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Abstract

Hydraulic fracture trajectories in rocks and other materials are highly affected by spatial hetero-
geneity in their mechanical properties. Understanding the complexity and structure of fluid-driven
fractures and their deviation from the predictions of homogenized theories is a practical problem
in engineering and geoscience. We conduct a Monte Carlo simulation study to characterize the
influence of heterogeneous mechanical properties on the trajectories of hydraulic fractures propa-
gating in elastic media. We generate a large number of random fields of mechanical properties and
simulate pressure-driven fracture propagation using a phase-field model. We model the mechanical
response of the material as that of an elastic isotropic material with heterogeneous Young modulus
and Griffith energy release rate, assuming that fractures propagate in the toughness dominated
regime. Our study shows that the variance and the spatial covariance of the mechanical properties
are controlling factors in the tortuousness of the fracture paths. We characterize the deviation of
fracture paths from the homogenous case statistically, and conclude that the maximum deviation
grows linearly with the distance from the injection point. Additionally, fracture path deviations
seem to be normally distributed, suggesting that fracture propagation in the toughness-dominated

regime may be described as a random walk.
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I. INTRODUCTION

Hydraulic fracturing process is widely present in geomechanics. A natural example is
the fracture generated by the migration of magma through the lithosphere, resulting in thin
dikes and sills which extend over several kilometers [I], 2]. Some man-made examples arise
from the engineering field, as for instance the geologic sequestration of carbon dioxode [3],
the stimulation of geothermal reservoirs to increase heat extraction [4, [5], or the enhanced
oil and gas extraction from unconventional low-permeability reservoirs [0, [7]. The latter
two applications have a growing interest which arise from environmental concerns. Heat
extraction from geothermal reservoirs has the potential to become a crucial source of re-
newable carbon-free energy [§]. Unconventional oil and gas are expected to boost energy
supply by 2035 [9], and technically recoverable unconventional gas resources world-wide from

low-permeability reservoirs are roughly estimated around 8,000 trillion cubic feet [10].

One of the major concerns of the application of hydraulic fracturing technologies is the
groundwater contamination. Created fractures may unintentionally connect the reservoir
and the surrounding environment, providing hydraulic access between both and leading to
leakage of fracturing fluid or gas [11, [12]. Fracture propagation has a stochastic component
which results into complex trajectories. Experiments have shown that fracture trajectories
are highly affected by the in situ stress [13, [14], heterogeneity of the reservoir formations [15]
16], or the presence of natural fractures [I7], among other factors. These effects have also

been studied through complex numerical simulations [I8-20].

Estimating the uncertainties in fracture propagation through numerical simulations is a
challenging task. Monte Carlo simulation method is the simplest and widest-used approach
to estimate uncertainty [21]. The biggest disadvantage is that a large number of realizations
are required. The influence of the input parameters on the model output can be quantified
in the local or global context. The former keeps fixed all the inputs while varying one of
them. The latter conducts sensibility analyses through, for instance, stochastic multiscale
methods [22, 23]. Another approach is the stochastic finite element method, but unfortu-
nately its applications are mostly limited to linear problems [24], although some attempts
to extend the method to nonlinear problem have been performed [25, 26]. Some attempts
to quantify the uncertainty associated to fracture process due to heterogeneous material

properties have been conducted within the Monte Carlo simulation framework [21], 27].

The estimate of uncertainty of fluid-driven fracture paths through the Monte Carlo simu-
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lation framework requires both a random field generator algorithm of mechanical properties,
and a mathematical model of the fracture process. Techniques for generating random fields
can be broadly grouped into discrete and continuous models [28]. The former generate
random fields of discrete properties, as for instance, the number of fractures in fracture net-
works. On the other hand, continuous models describe properties that vary continuously, as
for instance, the Young modulus or the hydraulic conductivity. The most common contin-
uous models are [29]: the moving average methods, the discrete Fourier transform (DFT)
method, the covariance matrix decomposition, the fast Fourier transform (FFT) method,
the turning bands method, and the local average subdivision method.

Fluid-driven fracture propagation in elastic media can be simulated through analytical
and numerical models. Analytical solutions are available for simple injection protocols and
fracture geometries. [30] provides a review of the state-of-the-art for the penny-shape fracture
propagation. More complex geometries or injection protocols require numerical models.

Numerical models for fluid-driven fracturing can be classified into discrete or continuous
approaches. In the discrete approaches, fractures are simulated as discontinuities. Some
discrete models are implemented using the finite element method (FEM), where the prop-
agation of the fractures may be simulated by splitting nodes [31], breaking elements [32],
enriching the displacement field with new degrees of freedom [33] 34] or using cohesive inter-
face elements [35]. Other models are the spring network approach, where fractures grow by
splitting nodes and reconnecting springs [36], or the mesh free methods including the crack-
ing particle method [37, 38, the immersed particle method [39], or the discrete element
approach [40, [41].

