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Abstract

Given a linear second-order differential operator £ = ¢ D*+ 1 D with non zero polynomial
coefficients of degree at most 2, a sequence of real numbers A, n > 0, and a Sobolev bilinear
form

N
By = Y (m. p®q®), Nz,
k=0

where ug, 0 < k < N, are linear functionals defined on polynomials, we study the orthog-
onality of the polynomial solutions of the differential equation £[y] = A, y with respect to
B. We show that such polynomials are orthogonal with respect to 3 if the Pearson equations
D(pup) = (Y +k¢p)ug, 0 < k < N, are satisfied by the linear functionals in the bilinear
form. Moreover, we use our results as a general method to deduce the Sobolev orthogonal-
ity for polynomial solutions of differential equations associated with classical orthogonal
polynomials with negative integer parameters.

Keywords Classical orthogonal polynomials - Sobolev orthogonal polynomials -
Nonstandard parameters

Mathematics Subject Classification 42C05 - 33C45

1 Introduction

For a fixed integer N > 0, let ug, 0 < k < N, be linear functionals defined on polynomials.
Then, a symmetric bilinear form B can be defined as

Bd J. C. Garcia-Ardila
juancarlos.garciaa@upm.es

M. E. Marriaga
misael.marriaga@urjc.es
Departamento de Matematica Aplicada a la Ingenierfa Industrial, Universidad Politécnica de

Madrid, Calle José Gutierrez Abascal 2, 28006 Madrid, Spain

Departamento de Matemdtica Aplicada, Ciencia e Ingenieria de Materiales y Tecnologfa Electrénica,
Universidad Rey Juan Carlos, Méstoles, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-021-01137-w&domain=pdf
http://orcid.org/0000-0002-4386-3370
http://orcid.org/0000-0002-7106-8593

191 Page2of31 J. C. Garcia-Ardila, M. E. Marriaga

N
By =Y (we p®q®). (1.1)

k=0

A bilinear form involving derivatives, such at (1.1), is said to be a Sobolev bilinear form.

The case when uy is a regular (or quasi-definite) linear functional andug, 0 <k < N —1,
are Dirac deltas supported on convenient points of the real line has been of great interest. In
[9], the following discrete-continuous Sobolev bilinear form was studied:

q(co)
Bip.) = (pico) o plen-A |1 |+ {un p™a™) a2
q(en—1)
where co, ..., cy—1 are distinct real numbers, N is a fixed positive integer, uy is a regular

linear functional, and A is an N x N quasi-definite symmetric real matrix, that is, its principal
submatrices are nonsingular. Notice that (1.2) can be written as

Bi(p.q) =Di(p,q) +Ci(p,q),

where D; and C; are bilinear forms associate with the discrete and continuous parts of By,
respectively. Using the fact that A is quasi-definite, it was shown in [9] that if the monic
polynomials {Q,(x)},>0 are orthogonal with respect to 5y, then, forn > N:

e 0,(cj)=0,0=<j<N-1,
o 0,(x)=h(x)R,_n(x),where h(x) = ]_[?:01 (x —c;) and R,y is amonic polynomial
of degree n — N,
!
° Q,(1N) x) = (ni'N)'Pn_ N (x), where {P,(x)},>0 are monic orthogonal polynomials
n— N)!
associated with u,
e {0, ()c)},’;;_(]1 are orthogonal with respect to Dy .

Similar results were obtained in [10], where the bilinear form (1.1) was considered with uy
regular, and taking uz, 0 < k < N — 1, to be derivatives of Dirac deltas supported on some
points of the real line.

Special attention has been given to the case when uy is associated with the classical Jacobi
or Laguerre orthogonal polynomials, and u;, 0 < k < N — 1, are derivatives of Dirac deltas
supported on the endpoints of the interval of orthogonality of uy (see [1-3,5,15,18,19] and
the references therein). Such bilinear forms arise when studying the orthogonality of Jacobi
or Laguerre polynomials with the so-called non standard parameters, that is, negative integer
parameters such that the coefficient ¢, in the corresponding three-term recurrence relation

X pn(x) = an ppr1(X) + by pu(x) + ¢ pn—1(x),

vanishes. In this case, discrete-continuous Sobolev orthogonality must be considered since,
due to Favard’s Theorem (see [6], Theorem 4.4), there is no regular linear functional associ-
ated with these families of polynomials.

The main strategy for dealing with Jacobi and Laguerre polynomials with non-standard
parameters (Gegenbauer polynomials included) is to use the fact that the derivatives of the
classical orthogonal polynomials are again polynomials of the same family with a shift in their
parameters. For instance, in [15], the Sobolev orthogonality for the Laguerre polynomials
{Lﬁ,ﬁN) (x)}n>0 was established through the bilinear form (1.1) with uy being the classical
linear functional associated with the Laguerre polynomials {L,(,O) (x)}n>0 and the rest of the
functionals being derivatives of Dirac deltas supported on the origin of the real line. Later,
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in [18], a unified approach to the orthogonality of the generalized Laguerre polynomials
{L,(,“) (x)}n>0 was given for any real value of the parameter ¢, by proving their orthogonality
with respect to a more general Sobolev non-diagonal inner product that reduces to (1.1) when
—a = NelN.

In [3], a general approach was given for dealing with the orthogonality of Gegen-
bauer polynomials {C,Sfmﬂ/ 2 (x)}n>0 with non standard parameters, that is, for m € N.
Therein, the bilinear form (1.1) is expressed as the sum of two bilinear forms: a discrete
form D (u;, 0 < k < 2m, are derivatives of Dirac deltas supported on the endpoints
of the interval of orthogonality [—1, 1]), and a continuous form C defined by means of

C(p,q) = (way, p@™ g@M) where uy,, is the regular linear functional associated with the

Gegenbauer polynomials {C,(,mH/ 2 (x)}n=0. We must remark that the strategy followed in

[3] is to prove the existence of a 2m x 2m symmetric positive definite matrix A such that
D(p.q) = PAQ', (1.3)

where F = (f(1), f'(1), ..., f D), f(=D), f'(=1), ..., f=D(=1)), and, there-
fore,

B(p.q) = PAQ" + (ug,, p® ™).

Observe that 3 acts on polynomials of degree < 2m — 1 only through D, and, for polynomials
of degree > 2m, B acts only through C. In the same way, in [19], the Jacobi polynomials
{P,ffN’ﬁ ) (x)}n>0 with N € N and —8 ¢ N, were proven to be orthogonal with respect to

B(p,q) = PAQ' + (uy, p™ g™,

where F = (£(1), £/(1), ..., f¥=D(1)), A is a symmetric positive definite matrix and uy
is the regular linear functional associated with the Jacobi polynomials {P,fo’ﬁ +) (X)}n>0-

The study of the Jacobi polynomials {Pn(_k’_e) (X)}n>0, k, £ € N, presents an additional
challenge. As shown in [20], the hypergeometric expression for Pn(a’ﬂ )(x) is valid for arbi-
trary complex values of the parameters « and . Nevertheless, a reduction of the degree of
P,fa’ﬁ)(x), n > 1, occurs if and only if » = —a — 8 — j for a certain integer 1 < j < n.In
[1], this issue is dealt with by defining the monic generalized Jacobi polynomial P,(,_k’_l) (x)
by means of the following formula:

1
=)y : —0) )
PHRO) = 5 [alinlk P ) + ﬁlinle P, (x)], (1.4)

whereh = k+€—n—1if (k+¢)/2 < n < max{k, £}, and h = n otherwise. The polynomials
defined in (1.4) inherit several of the important properties of the Jacobi polynomials and
satisfy deg P,S_k’_e) = n, n > 0. Moreover, these polynomials are orthogonal with respect
to the bilinear

B(p,q) = C(p,q) + (u, p*t0 g&kt0y

where C is a discrete bilinear form as in (1.3) with A being an N x N symmetric matrix, and
u is the regular linear functional associated with {Pn(l’k) (X)}n>0-

Using some ideas from [17], a construction of discrete-continuous bilinear forms is
presented in [19], that is valid for general orthogonal polynomials {p,(x)},>0, not nec-
essarily the Jacobi and Laguerre polynomials. Therein, the discrete part D is defined by
D(pn, Pm) = knbpm, n,m < N — 1, with arbitrary positive constants k,. Therefore, D
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acts on the linear space of polynomials of degree at most N — 1, and its Gram matrix asso-
ciated with the basis {p, (x)}ilV;Ol is a diagonal matrix K = diagf{ko, k1, ..., kxy—1}. A non
singular matrix H is defined as the inverse of a matrix whose entries are the polynomials
po(x), p1(x), ..., pn—1(x) and possibly their derivatives evaluated at the roots of polyno-
mials py(x) (taking into account their multiplicities) which are known. Then,

D(p,q) = PHKH' @',

where P and Q are vectors whose entries are the evaluations of p(x) and ¢ (x), and possibly
their derivatives, at the roots of py (x). Note that A = HKH' is the Gram matrix of D with
respect to the basis of Lagrange interpolation polynomials associated with the roots of py (x).
In this way, D is the restriction of the bilinear form 55 to the linear space of polynomials of
degree at most N — 1, and, thus, B = D+-C for some appropriate continuous bilinear form C.

