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ABSTRACT Sight distance is key to ensure safe road geometric design under all circumstances. Road design
standards propose models simulating nighttime driving that contemplate the features of vehicle frontlighting
systems to address the design of sag curves. These models are based on a deterministic approach, which
is known to present a number of drawbacks. It neglects the stochastic nature of the variables involved and,
therefore, no information is available about the safety margin of the design output. As opposed to design
based on deterministic methods, probabilistic methods overcome these inconveniences providing a solid
approach to broach the analysis of sag curves. This research study applied a probabilistic approach to evaluate
the risk level (probability of noncompliance, Pnc) associated to sag curve designs, and assessed the effect
of the variables involved in headlight sight distance (HSD) on the Pnc. The required stopping sight distance
was considered not to be met when it exceeded the HSD. A total of 71,334 case studies were generated by
combining the range of values of the variables involved in the HSD as per the Spanish geometric design
standard. The risk level associated to each case was calculated by means of a Monte Carlo simulation. The
results showed that variablesmodeling headlight features significantly affect the risk level.Moreover, the risk
associated to design outputs that are considered equivalent by the standard varies significantly. Therefore,
the use reliability theory in the development of standards and design guides is recommended.

INDEX TERMS Headlight sight distance, Monte Carlo simulation, reliability analysis, road geometric
design, road safety, sag vertical curves.

I. INTRODUCTION
Sight distance is a factor of crucial importance to road geo-
metric design. Its correct implementation in the road align-
ment allows the provisioning of the necessary space drivers
need for performing different maneuvers such as passing or
stopping.

When calculating sight distance, different environmental
conditions must be considered, including sight distance at
nighttime. This aspect can be corroborated by observing the
significantly higher traffic accident frequency and severity in
nighttime with respect to those that occurred in the day [1].
Despite the lower traffic intensity, 40% of fatalities occur at
night [2]. The Spanish Directorate-General for Traffic (DGT)
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reported that 31% of fatalities occurred on Spanish roads
in 2017 were at twilight or at night, including a 57% of
pedestrians killed on interurban roads during these hours [3].

Given that the vehicle headlights represent the fundamental
source of light at night on rural roads, the sight distance
provided by the headlight beam is considered as the main cri-
terion for determining sag vertical curve parameters. In addi-
tion, the explicit evaluation of the influence of uncertainty
in decision-making, in the search of more efficient design
outputs has been addressed in different investigations. The
use of probabilistic design approaches that quantify risk and
reliability have been successful in other disciplines and, when
applied in road geometric design in research studies con-
ducted recently, these have shown promising results.

The deterministic approach has two main shortcom-
ings [4]. First, many variables of models on which design
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criteria are based are stochastic by nature. However, con-
servative percentile values are typically selected from their
respective statistical distributions. Hence the safety margin of
design outputs and, particularly, minimum standard require-
ments is unknown. Secondly, the implications of deviating
from standardized values are unknown; therefore, both small
and great deviations from these values are considered as unac-
ceptable. The reliability theory accounts for the uncertainty
of the model inputs and overcome the deficiencies associated
with the deterministic approach [5].

This research study evaluated the potential effect of the
geometric parameters involved in the estimation the head-
light sight distance (HSD) on sag vertical curve design on
road safety. In order to account for the model uncertainty,
the reliability theory was used to calculate the probability of
non-compliance (Pnc) associated to the design of sag vertical
curves arranged according to the Spanish standard of geo-
metric design [6]. In this sense, the combination of reliability
theory and HSD for road safety assessment represents an area
not studied so far.

In order to acknowledge and understand the different inves-
tigations that have contributed to the development of the
topics related to this research, a literature review of the
methodologies implemented of the headlamp and the reliabil-
ity analysis of highway design was included in section II. The
following section aims to explain the research in detail as well
as the tools that led to the results. Moreover, a critical analysis
of the results is included based on the research development.
Finally, conclusions and future lines of research are given.

II. LITERATURE REVIEW
A. NIGHTTIME SIGHT DISTANCE AND ROAD DESIGN
The high accident rate at night with respect to the day evi-
dences the hazard involved in driving in low light conditions
since the reaction chances to road users are reduced [7].
A significantly higher relative risk has been found to exist
during nighttime driving [8]. Gaca and Kiec [9] found an
increase in rear-end collisions, in accidents involving side
obstacles and accidents with pedestrians, from day to night
conditions. Papadimitriou and Psarianos [10] stated that on
two-lane rural roads with a potential risk of collision with
wildlife, a speed reduction of at least 10 km/h at night is
recommended. Lee andKim [11] found that the obstacle color
in nighttime determines the distance at which it is seen, and
that the minimum headlight beam illumination level should
be 5 lux. This highlights the importance of taking night
conditions into account in road design.

