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Abstract 

The demand for high-speed data access or transmission is inevitably growing with 

the exponentially increasing number of communication ends, especially, in the 

satellite communication (SATCOM) which is one of the most active and 

challenging area among wireless communication systems. The new generation 

wireless communication standards have been introduced as fifth-generation (5G), 

beyond fifth-generation (B5G) and sixth-generation (6G) which work in millimeter-

wave and/or sub millimeter-wave frequency spectrum. However, in millimeter-

wave frequency bands there are fundamental technical challenges such as higher 

path losses, high blockage sensitivity, narrow beamwidth, directivity and scatter 

effects are more severe. Therefore, it is essential to model and develop novel 

technologies.  

There are several wireless communication technologies that support effective 

deployments of the new emerging standards. Hybrid beamforming for massive 

multiple-input multiple-output systems (MIMO), which has been developed in 

recent years, is one of these technologies. Massive MIMO systems consist of large 

number of antennas to meet the demand of increased data rate, coverage and large 

amount of communication traffic as well as compensate the severe path losses. The 

communication relies on the line-of-sight paths of the signals, however, in the 

dense communication environments, the link between communication ends is most 

likely blocked. Therefore, reconfigurable intelligent surfaces (RIS) have been 

proposed to form a virtual LoS path to provide coverage between the blocked ends 

while improving the overall quality of service. The RIS are considered as cost-

effective and energy-efficient auxiliary elements for massive MIMO systems.  

The massive MIMO systems rely on advanced phased array and RIS processing. 

In this sense, this thesis presents contributions to several open issues in phased 

array and RIS processing. The contributions of thesis are discussed in four topics. 

• An improved hybrid beamforming algorithm based on recursive least 

squares (RLS) algorithm and constant modulus algorithm for fast target 

tracking is proposed. The adaptive moment estimation method (ADAM) is 

adapted to update the forgetting factor using the gradient of the error signal. 

Moreover, sliding-window technique is adapted to reduce the steady-state 

noise and a variable regularization factor is adapted to reduce the ripples. 

It is overserved that the proposed algorithm has fast convergence rate and 

accurate target tracking performance. 
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• An improved inverse matrix approximation algorithm is proposed for array 

processing techniques where matrix inversion is required. The algorithm is 

based on a three-step approximation method using Homeier’s approach and 

an iterative generalized inverse matrix approximation algorithm employing 

Karush-Kuhn-Tucker (KKT) conditions. To evaluate the performance of the 

proposed algorithm under realistic massive MIMO conditions, we propose a 

correlated channel model based on antenna array manifolds that includes 

mutual coupling, RF and radiating element impairments, and multipath 

channels with an angular spread. The correlated channel effects on the zero 

forcing precoding (ZF) algorithm were investigated. The bit error rate 

performance of the proposed method is close to benchmark (direct inverse 

ZF). 

• A mutual coupling-based self-calibration method for uplink antenna arrays 

is proposed. The proposed method is suitable for off-line, on-site and online 

calibration schemes. The proposed method compensates the mutual 

coupling effects, gain/phase uncertainties and phase errors due to location 

errors with the reduced number of measurements. In addition, a novel 

calibration method is proposed for circularly polarized active antenna arrays 

based on axial ratio optimization for improvement of antenna array 

performance compensating errors and mutual coupling effects.  

• An energy-efficient fast DoA estimation and tracking algorithm for RIS-

aided massive MIMO system is proposed. The low power consumption was 

achieved by reducing the number of RF chains and including a switched 

antenna array in the receiver. The DoA estimation and tracking algorithm 

is based on ADAM adaptive forgetting factor RLS algorithm. The proposed 

algorithm accurately estimates multipath DoAs in both elevation and 

azimuth. Moreover, an efficient hybrid near-field and far-field channel 

estimation method for the RIS-aided massive MIMO systems was proposed. 

It has been showed that the proposed method has accurate channel 

estimation performance.  

The common objective of all the contributions presented is to provide novel and 

robust solutions to specific open issues for future generation phased array and RIS 

processing in SATCOM. The research results obtained in this thesis are not limited 

to the case studies described but also to vast application areas.  
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Resumen 

La demanda de acceso o transmisión de datos a alta velocidad crece 

inevitablemente con el número exponencialmente creciente de extremos de 

comunicación, especialmente en la comunicación por satélite (SATCOM), que es 

una de las áreas más activas y desafiantes entre los sistemas de comunicación 

inalámbrica. Se han introducido los estándares de comunicación inalámbrica de 

nueva generación como quinta generación (5G), más allá de la quinta generación 

(B5G) y sexta generación (6G), que funcionan en el espectro de frecuencia de ondas 

milimétricas y/o submilimétricas. Sin embargo, en las bandas de frecuencia de 

ondas milimétricas existen desafíos técnicos fundamentales, como mayores 

pérdidas de trayectoria, alta sensibilidad al bloqueo, ancho de haz estrecho, 

directividad y los efectos de dispersión son más severos. Por lo tanto, es esencial 

modelar y desarrollar nuevas tecnologías. 

Existen varias tecnologías de comunicación inalámbrica que respaldan 

implementaciones efectivas de los nuevos estándares emergentes. La formación de 

haces híbrida para sistemas masivos de múltiples entradas y múltiples salidas 

(MIMO), que se ha desarrollado en los últimos años, es una de estas tecnologías. 

Los sistemas MIMO masivos constan de una gran cantidad de antenas para 

satisfacer la demanda de mayor velocidad de datos, cobertura y gran cantidad de 

tráfico de comunicación, así como para compensar las graves pérdidas de 

trayectoria. La comunicación se basa en las trayectorias de línea de visión de las 

señales, sin embargo, en los entornos de comunicación densos, el enlace entre los 

extremos de la comunicación es más probable que esté bloqueado. Por lo tanto, se 

han propuesto superficies inteligentes reconfigurables (RIS) para formar una 

trayectoria virtual LoS para proporcionar cobertura entre los extremos bloqueados 

al tiempo que se mejora la calidad general del servicio. Las RIS se consideran 

elementos auxiliares rentables y energéticamente eficientes para sistemas MIMO 

masivos. 

Los sistemas MIMO masivos se basan en un procesamiento avanzado de matriz en 

fase y RIS. En este sentido, esta tesis presenta contribuciones a varias cuestiones 

abiertas en el procesamiento de matriz en fase y RIS. Las contribuciones de la tesis 

se discuten en cuatro temas. 

• Se propone un algoritmo de formación de haz híbrido mejorado basado en el 

algoritmo de mínimos cuadrados recursivos (RLS) y el algoritmo de módulo 

constante para el seguimiento rápido de objetivos. El método de estimación 
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de momento adaptativo (ADAM) se adapta para actualizar el factor de olvido 

utilizando el gradiente de la señal de error. Además, la técnica de ventana 

deslizante se adapta para reducir el ruido de estado estable y se adapta un 

factor de regularización variable para reducir las ondulaciones. Se destaca 

que el algoritmo propuesto tiene una tasa de convergencia rápida y un 

rendimiento de seguimiento de objetivos preciso. 

• Se propone un algoritmo mejorado de aproximación de matriz inversa para 

técnicas de procesamiento de matrices donde se requiere inversión de 

matriz. El algoritmo se basa en un método de aproximación de tres pasos 

que utiliza el enfoque de Homeier y un algoritmo iterativo de aproximación 

de matriz inversa generalizada que emplea condiciones de Karush-Kuhn-

Tucker (KKT). Para evaluar el rendimiento del algoritmo propuesto en 

condiciones MIMO masivas realistas, proponemos un modelo de canal 

correlacionado basado en colectores de matriz de antena que incluye 

acoplamiento mutuo, deterioros de RF y elementos radiantes, y canales de 

trayectos múltiples con una dispersión angular. Se investigaron los efectos 

del canal correlacionado en el algoritmo de precodificación de forzamiento a 

cero (ZF). El rendimiento de la tasa de error de bits del método propuesto 

está cerca del punto de referencia (ZF inversa directa). 

• Se propone un método de autocalibración basado en acoplamiento mutuo 

para matrices de antenas de enlace ascendente. El método propuesto es 

adecuado para esquemas de calibración fuera de línea, en el sitio y en línea. 

El método propuesto compensa los efectos de acoplamiento mutuo, las 

incertidumbres de ganancia/fase y los errores de fase debidos a errores de 

ubicación con el número reducido de mediciones. Además, se propone un 

nuevo método de calibración para conjuntos de antenas activas polarizadas 

circularmente basado en la optimización de la relación axial para mejorar el 

rendimiento del conjunto de antenas compensando errores y efectos de 

acoplamiento mutuo. 

• Se propone un algoritmo de estimación y seguimiento de DoA rápido y 

eficiente en energía para el sistema MIMO masivo asistido por RIS. El bajo 

consumo de energía se logró reduciendo el número de cadenas de RF e 

incluyendo un conjunto de antenas conmutadas en el receptor. El algoritmo 

de estimación y seguimiento de DoA se basa en el algoritmo RLS de factor 

de olvido adaptativo ADAM. El algoritmo propuesto estima con precisión los 

DoA de trayectos múltiples tanto en elevación como en acimut. Además, se 
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propuso un método eficiente de estimación de canal híbrido de campo 

cercano y campo lejano para los sistemas MIMO masivos asistidos por RIS. 

Se ha demostrado que el método propuesto tiene un rendimiento de 

estimación de canal preciso. 

El objetivo común de todas las contribuciones presentadas es proporcionar 

soluciones nuevas y robustas a problemas abiertos específicos para el 

procesamiento de conjuntos en fase y RIS de próxima generación en SATCOM. Los 

resultados de investigación obtenidos en esta tesis no se limitan a los estudios de 

caso descritos sino también a amplias áreas de aplicación. 

PALABRAS CLAVE: 

Conjuntos de antenas, MIMO masivo, RIS, formación de haz adaptativo, factor de 

olvido adaptativo, aproximación de matriz inversa, precodificación, 

autocalibración, relación axial, estimación y seguimiento de DoA, estimación 

iterativa de DoA, estimación de canal de campo híbrido. 
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1. Chapter 1: Introduction  

1.1.  Overview 

Antennas and arrays are the key components that fulfill the developments and the 

evolving requirements of the wireless communication systems. In the design and 

implementation of fifth-generation (5G), beyond fifth-generation (B5G) and sixth-

generation (6G) wireless communication systems, as well as satellite communication 

(SATCOM), new challenges are presented as the higher data transmission rates are in 

need for the increased number of end users.  

In the 5G systems the operating frequencies are higher than the previous generation 

wireless communication systems, typically in the millimeter-wave (mm-Wave) frequency 

range. The mm-Wave frequencies provide higher data rates, more capacity and wider 

bandwidth. The frequency range is even more in B5G communication systems where 

potentially sub millimeter-wave frequency ranges are considered. On the other hand, the 

6G communication systems are expected to provide higher data rates and lower latency 

than 5G and B5G systems. Those communication schemes can be implemented on 

SATCOM systems to transmit and receive signals between ground stations and orbiting 

satellites. Such systems are required to transmit and receive signals with low loss and 

high gain. Along with the high data transmission rate and low latency, noise and 

interference mitigation are also needed at the same time. However, in mm-Wave 

frequency meeting with those requirements are challenging tasks since signals are prone 

to attenuation due to atmospheric absorption and shorter wavelengths lead higher path 

losses in mm-Wave ranges and more scatters occur. Moreover, the electromagnetic 

spectrum is a scarce resource, therefore, higher capacities must be translated into a more 

efficient user of it.  

In order to overcome the challenges that are introduced by the developments and 

enhancing of the future generation wireless communication systems, advanced signal 

processing and hardware architecture has been proposed over the years. One of the most 

effective technologies is the smart antennas. Smart antennas are intended to use to 

increase coverage, capacity, improve the quality of service (QoS), user localization, and 

decrease the delay dispersion. These achievements are enabled by advanced signal 

processing methods which are known as beamforming techniques in smart antennas.  

The beamforming techniques are used to direct the transmitted or received signals in a 

desired direction or towards to a specific target. The beamforming techniques can improve 

the overall QoS by increasing the range and capacity of the communication system, 

mitigating the interreference and noise as well as enhancing signal strength. 

Beamforming is generally categorized as analog and digital beamforming. In analog 
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beamforming each antenna is fed by the same signal and analog phase shifters are used 

to steer or direct the signal transmitted by the antenna array. On the contrary, in digital 

beamforming different signals are generated and are assigned to each antenna in the 

digital domain. Therefore, there is more flexibility in digital beamforming compared to 

analog beamforming. Moreover, different amplitudes and phases, also different parts of 

the frequency bands can be assigned to different antennas. Since the superposition of 

signals are transmitted, each with a different direction, digital beamforming becomes very 

advantageous for spatial multiplexing. Additionally, a large bandwidth is advantageous 

as a signal with fixed phases would orient differently across the band. The beamforming 

techniques are for directional transmission or reception relying on the line-of-sight (LOS) 

condition and multi-path effects are not taken into account to improve the QoS. However, 

multi-path components can be used to increase the overall QoS.  

The more advanced signal processing technique, the multiple-input and multiple-output 

(MIMO) has been developed which takes into account the multi-path effects, thus, MIMO 

supports the multi-stream transmission. The MIMO uses the antenna array to transmit 

and receive multiple data streams simultaneously which is known as full-duplex. The 

simultaneous data transmit and receive increase the capacity and spectral efficiency of 

the system significantly. However, the MIMO systems require more complex signal 

processing algorithms to distinguish the different data streams as well as mitigate the 

noise and interference. The MIMO systems support the space-division multiple access 

(SDMA), using directional or smart antennas to communicate on the same frequency with 

users in different locations within the range of the same base station which has significant 

advantage in multiple user case over beamforming. However, over the years, with 

enhancement in processing techniques and merges in applications, beamforming and 

MIMO have been evolved in same discussion.     

The signal processing in beamforming was extended from analog phase shifters to multiple 

radio frequency (RF) chains which is, as mentioned before, digital beamforming. In the 

digital beamforming multi-beam transmission can be performed, moreover, the carrier 

signals can be transmitted and received from multi-path as in the MIMO transmission. 

Hence, the hardware set-up for digital beamforming can be equivalent to MIMO precoding 

and decoding, inducing similar systematic signal processing.  

The massive MIMO systems, which are the direct extension of multi-user MIMO with 

more antenna elements in the receiver, are considered to play an important role not only 

in 5G mobile communications technology but also in B5G technology, 6G technology that 

will be used mainly for autonomous driving and industry 4.0, and will be used in the 

internet of things (IoT), respectively [1], [2], [3], [4]. The usage of massive MIMO systems 

at ultrahigh frequencies is to compensate for the high free path losses at millimeter 

wavelengths by using a large number of antenna elements [3], [5]. The densely numbered 

antenna structure of massive MIMO systems increases the transmission rate, spectral 
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efficiency and power spectral efficiency [6], [7], [8] as well. However, in highly dense 

environments the LOS channel between the transmitter and receiver is likely to be 

blocked [9], moreover, signal reflections, refractions, diffractions and scatterers highly 

effect the positioning signal [1]. In order to mitigate the effects of factors hindering 

accurate channel estimation and provide a virtual LOS channel where required, a new 

concept known as reconfigurable intelligent surface (RIS) has been proposed [10], [11].      

The surfaces of RISs consist of a large number of small elements which are capable of 

reflect and manipulate the incident signals. The RISs are used for combining function of 

phase shift and radiation together on an electromagnetic surface. The RISs are cost-

effective and easy to deploy since consist almost entirely of passive devices and low-power 

phase shifters [5], support full-duplex, and are compatible with existing standards and 

hardware [11]. Phase control of the antenna elements on the RIS can be simple enough to 

be done by PIN diodes. By controlling the phase and amplitude of the reflected waves, an 

IRS can be used to enhance signal strength, improve coverage, and reduce interference in 

the system. Therefore, RISs are cost-effective and energy-efficient auxiliary elements for 

massive MIMO systems [12]. It seems that RISs will be a research topic that will remain 

on the agenda for a long time for next generation wireless communication systems.  

In the modern and future wireless communication systems, beamforming, massive MIMO 

and RIS are being developed to enhance QoS. However, there are vast open issues to 

overcome in those advanced technologies to be mentioned.          

1.2.  Motivation 

The motivation of this thesis is based on the evaluation of new phased array and RIS 

processing techniques, and propose novel algorithms and methods to improve the overall 

performance of the smart antennas and massive MIMO systems. Therefore, solutions have 

been proposed to a wide range of open problems in the processing of general phased 

antenna arrays and RIS in this thesis. 

The smart antenna systems and massive MIMO systems are considered to play an 

important role not only in 5G mobile communication technology but also in B5G 

technology, 6G technology that will be used mainly for autonomous driving and industry 

4.0, and will be used in the internet of things (IoT), respectively [1], [2], [3], [4]. The 

demand for high-speed data access or transmission is inevitably growing with the 

exponentially increasing number of users. The smart antennas and massive MIMO 

systems can serve many users at the same time by increased number of antennas. The 

densely numbered antenna structure of smart antennas and massive MIMO systems 

provides high transmission rate, spectral efficiency, and power efficiency [3],[4],[5]. 

However, a large number of antennas have drawbacks that must be carefully considered 

along with the other challenging issues, thus, in order to maintain seamless 
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communication and carry the performances of the system any further advanced signal 

processing techniques are in need for the future generation communication systems. The 

performance of the system highly depends on the which algorithms or techniques are used 

[13]. 

In smart antenna system, adaptive beamforming algorithms generate weights for each 

antenna element in array to direct the array radiation pattern to desired directions [14], 

[15]. By applying beamforming, the output signals from an antenna array are summed 

and beam is directed to the target precisely, in the meantime, deep nulls are directed to 

undesired signal directions and thus interference suppression is performed. Moreover, the 

fast target tracking is a highly challenging task for SAS. Most likely, optimum results may 

not be achieved by only using one type of algorithm. Therefore, hybrid adaptive algorithms 

are proposed to achieve higher convergence rate, better interference suppression, low 

steady-state noise and fast target tracking. To cope with these issues, the Chapter 3 

proposes an improved hybrid constant modulus RLS beamforming algorithm with 

adaptive forgetting factor and variable regularization factor. Forgetting factor is updated 

by low-complexity yet robust adaptive moment estimation method (ADAM). The sliding-

window technique is applied to the proposed algorithm to mitigate the steady-state noise. 

On the other hand, the large number of antennas leads significant computation burdens 

and inaccurate results in such cases the beamforming weight computation by Wiener 

optimum, pseudo inverse computation in maximum-likelihood (ML) based direction-of-

arrival estimation, precoding in massive MIMO, etc. The Chapter 4 proposes an inverse 

matrix approximation algorithm to overcome this issue. Most of the inverse matrix 

approximation algorithms in the literature require initial conditions and pre-

computations to converge to the optimal matrix inversion. The proposed improved 

iterative algorithm guarantees convergence under any circumstances without dependency 

on any optimized initial parameter or condition. Moreover, nonsymmetric diagonally 

dominant matrix inverses can be computed more accurately without pre-computation to 

optimize the initial values with the proposed algorithm.  

The smart antenna systems and massive MIMO systems mostly require a calibration 

process for optimum performance. The overall objective is to make sure that each 

element's frequency-dependent amplitudes and phases are precisely adjusted to produce 

the desired beam pattern, while the techniques and details differ. However, large-scale 

antenna arrays require time-consuming measurements and trail-and-error methods with 

visual inspections, as the number of antennas increases the required time increases as 

well. Thus, low-complexity calibration algorithms are needed with automated 

measurement campaigns while the system is under operation. In Chapter 5, a novel 

mutual coupling-based uplink online self-calibration method is proposed to deal with this 

issue. The novel built-in self-calibration method for transmit made large-scale phased 

antenna arrays is compliant with all off-line, on-site and online calibration schemes with 
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the reduced number of measurements. Moreover, in many systems circularly polarized 

antenna arrays are used since circular polarization is much less prone to cross-pol 

interference. However, unequal co-polarized and cross-polarized wavefields due to the 

array impairments must not be ignored in such systems. Achieving accurate and reliable 

performance from the antenna arrays requires precise calibration of axial ratio. The axial 

ratio is a key parameter that characterizes the polarization purity of an antenna, and 

calibration is necessary to ensure optimal signal quality and minimize interference. 

Therefore, in Chapter 5, another calibration method is proposed to calibrate phase, gain, 

and location errors as well as mutual coupling to optimize and improve the axial ratio 

based on polarization agile system capability. The proposed method is suitable for off-line 

and on-site calibration processes with the reduced number of measurements.             

Last but not least, in massive MIMO systems, the three-dimensional (3D) beamforming is 

considered to enable the link reliability enhancement [16]. The accurate estimation of the 

direction-of-arrival (DoA) is the preliminary stage of 3D beamforming [17], target 

localization [18] and channel estimation [19] in RIS-aided millimeter-wave massive MIMO 

systems, as in many communication applications. The subspace DoA estimation 

algorithms, such as, multiple signal classification (MUSIC) [20], estimation of signal 

parameters via rotational invariance technique (ESPIRIT) [21], weighted subspace fitting 

(WSF) [22] and maximum likelihood (ML) [23], are widely used in RIS-aided 

communication systems. The performance of subspace DoA algorithms depends on the 

correlation, which requires the signal information from each antenna in an array. 

However, the implementation of such algorithms becomes impractical in mMIMO systems 

since the power consumption of the radio frequency chain (RF) connected to each antenna 

in the access point (AP) will be high. Additionally, these algorithms include eigen value 

decomposition (EVD) or matrix inversion operations with high computational complexity. 

The high computation leads latency and disruptions in high-speed data flow, especially if 

targets are dynamic. To overcome these problems, in Chapter 6, we propose an energy-

efficient fast DoA estimation and tracking algorithm for RIS-aided massive MIMO 

systems. The DoA estimation and tracking algorithm does not involve correlation matrix 

and EVD or inverse matrix operations and not require all elements in the antenna array 

for processing. Besides, the proposed algorithm is based on adaptive forgetting factor 

recursive least squares (AF-RLS) algorithm which exploits the computational 

effectiveness of adaptive moment estimation method (ADAM) to update the forgetting 

factor by using the first gradient of error signal as proposed in Chapter 3.  

On the other hand, the channel estimation is another challenging task in RIS-aided 

massive MIMO systems since the total number of antennas is larger and there are 

multiple different channels (direct, cascaded, multiple cascaded, etc.). In practical 

communication systems mixed far-field and near-field signals exist resulting in hybrid-

field communication scenario [24], [25]. The hybrid-field estimation is more complex than 
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the conventional channel estimation problem. In fact, most of the existing methods are 

limited with either near-field [26], [27], [28]or far-field channel estimation [29], [30], [31], 

thus, their channel estimation performances are limited in real cases. To tackle this 

problem, in Chapter 5, an efficient hybrid-field channel estimation method for RIS-aided 

millimeter-wave massive MIMO systems is proposed. A special fourth-order cumulant 

matrix and remove the near-field component for estimating the direction-of-departures 

(DoDs) and direction-of-arrivals (DoAs). In order to extract the angular information of 

DoDs and DoAs, the special fourth-order cumulant matrix is reconstructed by applying 

the atomic norm minimization (ANM). The ANM is used to increase the estimation 

resolution of DoDs and DoAs. 

1.3.  Outline of the Thesis 

The content of this thesis has been organized in seven chapters: 

• Chapter 1 discusses the general topics of the phased array and RIS processing for 

the SATCOM and the future generation communication systems, namely, 5G, B5G 

and 6G. A brief introduction to the open issues in phase array and RIS processing 

and their state-of-the-art solutions are given. The main objectives and motivations 

of this thesis are stated. Finally, an outline of the structure of this thesis given.    

• Chapter 2 is dedicated to the detailed introduction to the theoretical receive and 

transmission models and mathematical formulations for the phased array and RIS 

processing. The fundamentals of antenna arrays are briefly discussed. The detailed 

explanations of smart antennas and multiple-input multiple output, which are the 

basics of the phase array and RIS processing, are given. The essential beamforming 

and direction of arrival estimation algorithms are briefly explained.       

• Chapter 3 is dedicated to developed adaptive beamforming application tool to 

evaluate and compare the state-of-the-art beamforming and direction of arrival 

estimation algorithms. Trade-offs of the adaptive beamforming and direction of 

arrival algorithms are discussed. Additionally, the empirical analysis of the impact 

of mutual coupling, gain/phase uncertainties in the active antenna arrays, the 

array geometry and windowing on those algorithms are given which depend on the 

results of this developed tool. The derivation and analysis of the proposed hybrid 

constant modulus recursive least squares beamforming algorithm for fast target 

tracking and improved interference mitigation are given. The effectiveness of the 

proposed beamforming algorithm is discussed by comparing it with the state-of-

the-art algorithms. 

• Chapter 4 proposes a solution to the matrix inversion encountered in most signal 

processing schemes. The derivation of the proposed inverse matrix approximation 

algorithm is given. The analyses of the proposed algorithm are given. The proposed 
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algorithm is verified using a new correlated channel model that includes mutual 

coupling effects, gain/phase uncertainties and antenna element location in the 

receiver antenna array. The bit error rate performance of the proposed algorithm 

is compared with the prominent existing algorithms for the case of precoding 

massive multiple-input multiple-output communications systems.  

• Chapter 5 deals with the calibration problem in large-scale phased antenna arrays. 

This chapter introduces two novel calibration methods for different applications. 

The formulation and derivation of a novel mutual coupling-based uplink online self-

calibration method is discussed in details. On the other hand, another calibration 

technique for phase, gain, and location errors as well as mutual coupling is 

proposed to improve the axial ratio based on polarization agile system capability. 

The calibration performances are evaluated for both method as well as the real case 

results from the experimental studies are included.   

• Chapter 6 deals with the two major problems in RIS-aided millimeter-wave 

massive multiple-input multiple-output systems, namely, low-complexity energy 

efficient direction of arrival estimation and mixed near-field and far-field channel 

estimation.  In order to reduce the total power consumption in the receiver and at 

the same time increase the direction of arrival estimation and tracking capability 

in RIS-aided millimeter-wave massive multiple-input multiple-output systems, a 

novel algorithm is developed and detailed explanations are given. On the other 

hand, a hybrid-field channel estimation method for RIS-aided millimeter-wave 

massive multiple-input multiple-output system is proposed. Different performance 

metrics are determined for both the proposed algorithm and the proposed method, 

they are analyzed and compared with the state-of-the-art algorithms and methods. 

• Chapter 7 summarises the contributions by giving brief conclusions of each 

chapter. The future frameworks, which are the continuations of the contributions 

of this thesis, are discussed and possible suggestions are made for the future 

studies. Finally, a list of academic publications used in and derived from this thesis 

is given. 
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2. Chapter 2: Introduction to Phased Array 

Antennas and Reconfigurable Intelligent Surfaces  

2.1.  Array Fundamentals  

The general definition of antenna arrays in antenna theory and design is the assembly of 

a group of radiating elements [1]. The radiation pattern of a single radiating element is 

broad, so its directivity and gain in a particular pointing direction are low. Therefore, to 

increase both directivity and radiated power gain, the antenna array concept has been 

introduced in which the excitation of each radiating element can be arranged in different 

amplitudes and phases, thus, making steering possible. In antenna arrays, the radiating 

elements are often the identically selected for simpler and more practical designs, 

however, the characteristic of the elements need not be the same. 

In antenna arrays various parameters effect its characteristic and overall performance. 

The geometrical configuration of the array, inter-element spacing, excitation (amplitude 

and phase) and pattern of individual elements can be listed as most crucial factors. The 

general form of an antenna array with 𝑀 radiating elements can be defined and can be 

modelled in Cartesian coordinate system. An origin is selected and each radiating element 

is positioned in a certain location. The location vector of the 𝑚-th element, 𝐫⃑𝑚, can be given 

as: 

𝐫⃑𝑚 = (

𝑥𝑚
𝑦𝑚
𝑧𝑚
) (2-1) 

Then, the unitary vector, 𝐫̂, associated with the far-field signals is defined as: 

𝒓̂ = [𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜑  𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛𝜑  𝑐𝑜𝑠 𝜃] (2-2) 

The individual elements receive the same signal with different time delays. The time delay 

of the 𝑚-th element, 𝜏𝑚, with respect to the antenna array can be expressed as: 

𝜏𝑚 = −
𝐫̂𝐫⃑𝑚
𝑐

 (2-3) 

where 𝑐 is the free space speed of light. The simple illustration of an antenna array and 

impinging wavefront is given in  Fig. 2.1. 
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 Fig. 2.1. Antenna array with impinging planar wavefront. 

The signals received at time, 𝑡, from antenna array with 𝑀 elements are then expressed 

in vector form as follows: 

𝐱(𝑡) = (

𝑥(𝑡−𝜏0)

𝑥(𝑡−𝜏1)
⋮

𝑥(𝑡−𝜏𝑀−1)

) (2-4) 

The vector 𝐱(𝑡) can be rewritten to expressed the phase offsets associated with the time 

delays of each element with respect to the antenna array origin as: 

𝐱(𝑡) = 𝑥(𝑡)

(

  
 

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥0 sin𝜃 cos𝜑+𝑦0 sin𝜃 sin𝜑+𝑦0 cos𝜃]

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥1 sin𝜃 cos𝜑+𝑦1 sin𝜃 sin𝜑+𝑧1 cos𝜃]

⋮

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥𝑀−1 sin𝜃 cos𝜑+𝑦𝑀−1 sin𝜃 sin𝜑+𝑧𝑀−1 cos𝜃])

  
 

 (2-5) 

where 𝜆𝑐 is the wavelength of the free space speed of light and the vector in (2-4) 

determines the geometrical characteristic of the antenna array and known as steering 

vector or array manifold vector, 𝒂, and can be expressed as [2]: 

𝒂 =

(

  
 

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥0 sin 𝜃 cos𝜑+𝑦0 sin 𝜃 sin𝜑+𝑧0 cos 𝜃]

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥1 sin 𝜃 cos𝜑+𝑦1 sin 𝜃 sin𝜑+𝑧1 cos 𝜃]

⋮

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥𝑀−1 sin 𝜃 cos𝜑+𝑦𝑀−1 sin 𝜃 sin𝜑+𝑧𝑀−1 cos𝜃])

  
 

 (2-6) 

 

 

q

f

x

y

Wave incoming 
direction

z

-
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For narrow-band signals which are defined for only a particular frequency, only the central 

frequency and its orientation with respect to the array are required to form the steering 

vector[2]. The signal, 𝐱(𝑡), is considered as narrow band when the propagation time along 

the antenna is lower than inverse of the frequency bandwidth. The below expression holds 

for the narrow band signals: 

𝑡 =
𝐷

𝑐
<
1

𝐵
 (2-7) 

where 𝐷 is the maximum aperture size of the antenna and 𝐵 is the bandwidth.     

The antenna array output varies based on the angle of arrival of impinging wavefronts in 

this manner the antenna array can be considered as a spatial filter. The output of the 

antenna array at time, 𝑡, is the function of the arrival angle of a wavefront and the applied 

phase shifts and amplitudes applied to each antenna element for further array processing 

(Fig. 2.2). The antenna array output can be defined as: 

𝐲(𝑡) = 𝐰𝐻𝐱(𝑡) (2-8) 

where 𝐰 is the weight vector being as 𝐰 = [𝑤0, … , 𝑤𝑚, … , 𝑤𝑀−1, ]
𝑇 (𝑤𝑚 is the applied phase 

shift and amplitude to the 𝑚-th element).  

 

 

Fig. 2.2. Weighting and sum array processing. 

In case of applying complex phase shifts and amplitudes to each element in the array, the 

overall radiation pattern will change. The characterization of the antenna array in terms 

complex phase shifts and amplitudes is known as array factor (AF). The array factor can 

be expressed as: 

⊗

⊗

⊗

Σ
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𝐴𝐹(𝜃, 𝜑) = ∑ 𝑤𝑚𝑒
−𝑗
2𝜋
𝜆𝑐
𝐫𝐫⃑𝑚

𝑀−1

𝑚=1

 (2-9) 

A more compact form of the AF can be written as: 

𝐴𝐹(𝜃, 𝜑) = 𝐰𝑇𝒂 (2-10) 

The array factor response depends on the applied weights, antenna array geometry and 

the angle of arrival of the wavefront. In the AF the replicas of the maxima are observed, 

known as grating lobes [2]. Since the array is considered as a spatial sampling, in order to 

mitigate or eliminate the grating lobes the inter-element spacings, 𝑑, must be comply with 

the Nyquist criterion as 𝑑 ≤ 𝜆𝑐 2⁄ . Therewithal, it is possible to direct the maximum of the 

AF towards the direction of the desired signal by applying the optimized weights for each 

antenna element and this process is known as array beamforming. In beamforming, the 

output signals from each antenna element are added up and directed to precise transmit 

or receive angle. On the other hand, this system is also known as phased array antennas 

since the shifts in the maximum of the AF are obtained with only the changes in phases 

[2]. By definition, beamforming is the ability of an antenna array to adapt its radiation 

pattern to a desired direction by controlling phases and amplitudes of each antenna 

element [3]. Therefore, there is a close relationship between the antenna array pattern 

and the AF. If an antenna array consists of elements with approximately the same 

radiation pattern, then, the radiation pattern of the array is the multiplication of the AF 

and the radiation pattern of a single antenna element and this procedure is known as the 

pattern multiplication [1]. The antenna array radiation pattern, 𝐸𝑎(𝜃, 𝜑), then, can be 

expressed as: 

𝐸𝑎(𝜃, 𝜑) = 𝐸𝑒(𝜃, 𝜑)𝐴𝐹(𝜃, 𝜑) (2-11) 

where 𝐸𝑒(𝜃, 𝜑) is the radiation pattern of the single element. 

In phased array antennas from past to present, three concepts have been adopted to direct 

the antenna array radiation pattern to the desired direction and they can be listed as 

follows [4]: 

• Switched beam antennas 

• Dynamically-phased arrays 

• Adaptive antenna arrays 

Switched beam antennas: Such antennas are also known as switched lobe antennas, which 

are directional antennas and have only basic switching functions between distinct 

directional antennas or predefined beams of an array. Samples of each element's output 

are taken continuously to determine which component has the best reception beam. 

Whichever direction the highest power is obtained, the radiation pattern of the antenna 
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array is directed in that direction. Such antenna array structures are practical and can be 

easily implemented into systems. However, their performances are limited.  

Dynamically-phased arrays: Such phased arrays, the beams are predetermined and fixed 

in case of switched beam system. Generally, a direction of arrival (DoA) algorithm is used 

to track the position of the signal source as it moves within the beam range, thus ensuring 

that the source signal power is received with optimum gain. In this case, the received 

power is maximized, making it a generalization of the switched beam notion [4]. 

Adaptive antenna arrays: In this concept, adaptive beamforming algorithms are used to 

generate weights of each antenna element to direct the array radiation pattern in desired 

directions [5]. By applying beamforming, the output signals from an antenna array are 

summed and the beam is directed precisely to the target. In the meantime, deep nulls are 

directed to undesired signal directions, and thus, interference suppression is performed 

[5]. Since these antenna arrays can be considered the smartest among the defined antenna 

arrays, they are also referred to as smart antennas in the literature. In general, the smart 

antennas are classified under three topologies as analogue beamforming, digital 

beamforming and hybrid beamforming. The architectural differences between the 

beamforming methods are given in Fig. 2.3. 

   

Fig. 2.3. Beamforming architectures [6].  

In analogue beamforming the phase shifts and amplitudes of antenna elements are 

adjusted in RF domain. Phase and amplitude adjustment in the RF field has an impact on 

the overall antenna array radiation pattern that gives the opportunity to increase 

coverage and gain. On the other hand, in digital beamforming, the phases and amplitudes 

of the transmitted signals are first pre-coded in the baseband processing, and then are 

upconverted to radio frequencies. In digital beamforming each antenna is connected to 

analog-to-digital converter (ADC) to convert the radio frequency signals in to digital 

signals to process in baseband. Thus, they are considered as digital antenna arrays. The 

digital antenna arrays have extreme capabilities to control over phase and amplitude of 

the signals. Multiple beams can be formed and directed towards to each desired direction 

at the same time by using frequency and time resources. Frequency and time resource 

usage improves the capacity of the antenna array as well as increase the spectral efficiency 

Analog Beamforming

Single element 
Pattern

Digital Beamforming

Single element 
Pattern

Hybrid Beamforming
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by increasing the degree of freedoms (DoF) to manipulate the transmitted and received 

signals [7]. Lastly, the hybrid beamforming is used to exploit the advantages of both digital 

beamforming and analogue beamforming, thus, increased energy efficiency is achieved [8], 

[9].  

2.2.  Smart Antennas  

In modern wireless communication systems, there are severe challenges to overcome to 

increase the overall quality-of-service (QoS). The limited capacity due to scarce spectrum 

allocation, signal fading, scatters in time, space and frequency due to multipath 

propagation, tracking of the signal source and energy efficiency due to power constraints 

in devices can be given as some of the prominent concerns of modern communication 

systems. The smart antennas are considered as the key enabler not only in current but 

also in future generation wireless communication systems. Under harsh environmental 

conditions, smart antennas can maintain high beam resolution, provide effective 

interference suppression and reduce multipath fading, provide signal source tracking with 

improved DoA and direction estimation, allowing for a wide permissible frequency 

bandwidth and hence higher data rate. Adaptive beamforming algorithms are the 

backbone of the smart antennas.  

2.2.1. Adaptive Beamforming Algorithms 

Adaptive beamforming algorithms are used in smart antennas to calculate the antenna 

weights iteratively based on the statistics of the received signal/s. Adaptive beamforming 

algorithms are capable of to improve signal-to-noise ratio by directing nulls to interference 

directions and mitigate the received noise. The simple block diagram of the adaptive 

beamforming algorithm in smart antennas is given in Fig. 2.4 with two beamforming 

applications. Pattern in green color has the main beam pointing to the desired signal and 

nulls pointing to interferences while the pattern in orange color has a beam per signal.  
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Fig. 2.4. Basic smart antenna model diagram for beamforming implementation.  

In general, adaptive beamforming algorithms compare literately adapt the antenna 

weights according to error signal, 𝑒(𝑡), which is the difference between the received data 

from the antenna elements (𝑥1(𝑡),… 𝑥𝑚(𝑡), … 𝑥𝑀(𝑡)) and the reference signal, 𝑑(𝑡). In each 

time slot, 𝑡, each antenna element 𝑚 receives data from different signal sources, 𝑠𝑘(𝑡), 

which are located in different spherical coordinates as 𝜃𝑘 and 𝜑𝑘. Considering a uniform 

rectangular antenna array (URA), the received multi-path signals from the 𝑚-th antenna 

element as depicted in Fig. 2.4 can be expressed as: 

𝑥𝑚(𝑡) = ∑ 𝑠𝑘(𝑡)

𝐾

𝑘=1

𝑒
−𝑗
2𝜋
𝜆
𝐫𝑘𝐫⃑𝑚 + 𝑛𝑚(𝑡) (2-12) 

where 𝑛𝑚(𝑡) is the received noise signal at the 𝑚-th element.  

Then, the output signal 𝑦(𝑡) can be written as: 

𝑦(𝑡) = ∑ 𝑤𝑚
𝐻(𝑡)

𝑀

𝑚=1

𝑥𝑚(𝑡) (2-13) 

2.2.1.1. Optimization Criteria 

Adaptive beamforming algorithms are the sub-optimal solutions to optimum weights and 

are derived from the several different optimization criteria. According to the type of the 

optimization criteria, the adaptive beamforming algorithms are generally classified under 

three categories: time reference adaptive beamforming algorithms, spatial reference 

adaptive beamforming algorithms and blind adaptive beamforming algorithms. The time 

slot, 𝑡, is sampled into 𝑁 discrete signal samples and adaptive beamforming is applied to 

each 𝑛 signal sample.   

 

AF
Algorithm

de
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Minimum mean square error (MMSE): 

The objective of the MMSE criterion is to minimize the square error of the received signal 

with respect to the reference signal. This criterion is known as time reference. The error 

signal can be estimated as:   

𝑒(𝑛) = 𝑑(𝑛) − 𝐰𝐻𝐱(𝑛) (2-14) 

where 𝑒(𝑛) is the error and 𝑑(𝑛) is the reference signal. Then, mean square error is denoted 

as: 

𝐸(|𝑒(𝑛)|2) = 𝐸(|𝑑(𝑛)|2) − 𝐰𝐻𝐸(𝑑∗(𝑛) 𝐱(𝑛)) − 𝐸(𝑑(𝑛) 𝐱𝐻(𝑛)) 𝐰

+𝐰𝐻𝐸(𝐱(𝑛) 𝐱𝐻(𝑛)) 𝐰 
(2-15) 

The Wiener-Hopf solution for the optimum weights can be calculated as [2]: 

∇𝐰𝐻{𝐸(|𝑒(𝑛)|
2)} = −𝐫𝑥𝑑 + 𝐑𝑥𝑥𝐰 = 0 (2-16) 

where ∇𝐰𝐻 is the complex gradient of 𝐰𝐻, 𝐫𝑥𝑑 is the cross-correlation vector of the received 

signal and the desired signal being as 𝐫𝑥𝑑 = 𝐸(𝑑
∗(𝑛) 𝐱(𝑛)), 𝐑𝑥𝑥 is the array correlation 

matrix being as 𝐑𝑥𝑥 = 𝐸(𝐱(𝑛)𝐱
𝐻(𝑛)). 

Minimum variance (MV): 

The objective of the MV criterion is to minimize the variance of the output noise, while 

maintaining a given AF response in the direction of the desired signal, this criterion is 

known as spatial reference and can be formulate as [2]: 

𝑚𝑖𝑛   (𝐰𝐻𝐑𝑛𝐰) 

s.t  𝐰𝑇𝒂 = α 
(2-17) 

where 𝒂 is the steering vector, 𝐑𝑛 = 𝜎
2𝐈𝑚 and 𝜎2 is the noise variance. The The 

minimization problem can be solved by using Lagrange multipliers as: 

𝐰𝐻𝐑𝑛𝐰+ 𝜆(𝐰
𝑇𝒂 − α) + 𝜆∗(𝒂𝑇𝐰− α∗) (2-18) 

where 𝜆 is the Lagrange multiplier being as 𝜆 = −α(𝒂𝑇𝐑𝑛
−1𝒂)−1.  Then, the weights for the 

minimum variance can be expressed as: 

𝐰𝑚𝑣 =
α𝐑𝑛

−1𝒂

𝒂𝑇𝐑𝑛
−1𝒂

 (2-19) 

when α = 1, it is known as minimum variance distortion response (MVDR) or Capon’s 

solution. 
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Maximum combined output (MCO): 

The objective of maximum combined output SNR (MCOSNR) and maximum combined 

output signal to interference and noise ratio (MCOSINR) criteria is to maximize the output 

SNR and SINR, respectively [2]. The mathematical expressions can be given as: 

𝑆𝑁𝑅 =
𝐰𝐻𝐑𝑠𝐰

𝐰𝐻𝐑𝑛𝐰
 (2-20) 

𝑆𝐼𝑁𝑅 =
𝐰𝐻𝐑𝑠𝐰

𝐰𝐻𝐑𝑛+𝑖𝐰
 (2-21) 

where  𝐑𝑛+𝑖 = 𝐑𝑛 + 𝐑𝑖 and 𝐑𝑖 is the interference correlation matrix.  

The complex gradient according to the MCOSNR with respect to 𝐰𝐻can be calculated as: 

𝐑𝑠𝐰𝐰
𝐻𝐑𝑛𝐰− 𝐑𝑛𝐰𝐰

𝐻𝐑𝑠𝐰

(𝐰𝐻𝐑𝑛𝐰)
2

= 0 (2-22) 

↔ 𝐑𝑠𝐰 = 𝑆𝑁𝑅 × 𝐑𝑛𝐰 = 𝜆𝐑𝑛𝐰 (2-23) 

↔ [𝐑𝑛
−1𝐑𝑠] = 𝜆𝐰 (2-24) 

The eigen vector of the matrix 𝐑𝑛
−1𝐑𝑠 maximizes the weight vector. The similar approach 

is valid for MCOSINR where the weight vector is obtained from the matrix 𝐑𝑛+𝑖
−1 𝐑𝑠. It is 

evident that the optimal weight does not depend on a reference signal or a known steering 

matrix but only to output signal.  

2.2.1.2. Time Reference Adaptive Beamforming Algorithms 

The time reference (TR) adaptive beamforming algorithms require a pre-determined 

training signal as a reference signal. In order to converge to a solution, in every iteration 

cycle, 𝑛, an error signal 𝑒(𝑖) estimation is calculated between the reference signal 𝑑(𝑛) and 

the received signal/s 𝑥(𝑛). The error between the reference signal and the received signal/s 

is then iteratively minimized to increase the SNR by minimizing the noise and eliminating 

the interferences. The TR adaptive algorithms use minimum mean square error (MMSE) 

criteria to obtain optimal weight/s [2]. Beamforming is performed by minimizing the mean 

square error (MSE) between the array output 𝑦(𝑛) and the reference signal. The 

correlation matrix 𝑅𝑥𝑥(𝑛) of the signal received by the antenna array and the cross-

correlation vector 𝑟𝑥𝑑(𝑛) between the desired and received signal are the key parameters 

for determining the optimal weights. The most prominent TR adaptive beamforming 

algorithms are explained in the following paragraphs.  
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Least mean square (LMS) Algorithm:  

The least mean square algorithm (LMS) and variants of the LMS algorithms are the 

simplest adaptive algorithms. Step size 𝜇, it the key parameter which determines the 

performance of the LMS algorithm. If the step size is small, then algorithm needs a large 

number of signal samples to converge to the optimal weight values. On the other hand, if 

the step size is too large then output signal becomes noisier. In order to mitigate these 

drawbacks, NLMS algorithm was derived. In NLMS the step size is divided by the norm 

of the input signal at each iteration. The formulation of the NLMS algorithm is given in 

the below equations [10]: 

 𝑒(𝑛) = 𝑑(𝑛) − 𝐰𝐻(𝑛 − 1)𝐱(𝑛) (2-25) 

𝐰(𝑛) = 𝐰(𝑛 − 1) +
𝜇

‖𝐱(𝑛)‖2
𝐱(𝑛)𝑒∗(𝑛) (2-26) 

where 𝐰(𝑛 − 1) previous weight vector, 𝐰(𝑛) is the updated weight vector, 𝑒(𝑛) is the error 

and 𝑑(𝑛) is the reference signal.   

Recursive least squares (RLS) Algorithm:  

The RLS algorithm updates the weight vectors by considering the sum of the past least 

square errors. The RLS algorithm has extremely fast convergence rate and high output 

signal-to-noise ratio level. The forgetting factor, 𝜆, and the regularization factor, ∆, are the 

key parameters for the RLS algorithm. The forgetting factor controls the memory of the 

algorithm and its value leads to a compromise between low mis adjustment and fast 

convergence [11], [12]. On the other hand, regularization factor is critical for the steady-

state noise [12]. The RLS algorithm is given at below equations [13]: 

𝑖𝑛𝑖𝑡𝑖𝑎𝑙, 𝐏(0) =  ∆−1 [
1 ⋯ 0
0 ⋱ 0
0 0 1

]

𝑀×𝑀

, 𝐰(0) = 0 (2-27) 

𝑒(𝑖) = 𝑑(𝑖) − 𝐰𝐻(𝑖)𝐱(𝑖) (2-28) 

𝐫(𝑛) =
𝜆−1𝐏(𝑛 − 1)𝐱(𝑛)

1 + 𝜆−1𝐱𝐻(𝑛)𝑃(𝑛 − 1)𝐱(𝑛)
 (2-29) 

𝐰(𝑛) = 𝐰(𝑛 − 1) + 𝐫(𝑛)𝑒∗(𝑛) (2-30) 

𝐏(𝑛) = 𝜆−1(𝐏(𝑛 − 1) − 𝐫(𝑛)𝐱𝐻(𝑛)𝐏(𝑛 − 1)) (2-31) 

where 𝐏(𝑛) is the autocorrelation matrix, 𝐫(𝑛) is the Kalman gain vector. 
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Sample matrix inversion (SMI) Algorithm:  

The SMI algorithm employs block adaptive approach. The SMI algorithm takes an average 

time to estimate the sequence correlation matrix using 𝐼 time samples which allows 

discontinues transmission and SMI algorithm employs direct inversion of correlation 

matrix [14], [15]. The block approach ensures SMI to have high convergence rate and 

convergence to the near optimal weights. The only parameter that related with the 

performance of SMI is the averaging window length, 𝑁. The SMI algorithm is defined at 

below equations [14]: 

𝐑𝑥𝑥 ≈
1

𝑁
∑𝐱(𝑛)𝐱𝐻(𝑛)

𝑁

𝑛=1

 (2-32) 

𝐫 =
1

𝑁
∑𝑑∗(𝑛)𝐱𝐻(𝑛)

𝑁

𝑛=1

 (2-33) 

where 𝐑𝑥𝑥 is the correlation matrix of the received signal samples and 𝐫 correlation vector 

of the received signal samples and the reference signal. Then, the weight update for of the 

SMI algorithm can be calculated as: 

𝐰𝑆𝑀𝐼 = 𝐑𝑥𝑥
−1𝐫 (2-34) 

2.2.1.3. Spatial Reference Adaptive Beamforming Algorithms 

In spatial reference (SR) adaptive beamforming algorithms, spatial characteristics of the 

desired signal/s and interferences are first identified. Subsequently, nulls are directed 

towards interferences and the main beam/s are steered to desired directions 

simultaneously. The spatial reference adaptive beamforming algorithms employ two 

different algorithms, such the first algorithm estimates the direction of arrivals of the 

received signals and then a power thresholding is applied, the second algorithm uses the 

DoA information of the signals to calculate the optimal weight values for the desired 

signal/s and to eliminate the interference [2]. In general, generalized side-lobe cancellation 

algorithms [16] are applied once the DoA of the signal/s are estimated. The generalized 

side-lobe cancellation algorithms have superior capabilities to direct the nulls in undesired 

signal locations, thus, most of the applications adopt those algorithms. 

Generalized sidelobe cancellation (GSLC) algorithm:  

In GSLC algorithm, the optimum vector is split into two orthogonal components. At one of 

the branches of the algorithms a blocking matrix is formed according to the provided 

angular information of the impinging signals from DOA algorithm and the other branch 

the data simply passes with a delay. Thus, nulls are directed to the interference/s and 

desired signal remains with the same amplitude. The initialization of the GSLC is given 

as [17]:  
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𝐰𝑎 = [
1
⋮
1
]

(𝑀−𝑄)×1

 (2-35) 

𝐁 =

[
 
 
 
 
 
1 0⋯  0
𝑏11⋯0
0 𝑏𝑚⋯0
⋯⋯⋯
0 0 ⋯1

0 0 ⋯ 𝑏𝑀−𝑄]
 
 
 
 
 

, 𝑏𝑚 = −(
𝒂𝑚

𝒂𝑚+1
)
∗
 (2-36) 

𝐰(0) =  𝐰𝑞 − 𝐁𝐰𝑎 (2-37) 

where 𝑀 is the number of antennas, 𝐁 is the blocking matrix, 𝑄 is the number of desired 

signals, 𝐰𝑞 = 𝒂𝑑 where 𝒂𝑑 is the steering vector of the main pointing direction and 𝒂𝑚 

denotes the steering vector of the blocked (interference) directions. 

The GSLC-NLMS algorithm is given below: 

𝑒(𝑛) = 𝐰(𝑛 − 1)𝐻𝐱(𝑛) (2-38) 

𝐰𝑎(𝑛) = 𝐰𝑎(𝑛 − 1) +
𝜇

‖𝐱(𝑛)‖2
𝐱(𝑛)𝑒∗(𝑛) (2-39) 

𝐰(𝑛) = 𝐰𝑞 − 𝐁𝐰𝑎(𝑛) (2-40) 

Subsequently, the GSLC-RLS algorithm is given below: 

𝑖𝑛𝑖𝑡𝑖𝑎𝑙, 𝐏(0) =  ∆−1 [
1 ⋯ 0
0 ⋱ 0
0 0 1

]

(𝑀−𝑄)×(𝑀−𝑄)

 (2-41) 

𝐫(𝑛) =
𝜆−1𝐁𝐻𝐏(𝑛 − 1)𝐱(𝑛)

1 + 𝜆−1𝐁𝐻𝐱𝐻(𝑛)𝐏(𝑛 − 1)𝐁𝐻𝐱(𝑛)
) (2-42) 

𝑒(𝑛) = 𝐰(𝑛 − 1)𝐻𝐱(𝑛) (2-43) 

𝐰𝑎(𝑛) = 𝐰𝑎(𝑛 − 1) + 𝐫(𝑛)𝑒
∗(𝑛) (2-44) 

𝐰(𝑛) = 𝐰𝑞 − 𝐁𝐰𝑎(𝑛) (2-45) 

𝐏(𝑛) = 𝜆−1 (𝐏(𝑛 − 1) − 𝐫(𝑛)(𝐁𝐻𝐱𝐻(𝑛))
𝐻
𝐏(𝑛 − 1)) (2-46) 

In this section the adaptation of GLSC to NLMS and RLS are discussed. The only 

difference between the GLSC-NLMS and GLSC-RLS is the weight adaptation. A detailed 

explanation of DoA algorithms is given in the section 2.2.2. DoA Estimation Algorithms. 
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2.2.1.4. Blind Adaptive Beamforming Algorithms 

Blind adaptive beamforming algorithms do not require any reference signal or DOA 

algorithm. Blind adaptive beamforming algorithms perform beamforming only using the 

characteristics of the received signal/s, hence the name ‘blind’ [2]. Blind adaptive 

beamforming algorithms are relatively more convenient to implement than TR adaptive 

beamforming algorithms and SR adaptive beamforming algorithms, since matrix 

computations are not involved. With the relief of prior information of array manifold [18], 

training sequence or non-dependency on array calibration, pointing errors [19], blind 

adaptive beamforming algorithms are favorable for the low-complexity and low-cost 

applications. The most prominent blind adaptive beamforming algorithms are described 

in the following paragraphs. 

Constant modulus algorithm (CMA):  

The CMA use exploit the constant modulus (CM) characteristic of the received signal/s. 

The modulated signals lose their CM properties by interference/s or noise, hence, those 

degradations or effects can be detected and restored by using CMA. The structure of the 

algorithm is similar to NLMS. However, error signal does not depend on any reference 

signal. The CMA is given at below equations [20]: 

𝑦(𝑛) = 𝐰𝐻(𝑛 − 1)𝐱(𝑛) (2-47) 

𝑒(𝑛) =
𝑦(𝑛)

‖𝑦(𝑛)‖
− 𝑦(𝑛) (2-48) 

𝐰(𝑛) = 𝐰(𝑛 − 1) +
𝜇

‖𝐱(𝑛)‖2
𝐱(𝑛)𝑒∗(𝑛) (2-49) 

where 𝜇 is the step size as in NLMS algorithm. 