Finally, [16] studies the orthogonality of the polynomial solutions of the linear second-
order differential equation

Lyl = ¢y + ¥y = Iy, (1.5)

where ¢ and ¢ are non zero polynomials of degree at most 2, and X,, are constants. Therein,
we find the following result.

Theorem ([16, Theorem 3.3.]) Let {P,(x)},=0 be a sequence of orthogonal polynomials
associated with the (quasi-definite) bilinear form (1.1) (with N = 1). Then the following
statements are equivalent:

(@) {Pn(x)}n>0 satisfies the differential equation L[ P,] = Ap Py.
(b) The differential operator L is symmetric with respect to B, that is,

B(Llpl.q) = B(p. LIg]),

for all polynomials p, q.
(¢) The linear functionals wg and wy satisfy the distributional differential equations

puy = Yuy, (pu)) = Yuy.

Using the fact that the classical orthogonal polynomials are characterized by satisfying the
differential equation (1.5) (see [4] as well as [16, Theorem 3.5.]), [16] deals with some
examples of classical orthogonal polynomials with non standard parameters, including the
Laguerre polynomials with parameter « = — 1; and the Jacobi polynomials with parameters
a=pf=—-l,0 = —land -8 ¢ N,and —« ¢ Nand g = —1.

The general aim of this paper is motivated by Theorem 3.3 of [16] in the sense that we study
the orthogonality of polynomial solutions of (1.5) when £ is symmetric with respect to (1.1)
for arbitrary N > 0. In this way, we show that the discrete-continuous Sobolev orthogonality
of classical orthogonal polynomials with non standard parameters arises from the symmetry
of the operator £ and, in fact, we recover the matrix representation of the discrete part of
the corresponding bilinear forms. In contrast with [1], we deal with the reduction in degree
of the Jacobi polynomials P,,(_k’_é)(x), k, £ € N, by explicitly constructing a polynomial
solution of (1.5) of degree n for each n > 0.

In Sect. 2, we present basic facts about orthogonal polynomials and, in particular, the
classical Hermite, Laguerre, Bessel, and Jacobi polynomials. The main results of this paper are
collected in Sect. 3, where we study conditions for a linear second-order differential operator
to be symmetric with respect to the bilinear form (1.1). We show that the linear functionals
in B must satisfy the related distributional Pearson equations. Hence, in this section we
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also study the solutions of the Pearson equations. Lastly, in Sect. 4, we apply our results
to deduce the Sobolev orthogonality for polynomial solutions of the differential equations
corresponding to the classical orthogonal polynomials with non-standard parameters.

2 Preliminaries

In this section, we present the basic facts needed to establish our main results.

2.1 Orthogonal polynomials

We denote by R the set of real numbers, and N denotes the set of positive integers. For each
integer n > 0, we denote by IT,, the linear space of real polynomials of degree at most n, and
let IT = | J,,~¢ ITx be the collection of all such polynomials.

We call any linear functional u : IT — R a moment functional, and the image of a
polynomial p € IT under u will be denoted by (u, p). We denote by I’ the linear space of
moment functionals, thatis, IT" = {u : IT — R | u is linear}. Observe that IT’ is the algebraic
dual of I1. Given a sequence of real numbers {11, },,>0, a moment functional u can be defined
by means of its moments as

(u,x"y = pp, n=>0,

and extended by linearity to all of /7.
Let D : [T" — I’ denote the distributional differential operator. Given a moment func-
tional u, its derivative Du is the moment functional defined by

(Du, p) = _(u5 p/>s Vp € nv

and the left multiplication of u by a polynomial ¢ € IT is the moment functional gu defined
by

(qu, p) = (u,q p), Vpell.

Moreover, the product rule holds, that is, D(qu) = q’u + ¢ Du.

Lemma 1 Let u be a moment functional. Then u = 0 if and only if Du = 0, where 0 is the
null moment functional defined as (0, q) = 0, forall g € I1.

Proof On one hand, assume that u = 0. Then, (Du, 1) = —(u,0) = 0, and, forn > 1,
(Du, x™) = —(u, nx"_l) = 0. On the other hand, if Du = 0, then, forn > 0,
n+1y/ 1
(u, x"y = (u, > = — (Du, x"+1> = 0.
n+1 n+1
O

We call any map B : IT x IT — R a bilinear form if for all p,q,r € IT and » € R, it
holds that

Bhp+q,r)=1B(p,r)+B(g,r) and B(r,Ap+q)=1B@r, p)+ B, q),
that is, B is linear in each one of its entries. Additionally, if B(p,q) = B(q, p) for all

P, q € II, then we say that B is symmetric.
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Let {p, (x)}s>0 be a sequence in IT such that deg p, = n for n > 0. Then {p, (x)},>0 is
a basis for I1. In addition, if B(p,, pm) = 0 for n # m and B(p,, pn) # 0forn > 0, we
say that {p, (x)},>0 is an orthogonal polynomial sequence (OPS) associated with B.

Given a symmetric bilinear form B, there is not always an OPS associated with B. If an
OPS associated with B exists, then B is called quasi-definite. A bilinear form B is positive
definite if B(p, p) > 0 for every non-zero polynomial p € [II. Positive definite bilinear
forms are quasi-definite and, thus, an OPS associated with B exists.

Following [16], the quasi-definite and positive definite character of a symmetric bilinear
form B can be characterized in terms of the principal minors of the Gram matrix defined from
the elements u; ; := B(xi, x/ ), i, j > 0. Indeed, B is quasi-definite (resp. positive definite)
if and only if

0,0 10,1 -+ KO,n

1,0 H1,1 --- K10

Ay(B) = #0, Vn>0,

Mn,0 Un,1 --- Knn

(resp. A, (B) > 0, for all n > 0). Observe that, since B is symmetric, u; j = i, i, j >0,
and, thus, A, (B), n > 0, are the principal minors of a symmetric Gram matrix.

Given u € IT’, we can define the bilinear form B(p, q) = (u, pq), p,q € II. Then,
we will say that u is quasi-definite (resp. positive definite) if and only if B is quasi-definite
(resp. positive definite), and that there is an OPS associated with u. In this case, 5 (xi, xh) =
(u, xiti ) and, thus, A, (B), n > 0, are the principal minors of a Gram matrix with Hankel
structure.

2.2 Classical moment functionals

A quasi-definite moment functional u is called classical if there are non-zero polynomials
¢ and v, with deg¢ < 2 and degy = 1, such that u satisfies the distributional Pearson
equation

D(puw) = yu,

or, equivalently,

(w,¢p' +yp) =0, Vpell.

An OPS associated with a classical moment functional is called a classical OPS.

Although there are several properties that characterize the classical moment functionals,
we focus our attention on two of them: the first one given in 1929 by Bochner [4] and the
second one given in 1935 by Hahn [11]. We state both characterizations in the following
theorem.

Theorem 1 Let u be a quasi-definite functional and { P,(x)},>0 an OPS associated with u.
The following statements are equivalent.

