right 

boundary of the AlNi single-phase region (which is also the left boundary of the AlNi-Al3Ni5 

two-phase region) is not fully consistent with the experimental one. The discrepancy can be 

attributed transformation mechanism responsible for the nucleation of Al3Ni5. Al3Ni5 is an 

intermediate product of the reversible martensitic transformation from B2 to L10 and the 

presence and composition of Al3Ni5 is controlled by the aging temperature and the heating rate. 

For instance, the Al3Ni5 phase may come directly from the L10 martensite during a heating-up 

stage if the heating rate was not fast enough [230]. The Al3Ni5 phase can also be formed from 

B2 after aging at 500 ℃ [225]. Different formation mechanisms may lead to large discrepancies 

in the experimental left boundary of the AlNi-Al3Ni5 two-phase region boundary and the Al3Ni5 

phase was not even observed in some experiments [231]. In our calculation, Al3Ni5 is formed 

from either fcc ordering or bcc ordering (the former one is more likely) by atomic diffusion and 

shear transformation, as explained in Section 4.3.2. The calculated maximum temperature for 

the two phase AlNi-Al3Ni5 region is 1020 K, close to the experimental value of 973 K. 

Approaching the Ni-rich part, the calculated critical equilibrium temperature of AlNi3 phase 

(1640 K) as well as the solvus line are in good agreement with the experimental data. It should 

be noted that the calculated phase diagram provides novel information about the solvus line 

below 300K. This information is not available experimentally. 
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Figure 4.20: Comparison of the experimental Ni-Al phase diagram [204] (black lines) with 

those obtained for first-principles calculations Phase diagrams by calculation and by 

experiments. (a) Calculated phase diagram including magnetic enthalpy as well as 
configurational and vibrational entropy (red lines). (b) Calculated phase diagram including only 

configurational and vibrational entropy (blue lines) and neglecting the magnetic enthalpy (c) Calculated 

phase diagram including only configurational entropy (purple lines). 

 

 Influence of magnetism and vibrational entropy 

One advantage of the simulations is that the different contributions to the thermodynamic 

properties of the phases can be turned off to ascertain their influence. Thus, the Ni-Al phase 

diagram can be obtained following exactly the same methodology but neglecting the effect of 

magnetic enthalpy. This is achieved by assuming that the stable phase reference phases in the 

Ni-rich part of the Ni-Al phase diagram (γ-Ni and γ’-AlNi3) are non-magnetic. The Energy 

difference (Δ𝐸), magnetism moment and volume of ferromagnetic and non-magnetic AlNi3 and 

Ni are compared in Table 4.2. The total magnetic moments of the ferromagnetic phases are in 

a good agreement with experimental and calculated data in the literature references. Moreover, 

the total energy of ferromagnetic Ni slightly lower than that of non-magnetic Ni (the energy 

difference between them is in Table 4.2) indicating that the former is more stable. The 

differences in the total energy between ferromagnetic and non-magnetic AlNi3 are, however, 

negligible. Therefore, neglecting the magnetic contribution can lead to important errors in the 

calculation of the Ni-rich region of the phase diagram. The whole solid phase diagram was built 

without considering the magnetic enthalpy and it is plotted in Figure 4.20(b). The corresponding 

phase boundaries between adjacent phases are depicted in Figure B6-B11 in the Annex B. As 

expected, the calculated AlNi3-Ni boundary in the phase diagram show large discrepancies with 

the experimental one. It should be noted that at higher temperature, the spins will fluctuate, 

which will lead to an entropy contribution from magnetism. This contribution is smaller than 

the configurational and vibrational contribution so it was ignored in this work.  

  

Table 4.2: Energy difference (ΔE) between non-magnetic and ferromagnetic phases, magnetic moment 

and volume of ferromagnetic and non-magnetic AlNi3 and Ni. 

Composition 
∆𝐸 

(eV/atom) 

Volume/atom 

(Å3) 

Magnetic moment (µB) 

This work 
Experimental  

Calculated 

Ferromagnetic AlNi3 0 10.896 0.76 0.71 [232] 
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0.73 [233] 

Non-magnetic AlNi3 0.004 10.883 - - 

Ferromagnetic Ni 0 10.369 0.6 
0.605 [222] 

0.65 [234] 

Non-magnetic Ni 0.061 10.312 - - 

 

The predicted Ni-Al phase diagram only considering the configurational entropic contribution 

is shown by the green lines in Figure 4.20(c). The corresponding phase boundaries between 

adjacent phases are depicted in Figure B12-B19 in the Annex B. Overall, the phase diagram at 

low temperatures is very similar to the one in Figure 4.20(a) because the configurational 

enthalpy (namely the formation energy) dominates over the entropic contributions. 

Nevertheless, large discrepancies arise in the critical equilibrium temperatures. For instance, 

the maximum temperature of Al3Ni2-Al4Ni3, Al4Ni3-AlNi and AlNi-Al3Ni5 two phase regions 

are overestimated by several hundred K, while the Al3Ni5-AlNi3 two phase region is several 

hundred K below the experimental one. The solubility of phases is also affected by the 

vibrational entropic contribution, especially in the Ni-rich part. Therefore, the formation 

enthalpy can provide the information about the stoichiometry and the lattice of stable phases, 

while the addition of the configurational entropy allows good enough predictions of the low 

temperature region of the phase diagram. However, the lattice vibration contribution has to be 

taken into account if accuracy is needed at high temperature.  

 Conclusions 

The phase diagram of the Ni-Al system was predicted by means of first principle simulations 

and statistical mechanics. it was found that all phases - with the exception of Al3Ni - can be 

treated as configurations existing on fcc or bcc lattices, with the atomic sites accommodating 

Al and Ni atoms, or - in the case of Al3Ni2 - bcc lattices with the Ni sublattice sites of AlNi 

accommodating Ni atoms and vacancies. The temperature-dependent mixing enthalpies of the 

configurations in each lattice were approximated by the cluster expansion formalism, including 

the effect of magnetisms and of vibrational entropy which was calculated from the 

corresponding length-stiffness relationships. The thermodynamic grand potential of each phase 

and the Gibbs free energy were calculated from MC simulations and used to predict the phase 

diagram. 
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Seven ground state phases were found at 0 K, namely Al, Al3Ni, Al3Ni2, Al4Ni3, AlNi, Al3Ni5, 

AlNi3 and Ni. Among them, Al4Ni3 and Al3Ni were line compounds. The predicted phase 

diagram was in excellent agreement with the current experimentally accepted Al-Ni phase 

diagram and provided accurate predictions of the two-phase boundaries, critical equilibrium 

temperatures and solubility of the phases. Moreover, the phase boundary between AlNi3 and Ni 

below 300 K was reported. Overall, these results demonstrate the accuracy of the methodology 

employed to predict accurately the phase diagram of alloys of technological interest. 

Predictions of the phase diagram were carried out neglecting the effect of magnetism and of 

vibrational entropy. They showed that the former is important to predict the phase boundaries 

and the critical equilibrium temperatures in the Ni-rich of the phase diagram (> 75% Ni) while 

vibrational entropy is necessary to predict accurately the features of the phase diagram (two 

phase boundaries, solubilities, critical equilibrium temperatures) above 400 K. 

Data availability 

The computational data generated in this chapter can be found at 

https://zenodo.org/doi/10.5281/zenodo.12527913. 
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 Prediction of the Co-Al phase diagram  

 Introduction 

Advanced superalloys with excellent mechanical properties at high temperature as well as wear 

and corrosion resistance, chemical stability and low thermal expansion coefficient are necessary 

to improve the performance of gas turbines [235]. In particular, novel Co-based superalloys 

have attracted widespread attention because they have higher melting temperature than Ni-

based superalloys, which endow Co-based superalloys with excellent strength at high 

temperature [114,118] as well as creep resistance [236]. Moreover, Co-based superalloy exhibit 

superior corrosion resistance, wear resistance, and weldability compared with Ni-base 

superalloys [115]. Precipitates based on the Co3(Al, X) (X= W, Cr, Mo, Ni) [238-240] phase 

are the main strengthening phases, particularly at high temperature. They come from the 

unstable Co3Al (γ’) phase, that is stabilized by replacing with X the Al sublattice in the Co3Al 

structure. These potential advantages open up a pathway to the exploitation of novel Co-based 

superalloy as the next generation of high-temperature materials. But a thorough understanding 

of the Co-Al phase diagram is necessary to optimize the stability and mechanical properties of 

Co-based superalloys. 

In this chapter, the solid-state region of the Co-Al phase diagram is accurately predicted from 

first-principles calculations and statistical mechanics principles. Configurational entropic 

contributions to the free energy were included through MC simulations using the CE formalism. 

The vibrational entropy of each phase was determined through the L-S relationship associated 

with the lattice. The magnetic contribution was also included through the Heisenberg 

Hamiltonian[64]. The computed phase diagram is compared with the currently accepted 

experimental phase diagram and the different contributions to the stability of different phases 

are analyzed independently. The potential of this strategy to predict phase diagrams of magnetic 

systems is clearly established. 

 Methodology 

 DFT calculations 

Different configurations in fcc, bcc and hcp lattices of the Co-Al system were enumerated using 

the ATAT code [158], and their enthalpy at 0 K was obtained by first-principles calculations 

based on DFT with Quantum Espresso [240]. The electronic exchange-correlation contributions 

were described by the generalized gradient approximation, as parameterized by the PBE method 
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and ultrasoft pseudopotentials [186]. The Brillouin zone was sampled by using a Monkhorst-

Pack scheme [241] with a k-point density of 40 points/Å-1. A cutoff energy of 90 Ry was used 

in all calculations. Each configuration was fully relaxed under zero pressure, where the cell and 

the atomic degrees of freedom were allowed to change until energy difference was below 10−7 

eV and the forces difference was smaller than 10−4 eV/Å. An initial spin polarization was set 

for Co atoms and collinear calculations on magnetism were included during relaxation. Thus, 

the following fitted CEs contain the magnetic contribution to enthalpy. 

 Vibrational free energy calculation 

For each lattice, a L-S relationship was fitted to predict the phonon DOS of each configuration. 

The L-S relationship was determined as follow. Three or four different configurations in each 

lattice (since these relationships are transferable in configurations within the same lattice) were 

expanded up to 10% in volume with an increment of 2% after full relaxation to generate 

different atomic bond lengths. Supercells of the expanded configurations were constructed, and 

a displacement of 0.1 Å was applied to each symmetrically distinguished atom within. Then, 

self-consistent calculations were performed to obtain the forces acted on each atom due to the 

displacements. The configurations used in each lattice and the corresponding supercell size are 

listed in Table 5.1. 

A L-S relationship was fitted for each chemical bond (namely Al-Al, Co-Co or Al-Co) from 

the stiffness values obtained for the same chemical bonds with different length. The eigenvalues 

of dynamical matrix 𝐷𝑖,𝑗(𝑞)  can be obtained from the Fourier transform of 𝛹(𝑖, 𝑗)  at 

wavevector 𝑞 [242], and this information is used to determine the phonon DOS. Therefore, the 

phonon DOS of any configuration can be easily obtained from the L-S relationship fitted for a 

given lattice, instead of using expensive phonon calculations of supercells. 

 

Table 5.1: Supercell size and k points for fcc, hcp and bcc configurations used to determine the L-S 

relationship. 

fcc Supercell size hcp Supercell size bcc Supercell size 

Al 4×4×4 Al 4×4×4 Al 3×3×4 

AlCo 3×3×3 AlCo3 3×3×3 Al2Co 3×3×4 

Co 4×4×4 Co 4×4×4 AlCo 3×3×4 
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    Co 3×3×4 

 

 Magnetic free energy calculation 

Only the coupling constant between Co-Co pair is needed in the Co-Al system, while those 

between Al-Al and Al-Co atoms are considered as 0 because Al is non-magnetic. The coupling 

constants between Co-Co pairs in different lattices can be obtained from pure Co from eq. 

(2.12). To this end, bcc, fcc and hcp pure Co in different magnetic states (Figure 5.1) were fully 

relaxed using the same parameters and convergence criteria. All spins are aligned along the 

positive z-direction for the FM configurations (Figure 5.1(a)-(c)), while spins on adjacent layers 

have opposite orientations for the AFM ones (Figure 5.1(d)-(f)). The number of parallel and 

antiparallel nearest-neighboring pairs is listed in Table 5.2. 

 

Figure 5.1: Ferromagnetic structures of bcc (a), fcc (b) and hcp Co (c). Antiferromagnetic structures of 

bcc (d), fcc (e) and hcp Co (f). The arrows denote the spin of each atom. 
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Table 5.2: Number of parallel (𝑁𝑛𝑛
↑↑ ) and antiparallel (𝑁𝑛𝑛

↑↓ ) nearest-neighboring pairs in the magnetic 

configurations displayed in Figure 5.1. 

 bcc fcc hcp 

FM AFM FM AFM FM AFM 

𝑁𝑛𝑛
↑↑  8 0 12 8 12 9 

𝑁𝑛𝑛
↑↓  0 8 0 4 0 3 

 Cluster expansion 

The mixing enthalpy 𝐻𝑐𝑜𝑛𝑓 at 0 K due to the atomic occupation of an Al1-xCox configuration in 

a given lattice s (in which the lattice sites accommodate either Al or Co atoms) is given by [169] 

𝐻𝑐𝑜𝑛𝑓
𝐴𝑙1−𝑥𝐶𝑜𝑥 = 𝐸𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥 − (1 − 𝑥)𝐸𝑠
𝐴𝑙 − 𝑥𝐸𝑠

𝐶𝑜                 (5.1) 

where 𝐸𝑠
𝐴𝑙1−𝑥𝐶𝑜𝑥, 𝐸𝑠

𝐴𝑙 and 𝐸𝑠
𝐶𝑜 stand for the energy of the relaxed Al1-xCox, Al and Co in the 

corresponding lattice s. 

The mixing enthalpy contribution due to lattice vibrations in each configuration is given by: 

𝐻𝑣𝑖𝑏
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = 𝐹𝑣𝑖𝑏,𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) − (1 − 𝑥)𝐹𝑣𝑖𝑏,𝑠
𝐴𝑙 (𝑇) − 𝑥𝐹𝑣𝑖𝑏,𝑠

𝐶𝑜 (𝑇)                 (5.2) 

where 𝐹𝑣𝑖𝑏,𝑠
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇), 𝐹𝑣𝑖𝑏,𝑠

𝐴𝑙 (𝑇) and 𝐹𝑣𝑖𝑏,𝑠
𝐶𝑜 (𝑇) stand for the vibrational free energy of Al1-xCox, 

Al and Co in the corresponding lattice s at temperature 𝑇.  

Similarly, the mixing enthalpy contribution due to magnetism is given by: 

𝐻𝑚𝑎𝑔
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = 𝐹𝑚𝑎𝑔,𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) − (1 − 𝑥)𝐹𝑚𝑎𝑔,𝑠
𝐴𝑙 (𝑇) − 𝑥𝐹𝑚𝑎𝑔,𝑠

𝐶𝑜 (𝑇)                 (5.3) 

where 𝐹𝑚𝑎𝑔,𝑠
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇), 𝐹𝑚𝑎𝑔,𝑠

𝐴𝑙 (𝑇) and 𝐹𝑚𝑎𝑔,𝑠
𝐶𝑜 (T) stand for the magnetic free energy of Al1−xCox, 

Al and Co in the corresponding lattice s at temperature 𝑇.  

Therefore, the temperature-dependent mixing enthalpy 𝐻𝑚𝑖𝑥  - including the configurational 

and vibrational contributions - of an Al1-xCox configuration in each lattice can be summarized 

from eqs. (5.1) and (5.2) as 

𝐻𝑚𝑖𝑥
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = 𝐻𝑐𝑜𝑛𝑓

𝐴𝑙1−𝑥𝐶𝑜𝑥 + 𝐻𝑣𝑖𝑏
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇)                 (5.4) 

while that including the configurational, vibrational, and magnetic contribution can be 

expressed from eqs. (5.1)-(5.3) as 
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𝐻𝑚𝑖𝑥
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = 𝐻𝑐𝑜𝑛𝑓

𝐴𝑙1−𝑥𝐶𝑜𝑥 + 𝐻𝑣𝑖𝑏
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) + 𝐻𝑚𝑎𝑔

𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇)               (5.5)  

CE including the different contributions (configurational, vibrational and magnetic) for each 

lattice can be fitted from the mixing enthalpies by eqs. (2.22), (2.24) and (2.25). It should be 

noted that the mixing enthalpies mentioned above are only relative to pure Al and Co in the 

corresponding lattice, so they are not the real formation enthalpies 𝐻𝑓 with respective to fcc Al 

and hcp Co. To compare the relative stability of configurations in different lattices, the actual 

formation enthalpies including the configurational contribution are obtained as follows: 

𝐻𝑓
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = (𝐸𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥 − (1 − 𝑥)𝐸𝑓𝑐𝑐
𝐴𝑙 − 𝑥𝐸ℎ𝑐𝑝

𝐶𝑜 )    (5.6) 

where 𝐸𝑓𝑐𝑐
𝐴𝑙  and 𝐸ℎ𝑐𝑝

𝐶𝑜  stand for the energy of the relaxed fcc Al and hcp Co. 

The actual formation enthalpy including both the configurational and vibrational contribution 

is obtained by:  

𝐻𝑓
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = (𝐸𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥 − (1 − 𝑥)𝐸𝑓𝑐𝑐
𝐴𝑙 − 𝑥𝐸ℎ𝑐𝑝

𝐶𝑜 ) + (𝐹𝑣𝑖𝑏,𝑠
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) − (1 − 𝑥)𝐹𝑣𝑖𝑏,𝑓𝑐𝑐

𝐴𝑙 (𝑇) −

− 𝑥𝐹𝑣𝑖𝑏,ℎ𝑐𝑝
𝐶𝑜 (𝑇))       (5.7) 

while that including configurational, vibrational, and magnetic contributions is expressed as:  

𝐻𝑓
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) = (𝐸𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥 − (1 − 𝑥)𝐸𝑓𝑐𝑐
𝐴𝑙 − 𝑥𝐸ℎ𝑐𝑝

𝐶𝑜 ) + (𝐹𝑣𝑖𝑏,𝑠
𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) − (1 − 𝑥)𝐹𝑣𝑖𝑏,𝑓𝑐𝑐

𝐴𝑙 (𝑇) −

− 𝑥𝐹𝑣𝑖𝑏,ℎ𝑐𝑝
𝐶𝑜 (𝑇)) + (𝐹𝑚𝑎𝑔,𝑠

𝐴𝑙1−𝑥𝐶𝑜𝑥(𝑇) − (1 − 𝑥)𝐹𝑚𝑎𝑔,𝑓𝑐𝑐
𝐴𝑙 (𝑇) − 𝑥𝐹𝑚𝑎𝑔,ℎ𝑐𝑝

𝐶𝑜 (𝑇))   (5.8) 

 Monte Carlo simulations 

A simulation box with a size of 18×18×18 was built for each ground state phase found in the 

convex hull. Then, MC simulations in semi-grand canonical ensemble were performed using 

the ATAT code [158] at different 𝑇 (from 10 K to 2000 K) with an increment of 10 K under a 

given chemical potential difference with an increment of 0.005 eV/atom. For each value of T 

and ∆μ, where ∆μ is chemical potential difference between the MC simulation includes 2000 

passes for equilibrium, followed by 5000 passes for calculating the thermodynamic averages. 

 Magnetic phase transition 

An important feature of the Co-Al phase diagram is the ferromagnetic to paramagnetic phase 

transition in the Co-rich fcc solid solution. For an ideal solid solution, in which the different 

species are randomly located on the lattice sites, the correlation function of each cluster 𝛼 is 

given by a statistical value expressed by [243]:  
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𝜌𝛼(𝜎𝑟𝑛𝑑) = ∏ 〈𝛾(𝜎𝑖)〉𝛼𝑖                                 (5.9) 

where 〈𝛾(𝜎𝑖)〉𝛼 is the averaged probability of the appearance of 𝛼 on each site i. The correlation 

functions of each cluster for an ideal solid solution with a given composition are listed in Table 

C1 in the Annex C. 