Continuous approaches describe both the intact solid and fracture domains as a unique
continuum. The geometric simplicity and the topology of the discretization is held during
the fracture propagation, which makes these models computationally appealing. Examples
of continuous approaches include peridynamics, in which the solid is assumed to be com-
posed of material points that interact with all its neighbors within a nonlocal region called
horizon [42H45], or the screen-Poisson method where fractures are regularized through a
screened Poisson equation [46].

A novel continuous mathematical approach for fluid-driven fracture propagation in brittle
elastic media is the phase-field model. It is based on the Griffith interpretation to model
quasi-static brittle fracture propagation [47]. Fractures are treated as a diffuse interface

defined by the phase-field variable that interpolates between the broken and unbroken re-



90

91

92

93

94

95

96

97

98

99

100

101

102

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

gions. This approach enjoys the following advantages [48]: (1) the approach is fixed-mesh,
(2) the formulation is based on energy minimization and, consequently, nucleation, propa-
gation, joining, or branching are automatically computed without any additional handling,
and (3) fracture propagation in heterogeneous media is simulated without any additional
modification in the computational framework. Moreover, its capability of simulating fluid-
driven fracturing in an elastic medium has been assessed against analytical solutions with
encouraging results [49], and compared with laboratory experiments with promising perfor-

mance [50].

Here, we study the uncertainty of fluid-driven fracture trajectories associated to hetero-
geneity of rock mechanical properties. We adopt a Monte Carlo simulation framework where
random fields of several mechanical properties are generated through a FFT method. We
quantify the influence of the mechanical parameters on the fracture path in the local context.
Moreover, fracture trajectories are simulated using a phase-field approach. For simplicity,
we restrict our study to a 2-dimensional (2-D) elastic case study under plain strain condi-
tions, infinitesimal deformations, and isothermal conditions. We assume fractures propagate
under the toughness dominated regime with no-fluid lag. The main physical consequence of
these assumptions is the restriction of our conclusions to very low permeable rocks where a
low-viscous fluid is injected. This situation is quite real since hydraulic fracturing is a tech-
nique for enhancing oil and gas production in formations with low permeability. Moreover,
fracturing jobs are more efficient when fractures propagate under the toughness dominated
regime since the energy expended in fracturing the rock is much larger than the viscous
dissipation [5I]. The no-fluid lag assumption is valid when the confining stress is suffi-
cient large [52], although the literature about modeling hydraulic fracturing with fluid-lag is
scarce [53, [54]. The simulated trajectories allow us to characterize and statistically quantify
the influence of several statistical parameters of the random fields on the tortuousness in
fracture trajectories. The research question is, then, how rock heterogeneity makes the frac-
ture trajectory deviate from the deterministic path, whether the deviations follows random
walks or not, and how far fractures deviate.

The paper is organized as follows. Section 2 provides the governing equations of the
Monte Carlo simulation framework. First, we introduce the random field generator algo-
rithm of mechanical properties of the elastic medium. Afterward, the fluid-driven fracture
model based on the phase-field approach is presented. A case study where we apply the

methodology is described in section 3. The results of the numerical simulations and their
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analyses are reported in section 4. Finally, some conclusions are drawn in section 5.

II. METHODOLOGY

In this section, we begin by describing the geometric representation of the fracture/matrix
domain. We then introduce the methodology used to generate correlated synthetic random
fields of Young modulus and Griffith energy release rate through a Fourier space method.
Finally, we describe the phase-field approach for the simulation of quasi-static, brittle, fluid-

driven fracture propagation in elastic solids.

II.1. Geometry

Consider a domain 2 C R° with spatial dimension § € {2,3}. The problem domain
comprises an impermeable elastic subdomain, 2z, and a pressurized fracture subdomain, Qg;
e, Q= QpUQp (Fig. 2). A slightly compressible Newtonian fluid is injected into the
fracture at known pressure. While no mass exchange occurs between subdomains, the fluid
pressure exerts a force over the elastic subdomain that induces the propagation on the
fracture. The boundary of €2; is denoted by 0f2;, where i = E,F. The boundary of Qg
is divided into two subsets, OpQ2r and On{g, where Dirichlet and Neumann boundary

conditions are imposed, respectively.

II.2. Random field generator

We assume that the heterogeneous mechanical properties of real materials can be de-
scribed, at the macroscopic scale, as a random yet continuous spatial variation of these
quantities. The random field theory [55], through the design of suitable random field gen-
erators, is a common tool for modeling this spatial variability. The cornerstone of this
approach is the selection of a probability distribution that matches the natural distribution
of the property concerned.

Numerous field data analyses and experimental studies have been conducted to char-
acterize the probability distribution of constitutive properties in natural and engineered
materials. The hydraulic transmissivity, conductivity, and storage coefficient of aquifers

have been found to follow lognormal distributions [56]. Mechanical properties are often
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found to be lognormally distributed, from the elastic modulus and strength of concrete [57],
to the geomechanical parameters of rocks [58] and the elastic modulus of the cytoskeletal
network of living cells [59].

