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Reinforcement learning (RL) has emerged as a promising approach to automating decision processes. This paper 
explores the application of RL techniques to optimise the polynomial order in the computational mesh when using 
high-order solvers. Mesh adaptation plays a crucial role in improving the efficiency of numerical simulations by 
increasing accuracy while reducing the cost. Here, actor-critic RL models based on Proximal Policy Optimization 
offer an approach for agents to learn optimal mesh modifications based on evolving conditions.

The paper provides a strategy for p-adaptation in high-order solvers and includes insights into the main aspects 
of RL-based mesh adaptation, including the formulation of appropriate reward structures and the interaction 
between the RL agent and the simulation environment. The proposed strategy does not require a high-fidelity 
solution during the training process and the formulation is general for any computational mesh and partial 
differential equation (PDE), solved in a discontinuous Galerkin solver. We discuss the impact of RL-based 
mesh p-adaptation on computational efficiency and accuracy. We apply the RL p-adaptation strategy to a one-

dimensional inviscid Burgers’ equation, focusing our analysis on smooth solutions of the equation to showcase its 
effectiveness. The RL strategy reduces the computational cost and improves accuracy over uniform adaptation, 
while minimising human intervention.
1. Introduction

In recent years, the field of machine learning has witnessed remark-

able advancements, enabling machines to learn and adapt to complex 
tasks with increasing autonomy. Of particular interest are advances 
related to fluid mechanics and the related solution of partial differen-

tial equations [3,12,31,2,5]. Reinforcement learning (RL), a prominent 
subfield of machine learning, has emerged as a powerful framework 
to enable intelligent decision making in dynamic and uncertain envi-

ronments. RL encompasses algorithms and methodologies that enable 
agents to learn optimal strategies by interacting with an environment 
and receiving feedback in the form of rewards or penalties.

Reinforcement learning has garnered significant attention across 
various domains, ranging from robotics and game-playing to finance 
and healthcare. Its success lies in its ability to handle sequential 
decision-making problems, where an agent learns to make optimal de-

cisions by taking into account the current state of the environment, 
selecting appropriate actions, and observing the resulting rewards or 
consequences. This iterative process of learning from interactions al-
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lows RL agents to navigate through complex environments, optimise 
their behaviours, and achieve predefined objectives.

In the field of computational fluid dynamics (CFD), which deals 
with the numerical simulation of fluid flow, RL techniques have shown 
promise for flow control (e.g., drag reduction), shape optimisation, and 
turbulence modelling [12,32]. RL is still in its infancy when combined 
with numerical techniques. In particular, only few publications have 
studied RL to control mesh adaptation in CFD [34,33,35,22,11] and 
concluded that RL policies have the potential to outperform adapta-

tion based on error estimators. Let us note that all the previous works 
have considered low-order numerical methods. Even though there are 
some new RL approaches for high-order h-adaptation [10], to the au-

thors’ knowledge there is no RL strategy for high-order p-adaptation, 
which is the topic of this work. Mesh adaptation plays a crucial role 
in numerical methods, as it allows for the refinement or coarsening 
of the computational mesh based on the solution smoothness and the 
computational cost. Traditionally, mesh adaptation has relied on heuris-

tics or manual intervention, which can be time consuming and lim-

ited in their ability to capture complex flow phenomena. Automatic 
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mesh adaptation algorithms require specific criteria to determine the 
regions that require adjustment. These criteria can be classified into 
three distinct categories, as discussed in [24]: feature-based indicators 
[25,26,21,13], local error-based indicators [28,6,1], and goal-oriented 
indicators [20,7,4]. Feature-based indicators are derived from the phys-

ical properties of the flow (e.g., norm of the gradient), and although 
these methods are relatively inexpensive and straightforward to im-

plement, they often lack robustness and their effectiveness can vary 
depending on the specific case. The second category, local error-based 
indicators, identify regions that require refinement based on high val-

ues of quantified error. Implementing this approach involves obtaining 
solutions at different levels of mesh refinement, which can be compu-

tationally expensive until an appropriate numerical setup is achieved. 
Finally goal-oriented indicators evaluate the error contribution associ-

ated with a specific target functional, often relying on adjoint-based 
techniques. However, this approach is costly as it necessitates solving a 
new system of equations.

RL offers a novel approach to automate and optimise the mesh adap-

tation process by enabling the solver to learn the most suitable mesh 
modifications based on the time-evolving conditions. By integrating re-

inforcement learning algorithms into simulations, it is possible to train 
agents to adapt the computational mesh (here increasing/decreasing 
the polynomial order in a discontinuous Galerkin solver) in response 
to changes in the solution. The RL agent interacts with the numeri-

cal solver, observing the state of the flow, making decisions on mesh 
modifications (e.g., increasing the polynomial order in certain mesh el-

ements), and receiving rewards based on the resulting accuracy and 
efficiency of the simulation. In fact, it is possible to decouple the train-

ing so that a more efficient decision process is incorporated into the 
numerical solver. This training considers high-order polynomials and 
is an essential part of the proposed RL strategy studied in this work. 
Through iterative learning, the RL agent improves its mesh adaptation 
strategies, ultimately leading to more accurate and efficient simulations.

The application of reinforcement learning in mesh adaptation brings 
several advantages. First, it reduces the reliance on manual interven-

tion, allowing for automated and adaptive mesh refinement. Secondly, 
RL-based mesh adaptation can optimise the computational resources 
by dynamically allocating degrees of freedom (here high order poly-

nomials) in regions of interest and reducing unnecessary refinement 
in areas with low flow variations. This resource optimisation leads to 
computational cost savings without compromising the accuracy of the 
solution. Moreover, reinforcement learning enables the exploration of 
unconventional mesh adaptations that might not be intuitively consid-

ered by traditional methods. RL agents have the capability to discover 
non-obvious mesh modifications that enhance the accuracy and robust-

ness of the CFD simulations.