Nighttime conditions in driving are incorporated into road
geometric design to determine the layout of sag vertical
curves through the HSD. The main geometric parameter
that features sag curves is the rate of vertical curvature KV .
Bauer and Harwood found that reduced values of this param-
eter affect negatively safety performance, and quantified the
impact of other alignment parameters on safety [12]. In addi-
tion, the nighttime condition criterion is typically based on a
given value of the upward divergence angle of the headlight

beam (α). Among the first identified references using this
criterion, Noble et al. proposed an α value of 0.38 degrees,
but it led to excessive curve lengths [13]. This research study
was based on the evaluation of headlight performance carried
out by Giessler [14]. In 1954, the American Association of
State Highway Officials (AASHO) published a Policy on
Geometric Design of Rural Highways, which incorporated
the criterion of α = 1◦ [15]. It should be noted that this
criterion has been maintained until the current edition of a
Policy on Geometric Design of Highways and Streets [1].
Regarding the Spanish standard, which is what this study
focuses on, an angle α of 1◦ is preserved for the design of sag
vertical curves [6]. Considering developments in headlamp
design, Gibbons et al. [16] found that the headlamps do not
project enough light above its horizontal axis, to match the
HSD calculated by considering an angle α of 1◦. Hawkins
and Gogula [17] evaluated the amount of light emitted by the
headlamps above their horizontal plane. According to their
results, a reduction in the α value from 1◦ to a value between
0.75◦ and 0.9◦ was proposed.
An alternative way to evaluate road geometric design in

night conditions is to apply a 3D approach. Easa and Has-
san [18] developed analytical models to calculate HSD for
vertical and horizontal 2D alignments separately contemplat-
ing boundary conditions. These models were the basis for
developing a methodology that determines the HSD on 3D,
which they applied on vertical curves combined with hori-
zontal curves [19]. Using a similar 3D procedure, De Santos-
Berbel et al. [20] measured the effect of the headlight beam
parameters on the HSD, finding that the angle α is the vari-
able that affects HSD the most. In a further study consider-
ing swiveling frontlighting systems, the interaction between
the swiveling angle and the boundary conditions was ana-
lyzed [21].

B. RELIABILITY THEORY APPLIED TO ROAD DESIGN
Reliability is defined as the probability that a system performs
its intended function under operating conditions, for a spe-
cific period [22]. Current geometric design standards use a
deterministic approach to establish the threshold values of
alignment design parameters. This approach does not con-
sider the uncertainty associatedwithmany design parameters,
and the safety margin of the design output is unknown. There-
fore, a deterministic approach does not adequately represent
the real performance of a system [23]. Reliability analysis
is an alternative technique based on a probabilistic approach
that seeks to overcome these inconveniences. In this sense,
a better understanding of the variability and uncertainty in
the design inputs and controls allows a more economical and
efficient design of the road networks [24].

The reliability approach uses random variables instead
of single value estimates as opposed to the determin-
istic approach. Design equations are represented by the
limit state function (LSF), which is associated to a fail-
ure mode. The LSF evaluates the difference between sup-
ply (HSD) and demand (stopping sight distance, SSD)
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(i.e. LSF = ASD-SSD). If the ASD is less than the SSD
(LSF < 0), the design is considered to be failed or not
complied with the requirements. Reliability theory is used
to quantify the Pnc to assess whether the supply satisfies the
demand in a particular design [25].

Several methods are available to determine the Pnc value,
including the first and second order reliability methods
(FORM / SORM), themean-value first-order second-moment
method (MVFOSM) and sampling methods.

MVFOSM uses the second moments of the random vari-
ables, i.e., means, standard deviations and correlation coef-
ficients, to find the mean and standard deviation of the
LSF. These two values determine the reliability index, which
serves as a surrogate for Pnc value. FORM remedies the prob-
lems of other reliability methods, it being more efficient than
sampling in terms of the number of iterations to determine
Pnc. SORM is an extension of FORM but approximates LSF
by a second order function.With regard to sampling methods,
the Monte Carlo method has been extensively applied to sys-
tem reliability analysis [26]. It relies on the repeated random
sampling of the variables to obtain a numerical solution [27].
The precision of the solution depends on the number of
iterations made [28].

Several studies have applied reliability analysis to geomet-
ric design problems. Navin [29] proposed amodel to establish
a safety factor and a reliability index in geometric design,
similar to that used by structural engineers in buildings.
This method was used to determine these factors in isolated
components of a road, and validated the method in a SSD
application [30].

Among the different reliability analysis methodologies,
Richl and Sayed [31] applied the FORM and SORM to deter-
mine the risk associated to narrow medians combined with
horizontal curves in stopping maneuvers using the Reliability
Analysis Software (RELAN). Sarhan and Hassan [32] used
the Monte Carlo sampling method to verify the SSD in 3D
alignment combinations of horizontal curves in a cut section,
where the cut side slope restricted the sight lines.