Given the ubiquitous presence of lognormal properties in nature, the lognormal distri-
bution has been adopted in many studies to describe material properties in synthetic mod-
els. Some examples include the hydraulic properties of soil in probabilistic slope stability
analysis [60], infiltration and unsaturated flow [61], flow through porous rocks [62], [63] or
macrodispersion in aquifers [64]. It has also been adopted to describe the mechanical prop-
erties of steel in fatigue and fracture analyses of bridges [65], or the cohesion and friction
angle of rocks in the design of rock slopes [66, [67].

Here, we consider both the Young modulus, E, and the Griffith energy release rate, G,
to be isotropic and stationary lognormal fields. We do not consider spatial variations in the
Poisson ratio, v, which is rather taken as a deterministic constant throughout the domain.
The assumption of stationarity is appropriate when a single material is modeled, and it
implies that all values of a given mechanical property at different points of the solid are
drawn from the same distribution with the same statistical parameters.

Given a random field H in a spatial domain D, {H (x); xeDC §R5}, following a lognor-
mal distribution with mean gy and standard deviation oy, its logarithm, In H, is normally

distributed with mean, uy, g, and standard deviation, oy, g, given by:

Oy =0 (140 /13, (1)
and
1
fmp = In (pm) — 5‘712111{- (2)

We assume that values of H at two points in the domain show correlation that decreases with
the distance between them. Correlation is modeled through the so-called spatial correlation
function. Here we adopt an isotropic Gaussian type function, p(r), which is commonly used

to describe geologic materials [68]:

() = oo (—r/ (VL)) )

where r is the spatial distance and [. is the correlation length. Points separated by distances
larger than [, are weakly correlated and therefore essentially independent. We assume that

both fields, E and G., have the same correlation function. The field In H is expressed as:
In H(x) = pin g + omuZ(x), (4)
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where Z(x) follows a standard normal distribution with spatial autocorrelation p(r) =
exp(—r/(v/2l.)). We generate random Gaussian fields efficiently through a spectral ap-
proach based on the Fast Fourier Transform (FFT) method [69]. Random fields in the
spatial domain, Z(x), are obtained as the inverse Fourier transform of independent random
Fourier increments which are generated on a wave number grid [70].

Regarding the dependence between the F(x) and G.(x) fields, we assume that at a given
location x; both lognormal fields depend on each other through only the local variable Z(x;)

as follows:
InE(xi) = pne + omeZ(Xi), (5)
In Gc(xi) = HinGe + OIn GCZ(Xi)7 (6)
or, alternatively,
In E(x;) = aln G.(xi) + b, (7)
where the constants a and b are:
OnE
a = , 8
e ( )
b— Hin EOIn G, — ,UlnGco—lnE. (9)
OlnG.

The above assumption implies that the correlation coefficient between both variables is one.
It is motivated by the fact that in the same material the elastic modulus and the strength

are closely related.

I1.3. Rock damage model

We model the propagation of fluid-driven fractures through a quasi-static phase-field
formulation. A detailed description of the model formulation can be found in [49]. Fractures
are simulated as diffuse interfaces defined by the phase-field variable, d € [0, 1], which
can be interpreted as a damage indicator. We define d — 1 at the fracture and d=0 at
the undamaged regions. In the following formulation, we adopt an anisotropic damage
formulation [71] which allows for fracturing in tension only. The anisotropic formulation
provides realistic fracture evolution patterns for rocks and other materials with asymmetric
response for fracturing under tension and compression. The equilibrium equations for the

damage model are given by:
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=V {lg(d)+rK]og + 05} —psVg(d) —f =0, inQ, (10)

on=t, inJdyQ. (11)

where o7 refers to Cauchy tensile/compressive stresses in the undamaged solid, g(d) is a
degradation function,  is a small positive parameter, py is the pressure of the fluid inside
the fracture, f is the body force vector per unit volume, t is the vector of applied traction
surface forces, and n is the outward normal unit vector. The small positive parameter k ~ 0
prevents numerical singularities and is chosen as small as possible such that the algebraic
conditioning number of the numerical method guarantees well-posedness for partly-broken
systems [72].

The tensile/compressive stress og is given by:

5
og(w) =) [ <Zsl> + 20 (€a), | Do @1, (12)
a=1
where (z), = (x+|z])/2, X and p are the Lamé constants, 0 is the number of space

dimensions, €, is the a* principal strain, and n, is the principal strain direction associated
to the principal strain ¢,. The eigenvalue bases n, ® n, are computed in terms of the
principal strains €; and the strain tensor € as follows [73] :
1 5
n, ®n, = H(g—gbl). (13)

1)
Hb;ﬁa (€a o Eb) b#a

We employ a quadratic degradation function g(d) = (1—d)? [74]. While other degradation

functions have been proposed in the literature, the impact of its particular functional form
diminishes after the fracture has formed [75], and I'-convergence has so far only been proved
for the quadratic polynomial [76].