1. uis classical.
2. [4] There are non zero polynomials ¢ and  with deg ¢ < 2 and deg = 1, such that,
foralln > 0, P,(x) satisfies

¢P;+¢P,;:An P,, 2.1
where A, = n(”z;lqy’ + ).
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3. [11] There is a non zero polynomial ¢ with deg ¢ < 2, such that {Pr:Jrl }n>0 is a sequence
of orthogonal polynomials associated with the moment functional v = ¢ u.

It is well known (see [4] as well as [12,17]) that, up to affine transformations of the
independent variable, the only families of classical orthogonal polynomials are the Hermite,
Laguerre, Jacobi, and Bessel polynomials. The classical orthogonal polynomials are classified
according to the canonical form of the polynomial ¢ (x).

Family @ (x) ¥ (x) An

Hermite 1 —2x —2n

Laguerre X a+1—x —n

Jacobi 1 —x2 B—a—(@+B+2)x —-nn+a+pB+1)
Bessel x2 ax+2 nn+a-—1)

We remark that when ¢ (x) = 0, the polynomial solutions of (2.1) are the elements of the
sequence {x"},>0, which can not be associated with a quasi-definite moment functional.

The following explicit expressions for the Hermite, Laguerre, and Jacobi polynomials
appear in [20], and the explicit expression for the Bessel polynomials is found in [13, p. 108].

2] (=DF

ite: — —2k
Hermite: Hp(x) =n! 325 m(zx)n .
Laguerre: L (x) = 2220(—1)"(Zf2)%xks
1 — 1\
Jacobi: PP () = S 500 () + et Dygk ot B+ i (%) :
' k
Bessel: B,(l“)(x) =31 o (B (n+a—1y (%) ,

where, as usual,
Wo=1, Wr=v@+1D---(v+k-1), keN,

denotes the Pochhammer symbol, and

v (w—k+ 1)
=" k>0,
(k) k! -

denotes the extended binomial coefficient.

As shown in [20], the expression for P,f“’ﬂ ) (x) is valid for arbitrary complex values of the
parameters o and . Nevertheless, a reduction of the degree of P,fa‘ﬁ )(x), n > 1, occurs if
and only if n = —a — B — k for a certain integer 1 < k < n. The expression for L,(,a) (x) is
valid for arbitrary values of the parameter « (see [20]), and no reduction in the degree ever
occurs. For —a € N, the expression for B,(fl)(x) suffers a reduction in degree if and only if
n=1—a—kforsomeO0<k<n-—1.

For arbitrary values of the parameters, the above expressions for H,, Lﬁ,a) , P,,(O"ﬁ ),

and
B,ﬁ“) are polynomials solutions of the differential equation (2.1) with the corresponding poly-
nomials ¢ (x) and ¥ (x). Namely, they satisfy the following linear second-order differential
equations:
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PP (=D 4 B—a—(@+p+2Dxly = —n(ta+B+1Dy
B,E”): 2y +@ax+2)y =nmn4+a—1)y

LYY xy' 4 @+l-x)y = —-ny

Hy: y'—2xy = -2ny

It is important to note that if either «, B, or « + B + 1 are negative integers, then the Jacobi
polynomials {P,fa’ﬂ ) (x)}n>0 can not be associated with a quasi-definite moment functional.
On the other hand, if —«, —8, —(¢ + 4+ 1) ¢ N, then {P,ga’ﬂ)(x)}nzg are associated with
a quasi-definite moment functional u,, g satisfying the Pearson equation

D[(1=xM)ugp] = [B—a— (@+B+2)x] ugp.

Furthermore, for o, 8 > —1, u, g is positive definite and has the integral representation
1
(ug g, p) = / p) (A=) +x)fdx, Vpell.
—1

For —a ¢ N, the Laguerre polynomials {Li,“) (x)}n>0 are associated with a quasi-definite
moment functional u, satisfying the Pearson equation

D((xuy) = (@ +1—x) ug,,

and for o > —1, u, is positive definite with integral representation
+00
(ug, p) = / p(x)x%e *dx, Vpell.
0

The polynomials {Lfl_m) (x)}n=0, with m € N can not be associated with a quasi-definite
moment functional.

The Hermite polynomials {H,(x)},>0 are associated with the positive definite moment
functional u defined by

+00 )
(u, p) = / p(x)e ™ dx, Vpell,

—0o0

and satisfying the Pearson equation
Du = —2xu.

For —a ¢ N, the Bessel polynomials {B,(l“) (x)}n>0 are only associated with a non-positive
definite moment functional u® defined by

1
@, p) = ﬁ/p(z) “2e dz, Vpell,
C

where c is the unit circle oriented in the counter-clockwise direction, satisfying the Pearson
equation

D (xzu(“)) = (ax+2) u®.
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3 Sobolev bilinear forms and differential operators

From Theorem 1, we have that a family of classical orthogonal polynomials associated with
a quasi-definite moment functional u are solutions of the linear second-order differential
equation (2.1) and are simultaneously orthogonal with respect to the symmetric Sobolev
bilinear form

B(p,q) = (w,pq) + (puw, p'q’), Vp,qell,

where ¢ is a non zero polynomial of degree at most 2. In this section, we study the orthog-
onality of polynomial solutions of (2.1) with respect to a Sobolev bilinear form involving
derivatives up to a fixed but arbitrary order.

Fix an integer N > 0, and let uz, 0 < k < N be moment functionals in I7’. A symmetric
Sobolev bilinear form can be defined in the following way:

N

Bu(p.g) = > (we p®g®), Vp.gen. 3.1)
k=0

We say that two polynomials p, g € IT are orthogonal with respect to By if

By(p.q) = 0.
We also define the linear second-order differential operator £ acting on [T as
Lipl=¢p" + v, Vpell, (32)

where ¢ and i are polynomials such that deg¢ < 2 and degyr < 1. Its formal Lagrange
adjoint £* is the operator acting on IT’ satisfying

(w, L[pl) = (L'[ul, p), Yuell',Vpell,

and, thus,
L£*[u] = D*(pu) — D(Yu), Vuell.

In the sequel, we will be interested in the polynomial solutions {p, (x)},>0 of the differ-
ential equation
LIy = Ay, dn€R. (3.3)

The differential equation (3.3) is called admissible ( [14]) if
An # Am, n F# m.

Remark 1 Tt was shown in [16] that (3.3) is admissible if and only if it has a unique linearly
independent polynomial solution of degree n for all n > 0, and

_— n_l// i
n—n< B ¢+1/f)

It is straightforward to verify that the differential equation is admissible if and only if, for all
n=>0,

o 1 " ’
dy = 2 neg" +y¢ #0.
Definition 1 We say that the operator £ is symmetric with respect to By if

By (Llpl.q) = Bn(p. LIgD), Vp,q€l.
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The symmetry of the operator £ and an additional hypothesis imply that the polynomial
solutions of the differential equation (3.3) are orthogonal with respect to By.

Theorem 2 Let L be the differential operator defined in (3.2), and assume that it is symmetric
with respect to the Sobolev bilinear form (3.1). If p, q € II are polynomials satisfying

Llp] = +p, Llq]l = ngq,
with A # u, then
By (p.q) =0,
that is, p and q are orthogonal with respect to By.

Proof From the symmetry of £ with respect to By, we have

ABn(p,q) = Bn(LIpl.q) = Bn(p, Llg]) = nBn(p, q).
or, equivalently, (A — ) By (p,q) = 0. Since A # u, we have By (p,q) = 0. ]

Corollary 1 Let L be the differential operator defined in (3.2). Let { p,, (x) }n>0 be a sequence
of polynomials satisfying the differential equation

Llpnl = An pn. n =0,
and assume that the differential equation is admissible.
If L is symmetric with respect to By, then
BN(pn, pm) = 0, n # m,
that is, two distinct elements of {p,(x)},>0 are orthogonal with respect to By.
The following result provides a partial reciprocal of the previous corollary.

Theorem 3 Let By be the bilinear form defined in (3.1). Assume that By is quasi-definite,
and denote by {p,(x)},>0 an OPS associated with By. Let L be the operator defined in (3.2),
and assume that d, = % n¢” + ' # 0, for all n > 0. Then, the following statements are
equivalent.

(1) The operator L is symmetric with respect to By.