Direct decision algorithm (DDA):  

The idea and structure of both CMA and DDA algorithms are the same. The only difference 

is in the error update part. The DDA is given at below equations [20]: 

𝑦(𝑖) = 𝐰𝐻(𝑛 − 1)𝐱(𝑛) (2-50) 

𝑒(𝑛) =
𝑦(𝑛)

‖𝑦(𝑛)‖
− 𝑠𝑔𝑛(𝑟𝑒𝑎𝑙(𝑦(𝑛))) (2-51) 

𝐰(𝑛) = 𝐰(𝑛 − 1) +
𝜇

‖𝐱(𝑛)‖2
𝐱(𝑛)𝑒∗(𝑛) (2-52) 

where  𝑠𝑔𝑛(. ) is the signum function and 𝑟𝑒𝑎𝑙(. ) is the real part selector.  
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SIMPLE and SUMPLE algorithms: 

Both algorithms are good examples to matrix free blind beamforming algorithms. The 

SIMPLE [21] algorithm selects an antenna in the antenna array as a reference and accepts 

the signal received from this antenna as the reference signal and correlates it pair-wise 

fashion with the signals from other antennas. On the other hand, SUMPLE [21] algorithm 

correlates each antenna signal with the sum of the other antenna signals. This is the main 

difference between these algorithms to calculating the weights iteratively. Normalized 

weights, SNR and further calculations for both algorithms are briefly described at [21]. 

Calculation of the SIMPLE and SUMPLE weights are given below: 

Let 𝐰𝑚0
𝐾  is the weight derived from the correlation of the reference antenna and the 𝑚-th 

antenna, and 𝑇 is the number of time intervals, then, the weight update of the SIMPLE 

can be expressed as [21]: 

𝐰𝑚0
𝑡+1 = 𝑅𝑡+1𝐰𝑚0

𝑡 {
1

𝑛𝑐𝑜𝑟𝑟
∑ [((𝐰𝑚0

𝑡 )∗𝐱𝑚
𝑡 )(𝐱0

𝑡 )∗]

(𝑇+1)𝑛𝑐𝑜𝑟𝑟−1

𝑡=𝑇 𝑛𝑐𝑜𝑟𝑟

} (2-53) 

where the sum of 𝑛𝑐𝑜𝑟𝑟 time points correspond to the correlation averaging interval and 

𝐱0
𝑡  is the received signal from the reference antenna. The factor 𝑅𝑡+1 provides 

normalization to guarantee the sum of the weights-squared over the antennas is equal to 

the number of antennas and prevents successive calculations of the weight amplitude from 

becoming unstable [21] and normalization can be given as: 

∑ 𝐰𝑚0
𝑡+1(𝐰𝑚0

𝑡 )∗
𝑀−1

𝑚=0

= 𝑀 (2-54) 

Let 𝐰𝑚
𝐾  is the weight derived from the 𝑚-th antenna that correlated against the sum of 

the others and 𝑇 is the number of time intervals, then, the weight update of the SUMPLE 

can be expressed as [21]: 

𝐰𝑗
𝑡+1 = 𝑅𝑡+1𝐰𝑚

𝑡 {
1

𝑛𝑐𝑜𝑟𝑟
∑ [(𝐱𝑗

𝑡(𝐰𝑗
𝑡)
∗
) ∑ ((𝐱𝑚

𝑡 )∗𝐰𝑚
𝑡 )

𝑀−1

𝑚=0,𝑚≠𝑗

]

(𝑇+1)𝑛𝑐𝑜𝑟𝑟−1

𝑡=𝑇 𝑛𝑐𝑜𝑟𝑟

} (2-55) 

2.2.1.5. Hybrid Adaptive Beamforming Algorithms 

Adaptive algorithms by themselves may have some inadequacies under certain 

circumstances. The hybrid adaptive algorithm is a concept of combining two or more 

different types of algorithms to achieve better convergence speed, improved noise 

mitigation and superior interference cancelling at once, which would not be possible using 

only one type of algorithm. Hybrid adaptive beamforming algorithms have sequential 

structure meaning that each algorithms output is fed to the input of the subsequent 
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algorithm. As an simple example of hybrid adaptive beamforming algorithms, the least 

square constant modulus algorithm (LS-CMA) has been proposed in both [22] and [23], 

which is the combination of NLMS and CMA adaptive beamforming algorithms. In [24], it 

can be seen that the tracking gradient of the cost function resulting in a negative offset 

vector, therefore, in weight updated the negative sign is used. In this algorithm, the 

interference suppression is achieved by using a reference signal and at the same time a 

better SNR level is acquired by exploiting the constant modulus property of the signal. In 

the first stage, CMA is applied to array output and then the weight calculation is carried 

on with the NLMS step. The hybrid LS-CMA algorithm is given below: 

𝑦(𝑛) = 𝐰𝐶𝑀𝐴
𝐻 (𝑛 − 1)𝐱(𝑛) (2-56) 

𝑒𝐶𝑀𝐴(𝑛) =
𝑦(𝑖)

‖𝑦(𝑛)‖
− 𝑦(𝑛) (2-57) 

𝐰𝐶𝑀𝐴(𝑛) = 𝐰𝐶𝑀𝐴(𝑛 − 1) −
𝜇

‖𝐱(𝑛)‖2
𝐱(𝑛)𝑒𝐶𝑀𝐴

∗ (𝑛) (2-58) 

𝑒𝑁𝐿𝑀𝑆(𝑛) = 𝑑(𝑛) − 𝐰𝐶𝑀𝐴
𝐻 (𝑛)𝐱(𝑛) (2-59) 

𝐰𝑁𝐿𝑀𝑆(𝑛) = 𝐰𝑁𝐿𝑀𝑆(𝑛 − 1) −
𝜇

‖𝐱(𝑖)‖2
𝐱(𝑛)𝑒𝑁𝐿𝑀𝑆

∗ (𝑛) (2-60) 

where, 𝐰𝐶𝑀𝐴 is the weights of the CMA step and 𝐰𝑁𝐿𝑀𝑆 is the final weights of the 

algorithm. 

2.2.2. DOA Estimation Algorithms 

The DoA estimation is the preliminary stage of beamforming [25], target localization [26] 

and channel estimation [27] in many communication applications. In general, DoA 

estimation algorithms are generally classified under three subcategories: subspace 

methods and parametric methods. In the subspace methods DoA estimation depends on 

the self-correlation of the received signal from all of the antenna elements and the angular 

information of the signals rely on the eigen values of the correlation matrix, thus, eigen 

decomposition of the correlation matrix is needed. On the contrary, parametric methods 

directly extract the angular information from the data model by adopting the 

straightforward maximum-likelihood approach, hence, there is no need of eigen 

decomposition. Lastly, the iterative DoA estimation methods which do not require any 

high computational matrix decomposition method nor self-correlation matrix. The 

iterative DoA estimation methods rely on the adaptive beamforming algorithm’s structure 

and power inversion method. 
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2.2.2.1. Subspace Methods 

In subspace methods eigen decomposition is used to extract orthogonal subspaces of 

received and interference signals from the correlation matrix 𝐑𝑥𝑥, where: 

𝐑𝑥𝑥 ≈
1

𝑁
∑𝐱(𝑛)𝐱𝐻(𝑛)

𝑁

𝑛=1

 (2-61) 

Eigen values which are obtained from correlation matrix of received signal represents the 

desired signal/s and interference signal/s. Most of the algorithms which employ subspace 

methods are spectral based.  

The most prominent spectral based algorithms which use different subspaces are multiple 

signal classification (MUSIC) and minimum norm method (MNM).  

MUSIC and MNM:  

MUSIC algorithm uses the noise subspace and MNM uses the signal subspace to form the 

angular spectrum. The angular spectrum for the maximum amplitude/s of array response 

𝒂 (steering vector) can be expressed as [28]: 

𝐒𝑀𝑈𝑆𝐼𝐶 =
1

𝒂𝐻𝑬𝑛𝑬𝑛
𝐻𝒂
 𝑎𝑛𝑑 𝐒𝑀𝑁𝑀 =

1

𝒂𝐻𝑬𝑠𝑬𝑠
𝐻𝒂

 (2-62) 

where 𝐄𝑛 is the eigen values of the noise subspace, 𝐄𝑠 is the eigen values of signal subspace, 

𝐒𝑀𝑈𝑆𝐼𝐶 and 𝐒𝑀𝑁𝑀 are the angular spectrums of MUSIC and MNM, respectively.  

The spectral based algorithms are effective and have high angular resolution, however, 

eigen decomposition has high computational complexity. There are more existing spectral 

based algorithms such as maximum-likelihood (ML) algorithm [29] and weighted subspace 

fitting (WSF) algorithm [28], however for brevity these algorithms are excluded. In 

addition, the DoA estimation performance of spectral based algorithms highly depend on 

the antenna array geometry and they are susceptible to phase/gain deviations in antenna 

array and mutual coupling, thus, the array calibration is mandatory [2].  

Another subspace method known as estimation of signal parameters via rotational 

invariance technique (ESPRIT) was developed to alleviate the array geometry and the 

need for array calibration.  

ESPRIT:      

The ESPRIT employs the property of shift invariance of the antenna array and imposes 

some constraints on array structure [30]. In ESPRIT, the separation between the sub-

array elements is assumed to be equal, thus, array represents a translational invariance. 

Then, rotational invariance of the signal subspace allows to estimate direction of arrival 

of the incoming signal/s [30]. At first, signal subspace 𝐔𝑠 is formed by eigen decomposition 
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as mentioned before, then invariance equations are solved, finally, DoA estimation is 

performed. The ESPRIT algorithm is simply defined as [31]: 

𝐊𝑈1𝐔𝑠𝐘𝑈 = 𝐊𝑈2𝐔𝑠 

𝐊𝑉1𝐔𝑠𝐘𝑉 = 𝐊𝑉2𝐔𝑠 
(2-63) 

where 𝐊𝑈1, 𝐊𝑈2, 𝐊𝑉1 and 𝐊𝑉2 represent the two pairs represent of transformed selection 

matrices, while 𝐘𝑈 and 𝐘𝑉 are the real-valued matrices. If we assume the eigen values of 

𝐘𝑈 + 𝑗𝐘𝑉 as {𝜆1, … 𝜆𝑘 , … , 𝜆𝐾} , then the DoAs can be extracted as:  

𝑢𝑘 = 2 tan(𝑅𝑒{𝜆𝑘}) (2-64) 

𝑣𝑘 = 2 tan(𝐼𝑚{𝜆𝑘}) (2-65) 

𝜑𝑘 = 𝑎𝑟𝑔(𝑢𝑘 − 𝑗𝑣𝑘) (2-66) 

𝜃𝑘 = sin
−1(‖𝑢𝑘 − 𝑗𝑣𝑘‖) (2-67) 

where 𝜑𝑘 and 𝜃𝑘 are the phi and theta angles of the incoming signal/s. 

The subspace methods are highly efficient to estimate the DOA of the signal/s. However, 

in case of multiple signals are correlated, which is the case in multi-path propagation, the 

DoA estimation performance of the subspace methods degrades, since the rank of the 

correlation matrix is must be equal to the number of signals. The performance of the 

subspace methods degrades because when the correlation matrix becomes rank deficient, 

it diverges the signal eigenvectors into the noise subspace. To avoid this problem, two 

techniques are applied, one is forward-backward averaging and the other one is spatial 

smoothing [32].  

2.2.2.2. Parametric Methods 

In parametric methods, which are in the second subcategory for DoA estimation 

algorithms, eigen decomposition of the correlation matrix is not needed. Parametric 

methods directly extract the angular information from the data model by adopting the 

straightforward maximum-likelihood approach. Besides parametric methods are robust in 

case of correlated signal sources, low SNR and inadequate number of signal samples 

(snapshots) at the cost of increased computational complexity [33]. The space alternating 

generalized expectation-maximization (SAGE) algorithm is one of the most prominent 

algorithms among the parametric methods.  

In classical approach of expectation-maximization, which is the predecessor of the SAGE, 

the parameters are estimated at once. Instead of computing all parameters in one stage, 

SAGE algorithm forms sequential conditioning on subsets of the parameters, then EM 

stage is applied [34]. Therefore, SAGE has several cycles for each iteration. The SAGE 
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consists of two cycles, the first one is expectation step and the second one is maximization 

step [35]. The SAGE algorithm is briefly explained below [34]: 

Let 𝐀 be the steering matrix and 𝒔 is the signal vector as: 

𝐀(𝜽,𝝋) = [𝒂(𝜃1, 𝜑1),…𝒂(𝜃𝑘 , 𝜑𝑘),…𝒂(𝜃𝐾 , 𝜑𝐾)] 

𝒔 = [𝑠1(𝑡), … 𝑠𝑘(𝑡), … 𝑠𝐾(𝑡)] 
(2-68) 

where 𝜃𝑘 and 𝜑𝑘 are the angle of arrivals of the 𝑘-th signal source. 

Given the initial angles 𝜃0 and 𝜑0 for the algorithm as zero, then in the expectation step 

of the 𝑖-th iteration cycle, only 𝑘-th signal is accepted and the update stage can be 

expressed as: 

𝒚𝑘
(𝑛)(𝑡) = 𝒂 (𝜃𝑘

(𝑛−1), 𝜑𝑘
(𝑛−1)) 𝑠𝑘

(𝑛−1)(𝑡) +
1

𝑀
{𝐱(𝑡) − 𝒂(𝜃𝑘

(𝑛), 𝜑𝑘
(𝑛)) 𝑠𝑘

(𝑛)(𝑡)} (2-69) 

𝜽(𝑛) = [𝜃1
(𝑛)
…𝜃𝑘−1

(𝑛)  𝜃1
(𝑛−1)…𝜃𝐾

(𝑛−1)
] (2-70) 

𝝋(𝑛) = [𝜑1
(𝑛)
…𝜑𝑘−1

(𝑛)  𝜑1
(𝑛−1)…𝜑𝐾

(𝑛−1)
] (2-71) 

𝒔(𝑛) = [𝑠1
(𝑛)(𝑡)… 𝑠𝑘−1

(𝑛) (𝑡) 𝑠1
(𝑛−1)(𝑡)… 𝑠𝐾

(𝑛−1)
(𝑡)] (2-72) 

In the expectation step of the 𝑛-th iteration cycle, DoAs are estimated for the 𝑘-th signal 

source using the subtracted signal 𝒚𝑘
(𝑛)

 as:   

𝑹𝑦𝑦
(𝑛)
=
1

𝑇
∑𝒚𝑘

(𝑛)
(𝑡)𝒚𝑘

(𝑛)𝐻
(𝑡)

𝑇−1

𝑡=0

 (2-73) 

𝜑𝑘
(𝑛)
=
𝑎𝑟𝑔𝑚𝑎𝑥
𝜑

𝒂𝐻 (𝜑, 𝜃𝑘
(𝑛−1))𝑹𝑦𝑦

(𝑛)
𝒂(𝜑, 𝜃𝑘

(𝑛−1))

‖𝒂(𝜑, 𝜃𝑘
(𝑛−1))‖

2  (2-74) 

𝜃𝑘
(𝑛)
=
𝑎𝑟𝑔𝑚𝑎𝑥

𝜃

𝒂𝐻 (𝜃, 𝜑𝑘
(𝑛))𝑹𝑦𝑦

(𝑛)
𝒂(𝜃, 𝜑𝑘

(𝑛))

‖𝒂(𝜃, 𝜑𝑘
(𝑛))‖

2  (2-75) 

𝑠𝑘
(𝑛)(𝑡) =

𝒂𝐻 (𝜃𝑘
(𝑛), 𝜑𝑘

(𝑛))𝒚𝑘
(𝑛)(𝑡)

‖𝒂 (𝜃𝑘
(𝑛), 𝜑𝑘

(𝑛))‖
2  (2-76) 

where 𝑇 denotes the number of snapshots, 𝜃𝑘
(𝑛)

 and 𝜑𝑘
(𝑛)

 are the estimated phis and thetas 

respectively. 
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2.2.2.3. Iterative Methods 

The iterative DoA estimation methods are simple and have less computational 

complexities compared to other methods yet robust and accurate. The basic idea is 

selecting a reference antenna in the array and sample the signal from that antenna as 

reference signal. Then obtain the weights of the remaining antennas adopting an adaptive 

beamforming algorithm such as NLMS. After obtaining the optimal weight vector, the 

array pattern is calculated. Finally, the spatial spectrum is obtained by the reciprocal of 

the array pattern. The NLMS based DoA estimation algorithm is given as: 

𝑒(𝑛) = 𝑥0(𝑛) − 𝐰
𝐻(𝑛)𝐱(𝑛) (2-77) 

𝐰(𝑛) = 𝐰(𝑛 − 1) +
𝜇

‖𝐱(𝑛)‖2
𝐱(𝑛)𝑒∗(𝑛) (2-78) 

It is seen that the weight calculation is similar for the beamforming however the length of 

the weight vector is 𝑀− 1. The final weight vector is denoted as 𝐰̃ = [1;−𝐰]. Then output 

spatial spectrum can be obtained by: 

𝐃(𝜃, 𝜙) =
1

|𝐰̃𝐻𝐚(𝜃, 𝜙)|
 (2-79) 

where 𝐚(θ, 𝜙)ϵ ℂ𝑀×Θ is the steering vector and Θ is the total number of elevation and 

azimuth pairs, (θ, 𝜙), to be scanned in output spatial spectrum and |𝐰̃𝐻𝐚(𝜃, 𝜙)| is the 

calculated array pattern. 

Once the DoAs are estimated correctly by using one of the explained DoA estimation 

algorithms so far, an adaptive beamforming algorithm, such as GSLC-RLS, can be applied 

according to DoA information.  

2.2.3. Antenna Array Calibration 

The adaptive beamforming algorithms and DoA estimation algorithms are derived on the 

assumption that the antenna array is theoretically error free [36]. However, in reality, 

antenna arrays contain errors that might severely affect the performance of beamforming 

algorithms and data DoA estimation algorithms. These errors are especially prominent in 

subspace DoA estimation methods, which are highly dependent on antenna array 

geometry and characteristics.  

The precise excitation of each antenna element is crucial for antenna arrays to agile 

estimation of direction of arrivals and to steer the beam. Moreover, by amplitude tapering 

and phase control of the elements, obtaining desired array pattern features, high 

directivity, low side lobe levels and null controlling is possible [37], [38], [39]. However, in 

practice the excitation of the each antenna element differs due to the mechanical 

manufacturing imperfections as well as different RF chain, which are associated with each 
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antenna element, phase/gain variations, component aging and temperature variations 

[39], [40]. Therefore, in reality these errors might cause undesired array pattern, gain 

degradation, higher side lobe levels, null drifts and as well as inaccurate DoA estimation 

[41], [42]. Proper calibration by accurately modelling and defining the errors in the 

antenna array is important for real applications of antenna arrays. Among the defined 

errors for antenna arrays mutual coupling effects, element location errors, phase/gain 

errors and loss of coherence can be given as examples. 

The mutual coupling is known as interactions among antenna array elements. When a 

signal is transmitted or received by an antenna element, its impact affects the 

neighbouring antenna elements. The magnitude of the mutual coupling highly depends on 

inter-element spacing and the isolation among antenna elements [43]. The mutual 

coupling has a significant effect on overall performance of adaptive beamforming since it 

distorts the radiation patterns of antennas hence significantly decreases the total 

efficiency of the antenna array. Besides mutual coupling, phase and gain uncertainties 

also have inadmissible effects on antenna arrays [44]. On the other hand, the mutual 

coupling effect has and impact on array response in the receiving mode which results in 

inaccurate DoA estimation, especially for the subspace-based algorithms.  

Consensus in theory is that each antenna element has almost identical radiation patterns 

and are known priorly. However, in reality, radiation patterns and the positions of the 

antenna elements are not fully known due to the manufacturing errors. Manufacturing 

errors might lead each individual element has different radiation pattern and also 

significant phase shifts which do not correspond to the actual theoretical locations of the 

antennas. On the other hand, RF front-end components which are connected to antenna 

elements could introduce phase shifts and gain uncertainties to antenna elements. Such 

an example can be considered as, amplifiers and mixers have gain or loss ripples in wide 

frequency ranges that might cause a change when exciting an antenna element at different 

frequencies. Non-linearity is another problem which is introduced by the power amplifiers 

[45]. Most of the systems are highly sensitive to non-linearity but it could be mitigated by 

using pre- or post-distortion techniques. Besides, at the receiver front-end part, depending 

on the type of the receiver, there might be DC offsets (due to direct conversion) or I/Q 

imbalances (superheterodyne due to the image frequencies) [46]. However, these could be 

mitigated by using low rank-model of the covariance matrix with a sufficient number of 

quantization bits. Finally, cross-polarization effects have an impact on the beamforming 

algorithms. The characterization of the antenna array according to cross-polarization 

discrimination (XPD) [47], which denotes the gain ratio between co-polarized and cross-

polarized wavefields received by the antenna, must be close to 1 in order to perform 

beamforming properly. It should be mentioned that, all aforementioned effects, not only 

the mutual coupling, must be taken into account to construct an array manifold that is 

used to compensate the errors, thus, calibration of the antenna array is performed. 
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As previously mentioned, the effects of excitation errors on the performance of the antenna 

array must be accurately assessed before the calibration procedure. In general, the 

analysis methods are classified under two topics, probabilistic methods and interval 

arithmetic (IA) based methods. The common concept of the probabilistic methods is that 

the excitation errors follow a probability distribution function (PDF) and the calibration 

problem is considered in statistic derivations [48], [49]. By taking use of the central limit 

theorem, they may offer straightforward closed-form representations of the array pattern's 

properties, however, even with well-established statistical techniques, confidence 

boundaries are not always guaranteed, and extreme situations may still fall beyond the 

bounds [39]. On the other hand, IA-based methods are more reliable since the determined 

bounds of antenna radiation patterns are finite thanks to possibility of representation of 

probable values of the element excitations are limited in upper and lower bounds [39]. 

Another advantage of the IA-based methods is that these methods exclude the time-

consuming Monte Carlo (MC) trials and instead of MC trials, they analyse the excitation 

effect in the means of analytic expression fashion.  

In line with these analyses, the antenna array must be accurately calibrated to 

compensate for excitations and maintain the performance of the antenna array in both 

transmitting and receiving mode. In the calibration procedure, signal samples are 

collected from each antenna element or subarrays and then these signal samples are used 

to determine the compensation weights [39]. The calibration process of phased antenna 

arrays, whether transmitting or receiving, are similar to each other except for minor 

differences [39]. In receive mode, a test signal is injected as the input of each element, a 

special reference or self-correlation process with a beamformer is required to combine all 

inputs [50]. On the contrary, in the transmit mode, each element must be excited by a 

source signal and a combined signal monitoring at the output is required [51], therefore 

only RF chain information can be obtained or an external sensor is used to receive and 

monitor the signal from each element. Flow chart of the calibration procedure is given in 

Fig. 2.5. Although calibration methods vary according to applications and systems, they 

are generally classified under four different categories. Calibration methods are defined 

under below topics: 

• The near-field or far-field probing methods 

• The peripheral-fixed probe method 

• The mutual (MC) coupling methods 

• The built-in network methods 
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Fig. 2.5. Calibration procedure flow-chart.  

These methods were developed to eliminate the time-consuming trial-and-error methods 

with visual inspection. Detailed information about these methods and the calibration 

methods developed for this thesis are given in Chapter 5. 

2.3. Multiple-Input Multiple-Output Systems 

The multiple-input multiple-output (MIMO), an advanced multi-antenna processing 

approach different from beamforming but using the same time and frequency sources, is 

used to communicate with signal sources that are spatially separated from each other. In 

MIMO, reflections/scatters (channel fading), attenuations (path-loss), direction-of-

departures (DoD) and direction-of-arrivals (DoA) are taken into account and different than 

the beamforming, in MIMO multi-paths are used for establishing the channel between 

communication ends. According to those parameters, the channel between communication 

ends is characterized, and this is usually known as channel state information (CSI). Once 

the CSI is known, it is used to increase signal-to-noise ratio (SNR) of a transmitted signal 

and the channel capacity for the mm-Wave communication systems. 

The channel path-loss and fading are the main reasons that lead physical transmissions 

channels have uncertain and unknown characteristics. The channel path-loss is generally 

defined as the power density loss of an electromagnetic wave (EM) as it propagates 

through the transmission environment and can be determined by the propagation 

environment, the propagation medium and the distance between the transmitter and the 

receiver [52]. Based on the Frii’s transmission for free space propagation [53], the equation 

for the received power can be given as:     

𝑃𝑟 = 𝑃𝑡𝐺𝑡𝐺𝑟 (
𝜆

4𝜋𝑑
)
2

 (2-80) 
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where 𝑃𝑡 is the transmitted signal power, 𝐺𝑡 is the transmitter antenna gain, 𝐺𝑟 is the 

receiver antenna gain, 𝜆 is the wavelength of the carrier signal frequency and 𝑑 is the 

distance between transmitter and receiver antennas which is large enough to satisfy the 

far-field condition. Then the free space loss can be defined as:   

𝛼 =
𝑃𝑡
𝑃𝑟
= (

4𝜋𝑑

𝜆
)
2

 (2-81) 

It can be seen that the path-loss is directly proportional to the square of the distance and 

is inversely proportional to the square of wavelength [52]. In terms of decibels (dB), the 

path-loss can be expressed as: 

𝛼 = 20 log10(𝑑) + 20 log10(𝑓) + 20 log10 (
4𝜋

𝑐
) (2-82) 

where 𝑓 is the operating frequency and the term 20 log10 (
4𝜋

𝑐
) = −147.55. 

On the other hand, the EM waves are reflected or scattered randomly in the transmission 

environment and receiver sense might sense the same signal from multiple paths which 

is called muti-path effect. The reflected or scattered EM signals from different paths have 

different phases and superposition sum of the received signals from different paths either 

have constructive or destructive effect in the receiver [53] where this phenomena is known 

as channel fading. The unknown and uncertain environment conditions introduce a class 

of random variation on the losses of reflected or scattered signals, thus, the channel fading 

modelled as a random variable [52]. The path-loss with fading can be expressed in dB as 

[52]: 

𝛼 = 20 log10(𝑑) + 20 log10(𝑓) + Ѵ𝜎 − 147.55 (2-83) 

where Ѵ𝜎 is the random variable that having a standard distribution because of the 

channel fading.  

The physical channel between of the transmitter and receiver relies on the estimation of 

DoDs and DoAs of the multi-path signals. The simple illustration of a MIMO system with 

𝐿 propagation paths is given in Fig. 2.6. 
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Fig. 2.6. Physical MIMO channel with 𝐿 paths.  

Similar to the beamforming model, the transmission model of the MIMO system can be 

expressed as: 

𝐱(𝑡) =∑𝛼𝑙𝒂𝑟(𝜃𝑟𝑙 , 𝜑𝑟𝑙)𝒂𝑡(𝜃𝑡𝑙, 𝜑𝑡𝑙)
𝐻𝒔(𝑡) + 𝐧(𝑡)

𝐿

𝑙=1

 (2-84) 

where 𝛼𝑙 is the path-loss of the 𝑙-th path, 𝜃𝑡𝑙 and 𝜑𝑡𝑙 are the direction of departures in 

elevation and azimuth of the 𝑙-th path and 𝜃𝑟𝑙 and 𝜑𝑟𝑙 are the direction of direction of 

arrival in elevation and azimuth of the 𝑙-th path, 𝒔(𝑡) = [𝑠1(𝑡),… 𝑠𝑚𝑡
(𝑡), … 𝑠𝑀𝑡(𝑡)] is the 

signal vector from the transmitting array, 𝐧(𝑡) is the additive noise in the receiver array, 

and the steering vectors for receiving and transmitting arrays can be expressed as: 

𝒂𝑟(𝜃𝑟𝑙 , 𝜑𝑟𝑙) =

(

  
 

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥0 sin𝜃𝑟𝑙 cos𝜑𝑟𝑙+𝑦0 sin𝜃𝑟𝑙 sin𝜑𝑟𝑙+𝑧0 cos𝜃𝑟𝑙]

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥1 sin𝜃𝑟𝑙 cos𝜑𝑟𝑙+𝑦1 sin𝜃𝑟𝑙 sin𝜑𝑟𝑙+𝑧1 cos𝜃𝑟𝑙]

⋮

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥𝑀𝑟−1 sin𝜃𝑟𝑙 cos𝜑𝑟𝑙+𝑦𝑀𝑟−1 sin𝜃𝑟𝑙 sin𝜑𝑟𝑙+𝑧𝑀𝑟−1 cos𝜃𝑟𝑙])

  
 

 (2-85) 

𝒂𝑡(𝜃𝑡𝑙, 𝜑𝑡𝑙) =

(

  
 

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥0 sin𝜃𝑡𝑙 cos𝜑𝑡𝑙+𝑦0 sin𝜃𝑡𝑙 sin𝜑𝑡𝑙+𝑧0 cos𝜃𝑡𝑙]

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥1 sin𝜃𝑡𝑙 cos𝜑𝑡𝑙+𝑦1 sin𝜃𝑡𝑙 sin𝜑𝑡𝑙+𝑧1 cos𝜃𝑡𝑙]

⋮

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥𝑀𝑡−1 sin𝜃𝑡𝑙 cos𝜑𝑡𝑙+𝑦𝑀𝑡−1 sin𝜃𝑡𝑙 sin𝜑𝑡𝑙+𝑧𝑀𝑡−1 cos𝜃𝑡𝑙])

  
 

 (2-86) 
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The basic idea of the MIMO systems is exploiting the multi-path effect of the wireless 

channel to scale or allocate the channel capacity; thus, multiple signal streams can be 

transmitted. As in beamforming, in MIMO systems, the weights of the elements in the 

antenna array are optimized and thus the signal is transmitted to the desired location. 

However, unlike beamforming, in MIMO systems, the weights of the elements are 

calculated according to the estimation of the physical channel between the transmitter 

and receiver, and multi-paths are also used. The processing matrices for the weights in 

the transmitters and receivers are generally called precoding and decoding matrices, 

respectively. The output signal vector 𝒚ϵ ℂ𝐷×1 for the uplink in MIMO system can be 

expressed as: 

𝒚 = 𝐃𝐇𝐏𝐬 + 𝐃𝐧 (2-87) 

where 𝐃ϵ ℂ𝐷×𝑀𝑟 is the decoding matrix where 𝐷 is the number of RF chains in the receiver 

and 𝑀𝑟 is the number of antennas in the receiver, 𝐏ϵ ℂ𝑀𝑡×𝑃 is the precoding matrix where 

𝑃 is the number of RF chains in the transmitter and 𝑀𝑡 is the number of antennas in the 

receiver, 𝐬ϵ ℂ𝑃×1 is the received signal and 𝐧ϵ ℂ𝑀𝑟×1 is the additive noise. It should be noted 

the number of RF chains in the receiver and transmitter may be lower than the number 

of antennas (Hybrid precoding or decoding). Lastly, 𝐇ϵ ℂ𝑀𝑟×𝑀𝑡 is the combined channel 

matrix between the receiver and transmitter and can be expressed as: 

𝐇 = 𝐀𝑟𝚽𝐀𝑡
𝐻 (2-88) 

where 𝐀𝑟ϵ ℂ
𝑀𝑟×𝐿 is the steering matrix of the received signals whose 𝑙-th column 

represents 𝒂(𝜃𝑟𝑙 , 𝜑𝑟𝑙), 𝐀𝑡ϵ ℂ
𝑀𝑡×𝐿 is the steering matrix of transmitted signals whose 𝑙-th 

column represents 𝒂(𝜃𝑡𝑙, 𝜑𝑡𝑙), and 𝚽ϵ ℂ𝐿×𝐿 is the diagonal matrix whose 𝑙, 𝑙-th entry 

denotes the 𝑙-th path-loss as 𝛼𝑙. Once the combined physical channel 𝐇 is estimated the 

channel capacity of MIMO system can be based on the Shannon’s capacity. The Shannon’s 

capacity [54] can be expressed as:       

𝐶 = 𝑊 log
2
(1 +

𝑃𝑟
𝑊𝑁0

) (2-89) 

where 𝐶 is the channel capacity, 𝑊 is the frequency bandwidth, 𝑃𝑟 is the received signal 

power and 𝑁0 is the spectral density of the received noise power.   

The first step for estimating channel capacity is applying singular value composition 

(SVD) to the channel matrix 𝐇 as: 

𝐇 = 𝐔𝚺𝐕𝐻 (2-90) 

where 𝐔ϵ ℂ𝑀𝑟×𝑀𝑟 and 𝐕ϵ ℂ𝑀𝑡×𝑀𝑡 are the unitary matrices, whose columns are the singular 

vectors and 𝚺ϵ ℂ𝑀𝑟×𝑀𝑡 is a rectangular diagonal matrix, whose diagonal elements 

represents the singular values. The diagonal elements are the singular elements of the 
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matrix 𝐇 and are ordered as 𝜆1 ≥ 𝜆2… ≥ 𝜆𝑞 where 𝑞 is the number of non-zero singular 

values (𝑞 = 𝐿). The rank of the 𝐇 is exactly the number of paths 𝐿 if the 𝐿 < 𝑀𝑟 ≤ 𝑀𝑡 is 

satisfied. Then, the channel matrix 𝐇 can be rewritten as:     

𝐇 =∑𝛼𝑙𝒂𝑟(𝜃𝑟𝑙 , 𝜑𝑟𝑙)𝒂𝑡(𝜃𝑡𝑙, 𝜑𝑡𝑙)
𝐻 =∑𝜆𝑙𝐮𝑙𝐯𝑙

𝐻

𝐿

𝑙=1

𝐿

𝑙=1

 (2-91) 

where 𝐮𝑙 is the 𝑙-th column of the matrix 𝐔, 𝐯𝑙 is the 𝑙-th column of the matrix 𝐕, and 𝜆𝑙 is 

the 𝑙-th diagonal element of the matrix 𝚺. If 𝐿 is smaller than both 𝐷 and 𝑃, the following 

expressions hold: 

𝐃 = 𝐔𝐻 , 𝐏 = 𝐕𝐻 , 𝐧̃ = 𝐔𝐻𝐧  (2-92) 

Then, the output signal vector, 𝒚, can be rewritten as: 

𝒚 = 𝚺𝐬 + 𝐧̃ (2-93) 

It should be noted the 𝐧̃ and 𝐧 have the same distribution. In line with the above equations, 

it can be seen that 𝐿 streams are transmitted in parallel. Then, the capacity of MIMO 

system can be expressed as: 

𝐶 =∑log2 (1 +
𝑃𝑙𝜆𝑙

2

𝑁0
)

𝐿

𝑙=1

   bits/s/Hz (2-94) 

where 𝑃𝑙 is the power allocations at 𝑙-th path satisfying the total power constraint ∑ 𝑃𝑙
𝐿
𝑙 =

𝑃 where 𝑃 is the total power. It can be seen that there is a direct relation between number 

of paths and the channel capacity, thus, we conclude MIMO systems leverage to improve 

the transmission rate by take into account more reflecting and scattering paths [52]. 

The power allocation in MIMO system is usually performed by the technique known as 

water filling or water pouring. The water filling is based on the following optimization 

problem [55]:  

max
{𝑃𝑙}

∑log2 (1 +
𝑃𝑙𝜆𝑙

2

𝑁0
)

𝐿

𝑙=1

 

s. t.∑𝜆𝑙 ≤ 𝑃

𝐿

𝑙=1

 

𝑃𝑙 ≥ 0, 1 ≤ 𝑙 ≤ 𝐿 

(2-95) 

given by 

𝑃𝑙 = (𝜇 − 𝜆𝑙
−1)

+
 (2-96) 
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where (𝑃𝑙)
+ ≜ max(0, 𝑃𝑙) and 𝜇 is the water level which satisfies the power constraint 

∑ 𝑃𝑙
𝐿
𝑙 = 𝑃. 

The overall performance of the MIMO systems majorly depends on channel estimation 

and precoding. In practice, to use all the advantages of MIMO systems, it is of great 

importance to make accurate channel estimation at the receiver side [56]. There is a need 

to switch CSI between transmitters on a fast timescale and low latency basis [56]. In 

general, for the narrow band signals, the channel estimation means to estimate the DoDs, 

DoAs and the path gain/loss. The DoDs and DoAs can be estimated using advanced 

techniques, as well as they can be estimated with the standard previously described 

algorithms such as MUSIC, ESPRIT, ML, etc. Once the angles are estimated the path 

gain/loss coefficients can be extract using the least squares approach (detailed explanation 

is given in Chapter Ⅵ). On the other hand, precoding is an important signal processing 

technique to maximize the link performance depending on the CSI at the transmitter side 

and the precoding is used in the down-link to concentrate each signal at its intended 

receiver along with interference mitigation [56]. In this respect, precoding is similar to 

beamforming. There are two types of precoding algorithms, linear and non-linear 

precoding algorithms. In terms of capacity, nonlinear precoding algorithms are superior 

to linear ones, however, their complexities are considerably higher and their hardware 

implementation is costly, thus, MIMO systems general employ linear precoding 

algorithms [57].  The most prominent precoding algorithms are the matched filter (MF), 

zero-forcing (ZF), regularized zero-forcing (RZF) and minimum mean square error 

(MMSE) precoders when 𝑀𝑡 ≥ 𝑀𝑟. The formulations of those precoding algorithms are 

given as [58]: 

𝐖MF = 𝛽𝐇
𝐻 (2-97) 

𝐖ZF = 𝛽𝐇
𝐻(𝐇𝐇𝐻)−1 (2-98) 

𝐖RZF = 𝛽𝐇
𝐻(𝐇𝐇𝐻 + 𝛼𝐈)−1 (2-99) 

𝐖MMSE = 𝛽𝐇
𝐻 (𝐇𝐇𝐻 +

𝜎2

𝑃
𝐈)

−1

 (2-100) 

where 𝐖MFϵ ℂ
𝑀𝑡×𝑀𝑟, 𝐖ZFϵ ℂ

𝑀𝑡×𝑀𝑟, 𝐖RZFϵ ℂ
𝑀𝑡×𝑀𝑟 and 𝐖MMSEϵ ℂ

𝑀𝑡×𝑀𝑟 are the precoding 

matrices (assuming number of RF chains are equal to number of antennas in both receiver 

and transmitter), 𝛼 regularization factor, 𝐈 is the 𝑀𝑟 ×𝑀𝑟 identity matrix, 𝜎 is the noise 

variance, 𝑃 is the total power and the scalar 𝛽 is chosen to satisfy ‖𝐖‖𝐹
2 = 𝑡𝑟(𝐖𝐖𝐻) = 𝑃. 

The massive MIMO is the extension of MIMO systems. The massive MIMO takes this 

concept to a larger scale with a significantly higher number of antennas, enabling even 

greater spatial multiplexing and improved system performance [59]. The most significant 
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difference between MIMO and massive MIMO is that massive MIMO provides service to 

multiple users at the same time. The massive architecture is given in Fig. 2.7. 

 

Fig. 2.7. Massive MIMO architecture [56]. 

Assuming 𝐾 users each has 𝐿 propagation paths the channel for the downlink massive 

MIMO can be written as: 

𝐇𝑘 =∑𝛼𝑘,𝑙𝒂𝐵𝑆(𝜃𝑘,𝑙
𝐵𝑆, 𝜑𝑘,𝑙

𝐵𝑆)𝒂𝑈𝐸(𝜃𝑘,𝑙
𝑈𝐸 , 𝜑𝑘,𝑙

𝑈𝐸)
𝑇

𝐿

𝑙=1

 (2-101) 

where 𝒂𝐵𝑆(𝜃𝑘,𝑙
𝐵𝑆, 𝜑𝑘,𝑙

𝐵𝑆) and 𝒂𝑈𝐸(𝜃𝑘,𝑙
𝑈𝐸 , 𝜑𝑘,𝑙

𝑈𝐸) are the steering vectors and can be expressed as: 

𝒂𝐵𝑆(𝜃𝑘,𝑙
𝐵𝑆 , 𝜑𝑘,𝑙

𝐵𝑆) =

(

  
 

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥0 sin 𝜃𝑘,𝑙

𝐵𝑆 cos𝜑𝑘,𝑙
𝑈𝐸+𝑦0 sin𝜃𝑘,𝑙

𝐵𝑆 sin𝜑𝑘,𝑙
𝑈𝐸+𝑧0 cos 𝜃𝑘,𝑙

𝐵𝑆]

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥1 sin 𝜃𝑘,𝑙

𝐵𝑆 cos𝜑𝑘,𝑙
𝑈𝐸+𝑦1 sin𝜃𝑘,𝑙

𝐵𝑆 sin𝜑𝑘,𝑙
𝑈𝐸+𝑧1 cos 𝜃𝑘,𝑙

𝐵𝑆]

⋮

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥𝑀𝐵𝑆−1 sin 𝜃𝑘,𝑙

𝐵𝑆 cos𝜑𝑘,𝑙
𝑈𝐸+𝑦𝑀𝐵𝑆−1 sin 𝜃𝑘,𝑙

𝐵𝑆 sin𝜑𝑘,𝑙
𝑈𝐸+𝑧𝑀𝐵𝑆−1 cos𝜃𝑘,𝑙

𝐵𝑆])

  
 

 (2-102) 

𝒂𝑈𝐸(𝜃𝑘,𝑙
𝑈𝐸 , 𝜑𝑘,𝑙

𝑈𝐸)  =

(

  
 

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥0 sin 𝜃𝑘,𝑙

𝑈𝐸 cos𝜑𝑘,𝑙
𝑈𝐸+𝑦0 sin 𝜃𝑘,𝑙

𝑈𝐸 sin𝜑𝑘,𝑙
𝑈𝐸+𝑧0 cos𝜃𝑘,𝑙

𝑈𝐸]

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥1 sin 𝜃𝑘,𝑙

𝑈𝐸 cos𝜑𝑘,𝑙
𝑈𝐸+𝑦1 sin 𝜃𝑘,𝑙

𝑈𝐸 sin𝜑𝑘,𝑙
𝑈𝐸+𝑧1 cos𝜃𝑘,𝑙

𝑈𝐸]

⋮

𝑒
−𝑗
2𝜋
𝜆𝑐
[𝑥𝑀𝑈𝐸−1 sin𝜃𝑘,𝑙

𝑈𝐸 cos𝜑𝑘,𝑙
𝑈𝐸+𝑦𝑀𝑈𝐸−1 sin 𝜃𝑘,𝑙

𝑈𝐸 sin𝜑𝑘,𝑙
𝑈𝐸+𝑧𝑀𝑈𝐸−1 cos 𝜃𝑘,𝑙

𝑈𝐸])

  
 

 (2-103) 

Then, the received signal, 𝒚𝑟ϵ ℂ
𝑀𝑟×1 can be given as: 

𝒚𝑟 =∑𝐇𝑘𝒔𝑘

𝐾

𝑘=1

+ 𝐧 (2-104) 

The more advanced feature of massive MIMO, which is different than MIMO, the massive 

MIMO is a multicarrier cellular network with multiple cells that operate according to a 
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synchronous time-division duplexing (TDD) protocol [60]. The massive number of 

antennas allows channel hardening and the base station (BS) communicates with single-

antenna users simultaneously on each time/frequency sample [60]. Therefore, massive 

MIMO systems use orthogonal frequency-division multiplexing for the 5G 

communications systems. Different base stations operate separately and process their 

signals using linear decoding in the uplink transmission and linear precoding in the 

downlink transmission.  

The received signal (uplink), 𝒚𝑙𝑐ϵ ℂ
𝑀𝑟×1, at the 𝑙𝑐-th BS in a multi-cell massive MIMO 

system with 𝐾 single antenna users can be expressed as [60]: 

𝒚𝑙𝑐 =∑𝐇𝑖
𝑙𝑐

𝐿𝑐

𝑖=1

𝒔𝑖 + 𝐧𝑙𝑐 (2-105) 

where 𝐇𝑖
𝑙𝑐ϵ ℂ𝑀𝑟×𝐾 is a matrix, whose columns represent the channel between 𝑘-th user and 

𝑙𝑐-th BS being as 𝐇𝑖
𝑙𝑐 = [𝐡𝑖,1

𝑙𝑐 …𝐡𝑖,𝐾
𝑙𝑐 ], 𝒔𝑖ϵ ℂ

𝐾×1 is the received signal vector being as 

𝒔𝑖 = [𝑠𝑖,1…𝑠𝑖,𝐾]
𝑇
 and 𝐧𝑙𝑐 is zero mean Gaussian noise distributed with variance 𝜎𝑈𝐿

2 . The 𝑙𝑐-

th BS discriminates the signal transmitted by its 𝑘-th user from the interference by 

multiplying 𝒚𝑙𝑐 with a linear detection vector 𝐯𝑙𝑐,𝑘ϵ ℂ
𝑀𝑟×1 as [60]:   

𝐯𝑙𝑐,𝑘
𝐻 𝒚𝑙𝑐 =∑∑𝐯𝑙𝑐,𝑘

𝐻

𝐾

𝑡=1

𝐡𝑖,𝑡
𝑙𝑐 𝒔𝑖,𝑡

𝐿𝑐

𝑖=1

+ 𝐯𝑙𝑐,𝑘
𝐻 𝐧𝑙𝑐 

= 𝐯𝑙𝑐,𝑘
𝐻 𝐡𝑙𝑐,𝑘

𝑙𝑐 𝑠𝑙𝑐,𝑘⏟        
Desired signal

+ ∑𝐯𝑙𝑐,𝑘
𝐻

𝐾

𝑡=1
𝑡≠𝑘

𝐡𝑙𝑐,𝑡
𝑙𝑐 𝑠𝑙𝑐,𝑡

⏟          
Intra−cell interference

+ ∑∑𝐯𝑙𝑐,𝑘
𝐻

𝐾

𝑡=1

𝐡𝑖,𝑡
𝑙𝑐 𝑠𝑖,𝑡

𝐿𝑐

𝑖=1
𝑖≠𝑙𝑐⏟            
Inter−cell interference

+ 𝐯𝑙𝑐,𝑘
𝐻 𝐧𝑙𝑐⏟    

Residual noise

 

(2-106) 

where 𝒔𝑖,𝑡 is the transmitted signal form user 𝑡 in cell 𝑖. 

Considering the downlink in multi-cell massive MIMO, where 𝐱𝑙𝑐ϵ ℂ
𝑀𝑡×1 is the transmitted 

signal vector for selected 𝐾 users with the linear precoding vector, 𝐰𝑙𝑐,𝑘ϵ ℂ
𝑀𝑡×1  can be 

expressed as [60]:    

𝐱𝑙𝑐 =∑𝐰𝑙𝑐,𝑘

𝐾

𝑘=1

𝑠𝑙𝑐,𝑘 (2-107) 

Then, the received signal, 𝑦𝑙𝑐,𝑘ϵ ℂ, at user 𝑘 in cell 𝑙𝑐 can be expressed as [60]: 

𝑦𝑙𝑐,𝑘 =∑(𝐡𝑙𝑐,𝑘
𝑖 )

𝐻
𝐱𝑖

𝐿𝑐

𝑖=1

+ 𝑛𝑙𝑐,𝑘 = (𝐡𝑙𝑐,𝑘
𝑙𝑐 )

𝐻
𝐰𝑙𝑐,𝑘𝑠𝑙𝑐,𝑘⏟          

Desired signal

+ (2-108) 
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∑(𝐡𝑙𝑐,𝑘
𝑙𝑐 )

𝐻
𝐾

𝑡=1
𝑡≠𝑘

𝐰𝑙𝑐,𝑡𝑠𝑙𝑐,𝑡

⏟            
Intra−cell interference

+∑∑(𝐡𝑙𝑐,𝑘
𝑖 )

𝐻
𝐾

𝑡=1

𝐰𝑖,𝑡𝑠𝑖,𝑡

𝐿𝑐

𝑖=1
𝑖≠𝑙𝑐⏟              
Inter−cell interference

+ 𝑛𝑙𝑐,𝑘⏟
Residual noise

 

where 𝑛𝑙𝑐,𝑘 is zero mean additive white noise with variance 𝜎𝐷𝐿
2  and 𝐡𝑙𝑐,𝑘

𝑖  is the same 

channel response as in the uplink.  

Cell-free massive MIMO systems concept has been developed to comprise a large number 

of distributed, low cost, and low power access point antennas, connected to a network 

controller [61]. Therefore, in this Thesis we consider only single cell massive MIMO 

systems and also for the brevity in the formulations; thus, we discard inter-cell 

interference. 

2.4. Reconfigurable Intelligent Surfaces 

In highly dense environments the LoS channel between the transmitter and receiver is 

likely to be blocked [62], moreover, signal reflections, refractions, diffractions and 

scatterers highly effect the positioning signal [63]. In order to mitigate the effects of factors 

hindering accurate channel estimation and provide a virtual LoS channel where required, 

a new concept known as reconfigurable intelligent surface (RIS) has been proposed [64], 

[65]. Thus, as an emerging technology, the reconfigurable intelligent surfaces (RIS) are 

promising auxiliary elements for millimeter-wave, even sub millimeter-wave massive 

MIMO systems for 5G, B5G and 6G wireless communication systems for enhancing 

spectral efficiency, energy efficiency and providing auxiliary LOS path for the receiver 

[66]. The RISs might improve the both the spectral and energy efficiencies of wireless 

communication systems. Since a RIS almost entirely consists of passive RF components it 

is considered as an energy-efficient technology [63], [65]. There is no need of power 

amplifiers and ADCs/DACs as in traditional massive MIMO base stations or like any other 

transceiver. Additionally, RISs support full-duplex, and are compatible with existing 

standards and hardware [65]. In order to enhance received power at the end users, it 

accomplishes this by appropriately adjusting the phase shifts imposed by each reflecting 

element to constructively combine the incoming signals. The RISs can be in either fixed 

architecture or dynamic architecture. Since just the related phase shifter is required for 

passive reflection in fixed design, the versatility of beamforming is not fully utilized due 

to the fixed structure, however, dynamic RIS structure capable of adapting phase shifts 

according to channel state information [67]. The RISs are capable of controlling 

polarization and can be in the form of scattering, focusing, reflective or refractive mode. 

The refractive mode outdoor to indoor RIS use case is given in Fig. 2.8. 
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Fig. 2.8. Outdoor to indoor refractive RIS use case. 

The RISs are resilient, thus, with deployment of them, the wireless channels the wireless 

channels within the natural environment become controllable with such surface posting 

on the basic building block [52]. Since RISs are resilient, they can be used in many 

scenarios for wireless communication systems. The beam focusing by the e beam focusing 

by the reflection of IRS can be used to increase SNR for obtaining better QoS, moreover, 

devices of internet of things (IoT) can also benefit from beam focusing for wireless power 

transfer [63]. On the other hand, the sent signal can avoid any potential eavesdropping 

devices in the physical transmission line by utilizing numerous RIS components by 

corporation of such signals that propagate via multiple times of reflect beam focusing and 

steering [26], [52], [64]. Also, RIS can be programmable to block any unauthorized users 

from transmitting/receiving any signals to/from the access point (AP) [69]. To achieve this 

property RIS can implement beam scattering to minimize malicious user power or nullifies 

the them with zero forcing algorithm [52]. Last but not the least, RIS can be used to 

transmit modulated signals passively. The reflective type RIS use case is given in Fig. 2.9. 

 

Fig. 2.9. Indoor user tracking via reflective type RIS. 
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The RISs can be controlled in real-time by some software programming and with aid of a 

controller as depicted in Fig. 2.9. The control signal to RIS can be either wired or wireless. 

Since RIS has been suggested to serve a wide range of wireless transmission applications, 

prior research on RIS has concentrated on a number of areas, including beamforming, 

hardware implementation, channel estimation, resource allocation [52], [64]. Numerous 

objective and subjective factors are also taken into consideration in the literature. In 

general, RIS are classified under four transmission schemes as [52]: 

• Single RIS assisted single user transmission 

• Single RIS assisted multi-user transmission 

• Multiple RIS assisted single user transmission 

• Multiple RIS assisted multiple-user transmission 

The main open issue for the RIS-aided MIMO systems is the channel estimation. 

Although, RISs are additional auxiliary elements for massive MIMO systems which 

enhance the overall communication quality, channel estimation becomes more challenging 

task in RIS-aided massive MIMO systems than the conventional MIMO systems since the 

total number of antennas is larger and there are multiple different channels (direct, 

cascaded, multiple cascaded, etc.). In the literature, many existing studies propose 

different solutions to the RIS-enabled massive MIMO channel estimation problem. Such 

as, Alternative direction multiplier method (ADMM) was used to iteratively optimize the 

multi-objective optimization problem. In [3] and [18], nuclear norm minimization was used 

for estimating the off-grid angular information. On the other hand, the channel estimation 

was performed by solving the block-sparse recovery problem using the polar-domain 

frequency-dependent block orthogonal least squares (PF-BOLS) algorithm. However, more 

effective novel channel estimation algorithms and methods are needed to be developed for 

RIS-aided MIMO systems. This thesis focused on the single RIS assisted single user 

transmission model. The uplink narrow-band RIS-aided millimeter-wave massive MIMO 

system is presented in Fig. 2.10. 
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Fig. 2.10. The uplink narrow-band RIS-aided millimeter-wave massive MIMO system. 

The cascaded channel model for the Fig. 2.10 can be modelled in two components as, the 

channel between UE and RIS, 𝐇1, and the channel between RIS and BS, 𝐇2. The cascaded 

channel components can be modelled as:   

𝐇1 =∑𝛼𝑘

𝐾

𝑘=1

𝒂𝑅𝐼𝑆(𝜃𝑘
𝑅𝐼𝑆−𝐷𝑜𝐴, 𝜑𝑘

𝑅𝐼𝑆−𝐷𝑜𝐴)𝒂𝑈𝐸(𝜃𝑘
𝑈𝐸−𝐷𝑜𝐷, 𝜑𝑘

𝑈𝐸−𝐷𝑜𝐷)
𝑇
 (2-109) 

𝐇2 = ∑𝛽𝑝

𝑃

𝑝=1

𝒂𝐵𝑆(𝜃𝑝
𝐵𝑆−𝐷𝑜𝐴, 𝜑𝑝

𝐵𝑆−𝐷𝑜𝐴)𝒂𝑅𝐼𝑆(𝜃𝑝
𝑅𝐼𝑆−𝐷𝑜𝐷 , 𝜑𝑝

𝑅𝐼𝑆−𝐷𝑜𝐷)
𝑇

 (2-110) 

where 𝛼𝑘 and 𝛽𝑝 are the path losses between channel UE-RIS and RIS-BS, respectively, 

DoA and DoD, denote the direction of arrival and direction of departure, respectively. 

Given the related number of antennas and angles the steering vectors 

𝒂𝑅𝐼𝑆(𝜃𝑘
𝑅𝐼𝑆−𝐷𝑜𝐴, 𝜑𝑘

𝑅𝐼𝑆−𝐷𝑜𝐴), 𝒂𝑈𝐸(𝜃𝑘
𝑈𝐸−𝐷𝑜𝐷 , 𝜑𝑘

𝑈𝐸−𝐷𝑜𝐷), 𝒂𝐵𝑆(𝜃𝑝
𝐵𝑆−𝐷𝑜𝐴, 𝜑𝑝

𝐵𝑆−𝐷𝑜𝐴) and 

𝒂𝑅𝐼𝑆(𝜃𝑝
𝑅𝐼𝑆−𝐷𝑜𝐷 , 𝜑𝑝

𝑅𝐼𝑆−𝐷𝑜𝐷) can be expressed as in (2-102) and (2-103).  