The strong form of the phase-field problem reads:

9e
14

(d—*V?d) =2(1—d)H", inQ, (14)
Vd-d=0, indyQ, (15)

where ( is the length scale parameter, and H' is the maximum local history field. The
characteristic length ¢ controls the band width across which the regularization of the frac-

ture surface takes place. Phenomena with characteristic length scales smaller than ¢ cannot
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be captured by our model, e.g. the observed self affine scaling of fracture roughness [77].
Numerically, ¢ has a slight influence over the critical load that triggers unstable fracture
propagation—the load decreases as ¢ increases [50), [74]. The memory term H7 is the maxi-
mum historic energy generated by tensile strain, and is given by:

H*(u,py,t) = m[z(a)%(] (w§+(€)+pr~u+u'fo), (16)
s€|0,

where u is the displacement field, ¢ is time, and 5" is the positive undamaged elastic
energy density. More generally, /5= splits the total energy among tension and compression

as follows:

| >

§(e) =

<<i> ) “‘i (lei)y)” (17)

and fulfills ¥§(e) = Y57 (e) + ¥§ (). Trreversibility is enforced in the model through H™,
which ensures that damaged regions do not heal, even when stress disappears [71].

We consider that fractures propagate under the toughness-dominated regime, i.e. the
energy expended in fracturing the rock is much larger than the viscous dissipation due to
the movement of the fluid inside the fracture [78]. We further assume that the fluid viscosity
is negligible, and as a result fluid pressure inside the fracture is uniform and equal to the
prescribed boundary pressure. Consequently, since the pressure inside the fracture is uniform
and its value is known at the injection point, there is no need to solve the flow equation
along the fracture to update ps. Since the fracture domain is modeled as a field, the fracture
path has to be inferred from the phase-field. In our 2D setting, the trajectory is the line
where the gradient of the phase-field is zero and the phase-field is above a threshold dy (here
we adopt dy = 0.9 [49])-

The coupled problem—i.e. the equilibrium equation together with the damage
model (14)—is implemented using the finite element software COMSOL Multiphysics [79].
The integration in time is fully implicit and adaptive, and it is based on backward differen-

tiation formulae [80)].

III. CASE STUDY

We simulate the propagation of a single fracture under the toughness dominated regime
in an elastic solid whose Young modulus and Griffith critical energy release rate spatially

vary following stationary isotropic log-normal fields (Fig. . Since our main purpose is to

9
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FIG. 1. Schematic description of the case study: problem geometry, computational mesh and
illustration of the relevant fields. (a) We simulate fluid injection at prescribed pressure, and study
the propagation of an initially-horizontal fracture of length 0.2 m. The outer domain boundaries are
fixed except at the left side, where we impose symmetric displacements. The computational mesh is
structured in the inner domain, with 4-noded quadrilateral elements, and unstructured in the outer
domain with 3-noded triangular elements. Maximum mesh sizes in the inner and outer domains are,
respectively, 8 mm and 4 m. (b) A realization of lognormal Young modulus with Gaussian spatial
correlation function. The mean is ug is 17 GPa, og is 3.4 GPa, pg, is 100 Pa-m, oy, is 20 Pa-m, and
the correlation length is . is 0.10 m. (c) Using the previous realization, we simulate the fracture

propagation. Here we show a map of the phase-field variable at the end of the simulation.

investigate the effect of the spatial variability of £ and G., we consider v and the boundary

conditions to be deterministic.

The domain is a square of side 60 m, and an initial horizontal fracture of length 0.2 m is
located at the center of the left side, Fig. (a). We inject fluid at prescribed pressure through
a point located at (0,0) in the left side of the fracture. The boundary conditions are zero
displacements, except at the left side where symmetry boundary conditions are imposed.

We assume plane strain conditions.

10
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FIG. 2. Mesh convergence study of the fracture trajectories. (a) We plot one realization of 2D
lognormal Young modulus with a Gaussian correlation function. ug is 17 GPa, og is 3.4 GPa, g,
is 100 Pa-m, o4, is 20 Pa-m, and [, is 0.10 m. The fracture paths computed with inner mesh
sizes of 20 and 4 mm are depicted in blue and magenta respectively. (b) Here we depict the value
of S, of the fracture path for every simulation, taking as reference solution the simulation with the
smallest size. The solution converges to the reference case as the mesh size is smaller. We depict
the phase-field variable calculated with an inner mesh size of 20 and 4 mm and the fracture paths
in blue in the panels (c) and (d) respectively. As the mesh size is smaller, the 2-D damaged area

shrinks and converges to the fracture path.

We minimize boundary effects by studying the fracture propagation inside an inner square
of side 2.5 m—red square of Fig. 1(a)—where we use a highly refined mesh. The outer
domain is discretized as an unstructured mesh with linear triangular elements of maximum
size 4 m, while the inner domain comprises 4-noded quadrilateral elements whose size is
selected through a convergence study.

