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Abstract

Haros graphs have been recently introduced as a set of graphs bijectively related to real numbers

in the unit interval. Here we consider the iterated dynamics of a graph operator R over the set of

Haros graphs. This operator was previously defined in the realm of graph-theoretical characterisa-

tion of low-dimensional nonlinear dynamics, and has a renormalization group (RG) structure. We

find that the dynamics of R over Haros graphs is complex and includes unstable periodic orbits

and arbitrary period and non-mixing aperiodic orbits, overall portraiting a chaotic RG flow. We

identify a single RG stable fixed point whose basin of attraction is associated to the set of rational

numbers, and find periodic RG orbits that relate to (pure) quadratic irrationals and aperiodic RG

orbits, related with (non-mixing) families of non-quadratic algebraic irrationals and transcendental

numbers. Finally, we show that the graph entropy of Haros graphs is globally decreasing as the RG

flows towards its stable fixed point, albeit in a strictly non-monotonic way, and that such graph

entropy remains constant inside the periodic RG orbit associated to a subset of irrationals –the

so-called metallic ratios–. We discuss the possible physical interpretation of such chaotic RG flow

and put results regarding entropy gradients along RG flow in the context of c-theorems.
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I. INTRODUCTION

The importance of studying the phase diagram of the Renormalization Group (RG)

operator of statistical mechanics and quantum field theories stems from the fact that the

RG invariant set yields physical insight. Namely, attractive (stable) fixed points of the RG

flow are connected with observable thermodynamical phases – such is the case of the low-

temperature and high-temperature fixed points in the RG analysis of the Ising model, which

are linked to the existence of the ferromagnetic and paramagnetic phases respectively–. In

the same vein, a repelling (unstable) fixed point of the RG flow yields a singularity in the

free energy of the system and is therefore naturally linked with a (critical) phase transition

– such is the case of the Curie temperature in the Ising model, where the system is set at the

phase transition between para and ferromagnetic phases. Moreover, the critical exponents

that fully characterise the nature of the phase transition (e.g. the universality class) are

connected by simple relations to the linearised RG transformation around the unstable fixed

point.

Conventionally one expects that RG attractors consist of a finite number of isolated fixed

points, and authors argue that monotonicity theorems such as the c-theorem in quantum

field theories in principle precludes more complex RG flows. The quest for these exotic RG

dynamics –and their physical interpretation– was already proposed by Wilson [1, 2]. In the

realm of condensed matter physics, Derrida and co-authors [3] showed that the appearance

of unstable periodic orbits in the RG flow yield the onset of an infinite number of singulari-

ties in the free energy, i.e. the onset of an infinite number of critical temperatures. However,

the quest for physical systems whose RG flow brings about a complex phase diagram has

remained largely elusive, despite a few notable examples originating in quantum field theory

[4–6] and condensed matter [7–10] (see also [11] and references therein for a recent example

of a chaotic RG flow in a Potts model with long range interactions). From a physical view-

point, observing chaotic RG flow suggests that the system exhibits qualitatively different

statistical behavior at different scales –a salient feature of e.g. spin glasses–.

In parallel, RG treatments have also been applied in the realm of nonlinear dynamics [12].

When considering the transition to chaos in low-dimensional systems, the RG phase portrait

allows to distinguish the different observable attractors and further exploration of the critical

attractors provides a means to explore the universality of these transitions [13–15]. In such a
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context, the so-called visibility and horizontal visibility graphs [16, 17] have been introduced

as graph-theoretical transformations of trajectories into graphs, opening the possibility of

analysing different types of dynamics through the lens of graph theory and network science.

In particular, a graph-theoretical renormalization operator R has been introduced, and its

attractors obtained from the trajectories of low-dimensional chaotic systems have been used

to provide a (graph-theoretical) RG description of the classical routes to chaos, i.e. the

Feigenbaum, the quasiperiodic and the Pomeau-Manneville scenarios [18–21].

Very recently, and inspired by the application of horizontal visibility graphs (HVGs)

to the quasiperiodic route, an independent graph-theoretic description of real numbers –

rationals and irrationals– has been proposed, and the objects thereby associated to each

number have been coined as Haros graphs [22]. Each real number is, accordingly, bijectively

related to a different Haros graph, thus building a bridge between number theory and graph

theory. Since Haros graphs are a subset of HVGs, the same RG operator R previously

defined on HVGs could be applied to Haros graphs, even if the latter are not in principle

naturally related to the trajectories of any underlying dynamical system. In this paper

we thereby define and explore the iteration dynamics of such RG operator over the set of

Haros graphs. Interestingly, we find that the iterated dynamics R is extremely complex,

showing distinctive properties of a chaotic RG flow. Furthermore, we show that different

classes of irrational numbers naturally cluster together under the action of the RG operator

on Haros graphs, defining classes of periodic orbits for different families of quadratic irra-

tionals, whereas other algebraic and transcendental irrationals cluster together in families

of aperiodic RG orbits. To provide analytical insight into the dynamics of the RG operator,

we rigorously prove that the map R is topologically conjugate to the interval modified Farey

map [23, 24], a chaotic map itself topologically conjugate to the shift map via Minkowski’s

question mark function. We end up exploring entropic flows along the RG action, following

classical works both in QFT [25, 26] and nonlinear dynamics [27] that study the irreversible

nature of RG flow and its quantification.

The rest of the paper is as follows: in section II we provide the necessary preliminaries,

introduce Haros graphs and their main properties. In section III we introduce the graph

operator R, show that it performs a topological thinning of the system, and prove that
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when applied to an arbitrary Haros graph, the resulting graph is again a Haros graph,

thereby establishing that its iteration over the set of Haros graphs is a well-defined map

and that Haros graphs are renormalizable. In section IV we prove that R is topologically

conjugate to an interval map, explicitly finding the (real-valued) coupling constant space

where the RG flow takes place and an analytical expression for the RG flow, in terms of

a one-dimensional interval map. We leverage on such topological conjugacy to analytically

explore the invariant set of R, finding a hierarchy of fixed points, periodic orbits (which

we associate to quadratic irrationals) and families of non-mixing aperiodic orbits, including

algebraic aperiodic orbits (AAO) and transcendental aperiodic orbits (TAO). In section V

we explore entropic gradients along the RG flow, both towards the stable fixed point and

inside the RG periodic orbits, finding, notably, an entropic function which remains constant

throughout RG periodic orbits associated to metallic ratios. In section VI we conclude.
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Fig. 1. Six levels of the Haros graph binary tree with the Haros graphs Gp/q associated with the

corresponding rational fractions p/q (for space reasons only two of these are shown at the sixth level). On

the left, Haros graph G2/7 building as concatenation of G1/4 (blue color) and G1/3 (red color). Therefore

G2/7 = G1/4 ⊕G1/3, where the concatenation operator merges the right-extreme node of G1/4 with the

left-extreme node of G1/3, and a link between the new extreme nodes are created. Moreover, any Haros

graph can be expressed as a concatenation of two adjacents Haros graphs G = GL ⊕GR.
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II. PRELIMINARIES

In a recent work [22], a new graph-theoretical representation of the real numbers was

introduced. Here we recall the basic facts, but we urge the reader to dive deep in [22] for

more details.

A canonical representation of the unit interval [0, 1] was provided through the so-called Farey

sequences

Fn =

{
p

q
∈ [0, 1] : 0 ≤ p ≤ q ≤ n, (p, q) = 1

}
,

where p and q are natural numbers.

The Farey sequences Fn can be generated iteratively via the mediant sum p
q
⊕ p′

q′
:= p+p′

q+q′
of

each consecutive par of elements in Fn−1. Thus, a classical way of hierarchically displaying

the elements of Fn is using the so-called Farey binary tree (Fig. 1 illustrates the first six

levels of Farey binary tree).