In this work, we design a strategy for polynomial adaptation in 
high-order methods using RL. Without loss of generality we restrict the 
methodology to 1D cases and focus on the design of appropriate rewards 
and state definitions that lead to efficient RL-adaptation. This approach 
could also be applied to 3D cases within the nodal high-order discon-

tinuous Galerkin spectral element method (DGSEM) framework, where 
the 3D solution is obtained by the tensor product of 1D solutions inside 
each element. First, we describe the methodology in section 2, includ-

ing the Proximal Policy Optimisation algorithm, the numerical solution 
of the PDE and the RL strategy (detailing agent, states, rewards, train-

ing and testing). Second, we provide results in section 3 and finalise 
with conclusions in section 4.

2. Methodology

2.1. Mathematical model and numerical discretisation

We use a one-dimensional nonlinear partial differential equation to 
test our strategy for mesh adaptation. In particular, we use the 1D in-
2

viscid Burgers’ equation:
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𝜕𝑢

𝜕𝑡
+ 1

2
𝜕𝑢2

𝜕𝑥
= 0. (1)

We solve this equation in the domain 𝑥 ∈ [0, 1], with periodic boundary 
conditions and the initial condition:

𝑢(𝑥,0) = 2 + sin (2𝜋𝑥). (2)

The analytical solution to the previous equation can be obtained 
through the method of characteristics [19], leading to:

𝑢(𝑥, 𝑡) = ℎ(𝑥− 𝑢𝑡), (3)

where ℎ is a function that can be computed from the initial condition. 
In this case, we use the condition defined in Eq. (2), the final solution 
is:

𝑢(𝑥, 𝑡) = 2 + sin (2𝜋(𝑥− 𝑢𝑡)). (4)

Equation (4) will be used to measure the performance of our 
methodology in Section 3. The solutions of Eq. (4) for every pair (𝑥, 𝑡)
are obtained using a Newton-Raphson method.

We discretise the equation using a nodal high-order discontinuous 
Galerkin spectral element method (DGSEM), see details in Appendix A. 
The method allows for the selection of an arbitrary polynomial order, 𝑝, 
in each mesh element, which can be different from the ones selected in 
the neighbouring elements. This is a key advantage of DG since it com-

bines flexibility and accuracy. The discontinuous nature of the method 
allows for local refinement and adaptivity, enabling precise resolution 
of features with high gradients or regions of interest. This adaptivity 
is particularly beneficial when solving PDEs in complex geometries or 
when dealing with problems in which the solution undergoes abrupt 
changes.

2.2. Reinforcement learning strategy for p-adaptation

Reinforcement learning is generally considered a semi-supervised 
approach, as the agent learns by itself the optimal policy through the 
interaction with an environment. However, the user must define an ob-

jective function to reward the agent when it shows a positive behaviour. 
Every RL method is based on the scheme shown in Fig. 1.

This framework highlights several points that must be defined for 
the correct understanding of the proposed methodology:

1. Agent: The model which decides the best action to take, in our case 
the best polynomial order, 𝑝, in each mesh element. It is made up 
of two neural networks: the actor and the critic. See more details 
in section 2.2.1.

2. Environment: Each element and polynomial of the computational 
mesh and the DG scheme. It allows to compute a solution in one 
element given the polynomial order, 𝑝.

3. Action: It is an output for the agent and an input for the environ-

ment. Three different actions will be considered: to increase the 
polynomial order one unit, to decrease the polynomial order one 
unit, or to keep the polynomial order constant.

4. State: It is an output for the environment and an input for the 
agent. It must contain enough information to define the current 
scenario. See more details in section 2.2.2.

5. Reward: The user-defined objective function. It should have a 
higher value when the agent is performing better. See more de-

tails in section 2.2.3.

While the definitions of the environment and the actions are 
straightforward, the agent, the state, and the reward have to be cau-

tiously designed to obtain good performance.

2.2.1. Agent definition

The reinforcement learning model has been trained using the Prox-
imal Policy Optimisation (PPO) algorithm, which allows the agent to 
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Fig. 1. Schematic definition of the RL framework.
learn the optimum policy that maximises the expected cumulative re-

ward for the current state. PPO is a reinforcement learning algorithm 
that has gained significant attention for its effectiveness and stability in 
training complex decision-making agents [29]. PPO belongs to the class 
of policy optimisation algorithms and is designed to strike a balance 
between exploration and exploitation, enabling agents to learn robust 
policies. At its core, PPO aims to maximise the expected cumulative re-

wards by iteratively updating the policy of an RL agent. The key idea 
behind PPO is to define a surrogate objective function that measures 
the policy improvement. This surrogate objective is optimised through 
multiple iterations, with each iteration consisting of two steps: sampling 
trajectories and updating the policy. In the trajectory sampling step, the 
agent interacts with the environment to collect a batch of experiences. 
These experiences are then used to estimate the advantages of different 
actions based on the rewards received and the estimated value function. 
The policy update step in PPO involves computing the surrogate objec-

tive, which quantifies the improvement in the policy. PPO introduces 
a clip function that limits the policy update to a specified range, pre-

venting large deviations from the previous policy. By constraining the 
policy updates, PPO ensures stability during training and mitigates the 
risk of policy divergence.

