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Abstract

In this paper, we propose a syntactic pattern recognition approach based on
fuzzy automata, which can cope with the variability of signals of the patterns by
defining imprecise models. This approach is called Temporal Fuzzy Automata
as it allows the inclusion of time restrictions to model the duration of the differ-
ent states. The concept of fuzzy state makes it possible to handle ambiguity as
the automaton can be in several states at the same time. Another advantage of
our approach is the capability to synchronize with the signal, which allows us
to avoid the segmentation stage before the recognition process. Furthermore,
a learning method based on Dynamic Time Warping is provided that makes it
possible to automatically generate models. Finally, to demonstrate the perfor-
mance and robustness of this approach, we have applied it to the recognition of
hand gestures without any kind of signal preprocessing.
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1. Introduction

Many of the signals we can capture from the real world are composed of
characteristic temporal patterns, e.g., the electrocardiogram (ECG) waveform,
the accelerations captured at the hip during the human gait cycle, etc. Time
influences a signal in two different ways: in the order of the different events
that compose this signal and in the duration of these events. It is common
for these patterns to present high variability in their amplitude or duration,
and sometimes these patterns are corrupted by noise. Therefore a method to
recognize these temporal patterns should take into account both aspects of time
and be robust against the signal variability and noise.

Connectionist approaches, based on artificial neural networks, have been
used widely in temporal pattern recognition, with emphasis on recurrent links
to include memory in the network architecture [25]. Even these recurrent neu-
ral networks have shown their capability to detect keywords in a continuous
speech without segmenting the signal (continuous recognition) [6]. Although we
obtained good results in our previous experiences using this approach [2], the
parameters (weights and thresholds) that define the behavior of the networks
are difficult to interpret by an expert.
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Another approach widely used in temporal pattern recognition is Hidden
Markov Models (HMMs) [17]. A HMM is able to automatically model the
statistical behavior of a temporal pattern using a set of states. Nevertheless,
these models are not easy to understand because the obtained states usually do
not coincide with the ones that a human expert extracts. During the recognition,
a given signal is classified as a pattern using the forward algorithm, which
calculates the probability of the HMM to generate this signal. However, this
probability can only be used as a relative value to compare with probabilities
obtained from HMMs of other classes. Finally, although HMMs are commonly
used with isolated signals, they can also be used for continuous recognition
by means of comparing the forward probabilities produced by the recognition
method for each pattern at every time step [10].

In the case that there is a clear structure in the temporal patterns, syntac-
tic pattern recognition methods can be used. The models produced by these
methods are more understandable because they describe patterns as an ordered
sequence of different events and each event is meaningful for the expert. One of
the most representative methods of this field is the finite automata (FA). This
method has been used in many pattern recognition applications like analysis
of ECG signals [12], speech recognition [15], etc. In these applications there is
always a preliminary preprocessing stage that minimizes the signal variability
because FA deal badly with this variability. Furthermore, FA cannot recognize
patterns if they present unexpected events that were not modelled previously.
In order to solve this problem some authors, e.g. [8], have proposed to use error-
correcting automata that accept deletion, addition or substitution of events in
the signal. However, this solution implies modifying the automaton, includ-
ing more states and links, to deal with these errors. Therefore, the resulting
automaton is much more complex than the original one.

Another possible solution to tackle the problem of this variability is to in-
clude the concept of fuzzy sets in the structure of finite automata. Fuzzy sets,
that were introduced by Zadeh in [27], are an extension of classical sets which
allow the elements to belong partially to a set with a degree of membership.
This feature allows expressing the imprecision of our knowledge of a given set
by means of describing the set using smooth boundaries instead of sharp ones.
Furthermore, fuzzy set operators can work with elements that belong partially
to several sets which makes it possible to deal with the ambiguity present in
real world problems. Initial works in fuzzy finite automata (FFA) started using
only a fuzzy transition function over a discrete set of states [13, 26]. In FA the
transitions between states are possible or not but in FFA these transitions can
have intermediate values. One of the first works that introduced the concept
of fuzzy state is [24]. The idea consists of allowing the FFA to be in different
states at the same time with different membership degrees. Among other early
attempts to implement FFA two works stand out: [21] and [18], although their
goal is not pattern recognition. These works include the concept of fuzzy state,
but it appears as a consequence of the evaluation of some conditions over the
inputs. These conditions are defined using some linguistic labels for each state.
Therefore, if the input fulfils partially the conditions of several states, the FFA
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will be in several states with different degrees at the same time. This feature
allows FFA to follow different paths concurrently when the input is ambiguous.
In [1], the authors propose fuzzy correcting-error automata that also use the
concept of fuzzy state. An interesting point of this work is that the FFA are
able to give a matching measure of the pattern. However, this work aims to
correct imperfect strings, not to recognize patterns in a signal. Another work
based on fuzzy correcting-error automata is presented in [9]. Actually, this ap-
proach is not exactly an automaton, because it is a fuzzy controller whose state
is a feedback variable to the system. The main problem of this approach is that
the conditions over the inputs have to fulfil some restrictions to behave properly.
One of the most advanced works using FFA for pattern recognition appeared
in [22]. The authors propose to use hierarchical representations of the signal to
recognize the temporal patterns of an ECG signal, but each representation in
fact is a fuzzy automaton. Recently, FFA based on this hierarchical representa-
tion have also been applied in the field of fault detection to detect abnormalities
in a DC motor [19]. In both papers, the authors introduce an interesting ad-
vantage of using FFA called input synchronization, that is, a fuzzy automaton
only starts to follow the signal when this signal coincides with the expected pat-
tern. Therefore, this method can be used for continuous recognition as it avoids
the segmentation stage. Nevertheless, both authors do not model explicitly the
duration of the different events of the pattern.