The abovementioned graph-theoretical representation is based on the definition of so-called

Haros graphs set G [22], obtained recursively via an initial graph G0 = K2, and a concate-

nation graph-operation ⊕ (Fig. 2 sketches the performance of the graph operator). The

construction of Haros graphs replicates the inflationary process of Farey fractions giving a

one-to-one correspondence between Farey sequences Fn and the Haros graph set (see Fig.1

for an illustration). The bijection can be extended to the real interval as limn→∞Fn = [0, 1],

i.e., τ : [0, 1] → G is a bijection defined as τ(x) = Gx, ∀x ∈ [0, 1]. By construction, rational

numbers x = p/q are associated to finite Haros graphs, whereas irrational numbers map to

infinite Haros graphs (see section III in [22] for more details). As the set G can be displayed

as a (Haros graph) binary tree, any arbitrary Haros graph can be shown to be reached via

a symbolic binary path.

Such symbolic paths in the Haros graph binary tree –illustrated in Fig. 1– are them-

selves intimately related to another representation of the associated number x of the Haros

graph Gx, known as the continued fraction expression [28]. Continued fractions provide an

alternative representation of real numbers, which is as follows:

x = a0 +
1

a1 +
1

a2 + ...

= [a0; a1, a2, ...].
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In particular, it is a well-known fact that irrational numbers in the interval [0, 1] can be

described in terms of an infinite continued fraction, where the finite truncations, known as

convergents, correspond to rational numbers [29]. According to a previous work, topological

structure of Gx is related to the continued fraction of x [22] .

Fig. 2. First line: Construction of G1 = G0 ⊕G0. The graph concatenation operator merges the extreme

nodes: labelling the nodes of G0 as [1, 2], the extreme nodes are 2 for GL and 1 for GR. The graph

obtained by the concatenation has three nodes and the external nodes (1 and 3 in GL ⊕GR) are linked by

a new vertex. Second line: Construction of the two possible concatenations between G0 and G1, i.e.,

G0 ⊕G1 and G1 ⊕G0.

Among others, a key topological property of Gx that was considered in [22] to analyse the

resulting representation of the reals was the degree distribution P (k, x), interpreted as the

probability (normalized frequency) that a node chosen randomly in Gx has degree k. As a

matter of fact, the first values of the degree distribution verifies:

P (k, x < 1/2) =


x, k = 2

1− 2x, k = 3

0, k = 4

;P (k, x > 1/2) =


1− x, k = 2

2x− 1, k = 3

0, k = 4.

In particular, in [22] it was shown that the graph-entropy function S(x) := −
∑

k≥2 P (k;x) ·

logP (k;x) to be a fractal, continuous everywhere but differentiable nowhere function. Its

global maximum was reached at the Haros graph associated to reciprocal of the Golden

number x = ϕ−1 (and its symmetric x = 1 − ϕ−1), whereas local maxima in each interval

[0, 1/n] are reached by the Haros graphs associated to an affine transformation of Golden

number known as noble numbers: quadratic irrationals with a continued fraction that be-

comes an infinite sequence of 1s [30, 31]. This result can be extended to every quadratic
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irrational, which Haros graphs present a degree distribution P (k, x) with an exponential

tail. Moreover, the local minimums of S(x) are associated to rational numbers.

III. AN RG OPERATOR R FOR HAROS GRAPHS

The graph operator R was originally defined in the context of horizontal visibility graphs

(HVGs) [18, 19], as a coarse-graining in graph space. Given a HVG G, R(G) is a graph

where all the inner nodes with degree k = 2 are decimated, or, equivalently, where every two

nodes that share an adjacent node with degree k = 2 are coarse-grained into a block node.

By applying this topological thinning iteratively to HVGs extracted from trajectories in the

Feigenbaum scenario –canonically exemplified by the logistic map xt+1 = µxt(1 − xt)–, it

was shown [18, 19] that R was akin to a Kadanoff-like decimation of the configuration of

a spin system. Indeed, iteratively applying R in the period-doubling bifurcation cascade

leads to a flow in the one-dimensional space of map parameter µ, the only relevant variable.

Interestingly, such graph-theoretical RG technique was successfully used to characterise not

only Feigenbaum scenario, but other canonical low-dimensional routes to chaos, including the

quasiperiodic route [21] or Pomeau-Manneville (intermittency) routes [20], where the classic

RG flow diagram (a non-trivial, unstable RG fixed point denoting the edge of chaos, and two

trivial, stable RG fixed points denoting the regular and chaotic regions) was systematically

found for R. Furthermore, e.g. in the Feigenbaum scenario the macroscopic properties of

graphs ensembles under iteration of R reach asymptotically a stationary solution above and

below the edge of chaos (i.e. the flow reaches a stable fixed point), whereas at the edge of

chaos (e.g. the accumulation point in the Feigenbaum scenario) the graph is invariant under

R. Any small deviation from the edge of chaos yields a graph whose RG trajectory flows

away from it, hence the fixed point is unstable.

It is important to highlight that R is more similar to a real-space RG transformation

(actually, a decimation) on the graph [32], than to other graph renormalization methods

such as box-covering renormalization [33–35]. Since Haros graphs are a subset of the set of

HVGs [22], it is legitimate to apply the R operator to Haros graphs, even if Haros graphs

are not in principle the HVGs of a pre-specified trajectory extracted from some map. For

illustration, in Figure 3 we provide examples of the action of R for different Haros graphs.
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(a)

(b)

(c)

Fig. 3. Three examples of the renormalization operator R. Given a graph G, R(G) topologically

decimates G by removing all k = 2 nodes and gluing together the adjacent nodes. (Panel a) Application of

R to the Haros graphs G1/3, whose degree sequence is [2, 3, 2, 3]. Applying R, the inner node with degree

k = 2 and its links are removed. The resulting graph is another Haros G1/2 = [2, 2, 2]. (Panel b) The

degree sequence of the Haros graph G2/5 in this example is k = [3, 3, 2, 5, 2, 3], while the one after

application of R is k = [3, 2, 3, 2]. (Panel c) Applying the renormalization to G3/8 = G1/3

⊕
G2/5, the

Haros graph obtained is the concatenation of R(G1/3) and R(G2/5), i.e.,

R(G3/8) = R(G1/3)
⊕

R(G2/5) = G1/2

⊕
G2/3 = G3/5.

A. R is a map of the Haros graph set onto itself, i.e., G is renormalizable

The first important question is whether the set of Haros graphs is closed under the action of

R, i.e. if G is an arbitrary Haros graph, whether R(G) is also Haros. From a physical jargon

point of view, this would imply that the theory is renormalizable, as the system G ∈ G can

be expressed in a similar fashion (i.e. R(G) is also Haros) but with a different ‘coupling

constant’. Below we prove that such is indeed the case.

Theorem 1. Let G be the set of Haros graphs. Then ∀G ∈ G, R(G) ∈ G. Moreover, if G

and G′ are adjacent in the Haros graph tree, then R(G) and R(G′) are adjacent as well.

Proof. The key of the proof resides on the fact that the concatenation operator ⊕ and the

graph operator R are associative. It has to be noted that if G is a Haros graph, by con-

struction, then G = GL

⊕
GR, where GL, GR are also adjacent Haros graphs. Hence, we
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will have R(G) = R(GL

⊕
GR) = R(GL)

⊕
R(GR).

Let be ℓi the set of new irreducible fractions that are created in the Farey tree in the level i

and Ln = ∪i∈nℓi the set of all irreducible fractions that are created in the Farey tree up to

the level n. We will prove the theorem by induction over the levels of the Farey binary tree:

Case n = 1: If G0 = G0/1 or G0 = G1/1, then R(G0) = G0 ∈ G.

Case n = 2: R(G1/2 = [2, 2, 2]) = [1, 1] = G0 ∈ G.

Case n = 3: R(G1/3 = [2, 3, 2, 3]) = R(G0

⊕
(G0

⊕
G0)) = [2, 2, 2] = G1/2 ∈ G and

R(G2/3 = [3, 2, 3, 2]) = R((G0

⊕
G0)

⊕
G0) = [2, 2, 2] = G1/2 ∈ G.