(ii) For eachn > 0, there is a constant L, such that L[p,] = Ay, pn-

Proof (i)=(ii) For n > 0, observe that since d,, # 0, the operator £ preserves the degree,
thus £[p,] is a polynomial of degree n. Therefore,

n
Lipa) = e prs

k=0
where
o = By (Llpnl, pr) !
Bn (pi. pi)

Using the symmetry of £, we get By (L[ pn], px) = Bn(pn, LIpk]) = 0for0 <k <n-—1,
whichimplies thatcy = 0,0 < k <n—1.Then, L[p,] = ¢, p, and (ii) holds with X, = ¢,.

(ii)=-(i). Since By is bilinear, it suffices to show (i) for a basis of polynomials. For
n,m > 0, we have

By (LLpn), pm) — Bn(pn, LIpm]) = On — Am) BN (pn, Pm) = 0.
Clearly, (i) follows. m]

0<k<n.
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We are interested in deducing the necessary and sufficient conditions for the differential
operator (3.2) to be symmetric with respect to By in (3.1). With this in mind, we state the
following preliminary result.

Lemma2 Letn > 0, and let L be the operator defined in (3.2). Then, for all p € IT and all
u € IT', the following relation holds,

o (i) - o7 (57
- _D" (p<”> D[D@u) — (W +n¢)u]l+2p" ) [Dipu) — (¥ +n¢) u]) .
Proof For n = 0, it can be easily verified that, for all p € IT and all u € IT/,
Llplu — L*[pu]l = —p D[D(pw) — Yu] — 2p' [D(puw) — yul. (34

For n > 1, using Leibniz product rule and the fact that deg¢ < 2 and degyr < 1, we
compute

D" (£lph™ u)

=D" [(¢ PP g pth 4 7"('12_ D

¢"p" +y "D +ny'p w) }

B [(‘[p<"’]+n¢/p(”+”+ (2 Dy p® 4 ny'p W) ]

Similarly,

S
=D [ 0" (" w ]| - D[y D" (P w]

nn—1)

@™ w —ng' D" (P w) — =

[ ¢" D" (p™ u)]
=D D" P w 0y D" (P )]

n(n—1) ¢// (n) ) —n D2 |:¢/Dn—l(p(n) ll)] )

= D" c* (n) /(n)
<[p ul+ny'p 2

Using (3.4) and
p* (¢'D" " (p w) = D" [D(#'p w) = (10 = ¢/ p™u],

we obtain

o (i) - o7 (57

= D" [£1p™1u = £ 1p® ul +n ¢/ p"Dutn D (¢/p" )]

= =" (p" D[D@w — (¥ +1¢)u] +2p" [DGw) — (¥ +n¢)u]).

Now, we are ready to state the main result of this section.
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Theorem 4 Let By be the bilinear form defined in (3.1), and let L be the second-order
differential operator defined in (3.2). Then L is symmetric with respect to By if and only if
the moment functionals g, 0 < k < N, satisfy the Pearson equations

Dpw) = (W +kd)w, 0<k=<N. (3.5)

Proof Clearly, £ is symmetric with respect to By if and only if, for all p,gq € I,
By (LLpl, q) — Bn(p, LIg]) = 0. Notice that,

B CELp) ) — B (p. g = 3 1) (D% (etph®ue) — £ [ D*p @] q).
k=0

Then, £ is symmetric with respect to By if and only if, for all p € IT,

i(—l)" (P* (ctph®ui) - £* [ D (pPup)]) = o,
k=0

or, equivalently, by Lemma 2,

N

>0 DH (pOD [D(@uo) — (¥ + k] + 2 [D(@u) — (¥ + k' yue]) =0.

k=0

(3.6)

On one hand, assume that, for 0 < k < N, uy, satisfies D(¢pu;) = (¥ + k¢') ug. Then,
(3.6) holds for all p € IT and therefore £ is symmetric with respect to By .

On the other hand, assume that (3.6) holds for all p € IT. Then, letting p(x) = 1, (3.6)
reads

D[D(¢ug) — Y ug] = 0.

From Lemma 1, we deduce that D(¢ up) — ¥ up = 0. Consequently, the term corresponding
tok =01n (3.6) is 0, and we can sum fromk = 1tok = N.
Now, letting p(x) = x, (3.6) reads

—D*[D(¢pu) — (¥ +¢")u] = 0.

Using Lemma 1 twice, we deduce that D(¢u;) — (¥ + ¢')u; = 0, and, consequently, the
summation in (3.6) goes from k = 2 to k = N. Repeating this process for 3 < m < N by
letting p(x) = x™, we deduce that D(¢pu,) — (Y + m¢')u,, = 0forO <m < N.

O

We turn our attention to the solutions of the Pearson equations in Theorem 4.

Proposition 1 Let ¢ and r be two polynomials with deg¢ < 2 and degyy < 1.

(1) The moment functional u satisfies the Pearson equation
D(¢u) = Ju
if and only if its sequence of moments {{L,}n>0 satisfies the three-term relation
dp pint1 +enpin +n¢0) pp—1 =0, n =0, (3.7

where

1
dn = 7n "+ V', en =n¢'(0)+ ¥ (0).
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(i) Ifd, # Oforalln > 0, then the Pearson equation D(¢ u) = v u has a unique solution
up to a constant factor.

Proof (i) If the moment functional u satisfies D(¢ u) = v u, then, for all n > 0,
(D(gw), x") = (Yu,x"),
equivalently,
(wngx""'+yx") =0.

Writing

1
¢(x) = §¢"x2 +¢'0)x +¢(0), Y(x)=9"x+y(0),

and substituting in the previous equation, we obtain
1
<u, En ¢//xn+l + n¢/(0) X" +n¢(0) xn—l + 1ﬁ/xn+1 + ¥ (0) xn> =0,

and (3.7) follows. It is easy to verify that the implication in the opposite direction holds
by inverting each of the previous steps.

(ii) Ifd, # 0,n > 0, then (3.7) is a linear recurrence relation. It follows that (3.7) is uniquely
solvable for w,1, n > 0, once po is fixed. Then, the moment functional u satisfying
D(¢u) = v uisuniquely determined up to a constant factor.

O

Remark 2 Observe that if the differential equation (3.3) is admissible, then it follows from
Remark 1 that d, # O for all n > 0, and, thus, the Pearson equation D(¢u) = Y u is
uniquely solvable up to a constant factor.

Proposition 2 Let By be the bilinear form defined in (3.1) and assume that the moment
functionals ug, 0 < k < N, satisfy the Pearson equations (3.5). Define

1
dy = 3 ng” +vy', n=0. (3.8)
If there is some 0 <m < N such that dyyom # 0forn > 0, thenuy4+; = a; ¢i u,, for
0<i<N-m(ag = 1), and ¢’ w,,_; = bjuy, forl < j < m, where a; and b; are
constants.

Proof Observe that, for 0 < i < N — m, the moment functionals u,,+; and d)i u,, satisfy the
same Pearson equation. Indeed,

D@ uy) = id' ¢"wy+¢' D(puy) = [V + (m+i)¢'1¢" .

Moreover, d,42, 7 0 for n > 0, implies d,12 m+i) 7 0, n > 0. Then, by Proposition 1,
each Pearson equation D(¢p u,,1;) = [ + (m +i) ¢'1uy4i, 0 <i < N — m, is uniquely
solvable up to constant factor. Hence, w,,+; = a; ¢lu, for0<i <N —m.

Similarly, for 1 < j < m,u,, and o/ u,, _; satisfy the same Pearson equation D(¢ u,,) =
[ + 2m ¢']u,,. Since this equation is uniquely solvable up to a constant factor, we have
¢jum_j =bju,forl <j<m. O
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4 Sobolev orthogonal polynomial solutions of differential equations

In this section, we focus our attention on the differential equations satisfied by the Hermite,
Laguerre, Jacobi, and Bessel polynomials. In particular, we study in great detail the Sobolev
orthogonality of the polynomial solutions, including the case when the parameters in the
Jacobi and Laguerre polynomials have negative integer values.