Supercells of 80 atoms with different Co content (88.5~100 at.%) were constructed with the 

ATAT code [65,243] to represent the ideal solid solution. The correlation functions of the 

included clusters were calculated as [243]: 

𝜌𝛼(𝜎𝑆𝑄𝑆) ≡ 〈Γ(𝜎)〉𝛼          (5.10) 

where Γ(𝜎) is a cluster function.  

The correlation functions of these supercells are listed in Table C1 in the Annex C, where they 

can be compared with those of the ideal solid solution with the same Co content. They were 

close and then the corresponding supercells can be recognized as special quasi-random structure 

(SQS) to represent the ideal solid solution. These SQSs were fully relaxed by DFT calculations 

to obtain the total energies, equilibrium volumes and magnetic moments. Then, a 10×10×10 

supercell was built for each SQS, and MC simulations were performed in the VAMPIRE 

package [244] to obtain the magnetic free energy, as indicated above. Finally, TC were 

determined by finding the peak value of Cmag in each SQS with different Co content, and the 

FM-PM (paramagnetic) phase boundary was determined. 

 Results 

 Formation enthalpy due to configurational occupation  

623 configurations in the bcc lattice, 696 in the fcc lattice and 397 in the hcp lattice were fully 

relaxed. The configurations whose deformation after relaxation (including shape and atomic 

position) was < 10% were retained to fit the CE, following the standard criteria [245]. These 

conditions were fulfilled in 193 configurations in the bcc lattice, 554 in the fcc lattice and 317 

in the hcp lattice. The average magnetic moment of each configuration is shown in Figure 5.2. 

The average magnetic moments of almost all configurations are zero in the Al-rich region, but 

they are different from 0 in the Co-rich region. Thus, the configurations on the Co-rich side 

exhibit ferromagnetism. The magnetic moments of pure bcc Co, fcc Co and hcp Co are 1.76 µB, 

1.64 µB and 1.605 µB, respectively, and they are close to the data reported in the literature, i.e. 

1.77 µB [246], 1.67 µB
 [247] and 1.58 µB [248], respectively. 
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Figure 5.2: Average magnetic moment of all configurations in the Co-Al system at 0 K. (a) bcc lattice. 

(b) fcc lattice. (c) hcp lattice. 

 

The mixing enthalpy of each configuration, 𝐻𝑐𝑜𝑛𝑓, was obtained from eq. (5.1) and they are 

plotted with open symbols in Figure 5.3. The ECI parameters of the CE were fitted for each 

lattice by eq. (2.22) using the ATAT code [158]. The CE for the bcc lattice includes 9 pair cluster 

interactions, 17 triplet cluster interactions and 1 quadruplet cluster interactions. The CE for the 

fcc lattice includes 9 pair cluster interactions, 3 triplet cluster interactions and 52 quadruplet 

cluster interactions. The CE for the hcp lattice includes 15 pair cluster interactions, 11 triplet 

cluster interactions and 24 quadruplet cluster interactions. Their ECIs are depicted in Tables C2, 

C3 and C4 in the Annex C. The mixing enthalpies predicted by the CEs (solid symbols) are 

compared with those obtained by DFT (open symbols) in Figure 5.3. They are in good 

agreement, and the corresponding cross-validation scores are 0.01749 eV/atom, 0.0168 

eV/atom and 0.01306 eV/atom for the bcc, fcc and hcp lattices, respectively. 
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Figure 5.3: Mixing enthalpy at 0 K due to configurational occupation, 𝐻𝑐𝑜𝑛𝑓 , of configurations in 

different lattices. (a) bcc lattice. (b) fcc lattice. (c) hcp lattice. The values calculated by DFT are 

represented with open symbols, while the values predicted by CE are represented with solid symbols. 

 

The actual formation enthalpies at 0 K, 𝐻𝑓
𝑐𝑜𝑛𝑓

, of all configurations in the three lattices were 

obtained from eq. (5.1), and they are plotted in Figure 5.4. The formation enthalpies of other 

complex crystal structures in Co-Al system (namely Al9Co2, Al13Co4, Al3Co and Al5Co2, which 

were reported experimentally [250-252] ) are also included in the Figure and their structures 

are displayed in Figure 5.5. The primitive cells of these four phases contain 28, 22, 16 and 102 

atoms, respectively, they were assumed to be line compounds. Their configurational entropy 

was neglected to calculate the free energy because it is known to be very small in phases with 

low symmetry [252]. Thus, their Gibbs free energy at different temperatures only include the 

vibrational and magnetic contributions.  
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Figure 5.4: Formation enthalpies at 0 K of configurations with different lattices in the Co-Al system. 

The ground state phases on the convex hull are connected by the black line. They are Al, Al9Co2, Al5Co2, 

AlCo and hcp Co, respectively. Complex phases, such as Al9Co2, Al13Co4, Al3Co and Al5Co2, are 

depicted with solid symbols. 

 

The ground state phases on the convex hull are connected by the black line in Figure 5.4. They 

are fcc Al, Al9Co2, Al5Co2, bcc AlCo and hcp Co, respectively, which are in agreement with 

available experimental data [253]. Al13Co4 and Al3Co are located almost on the tie-line 

connecting Al9Co2 and Al5Co2, with formation enthalpies only 8.961 meV/atom and 9.026 

meV/atom above the tie-line. Both have been reported as metastable phases formed at high-

temperature in some investigations [249,254]. 
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Figure 5.5: Crystal structure of complex phases in the Co-Al system. (a)Al9Co2 (space group: P21/c). (b) 

Al13Co4 (space group: Pmn21). (c) Al3Co (space group: C2/m). (d) Al5Co2 (space group: P63/mmc). 

 



 

CHAPTER5.  PREDICTION OF THE Co-Al PHASE DIAGRAM 

85 

 

 Bond length vs. bond stiffness relationships 

 

Figure 5.6: Crystal structures of ordered fcc Al-Co configurations. (a) Al. (b) AlCo. (c) Co. The nearest-

neighboring bonds in each crystal structure are indicated by black lines. 

 

The L-S relationships of the nearest-neighboring Al-Al, Co-Co and Al-Co bonds in the fcc 

lattice were obtained from three ordered fcc configurations, namely Al, AlCo3, and Co, whose 

structures are depicted in Figure 5.6. The nearest-neighboring bonds are marked with dashed 

lines. The stretching and bending stiffnesses of each bond in fcc lattice as a function of the bond 

length are depicted with different symbols in Figure 5.7. The stretching stiffness of the three 

bonds decrease as bond length increases, while the bending stiffness increases slightly. The L-

S relationships for each chemical bond were fitted by quadratic polynomials using the least-

squares method. They are represented by the black and red curves in Figure 5.7. It is obvious 

that the L-S relationship for a given chemical bond is equivalent in different configurations and, 

thus, the force constant matrix is transferable to different configurations in the fcc lattice. 

Similarly, the configurations in the bcc lattice (Al, Al2Co, AlCo and Co) and in the hcp lattice 

(Al, AlCo3 and Co) used to calculate the stretching and bending stiffness between Al-Al, Al-Co 

and Co-Co bonds are shown in Figure 5.8 and Figure 5.10, respectively. The corresponding L-



Wei Shao 

86 

 

S relationships for the bcc and hcp lattices are plotted in Figure 5.9 and Figure 5.11, respectively. 

As in the fcc lattice, the L-S relationship for a given chemical bond is equivalent for different 

configurations in the same lattice and, thus, the force constant matrix is transferable to different 

configurations in the same lattice. 

 

Figure 5.7: Bond length vs. bond stiffness relationships in the fcc lattice. (a) Al-Al bond. (b) Al-Co 

bond. (c) Co-Co bond. The symbols stand for the results obtained from ordered fcc Al-Co configurations 

by full phonon calculations according to eq. (2.11). The black and red curves stand for the fitted 

quadratic polynomials. 
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Figure 5.8: Crystal structures of ordered bcc Co-Al configurations. (a) Al. (b) Al2Co. (c) AlCo. (d) Co. 

The NN bonds in each crystal structure are indicated by red lines. 

 

 

Figure 5.9: Bond length vs. bond stiffness relationships in the bcc lattice. (a) Al-Al bond. (b) Al-Co 

bond. (c) Co-Co bond. The symbols stand for the results obtained from ordered bcc Al-Co configurations 

by full phonon calculations according to eq. (2.11). The black and red curves stand for the fitted 

quadratic polynomials. 
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Figure 5.10: Crystal structures of ordered hcp Co-Al configurations. (a) Al. (b) AlCo3. (c) Co. The NN 

bonds in each crystal structure are indicated by red lines. 

 

 

Figure 5.11: Bond length vs. bond stiffness relationships in the hcp lattice. (a) Al-Al bond. (b) Al-Co 

bond. (c) Co-Co bond. The symbols stand for the results obtained from ordered hcp Al-Co 

configurations by full phonon calculations according to eq. (2.11). The black and red curves stand for 

the fitted quadratic polynomials. 
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 Formation enthalpy including vibrational entropic contributions 

The L-S relationships were used to predict the force constant matrix of each configuration, and 

as a result, the corresponding vibrational free energy was obtained through eqs. (2.9) and (2.10). 

The accuracy of the L-S relationships was evaluated by comparing with the results obtained 

from full phonon calculations of certain phases. The phonon DOS of fcc Al, bcc AlCo, bcc 

AlCo2, fcc AlCo3, hcp Co and fcc Co predicted by the L-S relationships are plotted as black 

lines in Figure 5.12, and those obtained from full phonon calculations are plotted as red lines, 

together with the vibrational free energies 𝐹𝑣𝑖𝑏 as a function of temperature. The phonon DOS 

and vibrational free energies predicted by the L-S relationships are consistent with those 

obtained from full phonon calculations. It should be noted that the L-S relationships for 

complex phases Al9Co2, Al13Co4, Al3Co and Al5Co2 are not calculated. Their phonon DOS and 

vibrational free energy as a function of temperature were determined only from full phonon 

calculations, and they are plotted in Figure 5.13.  
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Figure 5.12: Phonon DOS and vibrational free energies of different phases in Co-Al system predicted 

from the L-S relationships (black lines) and from full phonon calculations (red lines). (a) fcc Al. (b) bcc 

AlCo. (c) bcc AlCo2. (d) fcc AlCo3. (e) hcp Co. (f) fcc Co. Phonon DOS are inserted in each figure. 
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Figure 5.13: Vibrational free energies of Al9Co2, Al13Co4, Al3Co and Al5Co2 obtained from full phonon 

calculations. 

 

The clusters for each lattice obtained in CE only including configurational occupation were 

maintained and the temperature-dependent ECIs including the vibrational entropy were fitted 

following the procedure indicated above using eq. (2.24). They are listed in Table C5, Table C6 

and Table C7 in the Annex C. The values of mixing enthalpy including the vibrational entropy, 

𝐻𝑣𝑖𝑏, predicted by the CE and those obtained from the L-S relationships are compared in Figure 

C1, Figure C2 and Figure C3 in the Annex C for bcc, fcc and hcp lattices, respectively, at 

different temperatures, showing good agreement with each other. The cross-validation scores 

for bcc, fcc and hcp lattices at 400 K are 0.00373 eV/atom, 0.00284 eV/atom and 0.00206 

eV/atom, respectively, while they are 0.014 eV/atom, 0.0108 eV/atom and 0.0079 eV/atom at 

1600 K.  

The formation enthalpies including both the configurational occupation and the vibrational 

entropic contribution, 𝐻𝑓
𝑐𝑜𝑛𝑓+𝑣𝑖𝑏

, at different temperatures (400 K, 800 K, 1200 K and 1600 K) 

of all configurations were obtained through eq. (13) and are plotted in Figure 5.14. The convex 

hulls at different temperatures provide information about the stability change of each 
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configuration due to lattice vibration. The phases on the convex hulls at 400 K (Figure 5.14(a) 

are the same as those at 0 K (Figure 5.13). However, Al13Co4 and Al3Co (marked by purple and 

orange symbols) appear on the convex hull at 600 K and 1200 K respectively (Figure 5.14(b) 

and Figure 5.14(c)), which means they are stabilized at high temperature due to lattice 

vibrations. Instead, Al3Co and Al5Co2 are no longer located on the convex hull at 1600 K 

(Figure 5.14(d)). The hcp Co on the convex hull is also replaced by fcc Co at 1200 K. Other 

phases including Al, Al9Co2 and AlCo are still on the convex hull. 

 

Figure 5.14: Formation enthalpies including the configurational occupation and the vibrational entropic 

contribution of all configurations at different temperatures. (a) 400 K. (b) 800 K. (c) 1200 K. (d) 1600 

K. The red symbols stand for the fcc configurations, the black symbols for the bcc configurations, and 

the blue symbols for the hcp configurations. The green, purple, orange and dark blue symbols stand for 

Al9Co2, Al13Co4, Al3Co and Al5Co2, respectively. 

 

 Magnetic free energy 

The coupling constants of Co-Co pairs in fcc, bcc and hcp lattices were calculated based on the 

Heisenberg Hamiltonian following eq. (2.12). They are listed in Table 5.3, and compared with 

data available in [255]. The magnetic specific heat Cmag of each configuration at different 
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temperatures was determined from MC simulations of the Heisenberg Hamiltonian, which were 

performed using the VAMPIRE package [244]. They are plotted in Figure 5.15(a), Figure 

5.15(c) and Figure 5.15(e) for bcc, fcc and hcp Co.  

The magnetic specific heat Cmag of each configuration was used to calculate the magnetic 

entropy Smag and magnetic free energy Fmag through eqs. (2.13) and (2.14). The Curie 

temperature TC of pure Co was determined from the peak value of Cmag. They are 1400 K, 1460 

K and 1550 K for bcc Co, fcc Co, and hcp Co, respectively, which are close to the data reported 

in the literature, i.e. 1420 K [255], 1396 K [256], and 1679 K [69]. The Fmag of bcc Co, fcc Co, 

and hcp Co calculated by eq. (2.13) are plotted in Figure 5.15(b), Figure 5.15(d) and Figure 

5.15(f). 

 

Table 5.3: Calculated coupling constants J of nearest-neighbor Co-Co pairs in fcc, bcc and hcp 

lattices. 

Lattice  
J (eV/pair) 

This work Reference 

fcc 0.012241 0.01382 [255] 

bcc 0.019136 0.01848 [255] 

hcp 0.015941 0.01466 [255] 
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Figure 5.15: Magnetic specific heat Cmag and magnetic free energy Fmag of pure Co from MC simulation. 

(a), (b) bcc Co. (c), (d) fcc Co. (e), (f) hcp Co. 

 

 Formation enthalpy including vibrational and magnetic entropy 

Another temperature-dependent CE including the contribution of the configurational 

occupation as well as the vibrational and magnetic entropic contributions was fitted for each 

lattice using the same clusters and the same strategy indicated above. The corresponding ECIs 
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are listed in Table C8, Table C9 and Table C10 in the Annex C. The corresponding mixing 

enthalpies, Hmag, predicted by the CE and those obtained from eq. (2.25) are compared in Figure 

C4, Figure C5 and Figure C6 in the Annex C for bcc, fcc and hcp lattices, respectively, at 

different temperatures. They are in good agreement and the cross-validation scores of bcc, fcc 

and hcp lattices at 400 K are 0.00041 eV/atom, 0.00049 eV/atom and 0.0005 eV/atom, 

respectively, while they are 0.00718 eV/atom, 0.0113 eV/atom and 0.00871 eV/atom at 1600 

K.  

The formation enthalpies including the contribution of the configurational occupation as well 

as the vibrational and magnetic entropy, 𝐻𝑓
𝑐𝑜𝑛𝑓+𝑣𝑖𝑏+𝑚𝑎𝑔

, at different temperatures (400 K, 800 

K, 1200 K and 1600 K) of all configurations were obtained through eq. (5.8) and are plotted in 

Figure 5.16. The ground states located on the convex hull at different temperatures are the same 

as those in Figure 5.14 at each temperature.  

 

Figure 5.16: Formation enthalpies including the configurational occupation and the vibrational and 

magnetic entropic contributions of all configurations at different temperatures. (a) 400 K. (b) 800 K. (c) 

1200 K. (d) 1600 K. The red symbols stand for the fcc configurations, the black symbols for the bcc 

configurations, and the blue symbols for the hcp configurations. The green, purple, orange and dark blue 

symbols stand for Al9Co2, Al13Co4, Al3Co and Al5Co2, respectively. 
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 Phase diagram construction 

 Al-Al9Co2 phase boundary 

The Gibbs free energy of fcc Al solid solution was obtained from MC simulations, while the 

formation enthalpy of Al9Co2 obtained from eq. (2.25) at different temperatures was used as its 

Gibbs free energy. Both free energies are plotted in Figure 5.17 at different temperatures. The 

dash line in Figure 5.17(a) shows the common tangent at 900 K, from which the composition 

of each phase at this temperature is determined. The corresponding two-phase region between 

Al and Al9Co2 is plotted in Figure 5.17(b) as a dashed line and the whole Al-Al9Co2 phase 

boundary was obtained following this procedure and is plotted in Figure 5.17(b). The melting 

point of Al is 933 K [257], so the Al-Al9Co2 two-phase region is determined below this 

temperature.  

 

Figure 5.17: (a) Gibbs free energies of Al and Al9Co2 at different temperatures. (b) Al-Al9Co2 phase 

boundary. 

 

 Al9Co2-Al13Co4, Al13Co4-Al3Co and Al3Co-Al5Co2 phase boundaries 

All other stables phases in the Al-rich part of the phase diagram have complex crystal structures. 

Their Gibbs free energy at different temperatures only include the vibrational and magnetic 

entropic contributions and they are shown in Figure 5.18(a) and (b). From Figure 5.18(a), 

Al13Co4 is unstable below 700 K (Figure 5.18(a)) and the Al9Co2-Al13Co4 phase boundary above 

700 K was determined and shown in Figure 5.18(c). Similar to Al13Co4, Al3Co is metastable 

below 690 K, so the Al13Co4-Al3Co phase boundary above 690 K was determined. Al5Co2 

(adjacent to Al3Co) is stable only below 1410 K, so the Al9Co2-Al5Co2 phase boundary below 
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690 K and the Al3Co-Al5Co2 phase boundary between 690 K and 1410 K were determined. The 

Al9Co2-Al13Co4-Al3Co-Al5Co2 phase boundaries are plotted in Figure 5.18(c) as a function of 

temperature  

 

 Figure 5.18: Gibbs free energies of Al9Co2, Al13Co4, Al3Co, Al5Co2 and AlCo at 700 K (a) and 1400 

(b). (c) Al9Co2-Al13Co4-Al3Co-Al5Co2 phase boundary.  

 

 Al5Co2-AlCo phase boundary 

The other adjacent stable phase to Al5Co2 is AlCo, with a bcc lattice. The Gibbs free energies 

of Al5Co2 and AlCo are plotted in Figure 5.19(a) as a function of temperature. The dash line in 

Figure 5.19(a) shows the common tangent between their Gibbs free energy at 1200 K, from 

which the composition of each phase at this temperature is determined and shown by a dashed 

line in Figure 5.19(b). The Al5Co2-AlCo two-phase region was obtained following this 

procedure at different temperatures and is plotted in Figure 5.19(b). There is no common 

tangent between them above 1410 K, which means that they become solid solutions.  
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 Figure 5.19: (a) Gibbs free energies of Al5Co2 and AlCo at different temperatures. (b) Al5Co2-AlCo 

phase boundary. 

 

 AlCo-Co phase boundary  

The AlCo-Co phase boundary was determined by the common tangent of their Gibbs free 

energies. The Gibbs free energies of hcp Co and fcc Co at different temperatures are firstly 

compared in Figure 5.20(a), where the solid line represents the Gibbs free energy of hcp Co and 

the dashed line represents that of fcc Co. The Gibbs free energy of hcp Co is lower than that of 

fcc Co below 1000 K, which means AlCo is in equilibrium with hcp Co below this temperature 

but with fcc Co above 1000 K.  