The methodology is based on the actor-critic approach, in which two 
neural networks interact with each other. In PPO, the actor is responsi-

ble for generating actions based on the current policy, while the critic 
estimates the value function and provides feedback on the quality of the 
chosen actions. By combining both models, the actor-critic approach 
enables the model to learn in an autonomous way from the critic’s feed-

back to update the current policy, leading to a better decision-making 
actor. Overall, the PPO algorithm provides a robust and stable frame-

work for training reinforcement learning agents. Its conservative policy 
updates, combined with the use of surrogate objectives and entropy reg-

ularisation, enable efficient exploration and exploitation, leading to the 
discovery of optimal policies in complex environments, such as polyno-

mial adaptation in high order methods.

The PPO agent has been trained through the Tensorforce Python 
library [30], which provides a wide set of reinforcement learning algo-

rithms to train the agent. Furthermore, it offers a flexible framework 
and the user has a complete control over the definitions of the envi-

ronment, the state and the reward, as well as the value of the different 
hyperparameters involved in the process. Some of the most important 
hyperparameters are the learning rate, 𝑙𝑟 = 10−3, the exploration factor, 
𝜀 = 10−2, the discount factor, 𝛾 = 0.99, and the likelihood ratio clipping, 
𝑟𝑐 = 0.1.

The actor-critic approach used to train the agent requires two neu-

ral networks, both with the same architecture for this case. In addition 
to the input layer, with the shape of the state vector (see section 2.2.2), 
and the output layer, which provides a single output, each network has 
two hidden layers with 64 neurons each and an activation function of 
3

tanh. The output of the actor network discriminates among the three 
possible actions through a linear function. Furthermore, the Adam op-

timiser [14] has been used to train the networks.

2.2.2. State definition

We call state the set of variables that provides enough information to 
characterise different situations. Based on this state, the agent can learn 
the best course of action for each scenario. In this case, we have defined 
a state based on two variables: the current polynomial degree, 𝑝, and 
an error, 𝑒. The polynomial degree will range as 𝑝 ∈ [2, 10], which is 
reasonable for solving PDEs with DGSEM. The error is a key point of 
the RL strategy and must provide an estimate of the accuracy that can 
be achieved when selecting a polynomial degree 𝑝.

When using a nodal high order approach (e.g., DGSEM in our case), 
we pose the equation at 𝑝 +1 nodes (in our case Gauss nodes) in each el-

ement, given a polynomial of order 𝑝. Having computed the numerical 
value at the nodes, it is possible to compute/reconstruct the contin-

uous solution inside each element using Lagrange polynomials. Then, 
the polynomial can be used to interpolate the solution for the nodes 
associated with a lower degree 𝑝 − 1. The low-degree solution is then 
compared with the previous solution to compute 𝑁𝑠 = 3 errors, 𝑒𝑖 for 
𝑖 = 1, 2 and 3, which are obtained by subtracting the low-order solution 
from the high-order solution in the middle and at the boundaries of 
the element, as shown in Fig. 2. The value of 𝑁𝑠 = 3 is selected, in-

dependently of the current polynomial order, 𝑝, because it is fast and 
considers the boundary values of the elements. This is interesting be-

cause the inter-element jumps are related to the error in the solution in 
DG methods [9,18]. However, another value could be used for 𝑁𝑠, spe-

cially when employing a solver other than the discontinuous Galerkin 
approach to address the problem. If the error between two consecutive 
polynomials is small, then the shape of the true solution is accurately 
captured, and hence that polynomial order is high enough to obtain a 
precise numerical approximation. Finally, these three errors are com-

bined to obtain a single scalar value 𝑚𝑠𝑒:

𝑚𝑠𝑒 =
∑𝑁𝑠

𝑖=1 𝑒𝑖
2

𝑁𝑠

, (5)

𝑒 = −log10
(
min

(
𝑚𝑠𝑒+ 10−10,1

))
. (6)

The error, 𝑒, has been mapped using the logarithm to separate values 
of different orders of magnitude. The image of the error is 𝑒 ∈ [0, 10]. 
In this way, the values of 𝑒 and 𝑝, have similar ranges, which is advan-

tageous for the training process. We favour this estimation of the error 
because of its efficiency (only 3 points need to be evaluated) and its lo-

cality (all information is contained in the element), but of course other 
error estimations could be used (e.g., [27,28,20]). As the error, 𝑒, is a 
continuous variable, an infinite number of states (𝑝, 𝑒) are possible; and 
hence, the selected RL model must be capable of handling continuous 

states, as is the case for the PPO model which is used in this work.
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Fig. 2. Error calculation between two consecutive polynomials of order 𝑝 and 
𝑝 − 1.

2.2.3. Reward definition

We define the reward as the objective function that the agent should 
learn to decide the best course of action based on the current state. This 
function should have a higher value as the error decreases. In addition, 
it should have a higher value as the polynomial order decreases, be-

cause the objective is to use the minimum polynomial order possible to 
reduce the computational time while preserving the accuracy.

The error used to calculate the reward should not be the same as 
that used for the state, as the reward is only computed during the train-

ing phase and it must provide a measurement of the real accuracy of 
the model. In this case, we require the error between our polynomial 
approximation and the analytical solution, which is a reliable value for 
evaluating the performance of the model. Therefore, the analytical so-

lution (or an estimation) must be known during the training, as will 
be explained later in section 2.2.4. We use the root mean squared er-

ror, 𝑟𝑚𝑠𝑒, as the difference between the analytical and approximate 
(𝑝 − 1) solutions sampled at 𝑁𝑟 Gauss points. In this work, we use a 
constant value of 𝑁𝑟 = 2𝑝𝑚𝑎𝑥 +1 which is enough to accurately approx-

imate Eq. (8). In our proposed strategy, we calculate an approximate 
solution using the polynomial order 𝑝 − 1 instead of 𝑝. By doing so, we 
reward the accuracy of the solution 𝑝 − 1, which is the lowest order 
required to compute the state (see the previous section 2.2.2), leading 
to a more robust method. We finally define the reward function as a 
smooth Gaussian-like distribution, which provides a trade-off between 
cost (low polynomial order) and accuracy (low error):