In this paper, we propose an implementation of fuzzy automata for pattern
recognition that fulfils all the requirements presented above. It can deal with
signals with variability in amplitude and duration. It allows the modelling of
restrictions over the duration of the states. It is able to synchronize with the
signal and when it recognizes a pattern it is able to provide a degree of matching
that measures how well the signal matched with the model. Additionally, we
also propose an automatic method to generate a model from several instances
of the pattern.

The rest of the paper is organized as follows. Section 2 introduces the concept
of Temporal Fuzzy Automaton (TFA). In Section 3 we explain how an expert
can model a pattern using a TFA. Section 4 shows in detail the process of pattern
recognition with the TFA. In Section 5 we present the results of several tests
that show the main advantages of our approach. Section 6 explains the machine
learning method that we propose to generate a TFA. In Section 7 we show the
results obtained when applying our method to the recognition of hand gestures.
Finally, in Section 8, we conclude the paper stating our final conclusions.

2. Temporal Fuzzy Automaton

Based on the definition of General Fuzzy Automaton (GFA) presented in [4],
we define a Temporal Fuzzy Automaton (TFA) as an eight-tuple:

TFA = {X, Q, D, δ, F1, F2, S, F}
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• X = {x1, ..., xP } are the inputs.

• Q = {q1, ..., qN} is a finite set of states.

• D = {d1, ..., dN} is the duration of the states.

• δ : Q × D × X × Q → [0, 1] is the state transition function.

• F1 : [0, 1] × [0, 1] → [0, 1] is the state membership assignment.

• F2 : [0, 1]∗ → [0, 1] is the multi-membership resolution.

• S ⊂ Q is the set of initial states.

• F ⊂ Q is the set of final states

In the following paragraphs, we explain each element of this definition in detail,
as well as some related conventions and definitions.

Input set X.

This set, which can be composed of several input streams xj , contains the
samples of the signal that the TFA has to recognize.

Convention 1. The values of all the input streams at time t are expressed
as xt and the specific value of the input xj at time t is xt

j . Where t is a natural
number that identifies each sample of the input.

Set of states Q.

This set contains the different states of the TFA. In contrast to a FA that
can be only in one state at every instant, our TFA can be in several states with
different degrees. We have adopted the concept of fuzzy state following the
definition by Klir of fuzzy set [11] :

Definition 1. A fuzzy state µQ defined on a set Q, is a function mapping
each element of Q to a unique element of the interval [0, 1].

µQ : Q → [0, 1] (1)

Convention 2. The membership value (mv) of a state qi at time t will be
referred to as µt

qi
≡ µt

Q(qi).

Definition 2. We consider that a state qi is active at time t when:

µt
qi

≥ θ (2)

Where θ is a constant defined by an expert depending on the application.

Duration of states D.

This set provides information about the duration of the different states and
it is used for expressing time restrictions in the TFA.
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Definition 3. Each element di of the set of durations D represents the time
that the state qi has been continuously active. Consequently, the duration of
the state qi at time t can be calculated :

dt
i =

{

0 µt
qi

< θ

d
(t−1)
i + 1 µt

qi
≥ θ

(3)

The state transition function δ.

This function determines the possible transitions of the TFA.

Definition 4. We consider that a transition Tij from the state origin qi to
the destination state qj is possible if :

∃ x, d such that δ(qi, x, d, qj) > 0 (4)

However, the TFA only follows a transition Tij at time t if this transition is
possible and the origin state qi is active or belongs to the set of initial states S

(this last condition allows the TFA to start although no state is active) :

δ(qi, x
t, dt, qj) > 0 ∧

(

µt
qi

≥ θ ∨ qi ∈ S
)

(5)

The result of δ can be interpreted as the weight of the transition. In most of
the previous papers about fuzzy automata [13], this weight is a constant defined
by the designer but in this work this value represents the degree in which some
of the conditions of the transition are fulfilled. These conditions are specific
for each transition and they are in function of the inputs X and the duration
of the origin state di. In the next section we will explain how to define these
conditions for each transition using linguistic labels.

The state membership assignment function F1.