De Santos-Berbel and Castro [33] proposed a probabilistic
approach to estimate the required SSD on a real highway,
determining the most hazardous zones in terms of sight dis-
tance limitations, whichwere located at the tightest alignment
elements. In another study, they compared different sight
distance modelling methodologies including a 2D and two
3D methods, applied a reliability analysis to compute the Pnc
of the SSD for each method, finding that the methods that
overestimated the ASD underestimated Pnc [25].
Hussein et al. [5] applied reliability theory to calibrate

geometric design models and produce guidelines with con-
sistent levels of safety. In addition, Ismail and Sayed [34]
evaluated the risk of deviating from the design require-
ments due to budgetary restrictions. They assessed the
safety implications of deviating from the sight distance
requirements in two real case studies. They also deter-
mined target Pnc values for the comparative evaluation of
design.

In addition to sight distance related models, other geo-
metric design parameters have been studied with reliability
theory. Dhahir and Hassan [35] developed a probabilistic
analysis to address the design of horizontal curves consid-
ering four criteria: vehicle stability, rollover, driver comfort
and sight distance, in both dry and wet pavement condi-
tions. Mollashahi et al. [36] proposed a method based on
reliability theory to calibrate the superelevation in horizon-
tal curves considering the operating speed. They found that
the calibrated superelevation values were generally greater
than those proposed by the American Association of State
Highway and Transportation Officials (AASHTO) geometric
design guide. Sarhan and Hassan [37] used the advantages of
a probabilistic approach to develop a new methodology that
calculates the required lateral clearance in 3D alignments.
This reliability-based approach overcomes the shortcomings
of the current design standard method when a non-vertical
lateral obstruction limits the ASD in a horizontal curve over-
lapping with a vertical curve. Llorca et al. [38] developed
a reliability analysis for passing sight distance based on the
observation of maneuvers in a sample of two-lane Spanish
roads. Ismail and Sayed [39] introduced a calibration frame-
work for standard design models to determine a target safety
value, applying the method to the design model of crest
vertical curves.

Regarding the determination of Pnc with multiple failure
modes, You et al. [40] performed a reliability analysis in
horizontal curves for two failuremodes: skidding and rollover
of cars and trucks. To that end, they formulated a comparative
study of 3 performance functions, calculating the Pnc of each
vehicle type. In addition, Essa et al. [41] considered the
failure modes of limited sight distance and vehicle skidding
for the design of horizontal curves in a system reliability
analysis.

Several tools to determine the Pnc have been developed.
DAKOTA is an optimization software for the quantification
of uncertainty in which the reliability analysis was imple-
mented [42]. Moreover, Mahsuli and Haukaas [43] developed
the Risk Tools (RT) software for reliability and optimization
analysis. RT allows the use of multiple methodologies to
provide probabilistic predictions of the actual performance
of a civil infrastructure during its service life.

III. MATERIALS AND METHODS
This research study evaluates the probability of SSD exceed-
ing the HSD on sag vertical curves that comply with the
requirements of the Spanish geometric design standard [6].
To this end, several sag curves were generated on the basis of
the design criteria.

Figure 1 outlines the research process prior to the calcu-
lation of Pnc based on reliability theory. Given that the LSF
is defined as the difference between the HSD and the SSD,
the variables on which the HSD and the SSD depend are
described, including whether they are model parameters or
random variables. In the case of the latter, the probability
distributions must be characterized. The LSF features deter-
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FIGURE 1. Research process prior to the reliability analysis.

mine the feasible reliability methods. Subsequently, all the
admissible combinations, according to the Spanish standard,
of the values of the variables defined as model parameters
were generated resulting in the sample of sag vertical curves,
which yielded 71,334 case studies. Then, thePnc associated to
each case was calculated using a reliability analysis tool (RT
software) [43]. This computational process was automated
through a MATLAB script.

A. LIMIT STATE FUNCTION
The LSF considered in the study, denoted by g(x,λ) in (1),
evaluated the difference between the supply (HSD) and the
demand (SSD), where x is the input vector of random vari-
ables, and λ is the input vector of model parameters. When
the value of the LSF is less than or equal to zero, the design
is considered not to comply with the requirements.

g (x, λ) ≤ 0⇔ Noncompliance (1)

To assess the risk level (Pnc) associated with the limited
sight distance in the sample of sag vertical curves, the HSD
and the SSD were calculated for each case generated. The
following sections describe in detail the process of these main
parts.

1) HEADLIGHT SIGHT DISTANCE
The HSD was calculated analytically according to the geom-
etry of the sag curve as well as the configuration of the
headlight and the target. In this respect, the relation between
the length of the sag vertical curve L and the position the
furthest target visible when the vehicle headlights are located
over the beginning of the sag curvemust be taken into account
since it determines themathematical expression that evaluates
the HSD. A sag vertical curve is considered as long if the
furthest target visible is located within its limits (Figure 2a).
Equation 2 was utilized in this case to calculate the HSD [44].
Otherwise, the sag vertical curve is considered as short

FIGURE 2. Schemas of sag vertical curves a) the HSD at the beginning is
shorter than its length; b) the HSD at the beginning is larger than its
length.