Given one realization of E and G., we simulate the propagation of the initial ”seed”
fracture with mesh sizes ranging from 2 x 1072 m to 4 x 1072 m, Fig (a). We then compute
the root-mean-square deviation, S, of the simulated fracture paths with respect to the

result provided by the simulation with the smallest mesh size, Fig[2(b). The damaged area

11
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FIG. 3. Schematic description of the influence of C, and I.. We plot one realization of the Young
modulus for some values of C, and [.. In the same panels we also plot in white the fracture paths.
It can be appreciated how the trajectories become more tortuous as either the variability of the
Young modulus or the correlation length increase. The fracture propagates following the weakest

regions, which in our simulations also have the lowest values of the Young modulus.

provided by the phase-field variable has the same dimension as the domain, but it shrinks
and converges to the fracture path as the mesh size is smaller, Fig[J[(c)-(d). The values of S,
for the considered sizes suggest that a good choice is ¢, = ¢, = 8 mm, which provides results
that are very similar to the simulations with the smallest size. As a reference, the mesh

shown in Fig (a) is composed of 15,161 triangular elements and 97, 969 square elements.

In the simulations analyzed in the next section, the mechanical properties of the elas-
tic solid are: mean Young modulus pug = 17 GPa, mean Griffith critical energy release
rate g, = 100 Pa-m, Poisson ratio v = 0.2, and length scale parameter £ = 4 x 1072 m.
We depict one realization of the Young modulus field in Fig. (b), where o is 3.4 GPa, oy,
is 20 Pa-m, and the correlation length is 0.10 m. The injection pressure varies from 1 MPa
at time zero to 4 MPa at time 7.2 x 10® s. We stop the simulation when the fracture reaches
any of the sides of the inner domain. The key result of the simulation is the phase-field
variable, which provides the fracture path. As an example of a typical fracture evolution,
we show the phase field variable at the end of a simulation in Fig. (c), which corresponds
to the realization of Young modulus field shown in Fig. [I[(b).
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IV. NUMERICAL RESULTS AND DISCUSSION

We study the influence of the statistical properties of the heterogeneous fields £ and G,
on the fracture trajectories. These trajectories can be understood as perturbations of the
homogeneous case-with uniform mean values of £ and G.—for which fractures propagate
along a straight path. Spatially variable mechanical properties make fractures deviate from

the straight trajectory and even branch, corresponding to random propagation.

We illustrate several random fracture trajectories in Fig. 3| where we plot one realization
of the Young modulus for some values of the coefficient of variation, C, = o/u, and the
correlation length, /.. In the same panels we also plot the simulated fracture paths in white.
It can be appreciated how the variability of the fields increases with C',, how the size of the
regions with a similar magnitude of the field becomes larger with [., and how the trajectories
become more tortuous as either C), increases or [, decreases. The strongest regions are those
with the highest value of E, and are coincident with the largest GG.. The fractures propagate
following the weakest regions, depicted in dark colors, and try to avoid the strongest ones.
This result is in agreement with some experiments conducted in concrete with different

aggregate strengths [81].

We analyze the effects of C, and [. on the fracture path in the local context, i.e. we fix
one of the parameters while varying the other one. We consider seven data sets of statistical
parameters, listed in Table , where sets correspond to three values of C, = {0.1,0.2,0.3} for
constant [, = 0.10 m, and five values of [, = {0.05,0.10, 0.15,0.20,0.40} m for constant C, =
0.2. The mean value of the Young modulus, upg, is taken 17 GPa, and the Griffith energy
release rate, py,, 100 Pa-m. For each value set of the statistical parameters, we simulate

fracture propagation on 1,000 realizations of the random mechanical property fields

We include Fig. (a) for illustrative purposes, where we depict the contour plot of one
realization of the Young modulus field of the inner domain with C, = 0.2 and [. = 0.10 m.
We also plot the fracture path in white. For each parameter combination, we show the 1, 000
fracture trajectories Fig. [4(b) (gray color). In the same figure we also indicate the trajectory
shown in Fig. [[(a) with a black solid line. With this raw data, we analyze the fracture path
uncertainty in terms of C),, and [.. The mesh size is small enough to capture the spatial
variability of the random fields imposed by [.. In the following sections we describe our

analyses and discuss our findings.
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FIG. 4. Monte Carlo simulation framework. (a) We plot one realization of 2D log-normal Young
modulus with a Gaussian correlation function. ug is 17 GPa, og is 3.4 GPa, g4, is 100 Pa-m, oy,
is 20 Pa-m, and [ is 0.10 m. The fracture path is show in white. (b) Here we depict in gray the
fracture paths of 1000 realizations of random FE-fields, and in black the fracture path corresponding

to the realization shown in panel (a).

TABLE I. Simulated data sets. The mean value of the Young modulus, g, is taken 17 GPa, and

the Griffith energy release rate, p4., 100 Pa-m.