This function is used to update the mv of the destination state when the
TFA follows a transition Tij . Some works [7] propose to copy the weight of
the transition directly to the mv of the destination state (µqj

), ignoring the mv
of the origin state(µqi

). However, this presents a problem because a transition
whose origin is a state with a low mv can produce a destination state with
high mv, if its weight is high. In order to solve this problem, the authors of
[4] propose to take into account the mv of the origin state using a function F1

called state membership assignment. This function receives as arguments the
mv of the origin state and the weight of the transition respectively and returns
the mv of the destination state. Consequently, the equation to obtain the mv
of the state qj after a transition from the state qi to a state qj will be :

µt+1
qj

= F1(µ
t
qi

, δ(qi, x
t, dt, qj)) (6)

Following the indications of the authors, the function F1 only has to satisfy the
idempotence of the elements 0 and 1:

F1(0, 0) = 0 , F1(1, 1) = 1 (7)
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The multi-membership resolution function F2.

It could happen that several transitions end in the same destination state
and then several mv’s will correspond to the same state. The problem of multi-
membership values was also studied by the authors of [4] and they propose
to use another function F2 called multi-membership resolution. This function
provides only one mv to summarize all the mv’s of those transitions that end
in the same state. Therefore, the update of the mv of a state will be calculated
with the following expression:

µt+1
qj

= F2(v1, . . . , vn) (8)

Where n is the number of transitions that end in the state qj and each vi is the
mv provided by each transition. Following the authors, this function must also
fulfil two requirements:

F2(∅) = 0 (9)

F2(v1, . . . , vn) = a if ∀ i (vi = a) (10)

Initial states S and final states F .

The set S contains the initial states of the TFA and the set F the final
states. The execution of a TFA starts from its initial states, after which it
moves between different states according to its state transition function δ until
it reaches a final state when the pattern is recognized.

3. Modelling a pattern using a TFA

In this section we are going to explain how an expert can model easily a
pattern with a TFA following a simple methodology. During this explanation,
we will use a simple example to clarify the procedure. This example consists of
a rectangular signal composed of four stages as can be seen in figure 1.

3.1. Defining the states

Before starting to model a pattern we have to decide what inputs X we
are going to use to describe it. In our example we only use the amplitude of
the signal (x1). Each state qi represents a time during which the inputs fulfil
some conditions. Although for this example is not necessary, we have defined
these conditions using the idea of linguistic interval presented in [14]. When
modelling more complex patterns, the linguistic intervals make it possible to use
different levels of granularity by combining contiguous membership functions to

obtain wider membership functions. A linguistic interval A
[a,b]
j is defined over

the domain of the input xj using a set of fuzzy linguistic labels Ak
j (e.g. see

figure 2). The two indexes a and b indicate the membership functions where the
interval begins and ends respectively. The degree of membership for each value
in the interval is calculated using the following expression:

µ
A

[a,b]
j

(xj) =

b
∑

k=a

µAk
j
(xj) (11)
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Figure 1: Pattern of a rectangular signal

To define the linguistic labels we use several membership functions that com-
pose a strong fuzzy partition of the input as defined in [20] since this restric-
tion guarantees a membership degree of 1, except for in the boundaries where
membership degree decreases. In particular, we propose to use triangular mem-
bership functions, not only because of their simplicity, but also because, under
some assumptions, they can build fuzzy partitions whose membership functions
are uniformly activated [16].
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Figure 2: Example of definition of linguistic interval for input x1
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In the general case the conditions of a state (Condqi
) can affect several input

streams. In our implementation we have chosen to combine the conditions over
all the input streams using the conjunction:

Condqi
(x1, · · · , xP ) =

{

µ
A

[ai
1

,bi
1]

1

(x1) ∧ . . . ∧ µ
A
[ai

P
,bi

P ]
P

(xP )

}

Although the definition of TFA does not constrain its structure, we model the
patterns using a left-right structure because the resulting TFAs are more un-
derstandable. A pattern is described with several states and a last state, whose
only function is to detect the end of the pattern. During the recognition of a
pattern the TFA will move from the first state to the last state hence the set S

only contains the first state and F only the last state. The TFA that models
our example is represented in figure 3. The conditions over the amplitude (x1)
for each state, using the linguistic labels shown in figure 2, are the following:

Condq1(x1) = µ
A

[3,3]
1

(x1) , Condq2(x1) = µ
A

[4,4]
1

(x1) ,

Condq3 (x1) = µ
A

[3,3]
1

(x1) , Condq4 (x1) = µ
A

[2,2]
1

(x1) , Condq5(x1) = 1

The state q5 has no conditions because its objective is only to detect the end of
the pattern.