The Gibbs free energies between AlCo and hcp Co below 1000 K are shown in Figure 5.20(b). 

The dash line in Figure 5.20(b) shows the common tangent at 700 K, from which the 

composition of each phase is determined. This strategy was used to obtain the two-phase region 

between AlCo and hcp Co at different temperatures, which is depicted by the solid line in Figure 

5.20(d). The Gibbs free energies between AlCo and fcc Co above 1000 K are shown in Figure 

5.20(c), from which the composition of each phase is determined. Then the two-phase region 

between AlCo and fcc Co was obtained as a function of temperature and is depicted by the 

dashed line in Figure 5.20(d). AlCo and fcc Co become solid solution above 1650 K. 
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Figure 5.20: (a) Gibbs free energies of hcp (solid line) and fcc (dashed line) Co at different temperatures. 

(b) Gibbs free energies of AlCo and hcp Co below 1000 K. (c) Gibbs free energies of AlCo and fcc Co 

above 1000 K. (d) AlCo and hcp Co and fcc Co phase boundary. 

 

 AlCo-bcc Co metastable phase boundary 

Even though the bcc Co is less stable than fcc Co or hcp Co at all temperatures, it has been 

reported that the metastable bcc Co and AlCo can coexist in Al-Co binary alloy at 515~600 ℃ 

but it will transform into the hcp Co as a result of aging [128]. This metastable two-phase region 

was also observed in Al-Co-Fe alloys above 800 ℃. Kamiya et al. [258] ascribed the reason for 

the formation of the bcc Co to chemical and magnetic ordering. Both bcc Co and AlCo share 

the same bcc lattice, and their phase boundary was obtained by the intersection of their grand 

potentials obtained at increasing and decreasing ∆µ. Their grand potentials at 650 K are plotted 

as a function of ∆𝜇 in Figure 5.21(a). The black curve corresponds to AlCo by increasing ∆𝜇, 

while the red one is obtained from bcc Co by decreasing ∆𝜇 . ∅AlCo < ∅𝐶𝑜  on the left of the 

intersection, indicating that AlCo is more stable. ∅AlCo> ∅𝐶𝑜 on the right and bcc Co is more 

stable in this region. The intersection is mapped onto the conjugated composition of AlCo and 
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bcc Co, which is shown in Figure 5.21(b). The composition of AlCo and bcc Co at 600 K was 

determined and is shown by the dashed line in Figure 5.21(c). This procedure was repeated at 

different temperatures and the whole phase boundary was built. Above 930 K, the grand 

potentials for AlCo and bcc Co overlap, indicating that they become a solid solution. 

 

Figure 5.21: (a) Grand potentials of bcc AlCo and bcc Co as a function of chemical potential ∆µ at 650 

K. (b) Conjugated composition as a function of chemical potential at 650 K. (c) Metastable phase 

boundary between AlCo and bcc Co. 

 

 Magnetic phase transition 

The Cmag of the solid solutions with different Co contents as a function of temperature are 

plotted in Figure 5.22(a). Cmag of each solid solution has a clear peak at certain temperature, 

which corresponds to the TC at the given content. It is obvious that TC moves to higher values 

as Co content increases. The phase boundary between the ferro-magnetic (FM) and para-

magnetic (PM) states is represented by TC, which is plotted in the Figure 5.22(b), together with 

the experimental results [259] and those calculated using Calphad [260]. It is shown that the 
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experimental results and Calphad results are consistent, while our results exhibit a TC difference 

with maximum of about 200 K, which may be caused because magnetic interactions between 

next-nearest neighbor atoms was not taken into account in our work [261]. From the 

experimental viewpoint, TC is typically determined from the magnetic susceptibility or the 

hysteresis loop [262]. However, several factors may contribute to uncertainties in the 

experimental determination of TC, including the inhomogeneity of the sample, uneven 

distribution of local magnetic moments [263], and drastic fluctuations in magnetic behavior 

near the TC [264]. Additionally, the magnitude and direction of the external magnetic field may 

influence the magnetic response of materials [265], further affecting the experimental accuracy 

of the Curie temperature determination. It should be also noted that the good agreement of 

Calphad predictions with the experimental values maybe partially attributed to the fitting 

strategy [266]. This strategy is highly dependent on the reliability of the physical models and 

accurate experimental measurements. Given the very limited number of discrete experimental 

data as shown in Figure 5.22(b), the differences between our results and the experimental data 

show the need of more experiments to assess the accuracy of our predictions.  

 

 

Figure 5.22: Magnetic specific heat and Curie temperature with different compositions. (a) Magnetic 

specific heat, Cmag, of hcp Co solid solutions with different compositions as a function of temperature. 

(b) Curie temperature as a function of Co content. 
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 Discussion 

 Comparison with the experimental phase diagram 

The solid region of the Co-Al phase diagram was built by integrating the phase boundaries 

between adjacent phases and is plotted in Figure 5.23 with the red lines. The thin dashed black 

lines stand for the experimental phase diagram while the thick dashed black lines stand for the 

experimental liquidus and solidus curves, that cannot be captured with our strategy [267]. 

Overall, the calculated phase diagram is in excellent agreement with the experimental one, 

demonstrating the capabilities of the methodology used in this paper to determine the 

thermodynamic properties of unknow phases, including the contributions from configuration, 

lattice vibration and magnetism. The calculated Al-Al9Co2 two-phase region is superposed to 

the experimental ones up to 930 K. The predicted maximum solubility of Co in α-Al is 3.76 

at.% at 930 K while that obtained from the experimental phase diagram is 3.2% [268]. The 

Al9Co2-Al13Co4 two-phase region exists in the range between 700 K and 1240 K, while 

Al13Co4-Al3Co two-phase region exists at temperatures higher than 1350 K. It should be noted 

that the line compounds Al13Co4 and Al3Co in the experimental phase diagram are present at 

room temperature, while they exist only at high temperature in the calculated one. This 

difference reflects a limitation of the experimental technique, where the compounds are created 

by melting at high temperature and progressively cooled down. These complex compounds are 

formed at high temperature, and they will not disappear at room temperature (even though they 

are metastable) because of the sluggish kinetics. Moreover, Fleischer et al. [254] studied the 

stability of the Al13Co4 and Al3Co using experiments and first-principles calculations. They 

found that the enthalpies of Al13Co4 and Al3Co are higher than those of the Al5Co2-Al9Co2 tie-

line according to first-principles calculations, but they appeared at high temperature in the 

experiments. This behavior can be rationalized by our results that the lattice vibrations play a 

crucial role in the high-temperature stability of Al13Co4 and Al3Co. 

The Al5Co2-AlCo two phase region shows that they can coexist at 1410 K. The minimum 

composition of Co in AlCo is 49.01 at.% at 1410 K, which is slightly higher than the one 

reported experimentally (48.2 at.%) . In the Co-rich part, the predicted transition temperature 

from hcp to fcc Co is 1000 K, which is higher than the experimental value of 700 K, but lower 

than the previously reported theoretical value 1274 K [269]. This discrepancy may mainly come 

from other contributions to the free energy (such as electronic excitations) that were not 

considered in our analysis. The phase boundary between AlCo and the metastable bcc Co was 
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also determined in our work, and it was found that they can coexist below 930 K. Overall, the 

AlCo-Co phase boundary basically coincides with the experimental phase diagram. Moreover, 

the Curie temperature, which is difficult to obtain through experiments, can be obtained by MC 

simulations.  

 

Figure 5.23: Comparison of the experimental Co-Al phase diagram [267] (dashed black lines) with those 

obtained from first-principles calculations (red lines). The thick black dashed lines stand for the liquidus 

and solidus curves. 

 

 Influence of vibrational and magnetic contributions 

Another version of the Co-Al phase diagram was obtained following the same methodology but 

neglecting the effect of magnetic contribution is neglected. The corresponding phase boundaries 

between each two adjacent phases are depicted in Figure C7 to Figure C8 in the Annex C. The 

whole phase diagram is plotted in Figure 5.24(a). It is obvious that neglecting magnetic 

contribution leads to few changes, that are only relevant in the Co-rich region of the phase 

diagram. 

Similarly, the Co-Al phase diagram only considering the configurational contribution is 

obtained following the same methodology by neglecting both magnetic and vibrational effects. 

The corresponding phase boundaries between each two adjacent phases are depicted in Figure 

C9 to Figure C12 in the Annex C. The whole phase diagram is plotted in Figure 5.24(b) with 

the blue lines. It is very similar to the one in Figure 5.23 at low temperatures, but there are large 
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discrepancies at higher temperatures. Al3Co4 and Al3Co phases do not appear in the phase 

diagram and the phase transition from hcp→ fcc Co is not detected. Figure 5.24(a) and Figure 

5.24(b) indicate that the effect of magnetic entropy is lower than that of vibrational entropy. 

 

Figure 5.24: (a) Comparison of the experimental Co-Al phase diagram [267] (dashed black lines) with 

that calculated phase diagram including only configurational and vibrational entropic contributions 

(purple lines). (b) Idem compared with the calculated phase diagram including only configurational 

entropic contributions (blue lines). The thick black dashed lines stand for the liquidus and solidus curves. 
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 Conclusions 

The phase diagram of the Co-Al system was predicted by means of first principles simulations 

and statistical mechanics. The phases on the Al-rich part - with the exception of Al - can be 

treated as line compounds, the Gibbs free energies of these phases were determined by 

formation enthalpy at 0 K and vibrational free energy at different temperatures. While the 

phases on the Al-rich part configurations can be treated as configurations existing on fcc, bcc 

or hcp lattices, with the atomic sites accommodating Al and Co atoms. The temperature-

dependent mixing enthalpies of the configurations in each lattice were approximated by the 

cluster expansion formalism, including the effect of vibrational entropy which was calculated 

from the corresponding length-stiffness relationships and of magnetic entropy which was 

calculated from the Heisenberg model MC simulation. The thermodynamic grand potential of 

each phase and the Gibbs free energy were calculated from MC simulations and used to predict 

the phase diagram. 

Five ground state phases were found at 0 K, namely Al, Al9Co2, Al5Co2, AlCo, and hcp Co. 

Among them, Al9Co2 and Al5Co2were line compounds. Two high temperature phases, Al13Co4 

and Al3Co, appeared on the convex hull after considering the vibrational entropic effect, and 

Co transformed from hcp to fcc crystal structure. Magnetic entropic contribution to free energy 

is smaller than vibrational entropy because the transition temperature of Co from hcp to fcc is 

only slightly changed. The predicted phase diagram was in excellent agreement with the current 

experimentally accepted Co-Al phase diagram. It not only provided accurate predictions of the 

two-phase boundaries, critical equilibrium temperatures and solubility of the phases, also 

predicted the Curie temperature of fcc solid solution with different Co composition and 

provided the PM-FM phase boundaries. In addition, the prediction of a metastable two-phase 

(AlCo-bcc Co) region fills the gap in the current Co-Al phase diagram. 

Predictions of the phase diagram were carried out by neglecting the effect of magnetic and of 

vibrational entropy. It was found that neglecting magnetic contribution only leads to few 

changes, that are only relevant in the Co-rich region of the phase diagram. While vibrational 

entropy is necessary to predict accurately the phase boundaries and the critical equilibrium 

temperatures for high temperature phases (Al13Co4 and Al3Co) and AlCo-Co two phase region. 

Data availability 

The computational data generated in this chapter can be found at 

https://zenodo.org/doi/10.5281/zenodo.12509680. 
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 Conclusions and Future work 

 Conclusions 

The main conclusions of the results presented in this thesis are the following: 

• It has been demonstrated that the solid-state region of the phase diagrams of binary metallic 

alloys can be accurately predicted through the combination of first-principles calculations with 

statistical mechanics principles.  

• First principles calculations provide information about the stable phases at 0 K while different 

statistical and quantum mechanics strategies are used to include the entropic contributions to 

the free energy at finite temperatures. In particular, the cluster expansion methodology together 

with MC simulations can be used to predict the configurational entropic contribution. Similarly, 

the bond length vs bond stiffness relationships for each type of bond in each lattice provides an 

accurate and computationally efficient route to determine the vibrational entropic contribution. 

Finally, the Heisenberg model was used to obtain the magnetic contribution to the free energy. 

To this end, a Heisenberg Hamiltonian reflecting the magnetic interactions among atoms is 

obtained from first principles calculations and the magnetic specific heat of each phase at 

different temperature is determined by means of MC simulations based on the Heisenberg 

Hamiltonian. The Curie temperature is given by the peak value of the magnetic specific heat, 

while the magnetic entropy is obtained by integrating the magnetic specific heat with respect 

to the temperature. 

• The information of first principles calculations is useful to find the stable phases at low 

temperatures but it may lead to significant errors at temperatures above 300K and it cannot 

capture the presence of metastable phases as well as many complex phase transformations. 

Vibrational entropic contributions are necessary to obtain accurate predictions of the phase 

diagrams at higher temperatures. Moreover, if one or both phases are magnetic, the 

contributions of magnetic enthalpy and entropy should be included. The latter is critical to 

predict accurately magnetic phase transitions. 

 Future work 

• The methodology presented in this thesis is restricted to the solid-state region of the phase 

diagram. An obvious development is to combine this methodology with the information 

available in by Calphad databases for the free energies in the liquid region of the phase diagram 
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to predict the whole phase diagram including the solidus and liquidus lines as well as the liquid-

to-solid phase transitions (e.g. eutectic). 

• The Calphad methodology uses thermodynamic databases in combination with different 

approximations to calculate the phase diagram. Incorporating the accurate thermodynamic 

information obtained with the methodology developed in this thesis into Calphad databases 

may lead to improvements in Calphad predictions. 

• It is currently recognized that multi-principal elements alloys offer a huge potential for many 

engineering applications. The experimental exploration of the phase diagrams of these alloys is 

extremely costly because of the large number of potential compositions. This fact also limits 

the application of the Calphad methodology, whose thermodynamic databases are usually 

obtained from experiments. Moreover, the accuracy of the Calphad predictions for binary and 

ternary systems is often the result of the fitting strategy but this success is not guaranteed in the 

case of extrapolations to more complex alloys. Within this scenario, the accurate 

thermodynamic properties that can be obtained for binary -and even ternary- systems using the 

methodology presented in this thesis may be used as input to predict the phase diagrams of 

multi-principal element alloys in combination with the Calphad methodology. 
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Annex A. Al-Li phase diagram 

A.1. Effective cluster interaction parameters of the Al-Li system 

All the ECIs including configurational, lattice vibrational effects in the bcc and fcc Al-Li system 

at different temperatures are listed in Tables A1-A4, which were used as input for the MC 

simulations to obtain the thermodynamic information of each phase in the Al-Li phase diagram.  

Table A1: ECIs for fcc lattice in the Al-Li system at 0 K  

cluster labels multiplicity coordinates 
Cluster 

diameter 
ECI (eV/atom) 

empty 1 1   -0.053444 

point 1 1 1, 1, 1  -0.037194 

pair 

1 6 
1, 1, 1 

2.839478 0.0119263 
0.5, 1, 1.5 

2 3 
1, 1, 1 

4.015628 -0.000911667 
0, 1, 1 

3 12 
1, 1, 1 

4.918120 0.00218533 
0, 1.5, 1.5 

4 6 
1, 1, 1 

5.678956 0.003422 
0, 1, 2 

5 12 
1, 1, 1 

6.349265 -0.00188567 
-0.5, 1, 1.5 

triplet 

1 8 

1, 1, 1 

2.839478 -2.325e-05 0.5, 1, 1.5 

1, 1.5, 1.5 

2 12 

1, 1, 1 

4.015628 0.00256133 0.5, 1, 1.5 

0, 1, 1 

3 24 

1, 1, 1 

4.918120 0.00022425 1, 1.5, 1.5 

0, 1.5, 1.5 
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4 24 

1, 1, 1 

4.918120 -0.000949917 0.5, 1, 1.5 

0, 1.5, 1.5 

5 24 

1, 1, 1 

4.918120 -0.0002015 0.5, 0.5, 1 

0, 1.5, 1.5 

6 24 

1, 1, 1 

4.918120 6e-06 1, 1, 2 

0, 1.5, 1.5 

7 8 

1, 1, 1 

4.918120 0.0007125 0.5, 2, 0.5 

0, 1.5, 1.5 

8 48 

1, 1, 1 

5.678956 0.000828708 1, 1.5, 1.5 

0, 1, 2 

9 6 

1, 1, 1 

5.678956 -0.00139467 0.5, 1, 1.5 

0, 1, 2 

10 12 

1, 1, 1 

5.678956 -0.000433833 0, 1, 1 

0, 1, 2 

11 24 

1, 1, 1 

5.678956 -0.0003745 0.5, 2, 1.5 

0, 1, 2 

12 8 

1, 1, 1 

5.678956 0.00118725 0, 2, 1 

0, 1, 2 
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Table A2: ECIs for fcc lattice in the Al-Li system at finite temperatures. 

cluster labels 
ECI (eV/atom) 

200 K 400 K 600 K 800 K 1000 K 

empty 1 -0.073514 -0.137534 -0.227284 -0.334264 -0.423134 

point 1 -0.035064 -0.030984 -0.026704 -0.022374 -0.019104 

pair 

1 0.011763 0.0113263 0.0108513 0.0103647 0.00999633 

2 -0.001005 -0.00117833 -0.00136167 -0.00155167 -0.00169167 

3 0.00215033 0.00208367 0.00201367 0.00194283 0.0018895 

4 0.003407 0.00338367 0.003362 0.00334033 0.00332367 

5 -0.00188067 -0.00187233 -0.001864 -0.0018565 -0.00184983 

triplet 

1 3.18E-05 0.00013925 0.000253 0.00036925 0.00045675 

2 0.002498 0.002358 0.00220717 0.00205383 0.001938 

3 0.00023883 0.00027425 0.000313 0.00035217 0.00038217 

4 -0.00100908 -0.00111742 -0.00123075 -0.00134533 -0.001432 

5 -0.000184 -0.00015483 -0.00012442 -9.40E-05 -7.07E-05 

6 -1.53E-05 -5.82E-05 -0.000104 -0.00015067 -0.00018567 

7 0.00073125 0.00075 0.00076625 0.0007825 0.000795 

8 0.00083871 0.00085683 0.00087579 0.00089517 0.00090975 

9 -0.00145633 -0.001578 -0.00170633 -0.00183633 -0.00193467 

10 -0.00045217 -0.00047383 -0.00049467 -0.0005155 -0.00053133 

11 -0.00039283 -0.00043117 -0.00047283 -0.00051367 -0.00054533 

12 0.001201 0.0012285 0.00125725 0.00128725 0.00130975 

 

Table A3: ECIs for bcc lattice in the Al-Li system at 0 K. 

cluster labels multiplicity coordinates 
Cluster 

diameter 
ECI (eV/atom) 

empty 1 1   -0.078929 

point 1 1 1.22474, 0, 0  -0.036415 

pair 1 4 1.22474, 0, 0 2.96771 0.0300775 
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1.63299, 0.57735, 1 