(Figure 2b), and the counterpart HSD is given by (3) [45].

If HSD < L

HSD ∼= KV � Tanα �

(
1+

√
1+ 2 �

hh − h2
KV � Tanα

)
(2)

If HSD > L

ASD ∼=
KV θ2 + 2 � (hh − h2)

2 � (θ − Tanα)
(3)

whereKV is the rate of vertical curvature (m), α is the upward
divergence angle of the headlamp beam, hh is the headlamp
height (m), h2 is the target height (m), and θ is the algebraic
difference between the inbound and outbound grades.

Each of the variables involved in (2) and (3) was treated
either as a random variable or as a model parameter depend-
ing on the design considerations of the sag curves, the infor-
mation available, and the effects to be analysed in the present
study:

- Absolute value of the algebraic difference between the
inbound and outbound grades (θ ): This variable was treated
as a model parameter as it is associated to the design of a
sag curve. Its value is determined by the algebraic difference
between the inbound and outbound grades (i1 and i2 respec-
tively), which complied with the restrictions of the Spanish
design standard as shown in Table 1.

- Rate of vertical curvature (KV ): This variable was treated
as a model parameter as it is also associated to the design of a
sag curve. The length of the vertical curve can be deduced as
the product ofKV and θ . The values used were those specified
by the design standard as detailed in Table 1.
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TABLE 1. Characteristic values of the variables used in the model.

- Upward angle of headlamp beam (α): This variable was
considered a model parameter as one of the objectives of this
study is to disclose the possible impact of setting a smaller
value of this angle in the standards on Pnc. Three values were
utilized in this analysis: 1 degree as it is suggested in design
standards [1], [6], and 0.75 and 0.9 degrees as suggested by
Hawkins and Gogula [17].

- Headlamp height (hh): The headlamp mounting height
was incorporated as a random variable that followed a nor-
mal distribution to cover the existing variability in the dif-
ferent vehicles in the market. To characterize it, the data
were derived from the 11 best-selling vehicles in Spain
in 2015 [20]. The mean mounting height was 0.731 m and
the standard deviation was 0.052 m.

- Target height(h2): This variable was treated as a model
parameter as one of the objectives of this study is to quantify
the effect of considering different values of this height in
the standards, which are discretionarily selected, on Pnc. The
values assumed in this analysis were taken from the specifi-
cations of the Spanish geometric design standard [6], which
states that the target height on the roadway surface must be
set at 0.5 m, and a target height of not less than 0.2 m could be
set on road sections where hazardous obstacles with a height
less than 0.50 m might exist. Therefore, the target heights
of 0.5 and 0.2 m were taken in the analysis.

2) STOPPING SIGHT DISTANCE
The SSD is the distance travelled by a vehicle forced to stop
as quickly as possible. For its estimation, the equation of the
Spanish geometric design standard [6] defined as follows was
used:

SSD =
V � PRT

3.6
+

V 2

254 · (fl + i)
(4)

where V is the initial speed of the braking maneuver (km/h),
PRT is the perception-reaction time (s), fl is the longitudinal
friction between the tyre and the pavement surface, and i
is the longitudinal grade of the highway along the stopping
maneuver.

The equation that estimates the SSD introduced additional
variables in the system, which were characterized as follows:

- Initial speed of the braking maneuver (V ): whereas the
design speed (VD) is typically considered for the calcula-
tion of the SSD; in this study, the speed was assumed as
a random variable following a normal distribution. The set
of input speed distributions used in this study was derived
from the design speeds associated to the standardized sag
vertical curve parameters, which are summarized in Table 1.
However, in deterministic geometric design, the design speed
corresponds to the 85-th percentile speed. Therefore, it is
necessary to deduce the counterpart mean speed value (V50)
and standard deviation (σV ) for the characterization of the
speed as a random variable. For this purpose, the mathe-
matical expressions of the operating speed model of Perez-
Zuriaga [46] were adopted, which led to an equation that
relates σV and V50 as follows:

σV =

√√√√14.8194+ exp

(
V 2
50 + 15760.216

4841.26

)
(5)

The values of the unknowns σV and V50 were derived from
the design speed using equation (5) and the inverse normal
distribution function. Their values are displayed in Table 1.