Figure 3: Structure of a pattern using TFA

3.2. Defining the transitions

We have presented how to define the conditions over the inputs for each state,
however the evolution of the TFA is only based on the state transition function δ.
For this reason, these conditions have to be included in the different transitions
of the TFA. Using a left-right structure, the TFA only can move from the state qi

to itself (feedback transition Tii) or to a posterior state qi+1 (changing transition
Tii+1). All the transitions are defined using two conditions: one over the inputs
and the other over the duration of the origin state which makes it possible to
include some time restrictions. For any transition Tij , the condition over the
inputs is the condition for being in the destination state (Condqj

). However,
the time condition is different depending on if it is a feedback transition or a
changing transition.
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In the case of a feedback transition Tii:

CondTii
(x, di) = {Condqi

(x) ∧ µTimeToStayi
(di)}

The time condition is expressed with the linguistic label T imeToStayi which
restricts the maximum time that the TFA can be in the state qi. The mem-
bership function associated to T imeToStayi is defined over the domain of the
duration of the state (di). This function starts with the maximum membership
value (1) and it decreases when the maximum duration is reached. The goal
of this condition is to reject those signals which cause the TFA to remain in a
state more time than the expected one. The TFA stays in the same state until
the conditions over the inputs are false or the duration of the state is longer
than the time defined by the membership function T imeToStayi.
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Figure 4: Linguistic labels for the duration of a state

In the case of a changing transition Tii+1:

CondTii+1(x, di) =
{

Condqi+1(x) ∧ µTimeToMoveii+1 (di)
}

The time condition is T imeToMoveii+1 which represents the minimum time
that the TFA has to be in a state qi before moving to a state qi+1. Therefore,
the membership function associated with the linguistic label T imeToMoveii+1

starts with the lowest membership value (0) and it increases when the expected
minimum duration is reached. This restriction allows the TFA to move from
one state to another when the conditions over the inputs for being in the state
qi+1 are true and the TFA has been sufficient time in the origin state qi.

As we said before, the last state is a special case because its goal is only to
detect the end of the pattern. This last state has no feedback transition because
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the TFA is not supposed to stay in this state. The transitions that end in this
state only have conditions over time to ensure that the previous state was active
for a while.

CondTN−1N
(x, dN−1) =

{

µTimeToMoveN−1N
(dN−1)

}

All states of the example have the same length (25 samples) and therefore we
have used only two membership functions to define the time restrictions for all
states. Figure 4 shows both functions, T imeToMove for moving to another state
and T imeToStay for staying in the same state. In order to include some im-
precision in the duration of the states, the membership function T imeToMove

increases gradually from TM0 to TM1 and T imeToStay also decreases gradu-
ally from TS1 to TS0. This imprecision allows the system to be more robust
against the variability in the state durations.

4. Recognizing a pattern with a TFA

After modelling a pattern using a TFA, we can use this TFA to detect a
pattern in the signal. During this process, we can distinguish three stages:

• Synchronization. The TFA is waiting for the inputs to fulfil the conditions
of the initial state.

• Update. The TFA is updated at each time step.

• Ending. The TFA reaches a final state. At this moment we can calculate
a measure that indicates the degree of matching of the signal with the
expected pattern.

In the next sections each stage will be described in detail.

4.1. Synchronization

Usually the signal that contains the expected pattern is not segmented and
includes values prior to the pattern. Therefore, we are interested in synchro-
nizing the TFA with the beginning of the expected pattern. Two problems can
affect this synchronization phase. First, the TFA can get synchronized before
the expected pattern appears because the signal prior to the pattern has fulfilled
the conditions of the states by chance. One could expect that the TFA will not
recognize the expected pattern because it will be in a posterior state. However,
this problem is solved because the TFA can always enter the initial states even
when the TFA is already synchronized (see the conditions to follow a transition
as stated in 5). The second problem occurs when the signal before the expected
pattern fulfils the condition of the first state. In this case, the duration of this
state will be longer than the expected duration. We can solve this problem by
modifying the condition T imeToStay of the first state by allowing the TFA to
remain in this first state forever.
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4.2. Update

For each time step, the TFA updates the mv’s of all states. For this task,
it uses the state transition function δ to calculate the weight of the possible
transitions. This weight is only calculated for those transitions whose origin is
an active state at the current time or this origin belongs to the set of initial
states S. The value of the weight of the transition Tij is the evaluation of the
condition defined for this transition.

δ(qi, di, x, qj) = CondTij
(x, di)

In our approach, we have used the minimum function for the evaluation of the
conjunction ∧. The update of the next state is done with the membership
assignment function F1. In this paper we propose a function that introduces a
kind of inertia over the mv of the states. The reason for including this inertia
is to avoid quick changes in the inputs (due to noise) to produce quick changes
in fuzzy state. This inertia makes the TFA more tolerant to noise. Hence our
function F1 is the following:

F1(µ, δ) = αµ + (1 − α)δ (12)

Where α is the inertia factor that defines how much we rely on the weight of the
transition versus the mv of the origin state to calculate the mv of the destination
state. If α is close to 0, we only take into account the weight of the transition,
so the TFA changes the state as soon as the inputs change. But, if α is close to
1, the TFA changes the state slowly and reacts slowly to changes in the input.