Set Cy le (m)
1 0.1 0.10
2 0.2 0.10
3 0.3 0.10
4 0.2 0.05

0.2 0.15
6 0.2 0.20
7 0.2 0.40

IV.1. Influence of the coefficient of variation

We run 1, 000 realizations for each considered value of C),, with the correlation being . =
0.10 m. We study three values of C,, = {0.1,0.2,0.3}, resulting in three data sets of statistical
parameters of the mechanical properties. We simulate the fracture propagation for each
realization—a total of 3,000 paths. We will refer to y as the vertical distance between
the simulated fracture propagation and the deterministic one at a given z position. In

other words, the deviation of the fracture path from the straight, horizontal one. Since the
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FIG. 5. Influence of C,, on the hydraulic fracture paths. (a) We plot the quartiles of the deviation, y,
of the fracture path from the deterministic trajectory for three values of C,. The initial ”seed”
fracture extends between points (0,0) and (0.2,0). A constant value of z, larger values of C, implies
a larger inter-quartile distance of y, i.e., larger uncertainty. Also, for a given C,,, the inter-quartile
distance increases linearly with the distance to the injection point. (b) Evolution of the standard
deviation of y,o, along the coordinate x, for three values of C,,. ¢ increases with the heterogeneity
of the medium, and linearly with the distance to the injection point. (c) Box plot of the maximum
deviation ymq, of each fracture path for the three considered values of C,,. In the upper part of the
box plots we show the histograms of ¥4, in blue and the fitted lognormal distributions in solid red
line. The Kolmogorov-Smirnov test indicates that ¥4, can be modeled as lognormal in all cases.
(d) We fit normal distributions to the deviation y at each x position, and plot the result of the
Kolmogorov-Smirnov test to check whether the simulated data follow normal distributions—null
hypothesis. We also depict three histograms in blue and the fitted normal distributions in solid

red line.
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TABLE II. Root-mean-square deviation, S, between the probability of the data sets 1 to 7 to
the selected distributions: log-normal, Weibull, Gumbel and Gamma. The log-normal distribution

provides the best fit followed by the gamma distribution.

Set Log-normal Weibull Gumbel Gamma
1 1.35 x 1072 3.24 x 1072 1.12 x 107! 1.99 x 1072
2 1.06 x 1072 3.44 x 1072 1.04 x 1071 2.18 x 1072
3 1.68 x 1072 2.86 x 1072 8.80 x 1072 1.93 x 1072
4 1.12 x 1072 3.82 x 1072 1.22 x 107! 2.29 x 1072
5 9.93 x 1073 3.31 x 1072 1.01 x 1071 2.99 x 1072
6 1.76 x 1072 3.83 x 1072 1.02 x 1071 2.99 x 1072
7 1.60 x 1072 2.51 x 1072 1.01 x 107! 1.65 x 1072

computational mesh in the propagation area is composed of 4-noded structured quadrilateral
elements, there will be at least (2.5 —0.2)/0.008 = 288 values of y for a single fracture path,
where 2.5 m refers to the horizontal length of the propagation domain, 0.2 m is the length
of the initial fracture, and 0.008 m is the mesh size.

Using all the simulated fracture paths for a given data set of statistical parameters, we
compute the quartiles of the variable y at each x position of our computational mesh. We plot
the quartiles for each value of C, in Fig. [5|a), where the injection point is located at (0,0) and
the initial fracture extends from that point to (0.2,0). The spatial variability —characterized
by C,— of the mechanical properties has a direct effect on the uncertainty of the fracture
paths. For a fixed z position, larger values of C), imply larger inter-quartile distance of vy,
or in other words larger uncertainty. Moreover, for a given value of C,, the inter-quartile
distance linearly increases with the distance to the injection point. The second quartile
—median— is roughly zero in all x positions, and the first and third quartiles are symmetrical
with relation to the second one. These results indicate that fractures propagate with the
same probability in the positive or negative parts of the y-axis, and that the mean behavior
corresponds to the deterministic one.

The standard deviation of y,o, at a given z position increases with C,, (Fig. [f(b)), which
is also reflected by the evolution of the second and third quartiles with the x coordinate
(Fig. [Fla)). Moreover, for a given value of C,, the growth of the variance with the x-

coordinate is linear. The mean of the deviation—mnot shown in the figure—is zero in all
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vertical sections.

We determine the maximum absolute value of the deviation, y,,.., of each fracture path.
We depict the box plots of Y. for the three considered values of C, in Fig. (c) The
spatial variability has also a direct influence on the extremal values of y: the median, the
inter quartile range and the whisker length increase with C,. The evolution of the quartiles
is rather linear with C,, in the sense that the variability of ¥,,,, increases with C,. The
upper part of the boxes is bigger than the lower one, which indicates that the probability
distributions of 1,,,, are asymmetric.

We fit log-normal, Weibull, Gumbell and gamma probability distribution functions
(PDFs) to the three data sets of ... We assess the adjustment through the root-mean-
square deviation, .S,., between the probability of the data to the selected distribution, see
Table [Tl The results indicate that the log-normal PDF provides the best fit to the three
data sets.

We plot the histograms of ¢4, in the insets of Fig. [f|(c) and the fitted lognormal PDFs
to the data in red solid lines. We perform a Kolmogorov-Smirnov test to check whether the
simulated data come from log-normal distributions —null hypothesis—. The test indicates
that the null hypotheses are not rejected at the 5% of significance level in any set. The
histograms also show that the mean and the variance of ¥,,,, increase with C,.