- Perception-reaction time (PRT): it was assumed that this
was a random variable that followed a lognormal distribution.
The values used to define this variable were taken from the
results of the experiment conducted by Lerner [47]. The
assumed values were a mean of 1.5 seconds and standard
deviation of 0.4 seconds.
- Tire-pavement longitudinal friction(fl): This variable was

assumed to follow a random beta distribution, where the
probability is conditioned by the speed. A distribution of this
type is assumed instead of a normal distribution since the
beta distribution takes values between 0 and 1 as opposed to
the normal distribution, in which values greater than 1 and
negative may appear, not meeting the physical phenomenon
of longitudinal friction. In this sense, each value of the speed
V50 was assumed to be associatedwith a beta distributionwith
its respective mean (fl,50) and standard deviation (σfl) values.
As occurred for the speed, a conservative percentile value
of the longitudinal friction is considered in deterministic
design. The Spanish standard provides 5-th percentile values
of the longitudinal friction in relation to the design speed
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as displayed in Table 1. To determine the standard deviation
values σfl as a function of the speed, the relationship between
longitudinal friction and speed by Bühlmann et al. [48] was
adopted. The adjusted equation relating the speed V and the
standard deviation of the longitudinal friction read:

σfl = 0.0343+ 2.2·10−3 � V − 3.2 · 10−5�V 2

+ 1.35 · 10−5 � V 3 (6)

The adjusted values as per (6) are shown in Table 1, which
are listed in relation to the design speed (VD). Moreover,
to define the series of random distribution of the longitudinal
friction, the relationship between the mean values fl,50 and
the speed V must be defined. These values were deduced
by applying the inverse beta distribution function to the fl,95
values proposed by the standard. Then, the adjusted equation
relating the speed V and the mean value of the longitudinal
friction resulted:

fl,50 = 0.6673+ 2.8·10−3 � V − 1.1·10−5 � V
2

(7)

The adjusted values obtained from (7) are also exhibited
in Table 1, in relation to the design speed (VD). The values
obtained as per (6) and (7), distributed according to percentile
values, are displayed in Figure 2. It can be observed that
the friction decreases as the speed increases. This relation
must be incorporated into the reliability analysis to achieve
accurate results when computing the Pnc by means of the
correlation coefficient between the speed and the longitudinal
friction [43]. The correlation coefficient ρ can be calculated
as follows:

ρ =
σV � dfl,50dV

σfl
(8)

where ρ is the correlation coefficient between the speed and
the mean value of the longitudinal friction. (dfl,50) / (dV )
is the derivative of the longitudinal friction with respect to
the speed, which can be deduced from (7). It must be noted
that in the reliability analysis, equations (6), (7) and (8) were
evaluated for the set of mean speeds V50.
- Highway grade along the stopping maneuver (i): The

values of this variable were incorporated into the reliability
analysis in a way that depend on other model variables.
On the one hand, it depends on the geometry of the sag
curve, which is fundamentally determined by the parameters
of the model. On the other hand, it depends on the SSD itself,
thus producing a recursive dependence. Furthermore, as i is
defined as the average grade along the stopping maneuver,
the expression that determines its value varies depending on
whether the vertical curve is long or short (Figure 2).

Sag vertical curves are geometrically defined by the equa-
tion of a second-degree parabola with vertical axis [44]:

z = z0 + i1 (s− s0)+
(s− s0)2

2 · KV
(9)

where z0 is the height at the beginning of the sag vertical
curve; s0 is the distance from the origin to the beginning of

the sag; s is the distance from the origin to a generic point
and i1 is the grade value of the inbound grade. Given that the
average grade along the stopping maneuver is the grade of
the straight line that connects the beginning of the sag and
the point where stopping maneuver ends, its value be derived
from (9) in the case where L > SSD (Figure 2a) as follows:

i = i1 +
SSD
2 · KV

(10)

If L < SSD (Figure 2b), the mathematical expression that
determines the average grade along the stopping maneuver
reads:

i = i1 + θ −
KV � θ2

2 · SSD
(11)

As seen in (4), (10) and (11), a recursive dependence
indeed exists between the grade i and the SSD. A method of
successive substitutions was used to approximate the values
of both variables in the reliability analysis. Equation (4) and
the piecewise function formed by (10) and (11) constitute a
system of equations which can be expressed in compact form
as follows:

Xk+1 = F (Xk) k = 1, 2, 3 . . . (12)

where Xk is the vector that contains the value of the variables
{SSD, i} at the k-th iteration, and F(Xk ) is the vector consti-
tuted by the above functions. The number of iterations neces-
sary to reach convergence, namely until a smaller difference
than desired between the outcome of two successive iterations
was obtained, is defined by:

‖Xk+1 − Xk‖ < ed (13)

where ed is the convergence threshold vector. A value
of 0.01 m was selected as convergence threshold for the
variable SSD, which enabled the convergence with very few
iterations while achieving the required precision.