2 3 
1.22474, 0, 0 

3.42682 0.031184367 
0.40825, 0.57735, 1 

3 6 
1.22474, 0, 0 

4.84625 0.008431 
1.22474, -1.73205, -1 

4 12 
1.22474, 0, 0 

5.68273 0.0110165 
1.63299, -1.15470, -2 

5 4 
1.22474, 0, 0 

5.93542 0.0110165 
0.40825, -1.15470, -2 

6 3 
1.22474, 0, 0 

6.85363 0.00492333 
-0.40825, 1.15470, 2 

7 12 
1.22474, 0, 0 

7.46857 0.000735 
0.81650, -2.30940, -2 

8 12 
1.22474, 0, 0 

7.66260 0.00106317 
2.04124, -2.30940, -2 

9 12 
1.22474, 0, 0 

8.39395 -0.0015835 
1.22475, -1.73205, -3 

10 4 
1.22474, 0, 0 

8.90313 -0.0006245 
0, -1.73205, -3 

11 12 
1.22474, 0, 0 

8.90313 -0.000127 
2.44949, -1.73205, -3 

12 6 
1.22474, 0, 0 

9.69250 -0.00199033 
1.22475, -3.46410, -2 

13 24 
1.22474, 0, 0 

10.13666 -0.00251167 
1.63299, -2.88675, -3 

14 12 
1.22474, 0, 0 

10.28045 -0.00272667 
0.40825, -2.88675, -3 

15 3 
1.22474, 0, 0 

10.28045 -0.00321267 
-1.22475, 1.73205, 3 
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16 12 
1.22474, 0, 0 

10.83655 -0.00273 
2.85774, -2.88675, -3 

17 12 
1.22474, 0, 0 

11.23557 -0.00395683 
0.81650, -2.30940, -4 

18 12 
1.22474, 0, 0 

11.36547 -0.0030385 
2.04124, -2.30940, -4 

19 4 
1.22474, 0, 0 

11.87084 -0.002398 
-0.40825, -2.3094, -4 

20 12 
1.22474, 0, 0 

12.23618 -0.000219833 
0.81650, -4.04145, -3 

21 12 
1.22474, 0, 0 

12.23618 -0.0025276 
3.26599, -2.3094, -4 

triplet 

1 12 

1.22474, 0, 0 

3.42682 0.00721517 1.63299, 0.57735, 1 

0.40825, 0.57735, 1 

2 12 

1.22474, 0, 0 

4.84625 -0.000908833 0.81650, -0.57735, -1 

1.22474, -1.73205, -1 

3 12 

1.22474, 0, 0 

4.84625 0.000403 2.04124, -0.57735, -1 

1.22474, -1.73205, -1 

4 8 

1.22474, 0, 0 

4.84625 -4.6e-05 1.22474, 0, -2 

1.22474, -1.73205, -1 

5 24 

1.22474, 0, 0 

5.68273 -0.000131417 0.81650, -0.57735, -1 

1.63299, -1.15470, -2 

6 48 
1.22474, 0, 0 

5.68273 -8.2458e-05 
1.63299, -0.57735, -1 
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1.63299, -1.15470, -2 

7 24 

1.22474, 0, 0 

5.68273 0.00109475 0.40825, -0.57735, -1 

1.63299, -1.1547, -2 

8 12 

1.22474, 0, 0 

5.68273 -0.0005405 
-0.40825, -0.57735, -

1 

1.63299, -1.1547, -2 

9 24 

1.22474, 0, 0 

5.68273 0.000612 2.85774, -0.57735, -1 

1.63299, -1.1547, -2 

10 4 

1.22474, 0, 0 

5.93542 -0.001271 0.8165, -0.57735, -1 

0.40825, -1.1547, -2 

11 24 

1.22474, 0, 0 

5.93542 0.000539083 0, 0, 0 

0.40825, -1.1547, -2 

12 24 

1.22474, 0, 0 

5.93542 -0.00033775 2.04124, -0.57735, -1 

0.40825, -1.1547, -2 

13 24 

1.22474, 0, 0 

5.93542 -0.00038075 2.44949, -1.73205, -1 

0.40825, -1.1547, -2 

14 24 

1.22474, 0, 0 

6.85363 0.00107258 1.63299, 0.57735, 1 

-0.40825, -1.1547, -2 

15 3 

0.40825, 0, 0 

6.85363 0.00666567 1.63299, 0.57735, 1 

-0.40825, -1.1547, -2 

16 12 1.22474, 0, 0 6.85363 0.000590667 
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1.22474, 1.73205, 1 

-0.40825, -1.1547, -2 

17 12 

1.22474, 0, 0 

6.85363 -0.00143033 2.04124, 1.15470, 2 

-0.40825, 1.15470, 2 

18 24 

1.22474, 0, 0 

7.46857 0.000239667 0.8165, -0.57735, -1 

0.8165, -2.30940, -2 

19 24 

1.22474, 0, 0 

7.46857 0.000683 1.63299, -0.57735, -1 

0.8165, -2.3094, -2 

20 48 

1.22474, 0, 0 

7.46857 -0.00100321 2.04124, -0.57735, -1 

0.8165, -2.3094, -2 

21 12 

1.22474, 0, 0 

7.46857 -0.00112617 0.40825, -0.57735, -1 

0.81650, -2.30940, -2 

22 48 

1.22474, 0, 0 

7.46857 -0.000205667 1.22474, 0, -2 

0.8165, -2.3094, -2 

23 24 

1.22474, 0, 0 

7.46857 0.0007845 2.85774, -1.1547, 0 

0.8165, -2.3094, -2 

24 24 

1.22474, 0, 0 

7.46857 -0.000541583 0, 0, -2 

0.8165, -2.3094, -2 

25 48 

1.22474, 0, 0 

7.46857 -0.000285417 2.44949, 0, -2 

0.8165, -2.3094, -2 
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26 48 

1.22474, 0, 0 

7.66260 0.000495958 0.8165, -0.57735, -1 

2.04124, -2.3094, -2 

27 48 

1.22474, 0, 0 

7.66260 -0.00053225 2.44949, 0, 0 

2.04124, -2.3094, -2 

28 24 

1.22474, 0, 0 

7.66260 0.00033625 2.04124, -0.57735, -1 

2.04124, -2.3094, -2 

29 24 

1.22474, 0, 0 

7.66260 -0.000473167 0.40825, -1.1547, 0 

2.04124, -2.3094, -2 

30 48 

1.22474, 0, 0 

7.66260 0.000558708 1.22474, 0, -2 

2.04124, -2.3094, -2 

31 24 

1.22474, 0, 0 

7.66260 -0.000234 -0.40825, -0.57735, 1 

2.04124, -2.3094, -2 

32 12 

1.22474, 0, 0 

7.66260 -0.000888333 2.85774, 0.57735, -1 

2.04124, -2.3094, -2 

33 48 

1.22474, 0, 0 

7.66260 -0.0007825 0, -1.73205, -1 

2.04124, -2.3094, -2 

34 48 

1.22474, 0, 0 

7.66260 0.000349917 0, 0, -2 

2.04124, -2.3094, -2 

35 12 
1.22474, 0, 0 

7.66260 -0.000833667 
-0.40825, -2.30940, 0 
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2.04124, -2.3094, -2 

36 48 

1.22474, 0, 0 

7.66260 -0.000103667 -0.8165, -1.1547, -2 

2.04124, -2.3094, -2 

quadruplet 

1 6 

1.22474, 0, 0 

3.42682 -0.003841 
0.8165, 1.1547, 0 

1.63299, 0.57735, 1 

0.40825, 0.57735, 1 

2 6 

1.22474, 0, 0 

4.84625 -0.000515667 
1.63299, -1.1547, 0 

0.8165, -0.57735, -1 

1.22474, -1.73205, -1 

3 24 

1.22474, 0, 0 

4.84625 -0.000759 
0.8165, -0.57735, -1 

2.04124, -0.57735, -1 

1.22474, -1.73205, -1 

4 3 

1.22474, 0, 0 

4.84625 -0.000747 
0.40825, -1.1547, 0 

2.04124, -0.57735, -1 

1.22474, -1.73205, -1 

5 8 

1.22474, 0, 0 

4.84625 -0.00022375 
0.8165, -0.57735, -1 

1.22474, 0, -2 

1.22474, -1.73205, -1 

6 8 

1.22474, 0, 0 

4.84625 0.00049725 
2.04124, -0.57735, -1 

1.22474, 0, -2 

1.22474, -1.73205, -1 

7 2 
1.22474, 0, 0 

4.84625 -0.001043 

-0.40825, -0.57735, -
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1 

1.22474, 0, -2 

1.22474, -1.73205, -1 

 

Table A4: ECIs for bcc lattice in the Al-Li system at finite temperatures. 

cluster labels 
ECI (eV/atom) 

200 K 400 K 600 K 800 K 1000 K 

empty 1 -0.095069 -0.152049 -0.234429 -0.333949 -0.446349 

point 1 -0.036545 -0.036315 -0.036065 -0.035815 -0.035565 

pair 

1 0.02969 0.02851 0.0271675 0.02578 0.0243725 

2 0.0308443 0.029911 0.028861 0.0277743 0.0266743 

3 0.010618 0.0100047 0.00931633 0.00860633 0.00788967 

4 0.00816683 0.0075335 0.0068285 0.00610267 0.00536767 

5 0.010639 0.009769 0.008814 0.007834 0.0068415 

6 4.84E-03 0.00455 0.00420667 0.00385 0.00348667 

7 0.00057583 0.00025667 -8.58E-05 -0.000435 -0.0007867 

8 0.00100483 0.00088317 0.0007515 0.00061733 0.0004815 

9 -0.0016718 -0.0018152 -0.0019618 -0.0021093 -0.0022568 

10 -0.000682 -0.000727 -0.000757 -0.000782 -0.000807 

11 -7.12E-05 1.80E-05 0.00011133 0.00020467 0.00029883 

12 -0.002007 -0.001967 -0.001907 -0.0018403 -0.001772 

13 -0.0023917 -0.0021033 -0.0017833 -0.0014538 -0.0011204 

14 -0.0026433 -0.0024325 -0.0021958 -0.0019517 -0.0017042 

15 -0.003046 -0.0026993 -0.002326 -0.0019427 -0.0015593 

16 -0.0025742 -0.0022317 -0.001855 -0.0014683 -0.0010783 

17 -0.0038143 -0.0034952 -0.0031452 -0.002786 -0.0024227 

18 -0.0029327 -0.0026835 -0.0024085 -0.0021268 -0.001841 

19 -0.0022205 -0.0018455 -0.001438 -0.001023 -0.000603 

20 -0.0002557 -0.0003115 -0.000369 -0.0004265 -0.000484 
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21 -0.0024318 -0.0022243 -0.0019977 -0.001766 -0.0015327 

triplet 

1 0.00686933 0.00622183 0.00555017 0.00487183 0.00419017 

2 -0.0009213 -0.000968 -0.0010255 -0.0010863 -0.0011488 

3 0.00027133 -1.70E-05 -0.000327 -0.0006437 -0.0009637 

4 -7.85E-05 -0.0001223 -0.0001635 -0.0002035 -0.0002448 

5 9.83E-06 0.00026942 0.00054025 0.00081442 0.00108983 

6 -0.000125 -0.0002252 -0.0003362 -0.0004502 -0.0005656 

7 0.00106892 0.00103892 0.00101225 0.00098683 0.00096142 

8 -0.0005288 -0.0005072 -0.000483 -0.000458 -0.000433 

9 0.00051658 0.00031658 0.00010325 -0.0001143 -0.000333 

10 -0.001346 -0.001611 -0.001921 -0.0022435 -0.0025735 

11 0.00049075 0.00036825 0.00023117 8.95E-05 -5.34E-05 

12 -0.0003161 -0.0002994 -0.0002886 -0.000279 -0.0002698 

13 -0.0003966 -0.0004258 -0.0004553 -0.0004849 -0.0005145 

14 0.00108092 0.00110217 0.00112717 0.00115258 0.00117842 

15 0.00729567 0.00857567 0.00994567 0.0113423 0.0127457 

16 0.00055067 0.00047233 0.0003915 0.00030983 0.00022817 

17 -0.0014287 -0.0014345 -0.0014428 -0.001452 -0.0014612 

18 0.00025008 0.000258 0.00026092 0.000263 0.00026425 

19 0.00071217 0.00079217 0.00088175 0.00097467 0.00106842 

20 -0.001004 -0.0010276 -0.0010595 -0.0010936 -0.0011288 

21 -0.0010553 -0.0008945 -0.0007178 -0.000537 -0.0003545 

22 -0.0001588 -5.46E-05 5.98E-05 0.00017704 0.00029558 

23 0.00082658 0.0009545 0.00110117 0.00125367 0.00140867 

24 -0.0005145 -0.0004416 -0.0003591 -0.0002737 -0.0001874 

25 -0.0002785 -0.0002671 -0.0002554 -0.0002438 -0.0002323 

26 0.00058763 0.00077804 0.000982 0.00118971 0.00139887 

27 -0.0005354 -0.0005641 -0.0006 -0.0006377 -0.0006764 

28 0.00044917 0.00066667 0.000895 0.00112667 0.00135958 
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29 -0.0005036 -0.0005573 -0.0006119 -0.0006673 -0.0007228 

30 0.00055704 0.00057163 0.00059142 0.00061267 0.00063454 

31 -0.0002103 -0.0001407 -6.07E-05 2.27E-05 0.00010725 

32 -0.0010175 -0.0012975 -0.0016017 -0.0019125 -0.0022267 

33 -0.0008267 -0.0009033 -0.0009823 -0.0010619 -0.0011415 

34 0.00035575 0.00037971 0.00040846 0.00043867 0.0004695 

35 -0.0009303 -0.001147 -0.0013828 -0.0016237 -0.0018662 

36 -0.0001412 -0.0002233 -0.000312 -0.0004024 -0.0004937 

quadruplet 

1 -0.0037927 -0.003686 -0.0035727 -0.0034543 -0.0033377 

2 -0.000509 -0.000474 -0.0004323 -0.0003873 -0.0003423 

3 -0.0007586 -0.0007544 -0.0007486 -0.0007432 -0.0007369 

4 -0.000747 -0.000747 -0.0007437 -0.000737 -0.0007337 

5 -0.00024 -0.0002688 -0.0003 -0.0003325 -0.0003638 

6 0.0005185 0.00055475 0.000591 0.0006285 0.000666 

7 -0.000988 -0.000908 -0.000838 -0.000763 -0.000693 
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Annex B. Ni-Al phase diagram 

B.1. Effective cluster interaction parameters of the Ni-Al system  

All the ECIs including configurational, lattice vibrational effects in the bcc, fcc and bcc with 

vacancies of the Ni-Al system at different temperatures are listed in Tables B1-B6, which were 

used as input for the MC simulations to obtain the thermodynamic information of each phase 

in the Ni-Al phase diagram.  

Table B1: ECIs of bcc lattices in the Al-Ni system at 0 K 

Cluster labels Coordinates 
Distance 

diameter (Å) 
Multiplicity 

ECI (eV/atom) 

0 K 

empty 1   1 -0.536221 

point 1 1, 1, 1  1 -0.106706 

pair 

1 
1, 1, 1 

2.501 4 0.068450 
0, 0, 2 

2 
1, 1, 1 

2.8879 3 0.060560 
1, 1, 3 

3 
1, 1, 1 

4.08411 6 0.017292 
-1, -1, 1 

4 
1, 1, 1 

4.78904 12 0.001389 
-2, 0, 0 

5 
1, 1, 1 

5.0019 4 0.009526 
-1, -1, -1 

6 
1, 1, 1 

5.7758 3 -0.015615 
-3, 1, 1 

7 
1, 1, 1 

6.29404 12 -0.000058 
-3, 1, 1 

8 
1, 1, 1 

6.45755 12 -0.007132 
-2, -2, 0 

9 1, 1, 1 7.07389 12 0.005085 
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-3, 1, -1 

10 
1, 1, 1 

7.50299 12 -0.002332 
3, 3, 5 

11 
1, 1, 1 

7.50299 4 0.009660 
0, 6, 2 

12 
1, 1, 1 

8.16822 6 0.016470 
-3, -3, 1 

triplet 

1 

1, 1, 1 

2.8879 12 0.001522 0, 0, 2 

1, 1, 3 

2 

1, 1, 1 

4.08411 12 0.009249 0, 0, 0 

-1, -1, 1 

3 

1, 1, 1 

4.08411 12 -0.003006 -1, 1, 1 

-1, -1, 1 

4 

1, 1, 1 

4.08411 8 -0.003303 -1, 1, -1 

-1, -1, 1 

5 

1, 1, 1 

4.78904 24 0.003971 0, 0, 0 

-2, 0, 0 

6 

1, 1, 1 

4.78904 48 0.000168 0, 0, 2 

-2, 0, 0 

7 

1, 1, 1 

4.78904 24 0.000654 1, -1, 1 

-2, 0, 0 

8 1, 1, 1 4.78904 12 0.002330 
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1, -1, -1 

-2, 0, 0 

9 

1, 1, 1 

4.78904 24 -0.002955 -1, 1, 3 

-2, 0, 0 

10 

1, 1, 1 

5.00199 4 -0.015857 0, 0, 0 

-1, -1, -1 

11 

1, 1, 1 

5.00199 24 -0.002136 0, 0, 2 

-1, -1, -1 

12 

1, 1, 1 

5.00199 24 0.002624 -1, 1, 1 

-1, -1, -1 

13 

 

1, 1, 1 

5.00199 24 0.003667 -2, 0, 2 

-1, -1, -1 

14 

1, 1, 1 

5.7758 24 -0.000098 0, 0, 0 

-3, 1, 1 

15 

1, 1, 1 

5.7758 3 0.005902 -1, 1, 1 

-3, 1, 1 

16 

1, 1, 1 

5.7758 12 -0.005653 -1, -1, 1 

-3, 1, 1 

17 

1, 1, 1 

5.7758 12 -0.000309 -1, -1, -1 

-3, 1, 1 
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quadruplet 

1 

1, 1, 1 

2.8879 6 0.005362 
0, 2, 2 

0, 0, 2 

1, 1, 3 

2 

1, 1, 1 

4.08411 6 -0.019951 
0, 0, 2 

0, 0, 0 

-1, -1, 1 

3 

1, 1, 1 

4.08411 24 -0.001397 
0, 0, 0 

-1, 1, 1 

-1, -1, 1 

4 

1, 1, 1 

4.08411 3 -0.012617 
1, -1, 1 

-1, 1, 1 

-1, -1, 1 

5 

1, 1, 1 

4.08411 8 0.008030 
0, 0, 0 

-1, 1, -1 

-1, -1, 1 

6 

1, 1, 1 

4.08411 8 -0.005589 
-1, 1, 1 

-1, 1, -1 

-1, -1, 1 

7 

1, 1, 1 

4.08411 2 0.003141 

1, -1, -1 

-1, 1, -1 

-1, -1, 1 
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Table B2: ECIs of fcc lattices in the Al-Ni system at 0 K 

Cluster labels Coordinates 
Distance 

(Å) 
Multiplicity 

ECI (eV/atom) 

FM NM 

0 K 0 K 

empty 1   1 -0.38946 -0.41920 

point 1 2, 2, 2  1 -0.09944 -0.13238 

pair 

1 
2, 2, 2 

2.83948 6 0.079566 0.078082 
1, 2, 3 

2 
2, 2, 2 

4.01563 3 -0.00427 -0.00607 
0, 2, 2 

3 
2, 2, 2 

4.91812 12 0.010493 0.009504 
0, 3, 3 

4 
2, 2, 2 

5.67896 6 0.006547 0.006013 
0, 2, 4 

5 
2, 2, 2 

6.34927 12 -0.00063 1.8E-05 
-1, 2, 3 

6 
2, 2, 2 

6.95527 4 -0.00314 -0.00338 
0, 4, 4 

7 
2, 2, 2 

7.51255 24 0.000044 1.7E-05 
-1, 3, 4 

8 
2, 2, 2 

8.03126 3 -0.00238 -0.00182 
2, 2, 6 

9 
2, 2, 2 

8.51843 12 -0.00237 -0.00216 
1, 1, 6 

10 
2, 2, 2 

8.51843 6 -0.00188 -0.00205 
-1, -1, 2 

11 
2, 2, 2 

8.97922 12 0.000567 0.000667 
0, 2, 6 

12 2, 2, 2 9.41748 12 0.000637 0.000545 
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-1, -1, 4 

13 

 