As we have already mentioned in Sect. 2, though valid for arbitrary complex values of the
parameters, the expression for P,,(a’ﬂ ) suffers a reduction in degree for certain values of the

parameters. In particular, {Pn(*m’*l) (x)}n=0 with m, £ € N, fails to constitute a polynomial
solution of the differential equation

A=x)y +m—Lt4+m+£—-2x]y = -n(n—m—L0+1)y,
satisfying deg P,f_m’_z) = n for all n > 0. Nevertheless, it is shown in the sequel that there
is a polynomial sequence {p, (x)},>0 with deg p, = n satisfying this differential equation.
The following proposition will be used to construct polynomial solutions of this differential
equation and, in general, of (3.3).

Proposition 3 Let L be the differential operator defined in (3.2). Assume there is a non zero
polynomial p satisfying the differential equations

Llpl =¢p" +¥p =pnp, pekR, “.1

and
¢p = hp, “4.2)

where h is a polynomial of degree < 1. Let k = deg p.
Moreover, let { p, (x)},>0 be a sequence of polynomials satisfying the differential equation

MIpa]l = LIpa]l + 2h p, = ko pn. M €R.
Then the polynomials g, (x) = p(x) pp—r(x), n > k, satisfy the differential equation
Llgn] = (1 + 2n—k) Gn-
Proof Using (4.1) and (4.2), we obtain

Llgn] = @p" + V) pneik + P @Dy + ¥ Dpi) + 200 Py
=wppoik +P@py_x + V) +2hpp,_y
= (/’L +)\n7k) qn-

4.1 Laguerre polynomials

As it was explained in Sect. 2, for arbitrary values of the parameter «, the Laguerre polynomi-
als {Lg,“) (x)}n>0 constitute a sequence of polynomial solutions of the admissible differential
equation

xY'+@+1-x)y =-ny, nz0,
satisfying deg L,(f‘) =n,n>0.
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Define the linear second-order differential operator
LOpl=xp" + @+ 1 -x)p, Vpell.

Let N be a fixed non-negative integer. By Theorem 4, £ is symmetric with respect to
the Sobolev bilinear form By defined in (3.1) if and only if the moment functionals uy,
0 < k < N, satisfy the Pearson equations

Dxuy) = (x+k+1—x)uwy, 0<k<N.

In this case, (3.8) reads d, = —1,n > 0.
We will proceed to study the Sobolev orthogonality for Laguerre polynomials with stan-
dard and non-standard parameters, that is, for —o ¢ N and —« € N, respectively.

4.1.1 Sobolev orthogonality for standard parameter
For —a ¢ N, up can be chosen to be the quasi-definite moment functional defined as

400
(up, p) = f p(x)x¥e*dx, Vpell.
0

Moreover, from Proposition 2, we deduce that u; = a; xk

constants. Hence, (3.1) reads

up, | <k < N, where g; are

N +o0
Butpeg) = Yo [ pOwaOwxt e dx vpgem,
0
k=0

where ap = 1. Since £® is symmetric with respect to By, the Laguerre polynomials satisfy
By(LY, LYY = 0forn # m.

4.1.2 Sobolev orthogonality for non standard parameter

For —a« = m € Nand N > m, let the moment functional u,, satisfy D(x u,,) = (1 —x) u,,,
and, therefore, u,, can be chosen to be the positive definite moment functional associated

with the Laguerre polynomials {Lﬁ,o) (x)}n>0, given by

+00
(W, p) = / p(x)erdx, Vpell.
0

From Proposition 2, we deduce thatu,,+; = a; x'w,,0 <i < N—m,where g, are constants
(withag = 1).

For0 < j < m—1,u; mustsatisfy the Pearson equation D(x u;) = (—m+j+1-x)u;,
or, equivalently,

(w, (=m + j+n+ Dx" = x") =0, n=0. “3)
Therefore, we get
m—j—1
Wj.p)= Y (=D'b;,p"0). 0<j<m—1 Vpell,
£=0
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where b, are constants. Using (4.3), we get

m—j—1 .
bj,= bj, 0 <v=m-—j—1,

v
where the constants b; = b; ¢ are free parameters. Then (3.1) reads
m—1 m—j—1 ] _1 W
Bvip.) =Y 3 (- ( ! )b (r4)" ©
=0 v=0 4.4)
N—m
S [ @ e an
i=0

If we define the discrete bilinear form D as
molm=il m—j—1 v)
D(p,q) = 1y b(</><1>) 0), ¥p.qell,
(r.q) ]Z_(:)g()< : ) p¥q 0), V¥p.q

and the continuous bilinear form C as
Cp.q) = ) a f P () gD (x) xT e dx, Vp.q el
— 0

then (4.4) can be expressed as
By(p.q) = D(p,q) + C(p,q), Vp,q€ll.
Additionally, observe that the polynomial p(x) = x™ satisfies the differential equations
LEM[p] = —mp, and xp = mp.
Taking into account that {Lﬁ,’") (x)}n>0 satisfy the admissible differential equation
Lyl = LM [y] + 2my = —ny, n=0,

then, from Proposition 3, it follows that the polynomials {g, (x)},>0 with

g(0) = L™ ), 0<n=m—1,

() = " L, (), n=m,

constitute a polynomial solution of L(’m)[qn] = —ngqy such that degg, = n, and, thus,
satisty By (gn, gm) = 0 forn # m.From Remark 1 and the expression for the Laguerre
polynomials, we deduce that

LM (x) = _&Enr XM L (x), n>m.
n n—m+ Dy, n—m ’ =

Remark 3 The matrix expression of the discrete bilinear form D can be written as follows.
For0 < j <m —1,let F(j) be the symmetric matrix of size (m — j) x (m — j) with entries

given by
— i1
(—D”ﬂ(”“) (’" / )bj,05v+gsm—j—1,

() = v Ve

0, otherwise,
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and, for 0 < k < m — 1, let G(k) be the symmetric matrix of size m x m defined as
G(0) = F(0), and

G(k)=<Fg‘) 8) I<k<m—1.
Then, A
_— q(f)(O)
)=y (PO....p" ) F) [
/=0 q" =)
m—1
= P(0) (Z G(k)) JOIR
k=0

where F(0) = (£(0), f'(0), ..., f"~ ().
Moreover, let L(0) be the non-singular lower triangular matrix of derivatives of Laguerre
polynomials

LO = (5P ©) ,

n,k=0,1,....m—1

given by

LS™B ) = (—nk (" - ’") n> k.
n—k

Then, we have the m x m diagonal matrix

h((]—m) O
m—1 hgfm)
H™ = L(0) (Z G(k)) LO)" = . ,
= o em
O hm—l

where ™" = By(LS™, LS™),0<n<m— 1.
Since the numbers hf,_m) depend on the free parameters b;, given an arbitrary m x m
diagonal matrix H, D can be explicitly constructed by means of

D(p.q) = PO) [LOTH (LO)] 007

Clearly, if By is quasi-definite, then H must be chosen to be a positive definite matrix.

4.2 Jacobi polynomials

For arbitrary complex values of « and 8, the Jacobi polynomials {Pn(“”B ) (x)}n>0 are polyno-
mial solutions of the differential equation

(1 —xz)y//—l—[,B—ot —(@+B+2)x]y =y, Ay = —nn+a+p+1). 45
Define the differential operator

LOPpl = A =x)p'+[B-—a—(@+p+2)x]p. Vpell,
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and fix a non negative integer N. We know from Theorem 4 that £*#) is symmetric with
respect to the Sobolev bilinear form By defined in (3.1) if and only if the moment functionals
u, 0 < k < N, satisfy the Pearson equations

DA =2 w] =[f—a—(@+p+2k+2)x] u (4.6)
In this case, (3.8) reads
dy = —-(n+a+B+2), n>0. 4.7)

Here, we study the Sobolev orthogonality for the polynomial solutions of (4.5) when the
values of the parameters fall in one of the following four cases:

Standard values: —«, —8, —(@¢ +8+1) ¢ N.
Type I non standard values: —o € N, —f ¢ N.
Type II non standard values: —« ¢ N, —f8 € N.
Type III non standard values: —«, —f8 € N.

Type IV non standard values: —a« = —p € N.