After calculating the mv of the states, it is possible that there are several
mv’s for the same destination state. The multimembership resolution function
F2 is applied to determine the activation of the destination state. In our case
we use the maximum function and the next mv for the state qj can be obtained
with this equation:

µt+1
qj

= max
i

[vi] (13)

Where each vi is the mv produced by each transition ending in state qj . If
there is no transition to a destination state the mv of this state will be set to zero
(see first requirement of F2 stated in 10.). But this behavior is abrupt, because
if only one input sample does not match, then the TFA loses the synchronization
with the signal. Therefore, we also propose to include inertia to force the system
to leave states gradually. In the case that there is no transition to a state, the
mv of this state will be updated with its previous mv multiplied by α.

The decision of the value of the α factor is not an easy task and it depends
on the application and the noise in the input signal. However, if we want the
TFA to be robust to errors with a duration less than N samples, then we can
use the following expression to estimate the minimum value for α:

1 · α · α · · ·α > θ −→ α >
N
√

θ (14)

This approximation is obtained by supposing that the TFA starts with the
highest mv (1) in a state and no conditions of any transition to this state are
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fulfilled. Therefore, the update of the state is only based on its previous mv
until it reaches a mv lower than the threshold θ.

After updating the mv of all states, the duration of the states is also updated.
The durations of active states are increased while the durations of inactive states
are reset.

4.3. Ending

Whether the TFA arrives at a final state without losing the synchronization,
this means that the TFA has recognized a pattern and then it could be inter-
esting to measure how well the signal matched with the model. When the TFA
is synchronized, the mv of the states represent how well the current input fits
with the expected input for the current state at this time instant. In this paper,
we propose to use the maximum value of mv’s of all states as an instantaneous
measure of the degree of matching with the modelled pattern. However, this
measure has to be extended along the whole signal, therefore we calculate the
average of all the values. The degree of matching (DOM) of a signal S that
follows the modelled pattern can be calculated as:

DOM(S) =

∑tf

t=to
maxN

i=1[µ
t
qi

]

tf − to
(15)

Where to is the instant of time when the TFA got synchronized and tf is the
moment when the TFA arrives at a final state. In the case that the TFA does
not arrive at the final state the degree of matching is zero.

5. Tests

In this section we are going to use the previous simple example to show the
different functionalities that our approach possesses. In the following figures,
each row represents the mv of a state for each instant of time. White color
represents a maximum degree of state activity and black a minimum degree.

5.1. Synchronization

One of the main advantages of using TFA is its ability to synchronize with
the inputs. For testing this, we included a noise signal at the beginning of the
real pattern. In figure 5 we can observe how the TFA tries to synchronize with
the signal but it only achieves this when the real pattern appears. After this
synchronization the TFA moves crisply between the different states because it
is receiving the exact pattern. During this time the TFA behaves like a finite
automaton except in the last state where the mv increases gradually since it is
following the time condition T imeToMove. It can also be seen that during the
part of the signal corresponding to state q3, the TFA is in the state q1 and q3

at the same time. This effect is produced because both states have the same
condition and we permit the TFA to enter in initial states (q1 ∈ S) although
the TFA is already synchronized. This shows the ability of the TFA to follow
several paths in parallel.
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Figure 5: Synchronization of the TFA(α = 0 , θ = 0.01)

5.2. Robustness against time variability

In order to show how the TFA behaves when there is variability in the dura-
tion of the states of the pattern, we have increased gradually the period of each
state of the pattern from 25 samples to 45 samples. The results of this simula-
tion are shown in figure 6 and it can be observed that the membership degrees of
the states decrease although the condition over the input is completely fulfilled.
This decrease is caused by the fall in mv calculated by the membership function
T imeToStay. Note that in the last pattern the TFA loses the synchronization
because the duration of the first state is 45 samples and for this duration the
membership degree of T imeToStay has fallen to 0 (see figure 4).
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Figure 6: Pattern with increasing period(α = 0 , θ = 0.01)
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5.3. Robustness against amplitude variability

In this section we demonstrate the robustness of the TFA against variability
in amplitude with two tests. The first test shows that the TFA can deal with
variability thanks to the use of fuzzy sets to define the inputs. In figure 7 we can
see the mv’s of the states for the pattern signal that has been corrupted with
uniform noise of range [−0.25, 0.25]. Note how the mv of the states get lower
and sometimes other states are activated because the input fulfils its conditions
and the condition T imeToMove is also true.
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Figure 7: Pattern corrupted with uniform noise [−0.25, 0.25] (α = 0, θ = 0.01)

In the first test, the noise was of such magnitude that the signal was always
in the support interval of the associated membership function for each state,
thus the TFA did not lose track of the pattern. The second test shows how
the inertia can help the TFA to maintain the synchronization when there are
several consecutive samples that get completely out of the defined membership
function. This system is able to deal with this situation by means of the inertia
factor. In this test, the trial pattern has some glitches with duration of 2 and
7 samples respectively and the TFA is working with the parameters α = 0.5
and θ = 0.01. Figure 8 shows how the TFA can recover from a glitch in the
signal with 2 samples of duration but not for a glitch with 7 samples. This
is the expected result when considering equation 14 to estimate α factor. For
N = 2 the expression is true (0.5 >

2
√

0.01) while for N = 7 the expression is
false (0.5 ≯

7
√

0.01). The influence of the inertia factor can also be seen in the
transitions between the states which are smoother than before.