2, 2, 2 
9.83624 12 0.001303 0.001387 

0, 0, 6 

14 
2, 2, 2 

10.23788 24 0.000784 0.000793 
-2, -1, 3 

15 
2, 2, 2 

10.23788 12 -0.00121 -0.00102 
-3, 1, 2 

16 
2, 2, 2 

10.99725 24 -0.00158 -0.00152 
0, 7, 1 

17 
2, 2, 2 

11.35791 6 -0.00058 -0.00057 
2, 6, 6 

18 
2, 2, 2 

11.70747 12 -0.00010 -3.5E-05 
5, -1, 6 

19 
2, 2, 2 

11.70747 12 -0.00016 -7.3E-05 
-3, 2, 5 

20 
2, 2, 2 

12.04688 12 -0.00110 -0.00098 
-2, 4, 6 

21 
2, 2, 2 

12.04688 3 0.000499 0.000479 
-4, 2, 2 

22 
2, 2, 2 

12.377 12 -0.00138 -0.00111 
-4, 1, 3 

23 
2, 2, 2 

12.377 24 -0.00044 -0.00018 
4, -3, 5 

24 
2, 2, 2 

12.69853 12 -0.00047 -0.0005 
0, 2, 8 

25 
2, 2, 2 

13.01212 24 -0.00028 -0.00014 
-3, 1, 6 

triplet 1 
2, 2, 2 

2.83948 8 0.010914 0.011659 
1, 2, 3 
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2, 3, 3 

2 

2, 2, 2 

4.01563 12 0.000661 0.000703 1, 2, 3 

0, 2, 2 

3 

2, 2, 2 

4.91812 24 0.001312 0.001398 2, 3, 3 

0, 3, 3 

4 

2, 2, 2 

4.91812 24 -0.00038 -0.00034 1, 2, 3 

0, 3, 3 

5 

2, 2, 2 

4.91812 24 0.001411 0.001226 1, 1, 2 

0, 3, 3 

6 

2, 2, 2 

4.91812 24 -0.00100 -0.00092 2, 2, 4 

0, 3, 3 

7 

2, 2, 2 

4.91812 8 -0.00047 -0.00068 1, 4, 1 

0, 3, 3 

8 

2, 2, 2 

5.67896 48 0.000910 0.000824 2, 3, 3 

0, 2, 4 

9 

2, 2, 2 

5.67896 6 -0.00591 -0.00623 1, 2, 3 

0, 2, 4 

10 

2, 2, 2 

5.67896 12 -0.00110 -0.00099 0, 2, 2 

0, 2, 4 

11 2, 2, 2 5.67896 12 0.000274 0.000137 
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1, 4, 3 

0, 2, 4 

12 

2, 2, 2 

5.67896 8 -0.00131 -0.00114 0, 4, 2 

0, 2, 4 

13 

 

2, 2, 2 

6.34927 24 0.000867 0.00051 2, 3, 3 

-1, 2, 3 

14 

2, 2, 2 

6.34927 24 0.000553 0.000687 1, 2, 3 

-1, 2, 3 

15 

2, 2, 2 

6.34927 48 0.000187 0.000345 1, 3, 2 

-1, 2, 3 

16 

2, 2, 2 

6.34927 24 0.000081 0.000162 1, 2, 1 

-1, 2, 3 

17 

2, 2, 2 

6.34927 12 -0.00125 -0.00128 2, 2, 4 

-1, 2, 3 

18 

2, 2, 2 

6.34927 48 -0.00011 8.1E-05 1, 1, 4 

-1, 2, 3 

19 

2, 2, 2 

6.34927 48 -0.00008 0.000127 1, 4, 3 

-1, 2, 3 

20 

2, 2, 2 

6.34927 12 -0.00096 -0.00101 0, 2, 0 

-1, 2, 3 
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quadruplet 

1 

2, 2, 2 

2.83948 2 0.006766 0.00668 
1, 3, 2 

1, 2, 3 

2, 3, 3 

2 

2, 2, 2 

4.01563 12 0.000899 0.000928 
1, 3, 2 

1, 2, 3 

0, 2, 2 

3 

2, 2, 2 

4.01563 3 -0.00721 -0.00715 
1, 2, 1 

1, 2, 3 

0, 2, 2 

4 

2, 2, 2 

4.91812 48 -0.00084 -0.00088 
1, 2, 3 

2, 3, 3 

0, 3, 3 

5 

2, 2, 2 

4.91812 48 -0.00110 -0.00119 
1, 1, 2 

2, 3, 3 

0, 3, 3 

6 

2, 2, 2 

4.91812 12 -0.00503 -0.00489 
1, 3, 2 

1, 2, 3 

0, 3, 3 

7 

2, 2, 2 

4.91812 24 -0.00059 -0.00031 
1, 1, 2 

1, 2, 3 

0, 3, 3 

8 2, 2, 2 4.91812 48 0.000906 0.000781 
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1, 2, 1 

1, 2, 3 

0, 3, 3 

9 

2, 2, 2 

4.91812 8 -0.00079 -0.00067 
1, 2, 1 

1, 1, 2 

0, 3, 3 

10 

2, 2, 2 

4.91812 6 0.002073 0.001989 
2, 3, 3 

0, 2, 2 

0, 3, 3 

11 

2, 2, 2 

4.91812 24 0.000167 0.000452 
2, 3, 3 

2, 2, 4 

0, 3, 3 

12 

2, 2, 2 

4.91812 24 0.001800 0.001821 
1, 2, 3 

2, 2, 4 

0, 3, 3 

13 

2, 2, 2 

4.91812 48 -0.00023 -0.00021 
1, 1, 2 

2, 2, 4 

0, 3, 3 

14 

2, 2, 2 

4.91812 8 0.001816 0.001926 
1, 3, 2 

1, 4, 1 

0, 3, 3 

15 
2, 2, 2 

4.91812 12 0.000292 0.000491 
2, 4, 2 
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1, 3, 4 

0, 3, 3 

16 

2, 2, 2 

4.91812 6 0.000884 0.000616 
2, 4, 2 

0, 3, 1 

0, 3, 3 

17 

2, 2, 2 

5.67896 48 -0.00189 -0.00177 
1, 2, 3 

2, 3, 3 

0, 2, 4 

18 

2, 2, 2 

5.67896 24 -0.00119 -0.00140 
1, 3, 2 

2, 3, 3 

0, 2, 4 

19 

2, 2, 2 

5.67896 24 0.000493 0.000543 
2, 1, 3 

2, 3, 3 

0, 2, 4 

20 

2, 2, 2 

5.67896 24 -0.00022 -0.00022 
1, 1, 2 

2, 3, 3 

0, 2, 4 

21 

2, 2, 2 

5.67896 48 -0.00022 -0.00032 
2, 3, 3 

0, 2, 2 

0, 2, 4 

22 

2, 2, 2 

5.67896 12 0.002555 0.002768 1, 2, 3 

0, 2, 2 
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0, 2, 4 

23 

2, 2, 2 

5.67896 48 -0.00048 -0.00042 
1, 3, 2 

0, 2, 2 

0, 2, 4 

24 

2, 2, 2 

5.67896 3 0.001308 0.001276 
2, 2, 4 

0, 2, 2 

0, 2, 4 

25 

2, 2, 2 

5.67896 24 0.000130 0.000359 
2, 3, 3 

0, 3, 3 

0, 2, 4 

26 

2, 2, 2 

5.67896 24 0.001853 0.002072 
1, 3, 2 

0, 3, 3 

0, 2, 4 

27 

2, 2, 2 

5.67896 12 -0.00050 -0.00047 
2, 1, 3 

0, 3, 3 

0, 2, 4 

28 

2, 2, 2 

5.67896 24 0.000629 0.000773 
1, 1, 2 

0, 3, 3 

0, 2, 4 

29 

2, 2, 2 

5.67896 48 
 

-0.00008 
-0.00013 

1, 4, 3 

0, 3, 3 

0, 2, 4 
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30 

2, 2, 2 

5.67896 12 -0.00090 -0.00084 
1, 2, 3 

1, 4, 3 

0, 2, 4 

31 

2, 2, 2 

5.67896 24 -0.00018 5.4E-05 
0, 2, 2 

1, 4, 3 

0, 2, 4 

32 

2, 2, 2 

5.67896 24 -0.00010 -0.00028 
2, 3, 3 

0, 4, 2 

0, 2, 4 

33 

2, 2, 2 

5.67896 24 0.000407 0.000425 
1, 2, 3 

0, 4, 2 

0, 2, 4 

34 

2, 2, 2 

5.67896 8 0.000374 0.000582 
0, 2, 2 

0, 4, 2 

0, 2, 4 

35 

2, 2, 2 

5.67896 2 0.001000 0.000764 
2, 4, 4 

0, 4, 2 

0, 2, 4 

 

Table B3: ECIs of bcc lattices with vacancies in the Al-Ni system at 0 K 

Cluster labels Coordinates Distance (Å) Multiplicity 
ECI 

(eV/atom) 

empty 1   1 -0.149157 
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point 1 0.5, 0.5, 0.5  1 0.005375 

pair 

1 
0.5, 0.5, 0.5 

2.887902 3 0.045262 
0.5, 1.5, 0.5 

2 
0.5, 0.5, 0.5 

4.084110 6 0.006392 
1.5, 1.5, 0.5 

3 
0.5, 0.5, 0.5 

5.001993 4 0.004151 
1.5, 1.5, -0.5 

4 
0.5, 0.5, 0.5 

5.775804 3 0.016621 
0.5, 0.5, -1.5 

5 
0.5, 0.5, 0.5 

6.457545 12 -0.004274 
0.5, -0.5, -1.5 

6 
0.5, 0.5, 0.5 

7.073886 12 -0.000754 
-0.5, 0.5, -1.5 

7 
0.5, 0.5, 0.5 

8.16822 6 0.000821 
0.5, -1.5, -1.5 

8 
0.5, 0.5, 0.5 

8.663706 3 -0.000021 
0.5, 0.5, -2.5 

9 
0.5, 0.5, 0.5 

8.663706 12 -0.000612 
-0.5, -1.5, -1.5 

10 
0.5, 0.5, 0.5 

9.132348 12 -0.002170 
0.5, -0.5, -2.5 

11 
0.5, 0.5, 0.5 

9.578087 12 0.000850 
-0.5, -2.5, 1.5 

triplet 

1 

0.5, 0.5, 0.5 

4.08411 12 -0.000699 1.5, 0.5, 0.5 

1.5, 1.5, 0.5 

2 

0.5, 0.5, 0.5 

4.08411 12 0.001523 1.5, 0.5, 1.5 

1.5, 1.5, 0.5 
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3 

0.5, 0.5, 0.5 

5.001993 24 0.000153 1.5, 0.5, 0.5 

1.5, 1.5, -0.5 

4 

0.5, 0.5, 0.5 

5.775804 3 -0.008709 0.5, 0.5, -0.5 

0.5, 0.5, -1.5 

5 

0.5, 0.5, 0.5 

5.775804 12 0.000088 0.5, -0.5, -0.5 

0.5, 0.5, -1.5 

6 

0.5, 0.5, 0.5 

5.775804 12 -0.000209 1.5, 1.5, -0.5 

0.5, 0.5, -1.5 

7 

0.5, 0.5, 0.5 

6.457545 24 -0.000392 0.5, 0.5, -0.5 

0.5, -0.5, -1.5 

8 

0.5, 0.5, 0.5 

6.457545 24 0.000421 0.5, -0.5, 0.5 

0.5, -0.5, -1.5 

9 

0.5, 0.5, 0.5 

6.457545 648 -0.000033 -0.5, 0.5, -0.5 

0.5, -0.5, -1.5 

10 

0.5, 0.5, 0.5 

6.457545 12 0.002070 0.5, 1.5, -0.5 

0.5, -0.5, -1.5 

11 

0.5, 0.5, 0.5 

6.457545 24 0.000314 -0.5, -0.5, 0.5 

0.5, -0.5, -1.5 

12 
0.5, 0.5, 0.5 

6.457545 12 0.000629 
0.5, -1.5, 0.5 
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0.5, -0.5, -1.5 

13 

 

0.5, 0.5, 0.5 

7.073886 24 -0.000692 0.5, 0.5, -0.5 

-0.5, -0.5, -1.5 

14 

0.5, 0.5, 0.5 

7.073886 48 0.000202 0.5, -0.5, 0.5 

-0.5, -0.5, -1.5 

15 

0.5, 0.5, 0.5 

7.073886 24 -0.001638 0.5, -0.5, -0.5 

-0.5, -0.5, -1.5 

16 

0.5, 0.5, 0.5 

7.073886 24 0.001633 1.5, 0.5, -0.5 

-0.5, -0.5, -1.5 

17 

0.5, 0.5, 0.5 

7.073886 24 0.000168 -0.5, -0.5, 0.5 

-0.5, -0.5, -1.5 

18 

0.5, 0.5, 0.5 

7.073886 48 0.000024 1.5, -0.5, -0.5 

-0.5, -0.5, -1.5 

19 

0.5, 0.5, 0.5 

7.073886 24 0.000261 0.5, -1.5, 0.5 

-0.5, -0.5, -1.5 

20 

0.5, 0.5, 0.5 

7.073886 48 -0.000210 1.5, 0.5, -1.5 

-0.5, -0.5, -1.5 

21 

0.5, 0.5, 0.5 

7.073886 8 -0.002428 1.5, -1.5, -0.5 

-0.5, -0.5, -1.5 

quadruplet 1 0.5, 0.5, 0.5 4.08411 3 -0.001034 
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0.5, 1.5, 0.5 

1.5, 0.5, 0.5 

1.5, 1.5, 0.5 

2 

0.5, 0.5, 0.5 

4.08411 8 -0.001373 
1.5, 0.5, 0.5 

1.5, 0.5, 1.5 

1.5, 1.5, 0.5 

3 

0.5, 0.5, 0.5 

4.08411 2 -0.000773 
0.5, 1.5, 1.5 

1.5, 0.5, 1.5 

1.5, 1.5, 0.5 

4 

0.5, 0.5, 0.5 

5.001993 24 0.000080 
0.5, 1.5, 0.5 

1.5, 0.5, 0.5 

1.5, 1.5, -0.5 

5 

0.5, 0.5, 0.5 

5.001993 24 0.000648 
1.5, 0.5, 0.5 

1.5, 1.5, 0.5 

1.5, 1.5, -0.5 

6 

0.5, 0.5, 0.5 

5.001993 6 -0.000703 
0.5, 0.5, -0.5 

1.5, 1.5, 0.5 

1.5, 1.5, -0.5 

7 

0.5, 0.5, 0.5 

5.775804 12 0.000899 
0.5, 0.5, -0.5 

0.5, -0.5, -0.5 

0.5, 0.5, -1.5 

8 
0.5, 0.5, 0.5 

5.775804 12 -0.000787 
-0.5, 0.5, -0.5 
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0.5, -0.5, -0.5 

0.5, 0.5, -1.5 

9 

0.5, 0.5, 0.5 

5.775804 3 -0.000529 
0.5, 1.5, -0.5 

0.5, -0.5, -0.5 

0.5, 0.5, -1.5 

10 

0.5, 0.5, 0.5 

5.775804 12 0.000168 
0.5, 0.5, -0.5 

1.5, 1.5, -0.5 

0.5, 0.5, -1.5 

11 

0.5, 0.5, 0.5 

4.91812 24 -0.000543 
1.5, 0.5, -0.5 

1.5, 1.5, -0.5 

0.5, 0.5, -1.5 

12 

0.5, 0.5, 0.5 

4.91812 6 0.000385 

1.5, -0.5, -0.5 

1.5, 1.5, -0.5 

0.5, 0.5, -1.5 

 

Table B4: ECIs of bcc lattices in the Al-Ni system at finite temperature 

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.599631 -0.848741 -1.17171 -1.48857 

point 1 -0.109656 -0.113366 -0.116976 -0.120056 

pair 

1 0.071645 0.0746575 0.077755 0.0804425 

2 0.0549667 0.05017 0.0451267 0.0407267 

3 0.0160103 0.014852 0.0136487 0.0126037 

4 0.00308733 0.00449567 0.00598733 0.0072915 

5 0.0095935 0.0095885 0.0095985 0.0096135 
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6 -0.0139683 -0.0125317 -0.0110283 -0.00971833 

7 -0.00107883 -0.001918 -0.00280967 -0.00358883 

8 -0.00661533 -0.00619033 -0.0057395 -0.0053445 

9 0.00501167 0.00495 0.004885 0.00482833 

10 -0.00245117 -0.00258617 -0.0027195 -0.00283367 

11 0.0103725 0.0110025 0.01166 0.0122325 

12 0.0149667 0.01367 0.0123083 0.0111217 

triplet 

1 0.0042245 0.0066895 0.00924367 0.0114628 

2 0.009189 0.00912317 0.00905733 0.00900067 

3 -0.00233433 -0.00176267 -0.001161 -0.00063517 

4 -0.002303 -0.00136425 -0.0003968 0.000442 

5 0.00470142 0.00528308 0.005906 0.00645183 

6 -3.01E-05 -0.00023679 -0.0004449 -0.0006245 

7 -0.00135392 -0.00308892 -0.0049102 -0.00649725 

8 0.0028125 0.003285 0.00376667 0.00418417 

9 -0.0024525 -0.00198208 -0.0014975 -0.00107667 

10 -0.014882 -0.014122 -0.0133045 -0.012587 

11 -0.00137058 -0.0007135 -2.31E-05 0.00057942 

12 0.00142817 0.00038108 -0.0007143 -0.0016685 

13 0.002797 0.00206325 0.00128825 0.000612 

14 -0.00046717 -0.00080175 -0.0011493 -0.00145133 

15 0.0114853 0.0163587 0.021462 0.0259087 

16 -0.00586633 -0.00605967 -0.0062605 -0.00643467 

17 -0.00141567 -0.0023465 -0.0033298 -0.00418817 

quadruplet 

1 0.00498533 0.004622 0.00424867 0.003927 

2 -0.019406 -0.0189093 -0.018396 -0.0179493 

3 -0.00190825 -0.00235658 -0.0028258 -0.00323408 

4 -0.0136703 -0.014687 -0.0157303 -0.0166337 

5 0.00669625 0.00550875 0.00427125 0.00319375 
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6 -0.004449 -0.003364 -0.0022503 -0.001284 

7 0.002821 0.002476 0.002131 0.001831 

 

Table B5: ECIs of fcc lattices in the Al-Ni system at finite temperature 

Cluster labels 

ECI (eV/atom) 

FM NM 

1000 K 2000 K 1000 K 2000 K 

empty 1 -0.711422 -1.39368 -0.742572 -1.42624 

point 1 -0.09411 -0.08869 -0.125396 -0.118336 

pair 

1 0.0791243 0.0786893 0.0768387 0.075607 

2 -0.001462 0.00133133 -0.005898 -0.00571467 

3 0.00927133 0.008063 0.00891483 0.0083315 

4 0.00553533 0.004532 0.00604467 0.00607633 

5 -1.88E-05 0.0005945 0.00082467 0.00163217 

6 -0.0032665 -0.003394 -0.00408 -0.0047775 

7 -0.00021892 -0.00047808 -1.05E-05 -3.76E-05 

8 -0.00223333 -0.00208667 -0.00159433 -0.00136767 

9 -0.00190317 -0.00143317 -2.09E-03 -0.00201567 

10 -0.001769 -0.00166233 -0.00232433 -0.002601 

11 0.000187 -0.00018633 0.00092533 0.0011845 

12 0.000967 0.001292 0.00053417 0.00052167 

13 0.00198217 0.00265717 0.00155783 0.00172867 

14 0.000569 0.00035567 0.000753 0.00071258 

15 -0.00112567 -0.00103817 -0.00119467 -0.00136383 

16 -0.0017015 -0.0018165 -0.00152533 -0.00153242 

17 -0.00016833 0.000235 -0.00046067 -0.000354 

18 0.00011267 0.00032767 0.00023083 0.000495 

19 1.88E-05 0.0002005 -3.97E-05 -3.83E-06 

20 -0.00145567 -0.001809 -0.0010115 -0.00104483 
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21 0.00107567 0.001649 0.00036233 0.000249 