The effective cascaded uplink channel, 𝐇, can be expressed as: 

𝐇 = 𝐇1𝚯𝐇2 (2-111) 

where 𝚯 ϵ ℂ𝑁×𝑁 is a diagonal matrix, whose complex elements denotes the gain and phase 

coefficients of the RIS elements as 𝜗𝑛𝑒
𝑗𝛷𝑛 . 

Then, the received uplink pilot signal at the BS,𝒚𝐵𝑆 ϵ ℂ
𝑀𝐵𝑆×1, is given by: 

𝒚𝐵𝑆 =  𝐇𝐬 + 𝐧 (2-112) 

where 𝐬 ϵ ℂ𝐾×1 is the received signal vector being as 𝐬 = [𝑠1…𝑠𝑀𝐵𝑆]
𝑇
 and 𝐧 is zero mean 

Gaussian noise distributed with variance 𝜎2.  
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3. Chapter 3: An Improved Hybrid Beamforming 

Algorithm for Fast Target Tracking Segment 

3.1. Introduction 

The smart antenna systems are still considered one of the main technologies, not only for 

modern wireless systems but also for next-generation communication systems such as 

SATCOM and 5G, B5G and 6G, especially in cases like non-terrestrial networks, accurate 

mapping with unmanned aerial vehicles or vehicle-to-thing tracking systems where it is 

necessary to direct the antenna beam to a specific target with high interference 

suppression [1]. In highly dense communication environments, where there are many 

communication ends, estimating the directions of each source with high accuracy is 

important and challenging since there exits extremely large number of RF interference 

signals. Therefore, it is hard to distinguish and track the desired signal sources or targets 

and to ensure seamless communication by transmitting signals at high speed. For these 

reasons, in cases where communication depends on the line-of-sight (LoS) component, 

smart antenna systems (SAS) using adaptive beamforming algorithms come into play [1].  

The SAS consists of digital phased arrays to perform beamforming in order to accomplish 

interference suppression and fast tracking [2], [3], [4]. A large number of antenna elements 

and low-complexity adaptive beamforming algorithms fulfill these tasks [2]. In a SAS, 

adaptive beamforming algorithms generate weights for each antenna element in the 

arrays to direct the array radiation pattern to desired directions [2], [5]. By applying 

beamforming, the output signals from an antenna array are summed and the beam is 

directed precisely to the target. In the meantime, deep nulls are directed to undesired 

signal directions, and thus, interference suppression is performed. The adaptive 

beamforming algorithms work efficient, and the characteristic performances of different 

algorithms are almost identical under ideal conditions. However, non-ideal cases due to 

the highly dense complex communication environments, bring trade-offs in accordance 

with implementation costs and complexities [6], [7]. The performance characteristics of 

the systems are highly dependent on which adaptive beamforming is used in a particular 

scenario. Moreover, fast target tracking is a highly challenging task for SASs. Most likely, 

optimum results may not be achieved by using only one type of algorithm. Therefore, 

hybrid adaptive algorithms are proposed to achieve a higher convergence rate, better 

interference suppression, low steady-state noise, and fast target tracking. However, the 

performance metrics of algorithms depend not only on the adaptability of the algorithm 

but also on the adaptive parameters in the algorithm. In order to develop and improve an 

application specific hybrid beamforming algorithm, first, the performance metrics and 

trade-offs between the existing adaptive beamforming algorithms must be evaluated. 
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Therefore, this chapter first introduces a tool with user friendly graphical user interface 

(GUI) which was developed in MATLAB® environment. This tool provides a set of real-

time interactive experiments for adaptive beamforming algorithms in antenna array 

processing subject. The developed tool is useful to understand the impact of using different 

mathematical algorithms including time reference, spatial reference and blind 

beamforming algorithms, as well as the implication of the processing required for the 

detection of the direction of arrival (DoA). In addition, with use of the developed tool it is 

possible to analyze the impact of mutual coupling, gain/phase uncertainties in the active 

antenna arrays, the array geometry and windowing on both beamforming and DoA 

algorithms. 

As a result of the analysis made in this prepared tool, many algorithms were compared 

and thus the trade-offs between the algorithms were obtained in a shorter time. An 

improved hybrid constant modulus (CM) recursive least squares (RLS) beamforming 

algorithm with adaptive forgetting factor and variable regularization factor for fast target 

tracking was developed in line with the information obtained from the analysis. The 

sliding-window technique is applied to the proposed algorithm to mitigate the steady-state 

noise. The proposed algorithm is compared with existing RLS based algorithms in terms 

of convergence, convergence rate, and computational complexity. The proposed algorithm 

was compared with its counterparts in satellite and vehicle-to-thing (V2X) communication 

scenarios. Moreover, the multi-user case was also evaluated for the proposed algorithm.  

3.2. Main Contributions 

The main contributions of this chapter are summarized as follows: 

• An adaptive beamforming algorithm application tool was prepared to evaluate the 

trade-offs between different adaptive beamforming and DoA algorithms as well as 

to analyze the impact of mutual coupling, gain/phase uncertainties in the active 

antenna arrays, the array geometry and windowing on those algorithms. It should 

be noted that the tool has been implemented with use-cases into laboratory and 

gamification sessions in the contents of the subject From Array Processing to 

MIMO systems (APMC) which is a Master level course with 6 ECTS. This course 

covers the two main multiple antenna fields that are antenna array processing and 

MIMO systems including radiofrequency technologies. 

• An improved hybrid constant modulus RLS beamforming algorithm with adaptive 

forgetting factor and variable regularization factor is proposed based on low-

complexity robust adaptive moment estimation method (ADAM) update for 

forgetting factor with sliding-window technique. The proposed algorithm has 

superior target tracking, convergence rate, interference and steady-state noise 

suppression than the state-of-the art beamforming algorithms.    
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3.3. Adaptive Beamforming Algorithm Application Tool 

The main purpose of the prepared tool is to help to improve the perceptions on adaptive 

beamforming algorithms by quickly visualizing the expected performance of the different 

algorithms under varying conditions. It is considered that a tool is useful way to 

comprehend the adaptive beamforming algorithm for any level of knowledge on adaptive 

beamforming and DoA algorithms. The designed application structure is given in Fig. 3.1. 

 

 

Fig. 3.1. General structure of the tool. 

The prepared tool is initialized with default parameters and with default selections. 

However, the application allows users to change the parameters and the selections upon 

their requests. The main screen of the prepared tool with initialized default values, is 

given in Fig. 3.2. In the first part, the movement of the source can be selected as either 

static or dynamic. Multiple options for dynamic source are available as displacement only 

in elevation, displacement only in azimuth or displacement in both elevation and azimuth. 

In addition, users can define the angular speed and track time. In the next part, the 

geometry of the array can be selected. There are four common types of available as linear 

array, square planar array, circular planar array and triangular lattice array. Then, array 

properties can be defined as number of elements in the antenna array, operating 

frequency, spacing between the antenna elements in terms of wavelength. In the signal 

type part, Users can define elevation and azimuth angles of the source and the 

interferences with their power levels in terms of dB with respect to the source. Ideal and 

error signals are available for the simulations. If the error signal is selected the adaptive 

beamforming algorithms consider the mutual coupling effects and the array manifolds 

according to the model in [8], [9], [10], [11] otherwise, the random generated signal is 
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employed. Moreover, users can introduce extracted s-parameters files which can be 

generated in CST or other antenna simulation software to get more realistic results. 

 

Fig. 3.2. Main screen: 1) Target displacement, 2) Array geometry selection, 3) Array 

properties, 4) Signal type selection, defining source and interference, 5) Selection of DoA 

and adaptive beamforming algorithms, auxiliary user inputs, 6) Windowing selection, 7) 

Plot selection. 

In the reference part, users can choose adaptive beamforming algorithms from among 

three different algorithm type. In addition, auxiliary inputs such as step size for iterative 

algorithms least mean squares (LMS), forgetting factor and regularization factor for RLS 

and number of signal samples can be defined by users. Finally, in the window part, users 

can choose between a sliding window or a block window to implement windowing on the 

adaptive beamforming algorithm of their choice. Once all the inputs are provided properly, 

users should click the “calculate” button to get the optimum weights.  

In order to observe the performances of the adaptive beamforming algorithms virtually, a 

plot selection is reserved for the user. In section, selected array configuration can be 

plotted. Signal-to-noise ratio (SNR) performances of the adaptive beamforming algorithms 

can be plotted or by clicking the “Hold Plot” button several SNR performances of the 

algorithms can be plotted. On the other hand, spatial resolutions of the DOA algorithms 

can also be plotted. By using the 2-D contour option users can easily examine where 

interference and source fall into the plot. The 3-D pattern plotting option is provided, thus, 

users can observe whether the main beam is directed to desired direction after the 

beamforming algorithm applied. Finally, there is a time scroll which allow users to observe 

changes in beam direction over time and the other scroll is for dynamic range.   

The tool is simple to use even for those lack of smart antenna theory. Including the usage 

of the tool, some experimental studies have been prepared to improve perception of 

adaptive beamforming algorithms and the theory of smart antennas. Moreover, remote 
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access to the tool via local network access is possible and users can also provide data from 

real signals measured then used emulating the system response.  

3.4. Use Cases and Trade-Offs 

The adaptive beamforming algorithms can be used in various cases and scenarios such as 

in low-earth-orbit (LEO) and V2X communication systems. Moreover, the connection 

between several systems is possible via adaptive beamforming algorithms. The suitability 

of the adaptive algorithm can be evaluated by the prepared GUI by entering the 

parameters which are defined by the prerequisites of the system. Fig. 3.3 shows the 

general use cases of adaptive beamforming algorithms. 

 

Fig. 3.3. Several use cases of adaptive beamforming algorithms [12]. 

The adaptive beamforming algorithms work highly efficient under ideal conditions. 

Absence of any interferences and with the sufficient number of signal samples, the 

performances of different algorithms are almost the same. In non-ideal cases there are 

trade-offs in accordance with convergence, convergence speed, interference cancelling and 

target tracking. 

Signal-to-noise ratio (SNR): The SNR is a crucial performance metric for the adaptive 

beamforming algorithms. Adaptive algorithms tend to converge to an optimal value of 

SNR. The SNR level indicates how close an algorithm is to form the beam in the desired 

direction. The SNR comparison over the number of signal samples between different types 

of adaptive algorithms and unit output beamforming, can be done without any presence 

of interference. 

The SNR comparison over the number of signal samples between different types of 

adaptive algorithms and unit output beamforming, can be done without any presence of 

interference. The parameters for the results in Fig. 3.5 (a) are given in Table 3-I. . 
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Convergence Rate: The convergence rate has a crucial role if the intended processing time 

is low. Simply, it indicates the number of signal samples required for the adaptive 

beamforming algorithm to reach the steady-state. 

The parameters for the results in Fig. 3.5 (b) are given in Table 3-II. 

Table 3-II. Inputs for the SNR and convergence rate comparison. 

Algorithms Units NLMS, RLS, GSLC-RLS, CMA 

Displacement - Static 

Array - Square 

# of Elements - 16 

Frequency GHz 60 

Spacing 𝜆 0.5 

Signal Type - Ideal 

Source Elevation degree 45 

Source Azimuth degree 45 

Signal Power dBm 0 

# of Samples - 2000 

Step Size  - 0.005 

Forgeting Factor - 0.999 

Regularization 

Factor 

- 
0.5 

Plot Option - SNR 

Interference Cancelling: In reality, the presence of interference signals is unavoidable in 

most cases. The impinging interference signals must be suppressed to properly direct the 

beam in the desired direction. In order to provide seamless communication and distinguish 

the users from the undesired signal sources, interference suppression is an important 

feature for the adaptive beamforming algorithms. Especially, in global navigation satellite 

systems (GNSS) and monitoring systems interference cancelling plays major role as 

depicted in Fig. 3.4. 

 

(a) 

 

(b) 

Fig. 3.4. GNSS reference (a) and monitoring station (b) [12]. 
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The interference suppression performance of the any kind of adaptive beamforming 

algorithms is different and might be considered as the main feature to make a trade-off. 

The RLS algorithm, the generalized side-lobe canceller RLS (GSLC-RLS) algorithm, the 

constant modulus algorithm  (CMA), and the least squares-CMA (LS-CMA) can be 

compared to observe interference cancelling performances of different types of adaptive 

beamforming algorithms. The parameters for the results in Fig. 3.5 (c) are given in Table 

3-III. Inputs for the interference cancelling comparison. 

Table 3-III. Inputs for the interference cancelling comparison. 

Algorithms Units RLS, GSLC-RLS, CMA, LS-

CMA 

Displacement - Static 

Array  - Square 

# of Elements - 16 

Frequency GHz 60  

Spacing 𝜆 0.5 

Signal Type - Ideal 

Source Elevation degree 45 

Source Azimuth degree 45 

Inter. Elevation degree 30, 60 

Inter. Azimuth degree 15, 75 

Signal Power dBm 0, -10, -20 

# of Samples - 2000 

Step Size  - 0.005 

Forgeting Factor - 0.999 

Target Tracking: The target tracking is another crucial key point for the adaptive 

beamforming algorithms since the users are not stationary in real scenarios. In order to 

maintain the quality and more importantly, continuity of the signal transmission, the 

adaptive beamforming algorithms must be able to dynamically direct beams to users.  

In order to observe the target tracking capabilities of the adaptive beamforming 

algorithms in Fig. 3.5 (d) the RLS algorithm, the GSLC-RLS algorithm and the LS-CMA 

can be compared by using the input parameters in Table 3-IV. 
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Table 3-IV. Inputs for the target tracking comparison. 

Algorithms Units RLS, GSLC-RLS, LS-CMA 

Displacement - Elevation 

Angular Speed deg./sec. 5 

Track Time sec. 5 

Array  GHz Square 

# of Elements 𝜆 16 

Frequency - 60 GHz 

Spacing 𝜆  0.5  

Signal Type - Ideal 

Source Elevation degree 45 

Source Azimuth degree 45 

Inter. Elevation degree 30, 60 

Inter. Azimuth degree 15, 75 

Signal Power dBm 0, -10, -20 

# of Samples - 2000 

Step Size  - 0.005 

Forgeting Factor - 0.999 

Regularization 

Fac. 

- 
0.5 

Plot Option - SNR 

Sample results from the trade-offs case for comparing SNR, convergence rate, interference 

cancelling, and target tracking are given in Fig. 3.5. According to Fig. 3.5 (a) and (b), it 

can be seen that the SNR performances of RLS and CMA algorithms are similar, followed 

by GLSC-RLS, and NLMS has the lowest SNR level in steady-state. On the other hand, 

CMA has the fastest convergence rate. Convergence rates of RLS and GSLC-RLS are 

almost similar since they share almost the same algorithm structure and NLMS has poor 

convergence rate which makes it impractical for fast tracking scenarios such as V2X 

communication.  

According to Fig. 3.5 (c), the convergence performances of RLS, GSLC-RLS and LS-CMA 

show that the interference are mitigated, however, the CMA fails to converge. The CMA 

only depends on the output signal where there is no information for desired signal to 

distinguish the desired signal from interference. Hence, the CMA is impractical for 

scenarios such as non-terrestrial-networks LEO (NTN-LEO) where the multiple users and 

interference exist. On the other hand, the hybrid algorithm LS-CMA has the fast 

convergence property of CMA and interference cancelling property of LMS, hence, its 

performance is in-between.  
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(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3.5. Results of each case study of trade-offs, (a) SNR, (b) convergence rate, (c) 

interference cancelling (d) target tracking performance comparison of the selected 

beamforming algorithms. 

Regarding GSLC-RLS algorithm, according to Fig. 3.5 (d), it has fast convergence rate and 

fair SNR level, the noise and ripples are high in the steady-state. High ripples and noise 

might cause losing the track of moving target and might lead algorithm to converge false 

angle direction. Finally, RLS and LS-CMA algorithms are compatible for fast tracking 

under prone to interference scenarios such as NTN-LEO and V2X communication.  

3.5. An Improved Hybrid Beamforming Algorithm for Fast 

Target Tracking 

In highly dense communication environments, adaptive algorithms by themselves may 

have some inadequacies, where, the hybrid adaptive algorithm is a concept of combining 

two or more different type of algorithms to achieve better convergence speed, noise 

reduction, and interference canceling at once, which would not be possible using only one 

type of algorithm [13].  In order to achieve fast convergence rate and target tracking as 

well as higher interference suppression, an improved hybrid adaptive beamforming 
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algorithm based on constant modulus algorithm (CMA) and recursive least squares (RLS) 

algorithm is proposed.  

The CMA has ability to track without any training sequence, simple and has robust 

convergence [2]. However, it has slower convergence rate and its steady state error is 

large. In addition, blind algorithms including CMA are not capable of suppressing 

interference. On the other hand, RLS algorithm has faster convergence rate, more robust 

at steady state [14]. Unlike other algorithms, RLS has superior convergence performance 

as past examples are taken into account in calculating the weights [3]. The performance 

of RLS algorithm is depends on two parameters, the forgetting factor and the 

regularization factor. In the case of fast target tracking, the fixed and high value of 

forgetting factor makes the past samples more effective in calculating the weights and this 

causes the convergence rate degradation [7], [14]. Conversely, convergence also degrades 

if the forgetting factor is fixed and has a low value since the error contribution will be 

more. Besides, the regularization factor reduces the variance without causing the 

important data loss. However, if regularization parameter is fixed, after a certain number 

of samples, important data loss exists and convergence degradation occurs [7]. For the 

proposed algorithm, low-complexity adaptive moment estimation method (ADAM) based 

adaptive forgetting factor, and non-closed form variable regularization factors are adopted 

in RLS algorithm in order to achieve faster tracking ability and better convergence. The 

sliding window technique is also implemented to reduce the steady state noise [15].  

The proposed algorithm is compared with revised state-of-the-art algorithms under 

various performance metrics in two different use cases: a) NTN-LEO and b) V2X. Both 

scenarios can be adapted to provide position data of ships and vessels in the port of 

Barcelona for docking traffic management, and can be adapted to provide location data of 

high-speed trains at Madrid Atocha railway station for the control of arrival and departure 

traffic. Fig. 3.6 and Fig. 3.7 illustrate the brief vehicle traffic in the port of Barcelona and 

at Madrid Atocha railway station, respectively.  First, the performance characteristics of 

the proposed methods were investigated in single user scenarios and then, the 

performance of the proposed algorithm was analyzed in the multi-user case since in highly 

dense environments there might be tens of users.  
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Fig. 3.6. Communication links between maritime radar tower, satellite and marine 

vessels for docking traffic management in the port of Barcelona. 

 

 

Fig. 3.7. Communication links between railroad controller, satellite and high-speed 

arriving trains for the control of arrival and departure traffic in the Madrid Atocha 

railway station. 

3.5.1. System Model 

This section explains the smart antenna system model that used in this study. We consider 

a receiver structure consist of 𝑀 number of antennas serving 𝐾 different signals. In our 

model, each antenna element receives 𝑘 different user signals as [𝑠1, 𝑠2, … , 𝑠𝑘] and 𝐾 − 𝑘  

different interference signals as [𝑠𝑘+1, 𝑠𝑘+2, … , 𝑠𝐾], at the same time. The beamforming is 

applied in the receiver part. The user signals are digitally modulated, and multiplied by a 

same radio frequency (RF) carrier. In Fig. 3.8, a simple illustration of a smart antenna 

system is given. 
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Fig. 3.8. Smart antenna system. 

In this study, users are considered as moving signal sources and interference are 

considered as static signal sources. Displacement of a moving source in both elevation and 

azimuth with different angular speeds can be written as [16]: 

𝜃𝑘(𝑡) = 𝜃0,k + 𝑐𝑘(𝑡) (3-1) 

𝜑𝑘(𝑡) = 𝜑0,k + 𝑟𝑘(𝑡) (3-2) 

where 𝜃𝑘(𝑡)ϵ[0,
𝜋

2
) is the elevation angle of the source at time 𝑡, 𝜑𝑘(𝑡)ϵ[0,2𝜋) is the azimuth 

angle of the source at time 𝑡, 𝜃0,k (rad) is the initial elevation angle of the source and 𝜑0,k 

(rad) is the initial azimuth angle of the 𝑘-th source. Assuming the source has a linear 

motion model, then 𝑐𝑘(𝑡) = 𝜔1,k𝑡 and 𝑟𝑘(𝑡) = 𝜔2,k𝑡, where 𝜔1,k(rad/sec) and 𝜔2,k (rad/sec) 

are angular velocities in elevation and azimuth angles of the 𝑘-th source, respectively. 

Considering a uniform rectangular array (URA) of 𝑀 elements receiving 𝐾 signals in total 

from both users and interference. We assume that desired and interference are multipath 

signals with 𝐿 propagation paths. For brevity, 𝐿 is the same for all signals. The received 

signal at the 𝑛-th element with Cartesian coordinates (𝑥𝑚,  𝑦𝑚) at a time 𝑡 can be 

formulated as: 

𝑢𝑚(𝑡) = ∑∑𝛼𝑘,𝑙(𝑡)𝑠𝑘(𝑡)

𝐿

𝑙=1

𝑒−𝑗
2𝜋𝑓
𝑐
𝑟̂𝑘,𝑙𝑟𝑚

𝐾

𝑘=1

 + 𝑛𝑚(𝑡) (3-3) 

where 𝛼𝑘,𝑙(𝑡)ϵℂ is the complex coefficient (amplitude) of the 𝑙-th path of the signal. The 

complex coefficients follow i.i.d. normal distribution 𝒞𝒩(0,1), the phase of the 𝑛-th element 

is 𝑟̂𝑘,𝑙𝑟𝑚 = (𝑥𝑛 sin 𝜃𝑘,𝑙 cos𝜑𝑘,𝑙 + 𝑦𝑛 sin 𝜃𝑘,𝑙 sin𝜑𝑘,𝑙), 𝑐 is the speed of light, 𝑓 is the operating 

frequency, 𝑛𝑚(𝑡) is the additive white Gaussian noise and interelement spacing between 

two adjacent antenna element is 𝜆 2⁄  in both axis. 

The impinging signal 𝑠𝑘 in time 𝑡 can be formulated as follows: 

𝑠𝑘(𝑡) = 𝑎𝑘(𝑡)𝑏𝑘(𝑡) cos(2𝜋𝑓𝑡) (3-4) 

Adaptive
Algorithm

de
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where 𝑏𝑘(𝑡)ϵ{−1,+1} is the BPSK modulated signal and 𝑎𝑘(𝑡)ϵℂ is the complex amplitude 

of the carrier signal.  

Then, the output signal 𝑦(𝑡) can be expressed as: 

𝑦(𝑡) = ∑𝑤𝑚
𝐻(𝑡)

𝑁

𝑛=1

𝑢𝑚(𝑡) (3-5) 

where 𝑤𝑚(𝑡)ϵℂ is the beamformer weighting coefficients in time 𝑡. 

3.5.2. Constant Modulus Algorithm 

The CMA exploits the constant modulus (CM) characteristic of the signal. The CMA seeks 

for a signal with constant magnitude and only detects signal with the greatest power. The 

CMA is given at below equations [17]: 

𝑦(𝑛) = 𝒘𝐻(𝑛 − 1)𝒖(𝑛) (3-6) 

𝑒(𝑛) =
𝑦(𝑛)

|𝑦(𝑛)|
− 𝑦(𝑛) (3-7) 

𝒘(𝑛) = 𝒘(𝑛 − 1) +
𝜇

‖𝒖(𝑛)‖2
𝒖(𝑛)𝑒∗(𝑛) (3-8) 

where 𝑛 denotes the iteration, 𝜇 is the step-size and 𝑒(𝑛) is the error at 𝑛-th iteration. 

3.5.3. Recursive Least Squares Algorithm 

The RLS algorithm updates the weight vectors by taking into account the sum of the past 

least square errors. The RLS algorithm has high convergence rate since past samples 

effects are stored. The forgetting factor λ and the regularization factor ∆ are the key 

parameters for the RLS algorithm. The RLS algorithm is given at below equations [17]: 

𝐏(0) =  ∆−1 [
1 ⋯ 0
0 ⋱ 0
0 0 1

]

(𝑀)×(𝑀)

, 𝐰(0) = 0, (3-9) 

𝒈(𝑛) =
𝜆−1𝐏(𝑛 − 1)𝒖(𝑛)

1 + 𝜆−1𝒖𝐻(𝑛)𝐏(𝑛 − 1)𝒖(𝑛)
 (3-10) 

𝑒(𝑛) = 𝑑(𝑛) − 𝒘𝐻(𝑛 − 1)𝒖(𝑛) (3-11) 

𝒘(𝑛) = 𝒘(𝑛 − 1) + 𝒈(𝑛)𝑒∗(𝑛) (3-12) 

𝐏(𝑛) = 𝜆−1(𝐏(𝑛 − 1) − 𝒈(𝑛)𝒖𝐻(𝑛)𝑷(𝑛 − 1)) (3-13) 

where, 𝑁 is the number of receiving antennas, 𝐏(𝑛) is autocorrelation matrix of received 

signal samples and 𝒈(𝑛) is the Kalman gain at 𝑖-th iteration. 
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3.5.4. Sliding Window 

The sliding window technique is applied to adaptive beamforming algorithms in two steps. 

The first step is the update part and second step is the downdate part. In the update step, 

a new input sample 𝒖(𝑛 + 1) is added, using 𝑍 + 1 samples from 𝒖(𝑛 − 𝑍 + 1) to 𝒖(𝑛 + 1), 

where 𝑍 is the window size, and in the downdate step 𝒖(𝑛 − 𝑍 + 1) is discarded to conserve 

the 𝑍 subsequent samples from 𝒖(𝑛 − 𝑍 + 2) to 𝒖(𝑛 + 1) [7]. As a simple example, the 

sliding window technique CMA is given as at below equations: 

𝑦𝑢𝑑(𝑛) = 𝒘𝑑𝑑
𝐻 (𝑛 − 1)𝒖(𝑛) (3-14) 

𝑒𝑢𝑑(𝑛) =
𝑦𝑢𝑑(𝑛)

|𝑦𝑢𝑑(𝑛)|
− 𝑦𝑢𝑑(𝑛) (3-15) 

𝒘𝑢𝑑(𝑛) = 𝒘𝑑𝑑(𝑛 − 1) −
𝜇

‖𝒖(𝑛)‖2
𝒖(𝑛)𝑒𝑢𝑑(𝑛)

∗ (3-16) 

𝑦𝑑𝑑(𝑛) = 𝒘𝑢𝑑
𝐻 (𝑛)𝒖(𝑛 − Z) (3-17) 

𝑒𝑑𝑑(𝑛) =
𝑦𝑑𝑑(𝑛)

‖𝑦𝑑𝑑(𝑛)‖
− 𝑦𝑑𝑑(𝑛) (3-18) 

𝒘𝑑𝑑(𝑛) = 𝒘𝑢𝑑(𝑛) +
𝜇

‖𝒖(𝑛)‖2
𝒖(𝑛 − 𝑍)𝑒𝑑𝑑

∗ (𝑛) (3-19) 

where 𝑦𝑢𝑑(𝑛) is update step output 𝑒𝑢𝑑(𝑛) is update step error, 𝑦𝑑𝑑(𝑛) is downdate step 

output and 𝑒𝑑𝑑(𝑛) is downdate step at 𝑛-th iteration. 

3.6. Proposed Algorithm 

The proposed adaptive beamforming is the combination of CMA and RLS algorithm with 

adaptive forgetting factor and variable regularization factor implemented with sliding 

window technique.  

In RLS, forgetting factor takes into account previous data and new data. The error may 

be increased and passed to the next iterations when the forgetting factor is constant and 

results in performance degradation, especially in fast target tracking. This problem is 

solved here by adapting the forgetting factor gradually. In this sense, we adapted adaptive 

moment estimation method (ADAM) [18] to update the forgetting factor at each iteration 

by running averages of both gradient and the second moment of the gradient of the 

according to the cost function 𝑗(𝑛) = ∑ 𝜆𝑛−𝑙|𝑒(𝑛)|2𝑛
𝑙=0 . Adaptive forgetting factor based on 

ADAM can be expressed as following equations: 
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𝑝(𝑛) = 𝛽1𝑝(𝑛 − 1) + (𝑛 − 𝛽1)∇λ(𝑛) (3-20) 

𝑣(𝑛) = 𝛽2𝑣(𝑛 − 1) + (1 − 𝛽2)∇λ(𝑛)
2 (3-21) 

λ(𝑛) = λ(𝑛 − 1) − [ e {𝜂
𝑝(𝑛)

√𝑣(𝑛) + 𝜉
}]

λ𝑚𝑖𝑛

λ𝑚𝑎𝑥

 (3-22) 

where 𝛽1, 𝛽2 ϵ(0,1], 𝜉 is a small scalar to prevent division by 0, 𝜂 is the step size and ∇λ(𝑛) 

is the gradient of the forgetting factor in each iteration calculated by taking the partial 

derivative of the 𝑗(𝑛) with respect to λ. The decay rate for the gradient, 𝛽1, is typically 

selected as 0.9 to give high weighting to recent gradients. On the other hand, decay rate 

for the squared gradient, 𝛽2, is typically selected as 0.999 to stabilize the estimate of 

variance by keeping the gradients for long-term [18], [19]. The gradient of the forgetting 

factor, ∇λ(𝑛), can be expressed as [20], [21]: 

∇λ(𝑛) =
𝑑𝑗(𝑛)

𝑑λ
= −

1

2
 [𝝍𝐻(𝑛 − 1)𝒖(𝑛)𝑒∗(𝑛) + 𝒖𝐻(𝑛)𝝍(𝑛 − 1)𝑒(𝑛)] (3-23) 

where 𝝍(𝑛) =
𝑑𝒘(𝑛)

𝑑λ
 and can be expressed as: 

𝝍(𝑛) = [𝐈𝑀 − 𝒈(𝑛)𝒖
𝐻(𝑛)]𝝍(𝑛 − 1) + 𝐒(𝑛) 𝒖(𝑛)𝑒∗(𝑛) (3-24) 

where 𝐒(𝑛) =
𝑑𝐏(𝑛)

𝑑λ
 and can be expressed as: 

𝐒(𝑛) = λ(𝑛 − 1)−1[𝐈𝑀 − 𝒈(𝑛)𝒖
𝐻(𝑛)]𝐒(𝑛 − 1) + [𝐈𝑀 − 𝒖(𝑛)𝒈

𝐻(𝑛)] + 

λ(𝑛 − 1)−1𝒈(𝑛)𝒈𝐻(𝑛) − λ(𝑛 − 1)−1𝐏(𝑛) 
(3-25) 

The regularization parameter is important since noise variations can be very high when 

the fast target tracking is required. Practically, optimum regularization factor has no 

closed-form solution. However, optimal regularization factor can be approximated as 

follows [16]: 

∆𝑜𝑝𝑡≈
𝑀𝜎𝑛

2

tr[𝐑uu]
 (3-26) 

where 𝜎𝑛
2 is noise variance, 𝑀 is number of antennas and 𝐑uu ≜ 𝒖𝒖

𝐻. 

Finally, the sliding windowing technique is adapted in our proposed method which 

contains downdating and updating procedures. Our proposed sliding window adaptive 

forgetting variable regularization factor CMARLS adaptive beamforming algorithm is, 

hereinafter, referred to as SW-AFVF-CMARLS to improve traceability. The proposed 

algorithm is given in Algorithm 1 as follows: 
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Algorithm 1 Proposed Algorithm (SW-AFVF-CMARLS)  

Initialize: ∆−1(0) = 0.5, λ(0) = 0.97, 𝑝(0) = 𝑣(0) = 0, 𝜇 = η = 0.001, 𝜉 =  10−6, 𝛽1 =
0.9, 𝛽2 = 0.99, 𝐏(0) = ∆

−1(0)𝐈𝑁 , 𝒘𝑅𝐿𝑆−𝑑𝑑(0) = 𝒘𝐶𝑀𝐴−𝑑𝑑(0) = 𝟎,  λ𝑚𝑖𝑛 = 0.96, λ𝑚𝑎𝑥 =
0.999 
Input: u, d, N, M, Z. 

Output: w.        

1:  for n = 1 to N do 

 //updating weights 
2:  𝑦𝑢𝑑(𝑛) = 𝒘𝐶𝑀𝐴−𝑑𝑑

𝐻 (𝑛 − 1)𝒖(𝑛) 

3:  𝑒𝐶𝑀𝐴−𝑢𝑑(𝑛) =
𝑦𝑢𝑑(𝑛)

|𝑦𝑢𝑑(𝑛)|
− 𝑦𝑢𝑑(𝑛) 

4:  𝒘𝐶𝑀𝐴−𝑢𝑑(𝑛) = 𝒘𝐶𝑀𝐴−𝑑𝑑(𝑛 − 1) −
𝜇

‖𝒖(𝑛)‖2
𝒖(𝑛)𝑒𝐶𝑀𝐴−𝑢𝑑

∗ (𝑛) 

5:  𝒈𝑢𝑑(𝑛) =
𝐏𝑑𝑑(𝑛 − 1)𝒖(𝑛)

1 + λ−1𝒖(𝑛)𝐻𝐏𝑑𝑑(𝑛 − 1)𝒖(𝑛)
 

6:  𝑒𝑅𝐿𝑆−𝑢𝑑(𝑛) = 𝑑(𝑛) − 𝒘𝐶𝑀𝐴−𝑢𝑑
𝐻 (𝑛)𝒖(𝑛) 

7:  𝒘𝑅𝐿𝑆−𝑢𝑑(𝑛) = 𝒘𝑅𝐿𝑆−𝑑𝑑(𝑛 − 1) − 𝒈𝑢𝑑(𝑛)𝑒𝑅𝐿𝑆−𝑢𝑑
∗ (𝑛) 

8:  𝐏𝑢𝑑(𝑛) = λ(𝑛 − 1)
−1(𝐏𝑑𝑑(𝑛 − 1) − 𝒈𝑢𝑑(𝑛)𝒖(𝑛)

𝐻𝐏𝑑𝑑(𝑛 − 1)) 

 //updating forgetting factor 

9:  
𝐒(𝑛) = λ(𝑛 − 1)−1[𝐈𝑀 − 𝒈𝑢𝑑(𝑛)𝒖

𝐻(𝑛)]𝐒(𝑛 − 1) + [𝐈𝑀 − 𝒖(𝑛)𝒈𝑢𝑑
𝐻 (𝑛)] + 

λ(𝑛 − 1)−1𝒈𝑢𝑑(𝑛)𝒈𝑢𝑑
𝐻 (𝑛) − λ(𝑛 − 1)−1𝐏𝑢𝑑(𝑛) 

10:  𝝍(𝑛) = [𝐈𝑀 − 𝒈𝑢𝑑(𝑛)𝒖
𝐻(𝑛)]𝝍(𝑛 − 1) + 𝐒(𝑛) 𝒖(𝑛)𝑒𝑅𝐿𝑆−𝑢𝑑

∗ (𝑛), 

11:  ∇λ(𝑛) = −
1

2
 [𝝍𝐻(𝑛 − 1)𝒖(𝑛)𝑒𝑅𝐿𝑆−𝑢𝑑

∗ (𝑛) + 𝒖𝐻(𝑛)𝝍(𝑛 − 1)𝑒𝑅𝐿𝑆−𝑢𝑑(𝑛)] 

 //apply ADAM algorithm 
12:  𝑝(𝑛) = 𝛽1𝑝(𝑛 − 1) + (𝑛 − 𝛽1)∇λ(𝑛) 
13:  𝑣(𝑛) = 𝛽2𝑣(𝑛 − 1) + (1 − 𝛽2)∇λ(𝑛)

2 

14:  λ(𝑛) = λ(𝑛 − 1) − [ e {𝜂
𝑝(𝑛)

√𝑣(𝑛) + 𝜉
}]

λ𝑚𝑖𝑛

λ𝑚𝑎𝑥

 

 //downdating weights 
15:  𝑦𝑑𝑑(𝑛) = 𝒘𝐶𝑀𝐴−𝑢𝑑

𝐻 (𝑛)𝒖(𝑛 − Z) 

16:  𝑒𝐶𝑀𝐴−𝑑𝑑(𝑛) =
𝑦𝑑𝑑(𝑛)

‖𝑦𝑑𝑑(𝑛)‖
− 𝑦𝑑𝑑(𝑛) 

17:  𝒘𝐶𝑀𝐴−𝑑𝑑(𝑛) = 𝒘𝐶𝑀𝐴−𝑢𝑑(𝑛) +
𝜇

‖𝒖(𝑛)‖2
𝒖(𝑛 − 𝑍)𝑒𝐶𝑀𝐴−𝑑𝑑

∗ (𝑛) 

18:  𝒈𝑑𝑑(𝑛) =
𝐏𝑢𝑑(𝑛)𝒖(𝑛 − 𝑍)

1 − λ(𝑛 − 1)−1𝒖(𝑛 − 𝑍)𝐻𝐏𝑢𝑑(𝑛)𝒖(𝑛 − 𝑍)
 

19:  𝑒𝑅𝐿𝑆−𝑑𝑑(𝑛) = 𝑑(𝑛 − 𝑍) − 𝒘𝐶𝑀𝐴−𝑢𝑑
𝐻 (𝑛)𝒖(𝑛 − 𝑍) 

20:  𝒘𝑅𝐿𝑆−𝑑𝑑(𝑛) = 𝒘𝑅𝐿𝑆−𝑢𝑑(𝑛) + 𝒈𝑑𝑑(𝑛)𝑒𝑅𝐿𝑆−𝑑𝑑
∗ (𝑛) 

21:  𝐏𝑑𝑑(𝑛) = λ(𝑛 − 1)
−1(𝐏𝑢𝑑(𝑛) + 𝒈𝑑𝑑(𝑛)𝒖(𝑛 − 𝑍)

𝐻𝐏𝑢𝑑(𝑛)) 

 //update regularization factor 

22:  ∆(𝑛) =
𝑀𝜎𝑛

2(𝑛)

tr[(𝒖(𝑛)𝒖(𝑛)𝐻)]
− ∆(𝑛 − 1) 

23:  𝐏𝑑𝑑(𝑛) = 𝐏𝑑𝑑(𝑛 − 1) − ∆(𝑛)𝐏𝑑𝑑(𝑛) 
 //final weights 

24:  𝒘 = 𝒘𝑅𝐿𝑆−𝑢𝑑(𝑛) 
25:  end for 
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3.7. Simulation Results 

The signal-to-noise plus interference ratio (SINR) is considered for one of the performance 

metrics, which can be calculated as follows [22]: 

    𝑛 =
𝜎𝑘
2(𝑛)|𝒘𝑘

𝐻(𝑛)𝐚𝑘(𝑛)|
2

𝒘𝑘
𝐻(𝑛)𝐑𝑖𝑛𝑡+𝑛(𝑛)𝒘𝑘(𝑛)

 (3-27) 

where 𝜎𝑘
2(𝑛) is the source signal power in iteration 𝑛, 𝐚𝑘(𝑛) = [𝑟̂𝑘𝑟1, … , 𝑟̂𝑘𝑟𝑚, … , 𝑟̂𝑘𝑟𝑀]

𝑇 is the 

actual steering vector of the desired signal in iteration 𝑛, 𝒘𝑛 is the estimated weights in 

iteration 𝑛 and 𝑹𝑖𝑛𝑡+𝑛[𝑡] is the interference-plus-noise covariance matrix in iteration 𝑛.  

The SINR performance of the proposed algorithm SW-AFVF-CMARLS is compared with 

three different RLS algorithm under single user case. The SW-RLS is the conventional 

sliding window RLS algorithm with a fixed forgetting factor, SW-CMARLS is sliding 

window hybrid CMA and RLS algorithm with a fixed forgetting factor and sliding window 

variable regularization factor (SW-VRF-CMARLS) is the proposed sliding window 

variable regularization factor with a fixed forgetting factor in [16] extended with CMA. All 

algorithms are compared in two use cases: a) NTN connecting a ground station of LEO, 

and b) V2X. In both use cases, there are two static interference signals located at  𝜃𝑖𝑛𝑡1 =

40𝑜, 𝜃𝑖𝑛𝑡2 = 60
𝑜 and 𝜑𝑖𝑛𝑡1 = 30

𝑜, 𝜑𝑖𝑛𝑡2 = 75
𝑜 in spherical coordinates and 𝐿 = 3. The 

interference-to-noise ratios (INR) of interference signals are 10 dB. The step sizes in all 

related algorithms are,  𝜇 = η = 0.001. Moreover, the forgetting factor, 𝜆, for the SW-RLS, 

SW-CMARLS, SW-VRF-RLS is fixed and equals to 0.99 and regularization parameter, ∆, 

equals to 0.5. Additional parameters used in the simulations for the presented algorithm 

SW-AFVF-CMARLS (in both use cases) are given in Table 3-V.  

Table 3-V. Simulation Parameters for SW-AFVF-CMARLS. 

Parameters Value 

𝛽1, 𝛽2 0.9, 0.99 

Initial 𝜆, ∆ 0.97, 0.5 

Initial 𝑝, 𝑣 0, 0 

𝜉      10−6 

In the case of NTN-LEO, the realistic parameters in [23] are used. In addition, the samples 

are considered to be collected per minute and the window length, 𝑍, is set to 20 samples. 

In this case target (satellite) moves in elevation. The scenario lasts for 15 minutes and 

scanning of 44 degrees in elevation is done. Fig. 3.9 (a) shows the simulation results 

according to the parameters in Table 3-VI. for the NTN-LEO use case. First of all, SW-

CMARLS has the worst performance and cannot converge. It can be seen that conventional 

SW-RLS algorithm worse convergence rate, almost 3 dB lower steady state gain than the 

proposed SW-AFVF-CMARLS and SW-VRF-CMARLS. In addition, the SW-RLS algorithm 

has the highest steady state noise since the regularization parameter is fixed. On the other 
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hand, according to Fig. 3.9 (a), our proposed SW-AFVF-CMARLS algorithm outperforms 

SW-RLS algorithm in terms of convergence rate, steady state gain and noise. In the case 

of V2X, the realistic parameters in [24] are used. In addition, the samples are considered 

to be collected per second and the window length, Z, is set to 20 samples. In this case target 

(vehicle) moves in elevation. The scenario lasts for 12 seconds and scanning of 60 degrees 

in elevation is done. Fig. 3.9 (b) shows the simulation results according to the parameters 

in Table 3-VII for the V2X use case. Similar results with the previous example are 

observed. The Fig. 3.9 (b) shows that the SW-AFVF-RLSCMA algorithm outperforms 

compared algorithms in terms of convergence rate, steady-state noise and SINR gain.  

Table 3-VI. Parameters for the NTN-LEO Simulation. 

Parameters Units Value 

Satellite height km 600 

Minimum elevation angle degree 40 

Field of view degree 44 

Num. of Rx antennas, x-dim. - 4 

Num. of Rx antennas, y-dim. - 4 

Simulation time min. 15  

Displacement of satellite deg./min. ≈2.9  

Samples per minute - 400 

Table 3-VII. Parameters for the V2X Simulation. 

Parameters Units Value 

V2I Euclidean distance (initial) m. 100 m. 

Infrastructure to road distance m. ≈70.71 m. 

Vehicle velocity 
km/h 

(m/sec.) 
60 (≈16.6) 

Minimum elevation angle degree 30 deg. 

Field of view degree 60 deg. 

Num. of Rx antennas, x-dim. - 4 

Num. of Rx antennas, y-dim. - 4 

Simulation time sec. 12 

Displacement of vehicle deg./sec. 5 

Samples per second - 500 
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(a) 

 

(b) 

 

Fig. 3.9. (a) NTN-LEO use case SINR versus number of snapshots comparison (b) V2X 

use case SINR versus number of snapshots comparison. 

 

 

(a) 

 

(b) 

Fig. 3.10 (a) demonstrates the effect of window size on the convergence performance and 

convergence rate of the proposed algorithm. Iterations up to 2000 are given because it is 

sufficient for demonstration of the desired effect. It can be seen that 𝑍 = 20 is sufficient 

for a proper application. The optimal size of 𝑍 was found with trial-and-error method since 

there is no closed expression for the optimal window size.  
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(a) 

 

(b) 

Fig. 3.10 (b) shows the mean-square-error comparison of the proposed and state-of-the 

art algorithms revised. In MSE analyze, we consider the squared mean error between the 

ideal output signal whose weights are calculated using the Wiener optimal weight 

calculation and the estimated output signal whose weights are calculated using the 

proposed algorithm. The MSE between the ideal output signal and the estimated output 

signal isM  =
1

𝑛
∑ (𝑦̂𝑛 − 𝑦𝑛)

2𝑛
𝑖=1 . It is clear that the proposed algorithms outperform all 

compared algorithms in terms of MSE at steady state by at least 10 times. The initial 

parameters of the ADAM algorithm are given in Table 3-V. The initial forgetting factor, 𝜆, 

and the initial regularization factor, ∆, are 0.96 and 0.5, respectively. The related 

parameters for the  

 

(a) 

 

(b) 

Fig. 3.10 are given in Table 3-VIII.  

Table 3-VIII. Parameter for the multi-user case simulations. 

Parameters Units Value 

Num. of Rx antennas, x-dim. - 4 

Num. of Rx antennas, y-dim. - 4 

Simulation time sec. 5  

Displacement of target deg./sec.  1 (𝜃), 2(𝜑)  
Samples per second - 1000 
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(a) 

 

(b) 

Fig. 3.10. (a) window size, 𝑍, effect on convergence and convergence rate, (b) MSE 

comparison. 

The computational complexity analysis of the algorithms is given in Table 3-IX. In Table 

3-IX, the complexity comparison of the algorithms is given with respect to the number of 

antennas in the antenna array. The computational complexity is calculated according to 

complex multiplications involved per iteration in the algorithms. The MUSIC [25] and 

Wiener optimal weights [26] are given for a better perception. The MUSIC algorithm 

involves high computational cost covariance matrix and eigen value decomposition and 

Wiener optimal involves high computational cost inverse matrix (computation is often 

inaccurate in hardware). The window size 𝑍 = 20 for MUSIC and Wiener optimal. The 

proposed algorithm has more complexity than the revised adaptive algorithms since more 

computations are involved to calculate the adaptive forgetting factor and variable 

regularization factor but the cost of better performance metrics. The related parameters 

for the Fig. 3.11 are given in Table 3-VIII. 

Table 3-IX. Complexity analysis. 

Algorithm Complex Multiplications 

SW-RLS 5𝑀2 + 8𝑀 

SW-CMARLS 5𝑀2 + 14𝑀 

SW-VRF-CMARLS 8𝑀2 + 16𝑀 

SW-AFF-CMARLS 13𝑀2 + 18𝑀 

MUSIC 𝑀3 +𝑀𝑍3(𝑁 − 𝑍) + 𝑀2𝑍 

Wiener-Optimal 𝑀3 +𝑀2𝑍 +𝑀2 
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Fig. 3.11. Number of complex multiplications per iteration with respect to number of 

antennas. 

In the second part of the analysis, after concluding that the proposed algorithm has better 

performance than its counterparts, the proposed SW-AFVF-CMARLS algorithm was 

tested in the multi-user case. In order to evaluate our proposed algorithms’ robustness, we 

tested the proposed algorithm in more detail in the multi-user case.  

In multi-user case analysis we considered four spatially uncorrelated different users. The 

users are, also, considered as moving sources as the previous examples, but with different 

angular speeds and there are two static interference signals. In order to get a better 

perception later in transmitted signal analyze, users are initially located at 𝜑1 = 45
𝑜, 𝜑2 =

135𝑜, 𝜑3 = 225
𝑜, 𝜑4 = 315

𝑜 and 𝜃1 = 𝜃2 = 𝜃3 = 𝜃4 = 45
𝑜, and  𝐿 = 3. The static interference 

signals are located at 𝜑5 = 30
𝑜, 𝜑6 = 60

𝑜 and 𝜃5 = 90
𝑜, 𝜃6 = 180

𝑜 in spherical coordinates 

and  𝐿 = 3. The interference-to-noise ratios (INR) of interference signals are 10 dB. For 

multiuser case analysis the step sizes are 𝜇 = η = 0.01. Lastly, the window length, 𝑍, is set 

to 75 samples. The initial parameters of the ADAM algorithm are given in Table 3-V. The 

initial forgetting factor, 𝜆, and the initial regularization factor, ∆, are 0.96 and 0.5, 

respectively. Each user has same angular speed and moves in azimuth coordinate only. 

Fig. 3.12 shows the SINR performance of the proposed algorithm with four users. The 

related parameters for the multi-user case are given in Table 3-VIII. Fig. 3.12 (a) shows 

that there is 6 dB loss at the steady state gain, according to the previous SINR analysis, 

however, it is expected since the same number of antennas are used for more users. Apart 

from the loss, the performance degradation related with the convergence rate can be 

observed. The reason is the algorithm needs to extract four different users’ information 

from the same signal. Despite slight performance degradation the proposed SW-AFVF-

CMARLS algorithm still has expectable convergence and convergence rate. We can 

conclude that the proposed algorithm can be used in multi-user case. Fig. 3.12 (b) shows 

the variations of the forgetting factor according to the number of iterations for each user. 

It should be noted that the forgetting factor value is given in Fig. 3.12 (b) for every 100 
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iterations. This is because, given the forgetting factor value for all iterations, the graph 

becomes very complex and hard to comprehend. 

 

(a) 

 

(b) 

Fig. 3.12. (a) SINR with respect to number of iterations, (b) forgetting factor variation of 

each user with respect to iteration number. 

In Fig. 3.13, the normalized radiation pattern of the estimated transmitter signals is 

given. The purpose here is to demonstrate if the antenna array beams are correctly 

directed to each desired user direction, as well as with canceled interference signals, after 

5 seconds (as specified as simulation time) with using our proposed SW-AFVF-CMARLS 

algorithm. In Fig. 3.13 (a), users and interference signals are located at their initial 

directions. Fig. 3.13 (b), after the proposed algorithm was applied, the directions of the 

users are given with suppressed interference. The interference free displacements of the 

users are clearly seen. 

 

(a) 

 

(b) 

Fig. 3.13. Users and interference directions (a) at initial, (b) estimated after applying the 

proposed algorithm. 

 



Contribution to Phased Array and RIS Processing for Satellite, 5G and 6G Communication Systems 

 

74 

 

As a remark, assuming that we have a satellite communication on the move (SOTM) 

terminal in the in the transmitting time of movement area with 30 GHz carrier and 30 

MHz sampling frequency with a modulation coding (exp. DVB-S2) the proposed algorithm 

is able to obtain the relative position and angular velocity in ≅ 0.083 milliseconds of the 

trains in the same service area. Regarding Fig. 3.6 and Fig. 3.7, it is worth to mention that 

by using the proposed algorithm 𝜃𝑘 and 𝜑𝑘 can be obtained by NTN-LEO or V2X system. 

In addition, the proposed algorithm also reduces the estimation error of the relative 

position and angular velocity of trains in the service area by ≅ 105 times.    

3.8. Conclusions 

In order to increase perception on adaptive beamforming and DoA algorithms, a computer-

aided application was prepared and the adaptive beamforming application tool is useful 

to enhance the knowledge on fundamentals of array processing and smart antenna theory. 

The prepared tool is an open-source for the course under Matlab® educational license and 

so many more algorithms can be added and can be simulated with different signal models 

or array features. This is also important to highlight that with the different scenarios are 

analyzed where system requirements can be verified with respect to the adaptive antenna 

system performance. As the students gain more experience and knowledge about adaptive 

beamforming algorithms, they can perform their own models and system analyses. The 

analyses were made on the trade-off of the adaptive beamforming algorithms in order to 

determine pros and cons time reference, spatial reference and blind adaptive algorithms. 

In line with the outcomes of the analyses an improved hybrid beamforming algorithm was 

developed. 

The proposed algorithm exploits the fast convergence rate of RLS and high convergence of 

CMA. The finite memory is also taken into account to reduce the steady state noise by 

sliding-window technique. Besides, ADAM method was introduced to adaptively update 

the forgetting factor. The proposed algorithm was evaluated under two use cases, NTN-

LEO and V2X respectively, and compared with the conventional RLS and other two 

different RLS-based algorithms. Results demonstrate that our proposed algorithm 

outperforms its counterparts in terms of convergence rate, steady state gain and noise 

when the variable forgetting factor is used. In addition, the performance of the proposed 

algorithm was analyzed in multi-user tracking scenario. It can be concluded that the 

proposed algorithm can be used to track both fast moving single and multiple targets in 

interference environments. Based on the results, the proposed method has 3 dB SINR gain 

and far more less steady-state noise than the conventional sliding window RLS. The ripple 

is 5 dB for sliding window RLS and almost 0.1 dB for sliding window adaptive forgetting 

factor variable regularization factor CMA-RLS, however, has same performance with 

sliding window variable regularization factor CMA-RLS. On the other hand, the proposed 

algorithm has at least 2 times faster convergence than revised algorithms and outperform 
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all compared algorithms in terms of MSE at steady state by at least 10 times with the cost 

of only 8𝑀2 + 10𝑀 more complex multiplication. The next step for the future line will be 

to implement the proposed algorithm on a real-time processor and compare the measured 

results with simulation results.     
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4. Chapter 4: An Improved Inverse Matrix 

Approximation Algorithm for Phased Antenna Array Applications 

4.1. Introduction 

In many numerical and engineering applications such as image and signal processing [1], 

encryption [2] and control system analysis [3], it is common to solve the large sparse 

systems as [4], [5]:   

𝐀𝐱 = 𝐛,   𝐱, 𝐛ϵℂ𝑃 (4-1) 

where 𝐀 ϵ ℂ𝑃×𝑃, is a large sparse complex valued matrix. A matrix which most of the 

elements are equal to zero is called sparse matrix. The computation of direct inversion for 

finding the solution for (4-1) is very difficult task with a high computational cost, especially 

if the dimensions of 𝐀 is large [4], [5]. Moreover, large storage is required for the direct 

inversion [5]. On the other hand, in hardware the direct inversion usually leads inaccurate 

solutions since it involves division operator. For these reasons, the derivation of inverse 

matrix approximation algorithms has become inevitable. Iterative algorithms combining 

preconditioning techniques are considered the most effective way to approach the solution 

of (4-1) [5]. Lately, many iterative algorithms of different orders of convergence have been 

proposed to estimate the inverse of 𝐀 or at least its generalized inverse such as Moore-

Penrose inverse [4]. This type of iterative algorithms is usually reducing the calculation 

into matrix-matrix and matrix-vector multiplications and sums. In addition, some 

iterative algorithms use matrix decompositions, such as, LDU and QR to relief the 

computational load and increase the accuracy. The inverse matrix approximation 

algorithms which only consist of multiplications and sums have been derived based on the 

limit to the infinity of the formula below:  

(𝐈 − 𝐀)−1 = (𝐈 + 𝐀 + 𝐀2 + 𝐀3 + 𝐀4 +⋯+ 𝐀𝑝) (4-2) 

where 𝐈 is the 𝑛 × 𝑛 identity matrix and 𝑝 is the order.  

Along with the iterative inverse matrix approximation algorithms, there are also 

truncated number series approximation algorithms based on the polynomial expansions. 