Inductive hypothesis: Suppose that for all Haros graph G = Gp/q, where p/q ∈ Ln, then

R(G) ∈ G, and that taking two adjacent Haros graphs G,G′, the images from the renormal-

ization are adjacent Haros graphs as well.

Let there be a Haros graph G = Gp/q where p/q ∈ ℓn+1. By definition of Haros graphs,

G = GL

⊕
GR, where GL, GR ∈ Ln. The merging node which concatenates GL and GR

has degree k ≥ 3 by construction. Hence, the renormalization operator does not remove

this node and clearly we have R(G) = R(GL

⊕
GR) = R(GL)

⊕
R(GR). As GL and GR

can be concatenated to obtain G, then GL and GR are adjacent Haros graphs. By the

inductive hypothesis, R(GR) and R(GL) are also adjacent Haros graphs. Thus implies

that the concatenation R(GL)
⊕

R(GR) produces an Haros graph, i.e., R(G) ∈ G. This

concludes the proof. ■

According to the previous theorem, R is a map of the set of Haros graphs into itself and

therefore we say that G is renormalizable: R can be applied iteratively to cover regions of

the set of Haros graphs. Accordingly, the iterations of R over G induces an RG flow. It

remains to be understood, however, what is the specific analog of the ‘coupling constant

space’ in which such flow effectively develops, so as to explore the dynamics of R and its

long-term dynamical behavior. This is achieved in the next section.

IV. THE DYNAMICS OF R INDUCE A CLASSIFICATION OF REAL NUMBERS

A. Renormalization of Finite Haros

We start this section by shedding some light on how R transforms finite Haros graphs.

As we have mentioned in section II, rational Haros graphs Gp/q are finite graphs and, with
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p/q ≤ 1/2, we know that P (k = 2, p/q) = p/q, P (k = 3, p/q) = 1 − 2 · p/q, and P (k =

4, p/q) = 0 [22]. In other words, the total number of nodes of Gp/q is q and the number of

nodes with k = 2 is just p. Hence, R(Gp/q) is necessarily a Haros graph with q − p nodes.

Since indeed R(Gp/q) is also Haros and is finite, then there exists p′ such that

R(Gp/q) = Gp′/(q−p). (1)

The same reasoning can be applied if p/q ≥ 1/2, where from P (k = 2, p/q) = (q − p)/q,

we get R(Gp/q) = Gp′/p with p′ < p < q. Thus, repeated iterations of R will smoothly

decimate all degree-2 nodes, i.e. after a finite number m of iterations, we necessarily reach

R(m)(Gp/q) = G1/1 = R(G1/1). An illustration for such flow is presented in Fig.4.

In other words, G1/1 appears as a stable fixed point of the operator R, whose basin of

attraction consists of the set of all rational (i.e., finite) Haros graphs. Since a graph Gp/q

is bijectively related to the rational p/q, the iteration of R is also inducing an associated

sequence of rational numbers.

First, observe that Eq.1 is suggesting a scaling relationship where the action of R is renor-

malizing the parameter p/q → p′/(q− p). If p′ was precisely controlled, then such eq. would

be giving us the coupling constant flow of the RG action. Second, Eq. 1 is an observation

for rational ‘coupling constants’: it is still unclear if such equation also holds for arbitrary

irrational numbers. In the next subsection we address both issues.

B. A topological conjugacy for R

What kind of trajectory is generated under the iteration of R on Gx, when x is irrational

and our graph is infinite and thus seemingly unaccessible to numerical exploration? A

strategy is to find an operator T (x) that acts on [0, 1], in such a way that the results of this

operator acting on x ∈ [0, 1] can be related to R(Gx), thereby extending Eq.1 to arbitrary

values x. We postulate that such operator is the following interval map T :

T (x) =

 T1(x) =
x

1−x
if x ≤ 1/2

T2(x) =
2x−1
x

if x > 1/2
(2)

Formally, we are claiming that the maps T and R are topologically conjugate. This means

that there exists a homeomorphism f which verifies f ◦T = R◦f . The homeomorphism that

gives us this assertion is the application τ , which identifies number p/q with the associated
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Fig. 4. Haros graph Tree with renormalization dynamics. The flow depicted in blue represent the left

branch T1(x) = x/(1 − x) displacing the intervals [1/(n + 1), 1/n] to [1/n, 1/(n− 1)] for n ≥ 2. In the same

manner, the right branch –depicted in red– T2(x) = (2x− 1)/x moving the intervals

[(n− 2)/(n− 1), (n− 1)/n] for n ≥ 3. In both cases, if G is located at level κ ≥ 1, then R(G) is located at

level κ− 1.

Haros graph Gp/q i.e., is defined as τ(p/q) = Gp/q. If such structure holds, we’d obtain the

following commutative diagram:

G G

[0, 1] [0, 1]

R

T

τ τ

Below we state and prove that such is indeed the case.

Theorem 2. ∀x ∈ [0, 1],R(Gx) = GT (x). In other words, T and R are maps topologically

conjugate.

Proof. Applying induction over the levels of the Farey binary tree:

Level n = 1: R(G0/1) = G0/1, and T (0
1
) = 0

1−0
= 0

1
. The other special Haros graph verifies

that R(G1/1) = G1/1 and T (1
1
) = 1− 1−1

1
= 1

1
.

Level n = 2: R(G1/2) = G1/1, and T (1
2
) = 1/2

1−1/2
= 1

1
.

Level n = 3: R(G1/3) = G1/2 and T (1
3
) = 1/3

1−1/3
= 1

2
. R(G2/3) = G1/2 and T (2

3
) = 1− 1−2/3

2/3
=

1
2
.

Inductive hypothesis: The result is verified for all Haros graph G = Gp/q, where p/q ∈ Ln.
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Let be a Haros graph Gp/q with p/q ∈ ℓn+1. It is clear that G = Gp1/q1

⊕
Gp2/q2 , where

p1/q1, p2/q2 ∈ Ln, and p
q
= p1

q1
⊕ p2

q2
= p1+p2

q1+q2
. In virtue of Theorem 1, we know that

R(Gp/q) = R(Gp1/q1)
⊕

R(Gp2/q2). We distinguish two possibilities:

1. If Gp/q with p/q ≤ 1/2, then p1/q1, p2/q2 ≤ 1/2. Using the induction hypothesis:

R(Gp1/q1) = GT1(p1/q1),

R(Gp2/q2) = GT1(p2/q2).

The concatenation give us an Haros graph R(Gp/q) associated to the number:

T1

(
p1
q1

)
⊕ T1

(
p2
q2

)
=

p1/q1
1− p1/q1

⊕ p2/q2
1− p2/q2

=
p1

q1 − p1
⊕ p2

q2 − p2
=

=
p1 + p2

q1 − p1 + q2 − p2
=

p

q − p
= T1

(
p

q

)

2. If Gp/q with p/q ≥ 1/2, then p1/q1, p2/q2 ≥ 1/2. Again, by the induction hypothesis:

R(Gp1/q1) = GT2(p1/q1),

R(Gp2/q2) = GT2(p2/q2).

In this case, the resulting Haros graph R(Gp/q) is associated to the number:

T2

(
p1
q1

)
⊕ T2

(
p2
q2

)
=

2 · p1/q1 − 1

p1/q1
⊕ 2 · p2/q2 − 1

p2/q2
=

2p1 − q1
p1

⊕ 2p2 − q2
p2

=

=
2(p1 + p2)− (q1 + q2)

p1 + p2
=

2p− q

p
= T2

(
p

q

)
.

This concludes the proof. ■

Two comments are in order:

First, this topological conjugacy is revealing the nature of the analogue to coupling constants

flow in a standard RG treatment. The iteration of R in Haros graph space is inducing a

flow in x ∈ [0, 1], the coupling constant space. Such flow is, therefore, the RG flow.