5.4. Degree of matching

In order to show how the degree of matching behaves when there is noise in
the signal, we have fed the TFA several instances of the pattern corrupted with
uniform noise of different ranges using α = 0. The following table shows the
DOM for each corrupted pattern.
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Figure 8: Pattern corrupted with glitches (α = 0.5, θ = 0.01)

Range of noise 0 0.05 0.10 0.15 0.20 0.25
Degree of Matching 1.00 0.95 0.91 0.85 0.81 0.75

It can be seen that the wider the range of noise the lower the degree of matching.

6. Learning a TFA from training instances

In this section we explore the possibilities of creating a TFA that models a
signal automatically. Using N instances of the pattern to be modelled T1..N as a
training set, we generate a TFA that summarizes the common behavior of all. In
the case that these training instances only present variability in their amplitude,
the general model could be obtained from the maximum and minimum value of
the signals for each sample time step. However the training instances usually
also present variability in their duration and speed so it is necessary to use more
complex techniques.

Dynamic Time Warping (DTW) has been widely used in many fields, such
as, speech recognition [3], signature recognition [5], pattern recognition with
different time scales [28], etc, and shows a great ability to calculate the similarity
between patterns that present variability in the time axis. Instead of only
calculating the distance between a reference pattern and an analyzed one for
each time step t, this method compresses and expands the time scale of the
analyzed sample in order to synchronize both patterns and to minimize the
total distance. This means that several time instants of the reference pattern
can correspond to only one time instant of the analyzed pattern and, viceversa,
one time instant of the reference pattern can correspond to several time instants
of the analyzed pattern. DTW provides two results: the minimum total distance
between two samples and the warping path that explains how to compress or
expand the analyzed sample to produce this minimum value.
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6.1. Obtaining a summary using DTW

In this paper we use DTW to obtain a kind of summary of all the training in-
stances in the following way. First of all, the distances between all possible pairs
of training instances are calculated. The instance that presents the smallest av-
erage distance to all the remaining instances is used as reference to calculate the
warping paths. Using these warping paths we rescale all the training instances
to extract a summary that has the same length as the reference pattern.

Each element of the obtained summary represents the behavior of all the
training instances T1..N at a normalized time step t. It contains the following
information:

• For each input stream j, the minimum value f−

j (t) of the signal for all the
training instances T1..N .

• For each input stream j, the maximum value f+
j (t) of the signal for all

the training instances T1..N .

• For each training instance T1..N , a number W i(t) that indicates how many
time steps the signal of the training instance Ti was compressed or ex-
tended to fit with the reference pattern at time t.

The sign of the number W i(t) indicates if the analyzed pattern was compressed
or extended; a positive value p means that the analyzed pattern was compressed
p times, a negative value −n that the analyzed pattern was extended n times
and zero means that there was no need to change the time scale.
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Figure 9: Summary extracted from several training instances

An example of this summary can be seen in figure 9 which represents the
summary of five instances T1..5 of a pattern described with two components
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x1 and x2. The two upper graphs represent all the possible values that the
training instances took for each normalized time step t. The maximum f+

j and

minimum f−

j functions indicate the maximum and minimum values of all the
training instances for each input j. In the next subsection, these functions will
be the basis for the definition of the linguistic intervals to cover all the possible
values. Finally, the lower graph shows how to warp the time for each specific
training instance.

6.2. Obtaining the states of the pattern

After obtaining the previous summary, the next step consists of identifying
the different states. Each state will represent a time during which all the input
streams are stable. Therefore, for all the time samples of this state the conditions
over the inputs are equal. As we explained before, the conditions of a state qi

are expressed with a linguistic interval A
[ai

j ,bi
j]

j for each input stream j. This
linguistic interval should cover all the possible values of each input j during the
length of state. This means that for every time sample t of the state qi all the
values between the minimum f−

j (t) and maximum f+
j (t) should have a degree

of membership greater than 0.5 in the membership function associated with the

interval A
[ai

j ,bi
j]

j .
However, in order to have a meaningful TFA, two contiguous states have to

be distinct from one another; the conditions need to be as distinct as possible.
To create a TFA whose consecutive states do not have similar conditions, we
obligate to every pair of consecutive states to fulfil a restriction. The conditions
over the inputs of two consecutive states (i and i+1) have to be disjoint at least

for one input j. This means that the linguistic intervals A
[ai

j ,bi
j]

j and A
[ai+1

j
,b

i+1
j ]

j

which define the conditions of the input j for both states have to fulfil the
following proposition:

(ai
j > bi+1

j ) ∨ (bi
j < ai+1

j ) (16)

For example, if the interval represented in figure 2 corresponds to the state i,
the beginning of the interval of the next state i + 1 has to be greater than 4
(ai+1

1 > 4) or its end has to be less than 3 (bi+1
1 < 3).