The most widely used truncated number series algorithm is the Neumann [6] series, since 

it has a very simple hardware implementation. Although the Neuman series is favourable 

in terms of complexity, its convergence and accuracy are insufficient. On the other hand, 

the Taylor [7] and Kapteyn series [8] have better convergence and accuracy but at the cost 

of higher computational complexity. In addition, rapid matrix inversion updates are 

required in many applications such as on-line calibration of antenna arrays or 

instantaneous precoding in massive MIMO systems. However, the inverse matrix update 
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slows down as the polynomial terms of the truncated number series increase. Moreover, 

the computation of the optimal coefficients of the matrix polynomial with the smallest 

possible number of terms places a higher burden on hardware [9]. Thus, many practical 

applications adopt the iterative algorithms which have implementation facility, faster 

convergence rate, and have fair accuracy. In terms of approaches to the problem, iterative 

algorithms can generally be classified into three categories: approximate matrix inversion 

algorithms (AMIA), iterative approaches for solving linear equations (IASLE), and 

iterative algorithms for minimizing the residual norm (IMRN) [10]. 

4.2. Iterative Algorithms for Inverse Matrix Approximation 

AMIA is derived from a truncated number series, such as Newton-Schulz iteration (NI) 

and Chebyshev iteration (CI) [11], [12]. The IASLE algorithm approaches the matrix 

inversion problem by solving the system equation, and the optimal transmitted signal 

vector is calculated by applying iterative processes to decomposed matrix elements, such 

as the Gauss-Seidel (GS) algorithm and its derivative successive over-relaxation (SOR) 

algorithm [13]. Finally, IMRN algorithms focus on the minimization of the residual norm 

application order to bypass the approximate matrix inversion operations and directly find 

the transmitted signal vector, such as the conjugate residual (CR) algorithm (further 

improvement of the conjugate gradient algorithm) [14] and generalized minimal residual 

(GMRES) algorithm [15]. Moreover, iterative algorithms can be obtained by combining 

two or more algorithms, such as the joint CI and Neumann series (CI-NS) algorithms and 

the SOR-based approximate matrix inversion (SOR-AMI) algorithm [11]. Among the three 

types of iterative algorithms, the AMIA is the most inefficient. As the dimensions of the 

channel matrix increase, the number of polynomial terms or iterations increases to 

maintain the accuracy. Hence, the computational complexity of the algorithm increases 

significantly. It should be noted that the implementation complexity and computational 

complexity are different. Iterative algorithms have a trade-off between implementation 

complexity and convergence, as shown in Fig. 4.1. However, under inappropriate initial 

conditions, such as when the channel matrix is nonsymmetric, positive, definitive, and 

strictly diagonally dominant, many IASLE and IMRN algorithms fail to converge to a 

proper solution [10]. 
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Fig. 4.1. Trade-off between implementation complexity and convergence of iterative 

algorithms. 

The simple comparison of the various inverse matrix approximation algorithms is given 

in Table 4-I. 

Table 4-I. Comparison of Iterative Algorithms [13]. 

Classification Algorithm Pros Cons 

AMIAZ NI and CI 

-If the optimal initial 

values adapted 

convergence is fast and 

accurate  

-Optimal initial values 

are cumbersome to 

calculate  

IASLE 

GS 

-If the number of 

transmitter and 

receiver antennas are 

equal it gives near-

optimal solution  

-Unable to implement 

on parallel computing 

structure 

-Includes matrix 

decomposition  

SOR 

-If the ratio of BS 

antennas and user 

antennas, is large, it 

gives near optimal 

solution  

-Unable to implement 

on parallel computing 

structure 

-Includes matrix 

decomposition 

-Relaxation parameter 

is uncertain  

IMRN 

CR 

-If the ratio of BS 

antennas and user 

antennas, is large, it 

gives near optimal 

solution 

-It requires a large 

number of iterations 

and initial vector is 

crucial for convergence 

GMRES 

-Suitable for non-

symmetric matrices 

and very robust  

-Hard to implement and 

complexity rises 

linearly as the number 

of iterations increase 

The three aforementioned types of algorithms require pre-computations for the optimal 

initial parameters to guarantee convergence. In general, one algorithm alone is not 

COMPLEXITY

CONVERGENCE

ITERATIVE ALGORITHMS

IMRNIASLEAMIA
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sufficient to satisfy the convergence, fast convergence rate, and accuracy requirements. 

However, most algorithms proposed in the literature require initial conditions and an 

appropriate initial matrix, known as the precondition matrix to guarantee convergence. 

Hence, this section proposes a novel improved algorithm based on the combination of 

Homeier’s cubically iterative algorithm [16] and the Karush-Kuhn–Tucker (KKT) 

constraint, [14] resulting in an approach different from Xia’s iterative algorithm [17]. 

Thus, the proposed algorithm converges globally. The proposed algorithm is globally 

convergent, without the need for any preconditions, can use any square matrix without 

symmetry, and the initial matrix can be diagonally dominant. Hence, there is no need for 

any preconditions, and pre-computation is discarded. This has the advantage of processing 

nonsymmetric matrices and since there is no need to perform pre-computation, 

convergence rate in flexible condition is higher. The proposed algorithm was divided into 

two parts. The first part computes the initial approximation, whereas the second part 

processes the iterative generalized inverse matrix approach. The two parts are described 

as follows: 

• Initial approximation: The first part of the algorithm was a three-step iterative 

algorithm based on Homeier’s algorithm. However, in the third step, a secant 

approach was adopted to keep the polynomial order low to avoid a higher 

computational complexity [5]. After one iteration, the output of the three-step 

iterative algorithm was passed as an input to the second iterative algorithm. The 

second algorithm is based on iteratively approximating the generalized inverse 

using the KKT conditions [17]. If the KKT conditions hold for a problem, optimality 

is guaranteed [18]. The advantage of this algorithm is that no initial condition is 

needed for convergence because the Moore-Penrose rules hold for KKT [19]. Thus, 

nonsymmetric diagonally dominant matrix inverses can be computed more 

accurately without pre-computation to optimize the initial values. (see section 

4.4.3) 

• Iterative generalize inverse matrix approach: In the second part, there is typically 

a need for direct inversion of the acceleration scheme, as proposed in [17]. 

Otherwise, the convergence rate degrades as the dimensions of the input matrix 

increase. Hence, we replaced the direct inversion with a highly accurate iterative 

estimation algorithm. The need for a proper precondition matrix to guarantee the 

convergence of the iterative algorithm based on Homeier’s algorithm in the 

literature is discarded here by applying KKT conditions, as in [17]. Thus, the 

proposed algorithm can be categorized as AMIA-type. (see section 4.4.2.1) 

The proposed algorithm was evaluated for the zero-force precoding receiver in massive 

MIMO systems.  
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4.3. Main Contributions 

In the ZF precoding algorithm, interference is forced to zero. The ZF precoding was 

selected because interference, rather than additive noise, is the dominant factor when the 

number of antennas at the BS increases [20]. The bit error rate (BER) and sum rate of the 

proposed algorithm were evaluated using both the correlated and uncorrelated channel 

models. One of the main focuses of this section was to evaluate and analyze the proposed 

algorithm under realistic conditions; thus, a new correlated channel model is considered. 

Referring to the channel model, a mutual coupling channel model [21] is used, including 

array manifolds, which are modelled as in, [22] and extended to massive MIMO. Array 

manifolds include manufacturing tolerances, active radio frequency (RF) element gain, 

phase variations, and mutual coupling, which are modelled using the 𝑘-nearest neighbor 

approach, as explained in detail in [22]. By contrast, the Rayleigh fading channel model 

was used for a simpler evaluation of the performance of the proposed algorithm. The main 

contributions of this chapter are summarized as follows: 

• First, we propose a channel model that produces correlated channels, including 

mutual coupling, gain, and phase variances, caused by RF component errors and 

manufacturing tolerances. A model was developed to evaluate the performance of 

the proposed algorithm under realistic conditions.  

• Second, we propose an improved approximate matrix inversion algorithm for the 

ZF precoding. The proposed algorithm always converges without depending on any 

initial conditions, and is suitable for correlated channel conditions. 

• Finally, the performance of the proposed algorithm was evaluated with respect to 

different criteria, and its performance was compared with that of various iterative 

algorithms in the literature, as summarized in Based on these results, the 

effectiveness of the proposed algorithm was discussed. 

4.4. Use Case: Zero-Forcing Precoding in Massive MIMO 

Systems 

The densely numbered antenna structure of massive MIMO systems provides high 

transmission rate, spectral efficiency, and power efficiency [21], [23], [24]. However, a 

large number of antennas have drawbacks that must be carefully considered, such as pilot-

signal contamination and interference at the base station (BS) and user equipment (UE) 

[23], [25], [26]. In massive MIMO systems, precoding algorithms are used to provide 

seamless signal transmission and interference cancellation [13]. 

Massive MIMO systems track the instantaneous state of a channel by using pilot signals. 

In this sense, channel state information (CSI) is used to mitigate channel impairments to 

optimize signal transmission at the BS through precoding. Precoding algorithms are 
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classified as linear or nonlinear. In terms of capacity, nonlinear precoding algorithms are 

superior to linear ones [27]. However, their complexities are considerably higher and their 

hardware implementation is costly. Thus, massive MIMO systems generally employ linear 

precoding algorithms [24].  

4.4.1. System Model 

We consider a downlink massive MIMO system in which 𝑀 transmit antennas at the BS 

are employed to serve 𝐾 single UEs. In our model, an encoder digitally modulates the 

transmitted signal 𝐬, and a precoder weights the information stream 𝐱, at the BS. Fig. 4.2 

shows the massive MIMO system employed in this study. 

 

Fig. 4.2. Block diagram of massive MIMO system model with encoder and precoder. 

We consider a mutual coupling channel model that includes an array manifold to create a 

more realistic channel model. The estimated imperfect channel between the antenna 

transmitter array and users is modelled as 𝐇̂ ∈ ℂ𝐾×𝑀 and can be expressed as: 

𝐇̂ = √1 − 𝜏2𝐇̃ + 𝜏𝐯 (4-3) 

where 𝜏 ∈ [0,1] is a scalar parameter denoting the imperfection of channel estimation. 

When 𝜏 = 0, perfect channel estimation is obtained. The estimated channel noise 𝐯 ∈ ℂ1×𝑀 

is independent and identically distributed over the real channel matrix 𝐇̃ = [𝐡̃1, 𝐡̃2, … , 𝐡̃K] 

which follows a Gaussian distribution with a zero mean and unit variance. The correlation 

coefficients of the real channel matrix 𝐇̃ are obtained according to the correlation channel 

model and can be expressed as: 

𝐡̃k = 𝜶𝒌𝐀𝑘
𝐻,   𝑘 = 1,2, … , 𝐾 (4-4) 

where 𝜶𝒌 = [𝛼1, 𝛼2… , 𝛼𝐿] denotes the complex gains, which are independent and 

identically distributed i.i.d. complex Gaussian distributions with zero mean and unit 

variance, and 𝐿 denotes the number of propagation paths of the incoming signals to the 

BS. 𝐀𝑘 ∈ ℂ
𝑀×𝐿 is the array steering matrix of the BS antenna array and is given as follows: 

BS 
Precoder

BS 
Encoder

RF

RF

RF
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𝐀𝑘 = [𝒂(𝜃M,1, 𝜑𝑘,1), 𝒂(𝜃M,2, 𝜑M,2),… ,𝒂(𝜃M,L, 𝜑M,L)] (4-5) 

where (𝜃M, 𝜑M) are the 𝐿 scattered i.i.d. uniformly distributed angles of arrival, with an 

angular spread of 5°, The BS steering vectors 𝒂(𝜃, 𝜑) can be calculated as follows: 

𝒂(𝜃, 𝜑) =
1

√𝑀
𝑒
−𝑗
2𝜋
λ
(𝑥𝑚 sin𝜃 cos𝜑+𝑦𝑚 sin𝜃 sin𝜑+𝑧𝑚 cos𝜃),    𝑚 = 1. .𝑀 (4-6) 

where 𝑥𝑚 and 𝑦𝑚 are the 𝑚-th antenna coordinates in the x-y plane, λis the wavelength of 

the carrier frequency, and 𝑀 is the number of antennas in the antenna array. 

To obtain a more realistic channel model, array errors including mutual coupling, antenna 

element gain/phase deviations, gain/phase deviations due the unequal RF chains and 

location errors are taken into account. The array manifold channel model 𝐇 ∈ ℂ𝐾×𝑀 is 

expressed as follows: 

𝐇 = 𝐇̃∆M (4-7) 

where ∆M ∈ ℂ
𝑀×𝑀 denotes the BS antenna array manifold, and, which considers the 

mutual coupling matrix. The array manifold matrix ∆(𝜃, 𝜑)  is given [22] by: 

∆(𝜃, 𝜑) = 𝐂(∆𝑮𝑅𝐹∆𝑮(𝜃, 𝜑)∆𝑨(𝜃, 𝜑))𝑮𝑅𝐹(𝑔(𝜃, 𝜑)⨀𝒂(𝜃, 𝜑)) (4-8) 

where 𝑮𝑅𝐹, ∆𝑮𝑅𝐹, ∆𝑨(𝜃, 𝜑) and ∆𝑮(𝜃, 𝜑) are 𝑀 ×𝑀 diagonal matrices with complex 

elements represent each (𝜃, 𝜑), is the gain of the RF circuit, and the effect of the gain and 

phase uncertainty sources due to the active antenna array components and antenna 

elements, respectively [22], [28]. In addition, 𝒈(𝜃, 𝜑) ∈ ℂ𝑀×1 denotes the amplitude and 

phase of the 𝑚-th element, and 𝒂(𝜃, 𝜑)  ∈ ℂ𝑀×1 denotes the ideal steering vector of the 

array containing the information for each (𝜃, 𝜑) [22]. The mutual coupling matrix 𝐂 ∈

ℂ𝑀×𝑀 consists of the amplitude and phase coupling coefficients 𝐶𝑚,𝑘, 𝑘 is the 𝑘-th neighbor 

of the antenna element 𝑚. The coefficient of mutual coupling 𝐂 can be calculated as follows: 

𝐶𝑚,𝑘 = 1 + 𝑒
−𝑗
2𝜋
λ
(𝑥𝑚 sin𝜃 cos𝜑+𝑦𝑚 sin𝜃 sin𝜑+𝑧𝑚cos𝜃)(𝒂0

𝑇𝒔(𝑚)) (4-9) 

where 𝒂𝟎 is the steering vector that contains all the 𝑘-neighboring antenna elements of 𝑚-

th antenna element, and 𝒔(𝑚) = [𝑆1𝑚, … , 𝑆𝑚𝑘] is the 1 × 𝑘 vector of the scattering 

coefficients of the 𝑚-th antenna element.  

The received complex baseband signal 𝐲 ∈ ℂ𝐾×1 is given as: 

𝐲 = √𝜌𝐇𝐱 + 𝐧 (4-10) 

where 𝜌 is the normalized average transmit symbol energy by the number of transmit 

antennas, which denotes the signal-to-noise power ratio (SNR); 𝐧 ∈ ℂ1×𝐾  denotes the 
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additive white Gaussian vector; and 𝐱 ∈ ℂ𝑀×1 represents the transmitted signal vector 

after precoding and can be expressed as: 

𝐱 = 𝐆𝐬 (4-11) 

where 𝐬 ∈ ℂ𝐾×1 is the symbol vector of the constellation symbols to be transmitted and 𝐆 ∈

ℂ𝑀×𝐾 is the precoding matrix, which can be expressed as [12]: 

𝐆 = 𝛽𝐇̂𝐻(𝐇̂𝐇̂𝐻)
−1

 (4-12) 

where the scalar 𝛽 is chosen to satisfy the equation ‖𝐆‖𝐹
2 = tr(𝐆𝐆𝐻) = 𝑃. The 𝑃 is the total 

transmitted power. The BER and sum rate were considered as criteria for measuring the 

performance of the precoding algorithms. 

After precoding, the sum-rate capacity [5] of the massive MIMO system can be calculated 

as: 

C = ∑ log2(1 + 𝛾𝑘)

𝐾

𝑘=1

 (4-13) 

where 𝛾𝑘 = 𝜌 𝐾⁄ |𝑔𝑘𝑘|
2, and 𝑔𝑘𝑘 is the 𝑘-th row and 𝑘-th column of matrix 𝐆. 

4.4.2. Linear Precoding Algorithms 

Based on the diagonalisation of the entries in the Gramian matrix 𝐖 = 𝐇̂𝐇̂𝐻, there are 

many proposed algorithms in the literature which find a solution for the inverse matrix, 

𝐖−1 [13]. 

4.4.2.1. The Approximate Matrix Inversion Algorithms 

Approximate matrix inversion algorithms are based on number series. These algorithms 

are derived from the higher-order recursions [29], which can be expressed as: 

𝐗𝑖+1 = 𝐗𝑖(𝐈K + (𝐈K −𝐖𝐗𝑖) + ⋯+ (𝐈K −𝐖𝐗𝑖)
𝑝−1) (4-14) 

where 𝑖 is the number of iterations, 𝑝 is the order of the polynomial series, 𝐗𝑖 ∈ ℂ
𝐾×𝐾 is the 

estimated inverse matrix when 𝑖 = 0, 𝐗0 is defined as the preconditioning matrix when 𝑖 =

0, and 𝐈K is an identity matrix of size 𝐾.  

Neumann Series: The Neumann series (NS) are known as the simplest way for 

approximating the matrix inversion which also reduces complexity of the linear detector. 

The Gramian matrix is decomposed into 𝐖 = 𝐃+ 𝐄, where 𝐃 is the main diagonal matrix 

and 𝐄 is the non-diagonal matrix, thus, NS expansion of 𝐖 is expressed as [30]: 
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𝐖−1 =∑(−𝐃−1𝐄)𝑖𝐃−1
∞

𝑖=0

 (4-15) 

The polynomial expansion in (4-15) converges to the inverse of matrix, 𝐖−1 when  

lim
𝑖→∞

(−𝐃−1𝐄)𝑖 = 0 (4-16) 

In practice, a finite number 𝑖 is selected and as the number of iterations increases the 

accuracy of the solution increases at the cost of increased computational complexity. 

Although, the NS based algorithms reduces the computational complexity from 𝑂(𝐾3) to 

𝑂(𝐾2) if the 𝑖 ≤ 2, their convergence rates are slow and mostly with the low number of 

iterations, results are inaccurate [13], [31]. 

Newton Iteration and Chebyshev Iteration Algorithms: The Newton algorithm converges 

to the inverse matrix when p = 2 [12] and if the inequality condition ‖𝐈K −𝐖𝐗0‖ < 1 is 

satisfied. The estimated inverse matrix at the i-th iteration can be expressed as: 

𝐗𝑖+1 = 𝐗𝑖(2𝐈K −𝐖𝐗𝑖) (4-17) 

Similarly, if 𝑝 = 3 [29] and the same inequality condition for NI is satisfied, this algorithm 

is called the Chebyshev iteration, and can be expressed as: 

𝐗𝑖+1 = 𝐗𝑖(3𝐈K −𝐖𝐗𝑖(3𝐈K −𝐖𝐗𝑖)) (4-18) 

The convergence of the approximate matrix inversion algorithms depends on the number 

of iterations 𝑖, the order 𝑝 and as well as on the preconditioning matrix 𝐗0. A Better 

convergence can be achieved as the 𝑖 and 𝑝 increase with the cost of increased complexity. 

However, the initial values of the preconditioning matrix also affect the convergence and 

complexity. In [12] the optimized initial values of 𝐗0 were calculated for both the NI and 

CI algorithms, and it was shown that both algorithms had better convergence with the 

optimized values. 

4.4.2.2. The Iterative Approaches for Solving Linear Equations 

Iterative approaches for solving linear equations, solve 𝐖𝐳 = 𝐬 to approximate a solution, 

where 𝐳 ∈ ℂ𝐾×1 is an unknown vector solution. First, the Gram matrix 𝐖 is decomposed 

into its subcomponents, and then, an iterative process is applied to the decomposed parts 

of the 𝐖.  

Gauss-Seidel and Successive Over-Relaxation Algorithms: The GS and SOR algorithms 

are similar. The Gram matrix is decomposed into 𝐖 = 𝐃+ 𝐋 + 𝐔, where 𝐃 ∈ ℂ𝐾×𝐾 is a 

diagonal matrix containing the diagonal elements of matrix 𝐖, 𝐋 ∈ ℂ𝐾×𝐾contains the lower 

triangular components, and the 𝐔 ∈ ℂ𝐾×𝐾contains the upper triangular component matrix 
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𝐖. Subsequently, the estimated transmitted signal vector 𝐳 is computed iteratively using 

the decomposed components. The GS algorithm can be expressed as [13]: 

𝐳𝑖+1 = (𝐃 + 𝐋)
−1(𝐬 − 𝐔)𝐳𝑖 (4-19) 

The SOR algorithm was derived from the GS algorithm with a slight difference. The 

iteratively calculated estimated transmitted signal vector 𝐳 using the SOR algorithm is 

given as [11]: 

𝐳𝑖+1 = (
1

ω
𝐃+ 𝐋)

−1

(𝐬 + ((
1

ω
− 1)𝐃 − 𝐔)𝐳𝑖) (4-20) 

where ω denotes the relaxation parameter, which is crucial to the performance of the SOR 

algorithm. The relaxation parameter must be between 0 < ω < 2 to satisfy the 

convergence [13]. However, in [11], an optimized value for the relaxation parameter is 

given as: 

𝛼𝑜𝑝𝑡 = 0.404𝑒
(−0.323

𝑀
𝐾
)
+ 1.035 

(4-21) 

In [11], the authors combined the SOR and approximate matrix inversion (AMI) algorithm 

proposed a joint SOR-AMI to increase the convergence of the SOR algorithm. Moreover, 

the authors combined the CI algorithm with the SOR-AMI and proposed a joint CI-SOR-

AMI to increase the convergence rate. In the first step, one iteration is spared for the CI, 

and then the SOR-AMI is performed. The structure is similar to that of our proposed 

algorithm; however, the CI-SOR-AMI is highly dependent on the initial conditions and 

relaxation parameters. 

4.4.2.3. The Iterative Algorithms for Minimizing Residual Norm 

As mentioned previously, the IMRN algorithms focus on minimizing the residual norm 

rather than approximating a direct solution [13]. This type of algorithm directly estimates 

the transmitted signal vector without computing matrix inversion. In IMRN algorithms, 

the norm of the residual vector 𝐫𝑖 is reduced until the desired tolerance is obtained or the 

direct solution of 𝐳 is obtained.  

Conjugate Residual Algorithm: The CR algorithm is derived from the well-known 

conjugate gradient (CG) algorithm to achieve better BER performance than the CG 

algorithm [13]. The CR algorithm can be expressed as [14]: 
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𝛼𝑖 =
𝐫𝑖
T𝐖𝐫𝑖

(𝐖𝐩𝑖)
T𝐖𝐩𝑖

 (4-22) 

𝐳𝑖+1 = 𝐳𝑖 + 𝛼𝑘𝐩𝑖 (4-23) 

𝐫𝑖+1 = 𝐫𝑖 + 𝛼𝑖𝐖𝐩𝑖 (4-24) 

𝛽𝑖 =
𝐫𝑖+1
T 𝐖𝐫𝑖+1

𝐫𝑖
T𝐖𝐫𝑖

 (4-25) 

𝐩𝑖+1 = 𝐫𝑖+1 + 𝛽𝑖𝐩𝑖 (4-26) 

𝐖𝐩𝑖+1 = 𝐖𝐫𝑖+1 + 𝛽𝑖𝐖𝐩𝑖 (4-27) 

where 𝐳0 denotes some arbitrary initial guess, 𝐫0 = 𝐲 −𝐖𝐳0 and 𝐩0 = 𝐫0. 

Generalized Minimal Residual Algorithm: In GMRES algorithm the residual vector ri is 

defined as ri = Hzi − y in GMRES algorithm. The solution vector zi ∈ τi, τi is a set that 

contains all linearly independent combinations of vectors, is given as [13]: 

𝝉𝒊  = 𝒔𝒑𝒂𝒏{𝒚,𝑯𝒚,… ,𝑯
𝒊−𝟏𝒚} (4-28) 

In some cases, the vectors 𝐲,𝐇𝐲,… ,𝐇𝑖−1𝐲 are not fully linearly independent. Therefore, 

orthogonalization algorithms, such as Arnoldi and Householder algorithms, are applied to 

find orthonormal vectors to form an orthonormal basis [32]. The formulation of GMRES 

can be found in [15].  

Richardson Algorithm: The Richardson algorithm consists of vector operations and 

multiplication by the channel matrix 𝐇. The Richardson convergence rate of the 

Richardson algorithm slows down as the algorithm converges to the optimal solution. 

Similar to SOR algorithm a relaxation parameter, ω, has been introduced between 0 <

ω <
2

λ
 for fast convergence rate, whereλis the largest eigenvalue of the symmetric positive 

definite matrix 𝐇. The Richarson algorithm is described as [33]: 

𝐱𝑖+1  = 𝐱𝑖 +ω(𝐲 −𝑯𝐱𝑖) (4-29) 

The initial solution vector 𝐱0 is the zero vector. The Richardson algorithm is simple, fast 

and hardware friendly. However, it requires the channel matrices to be symmetric 

matrices which is not the case in practical applications and degrades the convergence [13]. 

Moreover, Richardson algorithm requires large number of iterations to converge to the 

optimal solution. 

Lanczos Algorithm: This kind of algorithm uses Krylov subspace methods to large sparse 

linear equations. First, the orthogonal basis of the co-efficient matrix is constructed, then, 

the best solution with least residual which is orthogonal to Krylov subspace is found. As 
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the number of basis large Lanczos algorithm converges faster to the optimal solution. The 

iterative process of the Lanczos algorithm is given as [13]: 

𝐱𝑖+1  = 𝐐𝑖+1𝐅𝑖𝐐𝑖+1
𝐻 𝐖𝐱𝑖 + 𝐐𝑖+1𝐅𝑖𝐐𝑖+1

𝐻 𝐇𝐻𝐧 (4-30) 

where 𝐐 and 𝐅 are the matrix formed by the orthogonal basis, and the tridiagonal matrix, 

respectively. The initial solution 𝐱0 is crucial as it is for all iterative algorithms, especially, 

GS and SOR algorithms. A possible initial solution can be introduced to Lanczos algorithm 

as [34]: 

𝐱0  = 𝐃
−1𝐲̈ (4-31) 

where 𝐃 is the diagonal matrix where its non-zero entries are the diagonal entries of the 

𝐖 and 𝐲̈ = 𝐇−1𝐲.  

The Lanczos algorithm is generally fast, converges well to the optimal solution, however, 

it either has low performance of requires high computational complexity under the time-

varying channel. The detailed information about Lanczos algorithm can be found in [35]. 

Coordinate Descent Algorithm: The coordinate descent (CD) algorithm converges to the 

convex optimal solutions of the inverse of the large linear system at low complexity by 

coordinate-wise updates. The iterative process for the approximate solution can be given 

as [36]:  

𝐱𝑘  = (‖𝐡𝑘‖
2 +𝑁0)

−1𝐡𝑘
𝐻 (𝐲 −∑𝐡𝑖

𝑖≠𝑘

𝐱𝑖) (4-32) 

where 𝑁0 is the noise variance and 𝐡𝑘 is the 𝑘-th column of the channel matrix 𝐇. The 

iterative process is performed sequentially for each user 𝑘 where the new updated results 

are used immediately of the 𝑘-th user in subsequent steps. The iterative process is 

completed in 𝐾 iterations, thus, depends on the number of users.  

The coordinate descent algorithm has fast convergence, has superior performance in terms 

of hardware efficiency [37] and convergence, however, its drastically degrades in low SNR 

levels and susceptible to array uncertainties.           

4.4.3. The Proposed Improved Iterative Three-Step Generalized Inverse 

Matrix Approximation Algorithm 

A three-step generalized inverse matrix approximation (TSGIM) algorithm was proposed 

[38]. First, the system model determined the features required for the proposed algorithm. 

Unequal couplings and different gain/phase deviations in array manifold distort the 

conjugate symmetric matrix property of the gram matrix, 𝐖. As mentioned previously, 

when algorithms deal with nonsymmetric positive definitive matrices, convergence cannot 
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be ensured. Among all algorithms, only GMRES offers a robust solution in this case. 

However, the implementation of the GMRES is extremely difficult and requires many 

restarts to ensure convergence. The computational complexity increases rapidly as the 

number of iterations increases. These drawbacks of GMRES make it reluctant to use it, 

and we propose an approximate matrix inversion algorithm; hence, matrix-vector 

operations are irrelevant to our case. Convergence, low complexity, and easy 

implementation are key requirements of approximation algorithms, which are commonly 

used to fulfill each other’s inadequacies. 

The AMIA has fast convergence, fair precision, and easy implementation but at the cost of 

increased computational complexity. Thus, in the first step, we selected a fifth-order (𝑝 =

5) three-step iterative algorithm based on (4-14). However, the computational complexity 

of the algorithm increased with the number of orders. In [5], a three-step iterative 

algorithm was proposed based on two-step cubically iterative Homeier and secant 

algorithms. The proposed three-step algorithm for solving any function that equals zero 

(𝑓(𝑥) = 0) is given as: 

𝑦𝑖 = 𝑥𝑖 − 𝑓
′(𝑥𝑖)

−1𝑓(𝑥𝑖) (4-33) 

𝑧𝑖 = 𝑥𝑖 −
1

2
𝑓(𝑥𝑖)(𝑓

′(𝑥𝑖)
−1 + 𝑓′(𝑦𝑖)

−1) (4-34) 

𝑥𝑖+1 = 𝑧𝑖 − (𝑓[𝑧𝑖 , 𝑥𝑖])
−1𝑓(𝑧𝑖) (4-35) 

where  𝑓[𝑧𝑖, 𝑥𝑖] = (𝑧𝑖 − 𝑥𝑖)
−1(𝑓(𝑧𝑖) − 𝑓(𝑥𝑖)) is the two-point divided difference.  

To iteratively approximate the matrix inversion, 𝑓(𝑥) = 𝑥−1 −𝐖 was applied to the above 

equations. The iterative process can then be expressed as: 

𝐗𝑖+1 =
1

2
𝐗𝑖[9𝐈K −𝐖𝐗𝑖(16𝐈K −𝐖𝐗𝑖(14𝐈K  − 𝐖𝐗𝑖(6𝐈K −𝐖𝐗𝑖)))] (4-36) 

In the second part of the algorithm, we adopt a novel iterative algorithm to compute the 

generalized inverse matrix in [17]. It applies the KKT condition to minimize the Frobenius 

norm and iteratively solves the Moore-Penrose generalized inverse conditions [17] with 

vector-matrix multiplications. The KKT condition was used for the convex optimization of 

the Frobenius norm. In [17], an acceleration scheme that replaces vector-matrix 

multiplications with matrix-matrix multiplications was proposed. Unlike the algorithms 

in, the proposed solution does not require an initial precondition matrix, norm condition, 

or symmetric or conjugate symmetric matrix, as in the Newton and Chebyshev algorithms. 

It is important to highlight that their algorithm for the acceleration scheme uses a direct 

inversion matrix computation. Thus, the inverse matrix approximation problem has not 

been properly solved. The first part of the proposed algorithm replaces the direct inversion 

matrix using a robust iterative algorithm.   
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Computation of the initial values of the initial matrix allows for faster computation and 

easier implementation, as is the case with the proposed algorithm. However, the inverse 

matrix approximation algorithm must converge under any circumstances, such as 

uncertainties in the gain and phase as well as mutual coupling between adjacent antenna 

elements in a real implementation. 

To adopt an iterative algorithm for computing the generalized inverse matrix, significant 

algorithms in the literature are based on the Moore-Penrose condition, [19] which denotes 

that for any matrix 𝐀 ∈ ℂ𝑎×𝑏, there exists only one matrix 𝐏 ∈ ℂ𝑏×𝑎 that satisfies the 

following equations: 

{

𝐀 = 𝐀𝐏𝐀
𝐏 = 𝐏𝐀𝐏
(𝐀𝐏)𝑇 = 𝐀𝐏

(𝐗𝐏)𝑇 = 𝐗𝐏

 (4-37) 

where 𝐏 is the generalized inverse of matrix 𝐀. Subsequently, the generalized inverse 

problem can be solved by minimizing the Frobenius norm with equality constraints. The 

optimization problem for 𝑎 ≥ 𝑏 with solution 𝐏∗ can be expressed as:  

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 
1

2
‖𝐏‖𝐹

2  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐀𝑇𝐀𝐏 = 𝐀𝑇 

(4-38) 

Applying the KKT condition to (4-38), the optimum solution 𝐏∗ exists if and only if  

𝐑∗ ∈ 𝐶𝑏×𝑎 exists, and (𝐏∗, 𝐑∗) satisfies below equations:  

𝐏∗ = 𝐀𝑇𝐀𝐑∗ 

𝐀𝑇 = (𝐀𝑇𝐀)2𝐑∗ 
(4-39) 

Subsequently, given matrix 𝐑 ∈ 𝐶𝑎×𝑎, as well as a positive scalar 𝜖, the iterative algorithm 

is given as:  

𝐑𝑖+1 = 𝐑𝑖 + 𝐌
−1(𝐀𝑇 − 𝐁1𝐑𝑖) (4-40) 

where 𝐁1 = (𝐀
𝑇𝐀)2  and  𝐌 = (𝐈K + (𝐀

𝑇𝐀)2) and stopping criteria is ‖𝐀𝑇 − 𝐁1𝐑𝑖‖𝐹
2 ≤ 𝜖 or 

when the set maximum number of iterations is reached. Inverse matrix 𝐌 must be 

computed only once because it is not an iterative process. Proof of the global convergence 

of (4-40) can be found in [17]. 

From (4-40), we obtain the following algorithm. However, because 𝐌−1 is a direct inverse 

matrix, an iterative algorithm cannot be applied. Hence, we first approximated the 𝐌−1 

as 𝐌−1 = (𝐈K + (𝐖
𝑇𝐖)2). Matrix 𝐀 is replaced with a gram matrix because we are 

interested in approximating the inverse of the gram matrix 𝐖. Subsequently, matrix 𝐁1 

becomes 𝐁1 = (𝐖
𝑇𝐖)2, and the proposed algorithm can be expressed as:  
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𝐖𝑖+1
−1 = 𝐖𝑖

−1 +  𝐗(𝐖𝑇 − 𝐁1𝐖𝑖
−1) (4-41) 

where 𝐗 is the estimated inverse matrix of 𝐌. 

The proposed improved iterative algorithm is described in detail below, where 𝑟 is the 

number of iterations, and 𝐖−1 is the estimated inverse matrix as the output of the 

algorithm. 

Algorithm TSGIM Algorithm 

Input: W, r. 

Output: 𝐖−1 

1: X = (𝐈K + (𝐖
𝑇𝐖)2) 

2: T = WX  
3: Z = 14I − (6I − 𝐓)  // intermediate step 
4: X = 

1

2
X (9I − 𝐓 (16I − TZ)) // first step 

5: // second step 
6: B = 𝐖T𝐖  
7: 𝐖−1 = 𝐃−1 
8: for i = 1 to r do  
9:      𝐖−1 = 𝐖−1 + X (𝐖T  − 𝐁𝟐𝐖−1) 

10: end for 
11: Output: 𝐖−1 

4.4.4. Computational Complexity 

We evaluate the computational complexity of the proposed algorithm in terms of the 

number of complex matrix multiplications required.  

The computational complexity of ZF precoding with the direct inverse matrix technique is 

based on the evaluation of matrix 𝐆. According to (4-14), if the pseudo-inverse of the term 

𝐇̂𝐇̂𝐻 is calculated directly, then the complexity of the ZF precoding technique can be 

determined using the following steps: We assume that the constant 𝛽 is known. First, the 

complexity of matrix multiplication 𝐇̂𝐇̂𝐻 contains 𝐾2𝑀complex multiplications. The 

computational complexity of the direct inversion of the resultant square matrix includes 

𝐾3 complex multiplications. The complexity of multiplying the resultant direct inverse 

matrix by 𝐇̂𝐻 includes 𝐾2𝑀 multiplications. Then, the number of complex multiplications 

required to calculate the 𝐆𝒐𝐬 is 𝑀𝐾 where G𝑜 = 𝐺 𝛽⁄  and it denotes 𝐇̂𝐻(𝐇̂𝐇̂𝐻)
−1

.  In the 

final step, the resultant 𝑀-by-1 vector is multiplied by scalar 𝛽 and 𝑀 complex 

multiplications. To calculate the transmitted signal vector 𝐱 with ZF precoding 𝐾3 +

2𝐾2𝑀+𝐾𝑀 +𝑀 complex multiplications are required. 

In our algorithm, the computational complexity in terms of the required number of 

complex matrix multiplications is calculated as follows: We assume 𝐀TA, 6𝐈K, 9𝐈K, 14𝐈K, 

16𝐈K and the constant 𝛽 are known. According to three-step iterative process, 5𝐾3 +𝐾2 

complex multiplications are required because the equation includes five matrix-matrix 

multiplications and one matrix-scalar multiplication. In the second part of the proposed 
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algorithm, because matrix B is assumed to be known, only 2𝐾3 complex multiplications 

are required. In total 7𝐾3 + 2𝐾2𝑀+𝐾2 + 𝐾𝑀 +𝑀 complex multiplication was required to 

calculate the transmitted signal vector 𝐱. According to the above analysis, the 

computational complexities for the first iteration (𝑖 = 1) of the NI and TSGIM algorithms 

and the computational complexity of the ZF precoding with DMI are listed in Table 4-II. 

Table 4-II. Computational complexity comparison. 

Precoding Algorithm Computational Complexity 

ZF-Direct Matrix Inversion (DMI) 𝐾3 + 2𝐾2𝑀+𝐾𝑀 +𝑀 

ZF-NI  2𝐾3 + 2𝐾2𝑀+𝐾𝑀 +𝑀 

ZF-TSGIM (Proposed)  7𝐾3 + 𝐾2(𝑀 + 1) + 𝐾𝑀 +𝑀 

The ZF precoding with DMI was chosen as the reference and ZF with the NI algorithm 

was chosen because it is the simplest algorithm in terms of implementation among the 

algorithms. It is observed that ZF with direct matrix conversion precoding has the lowest 

computational complexity. However, as previously mentioned, direct inversion is 

unfavourable for hardware. Although the proposed algorithm has more computational 

complexity than the NI algorithm, it converges without depending on any initial 

preconditions. However, convergence is only possible with appropriate initial conditions 

in inverse-matrix approximation algorithms including the NI algorithm. Therefore, there 

is a trade-off between robustness and computational complexity for iterative inverse 

matrix approximation algorithms. Fig. 4.3 shows the computational complexity in terms 

of the number of complex multiplications versus the number of BS antennas M, comparing 

the ZF precoding with the different inverse-matrix approximation algorithms mentioned 

in this section. In the case of fixing the number of UE antennas to 𝐾 = 16 and increasing 

only the number of BS antennas, the proposed algorithm has a lower computational 

complexity. This situation is favourable, because massive MIMO systems require 

hundreds of antenna elements. Fig. 4.4 depicts the computational complexity in terms of 

the number of complex multiplications versus the number of UE antennas K, comparing 

the ZF precoding with different inverse matrix approximation algorithms with the 

different algorithms mentioned in this section. In this case, our proposed algorithm has a 

slightly higher computational complexity than that of the NI algorithm. The number of 

BS antennas is fixed at M = 256, as shown in Fig. 4.4. 
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Fig. 4.3. Computational complexity (𝐾 = 16, 𝑖 = 1). 

 

Fig. 4.4. Computational complexity (𝑀 = 256, 𝑖 = 1). 

4.4.5. Simulation Results 

Simulations were conducted to verify the effectiveness of the proposed algorithm. The 

BER, sum rate, and convergence performance of the proposed TSGIM algorithm are 

evaluated. The correlated channel model proposed as below sections, was used in the 

simulations. Furthermore, the Rayleigh uncorrelated channel model was used to evaluate 

algorithms in the literature. The proposed TGSIM algorithm was compared to different 

types of algorithms (AMIA, IASLE, and IMRN). The optimized initial values in [12] were 

used for the CI algorithm, whereas the optimized relaxation parameter was used for the 

SOR and joint SOR-AMI algorithms. In addition, a noisy random 𝐱 vector is used as the 

initial vector, a diagonal matrix that contains the inverse diagonal elements of the 

resultant matrix 𝐇̂𝐇̂𝐻 is used for the CR and SOR algorithms, and a diagonal matrix that 

contains the inverse diagonal elements of the resultant matrix 𝐇̂𝐇̂𝐻. ZF precoding, which 

contains direct matrix inversion, was included as a benchmark.   

With respect to the use case, a typical downlink massive MIMO configuration with 

𝑀 ×𝐾 = 256 × 32 [15], [16] is considered for the BER analysis. For all combinations and 

analyses, there were 𝐿 = 8 propagation paths. In this study, QPSK was used as the 
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modulation scheme; however, any modulation technique can be used. The transmitted 

signal was normalized in the BER and sum-rate analyzes. The SNR, denoted as 𝜌 in 

Section 4.4.1, is the ratio of transmitted signal power to received noise power for BER and 

sum-rate analysis, and can simply be expressed as: 

𝜌 =
‖𝐇̂‖

𝐹

2

𝜎𝑛
2  (4-42) 

where ‖𝐇̂‖
𝐹

2
 Frobenius norm of the channel and 𝜎𝑛

2 is the noise variance. 

The parameters for the correlated channel model are as follows: the mutual coupling 

between adjacent antenna elements is uniformly distributed between -20 dB and -10 dB, 

as used in [28] for the first tier of neighboring elements; gain and phase variations are 

±5% and manufacturing tolerance is ±10% which affects the inter-antenna element 

spacing, 𝑑.  

The BER performances of the different algorithms are compared in Fig. 4.5. The 

algorithms are simulated using the proposed correlated channel model. The number of 

iterations for all algorithms was 𝑖 = 1. ZF precoding with direct matrix inversion was used 

as the benchmark. According to the results, the BER performances of the CI, SOR, CR, 

and GMRES algorithms were insufficient. However, the joint CI-SOR-AMI and proposed 

TSGIM algorithms performed well. This is because the CI, SOR, and CR is highly 

dependent on the initial conditions. In this case, the Gram matrix is not a symmetric or 

conjugate symmetric matrix; hence, the BER performances of CI and SOR are poor. In 

addition, because we did not consider multiple restarts, the BER performance of GMRES 

was insufficient. However, it can be seen that the BER performance of the CR algorithm 

is fair because the random initial vector is appropriate. 

As shown in Fig. 4.6, when the number of iterations was increased to 𝑖 = 3, all algorithms 

performed better BER performance but the CR algorithm. Although the number of 

iterations was higher, the BER performance of the CR algorithm degraded without a 

suitable initial vector. The BER performances of the joint CI-SOR-AMI and the proposed 

TSGIM algorithms converged to the optimal ZF as the number of iterations increased. 

Fig. 4.7 shows that when the channels are uncorrelated, the Gram matrix becomes 

conjugate-symmetric; hence, the BER performance of the CI algorithm is satisfactory. 

However, more iterations are required to achieve a better BER performance. In addition, 

CI-SOR-AMI has a near-optimal BER performance because the initial parameters and 

conditions are optimal in this case. The relaxation parameter was optimized according to, 

[12] and the optimum initial matrix was, as in [11] the CI-SOR-AMI. The initial matrix 

for the proposed algorithm was a random square matrix. There is no optimization of the 

initial values for our proposed algorithm; hence, CI-SOR-AMI performs better. Although 

all the initial parameters of CI-SOR-AMI are optimized, CI-SOR-AMI performs better 
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than the proposed algorithm under uncorrelated channel conditions. The proposed TSGIM 

algorithm also exhibits good BER performance under uncorrelated channels near the 

optimum. The SOR and CR algorithms require more iterations and more suitable initial 

vectors. Finally, the GMRES algorithm requires more restarts and iterations to improve 

BER performance. 

 

Fig. 4.5. BER performance comparison, correlated channel model (𝑀 = 256, 𝐾 = 32, 𝑖 =

1). 

 

Fig. 4.6. BER performance comparison, correlated channel model (𝑀 = 256, 𝐾 = 32, 𝑖 =

3). 
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Fig. 4.7. BER performance comparison, uncorrelated channel model (𝑀 = 256, 𝐾 = 32, 

𝑖 = 3). 

Fig. 4.8 shows that if the channel estimation is not perfect, i.e., CSI is incomplete, then 

the performance of the proposed algorithm decreases. Performance degradation due to the 

imperfect channel estimation is valid for all algorithms even if they are not shown in Fig. 

4.8. In reality, perfect channel estimation is impossible but near-perfect approximations 

can be made. Referring to (1), 𝜏 = 0 states that perfect channel estimation and 𝜏 = 0.3 

states that ≈ 95% of the channel is estimated correctly. 

 

Fig. 4.8. BER performance perfect vs. imperfect channel estimation, correlated channel 

model (𝑀 = 256, 𝐾 = 32, 𝑖 = 3). 

The Frobenius norm errors of the CI, SOR-AMI, and proposed TSGIM algorithms are 

compared in Fig. 4.9 and Fig. 4.10 according to the increasing number of BS antennas. In 

addition, in Fig. 4.11 the number of BS antennas is fixed and the Frobenius norm errors 

are compared according to the increasing number of iterations for the algorithms. A total 

of 1,000 Monte Carlo (MC) trials were conducted under correlated channel conditions. It 

is worth noting that the BER performances of the other algorithms were not considered in 

this analysis because they skipped the inverse matrix calculation. In the Frobenius norm 

error analysis, we consider the mean squared error (MSE) between the ideal inverse of the 

Gram matrix 𝐖−1, and the estimated inverse of the Gram matrix 𝐖̂−1. The Frobenius 
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norm error is 𝐹𝑒𝑟𝑟𝑜𝑟 = ‖𝐖
−1 − 𝐖̂−1‖

𝐹
. In Fig. 4.9 and Fig. 4.10,  for the sake of brevity, 

only the first iterations, 𝑖 = 1, and fifth iteration, 𝑖 = 5, of the algorithms were considered. 

As shown in Fig. 4.9, under the correlated channel condition, the MSE of the proposed CI-

SOR-AMI algorithm outperformed those of the CI and TSGIM algorithms in the first 

iteration. In this analysis, the initial parameters for the CI, CI-SOR-AMI, and TSGIM 

algorithms were optimized. However, Fig. 4.10 shows that, after five iterations, TSGIM 

outperformed CI and CI-SOR-AMI. As shown in Fig. 4.11, the convergence rate of the 

proposed TSGIM algorithm outperformed those of CI and CI-SOR-AMI. After four 

iterations, the Frobenius norm errors of the proposed TSGIM algorithm, CI, and CI-SOR-

AMI were 6.37 × 10−4, 4.09 × 10−2 and 2.67 × 10−2 respectively. Moreover, after ten 

iterations proposed TSGIM and CI converge to the exact matrix inversion, while CI-SOR-

AMI still has the same convergence magnitude. 

 

Fig. 4.9. The MSE comparison of approximate matrix inversion algorithms, correlated 

channel condition (𝐾 = 8, 𝑖 = 1). 

 

Fig. 4.10. The MSE comparison of approximate matrix inversion algorithms, correlated 

channel condition (𝐾 = 8, 𝑖 = 5). 
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Fig. 4.11. The MSE comparison of approximate matrix inversion algorithms, correlated 

channel condition (𝑀 = 256, 𝐾 = 8). 

Fig. 4.12 compares the sum-rate performance of the ZF precoding with the proposed 

TGSIM algorithm and the ZF precoding with direct inverse matrix calculation. In this 

case, ZF precoding with direct inversion was the benchmark. It can be seen that in case of 

imperfect channel estimation, the sum-rate performance of the precoding algorithms 

decreases. Moreover, if the estimated channel is imperfect and the channels are correlated, 

including the antenna array manifolds, the sum-rate performance decreases significantly, 

and although the SNR increases, it becomes almost stationary. However, in each case, the 

sum-rate performance of the proposed algorithm was close to the optimum.  

 

Fig. 4.12. Sum-rate vs SNR (𝑀 = 256, 𝐾 = 32, 𝑖 = 1). 
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4.5. Conclusions 

The main focus of this study was to propose a matrix inverse approximation algorithm for 

precoding transmissions in 5G and 6G massive MIMO systems. The proposed algorithm 

outperformed the existing techniques in terms of BER, convergence speed, and Frobenius 

norm error when the number of BS antennas are increased. The algorithm is based on a 

three-step approximation method using Homeier’s approach and an iterative generalized 

inverse matrix approximation algorithm employing KKT conditions.  

To evaluate the performance of the proposed algorithm under realistic massive MIMO 

conditions, we propose a correlated channel model based on antenna array manifolds that 

includes mutual coupling, RF and radiating element impairments, and multipath 

channels with an angular spread. We then investigate the correlated channel effects on 

the ZF precoding algorithm. The proposed method required four iterations to converge to 

a direct inverse matrix with a Frobenius norm error magnitude of 10−4. However, at least 

seven iterations are required for the CI algorithm to achieve the same error magnitude, 

and the CI-SOR-AMI algorithm cannot achieve the same performance even after ten 

iterations. The proposed TSGIM algorithm is suitable for approximating the inverse of 

non-symmetric matrices without any preconditions for convergence. 

Finally, algorithms such as SOR and CI-SOR-AMI require matrix decomposition and the 

calculation of the optimum relaxation parameter, which increases the computation time. 

The compared algorithms, including SOR and CI-SOR-AMI, require pre-calculations to 

fulfill the pre-conditions to guarantee convergence to the exact matrix inverse. The 

proposed TSGIM algorithm has better BER performance and less computation time than 

the compared algorithms. Therefore, the proposed algorithm is feasible for use in 5G, 6G 

and future communications systems. Moreover, the proposed algorithm can be also used 

for applications which involves matrix inversion. 
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5. Chapter 5: Novel Antenna Array Calibration 

Proposals 

5.1. Introduction 

In the calibration procedure, signal samples are collected from each antenna element or 

subarrays and then these signal samples are used to determine the compensation weights 

[1]. The calibration process of phased antenna arrays, whether transmitting or receiving, 

are similar to each other except for minor differences [1], [2]. In receive mode, a test signal 

is injected as the input of each element, a special reference or self-correlation process with 

a beamformer is required to combine all inputs [3], [4]. On the contrary, in the transmit 

mode, each element must be excited by a source signal and a combined signal monitoring 

at the output is required [2], [5], therefore only RF chain information can be obtained or 

an external sensor is used to receive and monitor the signal from each element. The 

calibration methods can be divided into four subgroups: the near-field or far-field probing 

methods, the peripheral-fixed probe method, the mutual (MC) coupling methods and the 

built-in network methods [4], [6], [7].  

The near-field or far-field probing methods employ a test probe moved across a phased 

antenna array to measure the relative phase and amplitude of each antenna element [8], 

[9], [10]. The peripheral fixed probe methods use one or more fixed probes around the 

periphery of the phased array to measure the coupling between antennas and compensate 

for excitation errors [11], [12]. Probing methods can be considered on-site calibration 

methods since the phased antenna array under test must be within the field of view of the 

test probe/s. In mutual coupling methods, coupling between all pairs of antenna elements 

is used to characterize the exact relative phase and amplitude errors of each antenna 

element [7], [13], [14]. Lastly, in built-in network calibration methods, couplers are 

connected to the terminals of each antenna element in the phased array to sample the 

reference signal from the radiating element. The received or transmitted signals measured 

at the connected end are then used to determine phase and amplitude mismatches of the 

antenna elements [4], [15], [16], [17], [18]. Depending on the application, calibration 

methods can be used in off-line, on-site, or online calibration systems by implementing 

application specific calibration algorithms and additional hardware [5], [14], [19], [20]. 

Moreover, as mentioned in Chapter Ⅱ, unequal co-polarized and cross-polarized 

wavefields due to the array impairments must be also taken into account.  

Achieving accurate and reliable performance from the antenna arrays requires precise 

calibration of axial ratio. The axial ratio is a key parameter that characterizes the 

polarization purity of an antenna, and calibration is necessary to ensure optimal signal 

quality and minimize interference. In addition to that also provides an effective and 
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reliable communication network. Moreover, circularly polarized antenna arrays are 

extremely favorable since such antennas have low polarization loss and most importantly 

have less multi-path propagation. The errors in antenna array and mutual coupling also 

affect the axial ratio (AR) in the case of circularly polarized active antenna arrays. In order 

to compensate for the impacts of each individual element, such as the position, gain, and 

phase errors of the antenna and the coupling effect, antenna arrays must be polarized 

with the required attributes. This process is known as axial ratio calibration [21]. 

There are vast number of studies on antenna array calibration. The most desirable key 

points for the antenna array calibration can be listed as: 

• Eliminate the time-consuming trial-and-error method with visual inspection 

• Compensate mutual coupling effects  

• Compensate gain/phase uncertainties and location errors 

• Improve axial ratio  

• Low number of auxiliary elements 

• Low complexity calibration algorithms and as well as methods 

• Compliance with all off-line, on-site, and online calibration schemes 

In line with those requirements, in this chapter two novel calibration methods are 

proposed, namely, a mutual coupling-based uplink online self-calibration method and 

calibration and axial ratio improvement method base-on polarization agile system 

capability. 

5.2. A Mutual Coupling-Based Uplink Online Self-Calibration 

Method for Antenna Arrays 

A novel built-in self-calibration method for transmit mode large-scale phased antenna 

arrays based on mutual coupling measurements is proposed. The proposed calibration 

method capable of compensating gain/phase uncertainties, antenna element location 

errors and mutual coupling. The calibration procedure can be used in online calibration 

scheme as it will not cause any disruption to the system while it is operating. However, 

inter-element coupling measurements in the antenna array generally take a long time and 

may cause a delay in online calibration. These measurements are made automatically in 

advance and given as input to the system just once since the coupling between antennas 

does not depend on the pointing direction of the antenna array. In addition, accurate 

calibration can be made by measuring the couplings of the elements in the first and 

second-order neighbors of an antenna element in two directions which leads significant 

reduction in measurement time and cost. Therefore, the proposed calibration method 

takes into account the couplings of certain number of neighboring elements. In online 

procedure, the proposed calibration method combines the error feedback signal related to 

scan reflection coefficient (depends on the pointing direction) and the premeasured 
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couplings to construct the array manifold. An error matrix is then estimated from the 

array manifold. The direct inverse of the error matrix is used for compensation matrix of 

the antenna weights. Direct inverse matrix operations in hardware generally lead to 

inaccurate results because they involve division operations. Hence, a generalized inverse 

matrix approximation method is adopted, which reduces the matrix inverse operation to 

matrix sums and multiplications and also suitable in case of unequal couplings which 

leads unsymmetric array manifold matrix. The detailed explanation about the adopted 

generalized inverse matrix approximation method has been already given in Chapter Ⅳ. 

Simulation results with worst case errors and a simple experimental study are presented. 

The results show that with the proposed method, accurate calibration can be made with 

couplings only in the first and second order neighbors of an antenna element. 