Second, the explicit topological conjugacy that we found guarantees that the dynamical

properties of R are induced by those of the map T , and therefore in order to investigate the

dynamics of R over G one simply needs to consider the dynamical properties of T over [0, 1],

as topological conjugacy preserves the structure of the invariant set (i.e. fixed points map
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into fixed points, periodic orbits map into periodic orbits, etc): if for instance an element

x ∈ [0, 1] is a fixed point of T , then Gx is a fixed point of R, and similarly an orbit of x

defined as {T n(x)}∞n=0 corresponds with an orbit {Rn(Gx)}∞n=0 in the Haros graph space,

and so on.

C. RG invariant set: A dynamical classification of the reals

Let us start the exploration of R by giving some general comments about T . First, the

algebraic operator T has been defined as Farey modified map [28, 36, 37]. It can be shown

that T is topologically conjugate to the well-known shift map D(x) = 2x (mod1) via the so-

called Minkowski’s question mark function ?(x), i.e. (?◦T )(x) = (D◦?)(x), (see Fig. 5) [28].

Hence, T is actually a expansive, orientation preserving, piece-wise analytic endomorphism

with positive Lyapunov exponent (as the Lyapunov of D(x) is log(2) [38]). As the shift map,

T is not invertible: for any x, T (x) has two possible pre-images:{
x

1 + x
,

1

2− x

}
.

The pre-image x
1+x

coincides with the operator F (x) defined in [22], which acts in continued

fraction as x = [a1, a2, ...] → F (x) = x/(1 + x) = [a1 + 1, a2, ...]. The continued fraction

expression x = [a1, a2, ...] codifies the symbolic path followed by the Haros graph, which is

La1Ra2La3 ... where La means a sequence of a Ls (in the rational case, the last symbol has an

index an − 1). Indeed, the action of the map T over continued fraction has been presented

in [37], where the author exposed that if x = [a1, a2...]:

T ([a1, a2, a3, ...]) =


[a1 − 1, a2, ...] , a1 ≥ 2

[1, a2 − 1, a3, ...] , a1 = 1 and a2 ≥ 2

[a3 + 1, a4, ...] , a1 = a2 = 1.

(3)

We now explore in detail the invariant set of T , and show how it induces a dynamical

classification of real numbers in [0, 1] into families (and thus, an equivalent classification of

the Haros graphs holds):

1. Fixed Points: The study of fixed points –solving T (x∗) = x∗– unveils that the only

fixed points are x∗ = 0, 1, related to G0/1 and G1/1 respectively. These are indifferent

fixed points as T ′(x∗) = 1 (x∗ = 0 is a weakly repellent fixed point whereas x∗ = 1 is
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Fig. 5. Illustration of the map T (w) and the Bernoulli shift 2w mod 1. These maps are topologically

conjugate.

weakly attractive). Ergodic and spectral properties of T have been studied [28].

Similarly to the shift map, x = 1 is an attractor for all rational initial conditions (fixed

point), i.e. ∀x = p/q, ∃m ≥ 0 : T (m)(x) = 1, and equivalently, R(m)(Gp/q) = G1/1.

This is in good agreement to the analysis performed in Section IVA. Note that one

can easily give a pictorial interpretation of this process in graph space (see Fig. 4): for

any rational value, its associated Haros graph Gp/q flows, under action of R, upstream

one level in the Haros graph Tree, eventually reaching the top of the Haros graph Tree

G1/1 which is a (stable) fixed point.

2. Periodic Orbits: The so-called quadratic irrational numbers are those irrational

values x which are solutions of a quadratic equation with integer coefficients a, b, c:

ax2 + bx+ c = 0.

Quadratic irrational numbers have continued fraction expansions that eventually re-

peat [29], of the form [c1, ..., cr, a1, ..., an], where the terms ci are a finite transient

and the terms aj the periodic part. That is to say, we can first distinguish the pure

quadratic irrationals, of the form x = [a1, ..., ar]. According to Eq. 3, as T (x) acts as

a shift operator over the continued fraction, these initial conditions generate periodic

orbits under the action of T (x) of period m ≥ 2, i.e. T (m)(x) = x. By virtue of

theorem 2, this invariant set of periodic orbits is the first exotic property of the RG

flow, i.e. R(m)(Gx) = Gx.

Furthermore, it is easy to see that all these (unstable) periodic orbits of period m > 1

14



are indeed formed only by pure quadratic irrationals. To justify this, one can simply

decompose T (see Eq. 2) into its two branches, T1(x), T2(x), and observe that both

branches are, actually, particular cases of a Möbius transformation of the type

M(x) =
A+Bx

C +Dx
, (4)

where A · D − B · C ̸= 0. Now, the condition for x to be a periodic point belonging

to a cycle of length m is T (m)(x) = x. This equation admits at most 2m different

compositions of T1 and T2 of the type Ti ◦ Ti ◦ . . . Ti where Ti is either T1 or T2

(for a specific initial condition x, there is actually only one assignment). However

the composition of two Möbius transformations is again a Möbius transformations,

meaning that for an arbitrary m, solving the fixed point equation T (m)(x) = x will

always reduce to find the roots of a family of quadratic polynomials, whose solutions are

by definition quadratic algebraic numbers, i.e. either rationals or quadratic irrationals.

Since we know that all rationals converge under iteration to the attractive fixed point,

then the only possible solutions of T (m)(x) = x are quadratic irrationals. Additionally,

changing m essentially changes the coefficients of the Möbius transformation T (m)(x),

in such a way that this equation admits solutions ∀m: hence there exists periodic

orbits of arbitrarily large period, and these consist of (and only of) pure quadratic

irrationals.

In contrast, under the action of T , the non pure quadratic irrationals (those that

have a transient in its continued fraction expansion) form trajectories which, after

α = c1 + ... + cr applications of T , converge into the orbit generated by [a1, ..., ar] .

In other words, each particular pure quadratic irrational is a stable attractor of the

subset of non-pure quadratic irrationals with the same periodic part, i.e. the periodic

orbit associated to a given set of pure quadratic irrationals is indeed a limit cycle

(reached after a finite number of steps).

Additionally, observe that the set of rational numbers is dense in [0, 1]. This necessar-

ily means that these periodic orbits are unstable, as any arbitrary small deviation from

the (pure quadratic irrational) initial condition will collide with a rational number

which, under the action of T will converge to the fixed point, moving away from the

neighbourhood of the periodic orbit. Moving back to R, we conclude that the RG flow

in Haros graph space has an infinite number of periodic orbits which are at the same
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time stable (with basin of attraction the Haros graph associated to non-pure quadratic

irrationals) and unstable (with repellor basin being the rational Haros graphs in a

neighbourhood). Since rationals and non-pure quadratic irrationals are dense and

intertwined in [0, 1], i.e., for a x a pure quadratic irrational, and ∀ε > 0, there are

exists convergents pn/qn, with |x − pn/qn| < ε and T (m)(pn/qn) = 0/1; and non-pure

quadratic irrationals y = [c1, ..., cr, a1, ..., ar], with |x−y| < ε and T (α)(y) = x. Indeed,

as the cardinality of both sets is the same, periodic orbits are actually both stable and

unstable with equal measure.