We analyze the probability distribution of the deviation at each x position. We fit
normal distributions to the three data sets at each vertical cross section, and we perform the
Kolmogorov-Smirnov test to check whether simulated data follow normal distributions—null
hypothesis. The results of the test (Fig. [5(d)) show that in most cases the null hypotheses
cannot be rejected at the 5% of significance level. Moreover, the number of rejected cases
decrease as the value of C, increases. Nevertheless, the rejected cases qualitatively may
follow normal distributions. We show this by plotting in blue the histograms of y at the
section x = 2.25 m for the three considered values of C,,, and in solid red line the fitted normal
distributions. The test rejects the set with C, = 0.1, although these data qualitatively seem
to be normally distributed.

We have found that the deviation of the fracture path from the deterministic trajectory
increases with the heterogeneity of the medium. Moreover, at every position of the deter-
ministic fracture, the position of the random trajectories follows a normal distribution whose
mean is the deterministic path and the standard deviation increases with the distance to

the origin of the fracture. Finally, we have found that this standard deviation linearly in-
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creases with the distance, which suggests that fracture trajectories can be described through

random walks.

IV.2. Influence of the correlation length

We investigate the uncertainty of the fracture propagation occasioned by the correlation
length, I., in five data sets of statistical parameters with /. = {0.05,0.10,0.15,0.20,0.40} m
whereas (), is constant and equals to 0.2. We run 1000 realizations for each data set.

We plot the quartiles of y at each x position of the computational mesh for three smallest
values of [. in Fig. @(a). The influence of the correlation length on fracture trajectories
is qualitatively similar to that of C),: for a fixed position, higher values of [, imply larger
inter-quartile distance, or in other words, larger uncertainty in the fracture path. As in
the previous analysis, the inter-quartile distance linearly increases with the distance to the
injection point. In the same manner, the second quartile -median— is approximately zero in
all sections, and the first and third quartiles are also symmetric with respect to the median.

We also compute the quartiles for larger values of [., 0.20 and 0.40 m,—not shown in
Fig. [6fa)—, but their values are quite similar to those of [, = 0.15 m. We attribute this
behavior to the ratio between [, and the size of the propagation domain. The correlation
length is a way to consider the size of the inclusions in the rock —rigid or soft—, and the
coefficient of variation accounts for the variability in the magnitude of the mechanical prop-
erties between the soft and rigid inclusions. As a result, the size of the domain must contain
an enough number of inclusions to properly capture the variability. This number can be
estimated as the ratio between the area of the domain and the mean area of one inclusion,
considered these ones as circles with radius /21, according to Eq. . In our square domain
of side 2.5 m and [, = {0.05,0.10,0.15,0.20,0.40} m, the estimated number of inclusions
is respectively {398,99,44,25,6}. For values of [. larger than 0.15 m, the domain does not
seem to be big enough to capture the spatial variability of the mechanical properties, since
the effect of [. over the deviation of the fractures does not increase. For even larger val-
ues of [., the domain could become part of just one inclusion and no variability would be
captured, i.e., the problem would become deterministic.

The standard deviation of y at a given section increases with I, (Fig. [6[(b)). Moreover, for
a given value of [. the standard deviation linearly increases with the distance to the injection

point. The mean of the deviation —not shown in the figure—- is zero at all vertical sections.
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FIG. 6. Influence of [, on the hydraulic fracture path. (a) Quartiles of the deviation y of fracture
paths from the deterministic trajectory for three values of the correlation length, .. For a constant
value of x, larger values of [, lead to larger inter-quartile distance of y, i.e., more uncertainty.
Also, for a given [, the inter-quartile distance increases linearly with distance to the injection
point.(b) Evolution of the standard deviation of y—o—with the coordinate z for five values of [..
For a given z, o increases with I, up to [ = 0.15 m, and then ¢ remains constant for larger values.
Also, o increases with the distance to the injection point, suggesting that fractures deviate further
from the straight path as either /. or the distance to the injection point increase. (c) Box plot of
the maximum deviation y,q, of each fracture path for the three considered values of I.. In the
upper insets we show the histograms of ¥4, in blue and the fitted log-normal distributions in
solid red line. The Kolmogorov-Smirnov test indicates that ym,., can be modeled with lognormal
distributions in all cases. (d) Here we plot the result of the Kolmogorov-Smirnov test to check
whether simulated deviations y at each x position follow normal distributions—null hypothesis.