5.2.1. Evolution of Antenna Array Calibration 

In Table 5-III a chronological order of some of the prominent antenna array calibration 

work done over the last decade. In this table, the methods used in relevant studies are 

briefly given. The errors that are calibrated for the antenna arrays, types of suitability for 

implementation of these calibration methods, the types of measurements required for 

calibration, and operating modes of the antenna arrays are given comparatively. 
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Table 5-III. Comparison of discussed calibration methods from literature. 

Ref. Method Year 

Calibration Implementation 

Measurement Mode 
Amp. Phase MC. 

Off-

line 

On- 

site 
Online 

Self-

Cal. 

[22] 
Orthogonal 

coded signals 
2013        Power Tx 

[23] 

Element 

pattern 

reconstruction 

2014        Pattern Rx 

[24] 
Iterative 

algorithm 
2014        Amp., Phase Rx 

[25] 
Phase center 

optimization 
2015        Phase Rx 

[2] 

Impulse 

response 

difference 

2016        Amp., Phase Tx 

[20] 
Solving linear 

equations 
2017        MC Tx 

[7] 
Active element 

pattern 
2017        Pattern Tx 

[26] 
Graph      

coloring 
2018        MC Rx/Tx 

[27] 

Code-

Modulated 

Interferometry 

2018        Power Rx/Tx 

[28] 
Measured 

complex signals 
2019        Amp., Phase Tx 

[15] 
Measured 

complex signals 
2019        Power Rx 

[5] 
MC 

measurement 
2019        MC Rx/Tx 

[14] 
MC 

measurement 
2020        MC Rx/Tx 

[19] 

Modified 

genetic 

algorithm 

2020        Power Tx 

[17] 

Coupler 

integrated 

calibration 

2020        Power Rx 

[29] 
Improved REV 

method 
2021        Power Rx 

[30] 
Simultaneous 

perturbation 
2022        Power Rx 

[4] 
Closed-loop 

testing 
2022        Amp., Phase, MC Tx 

[31] 
Compressed 

sensing 
2022        Power Tx 

[32] 

Minimum 

vector-sum 

point 

2023        Power Tx 

[33] 
Code-division 

calibration 
2023        Power Rx 

[10] 
Gaussian 

process model 
2023        Amp., Phase, MC Rx 
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5.2.2. Main Contributions 

The main contributions of a mutual coupling-based uplink online self-calibration method 

for antenna arrays are summarized as follows: 

• The uncertainties as a function of scan reflection coefficient [7] for transmitting  

phased array antennas is described.   

• The proposed calibration method compensates for phase and amplitude changes 

caused by static and dynamic errors since automatic and continuous calibration is 

performed while the system is operating. 

• The proposed calibration method requires no additional testing reference signal. In 

addition, it is suitable for off-line, on-site and on-line calibration.  

• A generalized iterative inverse matrix approximation method [34] is adopted to 

improve the accuracy of estimation of the error compensation matrix in hardware.  

• The isolation problem related to the non-directional couplers mentioned in [4], is 

tackled by employing RF circulators for each antenna branch.  

5.2.3. Theoretical Formulation  

The basic concepts on phased array antennas, the main assumptions used through the 

proposed calibration method and error models are briefly explained. In this paper, the 

calibration of the phased antenna array operating in transmission mode is discussed and 

the contribution of the thermal effect is ignored.  

5.2.3.1. Active Antenna Array Pattern 

In applications of narrowband antenna arrays, radiating antennas are assumed to operate 

only in fundamental mode and it is considered that each element in the antenna array has 

almost the same pattern [7]. The antenna array pattern can be characterized by 

multiplying the array factor (AF) and the antenna element pattern. The array factor is the 

characterization of the antenna array in terms of complex phase shifts and amplitudes. 

The complete ideal active array pattern of the entire transmitting antenna array in the 

pointing direction (𝜃𝑛, 𝜑𝑛) which is defined in a 𝑁𝜃 × 𝑁𝜑 angle grid, 𝐸𝑎(𝜃𝑛, 𝜑𝑛)ϵ ℂ
𝑁𝜃×𝑁𝜑 , 

with 𝑀 antennas can be expressed as follows: 

𝐸𝑎(𝜃𝑛, 𝜑𝑛) = 𝐸𝑒(𝜃𝑛, 𝜑𝑛) ∑ 𝑉𝑚𝑒
𝑗𝑘𝐫𝑛𝐫⃗𝑚

𝑀

𝑚=1⏟        
𝐴𝐹

 (5-1) 
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where 𝐸𝑒(𝜃𝑛, 𝜑𝑛) is the active element pattern defined in a 𝑁𝜃 × 𝑁𝜑 angle grid, 𝑉𝑚 is the 

excitation voltage of the 𝑚-th element being as 𝑉𝑚 = 𝑉𝑚
+ + 𝑉𝑚

−, the phase of the 𝑚-th 

element is 𝐫̂𝑛𝐫⃗𝑚 = (𝑥𝑚 sin𝜃𝑛 cos𝜑𝑛 + 𝑦𝑚 sin 𝜃𝑛 sin𝜑𝑛 + 𝑧𝑚 cos 𝜃𝑛), 𝑘 = 2𝜋 𝜆⁄  and 𝜆 is the 

wavelength of the operating frequency and interelement spacing between two adjacent 

antenna element is 𝜆 2⁄  in both axis.  

For a planar array, the excitation voltage of the 𝑚-th element in the pointing direction 

(𝜃0, 𝜑0) can be expressed as: 

𝑉𝑚
+ = 𝑉𝑜𝑒

−𝑗𝑘(𝑥𝑚 sin𝜃0 cos𝜑0+𝑦𝑚 sin𝜃0 sin𝜑0) (5-2) 

where 𝑉𝑜 = 1 for the brevity. Thus, the scan reflection of the one of those surrounding to 

the 𝑚-th element when the all of the antenna elements are excited and properly phased 

to steer the array beam in the direction (𝜃0, 𝜑0), can be expressed as: 

Γ𝑚(𝜃0, 𝜑0) =
𝑉𝑚

−

𝑉𝑚
+ = 𝑒

−𝑗𝑘𝐫0𝐫𝑚 ∙ (𝐚𝟎
𝑇𝐬(𝑚)) (5-3) 

where 𝐚𝟎 = [𝑒
𝑗𝑘𝐫0𝐫⃗1 , … , 𝑒𝑗𝑘𝐫0𝐫⃗𝑘 , … , 𝑒𝑗𝑘𝐫0𝐫⃗𝐾  ]

𝑇
 and 𝐬(𝑚) is a column of the scattering matrix of 

the planar antenna array up to 𝐾 neighboring element for each antenna element being as  

𝐬(𝑚) = [𝑆𝑚1, … 𝑆𝑚𝑘, … 𝑆𝑚𝐾 ]
𝑇.  

The complete general planar array including reflection coefficients with all elements 

excited can be written in more compact form as [7]:  

𝐸̅𝑎(𝜃, 𝜑) = 𝐸𝑎(𝜃, 𝜑) 𝐚
𝐇(𝐈 − 𝚪𝟎)𝐯

+ (5-4) 

where 𝐯+ is the vector of excitation voltages being as 𝐯+ = [𝑉1
+, …𝑉𝑚

+, … . 𝑉𝑀
+ ]

𝑇
, 𝚪𝟎 is a 

diagonal matrix of reflection coefficients and 𝐈𝑀  is a 𝑀 ×𝑀 identity matrix.  

As a next step, the active array pattern including modelling errors (reflection coefficients 

are also included) can be expressed as [35]: 

𝐸̃𝑎(𝜃0, 𝜑0) = 𝒘
𝐻𝒎̃(𝜃0, 𝜑0)𝐸𝑎(𝜃0, 𝜑0) (5-5) 

where 𝐰ϵ ℂ𝑀×1 is the beamforming vector whose 𝑚-th term represents the complex 

beamforming weights of the 𝑚-th antenna element and 𝒎̃(𝜃0, 𝜑0)ϵ ℂ
𝑀×1 is the array 

manifold including mutual coupling effects, gain/phase errors and location errors of the 

antenna elements. The array manifold 𝒎̃(𝜃0, 𝜑0) can be expressed as: 

𝒎̃(𝜃0, 𝜑0) = 𝐌𝑒(𝜃0, 𝜑0)𝐆𝑅𝐹(𝒈(𝜃0, 𝜑0) ⊙ 𝐚(𝜃0, 𝜑0)) (5-6) 

where 𝐆𝑅𝐹ϵ ℂ
𝑀×𝑀  is the diagonal matrix, whose 𝑚-th diagonal element, 𝑔𝑚

𝑅𝐹𝑒−𝑗𝛹𝑚
𝑅𝐹

, 

represents the ideal gain/phase coefficient of the RF chain of the 𝑚-th element, 

𝒈(𝜃0, 𝜑0)ϵ ℂ
𝑀×1  and 𝐚(𝜃0, 𝜑0)ϵ ℂ

𝑀×1  are the vectors, whose 𝑚-th elements, 𝑔𝑚𝑒
−𝑗𝛹𝑚 and 
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𝑒−𝑗𝛿𝑚 represent the ideal gain/phase coefficient and phase coefficients of the 𝑚-th element 

in the pointing direction (𝜃0, 𝜑0), respectively, and 𝐌𝑒(𝜃0, 𝜑0)ϵ ℂ
𝑀×𝑀  is the error matrix 

expressed as: 

𝐌𝑒(𝜃0, 𝜑0) = 𝐂(∆𝐆𝑅𝐹∆𝐆(𝜃0, 𝜑0)∆𝐀(𝜃0, 𝜑0)) (5-7) 

where 𝐂 ϵ ℂ𝑀×𝑀 is the mutual coupling matrix, ∆𝐆𝑅𝐹ϵ ℂ
𝑀×𝑀 is a diagonal matrix, whose 𝑚-

th diagonal element,  ∆𝑔𝑚
𝑅𝐹𝑒𝑗∆𝛹𝑚

𝑅𝐹
 represents the gain/phase uncertainty coefficient of the 

RF chain of the 𝑚-th element, ∆𝐆(𝜃0, 𝜑0)ϵ ℂ
𝑀×1 and ∆𝐀(𝜃0, 𝜑0)ϵ ℂ

𝑀×1  are the diagonal 

matrices, whose 𝑚-th diagonal elements, ∆𝑔𝑚𝑒
𝑗∆𝛹𝑚 and 𝑒𝑗∆𝛿𝑚 represent the gain/phase 

uncertainty and phase uncertainty due to the location errors coefficients of the 𝑚-th 

element in the pointing direction (𝜃0, 𝜑0), respectively. 

In large-scale phased antenna array, the mutual coupling matrix, 𝐂, can be constructed by 

taking account the only 𝐾 neighbor elements of the 𝑚-th element where 𝐾 ≪ 𝑀. Phase and 

amplitude coupling coefficients of matrix 𝐂 can be model based on the scan reflection 

coefficient, 𝐶𝑚,𝑚, [7] and the coupling coefficients, 𝐶𝑚,𝑘. The mutual coupling coefficients 

can be expressed as:  

𝐶𝑚,𝑚 =
𝑉𝑚
−

𝑉𝑚
+ = 𝑒

𝑗𝑘(𝐫0−𝐫̂𝑛)𝐫⃗𝑚 (𝑆𝑚𝑚 +∑𝑆𝑚𝑘𝑒
−𝑗𝑘𝐫𝑛𝐫⃗𝑘

𝐾

𝑘=1

) (5-8) 

𝐶𝑚,𝑘 =
𝑉𝑘
−

𝑉𝑚
+ = 𝑆𝑚𝑘𝑒

𝑗𝑘𝐫𝑛𝐫⃗𝑚𝑒−𝑗𝑘𝐫𝑛𝐫⃗𝑘 (5-9) 

where 𝐫̂𝑛 is the broadside unit vector, 𝐫̂𝑘 is the position vector of the 𝑘-th neighbor of the 

𝑚-th element, 𝑆𝑚𝑘 is the magnitude of the scattering (coupling) coefficients of the 𝑚-th 

element and its 𝑘-th neighbor.  

In line with (5-5)-(5-9), an array manifold matrix, 𝐌̃(𝜃0, 𝜑0), which is later on defined as 

measurement matrix, in the pointing direction can be defined as: 

𝐌̃(𝜃0, 𝜑0) = 𝐌𝑒(𝜃0, 𝜑0)𝐆𝑅𝐹(𝐆(𝜃0, 𝜑0)𝐀(𝜃0, 𝜑0)) (5-10) 

where 𝐆(𝜃0, 𝜑0)ϵ ℂ
𝑀×𝑀 and 𝐀(𝜃0, 𝜑0)ϵ ℂ

𝑀×𝑀  are the diagonal matrices, whose 𝑚-th 

diagonal elements, 𝑔𝑚𝑒
𝑗𝛹𝑚 and 𝑒𝑗𝛿𝑚 represent ideal gain/phase coefficient and phase 

coefficients of the 𝑚-th element in the pointing direction (𝜃0, 𝜑0), respectively. 

5.2.3.2. Active Element Pattern 

The characterization of a single active element pattern is useful the in characterization of 

an antenna array since, as stated in (5-1), the fully excited antenna array can be expressed 

in terms of the active element pattern and the array factor [35]. The active antenna 

element pattern of the 𝑚-th element of an antenna array can be expressed in terms of scan 
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reflection coefficient and scattering coefficients in the pointing direction (𝜃, 𝜑)as: 

𝐸𝑚(𝜃0, 𝜑0) = 𝐸𝑒(𝜃0, 𝜑0)𝑒
𝑗𝑘(𝐫̂0−𝐫̂𝑛)𝐫⃗𝑚 (1 + 𝐬(𝑚)𝐝(𝑚)) (5-11) 

where 𝐸𝑚(𝜃0, 𝜑0) is the active element pattern of the 𝑚-th element defined a 𝑁𝜃 × 𝑁𝜑 angle 

grid, 𝐬(𝑚)ϵ ℂ
1×𝐾  is the vector of magnitude of the scattering coefficients of the 𝑚-th element 

being as 𝒔(𝑚) = [𝑆𝑚1, … , 𝑆𝑚𝑘… , 𝑆𝑚𝐾] and 𝐝(𝑚)ϵ ℂ
1×𝐾 is the phase differences vector due to 

the location of 𝐾 neighboring elements of the 𝑚-th element being as 𝐝(𝑚) =

[𝑒−𝑗𝑘𝐫0(𝐫⃗1−𝐫⃗𝑚), … , 𝑒−𝑗𝑘𝐫0(𝐫⃗𝑘−𝐫⃗𝑚), … 𝑒−𝑗𝑘𝐫0(𝐫⃗𝐾−𝐫⃗𝑚)]
𝑇
. 

In general, for large-scale antenna arrays, it is assumed that all the coupling coefficients 

are reciprocal as 𝑆𝑘𝑚 = 𝑆𝑚𝑘, however, this assumption may not always be valid as each 

element in the antenna array may have different excitation due to different error 

contributions. The gain/phase uncertainties that the active antenna element is exposed 

due to static and dynamic errors can be formulated in terms of mutual coupling. The 

radiated signal from the 𝑚-th antenna, which is imposed to gain/phase uncertainties, can 

be detected at a lower signal power level at neighboring antennas. Hence, by measuring 

the coupled signal from the neighboring antennas, gain and phase errors can be estimated.  

The amplitude coefficients of the error matrix 𝐌𝑒(𝜃0, 𝜑0) are defined in terms of the 

element amplitude error (∆𝑔𝑚), the amplitude error matrix of RF circuits (∆𝑔𝑚
𝑅𝐹), and the 

mutual coupling. The amplitude error coefficients related with the 𝑚-th element and its 

𝑘-th neighbor, |𝑔𝑒(𝑚,𝑘)|, and due to the scan reflection, |𝑔𝑒(𝑚,𝑚)|, can be expressed as [7]:  

|𝑔𝑒(𝑚,𝑘)| = |𝑆𝑚𝑘∆𝑔𝑘
𝑅𝐹∆𝑔𝑘| (5-12) 

|𝑔𝑒(𝑚,𝑚)| = |𝑆𝑚𝑚∆𝑔𝑚
𝑅𝐹∆𝑔𝑚 +∑𝑆𝑚𝑘∆𝑔𝑘

𝑅𝐹∆𝑔𝑘

𝐾

𝑘=1

| (5-13) 

The phase coefficients of the error matrix 𝐌𝑒(𝜃0, 𝜑0)  are defined in terms of the phase 

uncertainty of the element due to the location error, phase uncertainty of the antenna 

element, phase uncertainty of RF circuit, and the mutual coupling. The amplitude error 

coefficients related with the 𝑚-th element and its 𝑘-th neighbor, 𝑒𝑗∆𝛹(𝑚,𝑘), and due to the 

scan reflection, 𝑒𝑗∆𝛹(𝑚,𝑚), can be expressed as [7]: 

𝑒𝑗∆𝛹(𝑚,𝑘) = 𝑒𝑗∆𝛿𝑘𝑒𝑗∆𝛹𝑘𝑒𝑗∆𝛹𝑘
𝑅𝐹
𝑒𝑗𝑘𝐫0(𝐫⃗𝑚−𝐫⃗𝑘) (5-14) 

𝑒𝑗∆𝛹(𝑚,𝑚) = 𝑒𝑗∆𝛿𝑚𝑒𝑗∆𝛹𝑚𝑒𝑗∆𝛹𝑚
𝑅𝐹
∏𝑒𝑗∆𝛹(𝑚,𝑘)
𝐾

𝑘=1

 (5-15) 

Then we can describe the entries of 𝐌𝑒(𝜃, 𝜑) as: 
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𝐌𝑒
𝑚,𝑘  = |𝑔𝑒(𝑚,𝑘)|𝑒

𝑗∆𝛹(𝑚,𝑘) (5-16) 

𝐌𝑒
𝑚,𝑚  = |𝑔𝑒(𝑚,𝑚)|𝑒

𝑗∆𝛹(𝑚,𝑚) (5-17) 

5.2.3.3. Error Matrix Estimation 

The phased antenna array can be calibrated once the error matrix estimation performed. 

In order to estimate the error matrix 𝐌𝑒(𝜃0, 𝜑0) least-squares criteria can be used [7], [36]. 

The cost function of the minimization problem can be expressed as: 

min
𝐌𝑒(𝜃0,𝜑0)

‖𝐌̃(𝜃0, 𝜑0) − 𝐆𝑅𝐹(𝐆(𝜃0, 𝜑0)𝐀(𝜃0, 𝜑0))𝐌𝑒(𝜃0, 𝜑0)‖𝐹
2  (5-18) 

Since the matrices 𝐆𝑅𝐹, 𝐆(𝜃0, 𝜑0) and 𝐀(𝜃0, 𝜑0) are priorly known, the unknown coefficients 

of the error matrix, 𝐌𝑒(𝜃0, 𝜑0), can be estimated as follows: 

𝐌𝑒(𝜃0, 𝜑0) = 

(
(𝐆𝑅𝐹(𝐆(𝜃0, 𝜑0)𝐀(𝜃0, 𝜑0)))

𝑇

(𝐆𝑅𝐹(𝐆(𝜃0, 𝜑0)𝐀(𝜃0, 𝜑0)))
)

−1

(𝐆𝑅𝐹(𝐆(𝜃0, 𝜑0)𝐀(𝜃0, 𝜑0)))
𝑇
𝐌̃(𝜃0, 𝜑0) 

(5-19) 

5.2.4. Detailed Explanation of The Proposed Calibration Method 

In this section, the flow of the proposed calibration method, the proposed online calibration 

system, calibration procedure and the required measurements, the adopted inverse matrix 

approximation method and the complexity of the proposed calibration method in terms of 

computational complexity and number of measurements are explained in detail. 

5.2.4.1. Flow of The Proposed Calibration Method 

The main idea of the calibration process is to acquire the coupled signals from the 𝐾 

neighbors of each antenna element to estimate the error matrix 𝐌e(θ0, φ0)The error 

matrix, then, can be used for compensating the gain/phase errors and the mutual coupling 

effects. The flow chart of the proposed procedure is given in Fig. 5.1. 

The steps of the procedure are given as: 

• The theoretical ideal array pattern is pre-calculated according to pattern 

multiplication rule as in (5-1). The ideal weights of each element are determined 

according to the ideal gain/phase coefficients of 𝑔m
RF𝑒−j𝛹m

RF
,  𝑔m𝑒

−j𝛹m  and e−j𝛿m. The 

pattern of single element is pre-measured and assumed to be identical for all 

elements. It should be noted the array geometry is known preliminary. 

• The mutual coupling coefficients of each antenna element from its K neighbors are 

measured. The calibration procedure is online; therefore, the mutual couplings 

should be pre-measured and saved in a look-up table.  
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• The measurement signals are acquired from each antenna elements as 

𝑀̃1,1(θ0, φ0), … , 𝑀̃𝑀,𝑀(θ0, φ0) in the pointing direction while the system is operating. 

It should be noted 𝑀̃𝑚,𝑚(θ0, φ0) is the scan reflection coefficient of the m-th element.  

• Construct the array manifold matrix, 𝐌̃(θ0, φ0), in the pointing direction by using 

the pre-measured mutual coupling coefficients and the measured scan reflection 

coefficients. 

• Estimate the error matrix, 𝐌e(θ0, φ0), using least squares solutions in (18). The 

inverse matrix in (18) can be pre-calculated since the coefficients of 𝐆RF, 𝐆(θ0, φ0) 

and 𝐀(θ0, φ0) are known. 

• An inverse matrix approximation method is used for calculating the inverse of the 

error matrix, 𝐌e(θ0, φ0) to obtain the compensation coefficients of the all elements.  

• The compensated array pattern in the pointing direction, 𝐸̃a
c(θ0, φ0), is calculated 

as: 

𝐸̃a
c(θ0, φ0) = 𝒘

H(𝐌e(θ0, φ0))
−1
𝒎̃(θ0, φ0) (5-20) 

 

 

Fig. 5.1. The flow chart of the proposed mutual coupling-based calibration method. 
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5.2.4.2. Proposed Calibration System 

The topology of the proposed transmit array calibration system is depicted in Fig. 5.2. The 

calibration system consists of four main parts: 1) a transmit antenna array composed of 𝑀 

antenna elements, each connected to a circulator (CR) along with active and/or passive RF 

front end components such as band-pass filters (BF) and power amplifiers (PA) or power 

driver amplifiers (PDA), 2) a switching network (SW) composed of RF switches, down-

converters baluns, 3) a RF system-on-chip (RF-SoC) FPGA for signal generation, base-

band signal processing, switch controlling.  

  

Fig. 5.2. The proposed online large-scale antenna array self-calibration system.  

It should be noted that the proposed transmission array system calibration system has 

flexibility in RF component selection and circuitry. For example, if the frequency of the 

signal to be transmitted is lower than that of the DACs in the RF-SoC, there is no need to 

use up-converters in the RF beamformer chips or circuits. The same is valid for the 

switching network, since the received signals from the circulators will be at the same 

frequency as the transmitting signal, therefore, there is no need to use down-converters. 

Moreover, if precision is not required for phase shifts, pin diodes or varactor diodes can be 

used instead of phase shifter chips for low frequencies to reduce system cost. Finally, in 

some cases, phase shifts can be performed in the baseband signal processing and in this 

case, phase shifters may not be needed. However, in order to realize the proposed on-line 

self-calibration method, circulators, and an RF-SoC are required to receive the feedback 

signals from the antenna elements or antenna groups and process them in real-time to 

compensate for the described mutual coupling effects, gain/phase uncertainties, and 

location errors. 
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5.2.4.3. Calibration Procedure 

The main idea of the calibration process with the transmit array calibration system 

defined above is to acquire signal samples from each antenna elements or each antenna 

sub-array with the aid of circulators to estimate the error matrix, 𝐌𝑒(𝜃0, 𝜑0), in the desired 

pointing direction with the signal processing in the RF-SoC, and then compensate the 

weight vector by taking the inverse of the error matrix.  

Circulators provide high isolation at the cost of losing signal information of the RF chains 

connected to the antenna elements. However, measurements of the gain/phase 

uncertainties of the RF chains are not required since, as stated in (5-12) and (5-15), the 

gain/phase uncertainties of the 𝑚-th RF chain are included in total gain/phase deviation 

of the signal coupled to its 𝑘-th neighboring element and from the reflected signal from 𝑚-

th element.  

Assuming the single element pattern is known primarily, then, the 𝐌𝑒(𝜃0, 𝜑0), effects the 

AF and calibration is performed to improve the AF. The array manifold in the pointing 

direction (𝜃0, 𝜑0)  of the transmitting array including all the contributed errors only 

considering 𝐾 neighboring element can be expressed as: 

𝐌̃(𝜃0, 𝜑0) = [

𝑤1 0 ⋯ 0
0 𝑤2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 ⋯ 0 𝑤𝑀

]𝐌𝑒(𝜃0, 𝜑0)𝐆𝑅𝐹(𝐆(𝜃0, 𝜑0)𝐀(𝜃0, 𝜑0))  (5-21) 

𝐌̃(𝜃0, 𝜑0) = [

𝑀̃1,1⋯ 𝑀̃1,𝑘⋯ 𝑀̃1,𝐾⋯ 0

⋮ ⋯ ⋮ ⋯ ⋮ ⋯ 0
0 𝑀̃𝑚,𝑘⋯ 𝑀̃𝑚,𝐾 𝑀̃𝑀,𝑀

] (5-22) 

Then, with a single measurement from all the active antennas while the system is 

operating, we can derive the following vector: 

[
 
 
 
 
𝑀̃1,1(𝜃0, 𝜑0)

⋮
𝑀̃𝑚,𝑚(𝜃0, 𝜑0)

⋮
𝑀̃𝑀,𝑀(𝜃0, 𝜑0)]

 
 
 
 

=

[
 
 
 
 
 𝐌𝑒

1,1𝑔1
𝑅𝐹𝑒−𝑗𝛹1

𝑅𝐹
𝑔1𝑒

−𝑗𝛹1𝑒−𝑗𝛿1 +⋯+𝐌𝑒
1,𝐾𝑔1,𝐾

𝑅𝐹 𝑒−𝑗𝛹1,𝐾
𝑅𝐹
𝑔1,𝐾𝑒

−𝑗𝛹1,𝐾𝑒−𝑗𝛿1,𝐾

⋮

𝐌𝑒
𝑚,𝑚𝑔𝑚

𝑅𝐹𝑒−𝑗𝛹𝑚
𝑅𝐹
𝑔𝑚𝑒

−𝑗𝛹𝑚𝑒−𝑗𝛿𝑚 +⋯+𝐌𝑒
𝑚,𝐾𝑔𝑚,𝐾

𝑅𝐹 𝑒−𝑗𝛹𝑚,𝐾
𝑅𝐹
𝑔𝑚,𝐾𝑒

−𝑗𝛹𝑚,𝐾𝑒−𝑗𝛿𝑚,𝐾

⋮

𝐌𝑒
𝑀,𝑀𝑔𝑀

𝑅𝐹𝑒−𝑗𝛹𝑀
𝑅𝐹
𝑔𝑀𝑒

−𝑗𝛹𝑀𝑒−𝑗𝛿𝑀 +⋯+𝐌𝑒
𝑀,𝐾𝑔𝑀,𝐾

𝑅𝐹 𝑒−𝑗𝛹𝑀,𝐾
𝑅𝐹
𝑔𝑀,𝐾𝑒

−𝑗𝛹𝑀,𝐾𝑒−𝑗𝛿𝑀,𝐾 ]
 
 
 
 
 

 (5-23) 

Finally, the proposed calibration procedure is based on the construction of the error matrix 

through automated measurements. The integrated circulators in the proposed 

transmission array calibration system are shown as in Fig. 5.2 allows measurements of 

only 𝑀̃𝑚,𝑚 and 𝑀̃𝑚,𝑘 but higher isolation yields higher precision.  

The measurement procedure consists of two parts: first, to perform the off-line 

measurements of 𝑀̃𝑚,𝑘 and 𝑀̃𝑘,𝑚 coefficients that are independent of the pointing direction 

that are registered for later look-up-table and, second, the on-line measurements of 𝑀̃𝑚,𝑚 

coefficients that depend on the pointing direction.  
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The coefficients, 𝑀̃𝑚,𝑚, are measured while the system is operating on the contrary the 

coefficients, 𝑀̃𝑚,𝑘 and 𝑀̃𝑘,𝑚 are premeasured automatically Fig. 5.3 depicts the 

measurements of 𝑀̃𝑚,𝑚 and Fig. 5.4 depicts the measurements of  𝑀̃𝑚,𝑘 and 𝑀̃𝑘,𝑚 (in case 

of unequal coupling). In Fig. 5.3 and Fig. 5.4 𝑦 denotes the radiated signal and 𝑥 denotes 

the transmitted signal. The calibration system takes premeasured 𝑀̃𝑚,𝑘 and 𝑀̃𝑘,𝑚, 

coefficients, the array geometry (AG), antenna weights and the pointing direction as input. 

 

Fig. 5.3. The measurements of the 𝑀̃𝑚,𝑚 coefficients related to scan reflection. 

 

 

Fig. 5.4. The measurements of the 𝑀̃𝑚,𝑘 and 𝑀̃𝑘,𝑚 coefficients related to inter-element 

coupling. 

k, 𝑚-th

𝑚-th

𝑆𝑘,𝑚𝑦𝑘,𝑚

𝑦𝑚

…   𝑚

𝑑𝑘,𝑚

PA

BFL

PDA

…  𝑘,𝑚

PA

BFL

PDA

1, 𝑚-th

𝑦1,𝑚
…  1,𝑚

PA

BFL

PDA

𝑑1,𝑚

𝑆𝑚,𝑚𝑦𝑚,𝑚

𝑆1,𝑚𝑦𝑚

𝑦𝑘,𝑚

𝑤1,𝑚 𝑥1,𝑚 𝑤𝑚 𝑥𝑚 𝑤𝑘,𝑚 𝑥𝑘,𝑚

𝑀̃𝑚,𝑚

PA

BFL PDA

𝑚-th𝑘,𝑚-th

𝑆𝑚,𝑘𝑦𝑚,𝑘
𝑦𝑚

…

𝑑𝑘,𝑚

𝑤𝑚 𝑥𝑚

𝑀̃𝑚,𝑘

PA

BFL PDA

𝑘,𝑚-th𝑚-th

𝑆𝑘,𝑚𝑦𝑘,𝑚
𝑦𝑘,𝑚

…

𝑑𝑘,𝑚

  𝑚

  𝑘,𝑚

𝑤𝑘,𝑚 𝑥𝑘,𝑚

𝑀̃𝑘,𝑚



Contribution to Phased Array and RIS Processing for Satellite, 5G and 6G Communication Systems 

 

120 

 

5.2.4.4. Inverse Matrix Approximation 

Direct inversion of matrices is unfavourable for hardware since direct inversion involves 

a division operator, which often leads to inaccurate results [34]. Therefore, many inverse 

matrix approximation methods have been proposed in the literature that degrades the 

inverse matrix operation to matrix multiplications and matrix sums. The most prominent 

inverse matrix approximation methods can be listed as Newton iteration method (NI), 

Chebyshev iteration method (CI) and successive over relaxation-based approximate 

matrix inversion method [37]. However, all of these methods require initial conditions and 

a Toeplitz or a symmetrical precondition matrix to guarantee the convergence [34].  

In absence of reciprocity of mutual coupling between neighbouring antennas, (𝐶𝑚𝑘 ≠ 𝐶𝑘𝑚), 

the convergence of these inverse matrix approximation methods is not guaranteed. 

Therefore, we adopted the inverse matrix approximation method in [34], which is globally 

convergent without needing any initial Toeplitz or symmetric matrix and preconditions. 

Then the error compensation matrix in the desired pointing direction, 𝐌̃𝑒
−1ϵ ℂ𝑀×𝑀 , can be 

approximated as: 

𝐌̃𝑒
−1(𝑖 + 1) = 𝐌̃𝑒

−1(𝑖) + 𝐗(𝐌𝑒
𝑇 − 𝐁𝐌̃𝑒

−1(𝑖)) (5-24) 

where 𝑖 is the iteration number, 𝐗 = (𝐈𝑀 + (𝐌𝑒
𝑇𝐌𝑒)

2)−1, 𝐁 = (𝐌𝑒
𝑇𝐌𝑒)

2. The detailed 

formulation for the adopted inverse matrix approximation can be found in [34].   

5.2.4.5. Complexity of The Method 

The computational complexity of the proposed method lies in inverse matrix 

approximation method. According to [34], computational complexity for an antenna array 

with the number of antennas, 𝑀, is 𝑂(8𝑀3 + 2𝑀2 +𝑀) in terms of number of complex 

multiplications. If only 𝐾 neighboring elements taking into account the computational 

complexity can be greatly reduced because of the zero entries in the error matrix. However, 

this discussion is not the subject of this paper. On the other hand, 2𝑀(𝑀 − 1) 

measurements are needed to extract the coupling coefficients if all the array elements are 

taken into account and there is no reciprocity between the elements. However, only 

𝐾(𝐾 − 1) measurements are needed if only 𝐾 neighboring elements are taken into account 

and there is reciprocity between the elements, then the number of measurements decrease 

significantly since  𝐾 ≪ 𝑀. 
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5.2.5. Simulation Results 

In this section the simulation results are given to validate the effectiveness of the proposed 

calibration method. The numerical examples are based on a planar uniform hexagonal 

array (UHA) formed by active antenna elements. Number of antenna elements are 𝑀 =

61. Each antenna element has its own RF chain composed of active and passive RF 

components. Moreover, all elements follow the cosine squared antenna pattern. The inter 

element distances are 𝜆 2⁄   and √3𝜆 4⁄  along 𝑥-axis and 𝑦-axis, respectively. The operating 

frequency is selected as 2.4 GHz.  

Scattering parameters which represent the mutual coupling between antenna elements 

are calculated based on an assumption that 30 dB loss per wavelength, 𝜆, on radiated 

signal power from one active antenna element. The corresponding coupled power is ≈ 3% 

of the radiated signal power from one element to its neighboring element (−15 dB 

coupling). The scattering parameters are formed by multiplying magnitude coefficients, 

𝑆𝑚𝑘, and the phase coefficients, 𝑒−𝑗𝐤⃗0(𝐫̂𝑘−𝐫̂𝑚) (location errors are included).  

In simulations it is assumed no reciprocity between the elements (𝐶𝑚𝑘 ≠ 𝐶𝑘𝑚). The 

gain/phase deviations and location errors are modelled according to uncertainty analysis 

in [38] and are given in Table 5-IV. Please noted that parameters are selected randomly 

with gamma distribution within the deviation bounds and the phase uncertainty, ∆𝛿𝑚, due 

to the location errors are related to shift in 𝑥-axis as ∆𝑥𝑚 and shift in 𝑦-axis as ∆𝑦̂𝑚. 

Table 5-IV. Standard uncertainties. 

Parameter Deviation Bounds 

∆𝑥𝑚[mm] ±9.8157 

∆𝑦̂𝑚[mm] ±9.8157 

∆𝛹𝑚[o] ±1.7619 

∆𝑔𝑚[dB] ±0.5763 

∆𝛹𝑚
𝑅𝐹[o] ±1.7619 

∆𝑔𝑚
𝑅𝐹[dB] ±0.5763 

Fig. 5.5 represents the UHA used in the simulations. In order to provide a better sight, 

the true locations and the erroneous locations of the antenna elements are given. In 

simulations, calibrations are performed according to the elements in the first-order 

neighbourhood of the antenna elements, in the second-order neighbourhood of the antenna 

elements and all other antenna elements in the array.  
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Fig. 5.5. General uniform hexagonal antenna array with the true and the erroneous 

locations of the antenna elements. 

Fig. 5.6 represents the deviations due to the uncertainties in sensor location and 

gain/phase errors for the simulations for broadside. Similar errors are computed for the 

other twos cases with (𝜃0, 𝜑0) = (45°, 0°) and (𝜃0, 𝜑0) = (30°, 60°). It can be observed that 

the total phase errors vary up to 8 degrees and gain errors vary up to 4.5 dB. High 

deviations are taken in account to demonstrate the performance of the method in the worst 

case.   

 

Fig. 5.6. Element wise gain and phase deviations for broadside. 

Fig. 5.7 (a) shows the broadside (𝜃0, 𝜑0) = (0°, 0°) pattern compensation. The comparison 

is performed taking into account calibration with the first-tier and the second-tier of 

antenna elements as well as full array elements using the inverse matrix approximation 

(IMA) method in [34]. Moreover, calibration using direct inversion (DI) for full array 

elements is also included. Furthermore, ideal and not calibrates patterns are given for 

comparison with calibrated results. 

After calibration, the pointing direction of compensated results are correct. In simulations, 

the maximum phase and locations errors are not too large to produce a phase center plane 

deviation. Besides, null depths vary as a function of the number of tiers used for mutual 
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coupling effect meaning in a more accurate phase center location compensation. In 

broadside case, the high variations lead high side-lobe levels almost same level with 

pointing direction, also shallow nulls are occurred. In all compensation cases it results in 

significant improvements on reducing side-lobe levels and deeper nulls. As a remark, the 

deep nulls are important in interference mitigation. However, the results show that first-

order tier compensation has the worst performance.  

In Fig. 5.7 (b) same compensation performance can be observed for pointing direction in 

(𝜃0, 𝜑0) = (45°, 0°). Comparisons show that the compensated patterns have at least 2.5 dB 

improvement in side-lobe level. Finally, Fig. 5.7 (c) represents the results for (𝜃0, 𝜑0) =

(30°, 60°) and it can be concluded that the compensation can be performed in two-

dimensional plane. Finally, in all three cases the compensation is performed on the array 

factor and the antenna patterns are identical for all antenna elements.  

As final remarks, 1) compensation performances of full-array inverse matrix 

approximation method and direct inversion are almost identical, 2) to reduce the side-lobe 

levels, the mutual coupling of more neighbouring antenna elements are needed to be taken 

into account, 3) compensation with only first-order or second-order tiers result in reduced 

precision in calibration, however, more practical for large-scale antenna arrays since only 

𝐾 measurements are needed instead of 𝑀 measurements where 𝐾 ≪ 𝑀. It should be noted 

𝐾 or 𝑀 measurements are needed if reciprocity is assumed between elements, otherwise, 

2𝐾 or 2𝑀 measurements are needed.  
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(a) 

 

(b) 

 

(c) 

Fig. 5.7. Comparison of ideal array pattern, array pattern after calibration with tier-1 

and tier-2 using IMA, array pattern after calibration with full array elements using 

IMA, array pattern after calibration with full array elements using DI, and not 

calibrated array pattern in pointing directions: (a) 𝜃0 = 0° and 𝜑0 = 0°, (b) 𝜃0 = 45° and 

𝜑0 = 0°, (c) 𝜃0 = 30° and 𝜑0 = 60°. 

5.2.6. Experimental Study 

In this section we present an experimental study to validate our proposed calibration 

method. For reduction of complexity and general implementation without lack of validity 

we conducted a simple experimental study using a linear four-element dipole antenna 

array (𝑀 = 4). Fig. 5.9 and Fig. 5.10 show the experimental set-up and its main 

components. The components of the proposed experimental setup can be listed as follows: 

• Antenna array in two pairs to produce differences in gain and phase, for a total of 

4 dipole antennas,  

• RF cables,  

• An on-the-shelf circulator,  

• A RFSoC 4x2 board, a high-performance computing system optimized for sampling 

and generating signals at up to 9.85GSPS. Based on AMD-Xilinx ZYNQ 
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Ultrascale+ Gen3 RFSoC device, the board offers four high-speed ADC ports (white 

blocks, tile 224 and 226), two high-speed DAC ports (white blocks, tile 228 and 230), 

8GBytes of fast DDR4 memory, and a QSFP28 port for high-speed data offload. The 

RFSoC board is ideally suited to serve as a powerful and highly configurable 

software defined radio (SDR) system. The AMD-Xilinx ZYNQ UltraScale+ device 

includes a quad-core ARM Cortex-A53, a dual-core ARM Cortex R5F, monolithic 

direct RF-sampling ADCs and DACs, and several other high-performance cores to 

assist with acquiring and processing high speed data.  

• The RFSoC board works with all AMD-Xilinx Vitis/Vivado tools and the PYNQ 

open-source framework.  

• The RFSoC 4x2 board is centered around the ZYNQ XCZU48DR UltraScale+ 

RFSoC device from AMD-Xilinx, and the most critical features are implemented in 

the AMD-Xilinx device. The XCZUDR48 includes:  

Processing System: 

• A 64-bit quad-core ARM Cortex-A53 and a 32-bit dual-core ARM Cortex-R5F  

• An ARM Mali-400 based GPU and NEON advanced SIMD media processing engine  

Programmable Logic  

• Large Programmable logic array with 930K logic cells and 4.2K DSP slices 

• IEEE 802.3 compliant 100G Ethernet  

RF System: 

• 8 14-bit RF ADCs with 5.0GSPS max sample rate 

• 8 14-bit RF DACs with 9.85GSPS max sample rate 

• 8 SD-FEC IP blocks 

All elements works at the frequency used for the tests (2.4 GHz). It should be noted that 

the mutual coupling measurements were made using the FGPA board, but the calibration 

was done with post-processing using MATLAB on the raw data obtained. 

Fig. 5.8 shows the components used in the test. In the Processing System (PS) an 

application has been implemented to obtain the data of the synchronized signals on the 

Jupyter notebooks, using the PYNQ framework on Linux. In the Programmable Logic (PL) 

two different chains have been implemented, one for signal transmission and the other for 

reception. 
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Fig. 5.8. Processing system description for the FPGA unit for the measurements. 

 

Fig. 5.9. Rack with RFSoC and experimental antenna elements for coupling coefficient 

measurements 𝐶𝑚𝑘 and 𝐶𝑘𝑚. 

 

Fig. 5.10. Measurement setup including computer for measurement acquisition for 

coupling coefficient measurements 𝐶𝑚𝑘 and 𝐶𝑘𝑚. 

Finally, the RF Data Converters used all the modules available on the board (4 ADCs and 

2 DACs), marked in white in the Fig. 5.8, synchronized using the Multi Tile 

Synchronization algorithm.  
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In the proposed experimental system, the RF beamformer chip(s) or circuit(s) and 

switching network proposed in Figure 1 are excluded. Note that BF chips can be used for 

hybrid architecture implementation while circuits only include RF chains.  Additionally, 

since the RF-SoC used has only 2 DACs, in the baseband, no phase shift is applied to the 

generated signal. Therefore, experimental work is carried out only on the broadside. The 

relationship between source direction and mutual coupling is described above in the scan 

factor of the mutual coupling model used. However, as per Fig. 5.7 the mutual coupling 

effects, gain/phase uncertainties, and location errors on the antenna array pattern at the 

broadside is the most significant case. 

The details of the experimental procedure are given as below: 

1) In the measurements, first premeasurements of the coupling coefficients are 

conducted. Each element in the antenna array is respectively in transmitter mode 

and connected to the DAC-A connector on the RF-SoC (which can also be connected 

to DAC-B). Then, the transmitter antenna is fed with a sinusoidal signal of 2.4 GHz 

frequency and 0 dBm power, respectively, and the couplings (𝐶𝑘𝑚) between the 

antennas are measured. Then, 3 antennas are connected to the DAC-A port to 

operate in transmitter mode with an on-the-self power divider, and 𝐶𝑚𝑘 coefficients 

are measured one-by-one. In order to compensate for the losses in the power 

divider, the DAC-A port was fed with a sinusoidal signal at 2.4 GHz frequency and 

7 dBm power. Since the phase shifts and losses are different in the cables to which 

the antennas are connected, non-reciprocity occurs as, 𝐶𝑚𝑘 ≠ 𝐶𝑘𝑚. Additionally, 

there are slightly different phase shifts and losses between ports in the power 

divider. 

2) In the second part, the measurements of the scan reflection coefficients, 𝐶𝑚𝑚, are 

conducted. In this regard, all antennas are operated in transmitting mode. For this, 

the power divider is connected to the DAC-A port on the RF-SoC, and the DAC-A 

port is fed with a sinusoidal signal at 2.4 GHz frequency and 10 dBm power. Then, 

a circulator is connected sequentially between each antenna and the power divider 

outputs, and the feedback signals are measured one-by-one by connecting the third 

port of the circulator to the ADC-A port on the RF-SoC. 

3) As a third step, two array manifold matrices including mutual coupling, gain/phase 

uncertainties and location errors, are created for comparison, one for calibration 

with the first-order tiers and one for calibration the full array elements. Since the 

relationship between mutual coupling and phase changes due to gain/phase 

uncertainties and position errors has been explained previously, the measured 𝐶𝑚𝑘, 

𝐶𝑚𝑘  and 𝐶𝑚𝑚 coefficients are the entries of the array manifold matrix 𝐌̃(𝜃0, 𝜑0). 

The two array matrices (pointing to broadside) are given respectively as: 
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𝐌̃1 = [

𝐶11 𝐶12 0 0
𝐶21 𝐶22 𝐶23 0
0 𝐶32 𝐶33 𝐶34
0 0 𝐶43 𝐶44

] (5-25) 

𝐌̃2 = [

𝐶11 𝐶12 𝐶13 0
𝐶21 𝐶22 𝐶23 𝐶24
𝐶31 𝐶32 𝐶33 𝐶34
0 𝐶42 𝐶43 𝐶44

] (5-26) 

𝐌̃𝐹 = [

𝐶11 𝐶12 𝐶13 𝐶14
𝐶21 𝐶22 𝐶23 𝐶24
𝐶31 𝐶32 𝐶33 𝐶34
𝐶41 𝐶42 𝐶43 𝐶44

] (5-27) 

4) Once the first-order tier, 𝐌̃1, the second-order tier 𝐌̃2 and full array, 𝐌̃𝐹 , manifolds 

are created, then, the coefficients of the error matrices are estimated according to 

(5-15)-(5-16). 

5) In the last step, the inverse matrix approximation method is applied to compensate 

the error matrices.  

Fig. 5.11 represents the 4-element uniform linear array consisting of dipole antenna 

elements which are used in the experimental study. In order to provide a better sight, the 

true locations and the coarse erroneous locations of the antenna elements are given. The 

separation between antenna elements is half wavelength for 2.4 GHz. The coarse 

erroneous locations of the antenna elements are extracted by using the equations (5-12)-

(5-15) once we measure all the phase uncertainties of cables, antenna elements, circulators 

and so on in the experimental setup. It should be noted this step does not effect nor is 

related with the calibration procedure, however, Fig. 5.11 is given to show that after 

measuring the phase errors of the elements in the system, the coarse location of the 

antenna elements can be estimated if required. 

 

Fig. 5.11. General uniform 4-element linear antenna array with the true and the 

erroneous locations of the antenna elements. 
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Fig. 5.12 represents the deviations in amplitude and phase of each element due to the 

uncertainties in antenna location and gain/phase errors from the measurement results for 

broadside. In addition, element wise calibrated gain/phase values for broadside using IMA 

Tier-2 are given in Fig. 5.12. It can be observed that the total phase errors vary up to 1.1 

degrees and gain errors vary up to 0.25 dB. In the measurements it can be seen that the 

amplitude and phase variations are much lower than simulations.   

 

Fig. 5.12. Element wise gain/phase deviations and calibrated gain/phase values for 

broadside using IMA Tier-2. 

Fig. 5.13 shows the broadside 𝐌̃(𝜃0, 𝜑0) = (0°, 0°) pattern compensation. The comparison 

between calibration with the first-tier and the second-tier of antenna elements as well as 

full array elements using the inverse matrix approximation (IMA) method in [34], 

calibration using direct inversion (DI) for full array elements, and ideal and not calibrated 

patterns is given just like in the simulation results. It can be seen that, in practice, the 

elements in the system have different amplitude and phase deviations resulting in 

unequal mutual couplings. In addition, since 2.4 GHz is the Wi-Fi frequency, other 

radiating components in the environment also interacts with the experimental setup in 

either constructive or destructive way. Moreover, even the amplitude and phase deviations 

are lower than those in simulations the unequal patterns of the individual antennas cause 

phase center plane shift, thus, shift in the pointing direction of uncalibrated array can be 

observed in Fig. 5.13. However, since the calibration is done on array factor, with 

calibrating each element according to estimated errors, the pointing direction can be also 

corrected.  

The calibration results in Fig. 5.13 for the broadside demonstrates that the compensation 

of amplitudes and phases, as well as, phase center plane shift are correct. It can be seen 

that null depths vary as a function of the number of tiers used for mutual coupling effect 

meaning in a more accurate phase center location compensation as demonstrated in 

simulation results. In Fig. 5.13, it can be seen that with the proposed method at least 3 

dB reduction in the left-side side-lobe level and also the side-lobe levels are equalized. 
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Moreover, the shallow nulls are improved and most important of all the shift in pointing 

direction is compensated.  

 

Fig. 5.13. Comparison of ideal array pattern, array pattern after calibration with tier-1 

and tier-2 using IMA, array pattern after calibration with full array elements using 

IMA, array pattern after calibration with full array elements using DI, and not 

calibrated array pattern in pointing direction: 𝜃0 = 0°. 

5.3. Calibration and Axial Ratio Improvement Method Based 

on Polarization Agile System Capability 

A calibration and AR improvement method based on polarization agile antenna systems 

is proposed. It is demonstrated that by optimizing the AR based on the element feeding 

network including amplitude and phase control capability mutual coupling, gain/phase 

and location errors can be compensated. In case of full digital beamforming, the use of 

attenuators and phase shifter is not needed so better noise figure and reduction of 

complexity in distributed elements and analog beamforming network is achieved. The cost 

in full digital architecture will remain in ADC and DAC components. 

The goal of this work is to present a novel calibration solution based on a signal model 

that includes the effect of mutual coupling and the location, gain/phase errors of the 

antenna, and to compensate their effects on the radiation pattern based on the capability 

for AR optimization of agile polarization antenna such as the antenna under test (AUT) 

used here. The signal model takes into account the characteristics of the updated AUT 

presented in [39]. One of the characteristics of this antenna is the capacity of controlling 

the polarization at each radiating element through the control of devices such as signal 

attenuators and Low Noise Amplifiers (LNA). 

The active or phased antenna array systems must comply the following properties: 1. The 

active antenna array or phased array may consist of sub-arrays of several radiating 

elements each with its amplifiers and phases shifters, 2. The active antenna array or 

phased array may have both transmitting and receiving modes with transmitting modules 
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and those can be included in the analysis of the mutual coupling and errors, 3. The 

radiation patterns of elements of the antenna array may differ with a non-uniform 

distribution, 4. Different field modes can be analysed if those are excited with different 

ports as equivalent narrowband radiating element or by implementing active loads in 

order to shift the frequency of resonance, and 5. The scan reflection coefficient based on 

the active element pattern used for the evaluation of the mutual coupling includes the 

weights to steer the antenna array beam. 

The mutual coupling effect on the axial ratio is described as well as how general errors are 

also compensated. For the demonstration of the method results of simulations with worst 

case errors and experimental examples are presented. 

5.3.1. Main Contributions 

The main contributions of a calibration and axial ratio improvement method based on 

polarization agile system capability are summarized as follows: 

• The equations of circular polarized antenna array is derived under antenna array 

impairments and errors. 

• The proposed method is capable of compensating location, gain/phase errors and 

mutual coupling effects automatically. 

• The proposed method suitable for off-line and on-site calibration processes. 

• The proposed method compensates all errors and as well as mutual coupling effects 

by optimizing the axial ratio by only correcting the amplitudes of both cross-

polarized and co-polarized components.  

5.3.2. Theoretical Formulation  

Modelling of the coupling, gain/phase deviations, and location errors to be used in the 

analysis in conjunction with the active element pattern and the antenna array are 

explained.  

5.3.2.1. Element Pattern and Polarization 

Fig. 5.14 presents a general definition of a planar array and the 3D problem of miss-

pointing due to errors. The coordinates system is defined with 𝑧-axis pointing to the 

broadside direction of the planar antenna array. Furthermore, the circular polarized field 

as a function of the two electric field components is represented. The depicted phase 

difference between the orthogonal components is 90 degrees obtaining a right hand 

circular polarized electric field (dotted blue line) from each single radiating element. 
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Fig. 5.14. General definition of planar array geometry and circular polarization 

components. 

The antenna element pattern of the right-hand circular polarization and left-hand circular 

polarization in the direction (𝜃𝑛, 𝜑𝑛) which is defined in a 𝑁𝜃 × 𝑁𝜑 angle grid, in spherical 

coordinates can be expressed as: 

𝐸𝑅𝐻𝐶(𝜃𝑛, 𝜑𝑛) =
1

√2
[𝐸𝜃(𝜃𝑛, 𝜑𝑛) + 𝑗𝐸𝜑(𝜃𝑛, 𝜑𝑛) ] (5-28) 

𝐸𝐿𝐻𝐶(𝜃𝑛, 𝜑𝑛) =
1

√2
[𝐸𝜃(𝜃𝑛, 𝜑𝑛) − 𝑗𝐸𝜑(𝜃𝑛, 𝜑𝑛) ] (5-29) 

The polarized isolated element patterns along 𝜃-axis and 𝜑-axis of the 𝑚-th element in an 

antenna array with 𝑀 elements can be expressed as: 

𝐸𝜃
𝑚(𝜃𝑛, 𝜑𝑛) = 𝐸𝜃(𝜃𝑛, 𝜑𝑛)𝑉𝑚

+𝑃𝑥,𝑚𝑒
−𝑗𝑘𝐫𝑛𝐫⃗𝑚 (5-30) 

𝐸𝜑
𝑚(𝜃𝑛, 𝜑𝑛) = 𝐸𝜑(𝜃𝑛, 𝜑𝑛)𝑉𝑚

+𝑃𝑦,𝑚𝑒
−𝑗𝑘𝐫𝑛𝐫⃗𝑚 (5-31) 

where , 𝑉𝑚 is the excitation voltage of the 𝑚-th element being as 𝑉𝑚 = 𝑉𝑚
+ + 𝑉𝑚

−, the phase 

of the 𝑚-th element is 𝐫̂𝑛𝐫⃗𝑚 = (𝑥𝑚 sin𝜃𝑛 cos𝜑𝑛 + 𝑢𝑚 sin 𝜃𝑛 sin𝜑𝑛 + 𝑧𝑚 cos 𝜃𝑛), 𝑘 = 2𝜋 𝜆⁄  and 
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𝜆 is the wavelength of the operating frequency, 𝑃𝑥,𝑚 and 𝑃𝑦,𝑚 are the complex valued 

polarization coefficients of the 𝑚-th element denoting the polarization direction along 𝑥-

axis and 𝑦-axis, respectively and interelement spacing between two adjacent antenna 

element is 𝜆 2⁄  in both axis. The coefficients 𝑃𝑥,𝑚 and 𝑃𝑦,𝑚 can be calculated as [40]: 

𝑃𝑥,𝑚 = [−𝑠𝑖𝑛𝜑𝑛 𝑐𝑜𝑠 𝜑𝑛 𝑐𝑜𝑠 𝜃𝑛] [
cos 𝛾𝑚

sin 𝛾𝑚𝑒
𝑗𝜂𝑚] (5-32) 

𝑃𝑦,𝑚 = [𝑐𝑜𝑠 𝜑𝑛 𝑠𝑖𝑛 𝜑𝑛 𝑐𝑜𝑠 𝜃𝑛] [
cos 𝛾𝑚

sin 𝛾𝑚𝑒
𝑗𝜂𝑚] (5-33) 

where 𝛾𝑚ϵ[0, 𝜋 2⁄ ] and 𝜂𝑚ϵ[−𝜋, 𝜋] are the polarization auxiliary angle and polarization 

phase difference, respectively, to denote the polarization state of the signal 𝑚-th element. 