NS

4.2.1 Sobolev orthogonality for standard parameters

For —a, —B, —(a+B+1) ¢ N,letuy € IT’ be the quasi-definite moment functional defined
as

1
(uo, p) =/ p) (1 —x)* (1 +x)fdx, VYpell,
—1

and, for 1 < k < N, letu; = a; (1 — x2)*ug, where a; are constants. Then, By in (3.1)
with the moment functionals ug, 0 < k < N, reads
N 1
Butra) = Yo [ pPegP00 (-0t @40 i, Vg e,
k=0 -1
with ag = 1. Moreover, since each moment functional uy satisfies the Pearson equation

(4.6), the operator £®#) is symmetric with respect to By .
From the symmetry of £*#) with respect to By, we have that

By (PP, PEP) =0, n # k.

4.2.2 Sobolev orthogonality for type | non-standard parameters

For —« = m € Nand —B ¢ N, we have that
dpiom = —(n+m+p+2)#0, n=0.
and that the differential equation satisfied by the Jacobi polynomials {Pn(fm’ﬂ ) ) }n>0,
LAy = —nn—m+p+ 1)y, (4.8)

is admissible.
In order to give the Sobolev orthogonality for {P,,(fm’ﬂ )(x)},,zo, we construct solutions
for the Pearson equations (4.6) with N > m. From Proposition 1 we know that,

DIl —xM)uy] = [m+p — (m+ B +2)x] uy.
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is uniquely solvable up to a constant factor. Then u,, can be chosen to be the quasi-definite
moment functional associated with the Jacobi polynomials {P,fo’ﬂ +m) (x)}n>0, that is,

1
U, p) = f p() (40P dx, Vpell.
-1

By Proposition 2,
Wepi = a;(1—xH'u,, 0<i<N-—m,

where q; are constants (ayp = 1).
For 1 < j < m, let the moment functional u,,; satisfy the Pearson equation

DIl —xHupy_jl = [m+p—(m+p—2j+2)x]uy_;,
or, equivalently,
(wp_j, Im+B—n—m+B+n—-2j+2)x](x—-1")=0, n=0.
Hence, we deduce that
Jj—l v

A
_', = i 17 V H’
(Wn—j, p) CJ§(5+m+2—2j)u< v )p (e

where c; is a free parameter.
Taking ug, 0 < k < N, as above, (3.1) reads

m j—1 .
3 2"¢; F=I\ (on—jp omn=p)™
Bu(p.q) = )3 (ﬂ+m+2_2j)v< ) )(p g )y

j=1v=0
N=m 1 . . . .

F 3 [P0 () (P,
, ~1

i=0

with ap = 1. Since the Jacobi polynomials { P """ (x)},=¢ satisfy the admissible differ-
ential equation (4.8), then it follows from the symmetry of £(~"-#) with respect to By and
Corollary 1 that

By (R PP =0, n £ k.

Observe that By can be expressed as the sum of two bilinear forms: a discrete bilinear
form

m j—1 .
_ 2"%¢; F=1\ (on—py m-p)"
Dip) =) (ﬂ+m+2_2j)v( ) )(p ¢" )",

j=1v=0
and a continuous bilinear form
N—m 1 A ' . A
Cip.) = ) ai f P ) " () (1= x)7 (14 0P .
; -1
=0
In this way

By(p.q) = Di(p,q) + Ci(p.q)., VYp,qell.
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In light of Proposition 3, it is possible to deduce an expression for P,ffm”g )(x), n>m,
in terms of P,Yf,’f ), which is a Jacobi polynomial with standard parameters. Observe that the
polynomial p(x) = (1 — x)™ satisfies the differential equations

LEmPp] = —(B+1Dmp, and (1—x%)p = —m(1+x)p,

and that

L(m,ﬂ)[nym,ﬁ)]
!/
=£“Wmuywn—2ma+xmawﬂ)=—mn+m+ﬁ+ngwﬂ.

Prfm’ﬁ)

—m

Then the polynomials g, (x) = (1—x)" (x),n > m, satisfy the admissible differential

equation (4.8). By Remark 1, P,ffm’ﬂ ) (x) must be a constant multiple of g, (x). From the

expression of the Jacobi polynomials, we deduce that

D" Qn=2m+ B+ 1),
2m n—m+ Dy

PP () = A=x)"P"™P ), n>m. (49

Remark 4 The discrete bilinear form D; can be written in matrix form. Indeed, for1 < j < m,
let A(j) be the symmetric matrix of size j x j with entries given by

L
—, 0= s=<j-1
BGYep =1 " v/ BAm2=2)

0, otherwise,

and, for 0 < k < m — 1, let B(k) be the symmetric matrix of size m x m defined as

B() = A(m), and
0 0
Bk) = «’7 , 1<k<m-1, (4.10)
0|Aa(m — k)

where 0 is the zero matrix of appropriate size. Then,
g~ (1)

Dipo) =Y (P D) AG) |
/= ()

m—1
= P(1) (Z B(k)) om’,

k=0

where F(1) = (f(1), /(D). ..., f™ V(D).
Moreover, taking into account that D; coincides with the restriction of By to the linear
space of polynomials of degree at most m — 1, we deduce that

h(()*maﬁ)
—1 (=m.pB)
m h]

HC™P = P(1) (Z B(k)) PO = . ,
k=0 A
O P
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where hﬁ,ﬁm’ﬁ) = BN(Pn(fm’ﬂ), P,Eim’ﬁ)), 0 < n <m—1, and P(1) is the non-singular
matrix of derivatives of Jacobi polynomials

P() = (BB ) :

n,k=0,1,....m—1
given by

(k—m+ Dpg (k —m+ 4+ D
2k (n — k)! '

(PO () =

Observe that the numbers h,(fm’ﬂ ) must depend on the free parameters c ;. Therefore, given

an arbitrary m x m diagonal matrix H, D; can be explicitly constructed by means of

Di(p.g) = PO [POH~'H ()7 21T

Clearly, if By is quasi-definite, then H must be chosen to be a positive definite matrix.

4.2.3 Sobolev orthogonality for type Il non-standard parameters
The Jacobi polynomials satisfy the important identity ([20, p. 59])
PP (x) = (=)' PP (—x). (4.11)
Then it is possible to give the Sobolev orthogonality for the polynomial sequence
{P,l(a’fz) (X)}n=o with—a ¢ Nand —8 = £ € N, by interchanging the roles of the parameters
in Sect. 4.2.2.
Observe that for —a ¢ Nand —8 = ¢ € N, the differential equation

L O] = —ntn+a—L0+1)y, (4.12)

is admissible and

dyj2e = —(n+a+£€+2)#0, n>0.

Fix N > (. Constructing the solutions of the Pearson equations (4.6) as in the previous
subsection, we obtain

wii =bi(1—x)'u, 0<i<N-—¢
where

1
(ag, p) = / px) (1 —x)*ttdx, Vpell,
-1

with b; being a constant (bg = 1), and

j-1 ,
(=2)" (J_l) )
w_ i, :e.E . —-1), Vpell,
Wes P) It er2a—2j,\ v )P =0, v
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for 1 < j < ¢, where e; is a free parameter. Therefore, (3.1) with the above moment
functionals is written as

Bt )_i’i (=2)"¢; (j—l)( “n <‘f—f>)(”(—1)
NP 4) = — @+ 4+2-2j) \ v P i
N—

j=lv=
Z . .
4 / (Z-H)(x)q(f-'rl)(x) (1 x)a+f+l (1 +x)l dx,

i=

where by = 1. Since the Jacobi polynomials {P,fa’_é) (x)}n>0 satisfy (4.12), then it follows
from the symmetry of £(%~9 with respect to By and Corollary 1, that they satisfy

By (P70 PET) =0, 0 £ k.