We also show three histograms in blue and the fitted normal distributions in solid red line.
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We also plot the evolution of ¢ for [. = 0.20 m and 0.40 m, whose aspect is essentially
identical to the set with [, = 0.15 m

We compute ¥4, of each fracture path and depict the box plots of 9,4, for the three
values of [, in Fig. |§|(c) The median, the inter quartile range and the whisker length increase
with [., but the rate of the growth decreases for the largest values of [.. The probability
distributions of ¥,,., are asymmetric, and the asymmetry seems to increase with [.. We fit
log-normal, Weibull, Gumbell and gamma PDFs to the three data sets of y,,., and assess
the adjustments through the root-mean-square deviation, Table [T} The results indicate that
the log-normal PDF provides the best fit to the three data sets. We plot the histograms
of Ymaz in the insets of Fig.[6]c) and the fitted log-normal PDFs to the data in solid red lines.
The Kolmogorov-Smirnov test indicates that the null hypotheses—data follow log-normal
distributions—are not rejected at the 5% of significance level in any set.

We study the probability distribution of y at each x position. We fit normal distribu-
tions to the three data sets at each vertical cross section. The results of the Kolmogorov-
Smirnov test (Fig. [6fd)) show that in most cases the null hypothesis ~data follow normal
distributions— cannot be rejected at the 5% of significance level. As in the previous analysis,
the number of rejected cases decrease as the value of [. rises. Nevertheless, the rejected
cases qualitatively may follow normal distributions: we plot in blue the histograms of y at
the section z = 2.25 m for the three values of /., and in solid red line the adjusted normal
distribution. The test rejects the set of [; = 0.05 m, although apparently follows a normal
distribution.

Our main finding is that the correlation length has a similar effect as the heterogeneity
of the medium. However, its impact increase with its magnitude up to a value from which
remains constant. We have attributed this effect to the ratio between [. and the size of the

domain, for large values of [, the domain is not big enough to capture the variability.

V. CONCLUSIONS

A fluid-driven fracture propagating in an homogeneous and isotropic impermeable elastic
medium follows a straight trajectory. In contrast, real materials have heterogeneous me-
chanical properties which induce deviations of the fracture trajectories. We have analyzed
the influence of the spatial variability of mechanical properties on the complexity and spa-

tial structure of the trajectories of fluid-driven fractures. In particular, we characterized the
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deviations of fracture trajectories from the straight, deterministic path. For this purpose,
we have generated lognormal isotropic random fields of the Young modulus and the Griffith
energy release rate. These random correlated fields are statically defined by the coefficient
of variation, C,—ratio between the standard deviation and the mean of the field—and the
correlation length, [.—a characteristic length which defines the spatial correlation of the
fields.

To focus on the crack growth process, the geometry of our case study is a square domain
of side 2.5 m, where an initial horizontal fracture of 0.2 m length is located at the center
of the left side. To avoid boundary effects, this refined inner domain is embedded inside a
larger square domain of 60 m. We simulate the pressure-driven propagation of the initial
fracture inside the inner domain by conducting numerical simulations based on the phase-
field approach under plane strain conditions. Based on these simulations, we studied the
deviation of the trajectory of each fracture, y(x) from the deterministic path at several
points along the trajectory.

We considered three values of the coefficient of variation, C,, with constant [., running
a thousand realizations of the random mechanical property fields for each value of C,, and
simulated the fracture propagation for each realization. For a fixed position located along the
horizontal deterministic fracture path, x, the mean and median of y at that point are equal
to the deterministic value, and the first and third quartiles are symmetrical in relation to the
median. However, the standard deviation of y at a given position increases with C,, and for
a given (), it increases with the distance to the initial fracture. We have also analyzed the
probability distribution of y at several positions located in the deterministic fracture path,
and we have found that in most of them y can be well represented by normal distributions.
We have also found that the absolute maximum value of y of each fracture trajectory follows
log-normal distributions whose mean and standard deviation increase with C,.

We have conducted several analyses to estimate the influence of the correlation length [,
on the fracture trajectories. We have considered five values of [., with constant C,, and
run a thousand realizations for each value. We have found that the smallest values of [,
have a similar effect as C,,, i.e., the variability of the fracture trajectories increases with [..
However, the largest values of [, have resulted into paths with similar variability. We have
attributed this behavior to the ratio between the size of the domain and [.. Since the domain
has constant size, it is unable to properly capture the spatial variability of the mechanical

properties for the largest values of [.. Moreover, for values of [. comparable to the size of
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the domain, the fields can even become deterministic.

Our research shows that heterogeneity in the mechanical properties of fracturing materials
significantly influences the complexity of fluid-driven fracture trajectories. Not surprisingly,
the deviation from the deterministic paths predicted by homogeneous media theories in-
creases with the variability of mechanical properties. This is important in practice for the
application of hydraulic fracturing to the stimulation of geothermal reservoirs or the recov-
ery of oil and gas from unconventional reservoirs. In the latter, one of the major concerns is
the potential for groundwater contamination due to the unintentional hydraulic connection
of the target reservoir with surrounding fresh water bodies [11), [12]. These hydraulic con-
nections may arise from stimulated hydraulic fractures that deviate significantly from their
expected fracture paths due to heterogeneity. Our research can be the starting point for fur-
ther developments of statistical procedures to estimate the likelihood that a fracture reaches
an aquifer during the hydraulic fracturing processes, among other applications. Moreover,
the effect of anisotropy in the random mechanical properties or in the initial stress field are

also important open questions.
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