However, we consider only right-hand or left-hand circular polarizations in this study, 

thus, 𝛾𝑚 = 𝜋 4⁄  and 𝜂𝑚 = ±𝜋 2⁄ . 

Applying pattern multiplication, the radiated electric field patterns of the complete array 

𝐸𝜃
𝑎 and 𝐸𝜑

𝑎 can be written as: 

𝐸𝜃
𝑎(𝜃𝑛, 𝜑𝑛)  = 𝐸𝜃(𝜃𝑛, 𝜑𝑛)((𝒗

+)𝑇(𝒑𝑥⊙𝒂)) (5-34) 

𝐸𝜑
𝑎(𝜃𝑛, 𝜑𝑛)  = 𝐸𝜑(𝜃𝑛, 𝜑𝑛) ((𝒗

+)𝑇(𝒑𝑦⊙𝒂)) (5-35) 

where ⊙ is the Hadamard product, 𝒗+ϵℂ𝑀×1 is the excitation coefficient vector being as 

𝒗+ = [𝑉1
+…𝑉𝑚

+, …𝑉𝑀
+], 𝒑𝑥ϵℂ

𝑀×1 and 𝒑𝑦ϵℂ
𝑀×1 are the polarization coefficient vectors being 

as 𝒑𝑥 = [𝑃𝑥,1, …𝑃𝑥,𝑚, … 𝑃𝑥,𝑀] and 𝒑𝑦 = [𝑃𝑦,1, … 𝑃𝑦,𝑚, … 𝑃𝑦,𝑀], 𝒂ϵℂ
𝑀×1 is the ideal steering vector 

being as  𝒂 = [𝑒−𝑗𝑘𝐫𝑛𝐫⃗1 , … 𝑒−𝑗𝑘𝐫𝑛𝐫⃗𝑚 , … 𝑒−𝑗𝑘𝐫𝑛𝐫⃗𝑀]. 

5.3.2.2. Error Models 

Once the expressions of polarized active antenna array are explained it is possible to 

introduce the mutual coupling, gain/phase deviations, and location errors to the pattern 

models. Error modelling consists of two subheadings: inter-element errors and intra-

element errors. In inter-element errors we consider the errors between the antenna array 

elements, on the contrary, in intra-element errors we take into account the errors between 

two feeding points on the same antenna element. The mutual coupling formulation is 

based on the active element model in [41] resulting the mutual coupling matrix, 𝐂ϵ ℂ𝑀×𝑀. 

The array manifold matrix, 𝐌̃(𝜃𝑛, 𝜑𝑛)ϵ ℂ
𝑀×𝑀, including inter-element errors and mutual 

coupling between array elements can be expressed as [41]: 

𝐌̃(𝜃𝑛, 𝜑𝑛) = 𝐂(∆𝐆𝑅𝐹∆𝐆(𝜃𝑛, 𝜑𝑛)∆𝐀(𝜃𝑛, 𝜑𝑛))(𝐆𝑅𝐹𝐆(𝜃𝑛, 𝜑𝑛)𝐀(𝜃𝑛, 𝜑𝑛)) (5-36) 

where ∆𝐆𝑅𝐹ϵ ℂ
𝑀×𝑀 is a diagonal matrix, whose 𝑚-th diagonal element,  ∆𝑔𝑚

𝑅𝐹𝑒𝑗∆𝛹𝑚
𝑅𝐹

 

represents the gain/phase uncertainty coefficient of the RF chain of the 𝑚-th element, 
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∆𝐆(𝜃𝑛, 𝜑𝑛)ϵ ℂ
𝑀×𝑀 and ∆𝐀(𝜃𝑛, 𝜑𝑛)ϵ ℂ

𝑀×𝑀  are the diagonal matrices, whose 𝑚-th diagonal 

elements, ∆𝑔𝑚𝑒
𝑗∆𝛹𝑚 and 𝑒𝑗∆𝛿𝑚 represent the gain/phase uncertainty and phase 

uncertainty due to the location errors coefficients of the 𝑚-th element and 

𝐆(𝜃𝑛, 𝜑𝑛)ϵ ℂ
𝑀×𝑀 and 𝐀(𝜃𝑛, 𝜑𝑛)ϵ ℂ

𝑀×𝑀  are the diagonal matrices, whose 𝑚-th diagonal 

elements, 𝑔𝑚𝑒
𝑗𝛹𝑚 and 𝑒𝑗𝛿𝑚 represent ideal gain/phase coefficient and phase coefficients of 

the 𝑚-th element for (𝜃𝑛, 𝜑𝑛), respectively. The mutual coupling coefficients of matrix 𝐂 

can be expressed as:  

𝐶𝑚,𝑚 =
𝑉𝑚
−

𝑉𝑚
+ = 𝑒

𝑗𝑘(𝐫0−𝐫̂𝑛)𝐫⃗𝑚 (𝑆𝑚𝑚 +∑𝑆𝑚𝑘𝑒
−𝑗𝑘𝐫𝑛𝐫⃗𝑘

𝐾

𝑘=1

) (5-37) 

𝐶𝑚,𝑘 =
𝑉𝑘
−

𝑉𝑚
+ = 𝑆𝑚𝑘𝑒

𝑗𝑘𝐫𝑛𝐫⃗𝑚𝑒−𝑗𝑘𝐫𝑛𝐫⃗𝑘 (5-38) 

where 𝐫⃗𝑘 is the position vector of the 𝑘-th neighbor of the 𝑚-th element, 𝑆𝑚𝑘 is the 

magnitude of the scattering (coupling) coefficients of the 𝑚-th element and its 𝑘-th 

neighbor. Since the coupling depends on the distance between two antenna elements, the 

location errors of the antenna elements directly affect the coupling as phase and amplitude 

deviations, therefore, no particular notation is given for location errors in (5-37) and (5-

38). 

The antenna element is fed by two orthogonal ports in order to provide circular 

polarization. In this sense, the intra-element errors are the mutual coupling between two 

feeding ports and the location errors of the ports which effect the polarization phase 

difference, 𝜂, and the RF circuit phase and gain deviations of each port. We define the 

polarization phase difference of the 𝑚-th element, 𝜂𝑚, between ports 𝑎 and 𝑏 as:   

𝜂𝑚 = 𝛩𝑎,𝑚 − 𝛩𝑏,𝑚 = 90
𝑜                (𝑅𝐻𝐶𝑃) (5-39) 

  𝜂𝑚 = 𝛩𝑎,𝑚 − 𝛩𝑏,𝑚 = −90
𝑜             (𝐿𝐻𝐶𝑃) (5-40) 

where 𝛩𝑎,𝑚 and 𝛩𝑏,𝑚 are the ideal phases of the ports 𝑎 and 𝑏 of the 𝑚-th element, 

respectively. The location errors of feeding ports add additional polarization phases of 𝜂𝑚, 

are ∆𝜂𝑎,𝑚 and ∆𝜂𝑏,𝑚. Besides, the RF circuits connected to each port contributes phase 

errors. Considering, right-hand circular polarization, including phase errors then the 

polarization phase difference, 𝜂𝑚, takes the form as: 

𝜂̂𝑚 = (𝛩𝑎,𝑚 + ∆𝜂𝑎,𝑚 + ∆𝛹𝑎,𝑚
𝑅𝐹 ) − (𝛩𝑏,𝑚 + ∆𝜂𝑏,𝑚 + ∆𝛹𝑏,𝑚

𝑅𝐹 ) (5-41) 

where ∆𝛹𝑎,𝑚
𝑅𝐹  and ∆𝛹𝑏,𝑚

𝑅𝐹  are the phase deviations of the RF circuits. Then, the mutual 

coupling matrix of the ports of the 𝑚-th element can be expressed as: 
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𝐂̃𝑚 = [
𝑆𝑎𝑎
𝑚 𝑆𝑏𝑎

𝑚 𝑒𝑗𝜂̂𝑚

𝑆𝑎𝑏
𝑚 𝑒−𝑗𝜂̂𝑚 𝑆𝑏𝑏

𝑚
] (5-42) 

where 𝑆𝑎𝑎, 𝑆𝑎𝑏, 𝑆𝑏𝑎 and 𝑆𝑏𝑏 are the scattering coefficients of the ports of the 𝑚-th element.  

According to [42], we assume port 𝑎 effects the 𝐸𝜃(𝜃𝑛, 𝜑𝑛) field and port 𝑏 effects the 

𝐸𝜑(𝜃𝑛, 𝜑𝑛) Then, based on the aforementioned statements, we can derive the array 

manifold matrices 𝐌𝜃(𝜃𝑛, 𝜑𝑛)ϵ ℂ
𝑀×𝑀 and 𝐌𝜑(𝜃𝑛, 𝜑𝑛)ϵ ℂ

𝑀×𝑀 in the pointing direction, 

(𝜃𝑛, 𝜑𝑛), as follows:   

𝐌𝜃(𝜃𝑛, 𝜑𝑛) = (𝐈𝑀×𝑀 + 𝒔𝑏𝑎𝒅𝑏𝑎)𝐆RF,a (∆𝐆(𝜃𝑛, 𝜑𝑛)𝐏̂𝑥∆𝐀(𝜃𝑛, 𝜑𝑛)) 𝐌̃(𝜃𝑛, 𝜑𝑛) (5-43) 

𝐌𝜑(𝜃𝑛, 𝜑𝑛) = (𝐈𝑀×𝑀 + 𝒔𝑎𝑏𝒅𝑎𝑏)𝐆̂RF,b (∆𝐆(𝜃𝑛, 𝜑𝑛)𝐏̂𝑦∆𝐀(𝜃𝑛, 𝜑𝑛)) 𝐌̃(𝜃𝑛, 𝜑𝑛) (5-44) 

where 𝒔𝑏𝑎ϵ ℂ
𝑀×1 and 𝒔𝑎𝑏ϵ ℂ

𝑀×1 are the intra-element scattering coefficient vectors of 𝑀 

element being as 𝒔𝑏𝑎 = [𝑆𝑏𝑎
1 , … 𝑆𝑏𝑎

𝑚 , … 𝑆𝑏𝑎
𝑀 ] and 𝒔𝑎𝑏 = [𝑆𝑎𝑏

1 , … 𝑆𝑎𝑏
𝑚 , … 𝑆𝑎𝑏

𝑀 ], respectively, 

𝒅𝑏𝑎ϵ ℂ
𝑀×1  and 𝒅𝑎𝑏ϵ ℂ

𝑀×1  are the intra-element phase difference vectors of 𝑀 element 

being as 𝒅𝑏𝑎 = [𝑒
𝑗𝜂̂1 , … 𝑒𝑗𝜂̂𝑚 , … 𝑒𝑗𝜂̂𝑀] 𝑇 and 𝒅𝑎𝑏 = [𝑒

−𝑗𝜂̂1 , … 𝑒−𝑗𝜂̂𝑚 , … 𝑒−𝑗𝜂̂𝑚] 𝑇 ,respectively, 

𝐆RF,aϵ ℂ
𝑀×𝑀 and 𝐆RF,bϵ ℂ

𝑀×𝑀 are the diagonal matrices, whose complex valued elements 

represent the phases and gains of the RF circuits including gain/phase deviations of the 

ports 𝑎 and 𝑏, respectively, 𝐏̂𝑥ϵℂ
𝑀×𝑀 and 𝐏̂𝑦ϵℂ

𝑀×𝑀 are the diagonal matrices whose 

diagonal elements represent faulty polarization coefficients and can be obtained by 

substituting 𝜂𝑚 by 𝜂̃𝑚 in (5-39) and (5-40).  

Finally, we can reformulate expressions in (5-28) and (5-29) including the coupling, 

gain/phase deviations, and location errors as: 

𝐸𝑅𝐻𝐶(𝜃, 𝜑) =
1

√2
[𝐌𝜃(𝜃𝑛, 𝜑𝑛) + 𝑗𝐌𝜑(𝜃𝑛, 𝜑𝑛)] (5-45) 

𝐸𝐿𝐻𝐶(𝜃, 𝜑) =
1

√2
[𝐌̂𝜃(𝜃𝑛, 𝜑𝑛) − 𝑗𝐌̂𝜑(𝜃𝑛, 𝜑𝑛)] (5-46) 

5.3.2.3. Error Matrix Estimation 

The array manifolds 𝐌𝜃(𝜃𝑛, 𝜑𝑛) and 𝐌𝜑(𝜃𝑛, 𝜑𝑛) contain the gain/phase uncertainties due 

to RF components, location errors, element mismatches and mutual coupling effects, and 

also contain the ideal array parameters, thus, these matrices are known as measurement 

matrices. Therefore, for calibration error coefficients have to be estimated from the array 

manifolds. The error matrices for both field components can be estimated by adopting the 

least squares criteria and can be expressed as: 
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min
𝐌𝜃
𝑒
‖𝐌𝜃(𝜃𝑛, 𝜑𝑛) − 𝐆RF,a(𝐆(𝜃𝑛, 𝜑𝑛)𝐏𝑥𝐀(𝜃𝑛, 𝜑𝑛)) 

𝐆𝑅𝐹𝐆(𝜃𝑛, 𝜑𝑛)𝐀(𝜃𝑛, 𝜑𝑛)𝐌𝜃
𝑒‖𝐹
2  

(5-47) 

min
𝐌𝜑
𝑒
‖𝐌𝜑(𝜃𝑛, 𝜑𝑛) − 𝐆RF,b (𝐆(𝜃𝑛, 𝜑𝑛)𝐏𝑦𝐀(𝜃𝑛, 𝜑𝑛)) 

𝐆𝑅𝐹𝐆(𝜃𝑛, 𝜑𝑛)𝐀(𝜃𝑛, 𝜑𝑛)𝐌𝜑
𝑒 ‖

𝐹

2
 

(5-48) 

Since the matrices and vectors 𝐆𝑅𝐹,𝑎, 𝐆𝑅𝐹,𝑏, 𝐏𝑥, 𝐏𝑦, 𝐆𝑅𝐹, 𝐆(𝜃𝑛, 𝜑𝑛)  and 𝐀(𝜃𝑛, 𝜑𝑛) are 

primarily known, the unknown coefficients of the error matrices can be estimated as 

follows:    

𝐌𝜃
𝑒 = ((𝐌́𝜃)

𝑇
𝐌́𝜃)

−1

(𝐌́𝜃𝐌𝜃(𝜃𝑛, 𝜑𝑛))
𝑇

 (5-49) 

𝐌𝜑
𝑒 = ((𝐌́𝜑)

𝑇
𝐌́𝜑)

−1
(𝐌́𝜑𝐌𝜑(𝜃𝑛, 𝜑𝑛))

𝑇
 (5-50) 

where 𝐌́𝜃 and 𝐌́𝜑 can be denoted as: 

𝐌́𝜃 = 𝐆RF,a(𝐆(𝜃𝑛, 𝜑𝑛)𝐏𝑥𝐀(𝜃𝑛, 𝜑𝑛))𝐆𝑅𝐹𝐆(𝜃𝑛, 𝜑𝑛)𝐀(𝜃𝑛, 𝜑𝑛) (5-51) 

𝐌́𝜑 = 𝐆RF,b (𝐆(𝜃𝑛, 𝜑𝑛)𝐏𝑦𝐀(𝜃𝑛, 𝜑𝑛))𝐆𝑅𝐹𝐆(𝜃𝑛, 𝜑𝑛)𝐀(𝜃𝑛, 𝜑𝑛) (5-52) 

The gain/phase compensation of the complete phased antenna array, then, can be 

performed. By simply taking the inverses of the 𝐌𝜃
𝑒  and 𝐌𝜑

𝑒 , then, multiplying with  

𝐌𝜃(𝜃𝑛, 𝜑𝑛) and 𝐌𝜑(𝜃𝑛, 𝜑𝑛), respectively, the both field component are compensated.  

However, the direct inversion of matrices often leads to inaccurate results in hardware 

because of the division operator, therefore, invers matrix approximations are widely used 

in order to degrade the inverse matrix operation into matrix sums and matrix 

multiplications [43]. In general, the inverse matrix approximation methods require initial 

conditions and a Toeplitz or a symmetrical precondition matrix to guarantee the 

convergence [43].  

In case of non-reciprocity of mutual coupling between neighboring antennas, as well as, 

non-reciprocity in intra-element coupling, the convergence of the standard methods, such 

as Newton iteration method and Chebyshev iteration method, is not guaranteed. 

Therefore, in this study we adopted the inverse matrix approximation method in [43]. The 

adopted method is globally convergent and initial Toeplitz or symmetric matrix is not 

required without depending on any preconditions.  

The inverse approximations of the error matrices in the desired pointing direction can be 

estimated as: 
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(𝐌𝜃
𝑒(𝑖 + 1))

−1
= (𝐌𝜃

𝑒(𝑖))
−1
+ 𝐗𝜃 ((𝐌𝜃

𝑒(𝑖))
𝑇
𝐁𝜃(𝐌𝜃

𝑒(𝑖))
−1
) (5-53) 

(𝐌𝜑
𝑒 (𝑖 + 1))

−1
= (𝐌𝜑

𝑒 (𝑖))
−1
+ 𝐗𝜑 ((𝐌𝜑

𝑒 (𝑖))
𝑇
𝐁𝜃 (𝐌𝜑

𝑒 (𝑖))
−1
) (5-54) 

where 𝑖 is the iteration number,  𝐗𝜃ϵ ℂ
𝑀×𝑀  and 𝐗𝜑ϵ ℂ

𝑀×𝑀 are the initial matrices, 𝐁𝜃 =

(𝐌𝜃
𝑒(𝑖))

𝑇
𝐌𝜃
𝑒(𝑖) and 𝐁𝜑 = (𝐌𝜑

𝑒 (𝑖))
𝑇
𝐌𝜑
𝑒 (𝑖). The detailed formulation for the adopted inverse 

matrix approximation can be found in [43]. 

Then, the compensated fields, 𝐸𝑅𝐻𝐶(𝜃, 𝜑) and 𝐸𝐿𝐻𝐶(𝜃, 𝜑) can be reformulated as: 

𝐸𝑅𝐻𝐶(𝜃, 𝜑) =
1

√2
[(𝐌𝜃

𝑒)−1𝐌𝜃(𝜃𝑛, 𝜑𝑛) + 𝑗(𝐌𝜑
𝑒 )
−1
𝐌𝜑(𝜃𝑛, 𝜑𝑛)] (5-55) 

𝐸𝐿𝐻𝐶(𝜃, 𝜑) =
1

√2
[(𝐌𝜃

𝑒)−1𝐌𝜃(𝜃𝑛, 𝜑𝑛) − 𝑗(𝐌𝜑
𝑒 )
−1
𝐌𝜑(𝜃𝑛, 𝜑𝑛)] (5-56) 

 

5.3.2.4. Axial Ratio Optimization 

Concerning the expressions for right-hand and left-hand circular polarization fields 

including array manifolds, axial ratio can be optimized considering its definition as 𝐴𝑅 =

|𝐸𝑅𝐻𝐶| + |𝐸𝐿𝐻𝐶| |𝐸𝑅𝐻𝐶| − |𝐸𝐿𝐻𝐶|⁄ . Then we can reformulate AR as: 

𝐴𝑅 =
(|𝐌𝜃 + 𝑗𝐌𝝋| + |𝐌𝜃 − 𝑗𝐌𝝋|)

(|𝐌𝜃 + 𝑗𝐌𝝋| − |𝐌𝜃 − 𝑗𝐌𝝋|)
 (5-57) 

where 𝐌̃𝜃 = (𝐌𝜃
𝑒)−1𝐌𝜃(𝜃𝑛, 𝜑𝑛) and 𝐌̃𝜑 = (𝐌𝜑

𝑒 )
−1
𝐌𝜑(𝜃𝑛, 𝜑𝑛). 

By definition the AR depends on right-hand and left-hand circular polarization field 

components. Since the right-hand and left-hand circular polarization components are 

compensated by the measured coupled signals the compensation of 𝐸𝑅𝐻𝐶(𝜃𝑛, 𝜑𝑛) and 

𝐸𝐿𝐻𝐶(𝜃𝑛, 𝜑𝑛) directly effects the AR, thus, the improvement and optimization of AR is 

performed. 

5.3.3. Calibration Procedure 

The main idea of the calibration process is to acquire the coupled intra-element and inter-

element signals from each antenna element to estimate the error matrices 𝐌𝜃
𝑒  and 𝐌𝜑

𝑒 . The 

error matrices, then, can be used for compensating the right-hand side and left-hand side 

pattern components, thus, the axial ratio of the array is improved. The flow chart of the 

proposed procedure is given in Fig. 5.15. 

The steps of the procedure are given as: 
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• In the first step theoretical formulations are derived and uncertainty analysis are 

performed.   

• The proper calibration technique is defined in accordance with the system 

requirements and capabilities.  

• The intra-element and inter-element couplings of each antenna in an array are 

measured since these measurements contain the error and ideal array coefficients.  

• Then, the estimation of error matrices, 𝐌θ
e and 𝐌φ

e , are performed to acquire the 

error coefficients.  

• The calibration is simply done by multiplying the inverses of the error signals by 

the measurement matrices. In that part inverse matrix approximation method is 

applied.  

• Lastly, put the calibrated field matrices 𝐌̃𝜃 and 𝐌̃𝜑 in the AR formulation, thus, 

AR improvement is done.  

 

Fig. 5.15. Procedure for the calibration and improvement of the AR for circular polarized 

active antenna arrays. 

5.3.4. Simulation Results 

In this section, the simulation results are given to validate the effectiveness of the 

proposed calibration method. The numerical examples are based on a planar uniform 

triangular array (URA) formed by 𝑀 = 45 active antenna elements. The inter element 

distances are 𝜆 2⁄   and √3𝜆 4⁄  along 𝑥-axis and 𝑦-axis, respectively. The operating 

frequency for the array is 2.1 GHz. Each antenna element has its own RF chain composed 

of active and passive RF components (see Figure 5). Moreover,  -parameters between 

antenna elements are calculated based on an assumption that 30 dB loss per wavelength, 

𝜆, on radiated signal power from one active antenna element. Therefore, about 3% of the 

Calibration Process

Uncertainty Analysis

Calibration Technique Definition

Coupling measurements: intra-
element and inter-element  

Estimation of and 

Iterative Inverse Estimation of, 

AR Improvement
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radiated signal power from one element is coupled to its adjacent element (−15 dB 

coupling). It should be noted the mutual coupling is formed by multiplying  -parameters 

by phase difference coefficient, 𝑒−𝑗𝑘(𝐫̂𝑚−𝐫̂𝑘)𝐫⃗𝑛 (location errors are included). The mutual 

coupling between self-element ports from the performed measurements is 𝑆𝑎𝑏
𝑚 = 𝑆𝑏𝑎

𝑚 = −4.7 

dB and 𝜂̂𝑚 = −121 degrees. The gain/phase deviations and location errors are modeled 

according to uncertainty analysis in [44] and are given in  Table 5-V. Standard 

uncertainties. It should be noted that parameters are selected randomly with gamma 

distribution within the deviation bounds.  

Table 5-V. Standard uncertainties. 

Parameter 
Deviation 

Bounds 
Parameter 

Deviation 

Bounds 

∆𝑥𝑚[mm] ±9.8157 𝐺RF,b
𝑚 [dB] ±0.6739 

∆𝑦̂𝑚[mm] ±9.8157 ∆𝛹𝑏,𝑚[o] ±4.8753 

𝛹𝑚[o] ±1.7619 ∆𝑆𝑎𝑏
𝑚 [dB] ±0.3388 

𝑔𝑚[dB] ±0.5763 ∆𝑆𝑏𝑎
𝑚 [dB] ±0.3388 

𝐺RF,a
𝑚 [dB] ±0.6739 𝜂̂𝑚[o] ±7.6894 

Fig. 5.16 presents the deviation due to the uncertainties used in sensor location and 

amplitude/phased errors used for the simulations for broadside. Similar errors are 

computed for the other twos cases with (𝜃0, 𝜑0) = (20°, 0°) and (𝜃0, 𝜑0) = (45°, 35°). This is 

noticed that phase errors vary up to 8 degrees in total and amplitude does up to 3.5 gain 

in total. Those high maximum deviation are taken in account to demonstrate the 

performance of the method in the worst case. Finally, it is important to mention that 

location errors include a bias that makes the elements to aim into an oblique plane. 

 

Fig. 5.16. Element wise phase and gain deviation for broadside. 

Fig. 5.17 (a) shows the patterns after compensation applying first-order and second-order 

tiers mutual coupling of elements as well as complete array mutual coupling for (𝜃0, 𝜑0) =

(0°, 0°). Furthermore, ideal and non-compensated patterns are shown to be compared with 

compensated results. The pointing direction of compensated results is accurate. Besides, 

nulls depth varies as a function of the number of tiers used for mutual coupling effect. The 
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last affects the capability of mitigate undesired signals in interference presence scenarios. 

Finally, the bias observed in the simulated errors deviates the pointing direction as well as 

it is observed the coma effect because of the phase distribution that contains the new phase 

centers compensating the sensor location, gain/phase and mutual coupling errors. Fig. 5.17 

(b) and (c) show the 3D antenna array pattern before and after calibration, respectively.   

The large amplitude variation included in simulations produce unsymmetric side-lobes as 

well as modification on the direction of nulls is observed in Fig. 5.17 (a) in dotted turquoise 

color curve. Furthermore, the bias that put the elements aiming into an oblique plane makes 

the array pointing not to broadside and the compensation results shows small comma effect 

in side-lobes. The last produces higher side-lobe level at left of the pattern. 

Fig. 5.18 (a) presents same compensation performance but for (𝜃0, 𝜑0) = (20°, 0°) where the 

compensated patterns show correction in pointing direction as well as 2.5 dB improvement 

in side-lobe level. Fig. 5.18 (b) and (c) show the 3D antenna array pattern before and after 

calibration, respectively. Finally, Fig. 5.19 (a) presents the results for (𝜃0, 𝜑0) = (45°, 35°). 

This is important to highlight that in the three cases the array factor presents the correct 

compensation in pointing direction and side-lobe level. Furthermore, it is demonstrated that 

for improving the side-lobe level mutual coupling from more elements are required to be 

taken into account in the solution of the problem. Therefore, full array compensation results 

in lower sidelobe levels, and the compensated array pattern is the same as the ideal case. 

Fig. 5.19 (b) and (c) show the 3D antenna array pattern before and after calibration, 

respectively. 
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(a) 

 

(b) 

 

(c) 

Fig. 5.17. Pattern comparison of array, ideal, compensated with tier-1, tier-2, complete 

array elements and at: θ𝑜 = 0° and 𝜑𝑜 = 0°. 
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(a) 

 

(b) 

 

(c) 

Fig. 5.18. Pattern comparison of array, ideal, compensated with tier-1, tier-2, complete 

array elements and at: θ𝑜 = 20° and 𝜑𝑜 = 0°. 
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(a) 

 

(b) 

 

(c) 

Fig. 5.19. Pattern comparison of array, ideal, compensated with tier-1, tier-2, complete 

array elements and at: θ𝑜 = 45° and 𝜑𝑜 = 35°. 

Fig. 5.20 presents the uncompensated and compensated CP and XP patterns of 45 element 

uniform triangular active antenna array. Fig. 5.20  (a), (b) and (c) show the results of this 

example for θ𝑜 = 0°, θ𝑜 = 20° and θ𝑜 = 30°. The 𝜑𝑜 = 0° for all of the cases. In those results, 

a reduction of the XP component higher than 1 dB, 3.2 dB and 4.7 dB at the direction of its 

main beam is obtained. Moreover, there are significant sidelobe level suppression in both 

CP and XP. Besides, in Fig. 5.20 it can be observed the reduction of the XP level in the 

direction of the main beam, while improved variation of AR of 0,02 dB, 0,89 dB and 2,49 dB 

for θ𝑜 = 0°, θ𝑜 = 20° andθ𝑜 = 30°. respectively. This is a significant compensation in terms 

of typical AR requirements. For large number of antenna elements more significant will be 

the compensation for the CP and XP patterns. 
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(a) 

 

(b) 

 

(c) 

Fig. 5.20. Co-polar and cross-polar pattern of a planar uniform triangular array (UTA) 

formed by 𝑀 = 45 active antenna element for (a) θ𝑜 = 0° and 𝜑𝑜 = 0°, (b) θ𝑜 = 20° and 

𝜑𝑜 = 0°, (c) θ𝑜 = 45° and 𝜑𝑜 = 35°. 

5.3.5. Experimental Study 

In this section the experimental example is presented. In previous work it was developed 

the automated system for measurement and characterization [45] of the AUT and its 

calibration with different techniques as those proposed in [41], [46], [47]. The system was 

initially designed to operate at 1.7 GHz. For the actual work, the AUT proposed for tracking 

LEO satellites has been modified and new design proposed. This evolution [39] consisted on 

moving the operating frequency up to S-band covering both, the transmission band (2.025 – 

2.12 GHz) and the reception band (2.2 – 2.3 GHz). Furthermore, the radiating elements of 

the new AUT are capable to provide dual circular polarization working simultaneously in 

transmission and reception (Fig. 5.21). 
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Fig. 5.21. Antenna array architecture used in the experimental example. 

Fig. 5.22 presents the 45 elements array of the AUT and the 15 and 5 elements subarrays 

subject of its evaluation in the experimental example including deviation for simulation in 

red color.  

 

Fig. 5.22. General 45 elements planar antenna array sketch with 15 and 5 elements 

subarrays definition. 

The parameters 𝑆𝑚𝑘 and 𝑆𝑎𝑏
𝑚  are known values that have been obtained in the measurement 

campaign of the AUT as described for active antenna arrays in [45]. The parameter 𝑆𝑎𝑏
𝑚  

represents the existing relation between the two ports of a single radiating element of the 

antenna whereas the parameter 𝑆𝑚𝑘  is a vector that contains the relations of each radiant 

element of the antenna with their neighbors. The parameter 𝑆𝑚𝑘 depends on the position of 

the radiant element. 

The coupling values are presented in Table 5-VI, Table 5-VII and Table 5-VIII.  Table 5-VI 

presents the S21 parameters between the radiating element 45th and its first-tier 

neighbors. Table 5-VII presents the S21 parameters between the radiating element 30th 

and its first-tier neighbors. Finally, Table 5-VIII presents the S21 parameters between the 

radiating element 42nd and its first-tier neighbors.  

The amplitude and the phase of these parameters represent the  mk and Dmk terms. These 

measured parameters are used for all the elements with the same position and its same 

neighbor situation within the AUT. The parameters 𝑆𝑎𝑏
𝑚  and 𝑒𝑗𝜂̂𝑚 represent the relation in 
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amplitude and phase between two ports of the same radiating element. The typical values 

of the 𝑆𝑎𝑏
𝑚  and 𝑒𝑗𝜂̂𝑚 parameters for all de radiating elements of this AUT are of -4.7 dB and 

-121 degrees, respectively. 

 

Table 5-VI. S21 parameter measured of the radiating element 45 with respect to 

elements 43 and 44. 

Neighbor 

element 
Amplitude [dB] Phase [º] 

45 - 43 -24,51 119,30 

45 – 44 -25,15 128,66 

Table 5-VII. S21 parameter measured of the radiating element 30 with respect to 

elements 43, 41, 29 and 28. 

Neighbor 

element 
Amplitude [dB] Phase [º] 

30 - 43 -37,26 39,16 

30 - 41 -25,13 168,67 

30 – 29 -24,22 145,84 

30 - 28 -24,65 -129,90 

Table 5-VIII. S21 parameter measured of the radiating element 42 with respect to 

elements 25, 29, 41, 40, 39 and 37. 

Neighbor 

element 
Amplitude [dB] Phase [º] 

42 - 25 -24,11 176,85 

42 - 29 -38,12 41,28 

42 - 41 -24,96 -40,88 

42 - 40 -27,26 -31,01 

42 - 39 -24,37 143,55 

42 - 37 -24,29 137,38 

In order to evaluate the proposed calibration method two cases of compensation of errors 

and mutual couplings effect are presented. These two cases consist of two different pointing 

directions, for Theta 0 and 45 degrees. For this, it is considered the ideal radiation pattern 

as well as the effect of errors and mutual coupling using the antenna pattern measured in 

the anechoic chamber. 

A. Compensation of the radiation pattern in the case study for 𝜽𝒐  =  𝟎° and 𝝋𝒐  =  𝟎°. 

Fig. 5.23 (a) and (b) presents the results of the ideal radiation pattern computed as reference 

from the isolated radiating element measured in anechoic chamber. This pattern is 

computer to contrast the radiation pattern that includes errors and mutual coupling effect 

as well as to the compensated patterns. Fig. 5.23 (a) presents the radiation pattern of the 

complete sub-array of 15 elements presented in Fig. 5.22 for θ𝑜  =  0° and 𝜑𝑜  =  0° based on 

the isolated pattern, whereas (b) presents the cuts of the radiation pattern. 
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The gain of the AUT in this case is 21.62 dBi, the beamwidth is 16.7 degrees whereas the 

side lobe level is -6.81 dB. Those results will be contrasted with those obtained with the 

radiation pattern measured (active element patterns measured that includes errors as it is 

detailed explained in [45]) and the pattern obtained after the compensation. 

Fig. 5.23 (c) and (d) show the radiation pattern with errors to be compared with the ideal 

radiation pattern and the compensated radiation pattern in Fig. 5.23 (e) and (f). Fig. 5.23 (c) 

presents the radiation pattern of the complete sub-array of 15 elements for θ𝑜  =  0° and 

𝜑𝑜  =  0° with errors, Fig. 5.23 (d) presents the cuts of its radiation pattern. In this case, the 

gain is 20.58 dBi, the beamwidth is 18.81 degrees, and the side lobe level is -6.78 dBi. As it 

can be observed, the gain is reduced 0.96 dB and the beamwidth increased 2.1 degrees with 

respect to the reference patterns. 

Fig. 5.23 (e) and (f) present the results after applying the compensation of the radiation 

pattern. Thus, Fig. 5.23 (e) presents the complete radiation pattern compensated of the sub-

array of 15 elements for θ𝑜  =  0° and 𝜑𝑜  =  0°, whereas Fig. 5.23 (f) presents the cuts of the 

compensated radiation pattern. In this case, the gain is 21.12 dBi which is 0.54 dB higher 

with respect to the radiation pattern with errors. The beamwidth is 17.83 degrees being 

reduced 1 degree with respect to the case with errors as expected. Finally, the side lobe level 

is -6.8 dB being also enhanced with respect to the uncompensated case. Fig. 5.23 (c) and (e) 

it is observed that the reduction of the beamwidth after compensation means to increase the 

low level of the pattern. 

 

(a) 

 

(c) 

 

(e) 

 

(b) 

 

(d) 

 

(f) 

Fig. 5.23. (a) and (b): Pattern of the AUT based on the measured isolated element for 

θ𝑜 = 0° and 𝜑𝑜 = 0°, (c) and (d): Pattern of the AUT before compensation for θ𝑜 = 0° and 

𝜑𝑜 = 0°, and (e) and (f): Pattern of the AUT after compensation for θ𝑜 = 0° and 𝜑𝑜 = 0°. 
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B. Compensation of the radiation pattern in the case study for 𝜽𝒐  =  𝟒𝟓° and 𝝋𝒐  =  𝟑𝟓°. 

The second study case is for θ𝑜  =  45° and 𝜑𝑜  =  35°. The ideal radiation pattern based on 

the isolated radiating element pattern measured is presented as the reference in the Fig. 

5.24 (a) and (b). Fig. 5.24 (a) presents the complete radiation pattern of the sub-array of 15 

elements for θ𝑜  =  45° and 𝜑𝑜  = 35°, whereas Fig. 5.24 (b) presents the cuts of the radiation 

pattern. 

Fig. 5.24 (c) and (d) present the radiation pattern with errors of the case study. Fig. 5.24 (c) 

presents the complete radiation pattern, whereas (d) presents the cuts of the radiation 

pattern. In this case, the gain is 19.27 dBi which is 0.76 dB lower with respect to the 

reference pattern. The beamwidth is 22.09 degrees, which is 1.92 degrees larger than the 

reference pattern. The side lobe level is -6.12 dB, therefore 1.32 dB lower. Besides, the shape 

of the main lobe is now elliptical instead of circular due to errors and mainly to mutual 

coupling. 

Fig. 5.24 (e) and (f) present the compensated radiation pattern of the case study, whereas 

(f) presents the cuts of the radiation pattern. In this case, the gain is 19.48 dBi being 0.21 

dB higher than the gain of the uncompensated patterns. The beamwidth is 21.36 degrees 

which is 0.64 degrees less than with errors. The side lobe level is -5.89 dB which is about 1 

dB less than the obtained in the reference patterns. Besides, as observed in the previous 

case study, in Fig. 5.24  (c) it is noticed that the main beam has an elliptic shape instead of 

circular due to errors and mutual coupling effect is then corrected in Fig. 5.24 (e). 
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(a) 

 

(c) 

 

(e) 

 

(b) 

 

(d) 

 

(f) 

Fig. 5.24. (a) and (b): Pattern of the AUT based on the measured isolated element for 

θ𝑜 = 45° and 𝜑𝑜 = 35°, (c) and (d): Pattern of the AUT before compensation for θ𝑜 = 45° 

and 𝜑𝑜 = 35° , and (e) and (f): Pattern of the AUT after compensation for θ𝑜 = 45° and 

𝜑𝑜 = 35°. 

Table 5-IX and Table 5-X present a comparison of the results obtained in the two-case study. 

For this, the obtained gain, beamwidth and side lobe level are presented. It is observed that 

for a pointing direction of theta 45°, the errors and mutual coupling effect contribute to a 

gain reduction of 1.31 dB in addition to the reduction of 1,59 dB with respect to the broadside 

pattern gain. This total gain loss higher than 2.9 dB with respect to the gain at broadside 

direction is too large for the use of a planar antenna in satellite communication system. 

Thus, calibration systems and its control software are key sub-systems of active antenna 

array in active antenna arrays system application.  

In order to present the significant improvement of the proposed method in the reduction of 

the XP component (interferer component) we explored the improvement obtained while a 

reduction of the number of elements of the sub-array under test is done. In this sense, we 

obtained that a sub-array of 9 elements is a simple and appropriate size for the AUT in order 

to observe a significant reduction higher than 1 dB, 5 dB and 10 dB of the XP component in 

the main beam direction as well as the compensation of the CP pattern component, not only 

in the main beam but also in SLL that impacts in the reduction of the antenna temperature 

in reception. 
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Table 5-IX. Pattern parameters comparison for case study of θ𝑜  =  0° and 𝜑𝑜  =  0°.                                                           

Parameter Ideal Uncompensated Compensated 

Gain [dBi] 21,62 20,58 21,12 

Beamwidth [ᵒ] 16,70 18,81 17,83 

Side lobe level 

[dB] 
-6,81 -6,78 -6,80 

Table 5-X. Pattern parameters comparison for case study of θ𝑜  =  45° and 𝜑𝑜  =  35°.                                                           

Parameter Ideal Uncompensated Compensated 

Gain [dBi] 20,03 19,27 19,48 

Beamwidth [ᵒ] 20,17 22,09 21,36 

Side lobe level 

[dB] 
-4,82 -6,12 -5,89 

Fig. 5.25 presents the uncompensated and compensated CP and XP patterns of one sub-

array of the AUT with only 9 active elements. Fig. 5.25 (a), (b) and (c) show the results of 

this example for 𝜗𝑜 = 0°, 𝜗𝑜 = 20° and  𝜗𝑜 = 30°. In those results, a reduction of the XP 

component higher than 1 dB, 5 dB and 10 dB at the direction of its main beam is obtained. 

Finally, the main beam direction of those cases is also compensated. 

   

(a) (b) (c) 

Fig. 5.25. Co-polar and Cross-polar pattern of a 9 elements sub-arrays of the AUT for (a) 

𝜗𝑜 = 0°, (b) 𝜗𝑜 = 20° and (c) 𝜗𝑜 = 0°. 

Nowadays, polarization-agile antenna systems are a promising antenna system concept that 

needs appropriate calibration methods like the proposed in this work to optimize the 

antenna performance guarantying optimum AR at the time the antenna is changing the 

pointing direction. 

Table 5-XI presents the parameters comparison for the example of the AUT with 9 active 

elements for 𝜗𝑜 = 0°, 𝜗𝑜 = 20° and  𝜗𝑜 = 30°. This table presents the improvements in the 

CP and XP patterns in terms of the main beam pointing, XPD (XP discrimination) and AR 

improvements. Besides, in Fig. 8 it can be observed the reduction of the XP level in the 

direction of the main beam (highlighted with green line), while Table 7 presents the 

Improved variation of AR of 0,02 dB, 0,89 dB and 2,49 dB for 𝜗𝑜 = 0°, 𝜗𝑜 = 20° and  𝜗𝑜 =

30°, respectively. This is a significant compensation in terms of typical AR requirements. 
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For large number of antenna elements more significant will be the compensation for the CP 

and XP patterns. 

Furthermore, the elliptic main beam cross-section of the pattern of a rectangular planar 

antenna array system is an important issue in SATCOM systems due to the skew angle 

limitation in onboard satellite communications terminals. If the major axis of the elliptic 

section of the main beam is too large, for lower skew angles the interference contribution to 

other adjacent satellite systems will be prohibitive. In this sense, circular polarized antenna 

systems for SATCOM such as those working at X and K/Ka bands will need to optimize not 

only the AR at the time the pointing direction is changed but also the correction of the 

antenna main beam shape is important. 

Table 5-XI. Compensated pattern parameters comparison for case study of θ𝑜 =
 0°, 20° and 30°, and 𝜑𝑜  =  0°. 

Parameter (θ𝑜, 𝜑𝑜) = (0°, 0°) (θ𝑜 , 𝜑𝑜) = (20°, 0°) (θ𝑜, 𝜑𝑜) = (30°, 0°) 

∆Pointing [ᵒ] 0° ~0.5° ~2° 

∆XP [dB] -0,10 -4,50 -8,50 

XPD uncalibrated 

[dB] 
21,90 18,05 13,00 

XPD calibrated 

[dB] 
22,00 22,55 21,50 

AR uncalibrated 

[dB] 
1,40 2,19 3,96 

AR calibrated [dB] 1,38 1,30 1,47 

Improved ∆AR 

[dB] 
0,02 0,89 2,49 

5.4. Conclusions 

A mutual coupling-based self-calibration method which is suitable for off-line, on-site and 

online calibration schemes was proposed.  Numerical simulations are provided to evaluate 

the calibration performance of the method and a four-element simple experimental system 

is set-up to verify the effectiveness of the proposed method.  The calibration method capable 

of compensating mutual coupling effect, and gain and phase errors, as well as, phase center 

plane shift. The method is based on the estimation of the phase center and suitable for any 

array topology. The compensation weights were derived from the phase center obtained with 

least-squares solutions, and the expansion of the active element pattern for active antenna 

arrays. However, the compensation matrix was derived with an inverse matrix 

approximation method.  

The theory for the analytical validation of the proposed method has been addressed, and the 

effect of gain/phase uncertainties, location errors and mutual coupling on phase center has 

been demonstrated. The effectiveness of the proposed method is validated by simulation 

results under worst conditions. The simulation results show that the compensated patterns 

have at least 2.5 dB improvement in side-lobe levels and have deeper nulls.  
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Furthermore, a four-element simple experimental system is set-up to verify the 

effectiveness of the proposed method in practice. An RF-SoC FPGA was used to measure the 

coupling between antenna elements and the measured raw data was post-processed. It has 

been seen that unequal mutual couplings and antenna patterns lead in unequal side-lobe 

levels and phase center plane shift in practice. The experimental study shows that the 

proposed method at least 3 dB improvement in side-lobe levels and have deeper nulls, as 

well as, has the capability of compensating phase center plane shift. 

A novel calibration method for circularly polarized active antenna array based on AR 

optimization for improvement of antenna array performance compensating errors and 

mutual coupling effect was proposed. Furthermore, the coupling parameters were measured 

as well as gain, phase and manufacturing errors data were used in the model presented for 

the analysis of the proposed method.  

It is demonstrated that the proposed method compensates errors and mutual coupling effect. 

The compensation capability was explored and discussed based on the AUT simulated 

pattern for worst case errors and measured patterns within the two-case study for different 

pointing directions. From the experimental example, the compensation of the AUT radiation 

pattern was confirmed as well in terms of the enhancement of the gain, beamwidth, side 

lobe level and axial ratio.  

Furthermore, this is observed significant improvement in the compensated CP and XC 

patterns. This compensation improved the axial ratio in 2.5 dB for Theta equal to 30 degrees 

as well as an improvement on XPD of 8.5 dB is observed in the patterns presented. 

In addition, the theory for the analytical validation of the proposed solutions has been 

addressed, and the proposed method for calibration has been validated in terms of the 

compensation capability. 
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6. Chapter VI: Direction of Arrival and Channel 

Estimation Proposals in RIS-Aided MIMO 

Systems  

6.1. Introduction  

Millimeter wave (mm-Wave) massive MIMO systems are considered to play the major role 

not only in fifth-generation (5G) mobile communications technology but also in beyond-5G 

(B5G) technology, sixth generation (6G) technology that will be used mainly for autonomous 

driving and industry 4.0, and will be used in the internet of things (IoT), respectively [1], 

[2], [3], [4]. One of the main advantages of using massive MIMO systems at ultrahigh 

frequencies is to compensate for the high free path losses at millimeter wavelengths by using 

a large number of antenna elements [3], [5]. The densely numbered antenna structure of 

massive MIMO systems increases the transmission rate, spectral efficiency and power 

spectral efficiency [6], [7], [8], moreover, communication strictly relies on the line-of-sight 

path (LoS) in mm-wave bands [9]. In the dense communications scenario, the link between 

communication ends is most likely blocked. However, in highly dense environments the LoS 

channel between the transmitter and receiver is likely to be blocked [10], moreover, signal 

reflections, refractions, diffractions and scatterers highly effect the positioning signal [1]. In 

order to mitigate the effects of factors hindering the data transfer and provide a virtual LoS 

channel where it is required, a new concept known as reconfigurable intelligent surface 

(RIS) has been proposed [11], [12].  

Reconfigurable intelligent surfaces are the candidates to form a virtual LoS path to provide 

coverage between the blocked ends while improving the communication quality of wireless 

systems [13]. A RIS essentially consists of passive reflecting elements with the ability to 

change the electromagnetic (EM) characteristics of the reflection of the incident radio 

frequency (RF) signals by altering the phases of each element in the array [14]. Therefore, 

RISs are cost-effective and energy-efficient auxiliary elements for massive MIMO systems 

[14]. Although, RISs are additional auxiliary elements for massive MIMO systems which 

enhance the overall communication quality, DoA and channel estimation becomes more 

challenging task in RIS-aided massive MIMO systems than the conventional MIMO 

systems since the total number of antennas is larger and there are multiple different 

channels (direct, cascaded, multiple cascaded, etc.). 

In massive MIMO systems, the three-dimensional (3D) beamforming is considered to enable 

the link reliability enhancement [15]. The accurate estimation of the direction-of-arrival 

(DoA) is the preliminary stage of 3D beamforming [16], target localization [17] and channel 

estimation [18] in RIS-aided mm-Wave massive MIMO systems, as in many communication 
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applications. The subspace DoA estimation algorithms, such as, multiple signal 

classification (MUSIC) [19], estimation of signal parameters via rotational invariance 

technique (ESPIRIT) [20], weighted subspace fitting (WSF) [21] and maximum likelihood 

(ML) [22], are widely used in RIS-aided communication systems. The performance of 

subspace DoA algorithms depends on the correlation, which requires the signal information 

from each antenna in an array. However, the implementation of such algorithms becomes 

impractical in massive MIMO systems since the power consumption of the radio frequency 

chain (RF) connected to each antenna in the access receiver will be high. Additionally, these 

algorithms include eigen value decomposition (EVD) or matrix inversion operations with 

high computational complexity. The high computation leads latency and disruptions in high-

speed data flow, especially if targets are dynamic. Considering that current 5G networks 

consume 3 times more power [23] and require ~15 times less latency [24] than previous 

fourth generation (4G) networks, energy-efficient receiver architectures and low-complexity 

DoA algorithms for low latency are needed to be developed. 

In practical communication systems mixed far-field and near-field signals exist resulting in 

hybrid-field communication scenario [25], [26]. The hybrid-field estimation is more complex 

than the conventional channel estimation problem. Hence, there is not much work on 

hybrid-field channel estimation. In [27], hybrid-field channel estimation for extremely large-

scale massive MIMO system. The structural characteristic of far-field path components in 

the angle domain and the sparsity of near-field path components in polar domain were 

exploited for channel estimation employing a combination of support detection and 

orthogonal matching pursuit algorithms. Moreover, in [28], a fixed point network-based 

channel estimator was proposed for hybrid-field Terahertz XL-MIMO systems. On the other 

hand, among the limited number of studies on RIS-aided massive MIMO channel 

estimation, in [29], a hybrid-field vehicle-to-vehicle (V2V) channel model for RIS-aided 

systems has been proposed and in [25] an U-shaped network based on the dedicated 

multilayer perceptron (MLP) based hybrid-field channel estimation method has been 

proposed. However, those approaches to hybrid-field channel estimation problem in RIS-

aided mm-Wave massive MIMO systems are lack of DoD and DoA resolution which effects 

the channel estimation. Therefore, a more effective channel estimation methods are in need.  

Based on the open issues mentioned for RIS-assisted mm-wave massive MIMO systems, 

this chapter proposes an energy-efficient fast DoA estimation and tracking algorithm and 

an efficient hybrid-field channel estimation method for such systems. The estimation of 

direction of arrivals (DoAs), direction of departures (DoDs) and range arrivals, range of 

departures depend on the higher order statics of the received signal at receiver.   
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6.2. Energy Efficient Low-Complexity RIS-Aided 3-D DoA 

Estimation and Target Tracking Algorithm via Matrix 

Completion 

In order to reduce the total power consumption in the receiver and at same time increase 

the DoA estimation and tracking capability in RIS-aided mm-Wave massive MIMO systems, 

a novel algorithm is developed. Based on the works in [30], [31],  the reduced RF chain by 

antenna switching in the receiver architecture is adopted, thus, the total power consumption 

is reduced pro rata the percentage of the switched off antennas. However, random antenna 

nulling leads significant signal information loss which causes the performance loss in DoA 

estimation. The missing signal data from selected subset of elements in receiver array is 

recovered by using the truncated nuclear norm regularization alternating direction of 

multipliers (TNNR-ADMM) matrix completion algorithm. Then the recovered data matrix 

is used for DoA estimation and tracking.   An adaptive RLS-based DoA estimation and 

increased tracking capability by exploiting computational effectiveness of adaptive moment 

estimation method to update the forgetting factor by using the first gradient of the error 

signal is proposed. The proposed algorithm does not involve the heavy matrix computation 

such as eigen value decomposition or inverse matrix operation which are essential in 

subspace DoA estimation algorithms. The proposed algorithm is evaluated under single-

propagation and multi-propagation path conditions, and the performance of the proposed 

algorithm is compared with state-of-the-art algorithms under various performance metrics. 

Based on the analysis and simulation results, after applying matrix completion, the 

proposed DoA tracking algorithm outperforms the state-of-the-art algorithms.  

6.2.1. Main Contributions 

The main contributions of the proposed energy efficient low-complexity RIS-aided 3-D DoA 

estimation and tracking algorithm via matrix completion are listed below: 

• The proposed DoA estimation and tracking algorithm does not involve any 

correlation matrix and eigen value decomposition or inverse matrix operation in 

contrast to the approaches in [19], [20], [22], [32].  

• The proposed algorithm does not require all elements in the antenna array for 

processing. 

• The number of RF chains is reduced by antenna switching in the receiver. Hence, 

the total power consumption in the systems is reduced. 

• Reducing RF chains and random nulling of antennas cause signal information loss 

which yields performance degradation in DoA estimation and tracking. The 

missing received signal information is recovered by using TNNR-ADMM matrix 

completion algorithm.  
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• A novel reduced computational complexity adaptive forgetting factor (AF-RLS), as 

explained in Chapter 3 is used for fast DoA estimation and increased tracking 

capability.    

6.2.2. System Model and Theoretical Formulation 

An uplink narrow-band RIS-aided mm-Wave massive MIMO system for indoor or outdoor 

target tracking, as illustrated in Fig. 6.1, is considered for this study. The system consists 

of one AP with 𝑀𝐴𝑃 antennas and 𝑀𝑅𝐹 (𝑀𝑅𝐹 ≪ 𝑀𝐴𝑃) RF chains communicate with one 

dynamic user (UE) with a single antenna via RIS with 𝑀𝑅𝐼𝑆 antennas. The AP and RIS are 

equipped with uniform planar arrays (UPA). The AP receives 𝑁 snapshots for the processing 

in each epoch 𝑡. We define epoch as signal samples received within a certain time frame. In 

every 𝑡-th epoch, UE is blocked and, paths UE to RIS satisfy the far-field condition while 

and RIS is placed in the near-field region of the AP. The power density of the signal reaching 

RIS and AP is considered to be the same due to the far-field assumption as referred in [32]. 

Moreover, the near-field range dependent phase components are ignored since power 

density is assumed same at RIS and AP. Therefore, in this study, the steering vector is given 

according to the far-field assumption. The radiated signal waveform is narrowband, 

therefore, we assume that multi-path propagations (scatters) between RIS and AP can be 

ignored [19], [32]. However, there are 𝐿 propagation paths (one UE and its scatterers) at 

each 𝑡-th epoch. The proposed approach can be easily extended to multi-user case by 

adapting a matched filter at the receiver if the signals of the sources are known or a blind 

source separation method if the number of users is known or estimated.  

 

Fig. 6.1. RIS-aided 3-D DoA estimation and target tracking system. 

The incident signals from 𝐿 paths in 𝑡-th epoch, received by the 𝑚𝑅𝐼𝑆-th element of the RIS, 
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𝑥𝑡,𝑚𝑅𝐼𝑆
(𝑛) =∑𝛼𝑡,𝑙𝑠𝑡(𝑛)𝑒

−𝑗
2𝜋
𝜆
𝐫𝑡,𝑙𝐫⃗𝑚𝑅𝐼𝑆

𝐿

𝑙=1

 (6-1) 

where 𝛼𝑡,𝑙 is the complex amplitude of the 𝑙-th path in 𝑡-th epoch, 𝑠𝑡(𝑛) is the radiated signal 

from UE, 𝜆 is the wavelength,  𝐫̂𝑡,𝑙 is being the unitary vector associated with the far-field 

signal and its mutli-paths as 𝐫̂𝑡,𝑙 = [sin 𝜃𝑡,𝑙 cos𝜙𝑡,𝑙 , sin 𝜃𝑡,𝑙 sin𝜙𝑡,𝑙 ,  cos 𝜃𝑡,𝑙]
𝑇
, 𝜃𝑡,𝑙 and 𝜙𝑡,𝑙 are 

the elevation and azimuth DoAs from the of the 𝑘-th path in 𝑡-th epoch and 𝐫⃗𝑚𝑅𝐼𝑆
 is being 

the location of the 𝑚𝑅𝐼𝑆-th element as 𝐫⃗𝑚𝑅𝐼𝑆
= [𝑥𝑚𝑅𝐼𝑆

, 𝑦𝑚𝑅𝐼𝑆
, 𝑧𝑚𝑅𝐼𝑆

] (inter-element spacing is 

set to 𝜆/2).  