B. SAMPLE GENERATION
Once characterized the model and its variables, a sample of
sag vertical curves according to the Spanish geometric design
standard was generated. The sample generation was associ-
ated to the design speeds and to the respective KV values.
For each KV value, a set of possible combinations of inbound
and outbound grades was generated. The grade values were
generated at intervals of 0.25 %, and their combinations
complied with a set of conditions. First, the outbound grade
value was greater than the inbound grade value to produce
sag vertical curves. Second, the inbound and outbound grades
were enclosed within the maximum grade values allowed by
the standard, including the exceptional increases, in relation
to the corresponding design speeds (Table 1). In addition,
the smaller grades included, in absolute value, were 0.25%
since the minimum grade allowed in the design standard
is 0.2%. Third, the combinations of inbound and outbound
grades were to result in lengths equal to or greater than the
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TABLE 2. Values adopted of model parameters for the hypotheses in HSD
estimation.

counterpart design speed (L ≥ VD). The length of a sag curve
is given by:

L = KV ∗ θ (14)

As a result, 11,889 sag curves were generated under these
considerations.

Finally, each sag curve was to be examined under dif-
ferent assumptions concerning the values proposed for the
parameters α and h2 as detailed in section III.A.1. The six
hypotheses resulting from the combinations of the values
exhibited in Table 2 were assessed for each sag curve, which
yielded a total of 71,334 case studies.

C. RELIABILITY ANALYSIS
The reliability analysis applied to sag vertical curves sought
to assess the risk associated to sight distance limitations in
nighttime. As mentioned earlier in this document, a LSF was
applied, which in the context of this study, evaluated the
difference between the supply (HSD) and the demand (SSD).

LSF = HSD− SSD (15)

The HSD is determined as defined in section III.A.1,
by means of equations (2) and (3) whereas the SSD is esti-
mated with equation (4) as detailed in section III.A.2. In reli-
ability theory, the Pnc is used to label the probability that a
design output does not meet the standard, which occurs when
the SSD exceeds the HSD.

In this study, the term of the LSF that refers to the sup-
ply (HSD) is modelled as per a piecewise function. Conse-
quently, the LSF is not continuously differentiable, which
makes the FORM, SORM and MVFOSM methods not suit-
able for the analysis [27]. Therefore, a sampling method was
used to perform the reliability analysis.

To estimate the Pnc value several sampling schemes can
be used. The simplest and most widely used approach is the
Monte Carlo method [49]. Monte Carlo is a repeated random
sampling method utilized to obtain an approximate solution.

The results obtained by the simulation carried out using
the Monte Carlo method unavoidably entail sampling errors,
which decrease as the sample size increases. Therefore, one
way to avoid sampling errors is to increase the sample size.

The Pnc in this method is determined by the following
equation [24]:

Pnc =
Npu
N

(16)

where NpuNpu is the number of unsatisfactory performances,
and N is the number of Monte Carlo iterations.

FIGURE 3. Adjusted longitudinal friction distributions as a function of the
speed.

In order to achieve enough accuracy in sampling, the coef-
ficient of variation of the successive Pnc values during the
Monte Carlo iteration was monitored:

δPnc =
σPnc

µPnc
(17)

where δPnc is the coefficient of variation of Pnc, σPnc is the
standard deviation of Pnc, and µPnc is the mean value of
Pnc. Values of the coefficient of variation around 2-5% are
considered as acceptable [49]. In this analysis, a value of 5%
was adopted to guarantee the accuracy of the sampling.

RT software was selected to perform the reliability analysis
and compute the Pnc [41]. The program can perform the reli-
ability analysis through the Monte Carlo sampling method.
The LSFwas implemented in a JavaScript subroutine in order
be able to compute it with successive substitutions. For each
of the 71,334 case studies, the program generated a vector
of random variables, each one extracted from its counterpart
random distribution, and checked the compliance of the LSF.
This process was iterated until the target coefficient of varia-
tion was obtained, or up to 100,000 iterations if otherwise.
The computation was automated by means of a MATLAB
script. Figure 4 shows a flowchart of the Pnc calculation
process in RT.

IV. RESULTS AND DISCUSSION
As mentioned above, the 71,334 case studies generated can
be classified into 6 groups according to the possible com-
binations of the values of the parameters α and h2 shown
in Table 2 in order to analyse the effect of these parameters
on the Pnc.

Figure 5 displays four box-and-whisker plots that represent
the ranges of Pnc values observed, grouped according to the
KV values and to the assumed values of the model parameters
α and h2. The lower and upper extreme of whiskers indicate
the maximum and minimum Pnc values, and the boxes repre-
sent the intermediate quartiles for the specified values of KV ,
α and h2.
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FIGURE 4. Flowchart of the calculation process of Pnc in RT.