𝑟𝑒𝑤𝑎𝑟𝑑 =

COST
⏞⏞⏞⏞⏞

𝑝2max + 1
𝑝2 + 1

ERROR
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

exp
(
− 𝑟𝑚𝑠𝑒2

2𝜎2

)
, (7)

𝑟𝑚𝑠𝑒 =

√√√√∑𝑁𝑟

𝑖=1(𝑦𝑖 − 𝑦∗𝑖 )2

𝑁𝑟

, (8)

with 𝑝max = 10 as the maximum polynomial order available, 𝜎 as the 
standard deviation, 𝑦 as the analytical solution and 𝑦∗ as the polynomial 
approximation. The main contribution of the reward is the exponential 
part (the error), which will drop the reward if the error is big compared 
to the standard deviation. The second contribution is the quadratic part 
𝑝2max+1
𝑝2+1 , it relates to the computational cost, and only becomes relevant 

if the error 𝑟𝑚𝑠𝑒 is small enough. The cost part increments the reward 
if the polynomial order is small. Consequently, the reward enforces the 
error to be small, while keeping the polynomial degree as small as pos-

sible (but without increasing the error significantly). We illustrate the 
behaviour of the reward as a function of 𝑟𝑚𝑠𝑒, 𝑝 and 𝜎 in Figs. 3 and 4. 
Fig. 3a shows the exponential decay of the reward (the error part) with 
the 𝑟𝑚𝑠𝑒 and Fig. 3b shows the quadratic part (the cost) of the reward 
with the polynomial order. The value of 𝜎 is important, as it provides an 
estimation of the value of 𝑟𝑚𝑠𝑒 that must be achieved before the poly-
4

nomial order can be optimised. If the value of 𝜎 is small, the agent will 
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try to significantly reduce the 𝑟𝑚𝑠𝑒, which will lead to an adaptation 
with high polynomials, and vice versa. The effect of 𝜎 on the reward is 
shown in Fig. 4. The final error 𝑟𝑚𝑠𝑒 (after the adaptation process) will 
have an approximate value defined by the region where the reward is 
increasing with its maximum slope (in Fig. 4). This way, an agent can 
be trained to achieve a specific threshold error, while minimising the 
cost. Based on preliminary tests (not shown), we select 𝜎 = 0.01, which 
provides an appropriate trade-off between accuracy and computational 
cost of the solution. This is what defines the efficiency and accuracy of 
the p-adaptation strategy.

2.2.4. Training

During the training process, the agent interacts with the environ-

ment and learns which action provides the highest reward for each 
state. In our training, the agent learns to modify the polynomial or-

der of one element of the mesh. Within the DGSEM framework, every 
element of the mesh is mapped into the computational space where 
𝑥 → 𝜉 ∈ [−1, 1], see Appendix A for details. We can simplify and opti-

mise the training process if the agent is trained to optimise the poly-

nomial order in computational space. This approach allows to use a 
common agent for every element of the mesh.

One of the main problems of using RL for numerical applications 
is that the training is very time consuming. Furthermore, the reward, 
Eq. (7), is based on an error that is computed in relation to the analyti-

cal solution, which is not known for most partial differential equations 
(e.g., Navier-Stokes equations). To tackle both problems, in this work 
we propose to decouple the training process of the RL agent from the 
simulation. The training is performed using a random function gener-

ator, which provides random sinusoidal-type functions in one element. 
This random function generator can create functions, 𝑔 ∶ [−1, 1] → ℝ, 
with the following structure:

𝑔(𝜉) = 1 + 𝑎 ⋅ sin(2𝜋𝑓 (𝜉 − 𝑐))
2

(9)

where 𝑎 = {−1, 1}, 𝑐 ∈ [−1, 1] are random parameters and 𝑓 ∈ [0, 1]
is a random frequency. More complex functions can be created to cap-

ture specific behaviours, but this simple option shows promising results 
for smooth solutions. Let us note that when correlating polynomials 
and sinusoidal functions, we are, in fact, performing a non-linear von 
Neumann (or eigensolution analysis) type analysis [23,17,16] and con-

sequently we are finding the optimal polynomials that capture wavelike 
solutions.

The training process is divided in episodes, each one formed by the 
following steps:

1. A random function is generated using equation (9) and the initial 
polynomial order 𝑝 ∈ [2, 10] is chosen randomly.

2. The initial state is computed.

3. The agent is called to select an action based on the current state.

4. The action is performed, and a new state and a reward are gener-

ated.

5. The agent learns whether the chosen action was good or not based 
on the reward.

6. Steps 3) to 5) are repeated 𝑁 times.

The value of 𝑁 has to be big enough to allow the agent to reach the 
optimum polynomial order from any state. In the worst case scenario, 
the initial polynomial order is the minimum, 𝑝 = 2, and the optimum 
polynomial is the maximum, 𝑝𝑜𝑝𝑡 = 10. In this case, the agent needs 
at least 𝑁 = 8 steps to reach the optimum. However, at the beginning 
of the training process the performance of the agent is low and it is 
very unlikely to reach the optimum in 8 steps. Furthermore, if 𝑁 is 
too big the computational cost of the training is significantly increased. 
Therefore, we have decided to use 𝑁 = 20 as a trade-off, allowing the 
agent to reach the optimum easily during the early phase of the training, 
while keeping a low computational cost. The whole process is repeated 

𝑁𝑒𝑝 = 25000 episodes until the model is trained.
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Fig. 3. Reward distribution as a function of a) the error 𝑟𝑚𝑠𝑒 and b) the polynomial order 𝑝, both with a value of 𝜎 = 0.01.
Fig. 4. Reward distribution as a function of the error 𝑟𝑚𝑠𝑒 for three different 
values of 𝜎 and a constant polynomial order 𝑝 = 5.