If we define the discrete bilinear form Dj; by

¢ oj-1

(—2)Ve; F=1\ (e @
D , — 7, E=)) —1), Vp,qell,
11(p, ) gg(a+€+2—2j)u ) (P4 P) " =1, Vpog

and the continuous bilinear form C;; by

1
Cri(p,q) = ) bi / P g ) (1= )T (14 x) dx, ¥p.gell,
— -1

then we have

Byn(p,q) = Dii(p,q) + Cri(p.q), Vp,qell.
Moreover, using (4.9) and (4.11), we obtain

1 Cn=20+a+ 1)y

P@—0(py —
N

A+0'PY ), n>e

Remark 5 Analogously to Remark 4, for 1 < j < £,let C(j) be the symmetric matrix of size
J x j with entries given by

i1 _2)Ve;
") ( S B
v v (x+2+2-2)),

0, otherwise,

C(Ney =

and, for0 < k < £—1,letD(k) be the symmetric matrix of size £ x £ defined as D(0) = C(¥),
and

0 0
D(k)_<OC(Z—k)>’ l<k=<t¢-1. (4.13)
Then, Dy can be rewritten in matrix form as
-1
Di1(p.q) =P (1) (ZD(k)) o-D'.

k=0

where F(—1) = (f(=1), f'(=1), ..., f&D=1)).
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As in Remark 4, we have the £ x ¢ diagonal matrix

7(a,—L
hrge @)

_ , ~ —1 ~ . }7(1“’_@)
HO™O = P1) (Y Do) ) P-1)T = : ’
=0 A (@—0)
o
O hyZy

where Z}f‘"“ = By (P,,(a’_z), P,fa’_e)), 0<n<<{—1,and 13(—1) is the nonsingular matrix
of derivatives of the Jacobi polynomials

Py = (P B 1)

n,k=0,1,...0—1"

given by

yi—k (k =€+ 1)y (k—L+o+ 1)

(at,=m)N(K) (1) — (—
(P B (—1) = (—1 Ty

> k.
Moreover, since the numbers }Nli,“’_e) depend on the free parameters e, D can be explic-
itly constructed by means of

Dii(p.q) = P=1) [P0 H D7) '] 8-,

with H being an arbitrary £ x ¢ diagonal matrix. If By is quasi-definite, then H must be
chosen to be a positive definite matrix.

4.2.4 Sobolev orthogonality type lll non-standard parameters

Here, we consider the polynomial solutions of (4.5) with —« = m and —8 = ¢, m, £ € N.In
this case, the differential equation is not admissible. Moreover, the polynomial P,f_m’_g) (x)
suffers a reduction in degree whenever n = m + £ — k for some integer 1 < k < n.
Hence, we are concerned with constructing polynomial solutions {g, (x)},>0 of (4.5) such
that deg g, = n, and also to give the Sobolev orthogonality for these solutions.

First, we will construct polynomial solutions of (4.5). In [1], the Jacobi polynomials were
redefined in order to circumvent the reduction in degree of P,,(_m‘_z)(x), and there it was
shown that these redefined Jacobi polynomials satisfy (4.5) and are orthogonal with respect to
a Sobolev bilinear form. We will not use this alternative definition of the Jacobi polynomials,
but instead we use Theorem 3 to construct polynomial solutions of (4.5).

Due to (4.11), we can assume without any loss of generality that £ < m. Observe that

P

for0 <n < ¢ — 1, the polynomial (x) has degree n and satisfies (4.5). No degree

reduction occurs in this case.

For ¢ < n < m+ ¢ — 1, the polynomial ¢,(x) = (1 + x)t P,f:zn’() has degree n and
satisfies (4.5). Indeed, let p1(x) = (I + x)t. The polynomial p; satisfies the differential
equations

£ Ol = tm—1)p; and (1—x?)p] = £(1—x)p1.
Moreover, the polynomial Pn(fm’e)(x) satisfies
[’(—m,/f)[P(—m,l)]
n

/
= £ OpEmOT L 201 —x) (P,g—m@) =-—nn+€—m+1) PO,
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Thus, from Theorem 3, we get that the polynomials ¢, (x) satisfy
£ gl = —n(n—m—+1) g

For n > m + ¢, define the polynomials g, (x) = (1 —x)™ (1 + x)¢ Pn(mm (). Clearly,
degg, = n. We will show that these polynomials satisfy (4.5). Define the polynomial
p(x) = (1 —x)™ (1 + x)t, and observe that p, satisfies the differential equations

L O] = —(m+ 0 py and (1 =x%)ph = [€—m —(m+L+2)x]pa.
Taking into account that the Jacobi polynomials P,,(m’l) (x) satisfy the differential equation
Lm0 PO
= LOMORMO) 4 2 (¢~ m — (m+ €+ 2)x1 (B0

—n(n+m+e+1)P"Y,

we deduce from Theorem 3 that the polynomials g, (x) satisfy
£ Oga) = —n(n—m —L+1)Gn.
Altogether, the sequence of polynomials {Pfl_'"’_e)(x)},,zo with

PO, O<n<t-—1,
P 0@ = 1A+ 0 PO ), t<n<t+m-—1, (4.14)
(l—x)m(l—i—x)[ P™Y (), m+t<n,

constitute polynomial solutions of (4.5) such that deg 73( =t = .

Now that we have the explicit expression of a sequence of polynomials satisfying (4.5),
we proceed to determine the moment functionals in (3.1) such that £="-~9 is symmetric
with respect to By, N > m + £. Hence, we find solutions for the Pearson equation (4.6) for
0<k<N.

In this case, (4.7) reads

dy = —-(mm—m-—4£+2), n=>0.
Observe that dj, 42 u+¢) 7 0 for n > 0. By Proposition 2, we have
Wogogi = ai (1 =xD e, 0<i<N-m—¢,
where a; are constants (ap = 1), and u,, 1 satisfies
D[(1 = x> wypye] = [m— £ — (m 4 £+ 2) x] Uppe.
Then u,, ¢ can be chosen to be the quasi-definite moment functional associated with the

Jacobi polynomials {Pn(z’m) (x)}n>0, that is,

1
(Wpye, p) = f p(x)(1—x)" A1 4+x)"dx, Vpel.
-1
For 1 < j < m + £, let the moment functional u,, ¢ ; satisfy the Pearson equation

DI(1 = x) Wpp—j] = [m— € — (m+ € —2j +2) x| Wppe—j.
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For 1 < j < m, we obtain

j-l ;
2 J=1\
o _ 1), Vpell,
(Wnte—j. P) = ¢ ;(m—FZ—Z_zj)v( v )p R

where c; is a free parameter.
Similarly, for 1 <r = j —m < ¢, we get

r—1
(-2)" r=1\

_ = —-1), Vpell

(wg—r, p) er§(£+2_m_2r)v , )P =h. vVpell,

where e, is a free parameter.
Taking the moment functionals ux, 0 < k < N, as above, the bilinear form (3.1) reads

m L 2V ¢; -1 o)
By (p.q) = J ( (m—J) <m—j>) 1
NP 9) ZZ(mH_ﬁ_zj)v( ) ) p" g (1)
j=1v=0
N (=2)Ve r—1 )
r (t=r) (z—r)) _1
+ZZ(£+2—m—2r)v( v )(” 4 =D
r=1v=0
N—(m+2) 1
+ Z a; f p(m+€+z)(x)q(m+€+t)(x) (1— x)m+z (1 +X)K+l dx.
i=0 -1
(4.15)
Let Dy be the discrete bilinear form defined by
m j—1 .
2V c; Jj—1 : A\ @
D Lq) = J ( (m—Jj) (M—j)) 1
111(p- q) Z (m+2—£—2j)u< ) ) Py (D
j=1v=0
" (—2)Ve r—1 )
r (¢—r) (K—r)) 1
+ZZ(£+2—m—2r)U< v )(p a =D,
r=1v=0
and let Cyy; be the continuous bilinear form defined by
N—(m+¢) 1 ) . ) )
Crir(p.q) = Z a; / p(m+€+z)(x)q(m+£+z)(x) (a- x)lH»z a +x)m+z dx.
i=0 -1
Then (4.15) can be written as
Byn(p.q) = Drii(p.q) + Crir(p. q)-
The differential equation (4.5) with @ = —m and § = —/ is not admissible. Indeed,

An = Ar ifand only if n = 0 and k = m + ¢ — 1. Therefore, by the Sobolev orthogonality

of {P,i*’"’*“ (x)}n>0 does not follow from Corollary 1. Nevertheless, from the symmetry of
L£Em=0 with respect to By and Theorem 2, it follows that

BN(Pr(l—m,—Z)’p]E’"’”Z)) =0, n#k, wheren#0ork#m+4¢—1.
On the other hand, we compute
By(Py " P = en PP (P (.