Figure 5a examines the global effect of the target height
h2 on Pnc values as the data plotted include all the assumed
values of the parameter α. It can be observed that the
Pnc values significantly decrease as the KV values increase
for h2 = 0.5 m, whereas the Pnc values slightly increase as
the KV values increase for h2 = 0.2 m. The former result
is consistent with the design standard since greater KV val-
ues are associated with higher design speeds, where higher
safety performance must be better and, therefore, Pnc must
be smaller. However, the case studies where h2 = 0.2 m was
considered, did not show such a consistent pattern. In addi-
tion, the Pnc values of the case studies in which h2 was set
at 0.5 m were significantly higher than those where it was
0.2 m. This occurred because the increase in h2 produces a
reduction of the HSD on sag curves. Hence the evaluation
of the difference between this reduced HSD and the SSD
produced an increase in the Pnc. Furthermore, the range of
Pnc values decreased as theKV value increased. This occurred
because greater algebraic differences between grades are
allowed by the standard, thus producing more dispersion of
the Pnc values.
Figure 5b illustrates the global effect of the angle α on Pnc

values including all the assumed values of the target height
h2. The results showed that the Pnc values became closer to
zero as the KV value increased, regardless of the value of the

angle α. In addition, for a given value ofKV , the ranges of Pnc
values were closer to zero for greater values of the angle α.
This effect is produced because the decrease of α when the
rest of the parameters are kept constant produced a reduction
of the HSD, which yielded a higher Pnc value when compared
to the SSD values.

The effect of the target height h2 on Pnc values when the
angle α was set at 1◦ is displayed in Figure 5c. When the
target height remained at 0.5 m, the Pnc values decreased
as the value of KV increased. It must be highlighted that
these series correspond to the values proposed by the current
Spanish design standard. This decrease was steadier than that
produced in the complete sample. However, when the target
height was set at 0.2 m, the ranges of Pnc values hardly varied
for the different KV values. Another noteworthy finding is
that the differences between the ranges of Pnc values of the
two target heights showed more significant differences for
smaller KV values than in the complete sample.
Figure 5d exhibits the effect of the angle α when the

target height was set at 0.5 m. It can be noticed that the Pnc
values decreased as the KV values increase as occurred in the
complete sample. Nevertheless, the ranges of Pnc presented
greater differences between the three values assumed of the
angle α than those existing in the complete sample. It was
also found that the series in which the angle α was set at 1◦
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FIGURE 5. Ranges of Pnc values for each KV value: a) effect of h2 on the complete sample; b) effect of α on the complete sample; c) effect of h2 for
α = 1◦; and d) effect of α for h2 = 0.5 m.

(values proposed by the current Spanish design standard)
showed the lowest Pnc values.
Overall, the case studies where a target height of 0.2 m and

an angle α of 1◦ were assumed had the lowest Pnc values for a
givenKV , which represent the least conservative criteria in the
design of sag curves. However, as aforementioned, previous
research showed the need to revise sag curve design criteria
concerning the value of the angle α [16], [17].

After analyzing the effect of the angle α and the tar-
get height h2 on the Pnc values, the effects of the inbound
and outbound grades (i1 and i2 respectively) as well as
the algebraic difference between them (θ ) on Pnc were
studied.

Figure 6a represents the Pnc values obtained for three
selected values of the parameter KV in relation to the inbound
grade value i1, in which the angle α was 1◦ and the target
height h2 was 0.5 m as required by the Spanish standard.
In the series where KV was 760 m, the Pnc values decreased
as the value of the inbound grade i1 increase. A unique Pnc
value is associated to each value of i1. In the series where KV
was 1,650 m, the Pnc values also decreased as the value of
the inbound grade i1 increase. However, more than one value
is associated to each value of i1, which indicates that Pnc
depends also on the value of θ . If the series where KV was
5,900 m are observed, it can be noticed that the decreasing
trend of Pnc was maintained whereas a greater dependence
on the θ value was found.

Figure 6b displays the Pnc values that resulted when the
KV was 5,900 m plotted in relation to the value of the
parameter θ . It demonstrates that Pnc varied not only depend-
ing on i1 but also on θ . The only exception is the series of
θ = 0.02, where all the design outputs are associated to zero
Pnc. This is produced due to the long distance lit up by the
headlamps on the outbound grade where the parameter θ had
a reduced value.

The Pnc values obtained for same three KV values are
illustrated in Figure 7a in relation to the outbound grade value
i2. The values of the angle α and the target height h2 assumed
were likewise those specified in the Spanish design standard.
The dispersion of Pnc values for each series is greater than
when the data was plotted according to the value of the
inbound grade i1, particularly forKV = 760m. This confirms
the preponderance of the impact of the inbound grade i1
over the outbound grade value i2 on Pnc. It must be noted
that the boundaries of the areas covered by the points are a
consequence of the restrictions of the standard to the values
of i1, i2 and L.
Figure 7b shows the Pnc values in the sag designs in which

KV was 5,900 m, distinguishing the values of the inbound
grade i1. For the lowest values of the grade i2, it has a consid-
erable impact on Pnc is very high. From a given point, which
is different for each series, the effect is virtually nonexistent.
It can be hence concluded that the relationship between i2 and
Pnc is markedly non-linear.
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FIGURE 6. Scatter plot of Pnc in relation to i1: a) various KV values; and
b) dependence on θ for KV = 5,900 m.

FIGURE 7. Scatter plot of Pnc in relation to i2: a) various KV values; and
b) dependence on i1 for KV = 5,900 m.