Let us clarify the methodology using an example. First, a initial poly-

nomial order, 𝑝, is selected randomly (𝑝 = 6 in this example) and Eq. 
(9) is used to generate a random analytical sinusoidal function. This 
analytical solution is sampled at the Gauss nodes corresponding to the 
selected polynomial, as represented in Fig. 5a. Then, the value at the 
nodes is used to construct a Lagrange interpolating polynomial, which 
approximates the solution. Knowing the approximate sampled solution 
(for 𝑝 = 6 in this example), the initial state can be calculated, following 
section 2.2.2.

The initial state is the input for our agent that provides the course of 
action. As explained above, the agent can choose among three possible 
actions: to increase the polynomial order by one (𝑝 = 7), to decrease 
the polynomial order by one (𝑝 = 5) or to keep the current polynomial 
order (𝑝 = 6). For this example, let us consider that the action decided 
by the agent is to increase the polynomial order; that is, to change the 
current 𝑝 = 6 to 𝑝𝑛𝑒𝑤 = 7.

Given this new polynomial, the value of the solution at the Gauss 
nodes is calculated from the analytical solution (Eq. (9)), which is the 
same function as before. The new sampled Gauss nodes are represented 
in Fig. 5b. These new values are then used to generate a new Lagrange 
polynomial to approximate the solution. For this condition, a new state 
(see section 2.2.2) and a reward (see section 2.2.3) are computed.

Finally, the agent stores the initial state, the action chosen and the 
reward to update its policy at the end of the episode. This update is the 
core of the training process, and it allows the agent to learn the best 
course of action for a given state.

The previous steps are repeated several times (we have selected 𝑁 =
20 times per episode). After 𝑁 iterations, the episode finishes, the agent 
updates the internal weights of the networks, and a new episode begins 
5

with a new random function as the analytical solution.
Table 1

Accuracy of the rewards in relation to the maximum 
possible value and mean error of the polynomial 
order for the RL agent compared with the optimal 
polynomial based on the reward function. Each test 
set is formed by 100 simulations of random func-

tions.

Test set Reward accuracy Mean error |𝑝− 𝑝𝑜𝑝𝑡|
1 0.875 0.48

2 0.864 0.59

3 0.875 0.56

4 0.862 0.53

5 0.889 0.49

6 0.874 0.54

7 0.880 0.51

8 0.869 0.55

9 0.848 0.59

10 0.864 0.49

2.2.5. Testing

Once the model has been trained, the agent can be tested by gen-

erating a new set of random functions and comparing the maximum 
reward obtained for each case using RL with the expected optimal re-

ward. Each test set is formed by 100 simulations of random functions, 
and the accuracy of the rewards and the mean error of the polynomial 
order for the RL agent are computed. The results are summarised in Ta-

ble 1. In each test set, the accuracy obtained by the model is close to 
90%; that is, the mean reward obtained in the simulations is 90% of the 
maximum possible value, which represents very good performance. The 
mean error between the optimal polynomial order and the one selected 
by the agent is close to 0.5, which means that most of the simulations 
(50% at least) have been perfectly performed by the agent. This result is 
represented in Fig. 6, which shows the difference between the optimum 
polynomial order (based on the reward function) and the one selected 
by the RL agent in 100 simulations. It can be seen that the agent can se-

lect the best polynomial order the 60% of the time. Of course, the agent 
sometimes selects one degree less than or more from the optimum. In 
these cases, when the optimum is not achieved, the agent tends to over-

estimate the polynomial order; that is, it chooses a higher polynomial 
degree, which leads to a higher accuracy, at the cost of a higher com-

putational cost. In general, the trained model is accurate and capable of 
performing a competitive p-adaptation over a wide set of functions, and 
it can be used to improve the performance of numerical simulations.

3. Results

To demonstrate the effectiveness of the proposed methodology, the 
trained RL agent is used to improve the accuracy of a Burgers’ equation, 
Eq. (1). In a separate phase, the PPO agent has learnt how to increase 

or decrease the polynomial order of each element of a given mesh to 
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Fig. 5. Random function generated during the training and the Gauss nodes a) for the initial value of 𝑝 = 6 and b) for its value after the action is executed 𝑝 = 7.
Fig. 6. Difference between the optimum polynomial order (based on the reward 
function) and the one selected by the RL agent in 100 simulations.

obtain an optimum performance; that is, a very low error at the lowest 
computational cost.

The computational mesh is made up of 8 elements and the initial 
polynomial degree is 𝑝 = 4 for every element, as shown in Fig. 7, where 
the initial solution is shown at Gauss points. A time step of Δ𝑡 = 10−5 s
is used to perform the temporal integration.

The solution of the problem without p-adaptation (uniform 𝑝 = 4) 
for 𝑡 ∈ [0, 0.12] s is represented in Fig. 8, where we have used colours 
to represent the different elements. Note that we stop the simulation 
before the shock forms, since we are interested in the smooth phase of 
this problem. Two main regions can be highlighted in the solution at 
the final time. On the one hand, we observe a left region, where the 
solution is almost linear, and the right region, where a strong gradient 
is present. The left region could be captured with a polynomial order 
𝑝 = 2, because the velocity changes progressively and its gradient is al-

most constant. On the other hand, the right region requires a higher 
polynomial degree to capture the abrupt change of the solution. There-

fore, the use of a constant polynomial order 𝑝 = 4 is far from ideal, as 
some elements use a polynomial order higher than required, which in-

creases the computational cost, while other elements use a polynomial 
order lower than required, which deteriorates the precision of the solu-

tion. Both problems can be solved using the proposed RL strategy.