Therefore, setting ¢,, = 0, we have By (P,(,im’iz), P,Efm’fz)) = Oforn # k.
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Remark 6 Using (4.10) and (4.13), the bilinear form D;;; can be rewritten as

—1
> Dk) O
Dii(p.g) = (P(=DIPM) | =0 (0= lom)’
O Y. B®
k=0

where
(FEDIFED) = (FOD o £, 7O, £ D D).

Moreover, we have the (m + £) x (m + £) diagonal matrix

—1
Y bk)y O
AOm0 = Benpay |2 P P)T
O Y Bk
k=0
71\6_" £) S
O El(n_J:r(Lf’:lK)

where 2570 = By (PO UMY o< <m 40— 1,

ﬁ(—l) — ((fp( m, é))(k)( 1))” kog) ..... -1, and
..... —1

P(1)

—m,—0)\ (k
<(7’r§ ") )(1))n=0,1,...,m+e—1, -
k=0,1,....m—1

The matrix (f’(—l) | P(1)) is non singular since it can be expressed as a product of two
non singular matrices. Indeed, if the explicit expression of the polynomial P,(,fm’fz) (x)is

n
PO = 3 pusxts pun £ 0, n=0, (4.16)
k=0

then the (m + £) x (m + £) matrix

D0,0 0 . 0

P1,0 )2 B 0
P = . . . ) ,

Pm+£—1,0 Pm+e—1,1 - -+ Pm+L—1,m+0—1

is non singular. Let M (—1) and M (1) be the matrices obtained from derivatives of the basis
{x"}o<n<m+e—1 Of Tyto—1,

M(-1) = ((X )(k)|x——l>n =0,1,...m+l—1, >
k=01, 0~ 1
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The matrix (/VI (—=1)| M(1)) is a generalized Vandermonde matrix and, therefore, non-
singular. From (4.16), we deduce that
P(=1)|P(1) = P- (M(=1)| M(1)),

and, thus, (IN’(—I) | P(1)) is non-singular

With this in mind, and taking into account that the numbers m,—£) depend on free
parameters, we have that for an arbitrary (m + €) x (m + ¢) diagonal matrix ﬁ the bilinear
form Dy can be explicitly constructed by means of

Dii(p.q) = (P(=1)| P(1)) E (O(=1)| Q(l))T,

’};5,7

where
~ s s I\ T
E = PDIP1)H (P-DIPA)T) .
If the Sobolev bilinear form By is quasi-definite, then H must be chosen to be a positive

definite matrix.

4.2.5 Sobolev orthogonality for type IV non-standard parameters

Now, the case when —a« = —f = m € N is considered. As we will see here, this is not a
particular case of the third type of non-standard parameters studied above, in the sense that
the continuous part of the Sobolev bilinear form is not directly deduced by settingm = ¢ in
(4.15).

Indeed, the operator L£Em=m) g symmetric with respect By in (3.1) with N > m, if and
only if the moment functionals u;, 0 < k < N, satisfy the Pearson equations (4.6) with
o = B = —m, thatis,

DIl — x> w] = =2 (—m +k + 1) x ug.
In this case, (3.8) reads
dy = —(mm—2m+2), n=>0,
and, thus, d,4+2,, # 0 forn > 0. By Proposition 2, we have
Wi = a; (1—x'w,, 0<i<N-m,

where a; are constants and u,, satisfies D[(1 — xz) u,;] = —2xu,. Then u,, can be chosen
as the quasi-definite moment functional

1
(a,, p) =/ p(x)dx, Vpell,
-1

associated with the Jacobi polynomials {P,SO’O) (x)}n>0. Therefore, we have that the contin-
uous part of By in this case is the bilinear form Cry given by

N—m 1
Crvip.q) = ) ai / P () g " () (1 — X dx,
i=0 -1

with ag = 1. On the other hand, C;;; with m = £ reads

N—2m

1
Ciip.) = 3 a /1P(2m+l)(x)q(2m+’)(x)(1—xz)m+’ dx.
i=0 -

@ Springer



191 Page 28 of 31 J. C. Garcia-Ardila, M. E. Marriaga

Hence, in general, C;7; and Cyy do not coincide.
Now, we proceed to find solutions to the remaining Pearson equations. For 1 < j < m,
let the moment functional u,, ; satisfy the Pearson equation

DIl =) up—j] = 2(j = Dxtyj.
There are two linearly independent solutions. Namely, u,,—; 1 and u,,—; > given by

Jj—1

-1
(p—j1, p) = Z oo 2,])\)( ] )P(V)(l)’ Vpell,

v=0
and

e M

i M(~1), Vpel.
(Wn—j2, p 2(2 3, ( ; )p (—1), Vpe

v=0

Then,
V

] -1 v v v
s ) Xzz - 2])v< v >[Cfp()“)+(_1) e; VD], vper,

where c¢; and e; are free parameters. Therefore, if we define the discrete bilinear form Djy
as Dyyy withm = £, that is,

m j—1

Div(p,q) = ZZ 2_ 2])]}( ; 1) |:Cj (p(m’j)q(m*j))(v) )

j=1v=0
. W
+(=1e; (P g7 (—1)] :
the Sobolev bilinear form (3.1) reads
Bn(p,q) = Crv(p,q) + Div(p.q).
Observe that the polynomial sequence (4.14) withm = ¢ satisfies the differential equation
LEm=mpEm =My — _p(n—2m 4+ )P, n >0,

which is not admissible. Similarly to the third type of non-standard parameters, if ¢, = 0,
then By (Py "™, P ™) = Oforn # k.

Remark 7 Clearly, the matrix representation of Djy is the same as the matrix representation

of Dyr; withm = £.

4.3 Hermite polynomials

The Hermite polynomials { H, (x)},>0 constitute a sequence of polynomial solutions of the
the admissible equation

Lyl =y —2xy = —2ny.
By Theorem 4, we have that for a non-negative integer N, the differential £ is symmetric

with respect to the bilinear form By defined in (3.1) if and only if D(u;) = —2x u; for
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0 < k < N. Thus, if we take ug such that

(ug, p) :/ p(x)e*"zdx,

then from Proposition 2, uy = axugp and therefore (3.1) reads

N +o0
)
By(p.q) = ) akf PP ) g®(x)e™ dx, Vp,qell,
k=0 -

where gy, are constants (ap = 1). From the symmetry of £ with respect to By and Corollary 1,
we have By (H,, H,) = 0forn # m.

4.4 Bessel polynomials

Let £ be the differential operator defined by
LOpl = 2 p +@x+2) p'.

Recall from Sect. 2 that for arbitrary complex values of a, the Bessel polynomials
{B,(l“) (x)}n>0 constitute a sequence of polynomial solutions of the differential equation

LYY =nm+a—1)y, n=>0. (4.17)

Fix a non-negative integer N. From Theorem 4, £%) is symmetric with respect to the bilinear
form By in (3.1) if and only if the moment functionals ug, 0 < k < N, satisfy the Pearson
equations

D(x>w) = [(@+2k)x + 2] ug.

In this case, (3.8) reads d,, = n + a,n > 0.
For —a ¢ N, we can choose uy = ai xZk ug, 0 <k < N, where

1 o _
(g, p) = ﬁ/P(Z)Z“ Ze Z/Zdz, Vpell,
C

¢ is the unit circle oriented in the counter-clockwise direction, and ay are constants (ag = 1).
Then, we have that £@ is symmetric with respect to the bilinear form

N
1 1) —
By(p,q) = o Z“k /p(k)(z)q(k)(z)za+2(k Dp=2/24,.
k=0 ¢

In this case, deg B,(l“) = n,n > 0. Moreover, the differential equation satisfied by the Bessel
polynomials is admissible. We know from Corollary 1 that

By(B@,B) =0, n # k.

For —a = m € N, the expression for the Bessel polynomial B,ﬁ‘”” (x) suffers a reduction
in the degree whenn = m + 1 — k for some 0 < k < n — 1. Indeed,

deg By =m+1—n [T|+1=n=m+1,

where [v] is the smallest integer bigger that v. Unfortunately, in this case the differential
equation (4.17) does not have a polynomial solution of degree n for [2 |+ 1 <n <m+1.
Hence, we do not give a Sobolev orthogonality for this case.
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