22 -0.00106767 -0.00076267 -0.00105517 -0.00100517 

23 -0.00029525 -0.00015067 -6.00E-06 0.000169 

24 -0.00078467 -0.00109133 -0.00053717 -0.00057467 

25 -0.00032817 -0.00037775 -2.38E-05 9.45E-05 

triplet 

1 0.0105252 0.0101215 0.0111715 0.010669 

2 0.00073267 0.00080683 0.00086217 0.00102217 

3 0.0013445 0.00137408 0.00116883 0.00093842 

4 -0.00075775 -0.00113067 -0.00066625 -0.00099292 

5 0.00165933 0.00190517 0.00110142 0.00097642 

6 -0.00092033 -0.00083908 -0.00099525 -0.00106567 

7 -0.00058725 -0.00069975 -0.000592 -0.0004995 

8 0.00072938 0.00054938 0.00060192 0.00038067 

9 -0.00576733 -0.005614 -0.00573833 -0.00524333 

10 -0.00154683 -0.00198767 -0.0009655 -0.00093717 

11 0.000364 0.00045317 -4.47E-05 -0.00022633 

12 -0.001226 -0.001146 -0.0013335 -0.0015235 

13 0.00097408 0.00108033 0.00030667 0.00010333 

14 0.0005305 0.00050633 0.00087283 0.00105575 

15 0.00014908 0.00011158 0.00053479 0.00072417 

16 0.000211 0.00033933 0.00022492 0.00028742 

17 -0.00101483 -0.00078233 -0.00169167 -0.00210083 

18 -0.00015471 -0.00019742 8.77E-05 9.45E-05 

19 -0.00014283 -0.000207 0.00030763 0.00048804 

20 -0.000781 -0.00060183 -0.000847 -0.000687 

quadruplet 

1 0.006386 0.006021 0.006715 0.006755 

2 0.001144 0.00138733 1.23E-03 1.53E-03 

3 -0.007586 -0.007966 -0.00743133 -0.00771467 

4 -0.00073988 -0.00063717 -0.00096792 -0.00105479 
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5 -0.00114671 -0.00118983 -0.00116742 -0.00114387 

6 -0.0048025 -0.00458167 -0.00466033 -0.00443033 

7 -0.00060192 -0.00061067 -0.00018733 -6.15E-05 

8 0.00106788 0.00122829 0.00086017 0.00093892 

9 -0.00064175 -0.00049925 -0.00077775 -0.0008815 

10 0.002913 0.00375133 0.00256233 0.00313567 

11 0.000132 9.62E-05 0.00040367 0.00035492 

12 0.0019175 0.00203417 0.00190808 0.00199475 

13 -9.94E-05 3.41E-05 -0.00033879 -0.00046254 

14 0.0015335 0.0012535 0.00221975 0.00251225 

15 0.00018283 7.53E-05 0.000436 0.0003835 

16 0.00159067 0.00229233 0.00059767 0.00058267 

17 -0.00192237 -0.00195717 -0.00171829 -0.00167162 

18 -0.00114925 -0.00111175 -0.001617 -0.00183658 

19 0.0002555 1.97E-05 0.00055967 0.00057633 

20 -0.00051717 -0.00081508 -0.00033958 -0.00046458 

21 -0.00040438 -0.00058646 -0.00036867 -0.00041992 

22 0.00196917 0.00138667 0.00260133 0.00243383 

23 -0.00036233 -0.00024608 -0.00042708 -0.00043833 

24 6.80E-05 -0.00116533 0.001076 0.00087267 

25 -3.33E-05 -0.000195 0.00030108 0.00024317 

26 0.001958 0.00206383 0.00219617 0.00232117 

27 -0.00060417 -0.0007125 -0.000388 -0.00030467 

28 0.00048983 0.00035233 0.00094467 0.00111467 

29 -4.96E-06 7.05E-05 -0.00017625 -0.00022708 

30 -0.0003735 0.000144 -0.00070267 -0.000571 

31 -0.00036525 -0.00054525 0.00011192 0.000169 

32 -0.00016433 -0.00023225 -0.00044875 -0.0006175 

33 0.00065158 0.00089408 0.00040375 0.00038292 
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34 0.000524 0.000674 0.00083075 0.0010795 

35 0.00077 0.000545 0.000779 0.000794 

 

Table B6: ECIs of bcc lattices with vacancies in the Al-Ni system at finite temperature 

Cluster labels 

ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.256817 -0.638617 -1.12058 -1.66806 

point 1 0.022775 0.132375 0.275355 0.440235 

pair 

1 0.0440553 0.0428087 0.0414887 0.040142 

2 0.00626867 0.00639867 0.00661867 0.006892 

3 0.003296 0.002341 0.001361 0.000366 

4 0.016401 0.0162143 0.0160277 0.0158477 

5 -0.00416233 -4.04E-03 -0.003919 -0.00379233 

6 -0.00069733 -0.00057567 -0.000434 -0.00027567 

7 9.14E-04 0.00096767 0.001011 0.00104767 

8 8.57E-05 0.00015233 0.000199 0.00023233 

9 -0.00057033 -0.00048033 -0.000372 -0.000252 

10 -0.00209333 -0.00212667 -0.00219833 -0.00229667 

11 0.00094667 0.001085 0.00123667 0.0014 

triplet 

1 -0.000324 2.77E-05 0.00037767 0.00072433 

2 0.0025705 0.003488 0.004368 0.005223 

3 0.00018217 0.00023383 0.000293 0.000358 

4 -0.00918233 -0.009649 -0.0101357 -0.0106223 

5 -0.000532 -0.00123033 -0.00196367 -0.002722 

6 -0.00019233 -0.00020067 -0.000219 -0.000244 

7 -5.91E-04 -0.0007495 -0.00089617 -0.00103617 
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8 6.30E-04 8.85E-04 0.00115933 0.001446 

9 8.03E-05 0.00026117 0.00046867 0.00069367 

10 0.002175 0.002315 0.00247 0.00263333 

11 0.00036817 0.00037817 0.000374 0.0003615 

12 0.00083233 0.00098233 0.00111567 0.00123733 

13 -0.00074283 -0.00090783 -0.00111367 -0.00134617 

14 0.00012908 4.33E-05 -4.76E-05 -0.00014175 

15 -0.00222133 -0.00280383 -0.0033955 -0.00399217 

16 0.001903 0.00222633 0.00257383 0.00293633 

17 0.00017717 0.00020467 0.00023967 0.000278 

18 -4.75E-06 -6.85E-05 -0.00014558 -0.00023142 

19 0.00055017 0.0008485 0.00115517 0.001466 

20 -0.00017083 -0.00012625 -8.00E-05 -3.29E-05 

21 -0.0024605 -0.002478 -0.0024905 -0.0025005 

quadruplet 

1 -0.00112067 -0.00134067 -0.00160733 -0.00190067 

2 -0.001313 -0.001253 -0.0011905 -0.001128 

3 -0.000873 -0.000723 -0.000493 -0.000203 

4 0.00014917 0.00015167 0.00013333 0.0001 

5 0.00068383 0.00072383 0.00076467 0.0008055 

6 -0.000403 -0.00017633 3.03E-05 0.00022033 

7 0.000959 0.00111733 0.001309 0.001524 

8 -0.000927 -0.00111033 -0.00131033 -0.00152367 

9 -0.00102233 -0.001649 -0.002329 -0.00304233 

10 0.000268 0.00042133 0.000598 0.00078633 

11 -0.0006055 -0.000683 -0.0007655 -0.00085133 
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12 0.00050167 0.00063167 0.00076833 0.00090833 

B.2. Bond length vs. bond stiffness relationships in the Ni-Al system 

The L-S relationships in Ni-Al system without magnetic effects are shown in Figure B1, and 

the vibrational free energies, Fvib, of NM-Ni and NM-AlNi3 are shown in Figure B2, which are 

also compared with those of FM-Ni and FM-AlNi3. The vibrational free energies of NM- and 

FM-Ni or NM- and FM-AlNi3 overlap, which indicates that magnetism has no effect on 

vibrational free energy. 

 

Figure B1: L-S relationship for three bond types in the fcc lattice without magnetism. (a) Al-Al bond. 

(b) Al-Ni bond. (c) Ni-Ni bond. 
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Figure B2: Vibrational free energies of ferromagnetic and non-magnetic (a) Ni and (b) AlNi3.  

B.3. Mixing enthalpies in the Ni-Al system 

The mixing enthalpies, Hmix, contribution due to lattice vibration in Ni-Al system were calculate 

by eqs. (2.17), (2.18) and (2.20), which are also compared with Hmix fitted using CE, as shown 

in Figures B3-B5. The Hmix calculated using first-principles combined with L-S relationship 

and fitted using CE at each temperature for bcc, fcc and bcc with vacancies Ni-Al system are 

very close. 
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Figure B3: Mixing enthalpies for bcc lattices at different temperatures. (a) 300 K. (b) 600 K. (c) 900 K. 

(d) 1200 K. 
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Figure B4: Mixing enthalpies for fcc lattices at different temperatures. (a) 300 K. (b) 600 K. (c) 900 K. 

(d) 1200 K. 
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Figure B5: Mixing enthalpies for bcc lattices with vacancies at different temperatures. (a) 300 K. (b) 

600 K. (c) 900 K. (d) 1200 K. 

  



Wei Shao 

176 

 

B.4. Gibbs free energies and phase boundaries in the Ni-Al system 

including configurational and vibrational entropy 

The Gibbs free energies and phase boundaries including only configurational and vibrational 

entropy for Ni-Al system are shown in Figures B6-B11, which were integrated to obtain the 

whole Ni-Al phase diagram considering configurational and vibrational entropic effect. 

 

Figure B6: (a) Gibbs free energy of Al and Al3Ni at different temperatures. (b) Phase boundary between 

Al and Al3Ni. 

 

 

Figure B7: (a) Gibbs free energy of Al3Ni and Al3Ni2 at different temperatures. (b) Phase boundary 

between Al3Ni and Al3Ni2. 
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Figure B8: (a) Gibbs free energy of AlNi and Al3Ni5 at different temperatures. (b) Phase boundary 

between AlNi and Al3Ni5. 

 

 

Figure B9: (a) Grand potentials of Al3Ni5 and AlNi3 as a function of chemical potential at 700 K. (b) 

Composition of Ni as a function of chemical potential at 700 K. (c) Phase boundary between Al3Ni5 and 

AlNi3. 
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Figure B10: (a) Gibbs free energy of AlNi and AlNi3 at temperature above 1030 K; (b) Phase boundary 

between AlNi and Al3Ni5. 

 

 

Figure B11: (a) Grand potentials of AlNi3 and Ni as a function of chemical potential at 600 K. (b) 

Composition of Ni as a function of chemical potential at 600 K. (c) Phase boundary between AlNi3 and 

Ni. 
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B.5. Gibbs free energies and phase boundaries in the Ni-Al system 

including configurational entropy 

The Gibbs free energies and phase boundaries including only configurational entropy for Ni-

Al system are shown in Figures B12-B19, which were integrated to obtain the whole Ni-Al 

phase diagram considering configurational entropic effect. 

 

Figure B12: (a) Gibbs free energy of Al and Al3Ni at different temperatures. (b) Phase boundary between 

Al and Al3Ni. 

 

 

Figure B13: (a) Gibbs free energy of Al3Ni and Al3Ni2 at different temperatures. (b) Phase boundary 

between Al3Ni and Al3Ni2. 
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Figure B14: (a) Grand potentials of Al3Ni2 and Al4Ni3 as a function of chemical potential at 600 K. (b) 

Composition of AlVa as a function of chemical potential at 600 K. (c) Phase boundary between Al3Ni2 

and Al4Ni3. 
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Figure B15: (a) Grand potentials of Al4Ni3 and AlNi as a function of chemical potential at 750 K. (b) 

Composition of AlVa as a function of chemical potential at as a function of ∆𝜇 at 750 K. (c) Phase 

boundary between Al4Ni3 and AlNi. 
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Figure B16: (a) Gibbs free energy of AlNi and Al3Ni5 at different temperatures. Gibbs free energy of 

AlNi (b) and Al3Ni5 (c). (d) Phase boundary between AlNi and Al3Ni5. 
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Figure B17: (a) Grand potentials of Al3Ni5 and AlNi3 as a function of chemical potential at 700 K. (b) 

Composition of Ni as a function of chemical potential at 700 K. (c) Phase boundary between Al3Ni5 and 

AlNi3. 

 

 

Figure B18: (a) Gibbs free energy of AlNi and AlNi3 at temperature above 1030 K; (b) Phase boundary 

between AlNi and Al3Ni5. 
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Figure B19: (a) Grand potentials of AlNi3 and Ni as a function of chemical potential at 600 K. (b) 

Composition of Ni as a function of chemical potential at 600 K. (c) Phase boundary between AlNi3 and 

Ni.
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Annex C. Co-Al phase diagram  

C.1. Cluster information of the SQS candidates 

The cluster information of the SQS candidates and the ideal solid solution for each composition 

are listed in Table C1, and the correlation functions of the SQS candidates and the ideal solid 

solution are compared to determine whether the SQS can represent the ideal solid solution. 

Table C1: Cluster number, correlation functions of the SQS candidates and the ideal solid solution for 

each composition  
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C.2. Effective interaction coefficients of the Co-Al system 

All the ECIs including configurational, lattice vibrational and magnetic excitation effects in the 

bcc, fcc and hcp Co-Al system at different temperatures are listed in Tables C2-C10, which 

were used as input for the MC simulations to obtain the thermodynamic information of each 

phase in the Co-Al phase diagram.  

Table C2: ECIs for bcc lattice in the Co-Al system at 0 K 

Cluster labels Coordinates Distance 
diameter (Å) Multiplicity ECI (eV/atom) 

empty 1   1 -0.282783 

point 1 1, 1, 1  1 -0.025558 

pair 

1 
1, 1, 1 

2.756072 4 0.101317 
1, 1, 0 

2 
1, 1, 1 

3.182437 3 -0.009005 
1, 0, 0 

3 
1, 1, 1 

4.500646 6 0.002223 
0, 0, -1 

4 
1, 1, 1 

5.277475 12 -0.002635 
-1, -1, 0 

5 
1, 1, 1 

5.512143 4 0.001909 
-1, -1, -1 

6 
1, 1, 1 

6.364875 3 0.003581 
1, -1, -1 

7 
1, 1, 1 

6.935962 12 -0.002248 
-1, -1, -2 

8 
1, 1, 1 

7.116146 12 -0.002089 
0, -1, -2 

9 
1, 1, 1 

7.795348 12 -0.001598 
2, 2, -1 

triplet 1 

1, 1, 1 

3.182437 12 0.004658 0, 0, 0 

1, 0, 0 
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2 

1, 1, 1 

4.500646 12 -0.007664 0, 0, 0 

0, 0, -1 

3 

1, 1, 1 

4.500646 12 0.000541 1, 0, 0 

0, 0, -1 

4 

1, 1, 1 

4.500646 8 0.001310 0, -1, 0 

0, 0, -1 

5 

1, 1, 1 

5.277475 24 -0.000892 0, 0, 0 

-1, -1, 0 

6 

1, 1, 1 

5.277475 48 0.000708 1, 0, 1 

-1, -1, 0 

7 

1, 1, 1 

5.277475 24 0.001315 1, 0, 0 

-1, -1, 0 

8 

1, 1, 1 

5.277475 12 0.001135 0, 0, -1 

-1, -1, 0 

9 

1, 1, 1 

5.277475 24 0.000662 1, 0, 2 

-1, -1, 0 

10 

1, 1, 1 

5.512143 4 -0.010557 0, 0, 0 

-1, -1, -1 

11 

1, 1, 1 

5.512143 24 0.001288 1, 1, 0 

-1, -1, -1 

12 
1, 1, 1 

5.512143 24 0.001317 
1, 0, 0 
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-1, -1, -1 

13 

1, 1, 1 

5.512143 24 -0.000206 0, -1, 1 

-1, -1, -1 

14 

 

1, 1, 1 

6.364875 24 -0.000724 0, 0, 0 

1, -1, -1 

15 

1, 1, 1 

6.364875 3 -0.005196 1, 0, 0 

1, -1, -1 

16 

1, 1, 1 

6.364875 12 -0.000739 0, 0, -1 

1, -1, -1 

17 

1, 1, 1 

6.364875 12 -0.000510 -1, -1, -1 

1, -1, -1 

quadruplet 1 

1, 1, 1 

3.182437 6 -0.001964 
1, 1, 0 

0, 0, 0 

1, 0, 0 

 

Table C3: ECIs for fcc lattice in the Co-Al system at 0 K 

Cluster labels Coordinates 
Distance 

diameter (Å) 
Multiplicity ECI (eV/atom) 

empty 1   1 -0.238514 

point 1 1, 1, 1  1 0.045221 

pair 

1 

1, 1, 1 

2.489760 6 0.070771 

2, 1, 0 

2 1, 1, 1 3.521052 3 -0.015545 
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2, 0, 0 

3 

1, 1, 1 

4.312390 12 0.005996 

2, 1, -1 

4 

1, 1, 1 

4.979519 6 0.002602 

1, 1, -1 

5 

1, 1, 1 

5.567272 12 -0.001928 

2, 0, -1 

6 

1, 1, 1 

6.098641 4 -0.007292 

2, 2, -2 

7 

1, 1, 1 

6.587285 24 -0.003197 

2, 1, -2 

8 

1, 1, 1 

7.042104 3 -0.002662 

3, -1, -1 

9 

1, 1, 1 

7.469279 12 -0.003104 

3, 3, -2 

triplet 

1 

1, 1, 1 

2.489760 8 0.004582 2, 1, 0 

1, 1, 0 

2 

1, 1, 1 

3.521052 12 -0.000836 1, 1, 0 

2, 0, 0 

3 

1, 1, 1 

4.312390 24 -0.002703 

1, 1, 0 
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2, 1, -1 

quadruplet 

1 

1, 1, 1 

2.489760 2 0.005504 

1, 2, 0 

2, 1, 0 

1, 1, 0 

2 

1, 1, 1 

3.521052 6 0.000321 

2, 1, 0 

1, 1, 0 

2, 0, 0 

3 

1, 1, 1 

3.521052 3 -0.010883 

2, 0, 1 

1, 1, 0 

2, 0, 0 

4 

1, 1, 1 

4.312390 12 -0.006074 

2, 1, 0 

1, 1, 0 

2, 1, -1 

5 

1, 1, 1 

4.312390 48 -0.001891 

1, 2, 0 

1, 1, 0 

2, 1, -1 

6 

1, 1, 1 

4.312390 24 -0.002746 

1, 0, 1 
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1, 1, 0 

2, 1, -1 

7 

1, 1, 1 

4.312390 48 0.001420 

2, 0, 1 

1, 1, 0 

2, 1, -1 

8 

1, 1, 1 

4.312390 48 0.000531 

1, 0, 1 

1, 2, 0 

2, 1, -1 

9 

1, 1, 1 

    4.312390 8 -0.001694 

2, 0, 1 

1, 0, 1 

2, 1, -1 

10 

1, 1, 1 

    4.312390 6 0.000865 

 1, 2, 0 

2, 0, 0 

2, 1, -1 

11 

1, 1, 1 

4.312390 24 0.002520 

1, 1, 0 

0, 2, 0 

2, 1, -1 

12 1, 1, 1 4.312390 24 0.000966 
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1, 2, 0 