Also, we can also classify subfamilies of quadratic irrationals by the length of their

orbitm. Based on this property, it is natural to begin by considering the simplest class,

i.e., pure quadratic irrationals whose continued fractions do not have a transient and

have the shortest period of their periodic part, i.e. n = 1. These quadratic irrationals

are solutions of the following equation

x2 + bx− 1 = 0, b ≥ 1

i.e. this is a subfamily of the wider class of quadratic polynomials where we fix a =

1, c = −1, whose positive root ϕ−1
b := −b+

√
b2+4

2
is the fractional part of the generalised

Golden ratios, or metallic ratios (ϕ−1
1 is the fractional part of the Golden ratio, whereas

ϕ−1
2 ,the fractional part of

√
2, is the so-called Silver ratio). The continued fraction

expansion for this family adopts a simple shape ϕ−1
b = [b, b, b, . . . ] := [b]. This implies

that ∀b ≥ 1, the quadratic irrational ϕ−1
b forms periodic RG orbits of length 2b, i.e.,

T (2b)(ϕ−1
b ) = ϕ−1

b . The sequence of ‘coupling constants’ x along the periodic orbit is{
ϕ−1
b , T1(ϕ

−1
b ), , . . . , T

(b−1)
1 (ϕ−1

b ), T2 ◦ T (b−1)
1 (ϕ−1

b ), . . . , T
(b−1)
2 ◦ T (b−1)

1 (ϕ−1
b ), T1 ◦ T (b−1)

2 ◦ T (b−1)
1 (ϕ−1

b )
}
,

i.e. (b − 1) successive applications of T1, then (b − 1) successive applications of T2,

and a final application of T1 (the special case b = 1, the reciprocal of golden number,

which orbit is {ϕ−1, T2(ϕ
−1) = 1− ϕ−1} . The precise values of this periodic orbit of

period 2b is given by the following sequence of quadratic irrationals:

ϕ−1
b ,

{
ϕ−1
b

1− jϕ−1
b

}j=b−1

j=1

, 1− ϕ−1
b ,

{
1− (j + 1)ϕ−1

b

1− jϕ−1
b

}j=b−1

j=1

.
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For this subfamily of pure quadratic irrationals, the associated family of non-pure

quadratic irrationals is the so so-called generalized metallic ratios, whose continued

fraction defined as [c1, ..., cr, b]. Starting from any generalized metallic ratio, the action

of R will form a trajectory which ends in the orbit of the associated metallic ratio

ϕ−1
b , i.e such periodic orbit is also a stable attractor for all the associated generalized

metallic ratios, as previously discussed.

In conclusion, all quadratic irrational either belong to an unstable/stable periodic

orbits, or form a trajectories converging onto them.

3. Chaos: All other initial conditions (e.g. non-quadratic irrational numbers) necessarily

form aperiodic orbits (chaos). The cardinality of this set of initial conditions is indeed

larger than the previous ones (rationals and quadratic irrationals). Indeed, by virtue

of the topological conjugation between T (x) and the shift map, R shows sensitive

dependence on all but a subset of initial conditions of null Lebesgue measure –that

subset being formed by the sets of all rationals and quadratic irrationals (both of these

being countable)–. Let us investigate the structure of initial conditions that lead to

chaotic behavior further.

First, consider transcendental numbers (i.e., non algebraic irrationals) in [0, 1]. In-

terestingly, if x is a transcendental number, then the outcome of any algebraic function

applied to x is again transcendental. As the Möbius transformation is indeed algebraic,

then one can see that, besides the trivial case when the transformation is constant, ini-

tial conditions in the set of transcendental numbers in [0, 1] generate aperiodic orbits

whose elements are all transcendental: we denote these orbits transcendental aperi-

odic orbits (TAO) . Note however that, since the set of transcendental numbers is

uncountable, there is in general no guarantee that any two transcendental numbers

in [0, 1] will belong to the same TAO. By the cardinality argument, it is easy to see

that there actually exist an uncountable amount of different TAOs. Indeed, let us

consider an arbitrary small neighbourhood of a transcendental number x, there are

an uncountable amount of transcendental numbers, but the chaotic orbit of x, since it

is countable, will only have at most a countable number of elements belonging to the

neighbourhood of x. Thus, there are exist an uncountable number of points in that

neighbourhood that do not belong to that orbit.
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Fig. 6. Numeric simulations of algebraic operator T for different real numbers using a fixed-point

arithmetic with a precision of 1000 significant places. a) Flow iterations for a rational number p/q chosen

by a random walk in the Farey binary tree. After a finite number of applications of T , the flow converges

to 1/1. b) The flow derivated of the reciprocal of silver ratio ϕ−1
2 =

√
2 − 1 generates a periodic orbit of

length 4. c) and d) Taking as initial condition a transcendental number as the fractional part of π or an

algebraic number as 3
√

2 − 1, the flows are chaotic. In fact, π − 3 has been considered using the rational

convergent of length 96, whereas the 3
√

2−1 has been approximated by the rational convergent of length 65.

Consider now the rest of non-quadratic irrational numbers, i.e. the set of non-

quadratic algebraic irrationals. Since the set of polynomials with rational constants

is countable, trivially the set of non-quadratic algebraic irrationals is also countable.

Now, it is easy to prove that if x is algebraic, then for a Möbius transformation M(x)

(eq.4) is also algebraic (a proof of this statement goes along the following line: if x is
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algebraic then it is the root of an algebraic equation P (x) = 0, for P ∈ Q[x]. For M(x)

to be also algebraic, there needs to exist an algebraic equation Q ∈ Q[x] such that

Q(M(x)) = 0. Trivially, Q = P ◦M−1 (note that M−1 always exist and is algebraic,

and the composition of two algebraic functions is algebraic)). Moreover, the Möbius

transformation M preserves the degree of algebraic number x. Indeed, let us suppose

that x is an algebraic number of degree n, i.e., P (x) = anx
n + ...+ a1x+ a0 = 0, with

an ̸= 0, and let us define Q(x) = (P ◦M−1)(x). Hence, Q(M(x)) = (P ◦M−1)(M(x)) =

P (x) = 0. Then, as

M−1(x) =
Dx−B

−Cx+ A
,

the equation Q(M(x)) = 0 can be written as:

Q(M(x)) = an

(
Dx−B

−Cx+ A

)n

+ ...+ a1

(
Dx−B

−Cx+ A

)
+ a0 = 0 ⇔

an(Dx−B)n + ...+ a1(Dx−B)(−Cx+ A)n−1 + a0(−Cx+ A)n = 0

i.e., Q is a polynomial of degree n. Accordingly, any initial condition which is a non-

quadratic algebraic irrational of degree n > 2 will generate an aperiodic orbit whose

elements are all non-quadratic algebraic irrationals with the same degree n: we denote

these algebraic aperiodic orbits (AAOs). It is unclear whether a single AAO of degree

n is enough to recover the whole set of non-quadratic algebraic irrationals of degree n

in [0, 1] under iteration of T , or if there exist a countable union of different AAOs of

degree n.

Be that as it may, we conclude that non-quadratic algebraic irrationals and transcen-

dental numbers don’t mix under the dynamics of T , so effectively T splits out these

two big families apart. By the topological conjugacy, the same is true for these families

of Haros graphs: the RG flow R generates chaotic orbits of types TAO and AAO along

the lines described above.

For illustration, in Fig.6 we plot the iterations of T for different initial conditions: a

rational number (a), and numerical approximations of a pure quadratic irrational (b), a

transcendental number (c) and a non-quadratic algebraic irrational (d). By topological

conjugacy, these orbits are equivalent in the space of Haros graphs under the action of the

RG operator R.
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V. ENTROPY DENSITY TOWARDS AND INSIDE THE INVARIANT SET OF

THE RG FLOW

One of the important questions stemming from the the structure of the RG flow is to

explore how the variable coarse-graining induces an irreversible gradient along the RG action

that could be observed in a monotonic function. This endeavour was crystallized in Quan-

tum Field Theory (QFT) in the celebrated c-theorem for 2-dimensional QFTs [25] and its

higher-dimensional version a-theorem [26], where a specific function was shown to be mono-

tonically decreasing along the RG flow, reaching a constant value at the fixed points. From

a thermodynamic viewpoint, some authors have proposed a modified version of Boltzmann’s

H-theorem in the context of QFT [39]. Similarly, in the realm of random walk statistics

[27] and dissipative chaotic dynamics [19–21, 40], entropic gradients along the RG flow and

extremization at the invariant set of RG flows has also been explored.