We now simulate the same problem using the RL p-adaptation strat-

egy. The solution for 𝑡 ∈ [0, 0.12] s is represented in Fig. 9. The adap-

tation process is performed each 0.01 s of simulation time, that is each 
1000 iterations, for every element in the mesh. To improve the adap-

tation process, the solution within each element has been normalised 
between 0 and 1 before the computation of the state. In this way, the 
input will be more similar to the states used during the training.

In this case, the RL model is able to dynamically modify the polyno-

mial order, reducing the order when possible and increasing the order 
near regions with strong gradients. When the agent decides to modify 
6

the polynomial order inside one element, the interpolated solution is 
𝑛𝑒𝑤

Fig. 7. Initial condition to solve the 1D inviscid Burgers’ equation with periodic 
BC. Different colours are used to represent different elements of the computa-

tional mesh. Dots are used to represent the Gauss nodes within each element.

used to continue the simulation. The final solution is more accurate and 
less time consuming than the previous solution without p-adaptation 
(computational costs are compared in section 3.1).

We perform two additional simulations where we change the num-

ber of elements in the mesh (to 4 and 16 elements), and perform 
RL adaptation. Results are shown in Fig. 10. We observe that since 
the elements are transformed into the computational domain, where 
𝜉 ∈ [−1, 1], the model can perform the adaptation for an arbitrary size 
of the elements. If the number of elements is increased, the local gra-

dients within each element have smaller fluctuations, and the RL agent 
selects a lower polynomial order. As expected, if a very coarse mesh is 
used, the agent selects a very high polynomial order to capture the so-

lution, and if the mesh is fine, the agent decreases the polynomial order 
to reduce the cost of the simulation, while providing an accurate result.

Finally, for a medium mesh of 8 elements, we use the analytical 
solution (Eq. (4)) to compute the point-wise errors across the domain, 
for the RL p-adaptation and the uniform 𝑝 = 4 simulations. These errors 
are calculated by subtracting the analytical solution from the numerical 
approximation at the Gauss nodes, where the solution is known. The 
results are shown in Fig. 11. We see that the error is significantly smaller 
when using RL adaptation than when using a constant polynomial order 
𝑝 = 4. The solution not only shows improved accuracy, but also presents 
a more cost-effective approach, as evidenced by the data provided in 
Table 3, which can be found in the next section.

In summary, we have shown that the RL adaptation is able to select 
the correct polynomial order in each element in the mesh. In the next 
section, we analyse the computational cost associated to the RL strategy.

3.1. Trade-off between accuracy and computational time

Previous results have shown that the RL p-adaptation algorithm is 

effective and capable of performing dynamic mesh adaptation, increas-



Results in Engineering 21 (2024) 101693D. Huergo, G. Rubio and E. Ferrer

Fig. 8. 1D inviscid Burgers’ equation solved with a DGSEM spatial scheme and an explicit Euler temporal scheme, using a constant polynomial order, 𝑝 = 4, in 
each element of the computational mesh. The solution is shown in four different timestamps. Different colours are used to represent different elements of the 
computational mesh. Dots are used to represent the Gauss nodes within each element.

Fig. 9. 1D inviscid Burgers’ equation solved with a DGSEM spatial scheme and an explicit Euler temporal scheme, using a RL p-adaptation algorithm. The polynomial 
of each element of the computational mesh has been adapted once every 0.01 s of simulation time, starting with a polynomial order 𝑝 = 4 in every element. The 
7

solution is shown in four different timestamps.



Results in Engineering 21 (2024) 101693D. Huergo, G. Rubio and E. Ferrer

Fig. 10. 1D inviscid Burgers’ equation solved with a DGSEM spatial scheme and an explicit Euler temporal scheme, using a RL p-adaptation algorithm. The polynomial 
of each element of the computational mesh has been adapted once every 0.01 s of simulation time, starting with a polynomial order 𝑝 = 4 in every element. The 
solution is shown at the timestamp 𝑡 = 0.12 s for three different meshes.
Fig. 11. Point-wise error between the analytical solution and the numerical 
simulation with and without p-adaptation at the simulation time 𝑡 = 0.12 s. The 
computational mesh has 8 elements. These errors are calculated by subtracting 
the analytical solution, 𝑦, from the numerical approximation, 𝑦∗, at the Gauss 
nodes.

ing the accuracy in problematic regions while reducing the polynomials 
(and the cost) in very smooth regions.

However, there is no universal rule that establishes the best polyno-

mial order for each element. This decision lies on the users, who should 
be able to adapt the algorithm to their own needs. In some cases, a 
better accuracy could be desired to capture very small fluctuations. In 
other cases, if the resources are more limited, it could be desirable to 
obtain a solution accurate enough, but prioritising the reduction of the 
computational time.

To have a trade-off between these two key points, a parameter, 𝛿, 
is introduced. This parameter is independent of the training of the RL 
agent and is included afterward to offer the user additional control.

The control parameter, 𝛿, is used to modify the state and make the 
agent believe that the error is higher or lower than the real value. 
Given a possible scenario, it is possible to compute the state [𝑝, 𝑒] (see 
Section 2.2.2), which is the input for the trained agent and, hence, it 
completely defines the best action to take. However, this control pa-
8

rameter modifies the state by multiplying the error, 𝑒, resulting in a 
modified state [𝑝, 𝛿𝑒]. This way, the agent believes that the accuracy is 
higher (if 0 < 𝛿 < 1) or smaller (if 𝛿 > 1) than the real value. Therefore, 
the agent adapts the output to this new state to obtain a different set of 
solutions depending on the value of 𝛿.