0, 2, 0 

2, 1, -1 

13 

1, 1, 1 

4.312390 48 -0.001664 

1, 0, 1 

0, 2, 0 

2, 1, -1 

14 

1, 1, 1 

4.312390 12 -0.001819 

2, 2, 0 

1, 2, -1 

2, 1, -1 

15 

1, 1, 1 

4.312390 6 0.001977 

0, 2, 0 

1, 0, 0 

2, 1, -1 

16 

1, 1, 1 

4.312390 8 0.001240 

1, 1, 0 

0, 1, 0 

2, 1, -1 

17 

1, 1, 1 

4.979519 48 -0.000557 

2, 1, 0 

1, 1, 0 

1, 1, -1 
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18 

1, 1, 1 

4.979519 24 -0.001743 

1, 2, 0 

2, 1, 0 

1, 1, -1 

19 

1, 1, 1 

4.979519 24 0.001116 

1, 0, 1 

2, 1, 0 

1, 1, -1 

20 

1, 1, 1 

4.979519 24 -0.001059 

0, 1, 1 

2, 1, 0 

1, 1, -1 

21 

1, 1, 1 

4.979519 12 0.000679 

1, 1, 0 

2, 0, 0 

1, 1, -1 

22 

1, 1, 1 

4.979519 48 0.000538 

2, 1, 0 

2, 0, 0 

1, 1, -1 

23 

1, 1, 1 

4.979519 48 -0.000766 1, 2, 0 

2, 0, 0 
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1, 1, -1 

24 

1, 1, 1 

4.979519 3 0.006829 

0, 2, 0 

2, 0, 0 

1, 1, -1 

25 

1, 1, 1 

4.979519 24 0.002608 

2, 1, 0 

2, 1, -1 

1, 1, -1 

26 

1, 1, 1 

4.979519 24 -0.001290 

1, 2, 0 

2, 1, -1 

1, 1, -1 

27 

1, 1, 1 

4.979519 24 0.001256 

1, 0, 1 

2, 1, -1 

1, 1, -1 

28 

1, 1, 1 

4.979519 12 -0.001052 

0, 1, 1 

2, 1, -1 

1, 1, -1 

29 

1, 1, 1 

4.979519 48 0.000600 

2, 2, -1 
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2, 1, -1 

1, 1, -1 

30 

1, 1, 1 

4.979519 12 0.000382 

1, 1, 0 

2, 2, -1 

1, 1, -1 

31 

1, 1, 1 

4.979519 24 0.000262 

2, 0, 0 

2, 2, -1 

1, 1, -1 

32 

1, 1, 1 

4.979519 24 0.000438 

1, 1, 0 

3, 1, -1 

1, 1, -1 

33 

1, 1, 1 

4.979519 24 0.000446 

1, 2, 0 

3, 1, -1 

1, 1, -1 

34 

1, 1, 1 

4.979519 8 -0.001104 

2, 0, 0 

3, 1, -1 

1, 1, -1 

35 1, 1, 1 4.979519 2 -0.000298 
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1, 3, -1 

3, 1, -1 

1, 1, -1 

36 

1, 1, 1 

5.567272 48 0.001696 

2, 1, 0 

1, 1, 0 

2, 0, -1 

37 

1, 1, 1 

5.567272 24 -0.000457 

1, 2, 0 

1, 1, 0 

2, 0, -1 

38 

1, 1, 1 

5.567272 24 -0.001352 

2, 0, 1 

1, 1, 0 

2, 0, -1 

39 

1, 1, 1 

5.567272 24 -0.000492 

1, 2, 0 

2, 1, 0 

2, 0, -1 

40 

1, 1, 1 

5.567272 24 0.001271 

2, 0, 1 

2, 1, 0 

2, 0, -1 
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41 

1, 1, 1 

5.567272 48 -0.000226 

2, 0, 1 

2, 1, 0 

2, 0, -1 

42 

1, 1, 1 

5.567272 48 0.000262 

0, 1, 1 

2, 1, 0 

2, 0, -1 

43 

1, 1, 1 

5.567272 48 0.000019 

2, 0, 1 

1, 2, 0 

2, 0, -1 

44 

1, 1, 1 

5.567272 24 -0.001209 

0, 1, 1 

1, 2, 0 

2, 0, -1 

45 

1, 1, 1 

5.567272 12 -0.000676 

1, 1, 0 

2, 0, 0 

2, 0, -1 

46 

1, 1, 1 

5.567272 48 0.000412 2, 1, 0 

2, 0, 0 
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2, 0, -1 

47 

1, 1, 1 

5.567272 48 -0.000833 

1, 2, 0 

2, 0, 0 

2, 0, -1 

48 

1, 1, 1 

5.567272 24 0.000041 

2, 0, 1 

2, 0, 0 

2, 0, -1 

49 

1, 1, 1 

5.567272 24 0.000818 

0, 2, 0 

2, 0, 0 

2, 0, -1 

50 

1, 1, 1 

5.567272 12 -0.000997 

1, 1, 0 

0, 2, 0 

2, 0, -1 

51 

1, 1, 1 

5.567272 48 0.000386 

2, 1, 0 

0, 2, 0 

2, 0, -1 

52 

1, 1, 1 

5.567272 24 0.000790 

2, 0, 0 
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0, 2, 0 

2, 0, -1 

 

Table C4: ECIs for hcp lattice in the Co-Al system at 0 K 

Cluster labels Coordinates 
Distance 

(Å) 
Multiplicity ECI (eV/atom) 

empty 1   1 -0.501017 

point 1 0.333333, 0.666667, 0.25  2 0.082482 

pair 

1 
0.333333, 0.666667, 0.25 

2.480238 6 0.061135 
0.666667, 1.333333, 0.75 

2 

0.666667, 0.333333, 0.75 

2.500784 6 0.068470 
-0.333333, 0.333333, 

0.75 

3 

0.666667, 0.333333, 0.75 

3.522144 6 -0.018530 
-0.666667, -0.333333, 

0.25 

4 
0.666667, 0.333333, 0.75 

4.033331 2        0.015087 
0.666667, 0.333333, 1.75 

5 

0.666667, 0.333333, 0.75 

4.319655 12 0.006492 
-0.666667, -1.333333, 

1.25 

6 

0.666667, 0.333333, 0.75 

4.331484 6 0.012884 
-1.333333, -0.666667, 

0.75 

7 

0.666667, 0.333333, 0.75 

4.745701 12 -0.002078 
-0.333333, 0.333333, 

1.75 

8 
0.666667, 0.333333, 0.75 

5.001567 6 0.002415 
2.666667, 0.333333, 0.75 

9 

0.666667, 0.333333, 0.75 

5.582764 12 -0.005499 
1.333333, -1.333333, 

1.25 
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10 

0.666667, 0.333333, 0.75 

5.918574 12 -0.006837 
-1.333333, -0.666667, -

0.25 

11 

0.333333, 0.666667, 0.25 

6.117285 6 0.001080 
1.666667, 3.333333, -

0.25 

12 

0.333333, 0.666667, 0.25 

6.219895 6 -0.008827 
0.666667, 1.333333, -

1.25 

13 
0.666667, 0.333333, 0.75 

6.425219 12 -0.002729 
2.666667, 0.333333, 1.75 

14 

0.666667, 0.333333, 0.75 

6.608713 12 -0.000381 
0.333333, -2.333333, 

0.25 

15 
0.666667, 0.333333, 0.75 

6.616452 12 -0.005605 
3.666667, 1.333333, 0.75 

triplet 

1 

0.666667, 0.333333, 0.75 

2.500784 12 0.001185 
0. 333333, 0.666667, 

0.25 

-0.333333, 0. 333333, 
0.75 

2 

0.666667, 0.333333, 0.75 

2.500784 2 0.045942 
-0. 333333, -0.666667, 

0.75 

-0.333333, 0. 333333, 
0.75 

3 

0.666667, 0.333333, 0.75 

2.500784 2 -0.047062 
0.666667, 1. 333333, 

0.75 

-0.333333, 0. 333333, 
0.75 

4 

0.666667, 0.333333, 0.75 

3.522144 24 -0.003273 
0.333333, -0. 333333, 

0.25 

-0.666667, -0.333333, 
0.25 
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5 

0.666667, 0.333333, 0.75 

4.033331 6 -0.004713 
0.333333, -0. 333333, 

1.25 

0.666667, 0.333333, 1.75 

6 

0.666667, 0.333333, 0.75 

4.033331 6 -0.002108 
1.333333, -0. 333333, 

1.25 

0.666667, 0.333333, 1.75 

7 

0.666667, 0.333333, 0.75 

4.319655 24 -0.002968 
0.333333, -0. 333333, 

1.25 

-0.666667, -1.333333, 
1.25 

8 

0.666667, 0.333333, 0.75 

4.319655 12 0.004809 
-0.333333, 0. 333333, 

0.75 

-0.666667, -1.333333, 
1.25 

9 

0.666667, 0.333333, 0.75 

4.319655 24 0.000914 
0.666667, -0.666667, 

0.75 

-0.666667, -1.333333, 
1.25 

10 

0.666667, 0.333333, 0.75 

4.319655 12 -0.000530 
0.666667, 0.333333, 1.75 

-0.666667, -1.333333, 
1.25 

11 

0.666667, 0.333333, 0.75 

4.331484 24 -0.002423 
0.333333, -0.333333, 

0.25 

-1.333333, -0.666667, 
0.75 

quadruplet 1 

0.666667, 0.333333, 0.75 

2.500784 4 0.005858 0.333333, 0.666667, 0.25 

0.666667, 1.333333, 0.75 
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-0.333333, 0.333333, 
0.75 

2 

0.666667, 0.333333, 0.75 

3.522144 12 -0.000074 

0.333333, 0.666667, 0.25 

0.333333, -0.333333, 
0.25 

-0.66667, -0.333333, 0.25 

3 

0.666667, 0.333333, 0.75 

3.522144 6 -0.006263 

0.333333, -0.333333, 
0.25 

-0.333333, 0.333333, 
0.75 

-0.666667, -0.333333, 
0.25 

4 

0.666667, 0.333333, 0.75 

3.522144 12 0.007146 

0.333333, 0.666667, 0.25 

-0.333333, 0.333333, 
0.75 

-0.666667, -0.333333, 
0.25 

5 

0.666667, 0.333333, 0.75 

4.033331 6 -0.003323 

1.333333, 0.666667, 0.25 

0.333333, -0.333333, 
1.25 

 0.666667, 0.333333, 1.75 

6 

0.666667, 0.333333, 0.75 

4.033331 12 -0.003015 

0.333333, -0.333333, 
1.25 

1.333333, -0.333333, 
0.75 

0.666667, 0.333333, 1.75 

7 

0.666667, 0.333333, 0.75 

4.319655 24 -0.000981 
0.333333, -0.333333, 

1.25 

-0.333333, 0.333333, 
0.75 
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-0.666667, -1.333333, 
1.25 

8 

0.666667, 0.333333, 0.75 

4.319655 12 -0.003227 

-0.333333, -0.666667, 
0.75 

-0.333333, 0.333333, 
0.75 

-0.666667, -1.333333, 
1.25 

9 

0.666667, 0.333333, 0.75 

4.319655 12 -0.009770 

0.333333, -0.333333, 
1.25 

-0.333333, -0.666667, 
0.75 

-0.666667, -1.333333, 
1.25 

10 

0.666667, 0.333333, 0.75 

4.319655 24 0.000948 

0.666667, -0.666667, 
0.75 

-0.333333, -0.666667, 
0.75 

-0.666667, -1.333333, 
1.25 

11 

0.666667, 0.333333, 0.75 

4.319655 24 -0.000290 

0.333333, -0.333333, 
1.25 

0.666667, -0.666667, 
0.75 

-0.666667, -1.333333, 
1.25 

12 

0.666667, 0.333333, 0.75 

4.319655 6 0.001639 

0.666667, -0.666667, 
0.75 

-0.666667, -0.333333, 
1.25 

-0.666667, -1.333333, 
1.25 

13 0.666667, 0.333333, 0.75 4.319655 12 0.002187 
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0.333333, -0.333333, 
1.25 

-0.666667, 0.333333, 
1.75 

-0.666667, -1.333333, 
1.25 

14 

0.666667, 0.333333, 0.75 

4.319655 12 0.002313 

-0.666667, -0.333333, 
1.25 

0.666667, 0.333333, 1.75 

-0.666667, -1.333333, 
1.25 

15 

0.666667, 0.333333, 0.75 

4.319655 6 -0.003150 

-0.333333, 0.333333, 
0.75 

-0.666667, -1.333333, 
0.25 

-0.666667, -1.333333, 
1.25 

16 

0.666667, 0.333333, 0.75 

4.331484 12 0.000261 

0.333333, -0.333333, 
1.25 

0.333333, -0.333333, 
0.25 

-1.333333, -0.666667, 
0.75 

17 

0.666667, 0.333333, 0.75 

4.331484 12 0.000628 

0.333333, 0.666667, 0.25 

0.333333, -0.333333, 
0.25 

-1.333333, -0.666667, 
0.75 

18 

0.666667, 0.333333, 0.75 

4.331484 24 0.001644 
0.333333, -0.333333, 

0.25 

-0.333333, 0.333333, 
0.75 
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-1.333333, -0.666667, 
0.75 

19 

0.666667, 0.333333, 0.75 

4.331484 24 -0.000051 

0.333333, 0.666667, 0.25 

-0.333333, 0.333333, 
0.75 

-1.333333, -0.666667, 
0.75 

20 

0.666667, 0.333333, 0.75 

4.331484 6 -0.005959 

-0.333333, -0.666667, 
0.75 

-0.333333, 0.333333, 
0.75 

-1.333333, -0.666667, 
0.75 

21 

0.666667, 0.333333, 0.75 

4.331484 24 0.000950 

0.333333, -0.333333, 
0.25 

-0.666667, -0.333333, 
0.25 

-1.333333, -0.666667, 
0.75 

22 

0.666667, 0.333333, 0.75 

4.331484 24 0.000959 

-0.333333, 0.333333, 
0.75 

-0.66667, -0.333333, 0.25 

-1.333333, -0.66667, 0.75 

23 

0.666667, 0.333333, 0.75 

4.331484 6 -0.001796 

-0.666667, -0.333333, 
1.25 

-0.666667, -0.333333, 
0.25 

-1.333333, -0.666667, 
0.75 

24 

0.666667, 0.333333, 0.75 

4.331484 24 -0.000130 
0.333333, -0.333333, 

1.25 
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-0.666667, 1.333333, 
1.25 

-1.333333, -0.666667, 
0.75 

 

Table C5: ECIs of bcc Co-Al including vibrational entropy at finite temperatures. 

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.03859 -0.25828 -0.53675 -0.89879 

point 1 -0.02669 -0.05237 -0.07774 -0.10634 

pair 

1 -0.003515 -0.00692 -0.0102775 -0.0140625 

2 0.000656667 0.00131667 0.00196 0.00268667 

3 -0.00166 -0.00319833 -0.00473167 -0.00646333 

4 -0.00073833 -0.00140167 -0.0020675 -0.00282083 

5 -0.0010975 -0.002155 -0.0032 -0.0043775 

6 -0.00135333 -0.00260667 -0.00385667 -0.00526667 

7 -0.0003225 -0.00064333 -0.00095833 -0.00131333 

8 0 7.50E-06 1.25E-05 1.75E-05 

9 -8.25E-05 -0.00017167 -0.0002575 -0.00035333 

triplet 

1 -6.25E-05 -0.00012667 -0.00018833 -0.00025833 

2 0.000648333 0.0012025 0.001765 0.00240417 

3 7.75E-05 0.000149167 0.00022 0.0003 

4 4.00E-05 8.25E-05 0.00012375 0.00016875 

5 0.00021125 0.000400417 0.000590417 0.000805417 

6 0.000108125 0.0002075 0.000306667 0.00041875 

7 -0.00014083 -0.00026125 -0.00038375 -0.0005225 

8 0.0002175 0.000448333 0.000671667 0.000921667 

9 -0.00043042 -0.00081667 -0.00120417 -0.00164333 

10 0.0001025 0.0002675 0.0004175 0.00058 

11 -0.00011958 -0.00023667 -0.00035208 -0.00048167 
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12 0.000203333 0.000403333 0.000600417 0.000821667 

13 0.000230417 0.00044 0.00065 0.0008875 

14 0.000240833 0.000469583 0.00069625 0.000952083 

15 0.000143333 0.000173333 0.00023 0.000296667 

16 -0.00061333 -0.0011775 -0.00174083 -0.0023775 

17 -1.08E-05 -7.50E-06 -7.50E-06 -8.33E-06 

quadruplet 1 3.67E-05 6.00E-05 8.50E-05 0.000115 

 

Table C6: ECIs of fcc Co-Al including vibrational entropy at finite temperatures. 

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.06137 -0.29321 -0.6001 -0.95835 

point 1 -0.00129 -0.00202 -0.00292 -0.00387 

pair 

1 0.00028 0.000346667 0.000433333 0.000533333 

2 -0.00322 -0.00569333 -0.00835667 -0.01111 

3 -0.00015583 -0.00031167 -0.00047167 -0.000635 

4 -0.000265 -0.00052333 -0.00079167 -0.001065 

5 8.25E-05 0.000165833 0.000253333 0.0003425 

6 0.00048 0.00083 0.0012075 0.0015975 

7 0.00021125 0.000233333 0.000277083 0.000331667 

8 -0.00092667 -0.00143 -0.002 -0.00260333 

9 -0.00063583 -0.00081583 -0.00105417 -0.0013225 

triplet 

1 0.00012 3.75E-05 -1.75E-05 -6.25E-05 

2 3.75E-05 9.58E-05 1.56E-04 0.000215 

3 -3.25E-05 -9.58E-06 7.50E-06 2.17E-05 

quadruplet 

1 -0.001075 -0.001915 -0.00282 -0.003745 

2 -0.00048083 -0.000925 -0.00139083 -0.0018675 

3 0.000903333 0.00183667 0.00280667 0.00378667 

4 0.000118333 0.000249167 0.0003825 0.000516667 
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5 5.21E-06 6.46E-06 8.13E-06 1.00E-05 

6 0.000122917 0.000213333 0.00031125 0.0004125 

7 0.000112292 0.000239167 0.00037 0.000502292 

8 -4.44E-05 -1.44E-05 8.54E-06 2.75E-05 

9 -0.0002725 -0.00059 -0.000915 -0.00124375 

10 -0.00038333 -0.00067833 -0.00099833 -0.00132833 

11 3.42E-05 4.21E-05 5.25E-05 6.46E-05 

12 0.00013625 0.000252083 0.000375 0.000501667 

13 -0.00015458 -0.00028958 -0.00043208 -0.00057792 

14 0.000420833 0.0007225 0.0010525 0.00139417 

15 -0.00038833 -0.00076667 -0.00116167 -0.001565 

16 0.00039375 0.0007475 0.00112 0.00150125 

17 0.000332083 0.000657708 0.000998542 0.00134542 

18 -0.00022542 -0.00040333 -0.00059333 -0.00078958 

19 0.00012625 0.00022375 0.000328333 0.00043625 

20 -9.00E-05 -0.00015583 -0.00022667 -0.00030042 

21 -1.75E-05 -2.50E-05 -3.25E-05 -4.08E-05 

22 -0.00034104 -0.00061938 -0.00091708 -0.00122333 

23 6.79E-05 6.79E-05 7.50E-05 8.58E-05 

24 0.00122 0.00225667 0.00335667 0.00449 

25 -0.00014208 -0.00023875 -0.000345 -0.00045583 

26 0.000320417 0.000554167 0.0008075 0.00107042 

27 0.000237917 0.000447083 0.00066875 0.000895833 

28 -0.00028333 -0.00053667 -0.00080417 -0.00107667 

29 -0.00010375 -0.00015458 -0.00021375 -0.00027688 

30 -0.00044083 -0.000785 -0.001155 -0.00153583 

31 0.000149583 0.000260833 0.00038125 0.000505833 

32 -8.33E-05 -3.46E-05 3.33E-06 3.46E-05 

33 1.29E-05 -8.13E-05 -1.68E-04 -0.00025083 
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34 -3.00E-05 -4.88E-05 -6.88E-05 -8.88E-05 

35 3.00E-05 -0.00021 -4.40E-04 -0.000655 

36 0.0001375 0.000247292 0.000364167 0.000484583 

37 0.0001225 0.00027125 0.00042375 0.000576667 

38 -7.33E-05 -9.42E-05 -1.20E-04 -0.00014792 

39 5.00E-05 7.58E-05 1.06E-04 0.0001375 

40 -0.0002225 -0.00042292 -0.00063625 -0.00085458 

41 4.42E-05 1.25E-06 -3.40E-05 -6.48E-05 

42 3.02E-05 4.02E-05 5.29E-05 6.71E-05 

43 -0.00021417 -0.00038667 -0.00057104 -0.00076083 

44 3.33E-06 8.33E-05 1.59E-04 0.000232083 

45 0.000228333 0.000349167 0.000486667 0.0006325 

46 5.06E-05 6.29E-05 8.02E-05 0.0001 

47 -1.77E-05 -3.52E-05 -5.29E-05 -7.10E-05 

48 0.000117083 0.000143333 0.000180417 0.000223333 

49 4.00E-05 0.00013 2.17E-04 0.000302083 

50 6.67E-05 8.58E-05 1.11E-04 0.000139167 

51 1.69E-05 1.85E-05 2.13E-05 2.48E-05 

52 -8.00E-05 -0.00010833 -1.43E-04 -0.00018125 

 

Table C7: ECIs of hcp Co-Al including vibrational entropy at finite temperatures. 