Figure 8a shows the Pnc values as a function of the input
θ values for KV = 5, 900 m. The minimum and maximum
inbound and outbound grades respectively allowed by the

FIGURE 8. Scatter plot of Pnc in relation to θ for KV = 5,900 m: a) all Pnc
values; and b) dependence on i1.

standard (i1 = −0.06 and i2 = 0.05 %) are highlighted. It
can be noticed that the lowest Pnc values are produced for the
lowest values of i1, i2 and θ . The reason behind this finding
is that small θ values enable long HSD, which produce low
Pnc values in comparison to the SSD, where the impact of i is
minimum.

Figure 8b illustrates the Pnc values in series according
to the inbound grade value i1. The same non-linear relation
between Pnc and θ as is Figure 7b is noticeable, being i1
the parameter that determines the Pnc value. Nevertheless,
the value of θ at which it ceases to have effect remains
virtually constant at 0.0375 for all i1 values. This finding
occurred for all Pnc series, and the threshold θ values ranged
from 0.055 (forKV = 760m) to 0.035 (for KV = 10, 300 m).

V. CONCLUSIONS
In this research study, the potential effect of geometric param-
eters that determine the design of sag vertical curves on
road safety was studied using a probabilistic approach. The
LSF evaluated the difference between the HSD and the SSD
through reliability theory. Given the particularities existing in
the LSF, a Monte Carlo method was selected to compute the
Pnc associated to 11,889 cases of sag curves. The variables
involved were characterized and considered as model param-
eters or random accordingly. Six combinations of model
parameters were contemplated in the evaluation.
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First, the effect of the model parameters α and h2 was
assessed. The consideration of a smaller vertical spread angle
α produced a reduction of the HSD, which significantly
increased the Pnc value when compared to the SSD. In addi-
tion, the increase of the target height h2 produced a decrease
of the HSD, which increased the Pnc values. When analysing
the value proposed by design standards for the angle α, it can
be noticed that a spread angle of 1◦, low Pnc values were
obtained in comparison to the results when more restrictive
criteria found in literature were applied. In fact, the actual
values of the angle α in vehicle frontlighting systems have
been acknowledged not to emit enough light over 1◦ above
the headlamp axle. Hence the current criterion might produce
an overestimation of the safety performance.

Concerning the values of the target height h2, the use of
0.5 m as input yielded significantly higher Pnc than those of
the value 0.2. As a result, the combined effect of considering
a reduced angle α and a higher h2 in sag curve design, which
represents the most conservative hypothesis, produced a very
significant increase of the Pnc values. On the contrary, when
α was set at 1◦ and h2 at 0.2 m, the lowest Pnc values were
obtained.

Regarding the rate of vertical curvature KV , the observed
effect on Pnc differed depending on the model parameters
assumed. Under the assumptions of the Spanish design stan-
dard (α = 1◦ and h2 = 0.5 m) greater KV values yielded
design outputs associated to lower risk levels. This consis-
tent result was, nonetheless, not observed if, for example a
reduced target height was used (h2 = 0.2m).
As estimated in this research, the grade i along the sim-

ulated stopping maneuvers depended on the inbound and
outbound grades of the sag (i1 and i2 respectively) as well as
the curvature rate KV . As evidenced by the results, the impact
of the inbound grade i1 on Pnc is very significant since it
determines the highest Pnc value for a given KV . Moreover,
for the smallestKV values such as 760m and 1,160m, the Pnc
values did not depend on the outbound grade value i2. Given
the potential impact of the inbound grade i1 on safety, its
incorporation into sag curve design models is highly recom-
mended. The outbound grade value was also found to affect
Pnc. In addition, it was observed that Pnc reached a maxi-
mum value when a certain value of the algebraic difference
between grades (θ ) was exceeded for each value of i1, and
it did not depend on i2 nor θ . These variables should also
be contemplated for the design of sag vertical curves, since
their variation affected the Pnc output, potentially producing
different safety performance. Indeed, two sag curves featured
with the same KV and different i1 are considered to have
an equivalent level of safety from the point of view of the
design standard, while this study showed that the variation of
i1 affects the expected safety performance.
To incorporate adequately the effect of each of the variables

involved, the use of reliability theory is recommended in the
development of geometric design standards and guides, and
particularly for sag vertical curves. Moreover, the effect of i1
and θ should also be considered in the design of a sag vertical

curve in addition to the parameter KV . Although the present
study focused on the Spanish standard, the conclusions can
be extrapolated to other countries since the findings might
not be expected to change from a qualitative point of view.
However, the random variables of the model should be cal-
ibrated to adapt the model to the country where it is to be
implemented.

As future lines of research, the calibration of geometric
design models is proposed to obtain consistent levels of
safety, as well as to develop a methodology that establishes
target Pnc values based on safety performance. In addition,
the analysis of HSD on 3D alignments by means of a proba-
bilistic approach is proposed.
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