Much lesser analysis exists for the possible entropy change inside the invariant set of RG

flows (attractor/repellor), if only because finding sufficiently complex RG flows with invari-

ant sets beyond simple fixed points is in general difficult. A näıve and handwaving reading

of the c-theorem, for instance, would suggest that at (and inside) the invariant set, entropy

should remain constant. This principle is trivially fulfilled for RG flows with only a collection

of stable and unstable fixed points, and checking such principle in more complex invariant

sets has rarely been explored.

A. Degree distribution and graph entropy of Haros graphs along RG flow

Our system, with a rich RG invariant set structure, allows to explore entropy gradients

towards, away from, and inside invariant sets. In this section we therefore explore specific

properties of the system as it evolves via the action of the RG operator R. We consider the

degree distribution P (k;x) of the system –i.e. of the Haros graph Gx–, which computes the

probability that a node chosen randomly has degree k in the Haros graph Gx. The degree

distribution is the marginal distribution of the graph’s degree sequence, and previous results

suggest that such is a maximally informative property of the system [41]. Interestingly,

recent results allow us to have closed-form expressions for P (k;x) when x is rational [42]

or a generalized metallic ratio. From the degree distribution, we subsequently compute its
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entropy

S(x) := −
∑
k≥2

P (k;x) · log(P (k;x)).

Interpreting the degree k as a random variable, S(x) is the Shannon entropy of its distribu-

tion.

The first three values k = 2, 3, 4 of P (k;x) are known for every real number, having

P (2;x) = x, P (3, x) = 1− 2x, P (4;x) = 0 if x < 1/2; and P (2;x) = 1−x, P (3;x) = 2x− 1,

P (4;x) = 0 if x > 1/2. In left panel of Fig. 7, S(x) has been depicted for all Haros graph

Gx, where x ∈ F1000. A visual exploration of the figure discloses how the Haros graphs G1/n

are local minima of S(x). Furthermore, it has been demonstrated that the local maxima

of S(x) are precisely the set of quadratic irrationals (see [22] for proofs and an in-depth

discussion of the properties of S(x) for different families of numbers). The proof uses the

Maxent technique [43], where the Lagrangian functional to optimize is

L[{P (k, x)}] = −
∞∑
k=5

P (k, x) logP (k, x)−(λ0−1)

(
∞∑
k=5

P (k, x)−Q0

)
−λ1

(
∞∑
k=5

kP (k, x)−Q1

)
,

being the constrains (for x < 1/2), the normalisation of P (k, x):

Q0 =
∞∑
k=5

P (k, x) = x

and the constant value for arithmetic mean of degree sequence ⟨k⟩ = 4:

Q1 =
∞∑
k=5

k · P (k, x) = 4x+ 1.

Setting other values P (k, x) = 0 as well, the optimum value is associated to different

quadratic irrationals.

Let us study how the degree distribution changes along the RG periodic orbit. As we

previously mentioned, the metallic ratios ϕ−1
b = [b], with b ≥ 1, form periodic RG orbits of

length 2b. First, metallic ratios have the following degree distribution for b ≥ 2:

P (k, ϕ−1
b ) =



ϕ−1
b , k = 2

1− 2 · ϕ−1
b , k = 3

(1− ϕ−1
b ) · (ϕ−1

b )
k−3
b , k = bn+ 3, n ∈ N

0 , otherwise.

(5)
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Second, to unveil the degree distribution of the Haros graphs belonging to the orbit T j(ϕ−1
b ),

we first need point out that it is easy obtain the following scaling equation for degrees k ≥ 5:

P (k + 1, x) =

 (1− x) · P (k, T1(x)) , if x ≤ 1/2,

x · P (k, T2(x)) , if x ≥ 1/2.
(6)

To verify the validity of Eq. 6 above, we show first that T−1
1 (x) = x

x+1
if x < 1/2 and

T−1
2 (x) = 1

2−x
if x > 1/2. Secondly, we use a result from [22] (see Eq. 6 in [22]) where,

∀x ∈ [0, 1]:

P (k, x) =

 (1 + x) · P
(
k + 1, x

1+x

)
(2− x) · P

(
k + 1, 1

2−x

)
.

(7)

Combining Eq. 5 and Eq. 6, and with a bit of algebra, the degree distribution of

P (k, T
(j)
1 (ϕ−1

b )) for values j = 0, ..., b− 2 results:

P (k, T
(j)
1 (ϕ−1

b )) =



T
(j)
1 (ϕ−1

b ) , k = 2

1− 2 · T (j)
1 (ϕ−1

b ) , k = 3
1−ϕ−1

b

1−j·ϕ−1
b

· (ϕ−1
b )

k−3+j
b , k = bn+ 3− j, n ∈ N

0 , otherwise.

(8)

It is easy to see that T
(b−1)
1 (ϕ−1

b ) > 1/2. Hence, the Haros graph associated to this number

has a degree distribution:

P (k, T
(b−1)
1 (ϕ−1

b )) =



1− T
(b−1)
1 (ϕ−1

b ) , k = 2

2 · T (b−1)
1 (ϕ−1

b )− 1 , k = 3
1−ϕ−1

b

1−(b−1)·ϕ−1
b

· (ϕ−1
b )

k−4+b
b , k = bn+ 4, n ∈ N

0 , otherwise.

(9)

The following element of the orbit is T2 ◦ T (b−1)
1 (ϕ−1

b ) = 1− ϕ−1
b , and by symmetry, we have

P (k, x) = P (k, 1 − x). Therefore, the remaining b elements of the orbit can be calculated

via the second scaling of Eq. 6, or using the symmetry. This concludes the study of the

degree distribution of Haros graphs along the periodic orbit.

Let us then consider the graph entropy S(x) illustrated in Fig. 7, with a clear self-similar

structure in the subintervals [1/n, 1/(n + 1)] for n ≥ 2. In order to assign null entropy to
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Haros graph G1/n, we first define a reduced entropy H(x) as:

H(x) ≡

 S(x) + 2x · log(x) + (1− 2x) · log(1− 2x) , x ∈ [0, 1/2]

S(x) + 2(1− x) · log(1− x) + (2x− 1) · log(2x− 1) , x ∈ [1/2, 1].
(10)

If we denote:

Λ(x) =
x log x− (1− 2x) log(1− 2x)− (3x− 1) log(3x− 1)

x
, (11)

then we can prove that the reduced entropy verifies the following scaling equations (a proof

can be found in Appendix VIA):

H(x) =



(1− x) ·H(T1(x)) , x ∈ [0, 1/3]

(1− x) ·H(T1(x)) + x · Λ(x) , x ∈ [1/3, 1/2]

x ·H(T2(x)) + (1− x) · Λ(1− x) , x ∈ [1/2, 2/3]

x ·H(T2(x)) , x ∈ [2/3, 1].

(12)

Moreover, we now define the entropy density as:

h(x) =


H(x)
x

, x ∈ [0, 1/2]

H(x)
1−x

, x ∈ [1/2, 1].
(13)

Hence, applying this definition to 12,we obtain the scaling equations:

h(T1(x)) =

 h(x) , x ∈ [0, 1/3]

x
1−2x

· (h(x)− Λ(x)) , x ∈ [1/3, 1/2]
(14)

h(T2(x)) =

 1−x
2x−1

· (h(x)− Λ(1− x)) , x ∈ [1/3, 1/2]

h(x) , x ∈ [2/3, 1]
(15)

Equipped with these equations, we can now outline several important consequences.

First, if x and T (x) are both in [0, 1/2] or [1/2, 1], the renormalization operator R preserves

the entropy density h. This means that if the renormalization trajectory for an initial ratio-

nal value remains in one or the other half side of the interval [0, 1], such flow has constant

entropy density. This situation, however, only happens for the rationals p/q = 1/n and

p/q = (n− 1)/n, for other rationals, the trajectory hops, and therefore the entropy density

flow fluctuates, and Eq. 14 and Eq. 15 allows us control such fluctuation. In panel (a) of

Fig.8 we illustrate the iteration T (n)(x) (black dots) and the entropy density h(T (n)(x)) (blue

hollow points) for a specific example, where we can see that abovementioned signatures.
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Fig. 7. Entropy graph function S(x) (left panel) and reduced density entropy graph function

h(x) = H(x)/x defined in Eq. 13 (right panel), computed for all Haros graphs Gx with x ∈ F1000. The

silver ratio ϕ2 = [2] (pointed with dotted vertical line) generates a periodic orbit of length m = 4. The

entropy of the elements of the orbit fluctuates in S(x), whereas is constant in h(x).