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.11718 -0.59034 -1.19268 -1.92432 

point 1 -0.00462 -0.00837 -0.01229 -0.01649 

pair 

1 0.000296667 0.00061 0.000916667 0.00124 

2 0.000186667 0.00037 0.000556667 0.00075 

3 -0.00022667 -0.00037667 -0.00054333 -0.00072333 

4 0.00013 0.00026 0.00039 0.00053 
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5 8.17E-05 0.000165 0.000248333 0.000335 

6 -0.00033333 -0.00064333 -0.00096 -0.00129667 

7 0.000128333 0.000258333 0.000386667 0.000523333 

8 -6.00E-05 -0.00011667 -0.00017333 -0.00023667 

9 -0.00019333 -0.000365 -0.00054167 -0.00072833 

10 -9.67E-05 -0.00016333 -0.00023833 -0.00031667 

11 -0.00010333 -0.00020667 -0.00031 -0.00041667 

12 4.00E-05 9.67E-05 0.000153333 0.00021 

13 -0.0001 -0.00019333 -0.00028667 -0.00038667 

14 -2.67E-05 -4.50E-05 -6.50E-05 -8.83E-05 

15 7.00E-05 0.000146667 0.000221667 0.0003 

triplet 

1 0.00064 0.00120167 0.00177667 0.00239167 

2 -3.00E-05 -1.00E-05 0 1.00E-05 

3 0.00121 0.00222 0.00326 0.00438 

4 -3.92E-05 -7.75E-05 -0.00011667 -0.00015667 

5 -3.67E-05 -6.00E-05 -8.33E-05 -0.00011 

6 -0.00033667 -0.00067 -0.00100667 -0.00136 

7 -0.0003875 -0.000745 -0.0011075 -0.00149417 

8 0.00058 0.00111 0.00164833 0.00222167 

9 0.000136667 0.000254167 0.000375833 0.000505 

10 6.00E-05 0.000116667 0.000175 0.000236667 

11 0.000123333 0.00024 0.000356667 0.000481667 

quadruplet 

1 -0.000125 -0.00026 -0.00039 -0.00053 

2 8.33E-06 2.33E-05 3.50E-05 4.83E-05 

3 -0.00064 -0.00124333 -0.00185 -0.0025 

4 1.67E-05 2.83E-05 4.33E-05 5.67E-05 

5 0 1.00E-05 1.67E-05 2.67E-05 

6 0.000191667 0.000353333 0.00052 0.000698333 

7 5.25E-05 9.92E-05 0.0001475 0.000198333 
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8 -9.33E-05 -0.00017167 -0.00025333 -0.00034 

9 -0.000345 -0.00067333 -0.00100333 -0.001355 

10 2.50E-05 5.08E-05 7.67E-05 0.000103333 

11 3.25E-05 6.92E-05 0.000105833 0.000143333 

12 0.000476667 0.000926667 0.00138 0.00186333 

13 -4.33E-05 -9.83E-05 -0.00015 -0.00020333 

14 -0.00021667 -0.000405 -0.00059833 -0.000805 

15 -0.00012333 -0.00021667 -0.00032 -0.00042667 

16 0.000105 0.000191667 0.000281667 0.000376667 

17 0.000188333 0.00037 0.000551667 0.000746667 

18 -8.92E-05 -0.00017333 -0.00025833 -0.00034833 

19 3.33E-05 6.50E-05 9.67E-05 0.00013 

20 -0.00023333 -0.00045333 -0.00067333 -0.00091 

21 1.50E-05 3.83E-05 6.00E-05 8.17E-05 

22 0.000185 0.000353333 0.000523333 0.000705833 

23 -2.33E-05 -3.67E-05 -5.33E-05 -7.33E-05 

24 -0.00016917 -0.00034 -0.00051 -0.00069 

      

Table C8: ECIs of bcc Co-Al including vibrational and magnetic entropy at finite temperatures. 

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.00138 -0.01421 -0.03884 -0.07483 

point 1 0.00208 0.00168 -0.02088 -0.05018 

pair 

1 0.0003375 0.0011825 1.50E-05 -0.0020225 

2 0.00025 0.00265 0.00545667 0.00928 

3 7.83E-05 0.00134333 0.00253833 0.00435833 

4 -8.92E-05 -0.00024167 -0.00065417 -0.00120333 

5 -6.50E-05 0.0002 0.0004525 0.0006975 

6 -5.67E-05 -0.00051667 -0.00146667 -0.00264333 
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7 -3.33E-05 -0.00013667 -0.00030333 -0.0007225 

8 -2.67E-05 -0.000175 -0.00043 -0.0009075 

9 -1.42E-05 -2.92E-05 -8.42E-05 -0.0002225 

triplet 

1 1.50E-05 0.000620833 0.000985 0.0015175 

2 7.83E-05 0.000458333 0.000956667 0.00145 

3 -0.00016 -0.00105417 -0.00204 -0.0036125 

4 -3.75E-05 -0.000155 -0.00024875 -0.00040875 

5 3.25E-05 0.000169583 0.000425 0.000746667 

6 -6.52E-05 -0.00019896 -0.00035229 -0.00062167 

7 1.79E-05 0.0001025 0.000370833 0.000738333 

8 5.17E-05 4.67E-05 -1.83E-05 -0.00013417 

9 0.000112917 0.000340833 0.00081375 0.00140583 

10 -3.25E-05 0.0002475 0.0009175 0.002025 

11 1.42E-05 6.29E-05 0.000137917 0.00015625 

12 -5.21E-05 -0.00019417 -0.00029417 -0.00042333 

13 -6.33E-05 -0.00029958 -0.00071958 -0.00135208 

14 -1.42E-05 1.00E-05 5.50E-05 3.88E-05 

15 0.000196667 0.00059 0.000793333 0.00102667 

16 -2.17E-05 -4.50E-05 0.0001475 0.0003475 

17 7.58E-05 0.000218333 0.000450833 0.000749167 

quadruplet 1 -0.000105 -0.00078833 -0.00134167 -0.00249667 

 

Table C9: ECIs of fcc Co-Al including vibrational and magnetic entropy at finite temperatures. 

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.00237 -0.01848 -0.0478 -0.09758 

point 1 0.00061 0.00994 -0.00227 -0.00177 

pair 
1 7.00E-05 0.00445333 0.008575 0.0174033 

2 0.00152 0.00324333 0.00738333 0.01121 
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3 4.25E-05 0.000170833 0.00138417 0.00263833 

4 0.000726667 0.00217333 0.00350667 0.00471833 

5 -9.33E-05 -0.0012625 -0.00322333 -0.00699083 

6 -0.000155 -0.0005725 -0.0002375 -8.50E-05 

7 -5.00E-06 -4.83E-05 -0.00018333 -0.00053708 

8 -0.00027667 -0.00114333 -0.00310333 -0.00623333 

9 -0.00014 -0.000655 -0.00147 -0.00289417 

triplet 

1 -0.00017625 -0.00199625 -0.00402625 -0.00949625 

2 9.50E-05 0.000806667 0.00137167 0.00245833 

3 3.96E-05 -2.92E-06 0.000470833 0.0006275 

quadruplet 

1 -0.000755 -0.003535 -0.007955 -0.013475 

2 9.17E-06 0.000259167 0.00038 5.17E-05 

3 -0.00028 -0.00209667 -0.00281 -0.00319 

4 0.000303333 0.000768333 0.000525 -0.000135 

5 0.000162917 0.000892292 0.00176917 0.00322708 

6 -0.00028958 -0.00085458 -0.00132958 -0.00186792 

7 1.21E-05 -0.00013354 -0.00023896 -0.00056479 

8 -0.00021563 -0.00105729 -0.00269667 -0.00515937 

9 0.00065 0.0030975 0.006235 0.0111313 

10 0.000601667 0.00184333 0.00319333 0.00458667 

11 2.71E-05 -0.0001475 -0.00041333 -0.00077625 

12 -0.00055042 -0.00185042 -0.00347917 -0.00587542 

13 9.31E-05 0.00052875 0.00110854 0.00193938 

14 1.92E-05 0.0003975 0.00116 0.00247417 

15 0.000171667 0.000935 0.00286833 0.00612167 

16 -0.000555 -0.0026725 -0.0060575 -0.0111263 

17 -0.00010958 -0.00050021 -0.00105417 -0.00185229 

18 -5.42E-05 4.17E-06 0.000729583 0.00181042 

19 -1.96E-05 -0.00010667 -0.00046208 -0.00124208 
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20 4.79E-05 9.33E-05 0.000223333 0.00045125 

21 -0.00011583 -0.00067667 -0.00131917 -0.00197417 

22 6.15E-05 0.000202708 0.000319167 0.00041625 

23 0.000225208 0.000854375 0.00159375 0.00269542 

24 -0.00098667 -0.00327 -0.00624 -0.01117 

25 0.000191667 0.000545833 0.00139708 0.00258125 

26 -0.00039208 -0.00126833 -0.00279333 -0.00483333 

27 -0.00026917 -0.00106 -0.00244208 -0.00443917 

28 0.0001025 0.000385 0.0009975 0.00172667 

29 7.17E-05 0.000237708 0.000567708 0.00101833 

30 7.67E-05 -2.50E-05 1.00E-05 0.000296667 

31 0.000124167 0.000499167 0.00106708 0.00190375 

32 -4.17E-06 -8.88E-05 -3.96E-05 -8.46E-05 

33 -4.71E-05 -5.71E-05 -0.00039083 -0.00078458 

34 -2.50E-06 0.00010625 -8.00E-05 -0.0002375 

35 0.00031 0.00102 0.00312 0.006555 

36 0.000272917 0.00106604 0.00254792 0.00470667 

37 -6.13E-05 -0.00014417 -0.00021 -0.00013125 

38 -0.00037625 -0.00127917 -0.00257417 -0.0044425 

39 -0.00011208 -0.00021875 1.83E-05 0.00034375 

40 1.46E-05 -0.00011833 -0.00037875 -0.00070208 

41 4.81E-05 0.000381458 0.000867292 0.00184979 

42 0.000138125 0.000543542 0.000907917 0.00152458 

43 -6.73E-05 -0.00029854 -0.00071583 -0.00133437 

44 -0.00013458 -0.00026958 -0.00035458 -0.00056042 

45 7.00E-05 0.000375833 0.001005 0.00265167 

46 -0.00014417 -0.00064333 -0.00147417 -0.00283875 

47 -1.98E-05 -0.00013688 -0.0002825 -0.00054313 

48 0.0003075 0.00112167 0.00254958 0.00430417 



Wei Shao 

216 

 

49 -6.71E-05 -0.00029667 -0.00027333 -0.00024583 

50 0.000379167 0.00131 0.0016275 0.00207583 

51 -1.06E-05 -9.54E-05 -1.67E-05 0.000160833 

52 -4.79E-05 -0.00014042 -0.00045125 -0.00103708 

 

Table C10: ECIs of hcp Co-Al including vibrational and magnetic entropy at finite temperatures.  

Cluster labels 
ECI (eV/atom) 

500 K 1000 K 1500 K 2000 K 

empty 1 -0.00306 -0.0318 -0.083 -0.16728 

point 1 0.002 0.01455 -0.0088 -0.03501 

pair 

1 -0.00245 -0.00252333 -0.00598333 -0.0130967 

2 0.000776667 0.00680667 0.0127567 0.0188367 

3 0.00359 0.00320667 0.02132 0.0496067 

4 0.00032 0.00163 0.00309 0.00496 

5 -0.00107 -0.00216667 -0.0109517 -0.02366 

6 6.33E-05 -3.33E-06 -0.00137333 -0.00430333 

7 4.00E-05 -1.67E-06 0.000638333 0.000948333 

8 -0.00014333 -0.00052667 -0.00038 -0.00085333 

9 -0.00017667 -0.00085833 -0.00152167 -0.00250833 

10 1.00E-05 -5.67E-05 9.67E-05 0.000111667 

11 0.000496667 0.00136667 0.00311 0.00655667 

12 0.000126667 0.000206667 0.000353333 0.00100667 

13 -8.33E-05 -0.00033167 -0.00075833 -0.00156667 

14 3.83E-05 0.000208333 0.000836667 0.00106 

15 -5.83E-05 -0.00027833 -0.00066667 -0.00146667 

triplet 

1 0.00199 0.00303167 0.01117 0.0237317 

2 0.00169 -0.00259 0.00476 0.0193 

3 -0.00402 -0.01293 -0.02372 -0.04002 

4 -0.00170417 -0.00270167 -0.0149217 -0.0350267 
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5 0.000116667 -0.00024333 -0.00013333 0.0007 

6 3.33E-05 -5.33E-05 -0.00050667 -0.00111667 

7 0.000925 0.00146167 0.00617083 0.0128375 

8 0.000758333 0.00191667 0.00538333 0.0107683 

9 -0.0004325 -0.00049417 0.00187333 0.005205 

10 -5.00E-06 0.000206667 0.00123 0.00189167 

11 -0.00016833 -0.00071167 -0.00014083 0.0003125 

quadruplet 

1 -0.00243 -0.003085 -0.02481 -0.056835 

2 0.000698333 8.00E-05 0.00670167 0.0168067 

3 0.00022 0.00117 0.00477667 0.0109467 

4 0.000163333 0.000751667 0.005885 0.0132167 

5 0.00026 0.000636667 0.00240333 0.005 

6 -1.67E-05 0.00018 8.33E-06 -0.00063 

7 -0.00026167 -0.00183333 -0.00417167 -0.00743583 

8 -0.00057667 0.000188333 -0.00080333 -0.00283 

9 -6.33E-05 -0.00012667 -0.00061 -0.001555 

10 0.00052 0.00150917 0.00256417 0.003845 

11 3.33E-06 0.000136667 -0.00031917 -0.000425 

12 -5.00E-05 6.67E-06 -0.00228 -0.00654667 

13 -6.67E-05 -0.00029333 -0.00096333 -0.001625 

14 -5.17E-05 -0.00021833 -0.00038167 -0.00036833 

15 -0.00010333 -0.00055333 -0.00148667 -0.00236667 

16 -3.50E-05 -0.000115 -0.00083 -0.00177833 

17 0.000125 0.000426667 0.000905 0.001665 

18 0.0003825 0.000974167 0.00131833 0.0023525 

19 -0.00037333 -0.00094083 -0.00159167 -0.00297417 

20 1.33E-05 0.00012 -0.00052333 -0.00115667 

21 8.17E-05 0.000324167 0.000271667 0.000770833 

22 1.67E-06 -4.58E-05 0.000606667 0.001445 
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23 3.33E-06 0.000213333 0.000996667 0.00227333 

24 -3.83E-05 -6.17E-05 -0.0003375 -0.0011175 
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The mixing enthalpies, Hvib, contribution due to lattice vibrations in Co-Al system were 

calculated eq. (2.18), which are also compared with Hvib fitted using CE, as shown in Figures 

C1-C3. 

 

Figure C1: Hvib of bcc configurations in the Co-Al system predicted by the CE (solid symbols) and 

obtained from the L-S relationships (open symbols) at different temperatures. (a) 400 K. (b) 800 K. (c) 

1200 K. (d) 1600 K. 

C.3. Mixing enthalpies of the Co-Al system including vibrational 

entropy 
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Figure C2: Hvib of fcc configurations in the Co-Al system predicted by the CE (solid symbols) and 

obtained from the L-S relationships (open symbols) at different temperatures. (a) 400 K. (b) 800 K. (c) 

1200 K. (d) 1600 K. 
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Figure C3: Hvib of hcp configurations in the Co-Al system predicted by the CE (solid symbols) and 

obtained from the L-S relationships (open symbols) at different temperatures. (a) 400 K. (b) 800 K. (c) 

1200 K. (d) 1600 K. 
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C.4. Mixing enthalpies of the Co-Al system including magnetic entropy 

The mixing enthalpies, Hmag, contribution due to magnetic excitation in Co-Al system were 

calculated eq. (2.19), which are also compared with Hmag fitted using CE, as shown in Figures 

C4-C6. 

 

Figure C4: Hmag of bcc configurations at different temperatures. (a) 400 K. (b) 800 K. (c) 1200 K. (d) 

1600 K. Solid symbols stand for the CE results and open symbols. 
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Figure C5: Hmag of fcc configurations at different temperatures. (a) 400 K. (b) 800 K. (c) 1200 K. (d) 

1600 K. Solid symbols stand for the CE results and open symbols. 
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Figure C6: Hmag of hcp configurations at different temperatures. (a) 400 K. (b) 800 K. (c) 1200 K. (d) 

1600 K.  Solid symbols stand for the CE results and open symbols. 
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C.5. Gibbs free energies and phase boundaries in the Co-Al system 

including configurational and vibrational entropy 

The Gibbs free energies and phase boundaries including configurational and vibrational entropy 

for Co-Al system are shown in Figures C7-C8, which were integrated to obtain the whole Co-

Al phase diagram considering configurational and vibrational entropic effect. 

 

Figure C7: (a) Gibbs free energies of hcp (solid line) and fcc (dashed line) Co at different temperatures. 

(b) Gibbs free energies of AlCo and hcp Co below 900 K. (c) Gibbs free energies of AlCo and fcc Co 

above 1000 K. (d) AlCo and hcp Co and fcc Co phase boundary. 
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Figure C8: (a) Grand potentials of bcc AlCo and bcc Co as a function of chemical potential ∆µ at 700 

K. (b) Conjugated composition as a function of chemical potential at 700 K. (c) Metastable phase 

boundary between AlCo and bcc Co. 
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C.6. Gibbs free energies and phase boundaries in the Co-Al system 

including configurational entropy 

The Gibbs free energies and phase boundaries including only configurational entropy for Co-

Al system are shown in Figures C9-C12, which were integrated to obtain the whole Co-Al phase 

diagram considering configurational entropic effect. 

 

Figure C9: (a) Gibbs free energies of Al and Al9Co2 at different temperatures. (b) Al-Al9Co2 phase 

boundary 

 

Figure C10: (a) Gibbs free energies of Al5Co2 and AlCo at different temperatures. (b) Al5Co2-AlCo 

phase boundary. 
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Figure C11: (a) Gibbs free energies of hcp and fcc Co at different temperatures. (b) Gibbs free energies 

of AlCo and hcp Co at different temperatures. (c) AlCo and hcp Co phase boundary. 
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Figure C12: (a) Grand potentials of bcc AlCo and bcc Co as a function of chemical potential ∆µ at 1100 

K. (b) Conjugated composition as a function of chemical potential at 1100 K. (c) Metastable phase 

boundary between AlCo and bcc Co. 

 

 

 

 

 