The reflected signal by the 𝑚𝑅𝐼𝑆-th element of RIS in 𝑡-th epoch, 𝜓𝑡,𝑛(𝑛), then can be 

expressed as: 

𝜓𝑡,𝑚𝑅𝐼𝑆
(𝑛) = 𝑒−𝑗𝜔𝑡,𝑚𝑅𝐼𝑆𝑥𝑡,𝑚𝑅𝐼𝑆

(𝑛) (6-2) 

where 𝑒−𝑗𝜔𝑡,𝑚𝑅𝐼𝑆  denotes the reflection phase at the 𝑚𝑅𝐼𝑆-th element of RIS in 𝑡-th epoch. 

Then, the observed signal at the 𝑚𝐴𝑃-th element of AP in 𝑡-th epoch,  𝑦𝑡,𝑚𝐴𝑃
(𝑛) is given by: 

𝑦𝑡,𝑚𝐴𝑃
(𝑛) = ∑ 𝜓𝑡,𝑚𝑅𝐼𝑆

(𝑛)

𝑀𝐴𝑃

𝑚𝐴𝑃=1

𝑒
𝑗
2𝜋
𝜆
𝒓̂𝑅𝐼𝑆,𝑡𝒓⃗⃗𝑚𝑅𝐼𝑆𝑒

−𝑗
2𝜋
𝜆
𝒓̂𝐴𝑃,𝑡𝒓⃗⃗𝑚𝐴𝑃 + 𝑧𝑡,𝑚𝐴𝑃

(𝑛) (6-3) 

where 𝐫̂𝑅𝐼𝑆,𝑡 and 𝐫̂𝐴𝑃,𝑡 are the direction-of-departure (DoD) unitary vector of RIS and DoA 

unitary vector of AP in 𝑡-th epoch, respectively and 𝑧𝑡,𝑚𝐴𝑃
(𝑛) denotes the additive white 

Gaussian noise received by the 𝑚-th element of AP. The related elevation and azimuth 

angles of the wave vectors are, 𝜃𝑅𝐼𝑆,𝑡, 𝜙𝑅𝐼𝑆,𝑡, 𝜃𝐴𝑃,𝑡 and 𝜙𝐴𝑃,𝑡 . We sort each value 𝑦𝑡,𝑚𝐴𝑃
(𝑙) into 

matrix-wise form in each 𝑡-th epoch, then the compact form of resulting matrix 𝐘𝑡  ϵ ℂ
𝑀𝐴𝑃×𝑁 

of the 𝑀𝐴𝑃 receiving antennas can be expressed as: 

𝐘𝑡 = [

𝑦1(1) ⋯ 𝑦1(𝑛)
⋮ ⋱ ⋮

𝑦𝑀𝐴𝑃(1) ⋯ 𝑦𝑀(𝑁)
] =∑(𝐪𝑇𝐛𝚪𝐚𝑙

𝑇)𝐬 + 𝐙

𝐿

𝑙=1

 (6-4) 

where 𝐪 = 𝑒−𝑗𝐫𝐴𝑃,𝑡 𝐑⃗⃗⃗𝐴𝑃ϵ ℂ𝑀𝐴𝑃×1 is the steering vector of DoA in each epoch 𝑡 to AP and 

𝐑⃗⃗⃗𝐴𝑃ϵ ℝ
3×𝑀𝐴𝑃  location matrix of antenna elements in AP, 𝐛 = 𝑒𝑗𝐫𝑅𝐼𝑆,𝑡 𝐑⃗⃗⃗𝑅𝐼𝑆ϵ ℂ𝑀𝑅𝐼𝑆×1 is the 

steering vector of DoD from RIS in each epoch 𝑡 and 𝐑⃗⃗⃗𝑅𝐼𝑆ϵ ℝ
3×𝑀𝑅𝐼𝑆 location matrix of antenna 

elements in RIS, 𝚪 = 𝑑𝑖𝑎𝑔(𝑒𝑗𝜔1 , 𝑒𝑗𝜔𝑚𝑅𝐼𝑆 , … , 𝑒𝑗𝜔𝑀𝑅𝐼𝑆)ϵ ℂ𝑀𝑅𝐼𝑆×𝑀𝑅𝐼𝑆 is the diagonal phase shift 

matrix of RIS in each 𝑡-th epoch, 𝐚𝑙 = 𝑒
−𝑗𝐫𝑡,𝑙𝐑⃗⃗⃗𝑅𝐼𝑆ϵ ℂ𝑀𝑅𝐼𝑆×1 is the steering vector of DoA from 

the 𝑘-th path to the RIS in each epoch 𝑡, 𝐬 = [𝑠𝑙(1), … , 𝑠𝑙(𝑁)]ϵ ℂ
1×𝑁 is the transmitted signal 

vector from UE,  𝐙 = [𝐳1:𝑀𝐴𝑃(1), … , 𝐳1:𝑀𝐴𝑃(𝑁)]ϵℂ
𝑀𝐴𝑃×𝑁 is the noise matrix in AP. 
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6.2.3. Proposed Algorithm  

In this section, the problems arising from antenna switching, the flow of the proposed 

algorithm and the convergence analysis of the proposed adaptive forgetting factor are given. 

The flow chart of the proposed algorithm is shown Fig. 6.2. 

 

Fig. 6.2. Flow chart of the proposed 3-D DoA estimation and tracking algorithm. 

The steps for the proposed algorithm: 

1) The optimum phase shift configuration of the RIS elements is found by maximizing 

the received signal-to-noise ratio (SNR). Thus, the overall DoA estimation and 

tracking performance increases.  

2) The TNNR-ADMM matrix completion algorithm is applied in order to recover the 

missing entries in the received signal data matrix caused by the switching antenna 

array structure.  

3) The recovered signal data matrix is then used for DoA estimation and tracking. An 

adaptive approach is adopted for DoA estimation and tracking. The RLS algorithm 

is adopted since it has proven superior convergence and convergence rate compared 

to existing adaptive algorithms in the literature [33]. Furthermore, it is also proven 

the high-resolution matching with the requirements of the multi-path propagation 

channel. In addition, ADAM-based adaptive forgetting factor is implemented to 

increase the convergence rate of the RLS algorithm.  Thus, this novel RLS 

implementation solve the DoA. 
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6.2.3.1. Problem Statement 

The performance of subspace DoA estimation methods and also adaptive beamforming 

algorithms rely on fully-digital receiver structure meaning each antenna element requires 

an RF chain accompanying with individual analog-to-digital converters (ADCs). The 

acquired signals from ADCs are used for the construct signal data matrix. Along with the 

RF chains, the large number of ADCs yields high power consumption, especially, in massive 

MIMO systems. In order to reduce the power consumption at the receiver part, switched 

antenna structures are widely used [18], [23], [30]. However, switched antenna structures 

yield two major issues to overcome. 

Firstly, because of the switched-off antennas the receiver cannot acquire data from all of the 

antenna elements, therefore, in received signal data matrix there are missing entries. These 

missing entries are usually replaced by nulls (zeros) [30], [31], thus, simply, the periodic 

phase relation between consecutive antennas is lost. Additionally, switched antenna 

structures cannot be considered as sparse antenna arrays since different antenna subsets 

are switched on in each sample, so there is no relation between consecutive signal samples 

(snapshots). Therefore, the missing data yields significant performance loss in DoA 

estimation either the adopted methods are blind or not. For this reason, the signal data 

matrix must be recovered and matrix completion is a necessary step before DoA estimation. 

Fig. 6.3 simply illustrates the relation between the incomplete signal data matrix, 𝐘𝑡, and 

the recovered signal data matrix 𝐘𝑡.  

 

Fig. 6.3. Illustration of the incomplete noisy signal data matrix, 𝐘𝒕, and the recovered 

signal data matrix, 𝐘𝒕. 

The second major problem arising from the antenna switching structure is the possibility of 

low-rank in the signal data matrix. In cases where the number of sources is less than the 

number of antennas, low-rank does not occur when the number of samples (snapshots) 
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exceeds the number of antennas. However, since we have random antenna switching 

structure and assuming there is no change in signal power and waveform, there will be 

concurrent columns in the signal data matrix causing linearly dependent columns which 

might cause low-rank problem. In order to guarantee the rank, low-rank completion is 

necessary. Fig. 6.4 simply shows the low-rank situation in the signal data matrix. It should 

be noted the numbers are not related to the antenna phases, but are given only to indicate 

linearly dependent columns. 

 

Fig. 6.4. Low-rank case in signal data matrix, 𝐘𝒕. 

In line with these problems, the main goal is to estimate the rank-𝑀𝐴𝑃 noiseless recovered 

signal data matrix, 𝐘𝑡, from the observed incomplete signal data matrix, 𝐘𝑡, either 𝐘𝑡 is low-

rank matrix or not. In this manner, matrix completion methods can be used to recover the 

incomplete data, provide the full-rank if necessary and at the same time mitigate the 

received noise.  

As a final remark, even though the switched antenna structure reduces the overall power 

consumption it increases the computational complexity since matrix completion methods 

require matrix-matrix multiplication and most of the time, singular value decomposition. 

However, main reason for the increase in computational complexity is the term 

Ο(max(𝑀𝐴𝑃 , 𝑁).min(𝑀𝐴𝑃 , 𝑁)
2) resulting from singular value decomposition. The TNNR-

ADMM algorithm adopts the unitary matrices resulting from the singular value 

decomposition to perform matrix completion. The dimensions of the unitary matrices do not 

change during the operation and depend on the number of antennas, 𝑀𝐴𝑃, as well as the 

number of snapshots, 𝑁.     

Therefore, it should be noted that the computational complexity does not depend on the 

percentage of the switched-off. The percentage of the switched-off antennas only affects the 

DoA estimation accuracy since as the number of missing entries increases, it becomes 

harder to estimate recovered signal matrix, 𝐘𝑡, from the lower number of singular values.  
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6.2.3.2. Optimal RIS Phase Configuration 

Higher signal-to-noise ratio (SNR) in AP increases the overall DoA estimation and tracking. 

The optimal phase shift configuration of RIS provides higher SNR. We assume that the 

DoAs to RIS remain constant during per epoch. Therefore, optimizing the phase shift 

matrix, 𝚪, for per epoch is sufficient rather than optimizing for each snapshot. 

At 𝑡-th epoch, the optimal phase shifts can be found by maximizing the received SNR [9]. 

Then, the optimal phase shift matrix can be expressed as:  

𝚪𝑜𝑝𝑡,𝑡 = 𝑎𝑟𝑔𝑚𝑎𝑥 |
∑ (𝐪𝑇𝐛𝚪𝐚𝑙

𝑇)𝐬𝐿
𝑙=1

𝜎2
|

2

 (6-5) 

where 𝜎 is the variance of the noise, 𝐙. 

Then the 𝑚𝑅𝐼𝑆-th element of the diagonal optimal phase configuration matrix of RIS (in 𝑡-th 

epoch) can be given as:  

𝜔𝑡,𝑚𝑅𝐼𝑆
=∑

2𝜋

𝜆

𝐿

𝑙=1

[𝑥𝑚𝑅𝐼𝑆
𝑑𝑥𝑢̀ + 𝑦𝑚𝑅𝐼𝑆

𝑑𝑦𝑣̀ + 𝑧𝑚𝑅𝐼𝑆
𝑑𝑧𝑤̀] (6-6) 

where 𝑑𝑥 , 𝑑𝑦 and 𝑑𝑧 are the element spacing (both equals to 0.5) of RIS elements along 𝑥-

axes, 𝑦-axes and 𝑧-axes respectively, and 𝑢̀, 𝑣̀ and 𝑤̀ can be expressed as: 

𝑢̀ = (sin𝜃𝑡,𝑙 cos𝜙𝑡,𝑙 − sin𝜃𝑅𝐼𝑆,𝑡 cos𝜙𝑅𝐼𝑆,𝑡) 

𝑣̀ = (sin𝜃𝑡,𝑙 sin𝜙𝑡,𝑙 − sin𝜃𝑅𝐼𝑆,𝑡 sin𝜙𝑅𝐼𝑆,𝑡) 

𝑤̀ = (cos 𝜃𝑡,𝑙 − cos 𝜃𝑅𝐼𝑆,𝑡) 

(6-7) 

6.2.3.3. Data Recovery by Matrix Completion 

Matrix completion methods are widely used to recover the incomplete signal data matrix 

when the insufficient number of signal samples received or the number of users exceeds the 

number of elements in receiving antenna array [30], [31]. The incomplete matrix 𝐘𝑡 can be 

expressed as: 

𝑃Ω[𝐘𝑡(𝑚𝐴𝑃 , 𝑛)] = {
𝐘𝑡(𝑚𝐴𝑃 , 𝑛),    (𝑚𝐴𝑃 , 𝑛)ϵ Ω 
     0              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (6-8) 

where 𝑃Ω[𝐘𝑡] is the observation operator and Ω  is the subset of known entries of matrix 

𝐘𝑡(𝑚𝐴𝑃 , 𝑛).  

The objective is to estimate a matrix 𝐘𝑡 with rank 𝑟 < 𝑚𝑖𝑛{𝑀𝐴𝑃 , 𝑁} from the low-rank matrix 

𝐘𝑡 with a rank 𝑟 = 𝑚𝑖𝑛{𝑀𝐴𝑃 , 𝑁}. The matrix completion problem is formulated as: 

min
𝐘̂𝐭
   rank(𝐘𝐭) (6-9) 
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s.t  𝑃𝛺(𝒀̂𝒕) = 𝑃𝛺[𝒀𝒕] 

where rank(𝐘𝑡) denotes the rank of the matrix 𝐘𝑡. The rank minimization problem in (6-9) 

is a non-convex problem and an NP-hard problem. Unfortunately, the existing algorithms 

are not sufficient to solve the rank minimization problem directly  [34], [35]. It has been 

proved that the nuclear norm minimization, which is the sum of singular values of a matrix, 

is the tightest convex lower bound of the rank function [34], [35].  

On the other hand, the rank minimization problem can be relaxed and converted into convex 

semi-definite problem, then, the convex problem can be solved by one of the off-the-shelf 

solvers such as SDPT3, SeDuMi or CVX. However, these solvers are not efficient for larges 

sized problems and, in our case, massive MIMO structure can contain hundreds of antennas. 

Therefore, one of the proposed algorithms to solve non-convex rank minimization problem 

in [36] is favorable. In this study, we adopted the prominent TNNR-ADMM [37]. There are 

two reasons; 1) we know the number of receiving antennas 𝑀𝐴𝑃 required for minimum rank, 

2) 𝐘𝑡: 𝑃Ω(𝐘̂𝑡) = 𝑃Ω[ 𝐘𝑡(𝑚𝐴𝑃 , 𝑛)] can be easily solved by various gradient-based algorithms. 

In order to solve non-convex rank minimization problem iteratively by TNNR-ADMM, we 

first replace the rank operator by the nuclear norm operator and rewrite (6-9) as follows: 

min
𝐘̂𝒕
  ‖𝐘̂𝒕‖∗ 

s.t  𝑃Ω(𝐘𝒕) = 𝑃Ω[𝐘𝒕] 
(6-10) 

where ‖. ‖∗ is the nuclear norm operator. The rank of the matrix is not affected by the largest 

𝑟 nonzero singular values, thus, the nuclear norm focuses on minimizing the sum of the 

smallest 𝑚𝑖𝑛{𝑀𝐴𝑃 , 𝑁} − 𝑟 singular values and this operation is known as truncated nuclear 

norm. The ‖𝐘𝑡‖∗ is non-convex, therefore, (6-10) cannot be solved directly. The following 

theorem and proof are given as in [34]. Without loss of generality 𝐘𝑡 = 𝐖 for the proof.  

Theorem 1. For any given matrix 𝐖ϵℂ𝑀𝐴𝑃×𝑁, any matrices 𝐔𝑟ϵ ℂ
𝑟×𝑀𝐴𝑃 ,  𝐕𝑟ϵ ℂ

𝑟×𝑁 that 𝐔𝑟𝐔𝑟
𝑇 =

𝐈𝑟×𝑟, 𝐕𝑟𝐕𝑟
𝑇 = 𝐈𝑟×𝑟. For any non-negative integer 𝑟 (𝑟 <= 𝑚𝑖𝑛{𝑀𝐴𝑃 , 𝑁}), the following 

expression holds: 

Tr(𝐔𝑟𝐖𝐕𝑟
𝑇) ≤∑𝜎𝑖(𝐖)

𝑟

𝑖=1

 (6-11) 

where  𝜎𝑖 is the 𝑖-th eigen value of the matrix 𝐘̂𝑡. 

Proof. The Von Neumann’s trace inequality proves the above theorem as 

Tr(𝐔𝑟𝐖𝐕𝑟
𝑇) = Tr(𝐖𝐕𝑟

𝑇𝐔𝑟) ≤ ∑ 𝜎𝑖(𝐖)𝜎𝑖(𝐕𝑟
𝑇𝐔𝑟)

𝑚𝑖𝑛{𝑀,𝐿}

𝑖=1

 (6-12) 
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where 𝜎1(𝐖) ≥ ⋯ ≥ 𝜎𝑚𝑖𝑛{𝑀,𝐿}(𝐖) ≥ 0. The 𝑟𝑎𝑛𝑘(𝐔𝑟) = 𝑟𝑎𝑛𝑘(𝐕𝑟) = 𝑟, and 𝑟𝑎𝑛𝑘(𝐕𝑟
𝑇𝐔𝑟) = 𝑠 ≤

𝑟. According these criteria, for 𝑖 = 1,2, … , 𝑠, 𝜎𝑖(𝐕𝑟
𝑇𝐔𝑟) = 1 and the rest of the eigen values are 

zero. Thus, the following expression holds: 

∑ 𝜎𝑖(𝐖)𝜎𝑖(𝐕𝑟
𝑇𝐔𝑟)

𝑚𝑖𝑛{𝑀𝐴𝑃,𝑁}

𝑖=1

=∑𝜎𝑖(𝐖)

𝑠

𝑖=1

 (6-13) 

Combining (6-12) and (6-13) results in the following inequality: 

Tr(𝐔𝑟𝐖𝐕𝑟
𝑇) ≤ ∑𝜎𝑖(𝐖) ≤

𝑠

𝑖=1

∑𝜎𝑖(𝐖)

𝑟

𝑖=1

 (6-14) 

In line with (6-11)-(6-14), when we apply singular value decomposition on 𝐖, the same 

inequalities hold without loss of generality. Starting with singular value decomposition of 

𝐖 we get: 

𝑠𝑣𝑑(𝐖) = 𝐔∑𝐕𝑇 

𝐔 = (𝐮1, … , 𝐮𝑀𝐴𝑃), 𝐕 = (𝐯1, … , 𝐯𝑁) 

𝐔𝑟 = (𝐮1, … , 𝐮𝑟)
𝑇 , 𝐕𝑟 = (𝐯1, … , 𝐯𝑟)

𝑇 

(6-15) 

where 𝐔ϵℂ𝑀𝐴𝑃×𝑀𝐴𝑃  and 𝐕ϵℂ𝑁×𝑁 are the unitary matrices, whose columns are the singular 

vectors and ∑ϵℂ𝑀𝐴𝑃×𝑁 is a rectangular diagonal matrix, whose diagonal entries are the 

singular values of 𝐖. 

Then, from (6-15) the below equality can be written: 

max
𝐔𝑟𝐔𝑟

𝑇=𝐈,𝐕𝑟𝐕𝑟
𝑇=𝐈 

Tr(𝐔𝑟𝐖𝐕𝑟
𝑇) =∑𝜎𝑖(𝐖)

𝑟

𝑖=1

 (6-16) 

As the final step, when we apply truncation to the nuclear norm operator, we get following 

expression:  

‖𝐘̂𝑡‖∗ − max
𝐔𝑟𝐔𝑟

𝑇=𝐈,𝐕𝑟𝐕𝑟
𝑇=𝐈 

Tr(𝐔𝑟𝐖𝐕𝑟
𝑇) = ∑ 𝜎𝑖(𝐖) −

𝑚𝑖𝑛{𝑀𝐴𝑃,𝑁}

𝑖=1

∑𝜎𝑖(𝐖)

𝑟

𝑖=1

 (6-17) 

From (6-17), we can derive the final form of the (6-10) as: 

min
𝐘̂𝑡
 ‖𝐘𝑡‖∗ − max

𝐔𝑟𝐔𝑟
𝑇=𝐈,𝐕𝑟𝐕𝑟

𝑇=𝐈
Tr(𝐔𝑟𝐖𝐕𝑟

𝑇) 

s.t  𝑃𝛀(𝐘𝑡) = 𝑃𝛀[𝐘𝑡] 
(6-18) 

Then, (6-18) can be efficiently solved by iterative steps as below: 

min
𝐘̂𝑡𝐖

  ‖𝐘̂𝑡‖∗ − Tr(𝐔𝑟,𝑖𝐖𝐕𝑟,𝑖
𝑇 ) (6-19) 
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s.t  𝐘𝑡 = 𝐖, 𝑃𝛀(𝐘𝑡) = 𝑃𝛀[𝐘𝑡] 

where 𝑖 is the iteration number, 𝐔𝑟,𝑖ϵ ℂ
𝑟×𝑀𝐴𝑃, 𝐕𝑟,𝑖ϵ ℂ

𝑟×𝑁 and 𝐖ϵ ℂ𝑀𝐴𝑃×𝑁 are the auxiliary 

matrices where 𝑟 is the desired rank of the incomplete matrix 𝐘𝑡. Then, (6-19) can be solved 

by ADMM algorithm.  

The augmented Lagrange function of (6-19) is written as: 

𝐿(𝐘𝑡, 𝐓,𝐖, 𝜇) = ‖𝐘𝑡‖∗ − Tr(𝐔𝑟,𝑖𝐖𝐕𝑟,𝑖
𝑇 ) +

𝜇

2
‖𝐘̂𝑡 −𝐖‖𝐹

2
+ Tr(𝐓𝑇(𝐘𝑡 −𝐖)) (6-20) 

where 𝜇 > 0 is the penalty parameter.  

Then, the steps required to solve (6-20) by ADMM are as follows: 

𝐘𝑡(𝑖+1) = argmin
𝐘̂𝑡(𝑖)

‖𝐘𝑡(𝑖)‖∗
+
𝜇

2
‖𝐘𝑡(𝑖) − (𝐖𝑖 −  𝜇

−1𝐓𝑖)‖𝐹
2
 (6-21) 

Alternatively, the closed form solution of the (6-21) can be expressed as: 

𝐘𝑡(𝑖+1) = 𝒟 𝜇−1(𝐖𝑖 −  𝜇
−1𝐓𝑖) (6-22) 

where  𝒟 𝜇−1(. ) is the singular value shrinkage operator. 

In the second step, we update the 𝐖𝑖 as follows: 

𝐖𝑖+1 = arg min 
𝑃𝛀(𝐘̂𝑡(𝑖))=𝑃𝛀[𝐘𝑡(𝑖)]

𝜇

2
‖𝐖𝑖 −  𝜇

−1 (𝐘𝑡(𝑖+1) + 𝐔𝑟,𝑖
𝑇 𝐕𝑟,𝑖 + 𝐓𝑖)‖𝐹

2
 (6-23) 

The closed form of (6-23) can be expressed as: 

𝐖𝑖+1 = 𝐘𝑡(𝑖+1) +  𝜇
−1(𝐔𝑟,𝑖

𝑇 𝐕𝑟,𝑖 + 𝐓𝑖) (6-24) 

The final step is to update 𝐓𝑖 as follows: 

𝐓𝑖+1 = 𝐓𝑖 +  𝜇
−1(𝐘̂𝑡(𝑖+1) −𝐖𝑖+1) (6-25) 

The low-rank matrix completion algorithm, TNNR-ADMM, is summarized in Algorithm 1. 
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Algorithm 1 TNNR-ADMM Algorithm 

1: Inputs: 𝐘𝑡 , 𝜀, 𝑟, 𝜇,i 
2: Initialize: 𝐘𝑡(1) = 𝑃𝛀[𝐘𝑡],𝐖1 = 𝐘𝑡(1),𝐓1 = 𝐘𝑡(1)  

3: Repeat 
4: [𝐔, ∑, 𝐕] = 𝑠𝑣𝑑(𝐘𝑡(𝑖)) 

5: 𝐔𝑟,𝑖 = [𝐮1, … , 𝐮𝑟]
𝑇 , 𝐕𝑟,𝑖 = [𝐯1, … , 𝐯𝑟]

𝑇 

6: 𝐘𝑡(𝑖+1) = 𝒟 𝜇−1(𝐖𝑖 −  𝜇
−1𝐓𝑖) 

7: 𝐖𝑖+1 = 𝐘𝑡(𝑖+1) +  𝜇
−1(𝐔𝑟,𝑖

𝑇 𝐕𝑟,𝑖 + 𝐓𝑖) 

8: 𝐓𝑖+1 = 𝐓𝑖 +  𝜇
−1(𝐘̂𝑡(𝑖+1) −𝐖𝑖+1) 

9: until ‖𝐘𝑡(𝑖+1) − 𝐘𝑡(𝑖)‖𝐹
≤ 𝜀 

10: Output: 𝐘𝑡,  

where 𝜀 is the tolerance or stopping criteria, 𝑟 is the desired rank (𝑟 = 𝑀𝐴𝑃) of the incomplete 

matrix 𝐘𝑡 and 𝑠𝑣𝑑(.) is the singular value decomposition operator. 

6.2.3.4. AF-RLS Based DoA Estimation Algorithm 

We improve the tracking capability of the RLS algorithm by proposing low complexity and 

robust adaptive moment estimation method (ADAM) based adaptive forgetting factor. The 

forgetting factor controls the overall performance of the RLS algorithm. The forgetting factor 

is a parameter that reduce the effects of the past error samples in a system. In RLS 

forgetting factor, 𝜌, can take values as 0 < 𝜌 ≤ 1. There is a trade-off between low mis-

adjustment and stability and fast convergence and tracking depending on the value of 

forgetting factor [33], [38].  

The lower the forgetting factor, the faster the convergence rate, however, the convergence 

rate is low for a fixed and high-value (closer to 1) of forgetting factor, hence, it causes 

tracking performance degradation. The adaptive forgetting factor can take values between 

0 and 1 in each iteration, depending on the error gradient. Thus, for lower 𝜌 values, faster 

tracking is achieved due to the higher convergence rate. Therefore, an adaptive mechanism 

can be implemented for the forgetting factor by exploiting the direction of the error gradient. 

In each iteration the error gradient can be calculated and according to its direction the value 

of 𝜌 can be increased or decreased with a certain amount in its bounds. In this study, ADAM 

method is proposed to determine the increase or decrease in 𝜌 value. 

The RLS algorithm updates the weight vectors by taking into account the sum of the past 

least square errors. The RLS algorithm has high convergence rate since past samples effects 

are stored and the forgetting factor regulates the stored samples [33]. The RLS algorithm 

with using the output of Algorithm 1 is given in the equations below [31], [39]: 
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𝐏(0) =  ∆−1 [
1 ⋯ 0
0 ⋱ 0
0 0 1

]

(𝑀𝐴𝑃−1)×(𝑀𝐴𝑃−1)

, 𝐰(0) = 0 (6-26) 

𝑒(𝑛) = 𝑦(1, 𝑛) − 𝐰𝐻(𝑛 − 1)𝐲̂(𝑛) (6-27) 

𝐫(𝑛) =
𝜌−1𝐏(𝑛 − 1)𝐲̂(𝑛)

1 + 𝜌−1𝐲̂𝐻(𝑛)𝐏(𝑛 − 1)𝐲̂(𝑛)
 (6-28) 

𝐰(𝑛) = 𝐰(𝑛 − 1) + 𝐫(𝑛)𝑒∗(𝑛) (6-29) 

𝐏(𝑛) = 𝜌−1(𝐏(𝑛 − 1) − 𝐫(𝑛)𝐲̂𝐻(𝑛)𝐏(𝑛 − 1)) (6-30) 

where 𝐏ϵ ℂ(𝑀𝐴𝑃−1)×(𝑀𝐴𝑃−1) is the correlation matrix, ∆ is the regularization factor, 

𝐰ϵ ℂ(𝑀𝐴𝑃−1)×1 is the weight coefficient vector, ᴦ is the Kalman gain, 𝑒 is the error, 𝑦(1, 𝑛) is 

the signal of reference antenna element (first element) in the 𝑖-th snapshot, 𝐲̂ϵ ℂ(𝑀𝐴𝑃−1)×1 is 

the recovered signal vector.    

In each iteration, running averages of both gradient and the second moment of the gradient 

according to the cost function 𝐽(𝑛) = ∑ 𝜌𝑁−𝑛|𝑒(𝑛)|2𝑁
𝑛=0  are computed. Then, the forgetting 

factor is updated. Thus, the proposed adaptive forgetting factor 𝜌(𝑛) can be expressed as 

following equations [40]: 

𝜌(𝑛) = 𝜌(𝑛 − 1) − [ e {𝜂
𝑐(𝑛)

√ℎ(𝑛) + 𝜉
}]

𝜌𝑚𝑖𝑛

𝜌𝑚𝑎𝑥

 (6-31) 

𝑐(𝑛) = 𝛽1𝑐(𝑛) + (1 − 𝛽1)∇𝜌(𝑛) (6-32) 

ℎ(𝑛) = 𝛽2ℎ(𝑛) + (1 − 𝛽2)∇𝜌(𝑛)
2 (6-33) 

where  e{. } is the real part selection operator, 𝜂 is the step size,  𝜉 is a small scalar value to 

prevent division by 0, 𝑐(𝑛) is the first moment (mean) update step, ℎ(𝑛) is the second 

gradient (uncentered variance) update step where hyper-parameters 𝛽1, 𝛽2 ∈ [0,1) control 

the exponential decay rates of the moving averages and ∇𝜌(𝑛) is the gradient of the 

forgetting factor. It should be noted the ADAM update is not applied per epoch. By taking 

the partial derivative of the 𝐽(𝑛) with respect to 𝜌, the gradient of the forgetting factor, 

∇𝜌(𝑛), can be expressed as [39], [41]: 

∇𝜌(𝑛) =
𝑑𝐽(𝑛)

𝑑𝜌
= −

1

2
 [𝛙𝐻(𝑛 − 1)𝐲̂(𝑛)𝑒∗(𝑛)+𝐲̂𝐻(𝑛)𝛙(𝑛 − 1)𝑒(𝑛)] (6-34) 

where 𝛙(𝑛) =
𝑑𝐰(𝑛)

𝑑𝜌
 and can be expressed as: 

𝛙(𝑛) = [𝐈𝑀𝐴𝑃 − 𝐫(𝑛)𝐲̂
𝐻(𝑛)]𝛙(𝑛 − 1) + 𝐒(𝑛) 𝐲̂(𝑛)𝑒∗(𝑛) (6-35) 
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where 𝐒(𝑛) =
𝑑𝐏(𝑛)

𝑑𝜌
 and can be expressed as: 

𝐒(𝑛) = 𝜌(𝑛 − 1)−1[𝐈𝑀𝐴𝑃 − 𝐫(𝑛)𝐲̂
𝐻(𝑛)]𝐒(𝑛 − 1) + [𝐈𝑀𝐴𝑃 − 𝐫(𝑛)𝐲̂

𝐻(𝑛)] + 

𝜌(𝑛 − 1)−1𝐫(𝑛)𝐫𝐻(𝑛) − 𝜌(𝑛 − 1)−1𝐏(𝑛) 
(6-36) 

The proposed AF-RLS DoA estimation algorithm is summarized in Algorithm 2. 

Algorithm 2 AF-RLS Algorithm 

1: Inputs: 𝐲(1, 𝑛), 𝐘𝑡 

2: Initialize: 𝐰(0) = 𝟎, 𝐏(0) = ∆−1𝐈𝑀, ∆= 0.08, 𝜌(0) = 0.975, 

𝑐(0) = 0, h(0) = 0, 𝛽1 = 0.9, 𝛽2 = 0.999, 𝜉 = 10−6,  𝜂 = 0.001 

3: Repeat 

4: 𝑒(𝑛) = 𝑦(1, 𝑛) − 𝐰𝐻(𝑛 − 1)𝐲̂(𝑛) 

5: 𝐫(𝑛) =
𝜌−1𝐏(𝑛 − 1)𝐲̂(𝑛)

1 + 𝜌−1𝐲̂𝐻(𝑛)𝐏(𝑛 − 1)𝐲̂(𝑛)
 

6: 𝐰(𝑛) = 𝐰(𝑛 − 1) + 𝐫(𝑛)𝑒∗(𝑛) 

7: 𝐏(𝑛) = 𝜌−1(𝐏(𝑛 − 1) − 𝐫(𝑛)𝐲̂𝐻(𝑛)𝐏(𝑛 − 1)) 

8: 𝛙(𝑛) = [𝐈𝑀𝐴𝑃 − 𝐫(𝑛)𝐲̂
𝐻(𝑛)]𝛙(𝑛 − 1) + 𝐒(𝑛) 𝐲̂(𝑛)𝑒∗(𝑛) 

9: 

𝐒(𝑛) = 𝜌(𝑛 − 1)−1[𝐈𝑀𝐴𝑃 − 𝐫(𝑛)𝐲̂
𝐻(𝑛)]𝐒(𝑛 − 1) 

+[𝐈𝑀𝐴𝑃 − 𝐲̂(𝑛)𝐫
𝐻(𝑛)] + 𝜌(𝑛 − 1)−1𝐫(𝑛)𝐫𝐻(𝑛) 

−𝜌(𝑛 − 1)−1𝐏(𝑛) 

10: ∇𝜌(𝑛) = −
1

2
 [𝛙𝐻(𝑛 − 1)𝐲̂(𝑛)𝑒∗(𝑛)+𝐲̂𝐻(𝑛)𝛙(𝑛 − 1)𝑒(𝑛)] 

11: 𝑐(𝑛) = 𝛽1𝑐(𝑛 − 1) + (1 − 𝛽1)∇𝜌(𝑛) 

12: ℎ(𝑛) = 𝛽2ℎ(𝑛 − 1) + (1 − 𝛽2)∇𝜌(𝑛)
2 

13: 𝜌(𝑛) = 𝜌(𝑛 − 1) − [ e {𝜂
𝑐(𝑛)

√ℎ(𝑛) + 𝜉
}]

𝜌𝑚𝑖𝑛

𝜌𝑚𝑎𝑥

 

14: 𝑛 = 𝑛 + 1 

15: Until 𝑛 = 𝑁 

16: Output: 𝐰𝑡 = 𝐰(𝑁) 

Initial values selection descriptions for the Algorithm 2: 

1) The value of the regularization parameter, ∆, is selected small for high SNR and 

large for low SNR [31] and it regulates the noise variations. The optimum 

regularization factor has no closed-form solution [33], and since the SNR is high 

(   ≥ 0), the regulation factor is selected based on the best simulation results, 

starting from small values. 

2) The values of update states are initialized as 𝑐(0) = 0 and h(0) = 0, to force 

moment estimates to zero during the initialization. 

3) The decay rate for the gradient, 𝛽1, is typically selected as 0.9 to give high weighting 

to recent gradients. On the other hand, decay rate for the squared gradient, 𝛽2, is 

typically selected as 0.999 to stabilize the estimate of variance by keeping the 

gradients for long-term [40], [42].    
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4) The value of the step size, 𝜂, is selected to low-step changes in the forgetting factor 

update step, in its specified boundaries. (𝜌𝑚𝑎𝑥 = 0.999, 𝜌𝑚𝑖𝑛 = 0.96). 

5) The initial value of the forgetting factor is selected randomly and closer to the lower 

limit to provide fast convergence rate and high mis-adjustment during the initial 

update steps.  

Once the weights of the antenna array are calculated, the output spatial spectrum in 𝑡-th 

epoch can be written as: 

𝐃𝑡(θ, 𝜙) =
1

|𝐰̂𝑡
𝐻𝐚(θ,𝜙)|

 (6-37) 

where 𝐰̂𝑡 = [1;−𝒘𝑡]ϵ ℂ
𝑀𝐴𝑃×1, 𝐚(θ, 𝜙)ϵ ℂ𝑀×Θ is the steering vector and Θ is the total number 

of elevation and azimuth pairs, (θ, 𝜙), to be scanned in output spatial spectrum.  

It should be noted that, in this study, we assume that the scatters are uncorrelated. In 

realistic multipath scenarios the conventional DoA estimation techniques may not work 

efficiently, however, sparse reconstruction techniques overcome this problem by formulating 

an over-complete array output dictionary under the constraint of sparsity and the spatial 

information of the incident sources can be recovered by this way [43]. The problem in (6-10) 

can be extended to matrix completion sparse recovery problem and can be solved by 

semidefinite programming [44] following ADMM, then, the 𝐰̂𝑡 can be estimated with the 

proposed method. 

6.2.3.5. Convergence Analysis 

The DoA estimation and tracking are performed based on adaptive filtering, therefore, the 

proposed DoA estimation and tracking algorithm is convergent, and its convergence 

properties can be investigated similarly to adaptive filters. 

In dynamic scenarios, the optimum solutions are in a time-varying form and the minimum 

point of the error curve is not fixed, thus, tracking is required. In time-varying scenarios the 

optimum weight coefficients can be expressed as [45]: 

𝐰0(𝑛) = 𝐰0(𝑛 − 1) + 𝐪𝑝(𝑛) (6-38) 

where 𝐪𝑝(𝑛)ϵ ℂ
(𝑀𝐴𝑃−1)×1 denotes a random perturbation which is an independently 

generated sequence with zero mean and positive definite autocorrelation matrix as 𝐑 =

𝐸[𝐪𝑝(𝑛)𝐪𝑝
𝐻(𝑛)] and 𝐰0(𝑛)ϵ ℂ

(𝑀𝐴𝑃−1)×1 is the optimum weight vector and can be calculated by 

the Wiener optimal solution as: 

𝐰0 = 𝐑
−1𝐩 + 𝐪𝑝(𝑛) =  𝐸 [(𝐲̂(𝑛)𝐲̂

𝐻(𝑛))
−1
] 𝐸[𝐲̂(𝑛)𝑦∗(1, 𝑛)] + 𝐪𝑝(𝑛) (6-39) 

and, 
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𝑦(1, 𝑛) = 𝐰0
𝐻(𝑛 − 1)𝐲̂(𝑛) + 𝑧𝑡,1(𝑛) (6-40) 

where 𝑧𝑡,1(𝑛) is the received noise from the reference antenna with zero mean and variance 

as, 𝜎0
2, where 𝜎0

2 = 1 −𝐰0
𝐻(𝑛)𝐬 − 𝐬𝐻𝐰0(𝑛) + 𝐰0

𝐻(𝑛)𝐲̂(𝑛)𝐲̂𝐻(𝑛)𝐰0(𝑛). 

The above definitions are typical for tracking analyses of adaptive filters [45], [46]. In order 

to continue the analysis, first, the weight error vector is defined as follows: 

𝝐(𝑛) = 𝐰(𝑛) − 𝐰0(𝑛) = 𝐰(𝑛 − 1) −𝐰0(𝑛 − 1) − 𝐪𝑝(𝑛) + 𝐑
−1𝐲̂(𝑛) (6-41) 

Then, when we put 𝜎0
2 in (43) we have, 

𝝐(𝑛) = (𝐈𝑀𝐴𝑃 − 𝐑
−1𝐲̂(𝑛)𝐲̂𝐻(𝑛)) 𝝐(𝑛 − 1) + 𝐑−1𝐲̂(𝑛)𝐳𝑡,1

∗ (𝑛) − 𝐪𝑝(𝑛) (6-42) 

The weight error vector is used in determining the mean square error (MSE). The mean 

square error for in time-varying environment can be expressed as: 

𝜁(𝑛) = 𝐸 [|𝑦(1, 𝑛) −𝐰0
𝐻(𝑛 − 1)𝐲̂(𝑛)|

2
] (6-43) 

By expanding and simplifying (42), we get 

𝜁(𝑛) = 𝐰0
𝐻(𝑛 − 1)𝐑𝐰(𝑛 − 1) + tr(𝐑𝐊(𝑛)) + 1 −𝐰0

𝐻(𝑛 − 1)𝐬 − 𝐬𝐻𝐰0(𝑛 − 1) (6-44) 

where 𝐊(𝑛) = 𝐸[𝝐(𝑛)𝝐𝐻(𝑛)].  

The MSE value of the tracking can be calculated by taking the limit of 𝜁(𝑛) where 𝑁 → ∞. 

The MSE can be computed as [45]: 

𝜁(∞) ≈ 𝜁𝑚𝑖𝑛 +
(1 − 𝐸[𝜌(∞)])

(1 + 𝐸[𝜌(∞)])
𝜎0
2𝑀𝐴𝑃 +

tr(𝐑𝐸[𝐪𝑝(𝑛)𝐪𝑝
𝐻(𝑛)])

(1 − 𝐸2[𝜌(∞)])
 (6-45) 

It should be noted that in order to compute (6-45) quantities 𝐸[𝜌(∞)] and 𝐸[𝐪𝑝(𝑛)𝐪𝑝
𝐻(𝑛)] 

have to be calculated.  

The MSE is critical to analyze the adaptive filters, as well as, its derivation adaptive DoA 

estimation and tracking algorithms which indicates how far the estimate is from the correct 

value and is a convergence indicator. The convergence itself relies on the eigen values of 

correlation matrix. Thus, the critical parameter in RLS algorithm is 𝐏(𝑛) where when we 

choose 𝜌 < 1 the algorithm is convergent since all the eigen values are in unit circle. For any 

bounded input the algorithm converges regardless of the eigen values [45] as long as 0 <

𝜌 ≤ 1. Therefore, any adaptive forgetting factor method will only affect the convergence rate.  

The gradient based variable or adaptive forgetting factor methods are prominently used for 

improving the convergence rate of RLS algorithm, thus, tracking performance [39], [47], 

[48]. In order to obtain the gradient differentiation is applied to both sides of (6-44) with 

respect to forgetting factor, 𝜌, as: 
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𝑑𝜁(𝑛)

𝑑𝜌
=
𝑑𝐴

𝑑𝜌
+
𝑑𝐵

𝑑𝜌
+
𝑑𝜎0

2

𝑑𝜌
 (6-46) 

where 𝐴 = 𝐰0
𝐻(𝑛 − 1)𝐑𝐰(𝑛 − 1) and 𝐵 = tr(𝐑𝐊(𝑛)). Then, the gradient based controlling 

scheme for the RLS algorithm can be expressed as: 

𝜌(𝑛) = [𝜌(𝑛 − 1) −
𝑑𝜁(𝑛)

𝑑𝜌
]
𝑝𝑚𝑖𝑛

𝑝𝑚𝑎𝑥

 (6-47) 

where 
𝑑𝜁(𝑛)

𝑑𝜌
= ∇𝜌(𝑛). 

In the literature, there are many existing methods to update forgetting factor according to 

its gradient’s direction, however, in this study the low-complexity ADAM method is adopted 

as mentioned before.  

6.2.4. Simulation Results 

In this section, we evaluate the performance of the proposed algorithm by numerical 

simulations and compares its performance with MUSIC [19], NLMS [49], VSS-NLMS [49] 

and RLS [31] algorithms in terms of spatial spectrum, root mean square error (RMSE), 

mean square error (MSE), and computational complexity. The scatters may interfere with 

received signals resulting degradation in DoA estimation accuracy. It is worth paying 

attention to show the effect of scatter on the accuracy of DoA estimation. Thus, simulations 

were conducted for single-path propagation and multi-path propagation case. For each 𝑛-th 

snapshot, 25 % of antennas are switched-off randomly, then, matrix completion is applied. 

The optimal weight vector for MSE is calculated according to Wiener formula [31]. Initial 

values and parameters are same as in Algorithm 2 for the proposed algorithm. The 

parameters of the compared algorithms are used as suggested by the corresponding 

publications. The results are evaluated by an average of 250 Monte Carlo trails.  

Fig. 6.5, the comparison of computational complexities in terms of complex multiplications 

per iteration for all algorithms but MUSIC are given according to the , where 𝒩 denotes the 

computational complexity of TNNR-ADMM (denoted in Algorithm 1) and equals to 

Ο(max(𝑀𝐴𝑃 , 𝑁).min(𝑀𝐴𝑃 , 𝑁)
2 +𝑀𝐴𝑃

3 +𝑀𝐴𝑃
2 + 2𝑀𝐴𝑃𝑁), where Ο(. ) is the big-Ο notation 

denoting the complexity of the algorithms. Since DoA estimation and tracking are performed 

after the TNNR-ADMM step, 𝒩 is mentioned in all DoA algorithms.  
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Table 6-I. Computational complexity comparisons of the algorithms: MUSIC, NLMS, 

VSS-NLMS, RLS and AF-RLS. 

Algorithm Complex Multiplications Example1 

MUSIC Ο(𝒩 +𝑀𝐴𝑃
3 +𝑀𝐴𝑃

3 𝑁3(𝑀𝐴𝑃
3 − 1) +

𝑀𝐴𝑃
3 𝑁2) 

≅ 444 10 

NLMS Ο(𝒩 + 3(𝑀𝐴𝑃 − 1)) 429 

VSS-

NLMS 
Ο(𝒩 + 5(𝑀𝐴𝑃 − 1)) 715 

RLS Ο(𝒩 + 4(𝑀𝐴𝑃 − 1)
2 + 4(𝑀𝐴𝑃 − 1)) ≅ 82 3 

AF-RLS Ο(𝒩 + 9(𝑀𝐴𝑃 − 1)
2 + 6(𝑀𝐴𝑃 − 1)) ≅ 184 3 

1Number of complex multiplications are given when 𝑀𝐴𝑃 = 144 and 𝑁 = 600. The computational complexity of  𝒩 is 

excluded. 

 

Fig. 6.5. Computational complexity comparison of algorithms in terms of number of 

complex multiplications. 

6.2.4.1. Single-Path Propagation 

In the single-path propagation case, the tracking average error (TAE) [32] is defined in 

addition to other performance metrics. 

TA 𝑡,1 ≜ (|𝜃𝑡,1 − 𝜃𝑡,1| + |𝜙̂𝑡,1 − 𝜙𝑡,1|) 2⁄  (6-48) 

where 𝜃𝑡,1 and 𝜙̂𝑡,1 are the estimated theta and phi angles, respectively, at the 𝑡-th epoch 

for single source. 

The simulation parameters for single-path propagation case are given in Table 6-II. 

Table 6-II. Simulation parameters for the single-path propagation case. 

Parameters Values 

𝑁, 𝐿, 𝑇 (600,1,6) 

Initial angles,  (𝜃0,1, 𝜑0,1) (45𝑜, 45𝑜) 

Displacement, (∆𝜃, ∆𝜑) (1𝑜, 1𝑜) 
Tolerance, 𝜀  10−3 
Iteration, 𝑖 20 

𝑀𝐴𝑃 , 𝑀𝑅𝐼𝑆 (144,144) 
SNR 10 d  
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Fig. 6.6 (a) and (b) demonstrate the spatial spectrum of MUSIC, NLMS, VSS-NLMS, RLS 

and proposed algorithm under 10 dB SNR. The tracking capabilities of the algorithms are 

compared. Along with the proposed algorithm, RLS algorithm has estimated the final theta 

and phi angles efficiently. The DoA estimation performances of RLS and the proposed 

algorithm are better than the other algorithms. However, the proposed algorithm has 

almost 3 d   more spectral gain than the RLS algorithm. We can conclude that the proposed 

algorithm and RLS algorithm track the target precisely. In (c), it can be seen that the 

proposed algorithm has at least 10 d  better MSE than the compared algorithms. In (d) TAE 

shows the average error between true angles and the estimated angles of target in each 

epoch during the observation. It is seen that the proposed algorithm has the lowest average 

error. As a final remark, adaptive forgetting factor has increased the tracking capability of 

the RLS algorithm. The more detailed analysis is given in multi-path propagation case.    

 

(a) 

 

(b) 

 

(c) 

 

(d) 



Contribution to Phased Array and RIS Processing for Satellite, 5G and 6G Communication Systems 

179 

 

 

(e) 

 

(f) 

Fig. 6.6. Comparative representations of MUSIC, NLMS, VSS-NLMS, RLS and the 

proposed algorithm, (a) final theta spectrum, 𝜃6,1 = 51
𝑜, (b) final phi spectrum, 𝜙6,1 =

51𝑜,  (c) mean square errors at 10 dB SNR, (d) estimation RMSE of final theta angle 

under varying SNR, (e) estimation RMSEs of final phi angle under varying SNR, (f) 

performance of target tracking at 10 dB SNR, tracking average error. 

6.2.4.2. Multi-Path Propagation 

In the multi-path propagation case, the total error (TE) is defined in addition to other 

performance metrics. Besides, to evaluate the maximum percentage of the switched-off 

elements in the antenna array for accurate DoA estimation, RMSE with respect to 

percentage of signal information loss is analyzed.  

𝑇𝐸𝑡 ≜∑(|𝜃𝑡,𝑙 − 𝜃𝑡,𝑙| + |𝜙̂𝑡,𝑙 − 𝜙𝑡,𝑙|)

𝐿

𝑙=1

 (6-49) 

where 𝜃𝑡,𝑙 and 𝜙̂𝑡,𝑙 are the estimated theta and phi angles, respectively, at the 𝑡-th epoch for 

𝑙-th propagation path. 

The simulation parameters for multi-path propagation case are given in Table 6-III. 

Table 6-III. Simulation parameters for the multi-path propagation case. 

Parameters Values 

𝑁, 𝐿, 𝑇 (600,5,6) 
Tolerance, 𝜀  10−3 
Iteration, 𝑖 20 

𝑀𝐴𝑃 , 𝑀𝑅𝐼𝑆 (144,144) 

For the multi-path propagation case, we assume user has constant speed with 1𝑜 per epoch 

only in elevation along 𝑇 = 6 epochs. There are 𝐿 = 5 propagation paths and 𝜃𝑡,𝑙 follows a 

uniform distribution 𝒰(0, 𝜋 3⁄ ), 𝛼𝑡,𝑙 follows a normal distribution 𝒞𝒩(0,1), however, 𝜙𝑡,𝑙 =

𝜋 4⁄ . In each iteration, 𝑛, 25 % of antennas are switched-off randomly, then, matrix 

completion is applied. The SNR for strongest path is 10 d . Fig. 6.7 (a) shows the 
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comparative spatial spectrum in elevation of algorithms at the end of the final epoch. 

According to the results, only the proposed algorithm and MUSIC accurately estimate the 

final DoA. In contrast, VSS-NLMS and RLS deviates from the final DoA by ≈ 2𝑜 and ≈ 1𝑜, 

respectively. Even 1𝑜 degree deviation is critical since the user can be lost as the aperture 

of RIS or AP as the number of epochs increases. On the other hand, NLMS has 5𝑜 deviation 

and we can conclude it fails to track the user. By the proposed algorithm, the spectral gain 

of the user and its two significant scatterers are estimated as ≈ 18.7 d , ≈ 4.82 d  and ≈

4.05 d , respectively. It should be noted, since the powers of the other scatters are located 

at the two extremes of the distribution (≥ |3𝜎|) their contributions are negligible. Besides, 

proposed algorithm has 6 dB more sensitivity in the power spectrum than RLS. As a final 

remark, the proposed algorithm has better DoA estimation and tracking capabilities than 

the compared algorithms. The RLS tracking performance is degraded by the presence of 

scatters. The MUSIC algorithm performs better in multi-path propagation case since user 

displacement is only in elevation angle. Compared to MUSIC algorithm the proposed 

algorithm has better DoA estimation performance and has 2.41e7 times less computational 

complexity. 

Fig. 6.7 (b) and (c) shows that final theta and phi RMSE estimations. The proposed 

algorithm is superior than the compared algorithms. In (d), the comparative MSE values of 

the proposed algorithm and RLS algorithm are given. The results show that the proposed 

algorithm has faster convergence rate due to the adaptive forgetting factor and has almost 

10 d  better accuracy than the RLS algorithm. In (e) the TE between true angles and the 

estimated angles of the user and its scatters in each epoch are given. It can be seen that as 

the tracking time increases TE of the algorithms but the proposed algorithm and MUSIC 

increases. The proposed algorithm has > 3𝑜 better TE performance than RLS. In (f), final 

theta RMSE estimations demonstrates that as the percentage of switched-off antennas 

increases DoA estimation accuracy decreases and 25 % switch-off can be considered as a 

limit for 10 dB SNR. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

Fig. 6.7. Comparisons of MUSIC, NLMS, VSS-NLMS, RLS and the proposed algorithm, 

(a) the spatial spectrum of the final DoAs of the user and its scatters: 𝜃𝑇,2 = 21
𝑜, 𝜃𝑇,3 =

36𝑜 and 𝜃𝑇,4 = 51
𝑜, (b) and (c) RMSE of final elevation and azimuth angles of the user 

under varying SNR, (d) MSE at 10 dB SNR, (e) TE in each epoch at 10 dB SNR, (f) signal 

loss under varying (%) of switched-off antennas. 
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Fig. 6.8 shows the resolution probabilities of MUSIC, RLS and the proposed algorithms 

against varying SNR with two signals with final DoAs, 𝜃𝑇,1 = 36
𝑜 and 𝜃𝑇,2 = 41

𝑜 under %25 

random switched-off antennas condition, angle separation between two finals DoAs from  

𝜃𝑇,1 = 36
𝑜 and 𝜃𝑇,2 = 36

𝑜 + ∆𝜃, ∆𝜃 changes from 2𝑜 to 8𝑜 and signal loss under varying (%) 

of switched-off antennas with final DoAs, 𝜃𝑇,1 = 36
𝑜 and 𝜃𝑇,2 = 41

𝑜. The resolution 

probability analyses demonstrate the capability of all algorithms to resolve the DoAs of 

closely separated signal sources. The resolution probability is an important factor since the 

estimated DoAs might be used for subsequent processing schemes such as localization and 

channel estimation where the closely spaced multi-path signals effect the system 

performance significantly. In general, the angular spread between the main signal and its 

scatters are relative closely spaced as ≈ 5𝑜 [8] which indicates the importance of resolution 

probability. The resolution possibilities of the NLMS and VSS-NLMS algorithms are 

excluded because Fig. 6.8 shows that their multipath DoA estimates and tracking 

performances are insufficient and are no longer necessary for further analysis. It can be 

seen that the resolution probability of the proposed method is higher than the MUSIC and 

RLS algorithms.  
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(a) 

 

(b) 

 

(c) 

Fig. 6.8. Resolution probabilities of MUSIC, RLS and the proposed algorithm for 𝐿 =

3600, (a) varying SNR with two signals with final DoAs, 𝜃𝑇,1 = 36
𝑜 and 𝜃𝑇,2 = 41

𝑜 under 

%25 random switched-off antennas condition, (b) angle separation between two finals 

DoAs from  𝜃𝑇,1 = 36
𝑜 and 𝜃𝑇,2 = 36

𝑜 + ∆𝜃, ∆𝜃 changes from 2𝑜 to 8𝑜, (c) varying (%) of 

switched-off antennas with final DoAs, 𝜃𝑇,1 = 36
𝑜 and 𝜃𝑇,2 = 41

𝑜. 