We can discriminate among three different cases:

1. If 𝛿 = 1, the model shows the standard behaviour.

2. If 0 < 𝛿 < 1, then the model tries to reduce the computational time 
by selecting a lower polynomial order during the adaptation pro-

cess.

3. If 𝛿 > 1, then the model tries to improve the accuracy by selecting 
a higher polynomial order during the adaptation process.

We simulate again using the RL adaptation and show the solution 
at the time 𝑡 = 0.12 s in Fig. 12, where three different values of 𝛿 are 
reported. In this case, it is clear that the general polynomial order has 
its value increased when 𝛿 has a higher value.

To check the effect of the p-adaptation algorithm and the value of 
𝛿 on the computational time and the accuracy of the solution, several 
simulations have been carried out and the results are summarised in 
Tables 3, 5 and 6. Table 3 shows that, when using 8 and 16 elements, 
the RL adaptation provides clear accelerations when compared to a uni-

form polynomial with 𝑝 = 4, for all values of 𝛿. Even for high values of 
𝛿 (e.g. 𝛿 = 3.0), the computational time using p-adaptation is similar or 
smaller than the time required to compute the simulation with a con-

stant polynomial order. For completeness, Table 5 shows a comparison 
of the 𝑟𝑚𝑠𝑒 of the approximate solution (in relation to the analytical 
solution provided in Eq. (4)) with and without p-adaptation, where we 
see that improved accuracy is obtained in most cases when RL adapta-

tion is used. We perform additional simulations without p-adaptation 
for different polynomial orders, and include the errors and computa-

tional times in Tables 2 and 4. These results have been compared with 
those obtained using p-adaptation, as shown in Fig. 13, where it is clear 
that the RL p-adaptation approach improves the accuracy and reduces 
the computational cost in all cases. The 𝑟𝑚𝑠𝑒 shown in this figure is a 

size-normalized version of the 𝐿2 norm:
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Fig. 12. 1D inviscid Burgers’ equation solved with a DGSEM spatial scheme and an explicit Euler temporal scheme, using a RL p-adaptation algorithm. The polynomial 
of each element of the computational mesh has been adapted once every 0.01 s of simulation time, starting with a polynomial order 𝑝 = 4 in every element. The 
solution is shown at the timestamp 𝑡 = 0.12 s for three different values of the control parameter 𝛿.

Table 2

Comparison between the computational time without p-adaptation for three meshes and four val-

ues of the polynomial order 𝑝.

Elements No adaptation 𝑝 = 3 No adaptation 𝑝 = 4 No adaptation 𝑝 = 5 No adaptation 𝑝 = 6

4 1.89 s 2.36 s 3.11 s 3.60 s
8 3.70 s 4.76 s 5.81 s 6.93 s
16 7.17 s 9.24 s 11.33 s 14.27 s

Table 3

Comparison between the computational time with and without p-adaptation for three meshes 
and three values of the control parameter 𝛿. The time required to adapt the mesh for each 
0.01 s is included in these values. The average polynomial order, 𝑝𝑎𝑣 , represents the mean of 
the polynomials among the elements of the computational mesh.

Elements No adaptation 𝑝 = 4 Adaptation 𝛿 = 0.3 Adaptation 𝛿 = 1.0 Adaptation 𝛿 = 3.0

4 2.36 s 2.15 s (𝑝𝑎𝑣 = 4.75) 2.76 s (𝑝𝑎𝑣 = 5.75) 2.91 s (𝑝𝑎𝑣 = 6.0)

8 4.76 s 3.56 s (𝑝𝑎𝑣 = 3.38) 3.79 s (𝑝𝑎𝑣 = 3.63) 4.46 s (𝑝𝑎𝑣 = 4.0)

16 9.24 s 6.25 s (𝑝𝑎𝑣 = 2.63) 6.58 s (𝑝𝑎𝑣 = 2.88) 7.18 s (𝑝𝑎𝑣 = 3.13)
𝑟𝑚𝑠𝑒 =

√∑𝑁
𝑖=1(𝑦𝑖 − 𝑦∗𝑖 )2

𝑁
=

𝐿2√
𝑁

, (10)

where 𝑁 is the number of DOFs (Gauss nodes) of the mesh, 𝑦 is the 
analytical solution and 𝑦∗ is the polynomial approximation. The use of 
the 𝑟𝑚𝑠𝑒 instead of the 𝐿2 norm allows to perform a fair comparison 
among different meshes with variable polynomial order.

Finally and for completeness, Table 6 shows a measurement of the 
trade-off between accuracy and efficiency. This quantity, which has a 
smaller value if the performance is better, has been obtained by multi-

plying the computational time (see Table 3) by the error (see Table 5). 
In the table, we have highlighted in bold the best results for each mesh. 
Based on these results, the value of the control parameter, 𝛿, should be 
increased if the mesh is refined to obtain accurate and fast solutions. In 
general, the proposed method provides a good trade-off between effi-
9

ciency and accuracy, and both are improved in most cases.
The p-adaptation strategy shows good performance and appears 
competitive for speeding up numerical simulations. It allows to obtain 
a significant reduction of the computational cost while maintaining a 
high level of accuracy.

4. Conclusions

In conclusion, reinforcement learning (RL) is a powerful approach 
to automate and optimise mesh adaptation in the field of high-order 
numerical simulations. By integrating RL algorithms into high-order 
simulations, we have demonstrated the ability of RL agents to learn 
and adapt the computational mesh based on evolving solutions.