The algorithm, that allows the automatic extraction of the different states,
scans the summary for consecutive samples with similar conditions. When it
finds a sample with conditions different from the previous ones, it generates a
new state that summarizes the conditions over the inputs until that sample.
Nevertheless, the conditions of this new state must fulfil our restriction of being
distinct states. Consequently, if necessary, we adapt these conditions to make
this state disjoint with the previous and the next state. We repeat the process
until there are no more samples left.

Figure 10 shows the division in different states of the summary presented in
figure 9 using this algorithm. It can be seen that there are some values of the
signal that are not covered by the conditions of any state. This is caused by
applying our restriction to the found states.
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Figure 10: States obtained from previous DTW summary. Each state can be identified because
the conditions over the input streams (x1 and x2) are the same during the length of the state.

6.3. Creating the transitions of the TFA

As we explained before, the condition over the inputs for a transition is the
condition of the destination state. However, the condition over time is different
depending on if it is a remaining transition or a changing one. The condition
over time for a remaining transition reflects the maximum time that the TFA
can stay in a state. It could be said that this time is the duration of the
state extracted in the previous subsection but, as we can see in figure 10, it is
possible that some values of the signal fulfils partially the conditions of the state
before entering it. When calculating this maximum time we should also take
this into account. An example of the maximum duration for a particular state
is represented in figure 10 with two light dotted lines. In the case of a moving
transition, the conditions over the time reflects the minimum time that the TFA
has to be in state before moving to the next one. To calculate the minimum
duration we should subtract the time in which some values of the signal are
part of the linguistic interval of the next state. An example of this minimum
duration is represented in figure 10 using two dark dotted lines.

However these periods are expressed in a normalized time and therefore we
need to calculate the real durations using the summary. The real duration of a
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segment of time that starts at normalized time step t1 and ends at normalized
step t2 for a specific training instance Ti can be calculated using the following
expression:

t2
∑

t=t1

(W i(t) + 1) (17)

Thus, each training instance will produce a different duration of the segment.
In order to incorporate this variability in our TFA, we calculate the maximum
and minimum duration for all the training instances and we use these values to
define the membership functions that describe the time conditions (see figure
4). In the case of a remaining transition the minimum time value is used to
define the point where the membership function starts to decrease (TS1) and
the maximum time value where the function reaches the degree of membership
0.5 (TS0.5). In a changing transition, the minimum value indicates when the
membership function takes value 0.5 (TM0.5) and the maximum value when the
membership function has the highest degree of membership (TM1).

7. Experiment

The purpose of this experiment is to demonstrate the performance of the
automatic modelling and the robustness of the TFAs generated. The experiment
consists of the recognition of hand gestures.

Figure 11: Gestures used to analyze the performance of the method

7.1. Data capturing

The gestures were captured using a triaxial accelerometer. The accelerom-
eter module was connected by Bluetooth to a personal computer which made
it possible for the subject to move freely. The data provided by the sensor
consists of three acceleration signals: one for each axis (ax, ay, az). The values
are measured in gravity units (g) in the range of [-6g,6g] encoded with 10 bits.
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This vector is captured with a sampling rate of 100 Hz, which is fast enough for
our purpose since the maximum frequency of hand gestures is about 10 Hz [23].
The set of eight different gestures are represented in figure 11. The beginning
and end of each gesture is marked with a circle and an arrow, respectively. In
this work, the dataset was recorded using one subject who held the sensor in a
vertical orientation with the right hand. Twenty instances of each gesture were
recorded in a random sequence, making a total of 160 (8x20) gesture instances.
In order to test how our approach behaves in a realistic environment, the per-
son moved around the room during 35 minutes in an unconstrained way while
performing the experiments. A continuous sequence of motion and activities
was carried out: sitting, standing up, reading books, opening drawers, ... dur-
ing which the 8 gestures were performed at random instants. Note that these
gestures present a high variability in amplitude and duration because they can
be done at different speeds and the acceleration values depend on the speed.
Although during the recognition stage our method is able to detect patterns
without a previous segmentation stage, it is necessary to segment the signal in
gestures for the training stage. For this, the subject who performed the gestures
was asked to press a wireless button before starting the gesture and to release
it after finishing it. Some gestures were bad segmented because sometimes the
person forgot to release the button immediately. For this reason some gestures
were segmented manually.

7.2. Learning TFAs

For each different gesture, we trained a TFA using several instances as train-
ing set. The inputs of these TFAs are the components of acceleration (ay, az).
We have not used the ax component because it does not offer any additional
information, since the gestures are bi-dimensional.
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Figure 12: Linguistic labels used for acceleration components (ay ,az)

To describe each input, we have used 9 triangular membership functions (see
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figure 12) except in the boundaries where we have used trapezoidal ones to cover
the domain completely.