The question is then, what is the precise shape of such entropy density function along the

RG flow, both towards/away from the RG invariant set and, interestingly, inside the RG set?

B. Convergence to the stable fixed point

Since rational Haros graphs renormalize into G1/1 –which has vanishing entropy density–

after a finite number of steps, ∀x = p/q,∃r0 ∈ N such that ∀r ≥ r0:

h(T (r)(p/q)) = 0 (16)

(it can be check that if p/q = [a1, ..., an], then r0 is obtained as
∑n

i=1 ai). In other words,

entropy density flows towards its minimum along the flow towards the stable fixed point of

the RG flow. This could seem, in principle, to be in agreement with a c-like theorem in this
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Fig. 8. (Panel a) T (n)(x) (black dots) and the entropy density h(T (n)(x)) (blue hollow points) as a

function of the iteration n, for a concrete example of a rational x. We can see that the entropy density

remains constant when the iteration of T leaves the point in the same side of the interval [0, 1], and

changes when the side is changed. See the text for details. (Panel b) Entropy density T (n)(x) as a function

of n for five different rationals, generated randomly (see the text).

context. Note, however, that such convergence is far from smooth. Much on the contrary,

depending on the initial condition Gp/q, the flow towards G1/1 will show fluctuations in the

entropy density with local increments and decrements. An illustration of such behavior for

different initial values x = p/q is shown in panel (b) of Fig.8.

C. Entropy-density is constant inside (and only inside) periodic orbits of metallic

ratios?

It can be proved (see Appendix VIB) that for the family of metallic ratios ϕ−1
b , the cum-

bersome entropy change showed in Eq. 14 and Eq. 15 is simplified, obtaining a remarkable

entropy-constant result inside each periodic orbit:

h(T (n)(ϕ−1
b )) = h(ϕ−1

b ), ∀n (17)

In the right panel of Fig 7 we illustrate this behavior for the specific case of the silver

ratio ϕ−1
2 . We conjecture that such constancy is only possible inside these orbits, and

for any other type of irrational, the entropy density necessarily changes along the RG
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Fig. 9. (Panel a) Entropy density h(T (n)(x)) as a function of the iteration n, for a concrete example of a

metallic ratio x = 2 = ϕ−1
2 (the reciprocal of Silver’s number, solid black diamonds), where we show that

the entropy is density is constant along the RG flow inside the periodic orbit. This panel also shows

entropy density along periodic RG orbits for two other (non-metallic) quadratic irrationals, showing

periodicity with a period that we conjecture is equal to
∑n

i=1 ai when the initial condition is of the form

[a1, a2, . . . , an]. This result has also been confirmed for several other quadratic irrationals, this panel is just

for illustration. (Panels b) Entropy density along the aperiodic RG orbit for an algebraic (non-quadratic)

irrational (x = 21/3) and for two transcendental numbers (x = e− 2 and the Thue-Morse constant),

showing aperiodic entropy density sequences. For all the numerical examples in both panels, a numerical

precision of 1000 digits has been used.

flow. Specifically, we argue that for non-metallic yet pure quadratic irrationals with con-

tinued fraction [a1, a2, . . . , an] (for which the RG flow is periodic) h will be itself a periodic

function of period a1 + a2 + · · · + an > 1, whereas for other classes of irrationals (non-

quadratic algebraic or transcendental numbers, for which the RG flow is aperiodic), h will

be non-constant and indeed aperiodic. A rigorous proof for this conjecture remains elusive

and is an open problem, but see Fig.9 for a numerical illustration supporting this conjecture.
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VI. CONCLUSIONS

In this paper we have thoroughly studied the iteration dynamics of the graph-theoretic

operator R over the set of Haros graphs G, a system which is in bijection with the reals R.

We have shown that R performs a renormalization of Haros graphs and that G is indeed

renormalizable. We proved that the iterated dynamics of R over Haros graphs (which we

call the RG flow) is chaotic, as its dynamics is topologically conjugate to an interval chaotic

map which is itself conjugate to the shift map via Minkowski’s question mark function. We

explicitly found the conjugacy between R and the chaotic interval map and thus are able

to analytically study the chaotic RG flow in the ‘coupling constant space’, as it is routinely

done in standard RG treatments of physical systems. Incidentally, the fact that the RG

flow of Haros graphs is conjugate to the shift map suggests some possible connection to spin

systems with complex coupling constants, which were recently shown to possess a chaotic

(Bernoulli) RG structure [6].

The RG invariant set consists of an extremely rich hierarchy of periodic orbits and non-

mixing aperiodic orbits, and we showed that this hierarchy provide a dynamical classification

of different families of the reals, including quadratic irrationals, non-quadratic algebraic

irrationals and transcendental numbers.

We finally studied an entropic density function and how this function evolved along the

RG flow, i.e. towards the stable fixed point and inside the invariant set. The stable fixed

point of the RG flow has minimum entropy density, whereas the periodic orbits are local

entropic maxima. These results provide a further verification of the apparent extremal

entropy properties of RG attractors and repellors [27]. Since periodic orbits are unstable

with respect to the measure of rational numbers –i.e. the RG flow connects the periodic orbit

and the stable fixed point for perturbations close to the orbit–, then the entropy density

is necessarily globally decreasing. However, we haven’t found that such function is locally

monotonic: along its way towards the stable fixed point, the trajectory can show locally

both increases and decreases of entropy density. Finally, we proved that entropy density is

(nontrivially) constant inside periodic orbits of the RG associated to the class of metallic

ratios. These results can be put in comparison with RG monotonicity theorems in quantum

field theories, which are folklorically believed to preclude the existence of complex RG flows

(see, however, [44]). In that sense, we argue that observing constant entropy density inside
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the periodic orbit is in perfect agreement with monotonicity theorems, that actually require

that the coupling constant flow has flat derivative at the invariant set, and therefore the

class of metallic ratios –including reciprocals the Golden number or the Silver number– stand

out as a subset of irrationals with peculiar properties.

Finally, we wish to stress that the system under study is purely formal, after all it is a

graph-theoretic set G in bijection with R [22]. In this sense, it is difficult to provide a direct

physical interpretation of its chaotic RG flow, where physical chaotic RG flows speak of an

intrinsically multiscale system, with broken scale-invariance. To further shed light on such

interpretation, it is paramount to investigate the possible statistical mechanic structure

underlying G, and this will be the topic of further research. Overall, this work further

highlights the rich structure of Haros graphs and the unexpected links between number

theory, graph theory and theoretical physics [45].