6.3. Hybrid-Field Channel Estimation for RIS-Aided 

Millimeter-Wave Massive MIMO Systems 

An efficient hybrid-field channel estimation method for RIS-aided mm-Wave massive MIMO 

systems is presented. The estimation of direction of arrivals (DoAs), direction of departures 

(DoDs) and range arrivals, range of departures depend on the higher order statics of the 

received signal at receiver. A fourth-order cumulant matrix is constructed to eliminate near-

field phase components on ensuing scatters of the transmitted and reflected signals. The 

atomic norm minimization (ANM) reconstruction is applied on the resultant cumulant 

matrix, then to extract the information of DoAs and DoDs rank minimization problem is 

used. However, due to the rank operator this problem is non-convex. The non-convex 

minimization problem is transformed into a convex minimization problem by using nuclear 
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trace/norm relaxation. A 2-D multiple classification (MUSIC) spectrum is formed to extract 

the DoAs and DoDs. Then, the similar procedure is followed for range estimations and a 2-

D MUSIC range spectrum is adopted to match the range values to the corresponding DoAs 

and DoDs [50], [51]. The performance of the proposed method is evaluated and compared 

with state-of-the art channel estimators. The numerical results denotes that the channel 

estimation performance of the proposed method outperforms the state-of-the-art channel 

estimation methods. 

6.3.1. Main Contributions 

The main contributions of the proposed hybrid-field channel estimation for RIS-aided mm-

Wave massive MIMO systems are listed below: 

• New channel formulation is presented for RIS-aided massive MIMO systems.  

• The higher statistics of the received signal is used for eliminate the near-field phase 

components. Hence, a special fourth-order cumulant matrix is constructed.   

• The ANM reconstruction, which allows continuous angle domain, is used to recover 

the fourth-order cumulant matrix. Thus, higher resolution on the estimation of the 

DoDs and DoAs of the scatters is achieved.  

• This is first study on hybrid-field channel estimation for RIS-aided mm-Wave 

massive MIMO systems using the higher statistics of the received signal. 

6.3.2. System Model and Theoretical Formulation 

We consider a general (indoor or outdoor) uplink narrow-band RIS-aided mm-Wave massive 

MIMO system, as presented in Fig. 6.9. The system consists of one receiver (BS) with 𝑀𝐵𝑆 =

2𝑚𝐵𝑆 + 1 antennas communicate with one user equipment (UE) with 𝑀𝑈𝐸 = 2𝑚𝑈𝐸 + 1 

antennas via a RIS with 𝑀𝑅𝐼𝑆 = 2𝑚𝑅𝐼𝑆 + 1 antennas. The RIS is deployed at an arbitrary 

location relative to the BS. The BS, RIS and UE are equipped with uniform linear arrays 

(ULA). Therefore, only the azimuth (𝜑) angles are considered in this study. However, the 

system can be extended to a multi-user case and uniform planar arrays for all components 

(BS, RIS, UE) at the cost of increased computational complexity. The direct LOS channel 

between UE and BS is blocked and the communication relies on the cascaded channel (UE-

RIS-BS). We assume that there are 𝐿1 mixed far-field and near-field scatters in the vicinity 

of UE and RIS, and 𝐿2 mixed far-field and near-field scatters in the vicinity of RIS and BS. 

The UE sends pilot signals and with applying a matching filter at the BS the pilot signals 

can be distinguished.     
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Fig. 6.9. The uplink narrow-band RIS-aided mm-Wave massive MIMO system with 

mixed far-field and near-field scatters. 

In line with these assumptions and definitions, channel and signal models are given in the 

next stage. 

We consider the Saleh-Valenzuela channel model [52] which is very prominent in mm-Wave 

communication system, to model cascaded channel between UE and BS. The cascaded 

channel consists of two components, the channel between UE and RIS, 𝐇1, and the channel 

between RIS and BS, 𝐇2. The cascaded channel components can be modelled as:   

𝐇1 = ∑ 𝛼𝑙1

𝐿1

𝑙1=1

𝒂(𝜑𝑙1
𝑅𝐼𝑆)𝒂(𝜑𝑙1

𝑈𝐸)
𝑇
 (6-50) 

𝐇2 = ∑ 𝛼𝑙2

𝐿2

𝑙2=1

𝒂(𝜑𝑙2
𝐵𝑆)𝒂(𝜑𝑙2

𝑅𝐼𝑆)
𝑇
 (6-51) 

where 𝒂(. ) denotes the steering vector and for a general angle, 𝜑, it can be expressed as: 

𝒂(𝜑, 𝑟)  = [𝑒−𝑚𝜔(𝜑)−𝑚
2𝛾(𝜑,𝑟), … ,1,… , 𝑒𝑚𝜔(𝜑)+𝑚

2𝛾(𝜑,𝑟)]
𝑇
 (6-52) 

where 𝑚 is the element index in the antenna array with 2𝑚 + 1 antennas, 𝜔 and 𝛾 are the 

far-field, and near-field phase components of the 𝑚-th element, and the value 1 is the phase 

of the middle element where 𝑚 = 0. The far-field and near-field phase components for an 

ULA can be written as [53]: 

Antennas

RIS

Antennas

BS Cascaded Path (Unblocked)
Direct Path (Blocked)

NLOS

LOS

scatters 

LOS

scatters scatters 

scatters 

Antennas
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𝜔(𝜑) = −
2𝜋𝑑

𝜆
sin 𝜑,     𝛾(𝜑, 𝑟) =

𝜋𝑑2

𝜆𝑟
cos2𝜑 (6-53) 

where 𝑑 is the inter-element spacing, 𝑟 is the range and 𝜆 is the wavelength of the operating 

frequency.  

The effective cascaded uplink channel, 𝐇ϵℂ𝑀𝐵𝑆×𝑀𝑈𝐸 , can be expressed as: 

𝐇 = 𝐇1𝚯𝐇2 (6-54) 

where 𝚯ϵℂ𝑀𝑅𝐼𝑆×𝑀𝑅𝐼𝑆 is a diagonal matrix, whose complex elements denotes the gain and 

phase coefficients of the RIS elements as 𝑔𝑚𝑅𝐼𝑆
𝑒𝑗𝛷𝑚𝑅𝐼𝑆 . 

Then, the received uplink pilot signal at the BS,𝒚̅ ϵℂ𝑀𝐵𝑆×1, is given by: 

𝒚̅ =  𝐇𝐬 + 𝐧 (6-55) 

where 𝒔ϵℂ𝑀𝑈𝐸×1 is the pilot signal and 𝐧ϵℂ𝑀𝐵𝑆×1 is the zero mean and unit variance additive 

Gaussian noise. At BS we apply matching filter to vector 𝒚̅ and the filtered received vector, 

𝒚𝝐ℂ𝑀𝐵𝑆×1, can be expressed as: 

𝒚 = 𝒚̅𝒔𝑇 = 𝐇𝐬𝒔𝑇 + 𝐧𝒔𝑇 (6-56) 

where |𝒔𝒔𝑇| = 1. 

Finally, we can derive and rewrite the effective cascaded channel as: 

𝐇 = ∑ ∑ 𝛼𝑙2𝛼𝑙1𝒂(𝜑𝑙2
𝐵𝑆)𝒂(𝜑𝑙2

𝑅𝐼𝑆)
𝑇
𝚯

𝐿1

𝑙1=1

𝐿2

𝑙2=1

𝒂(𝜑𝑙1
𝑅𝐼𝑆)𝒂(𝜑𝑙1

𝑈𝐸)
𝑇
 (6-57) 

From (6-57), we can define the cascaded channel gain, 𝜂𝑝,𝑘, as: 

𝜂𝑙1,𝑙2 = 𝛼𝑙1𝛼𝑙2𝒂(𝜑𝑙2
𝑅𝐼𝑆)

𝑇
𝚯𝒂(𝜑𝑙1

𝑅𝐼𝑆) (6-58) 

Then, the cascaded channel is reduced the form of [19]: 

𝐇 = ∑ ∑ 𝜂𝑙1,𝑙2

𝐿1

𝑙1=1

𝒂(𝜑𝑙2
𝐵𝑆)

𝐿2

𝑙2=1

𝒂(𝜑𝑙1
𝑈𝐸)

𝑇
 (6-59) 

Similar to [19], we can omit the effects of DoD, 𝜑𝑙2
𝑅𝐼𝑆 , and DoA, 𝜑𝑙1

𝑅𝐼𝑆 , components of RIS 

since the phase optimization of the RIS elements depends on the 𝜑𝑙1
𝑈𝐸 and 𝜑𝑙2

𝐵𝑆. The main 

focus of this study is mixed-field channel estimation in RIS-aided MIMO systems; hence, no 

additional optimum RIS phase configuration is proposed. However, we assume that the 

optimum phase configuration of RIS elements are estimated by least-squares solution as 
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referred in [19]. It should also be noted that RIS phase optimization is done by considering 

both ω and γ for the steering vectors in the channel model. 

Once we model the cascaded channel, the element-wise signal model for the system can be 

formulated. 

The received signal, at time 𝜏, with 𝑁 signal samples corresponding the path between the 

𝑚𝑅𝐼𝑆-th element of the RIS and the 𝑚𝑈𝐸-th element of the UE, 𝑥𝑚𝑅𝐼𝑆,𝑚𝑈𝐸
, is can be expressed 

as: 

𝑥𝑚𝑅𝐼𝑆,𝑚𝑈𝐸
(𝑛) = ∑ 𝛼𝑙1𝑒

𝑗𝛹𝑚𝑅𝐼𝑆,𝑙1
𝑅𝐼𝑆

𝐿1

𝑙1=1

𝑒
−𝑗𝛹𝑚𝑈𝐸,𝑙1

𝑈𝐸

𝑠(𝑛) (6-60) 

where 𝑠(𝑛) is the transmitted pilot signal from the UE, 𝛼𝑙1 is the path loss of the propagation 

path corresponding to UE and its scatters, 𝛹𝑚𝑅𝐼𝑆,𝑙1
𝑅𝐼𝑆  and 𝛹𝑚𝑈𝐸,𝑙1

𝑈𝐸  are the mixed-field signal 

phase coefficients of direction-of-arrivals (DoA) and direction-of-departures (DoD), 

respectively. The phase coefficients can be expressed as: 

 

𝛹𝑚𝑅𝐼𝑆,𝑙1
𝑅𝐼𝑆  = 𝑚𝑅𝐼𝑆𝜔(𝜑𝑙1

𝑅𝐼𝑆) + (𝑚𝑅𝐼𝑆)
2𝛾(𝜑𝑙1

𝑅𝐼𝑆)    

 𝛹𝑚𝑈𝐸,𝑙1
𝑈𝐸 = 𝑚𝑈𝐸𝜔(𝜑𝑙1

𝑈𝐸) + (𝑚𝑈𝐸)
2𝛾(𝜑𝑙1

𝑈𝐸) 
(6-61) 

Then, the received signal, at time 𝜏, with 𝑁 signal samples corresponding the path between 

the 𝑚𝐵𝑆-th element of the BS and the 𝑚𝑅𝐼𝑆-th element of the RIS, 𝑦𝑚𝐵𝑆,𝑚𝑅𝐼𝑆
, can be expressed 

as: 

𝑦𝑚𝐵𝑆,𝑚𝑅𝐼𝑆
(𝑛) = ∑ ∑ (𝛼𝑙2𝑒

𝑗𝛹𝑚𝐵𝑆,𝑙2
𝐵𝑆

𝑒
𝑗𝛹𝑚𝑅𝐼𝑆,𝑙2

𝑅𝐼𝑆

) (𝑔𝑚𝑅𝐼𝑆
(𝑛)𝑒𝑗𝛷𝑚𝑅𝐼𝑆(𝑛))𝑥𝑚𝑅𝐼𝑆,𝑙1

(𝑛)

𝐿1

𝑙1=1

𝐿2

𝑙2=1

 

+𝑧𝑚𝐵𝑆,𝑚𝑅𝐼𝑆
(𝑛) 

(6-62) 

where 𝛼𝑙2 is the path loss of the propagation paths (scatters) between RIS and BS,  𝑔𝑚𝑅𝐼𝑆
(𝑛) 

and 𝑒𝑗𝛷𝑚𝑅𝐼𝑆(𝑛) denote the reflection gain and phase at the 𝑚𝑅𝐼𝑆-th element of the RIS, 

respectively, 𝑧𝑚𝐵𝑆
(𝑛) is the complex Gaussian noise, 𝛹𝑚𝐵𝑆,𝑙2

𝐵𝑆  and 𝛹𝑚𝑅𝐼𝑆,𝑙2
𝑅𝐼𝑆  are the mixed-field 

signal phase coefficients of direction-of-arrivals (DoA) and direction-of-departures (DoD), 

respectively. The phase coefficients can be expressed as: 

𝛹𝑚𝐵𝑆,𝑙2
𝐵𝑆 = 𝑚𝐵𝑆𝜔(𝜑𝑙2

𝐵𝑆) + (𝑚𝐵𝑆)
2𝛾(𝜑𝑙2

𝐵𝑆)    

 𝛹𝑚𝑅𝐼𝑆,𝑙2
𝑅𝐼𝑆 = 𝑚𝑅𝐼𝑆𝜔(𝜑𝑙2

𝑅𝐼𝑆) + (𝑚𝑅𝐼𝑆)
2𝛾(𝜑𝑙2

𝑅𝐼𝑆) 
(6-63) 

Finally, we can rewrite (6-42) by using (6-33) and (6-39). Then, 𝑦𝑚𝐵𝑆,𝑚𝑅𝐼𝑆
 takes the form of: 
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𝑦𝑚𝐵𝑆,𝑚𝑅𝐼𝑆
(𝑛) = ∑ ∑ 𝜂𝑙1,𝑙2𝑒

𝑗𝑚𝐵𝑆𝜔(𝜑𝑙2
𝐵𝑆)+(𝑚𝐵𝑆)

2𝛾(𝜑𝑙2
𝐵𝑆)

𝐿1

𝑙1=1

𝐿2

𝑙2=1

 

. 𝑒
−𝑗𝑚𝑈𝐸𝜔(𝜑𝑙1

𝑈𝐸)+(𝑚𝑈𝐸)
2𝛾(𝜑𝑙1

𝑈𝐸)
𝑠(𝑛) + 𝑧𝑚𝐵𝑆,𝑚𝑅𝐼𝑆

(𝑛) 

(6-64) 

6.3.3. Proposed Method 

In this section, we explain the adopted method to estimate DoDs and DoAs, ranges and 

cascaded channel. The first step of the proposed method is forming a special fourth-order 

cumulant matrix. Before going into more detailed explanation, some assumptions for the 

proposed method need to be stated [50], [53], [54], [55]: 

1) The inter-element spacings 𝑑 should be equal to 𝜆 4⁄  for BS and UE antenna arrays. 

Since RIS elements only contribute as gain and phase coefficients as, 𝜂𝑙1,𝑙2, inter-

element spacing for RIS can be 𝑑 = 𝜆 2⁄ . 

2) The path gains or losses, 𝛼𝑙1 and 𝛼𝑙2, later degraded to 𝜂𝑙1,𝑙2, are mutually 

independent and identically distributed (i.i.d). 

3) The additive noise is uncorrelated to the signals and is zero-mean (defined before) 

white Gaussian process with  𝐸{𝑧𝑚𝐵𝑆,𝑚𝑅𝐼𝑆
(𝑛)𝑧𝑚𝐵𝑆,𝑚𝑅𝐼𝑆

∗ (𝑛)} = 𝜎𝑧
2.  

4) The number of propagation paths (scatters) is less than the number of UE antennas 

as 𝐿1 + 𝐿2 < min(𝐿1, 𝐿2) (we assume 𝑀𝐵𝑆 ≫ 𝑀𝑈𝐸).  

5) The condition |𝒔𝒔𝑻| = 1 should be satisfied. 

6.3.3.1. Fourth-Order Cumulant Matrix 

The proposed method relies on the higher order statistics of the received signal. The fourth-

order joint cumulant of the received signals can be expressed as [53], [56], [57]:  

𝐶 (𝑦𝑎,𝑒(𝑛), 𝑦𝑏,𝑓
∗ (𝑛), 𝑦𝑐,𝑔(𝑛), 𝑦𝑑,ℎ

∗ (𝑛)) = 𝐸{𝑦𝑎,𝑒(𝑛)𝑦𝑏,𝑓
∗ (𝑛)𝑦𝑐,𝑔(𝑛)𝑦𝑑,ℎ

∗ (𝑛)} 

−𝐸{𝑦𝑎,𝑒(𝑛)𝑦𝑏,𝑓
∗ (𝑛)}𝐸{𝑦𝑐,𝑔(𝑛)𝑦𝑑,ℎ

∗ (𝑛)} 

−𝐸{𝑦𝑎,𝑒(𝑛)𝑦𝑑,ℎ
∗ (𝑛)}𝐸{𝑦𝑐,𝑔(𝑛)𝑦𝑏,𝑓

∗ (𝑛)} 

−𝐸{𝑦𝑎,𝑒(𝑛)𝑦𝑐,𝑔(𝑛)}𝐸{𝑦𝑑,ℎ
∗ (𝑛)𝑦𝑏,𝑓

∗ (𝑛)} 

(6-65) 

where the complex fourth-order cumulant coefficients can be extended as:  

𝐶 (𝑦𝑎,𝑒(𝑛), 𝑦𝑏,𝑓
∗ (𝑛), 𝑦𝑐,𝑔(𝑛), 𝑦𝑑,ℎ

∗ (𝑛)) = ∑ ∑ 𝜂𝑙1,𝑙2

𝐿1

𝑙1=1

𝐿2

𝑙2=1

 

.𝑒
𝑗[(𝑎−𝑏+𝑐−𝑑)𝜔(𝜑𝑙2

𝐵𝑆)+(𝑎2−𝑏2+𝑐2−𝑑2)𝛾(𝜑𝑙2
𝐵𝑆)]

 

(6-66) 
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. 𝑒
−𝑗[(𝑒−𝑓+𝑔−ℎ)𝜔(𝜑𝑙1

𝑈𝐸)+(𝑒2−𝑓2+𝑔2−ℎ2)𝛾(𝜑𝑙1
𝑈𝐸)]

+ 𝑐𝑧 

where 𝑐𝑙1,𝑙2 = 𝐶(𝜂𝑙1,𝑙2 , 𝜂𝑙1,𝑙2
∗ , 𝜂𝑙1,𝑙2 , 𝜂𝑙1,𝑙2

∗ ) is the fourth-order cumulant fourth-order cumulant 

of the cascaded channel gain and  𝑐𝑧 = 𝐶 (𝑧𝑎,𝑒(𝑛), 𝑧𝑏,𝑓
∗ (𝑛), 𝑧𝑐,𝑔(𝑛), 𝑧𝑑,ℎ

∗ (𝑛)) is the fourth-order 

joint cumulant of the received noises.  

In order to retain the angles and eliminate the range parameters we construct a special 

spatial cross-cumulant matrix, 𝐂ϵℂ𝑀𝐵𝑆×𝑀𝑈𝐸 ,  whose (𝑚𝐵𝑆, 𝑚𝑈𝐸)-th entries are given as: 

𝐶𝑚𝐵𝑆,𝑚𝑈𝐸
(𝑦𝑚𝐵𝑆

1 ,𝑚𝑈𝐸
1 (𝑛), 𝑦

−𝑚𝐵𝑆
1 ,−𝑚𝑈𝐸

1
∗ (𝑛), 𝑦𝑚𝐵𝑆

2 ,𝑚𝑈𝐸
2 (𝑛), 𝑦

−𝑚𝐵𝑆
2 ,−𝑚𝑈𝐸

2
∗ (𝑛)) 

= ∑ ∑ 𝑐𝑙1,𝑙2

𝐿1

𝑙1=1

𝐿2

𝑙2=1

𝑒
𝑗2(𝑚𝐵𝑆

1 −𝑚𝐵𝑆
2 )𝜔(𝜑𝑙2

𝐵𝑆)
𝑒
−𝑗2(𝑚𝑈𝐸

1 −𝑚𝑈𝐸
2 )𝜔(𝜑𝑙1

𝑈𝐸)
+ 𝑐𝑧

𝑚,𝑙
 

(6-67) 

where 𝑚𝐵𝑆
1 , 𝑚𝐵𝑆

2  are the BS antenna indices and 𝑚𝑈𝐸
1 ,𝑚𝑈𝐸

2 are the UE antenna indices and 

the cumulant of the received signal is  𝑐𝑧
𝑚𝐵𝑆,𝑚𝑈𝐸 =

𝐶 (𝑧𝑚𝐵𝑆
1 ,𝑚𝑈𝐸

1 (𝑛), 𝑧
−𝑚𝐵𝑆

1 ,−𝑚𝑈𝐸
1

∗ (𝑛), 𝑧𝑚𝐵𝑆
2 ,𝑚𝑈𝐸

2 (𝑛), 𝑧
−𝑚𝐵𝑆

2 ,−𝑚𝑈𝐸
2

∗ (𝑛)).  

Then, the compact form of the cumulant matrix 𝐂ϵℂ𝑀𝐵𝑆×𝑀𝑈𝐸 can be expressed as: 

𝐂 = 𝐁1(𝝋
𝐵𝑆, 𝝋𝑈𝐸)𝐂𝜂𝐁1(𝝋

𝐵𝑆, 𝝋𝑈𝐸)𝐻 (6-68) 

where 𝐂𝜂ϵℂ
𝐿1𝐿2×𝐿1𝐿2 is a diagonal matrix, whose complex elements represent the cascaded 

channel gains being as 𝑑𝑖𝑎𝑔(𝑐1,1, … , 𝑐𝑙1,𝑙2 , … 𝑐𝐿1,𝐿2) and 𝐁1(𝝋
𝐵𝑆, 𝝋𝑈𝐸)ϵℂ𝑀𝐵𝑆𝑀𝑈𝐸×𝐿1𝐿2 is the 

steering matrix and can be expressed as: 

𝐁1(𝝋
𝐵𝑆, 𝝋𝑈𝐸) = 𝐀1(𝝎(𝝋

𝑈𝐸))
∗
⊙𝐀2(𝝎(𝝋

𝐵𝑆)) (6-69) 

where 𝐀𝟏 and 𝐀𝟐 are steering matrices whose 𝑝-th column  𝑘-th column can be expressed 

as:   

 

𝒂𝑙2(𝜑𝑙2
𝐵𝑆) = [𝑒

−𝑚𝐵𝑆𝜔(𝜑𝑙2
𝐵𝑆)
, … ,1, … , 𝑒

𝑚𝐵𝑆𝜔(𝜑𝑙2
𝐵𝑆)
]
𝑇

 (6-70) 

𝒂𝑙1(𝜑𝑙1
𝑈𝐸) = [𝑒

−𝑚𝑈𝐸𝜔(𝜑𝑙1
𝑈𝐸)
, … ,1, … , 𝑒

𝑚𝑈𝐸𝜔(𝜑𝑙1
𝑈𝐸)
]
𝑇

 (6-71) 

and 

𝐛1(𝜑𝑙2
𝐵𝑆, 𝜑𝑙1

𝑈𝐸) = 𝒂𝑙1(𝜑𝑙1
𝑈𝐸)

∗
⊗𝒂𝑙2(𝜑𝑙2

𝐵𝑆) (6-72) 
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From (6-50) and (6-51), we can conclude that the fourth-order cumulant matrix, 𝐂, only 

contains the far-field components 𝝋𝐵𝑆 and 𝝋𝑈𝐸 of the received signal, 𝒚. Subsequently, the 

DoD and DoA parameters can be estimated by adopting a sparse reconstruction method.       

6.3.3.2. DoD and DoA Estimation 

The atomic norm minimization (ANM) sparse reconstruction method is adopted in this study 

to obtain the DoD an DoA parameters. The special fourth-order cumulant matrix 𝐂 can be 

considered as the covariance matrix of the cascaded channel. Thus, an atomic set can be 

defined over the 𝐂 as: 

𝒜 ≜ {𝐁̅(𝜑𝑙2
𝐵𝑆, 𝜑𝑙1

𝑈𝐸) = (𝒂𝑙1(𝜑𝑙1
𝑈𝐸)

∗
⊗𝒂𝑙2(𝜑𝑙2

𝐵𝑆)) (𝒂𝑙1(𝜑𝑙1
𝑈𝐸)

∗
⊗𝒂𝑙2(𝜑𝑙2

𝐵𝑆))
𝐻
,  

𝜑𝑙2
𝐵𝑆, 𝜑𝑙1

𝑈𝐸ϵ(−90𝑜, 90𝑜]} 
(6-73) 

Then the angle recovery can be performed by using atomic 𝑙0 norm. The atomic 𝑙0 norm of 𝐂 

is defined as the smallest number of atoms in 𝒜 and can be expressed as:  

‖𝐂‖𝒜,0 = inf {𝑃𝐾: 𝐂 = ∑ ∑ 𝑐𝑙1,𝑙2𝐁̅(𝜑𝑙2
𝐵𝑆, 𝜑𝑙1

𝑈𝐸)

𝐿1

𝑙1=1

𝐿2

𝑙2=1

, 𝐁̅(𝜑𝑙2
𝐵𝑆, 𝜑𝑙1

𝑈𝐸)ϵ𝒜, 𝑐𝑙1,𝑙2 > 0} (6-74) 

The atomic 𝑙0 norm should be transformed into a rank minimization problem to extract the 

DoDs and DoAs. The rank minimization problem can be expressed as:  

min
𝐙,𝐮,𝐂̂

rank[𝐖] 

s.t  𝐖 = [
𝐙 𝐂̂𝐻

𝐂̂ 𝐓(𝐮)
] ≥ 0, 

‖𝐂̂ − 𝐂‖
𝐹
≤ 𝜀 

(6-75) 

where Z is an auxiliary matrix, 𝐂̂ is introduced as the exact cumulant matrix since we only 

observe the certain number of samples the additive noise cannot be completely eliminated 

even though, high-order signal statistics are used, and 𝐮 is the reconstructed weight vector 

whose entries contain the DoDs and DoAs information, which defines the positive Hermitian 

Toeplitz matrix, 𝐓(𝐮), as  𝐓(𝐮) = 𝐮𝐮𝐻, and 𝜀 is the error term (tolerance). 

The rank minimization is a non-convex problem; therefore, it should be converted to a 

convex optimization problem, in order to be solved by the off-the-shelf solvers such as 

SDPT3, SeDuMi or CVX (interior-point algorithms). The convex relaxation can be applied 

by using trace/nuclear norm operator, thus the problem in (6-55) can take the form of: 

min
𝐙,𝐮,𝐂̂

tr[𝐙 + 𝐓(𝐮)] + 𝜁‖𝐂̂ − 𝐂‖
𝐹

2
 

s.t  𝐖 = [
𝐙 𝐂̂𝐻

𝐂̂ 𝐓(𝐮)
] ≥ 0,𝐖 ≥ 0 

(6-76) 
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where tr[. ] is the trace operator.   

The convex optimization problem in (27) can be solved by using one of the off-the-shelf 

solvers which are robust solvers for semi-definite medium-sized optimization problems, 

however, not efficient for solving large-sized problems [58]. Therefore, we adopted 

alternating direction method of multipliers (ADMM) method to solve (27). The ADMM 

decreases the dimension of the problem, is fast, and has superior convergence. 

In order to apply iteration step, first, the augmented Lagrangian function is constructed as: 

ℒ(𝐮, 𝐙, 𝐂̂,𝐖,𝐏) =  tr[𝐙 + 𝐓(𝐮)] + 𝛽‖𝐂̂ − 𝐂‖
𝐹

2
+ 〈𝐏,𝐖 − [

𝐙 𝐂̂𝐻

𝐂̂ 𝐓(𝐮)
]〉 

+
𝜌

2
‖𝐖− [

𝐙 𝐂̂𝐻

𝐂̂ 𝐓(𝐮)
]‖
𝐹

2

 

(6-77) 

where 𝜁 > 0 and 𝜌 > 0 denote the penalty and Langrange coefficients, respectively.  

The updating steps of the ADMM of (28) for iterations 𝑖 = 1,2,… , 𝐼, can be expressed as:  

(𝐮𝑖+1, 𝐙𝑖+1, 𝐂̂𝑖+1) = argmin
𝐙,𝐮,𝐂̂

ℒ(𝐮, 𝐙, 𝐂̂, 𝐏𝑖,𝐖𝑖) (6-78) 

𝐖𝑖+1 = argmin
𝐖
ℒ(𝐮𝑖+1, 𝐙𝑖+1, 𝐂̂𝑖+1, 𝐏𝑖, 𝐙) (6-79) 

𝐏𝑖+1 = 𝐏𝑖 + 𝜌(𝐖𝑖+1 − [
𝐙𝑖+1 (𝐂̂𝑖+1)

𝐻

𝐂̂𝑖+1 𝐓(𝐮𝑖+1)
]) (6-80) 

The partitions can be given as: 

𝐖𝑖 = [
𝐖0
𝑖 (𝐖1

𝑖)
𝐻

𝐖1
𝑖 𝐖2

𝑖
] (6-81) 

𝐏𝑖 = [
𝐏0
𝑖 (𝐏1

𝑖)
𝐻

𝐏1
𝑖 𝐏2

𝑖
] (6-82) 

and the updates of 𝐮, 𝐙, and 𝐂̂  can be calculated in closed-forms as: 

𝐙𝑖+1 = 𝐖0
𝑖 −

2

𝜌
(𝐏0

𝑖 − 𝐈𝑀𝐿) (6-83) 

𝐂̂𝑖+1 =
1

𝛽 + 𝜌
(𝛽𝐂̂ + 𝐏1

𝑖 + 𝜌𝐖1
𝑖) (6-84) 

𝐮𝑖+1 = 𝐃(𝐓∗ (𝐖2
𝑖 +

𝐏2
𝑖

𝜌
) −

𝑀𝐿𝒆1
𝜌

) (6-85) 

where 𝐃 = 𝑑𝑖𝑎𝑔 (
1

𝑀𝐿
,

1

2(𝑀𝐿−1)
, … ,

1

2
), 𝒆1 = [1,0, … ,0]

𝑇, and 𝐓∗(. ) Denotes the adjoint operator 

of 𝐓(. ). Finally, the 𝐖 update step can be expressed as: 
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𝐖𝑖+1 = argmin
𝐖
‖𝐖− [

𝐙𝑖+1 (𝐂̂𝑖+1)
𝐻

𝐂̂𝑖+1 𝐓(𝐮𝑖+1)
] +

𝐏𝑖

𝜌
‖

𝐹

2

 (6-86) 

Once the optimal estimate 𝐓(𝐮) is obtained, the DoDs and DoAs information of the 

propagation paths can be extracted by applying 2-D MUSIC on 𝐓(𝐮). 

6.3.3.3. Range Estimation 

The range parameters 𝑟𝑙2
𝐵𝑆 and 𝑟𝑙1

𝑈𝐸 can be estimated after DoDs and DoAs are extracted. In 

order to estimate the range parameters a new fourth-order cumulant matrix 𝐂𝑟 can be 

formed as [51]: 

𝐶𝑚𝐵𝑆,𝑚𝑈𝐸
(𝑦𝑚𝐵𝑆

1 ,𝑚𝑈𝐸
1 (𝑛), 𝑦0,0

∗ (𝑛), 𝑦𝑚𝐵𝑆
2 ,𝑚𝑈𝐸

2 (𝑛), 𝑦
−𝑚𝐵𝑆

2 ,−𝑚𝑈𝐸
2

∗ (𝑛)) = ∑ ∑ 𝑐𝑙1,𝑙2

𝐿1

𝑙1=1

𝐿2

𝑙2=1

 

𝑒
−𝑗(2𝑚𝐵𝑆

1 𝜔(𝜑𝑙2
𝐵𝑆)−2𝑚𝑈𝐸

1 𝜔(𝜑𝑙1
𝑈𝐸))

 

. 𝑒
𝑗(𝑚𝐵𝑆

2 𝜔(𝜑𝑙2
𝐵𝑆)+(𝑚𝐵𝑆

2 )
2
𝛾(𝜑𝑙2

𝐵𝑆,𝑟𝑙2
𝐵𝑆)−𝑚𝑈𝐸

2 𝜔(𝜑𝑙1
𝑈𝐸)+(𝑚𝑈𝐸

2 )
2
𝛾(𝜑𝑙2

𝑈𝐸,𝑟𝑙2
𝑈𝐸))

+ 𝑐𝑧
𝑚𝐵𝑆,𝑚𝑈𝐸 

 

(6-87) 

This time 𝐂𝑟 takes the form of: 

𝐂𝑟 = 𝐁1(𝝋
𝐵𝑆, 𝝋𝑈𝐸 , 𝒓)𝐂𝜂𝐁1(𝝋

𝐵𝑆, 𝝋𝑈𝐸)𝐻 (6-88) 

After inserting the DoDs and DoAs, the range information can be found by applying 

eigenvalue decomposition. Then, the range estimation of 𝐿1 + 𝐿2 = 𝐽 scatters can be 

performed by adopting a MUSIC pseudo-spectrum search as [50]: 

{𝑟𝑗
𝐵𝑆, 𝑟𝑗

𝑈𝐸} = argmax
𝑟𝑗
𝐵𝑆,𝑟𝑗

𝑈𝐸

1

𝒂(θ̂𝑗, 𝑟𝑗)𝐔n
𝐻𝐔n𝒂(θ̂𝑗, 𝑟𝑗)

𝐻 (6-89) 

where 𝐔n is the noise subspace matrix and θ̂𝑗 is the element of the set 𝛉̂ which contains all 

the estimated DoDs and DoAs of the 𝐽 scatters. This method is a joint estimation, thus, no 

additional pairing algorithm between the angles and the ranges is needed. Further, the 

estimated range parameters can be used to classify the scatters as far-field or near-field 

source according to the Fresnel region. However, since we perform channel estimation, the 

source classification is not needed. Once the DoDs, DoAs and ranges are estimated they are 

used for channel estimation. 
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6.3.3.4. Gain Coefficient Estimation 

After DoDs, DoAs and range parameters are estimated, the last step for the channel 

estimation is to extract the gain coefficients. The separate estimations of the 𝛼𝑙1 and 𝛼𝑙2 are 

almost impossible, however, the joint gain parameter 𝜂𝑙1,𝑙2 can be extracted and it is 

sufficient for the channel estimation. The element wise signal model in (6-42) can be 

formulated in the matrix form at time 𝜏 as: 

𝐘(𝑛) = 𝐀(𝝋𝐵𝑆, 𝐫𝐵𝑆)𝐇𝜂(𝑛)𝐀(𝝋
𝑈𝐸 , 𝐫𝑈𝐸)𝑇𝐒(𝑛) + 𝐙(𝑛) (6-90) 

where  𝐘(𝑛)ϵℂ𝑀𝐵𝑆×𝑀𝑈𝐸  is the received signal matrix, 𝐀(𝝋𝐵𝑆, 𝐫𝐵𝑆)ϵℂ𝑀𝐵𝑆×𝐿2 is the steering 

matrix whose 𝑙2-th column represents the steering vector of the 𝑙2-th scatter,  

𝐀(𝝋𝑈𝐸 , 𝐫𝑈𝐸)ϵℂ𝑀𝑈𝐸×𝐿1 is the steering matrix whose 𝑙1-th column represents the steering 

vector of the 𝑙1-th scatter where steering vectors can be computed with (3), 𝐒(𝑛)ϵℂ𝑀𝑈𝐸×𝑀𝑈𝐸  

is a diagonal matrix as  𝐒(𝑛) = 𝐬𝐈𝑀𝑈𝐸, 𝐙(𝑛)ϵℂ𝑀𝐵𝑆×𝑀𝑈𝐸  is the noise matrix, 𝐇𝜂(𝑛)ϵℂ
𝐿1𝐿2×𝐿1𝐿2 is 

a diagonal matrix as: 

𝐇𝜂(𝑛) = [

𝜂1 0 0 0
0 𝜂𝑔 0 0

⋮ ⋮ ⋱ ⋮
0 0 0 𝜂𝐺

] (6-91) 

where 𝜂𝑔 can be expressed as:  

𝜂𝑔 =∏𝛼𝑙1

𝐿1

𝑙1=1

𝛼𝑙2𝒂(𝜑𝑙2
𝑅𝐼𝑆)

𝑇
𝚯𝒂(𝜑𝑙1

𝑅𝐼𝑆) (6-92) 

The 𝐘(𝑛)is vectorized as the first step of estimation 𝐇𝜂(𝜏) as: 

𝒚̂(𝑛) = 𝐀(𝝋𝑈𝐸 , 𝐫𝑈𝐸)∗⊙𝐀(𝝋𝐵𝑆, 𝐫𝐵𝑆)⏟                  
𝐐

vec{𝐇𝜂(𝑛)} + 𝒛̂(𝑛) (6-93) 

Then, the gain coefficients can be estimated by using least-squares (LS) as [19], [50]: 

𝐇̂𝜂(𝑛) = (𝐐
𝐻𝐐)−1𝐐𝐻𝒚̂(𝑛) (6-94) 

Finally, the estimated channel can be obtained as: 

𝐇̂(𝑛) = 𝐀̂(𝛉𝐵𝑆, 𝐫𝐵𝑆)𝐇̂𝜂(𝑛)𝐀̂(𝝋
𝑈𝐸 , 𝐫𝑈𝐸)𝐻 (6-95) 

6.3.4. Simulation Results 

This section shows the simulations results to evaluate and compare the performance of the 

proposed channel estimation method. In the first step, DoD, DoA and range estimation 

performances of the proposed method is evaluated and compared with two of the prominent 



Contribution to Phased Array and RIS Processing for Satellite, 5G and 6G Communication Systems 

 

194 

 

state-of-the art methods which are known as 2D spatial smoothing multiple signal 

classification (SS-MUSIC) [59] and ADMM based 2D least absolute shrinkage selection 

operator (LASSO) [60]. The Cramer-Rao bound (CRB) is selected for the benchmark for DoD, 

DoA and range estimation. The CRB calculation is given in [61]. The root mean square error 

(RMSE) is selected for DoD, DoA and range estimations as the performance metric at MC =

250 Monte Carlo trails and 𝑆 = 200 snapshots. The RMSE can be defined as: 

𝑅𝑀𝑆𝐸𝜑𝐵𝑆 =
1

𝐿2
∑√

1

MC
∑[(𝜑̃𝑙2,𝑗

𝐵𝑆 − 𝜑𝑙2
𝐵𝑆)

2
]

MC

𝑗=1

𝐿2

𝑙2=1

 (6-96) 

𝑅𝑀𝑆𝐸𝜑𝑈𝐸 =
1

𝐿1
∑√

1

MC
∑[(𝜑̃𝑙1,𝑗

𝑈𝐸 −𝜑𝑙1
𝑈𝐸)

2
]

MC

𝑗=1

𝐿1

𝑙1=1

 (6-97) 

where 𝜑̃𝑙2,𝑗
𝐵𝑆  and 𝜑̃𝑙1,𝑗

𝑈𝐸  are the estimated DoAs and DoDs in each trail. The RMSE of the range 

estimations are calculated similar to (6-75) and (6-76). 

The related parameters for the RMSE simulations are given in Table 6-IV. 

Table 6-IV. Simulation parameters. 

Parameter Value 

𝐿2, 𝐿1 5, 3 

𝑑𝑥
𝐵𝑆, 𝑑𝑥

𝑈𝐸 𝜆 4⁄ , 𝜆 4⁄  

𝑀𝐵𝑆, 𝑀𝑈𝐸 17, 5 

DoAs [12.15𝑜, 23.27𝑜, 27.97𝑜, 32.56𝑜, 37.34𝑜] 
DoDs [−5.56𝑜, 7.73𝑜, 15.78𝑜] 
𝑟𝐵𝑆 [3𝜆, 6𝜆, 23𝜆, 52𝜆, 78𝜆] 
𝑟𝑈𝐸 [2𝜆, 3.5𝜆, 34𝜆] 
𝛼𝑙1 , 𝛼𝑙2 𝒞𝒩(0,1) 

The uniform searching grids of the DoA and DoD estimations for SS-MUSIC and ADMM-

based LASSO are assumed as [10𝑜: 0.01𝑜: 40𝑜] and [−10𝑜: 0.01𝑜: 20𝑜], respectively, and for 

range estimation  [1𝜆: 0.5𝜆: 80𝜆].  

Before the RMSE performance comparisons, we evaluate the DoA and DoD estimation 

accuracy of the proposed method with respect to the estimated ranges. Fig. 6.10 (a) and (b) 

show scatter diagrams to illustrate the localization of the scatters between the RIS-BS 

channel and between the UE-RIS channel. It can be seen that all the 5 scatters between 

RIS-BS and all the 3 scatters between UE-RIS are accurately located. The localization 

performance of the proposed method is evaluated under 10 dB SNR with MC = 250 Monte 

Carlo trails as well. Estimating DoD, DoA and range components is known as localization 

and additional estimation on path gains would give the channel estimation.  
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(a) 

 
(b) 

Fig. 6.10. Scatter plots for localization of the scatters: (a) between the RIS-BS channel 

(DoAs), (b) between the UE-RIS channel (DoDs). 

Fig. 6.11 (a) and (b) shows the RMSE performances of the proposed method, ADMM-based 

LASSO and SS-MUSIC. It can be seen that the proposed method has the best performance 

and its DoA RMSE is close to CRB when the SNR is higher than 0 dB and gets better as the 

SNR increases. However, DoA RMSE performances of ADMM-based LASSO and SS-

MUSIC are also at acceptable. It should be noted that the number of snapshots is selected 

more than the product of the numbers of the BS and UE antennas (𝑁 > 𝑀𝐵𝑆𝑀𝑈𝐸 = 85) in 

order for SS-MUSIC to provide better performance and regularization coefficient for 

ADMM-based LASSO, which arranges the trade-off between sparsity and accuracy, is 

selected optimum as in [60] for the same manner. On the other hand, the DoD RMSE 

performances of the ADMM-based LASSO and SS-MUSIC degrade since the number of 

antennas at the UE side is lower. We can conclude that even though, we provide advantage 

to both ADMM-based LASSO and SS-MUSIC, in overall, the proposed method has better 

DoD, DoA and range estimation accuracy.  

 
(a) 

 
(b) 

Fig. 6.11. The RMSE comparison with respect to SNR of the 2D ANM, 2D SS-MUSIC 

and 2D LASSO: (a) DoAs, (b) DoDs. 
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The error performance of the proposed channel estimation method is evaluated and 

compared with the state-of-the art channel estimators by the normalized mean square error 

(NMSE) as a performance metric. The NMSE can we defined as: 

 M  ≜  (
‖𝐇− 𝐇̂‖

𝐹

2

‖𝐇̂‖
𝐹

2 ) (6-98) 

The simulation parameters for the channel estimation are same as in Table 6-IV. However, 

the angles 𝜑𝐵𝑆, 𝜑𝑈𝐸 and ranges r𝐵𝑆, r𝑈𝐸 follow the uniform distribution as 

𝜑𝐵𝑆ϵ𝒰(−𝜋 6⁄ , 𝜋 6⁄ ) 𝜑𝑈𝐸ϵ𝒰(−𝜋 4⁄ , 𝜋 4⁄ ),  r𝐵𝑆ϵ𝒰(0,20𝜆)  and r𝑈𝐸ϵ𝒰(0,20𝜆).  The scanning 

resolutions for the angle grids and range grids are  0.1𝑜 and 𝜆 10⁄ , respectively. 

Fig. 6.12 shows the NMSE comparison for the proposed method and the state-of-the art 

channel estimator of the least-squares estimator (LS) [50], orthogonal matching pursuit 

(OMP) [62] estimator and the oracle [63] estimator. It should be noted that the oracle 

channel estimator only estimates the diagonal channel gain matrix 𝐇𝜂 where the all the 

angles and ranges are assumed to be exactly known, therefore, it can be considered as a 

benchmark. From the figure, it can be seen that the proposed method has the best 

performance gain over the LS, the far-field model based OMP and the near-field model based 

OMP estimators. The proposed method has only ≈ 5 dB difference between the benchmark. 

Since the range parameters, thus the near-field phase components, are included in the 

steering vectors in the near-field model based OMP estimator, its performance is close to 

the proposed method. The far-field model based OMP has the worst performance since it 

does not take into account the near-field phase components, therefore, significant 

performance degradation is observed.        

 
Fig. 6.12. The NMSE comparison of LS, far-field OMP, near-field-OMP, LS, oracle and 

the proposed channel estimators. 
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6.4. Conclusions 

An algorithm to the challenging problems of high energy consumption and fast DoA tracking 

in RIS-aided systems was proposed. The proposed algorithm has been tested on a RIS-aided 

massive MIMO system, which includes large number of antenna elements. The low power 

consumption was achieved by reducing the number of RF chains and including a switched 

antenna array in the access point. However, this leads incomplete signal data matrix. The 

matrix completion problem was solved by TNNR-ADMM algorithm. On the other hand, the 

required fast computation time cannot be achieved by subspace DoA algorithms which 

involve heavy matrix computations such as matrix inversion or EVD. We proposed low-

complexity ADAM based novel adaptive forgetting factor RLS algorithm AF-RLS for fast 

and accurate DoA tracking. The proposed algorithm evaluated and compared with the state-

of-the art algorithms under single-path propagation and multi-path propagation conditions. 

As a final remark for multi-path propagation, employing only 70-75 % of the active elements 

in AP is sufficient for DoA estimation and tracking. The AF-RLS obtaining more accurate 

estimation than RLS by > 2𝑜 in elevation and > 1𝑜 in azimuth. The proposed AF-RLS has 

≅ 2.41e7 times less computational complexity than subspace algorithm MUSIC but ≅ 2.24 

times more than RLS algorithm, however, achieves at least 5 dB more spectral gain than 

the revised state-of-the DoA algorithms.  

On the other hand, an efficient channel estimation method for the RIS-aided mm-Wave 

massive MIMO systems was proposed. It has been showed that the proposed method had 

performed accurate channel estimation and superior performance then the state-of-the art 

channel estimators. The proposed method accurately locates the scatters and simulation 

results validate that the channel estimation performance proposed method is comparable 

with the oracle channel estimator, which is considered as benchmark since the angles and 

ranges are known beforehand. The proposed method only has ≈ 5 dB lower NMSE value 

than the benchmark and achieves at least ≈ 4 dB better NMSE than near-field model based 

OMP, which has the closest performance among the revised state-of-the art channel 

estimator. To sum-up the proposed method is promising for channel estimation problems in 

RIS-aided system and one of the few studies in the literature on hybrid-field channel 

estimation.  

As a future outline, it is planned to adopt the proposed AF-RLS DoA estimation algorithm 

in the hybrid-channel estimation for the RIS-aided mm-Wave massive MIMO systems 

instead of using MUSIC algorithm and extend the 2-D channel estimation to 3-D.    
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7. Chapter 7: Conclusion and Future Work 

7.1. Conclusion 

Smart antennas, massive MIMO and RIS-aided communication systems provide effective 

solutions for both current, SATCOM, and next generation, 5G, B5G and 6G, wireless 

applications. We considered phased array antenna and RIS which are the fundamentals 

in modern wireless communication systems, as a whole. Therefore, in this thesis, different 

problems on the signal processing side related to phased antenna arrays and RISs were 

addressed, and various signal processing solutions to these problems has been presented.  

1. In Chapter 3, explanation of the developed user-friendly adaptive beamforming 

algorithm tool was given. The trade-offs of the adaptive beamforming algorithms in 

order to determine pros and cons time reference, spatial reference and blind adaptive 

algorithms were determined. The developed tool provided the preliminary analysis 

which are the bases of rest of the other chapter. We have learnt, compared and 

determine the paths to improve the quality of the other methods. In line with the 

outcomes of the analyses an improved hybrid beamforming algorithm was developed. 

The proposed hybrid beamforming algorithm has superb convergence rate, tracking 

capability, output SNR level, and improved steady-state noise than its counterparts.   

2. In Chapter 4, the proposed improved inverse matrix approximation algorithm was 

presented. This algorithm can be used in any array processing where the direct 

inversion of the matrix is needed, such as, inverse of correlation matrix in Wiener 

optimum, least-squares solutions to extract the coupling coefficients or estimation of 

gain coefficients in MIMO and RIS-aided MIMO channel estimation. The most of the 

inverse matrix approximation methods require pre-conditions, such as, Toeplitz or 

symmetric initial matrix, optimum initialization parameters and some pre-processing 

on received data to meet with the pre-conditions. The proposed inverse matrix 

approximation method does not require any pre-condition nor pre-processing to 

converge to a solution. The proposed algorithm was tested in zero forcing precoding in 

massive MIMO systems. The proposed algorithm outperformed the existing algorithms 

in terms of BER, convergence speed, and Frobenius norm error when the number of 

receiver antennas are increased.  

3. In Chapter 5, two different automated calibration method were proposed. It is 

desirable to eliminate the time-consuming laboratory inspection on antenna array 

calibration procedure, thus, self-calibration methods have been derived. In fact, self-

calibration methods are desired to be performed while the system is under operation. 

Therefore, a novel online self-calibration method based on mutual coupling for 

transmit antenna arrays was proposed. The proposed method has significant reduction 
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in both number of measurements and computational complexity. The proposed method 

is suitable for off-line, on-site and online calibration schemes. Numerical simulations 

are provided to evaluate the calibration performance of the method and a four-element 

simple experimental system is set-up to verify the effectiveness of the proposed 

method.  

On the other hand, another novel calibration method for circularly polarized active 

antenna array based on axial ratio optimization for improvement of antenna array 

performance compensating errors and mutual coupling effect was proposed. The 

coupling parameters were measured, in addition, data of gain/phase uncertainties and 

location errors due to the manufacturing errors were used in the model presented for 

the analysis of the proposed method. It is demonstrated that the proposed method 

compensates errors and mutual coupling effect being suitable for the circularly 

polarized phased array antennas. 

4. In Chapter 6, two major contributions for RIS-aided mm-Wave massive MIMO systems 

were presented. Firstly, an energy efficient low-complexity DoA estimation algorithm 

was proposed. The proposed algorithm is capable of detecting 3-D DoA estimation and 

tracking. It does not require all of the antenna elements in the antenna array to 

perform DoA estimation, but, the required signal samples can be collected by random 

switching in the receiver. Hence, the total power consumption in the system is reduced 

at the cost of low-rank signal data matrix. The low-rank matrix completion was 

performed using the TNNR-ADMM algorithm. Then the completed signal data was 

used for DoA estimation and tracking. For fast target tracking the algorithms needs 

adaptive parameters in order to achieve faster convergence rates. Therefore, a novel 

adaptive forgetting factor based on ADAM updating RLS algorithm was proposed for 

DoA estimation and fast tracking.  

On the other hand, an accurate channel estimation method for the RIS-aided mm-

Wave massive MIMO systems was proposed. The proposed method is one of the few 

studies in the literature for hybrid near-field and far-field channel estimation for the 

RIS-aided MIMO systems. New channel formulation was derived and the higher 

statistics of the receive signal was used to eliminate the near-field phase components 

on the mixed field signal model. The ANM continuous angle domain sparse 

reconstruction method was used to increase the DoD and DoA estimation resolution. 

The proposed method accurately locates the scatters as well as estimate the gain 

coefficients for channel estimation. It has been showed that the proposed method had 

performed accurate channel estimation and superior performance then the state-of-the 

art channel estimators.   
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7.2. Future Work 

Thanks to the contributions made to this thesis, it became clear that time was short for 

all lines of research opened. Therefore, the following paragraphs describe some research 

studies that complement the work presented in this thesis. Each paragraph gives extended 

future works for the related chapter. 

− Following the proposed improved hybrid beamforming in the Chapter 3, the work 

can be extended to large phased array antennas for tracking low-earth-orbit (LEO) 

constellation. The geometric formulations of the LEO tracking systems can be 

extended for novel and more comprehensive communication scenarios. The novel 

Tx/Rx technologies and architectures can be investigated and the proposed 

algorithm can be implemented on those platforms as well as can be tested and 

analyzed. To be more precise the pros and cons of the analog, digital and hybrid 

architectures can be evaluated under extended formulated scenarios and certain 

trade-offs can be analysed such as field of view (FoV), power consumption and cost 

in LEO systems. Among the many scenarios and use cases smart beamforming for 

direct LEO satellite access of future internet-of-things (IoT) can be selected as one 

of the hot topics.  

− Even though, the work in Chapter 4, the inverse matrix approximation algorithms 

for phased antenna array applications are a comprehensive work it could be 

improved in terms of computational complexity. The proposed algorithm includes 

the practical conditions in phased antenna arrays such as, mutual coupling effects, 

gain/phase uncertainties and location errors, and has superb convergence rate and 

BER performance over its counterparts. Moreover, the proposed algorithm 

converges globally, means it convergence does not depend on any initial condition 

or pre-computation. However, the proposed algorithm is based on matrix-matrix 

multiplications and sums which yields higher computational complexity and 

requires more memory storage in hardware. The algorithm can be reduced in 

matrix-vector or vector-vector multiplications and sums. Thus, the order of the 

computational complexity might be reduced as 𝑁3 → 𝑁2. 

− The proposals in Chapter 5 present valuable works on antenna array calibration. 

The self-calibration and the axial ratio improvement methods rely on mutual 

coupling which allows the system to identify the imperfections of each element by 

using the coupled signals. Such methods are useful since they do not require 

auxiliary antennas or hardware, as well as they reduce the time and cost. However, 

mutual coupling information can only be acquired by a large number of 

measurements, thus, it is important to get the coupling information of each 

antenna couple with a minimum number of measurements. Therefore, one of the 

blind separation algorithms, such as, independent component analysis (ICA), 



Contribution to Phased Array and RIS Processing for Satellite, 5G and 6G Communication Systems 

 

208 

 

ensuing a compressed sensing algorithm which allows single snapshot signal 

processing might be used to extract all the coupling coefficients with only one 

measurement.  

− The RIS-aided communication systems are nowadays a hot topic and will be for a 

long time, perhaps have more open issues than the previously mentioned topics. 

Even though, Chapter 6 presents two related major works on two crucial open 

issues, there is a long way to go in this area. One of the promising future works on 

RIS-aided communication systems might be implementing the low-complexity DoA 

estimation algorithm which is presented in Chapter 6 into hybrid-field channel 

estimation problem. In addition, the practical conditions in phased antenna arrays 

such as, mutual coupling effects, gain/phase uncertainties and location errors were 

not included in the studies of Chapter Ⅵ. Hence, the effects of those impairments 

in antenna arrays on DoA and channel estimations must be evaluated and proper 

low-complexity yet efficient compensation techniques must be developed. On the 

other hand, in the dense communication environments it is expected to be tens 

maybe hundreds of distributed RIS components which brings huge computational 

burden to processing unit, thus, practical yet efficient optimum RIS selection and 

RIS-user matching algorithms could be developed. Moreover, the optimum 

emplacement of the RISs in the communication environment can be formulated as 

one of the new scenarios and the necessary can be derived for this scenario.    
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