For the training phase some segmented instances of each gesture were chosen
and the rest were left for testing. In order to reduce the dependence between
results and gestures used for training, we have chosen the training instances
randomly and repeated this process 20 times. To check the impact of the size
of the training set in the performance of the TFAs, we have varied the size of
the training set from 2 instances (10% of the available instances) to 10 (50%),
giving a total of 180 (20x9) repetitions. For each repetition, we have passed the
segmented testing instances to the TFA corresponding to each gesture class and
we have counted how many instances were recognized by the TFA. In this test,
we have fixed θ = 0.01 and α = 0.68, the decision of using this last value will
be explained in the next subsection.
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Figure 13: Recognition Rate for testing instances (α = 0.68, θ = 0.01)

In order to compare the results of our method with other existing methods,
we have tested Hidden Markov Model (HMM) with the same data. HMM is a
typical method used in temporal pattern recognition. However, both methods
are conceptually different which makes it difficult to compare. HMM is a clas-
sification method, this means it can only decide the class of an instance based
on the comparison of the results of the HMMs of each class. But the TFAs are
recognizers and indicate if a gesture is recognized or not without any compar-
ison. We present this comparison to give a broad view about the complexity
of the problem but we should take into account the differences between both
methods. The comparison was done as fair as possible using HMMs similar to
our generated TFAs. These models are also left–right, the number of states of
the HMM was 20 which is the average length of our TFAs. We used Gaus-
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sian HMMs that generate a Gaussian distribution for each input and for each
state. In this aspect HMM are less restricted than our TFA since the linguistic
intervals produce the discretization of the input.

Figure 13 shows how the average recognition rate for the testing instances
for both methods increases when the number of training instances used during
learning stage also increases. It can be seen that the results of HMM are better
than the TFA ones but we should take into account that classifying a gesture
between several classes is easier than deciding if it belongs to any of them.
Looking at the results we can say that at least 5 training instances (25% of
available instances) are enough to obtain a recognition rate of over 90% using
our method. Furthermore, figure 13 also shows that the recognition rate starts
to converge after using more than 6 instances. Therefore for this experiment we
can conclude that the best number of training instances is 5 or 6. Lastly, we did
not include the figure of the recognition rate for the training instances because
in all cases, independently of the size of the training set and the method, the
recognition rate was close to 100%.

7.3. Analysis of continuous recognition

One of the advantages of our method is input synchronization, this means
that a segmentation stage, to look for possible gestures, is only necessary during
the training stage. The signal obtained from the sensor is provided sample by
sample to all generated TFAs. Furthermore, the signal has not been filtered or
normalized in order to check the robustness of our approach. As we explained
before, the α parameter makes it possible to control the robustness of the method
against noise. We have evaluated different values of α to test how this value
affects the number of false negative and false positive gestures.
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Figure 14: Number of false negatives and false positives with respect to the N parameter
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The α value which allows the TFA to accept an error with a duration of
N samples can be calculated using the equation 14. For this test, we have
obtained the α values substituting N from 0 (α = 0) to 24 (α = 0.83). We have
used 25% of the available instances as training set and we have repeated this
process 20 times per gesture class for each tested α. Figure 14 plots α value
against the number of false negatives made by the TFA as well as the number
of false positives. Among the different values of α we choose the one where
both lines cross, which corresponds with N = 12 (α = 0.68) at this point the
number of false negatives is equal to the number of false positives. This value is
less than one instance which we consider a good result. On the one hand, one
false negative instance is about 5% error. On the other hand, one false positive
instance is a really low error, especially when taking into a account that the
length of our dataset for continuous recognition is about half an hour and the
typical length of a gesture is between 1 to 1.5 seconds.

8. Conclusions

In this paper, we have contributed to the pattern recognition field proposing
a new tool called Temporal Fuzzy Automata. The new method uses fuzzy sets
for defining the conditions imposed on the inputs. The result is an imprecise
but robust model of the temporal pattern of the signal. The main contribution
of this model is its capacity to include fuzzy conditions not only in the signal
amplitude but also in the description of the signal temporal dimension. The
obtained models are understandable and therefore can be checked easily by an
expert. Furthermore, we have presented an algorithm that allows the automatic
generation of TFAs from some instances of the pattern with a high recognition
rate and few false positives.

Although, the recognition rate results of TFA are a little bit worse than the
ones obtained with HMM, our method possesses some intrinsic features that
HMM only can reach by including extra processing. First, each generated TFA
is able to decide by itself when a signal belongs to it. However, in the case of
HMM, it is necessary to compare the results of the models of the different classes
to determine the class of the signal. Second, TFA does not need to segment the
signal during the recognition process because it works in continuous recognition.
HMMs usually work with isolated signals though they can also do continuous
recognition. Nevertheless, this supposes an extra process to detect peaks in
the occurrence probability and this can be considered a posterior segmentation.
Third, the TFA rejects those signals that do not belong to any class because
they do not fit in any model. HMM is a classification method and cannot reject
the signal, it will classify it in one of their classes. Some works, e.g. [10],
propose to introduce a new class called “filler model” which represents those
signals which do not belong to any pattern. This model is learned with samples
of non pattern signals but this is not an easy task because sometimes (like in our
experiment) these signals can be as complex as the pattern to be recognized, and
a HMM cannot capture the behavior of them all. Finally, our method provides
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a measurement that quantifies the degree of matching of the different signals
with the model.
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