APPENDIX

A. Proof of Equation 12

Proof. If x < 1/3, thus it is clear that T1(x) < 1/2 and P (5, x) = 0:

H(x) = −
∑
k≥5

P (k, x) log(P (k, x)) + x · log x

= −
∑
k≥5

(1− x)P (k − 1, T1(x)) log((1− x)P (k − 1, T1(x))) + x · log x

= (1− x)

(
−
∑
k≥4

P (k, T1(x)) log(1− x)−
∑
k≥4

P (k, T1(x)) log(P (k, T1(x))) +
x

1− x
· log x

)

= (1− x)

(
− x

1− x
log(1− x)−

∑
k≥4

P (k, T1(x)) log(P (k, T1(x))) +
x

1− x
· log x

)

= (1− x)

(
−
∑
k≥5

P (k, T1(x)) log(P (k, T1(x))) +
x

1− x
· log x

1− x

)

= (1− x)

(
−
∑
k≥5

P (k, T1(x)) log(P (k, T1(x))) + T1(x) · log T1(x)

)
= (1− x) ·H(T1(x)).
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If we take 1/3 < x < 1/2, then T1(x) > 1/2 and P (5, x) = 3x − 1. We have the following

equation:

H(x) = −
∑
k≥5

P (k, x) log(P (k, x)) + x · log x

= −
∑
k≥6

(1− x)P (k − 1, T1(x)) log((1− x)P (k − 1, T1(x)))− P (5, x) · logP (5, x) + x · log x

= (1− x)

(
−
∑
k≥5

P (k, T1(x)) log(1− x)−
∑
k≥5

P (k, T1(x)) log(P (k, T1(x)))

)
+ x · log x− P (5, x) · logP (5, x)

= (1− x)

(
−(1− T1(x)) · log(1− x)−

∑
k≥5

P (k, T1(x)) log(P (k, T1(x)))

)
+ x · log x− P (5, x) · logP (5, x)

= (1− x)

[
−(1− T1(x)) log(1− x)−

∑
k≥5

P (k, T1(x)) log(P (k, T1(x)))+

(1− T1(x)) log(1− T1(x))− (1− T1(x)) log(1− T1(x))

]
+ x · log x− P (5, x) · logP (5, x)

= (1− x) ·

[
−(1− T1(x)) log(1− x) +H(T1(x))− (1− T1(x)) log(1− T1(x))

]
+ x · log x− P (5, x) · logP (5, x)

. . . Applying 1− T1(x) = (1− 2x)/(1− x) . . .

= (1− x)H(T1(x))− (1− 2x) log(1− x)− (1− 2x) log(1− 2x) + (1− 2x) log(1− x)

+ x · log x− P (5, x) · logP (5, x)

= (1− x)H(T1(x)) + P (2, x) · logP (2, x)− P (3, x) · logP (3, x)− P (5, x) · logP (5, x)

Analogously, if x > 2/3, thus it is clear that T2(x) > 1/2 and P (5, x) = 0:

H(x) = −
∑
k≥5

P (k, x) log(P (k, x)) + (1− x) · log(1− x)

= −
∑
k≥5

x · P (k − 1, T2(x)) log(x · P (k − 1, T2(x))) + (1− x) · log(1− x)

= x ·

(
−
∑
k≥4

P (k, T2(x)) log(x)−
∑
k≥4

P (k, T2(x)) log(P (k, T2(x))) +
1− x

x
· log(1− x)

)

= x ·

(
−
(
1− 2x− 1

x

)
log(x)−

∑
k≥4

P (k, T2(x)) log(P (k, T2(x))) +
1− x

x
· log(1− x)

)
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= x ·

(
−
∑
k≥5

P (k, T2(x)) log(P (k, T2(x))) +
1− x

x
· log 1− x

x

)

= x ·

(
−
∑
k≥5

P (k, T2(x)) log(P (k, T2(x))) + T2(x) · log T2(x)

)
= x ·H(T2(x)).

If we take 1/2 < x < 2/3, then T2(x) < 1/2 and P (5, x) = 2 − 3x. We conclude the proof

with the following equation:

H(x) = −
∑
k≥5

P (k, x) log(P (k, x)) + (1− x) · log(1− x)

= −
∑
k≥6

x · P (k − 1, T2(x)) log(x · P (k − 1, T2(x)))− P (5, x) · logP (5, x) + (1− x) · log(1− x)

= x ·

(
−
∑
k≥5

P (k, T2(x)) log(x)−
∑
k≥5

P (k, T2(x)) log(P (k, T2(x)))

)
+ (1− x) · log(1− x)− P (5, x) · logP (5, x)

= x ·

(
−T2(x) · log(x)−

∑
k≥5

P (k, T2(x)) log(P (k, T2(x)))

)
+ (1− x) · log(1− x)− P (5, x) · logP (5, x)

= x ·

[
−T2(x) · log(x)−

∑
k≥5

P (k, T2(x)) log(P (k, T2(x)))+

T2(x) · log(T2(x))− T2(x) · log(T2(x))

]
+ (1− x) · log(1− x)− P (5, x) · logP (5, x)

= x ·

[
−T2(x) · log(x) +H(T2(x))− T2(x) · log(T2(x))

]
+ (1− x) · log(1− x)− P (5, x) · logP (5, x)

= x ·H(T2(x))− (2x− 1) log(x)− (2x− 1) log(2x− 1) + (2x− 1) log(x)

+ (1− x) · log(1− x)− P (5, x) · logP (5, x)

= x ·H(T2(x)) + P (2, x) · logP (2, x)− P (3, x) · logP (3, x)− P (5, x) · logP (5, x)

■
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B. Proof of constant entropy density in the metallic ratio orbits

Proof. Considering the metallic ratios ϕ−1
b = [0; b], it is clear that T

(i)
1 (ϕ−1

b ) < 1/2 for

i = 1, ..., b − 2 and T
(b−1)
1 (ϕ−1

b ) > 1/2. Moreover, as ϕ−1
b is the solution of the quadratic

equation x2 + bx− 1 = 0, then ϕ−1
b verifies the following relationships:

1− bϕ−1
b = ϕ−2

b (18)

(b+ 1)ϕ−1
b − 1 = ϕ−1

b − ϕ−2
b . (19)

Hence, if we define Λ(x) (see Eq. 11) and β := T
(b−2)
1 (ϕ−1

b ) =
ϕ−1
b

1−(b−2)ϕ−1
b

, we have:

Λ(β) =

[
ϕ−1
b

1− (b− 2)ϕ−1
b

· log
(

ϕ−1
b

1− (b− 2)ϕ−1
b

)
− 1− bϕ−1

b

1− (b− 2)ϕ−1
b

· log
(

1− bϕ−1
b

1− (b− 2)ϕ−1
b

)
−

− (b+ 1)ϕ−1
b − 1

1− (b− 2)ϕ−1
b

· log
(
(b+ 1)ϕ−1

b − 1

1− (b− 2)ϕ−1
b

)]
· 1− (b− 2)ϕ−1

b

ϕ−1
b

(Using Eq. 18 and 19)

= log(ϕ−1
b )− log(1− (b− 2)ϕ−1

b )− ϕ−1
b log(ϕ−2

b ) + ϕ−1
b log(1− (b− 2)ϕ−1

b )

− (1− ϕ−1
b ) log(ϕ−1

b · (1− ϕ−1
b )) + (1− ϕ−1

b ) · log(1− (b− 2)ϕ−1
b )

= log(ϕ−1
b )− 2ϕ−1

b log(ϕ−1
b )− (1− ϕ−1

b ) log(ϕ−1
b )− (1− ϕ−1

b ) log(1− ϕ−1
b )

= −ϕ−1
b log(ϕ−1

b )− (1− ϕ−1
b ) log(1− ϕ−1

b )

Thus, applying the equation 12 b− 1 times over the metallic ratio ϕ−1
b , we obtain:

h(β) = h(ϕ−1
b ) = − log

(
1− ϕ−1

b

)
− 1 + ϕ−1

b

b
· log(ϕ−1

b ),

and, therefore, we can establish that:

h(β) =
1− T1(β)

T1(β)
· h(T1(β)) +

M(β)

β
= ϕ−1

b · h(T1(β))− ϕ−1
b log(ϕ−1

b )− (1− ϕ−1
b ) log(1− ϕ−1

b )

= − log
(
1− ϕ−1

b

)
− 1 + ϕ−1

b

b
· log(ϕ−1

b ) =⇒

h(T1(β)) = − log(1− ϕ−1
b ) ·

(
1− 1 + ϕ−1

b

ϕ−1
b

)
− log(ϕ−1

b ) ·
(
1 + ϕ−1

b

bϕ−1
b

− 1

)
= − log

(
1− ϕ−1

b

)
− 1 + ϕ−1

b

b
· log(ϕ−1

b ) = h(β),

concluding that the metallic ratio orbits preserve the density entropy h. ■
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