The application of RL in mesh p-adaptation brings numerous ben-

efits. First, it reduces the reliance on manual intervention, enabling 
automated and adaptive mesh refinement. RL agents can discover non-

obvious mesh modifications that enhance the accuracy while reducing 

cost. The agent’s ability to learn optimal mesh modifications based on 
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Table 4

Comparison between the 𝑟𝑚𝑠𝑒 of the approximated solution in relation to the analytical solution 
without p-adaptation for three meshes and four values of the polynomial order 𝑝.

Elements No adaptation 𝑝 = 3 No adaptation 𝑝 = 4 No adaptation 𝑝 = 5 No adaptation 𝑝 = 6

4 1.74 ⋅ 10−2 1.47 ⋅ 10−2 1.12 ⋅ 10−2 7.22 ⋅ 10−3
8 9.33 ⋅ 10−3 5.15 ⋅ 10−3 1.99 ⋅ 10−3 6.59 ⋅ 10−4
16 1.98 ⋅ 10−3 3.80 ⋅ 10−4 2.98 ⋅ 10−4 2.25 ⋅ 10−4

Table 5

Comparison between the 𝑟𝑚𝑠𝑒 of the approximated solution in relation to the analytical solution with 
and without p-adaptation for three meshes and three values of the control parameter 𝛿. The average 
polynomial order, 𝑝𝑎𝑣, represents the mean of the polynomials among the elements of the computational 
mesh.

Elements No adaptation 𝑝 = 4 Adaptation 𝛿 = 0.3 Adaptation 𝛿 = 1.0 Adaptation 𝛿 = 3.0

4 1.47 ⋅ 10−2 9.73 ⋅ 10−3 (𝑝𝑎𝑣 = 4.75) 2.11 ⋅ 10−3 (𝑝𝑎𝑣 = 5.75) 2.02 ⋅ 10−3 (𝑝𝑎𝑣 = 6.0)

8 5.15 ⋅ 10−3 4.13 ⋅ 10−3 (𝑝𝑎𝑣 = 3.38) 1.39 ⋅ 10−3 (𝑝𝑎𝑣 = 3.63) 5.72 ⋅ 10−4 (𝑝𝑎𝑣 = 4.0)

16 3.80 ⋅ 10−4 9.79 ⋅ 10−4 (𝑝𝑎𝑣 = 2.63) 4.86 ⋅ 10−4 (𝑝𝑎𝑣 = 2.88) 4.03 ⋅ 10−4 (𝑝𝑎𝑣 = 3.13)

Table 6

Measurement of the trade-off between efficiency (the computational time) and accuracy (the error 𝑟𝑚𝑠𝑒), 
by multiplying both quantities, with and without p-adaptation for three meshes and three values of the 
control parameter 𝛿. The best result (the smallest) for each mesh is highlighted in bold. The average 
polynomial order, 𝑝𝑎𝑣, represents the mean of the polynomials among the elements of the computational 
mesh.

Elements No adaptation 𝑝 = 4 Adaptation 𝛿 = 0.3 Adaptation 𝛿 = 1.0 Adaptation 𝛿 = 3.0

4 3.47 ⋅ 10−2 2.09 ⋅ 10−2 (𝑝𝑎𝑣 = 4.75) 𝟓.𝟖𝟐 ⋅ 𝟏𝟎−𝟑 (𝑝𝑎𝑣 = 5.75) 5.88 ⋅ 10−3 (𝑝𝑎𝑣 = 6.0)

8 2.45 ⋅ 10−2 1.47 ⋅ 10−2 (𝑝𝑎𝑣 = 3.38) 5.27 ⋅ 10−3 (𝑝𝑎𝑣 = 3.63) 𝟐.𝟓𝟓 ⋅ 𝟏𝟎−𝟑 (𝑝𝑎𝑣 = 4.0)

16 3.51 ⋅ 10−3 6.12 ⋅ 10−3 (𝑝𝑎𝑣 = 2.63) 3.20 ⋅ 10−3 (𝑝𝑎𝑣 = 2.88) 𝟐.𝟖𝟗 ⋅ 𝟏𝟎−𝟑 (𝑝𝑎𝑣 = 3.13)

Fig. 13. Error 𝑟𝑚𝑠𝑒 and CPU time convergence with and without p-adaptation for three different meshes, as a function of the polynomial order 𝑝. When p-adaptation 
is used, the average polynomial order, 𝑝 , is used, which represents the mean of the polynomials among the elements of the computational mesh.
𝑎𝑣

the solution characteristics allows for the discovery of innovative strate-

gies that enhance simulation accuracy and efficiency. Despite these 
advances, challenges remain in the application of RL for mesh adapta-

tion. Sample inefficiency, exploration in high-dimensional spaces, han-

dling discontinuous solutions and generalisation to unseen scenarios are 
among the key hurdles that must be addressed. By leveraging RL’s abil-

ity to learn optimal mesh modifications, we can enhance the efficiency 
of numerical simulations while reducing human intervention.
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Appendix A. DGSEM

To derive the DGSEM, the physical domain is tessellated with non-

overlapping elements, 𝑒, which are geometrically transformed into a 
reference element 𝑒𝑙 = [−1, 1]. This transformation is carried out using 
an affine mapping that relates the physical coordinates 𝑥 and the local 
reference coordinates 𝜉. The transformation is applied to the Burgers’ 
equation (1), resulting in the following:

𝐽𝑢𝑡 +
𝜕𝑓

𝜕𝜉
= 0, (A.1)

where 𝐽 is the Jacobian of the mapping, and 𝑓 = 𝑢2

2 is the flux. Next, 
we multiply Eq. (A.1) by a element-wise smooth test function 𝜙𝑗 (i.e., in 
our case a polynomial), for 0 ≤ 𝑗 ≤ 𝑝, where 𝑝 is the polynomial degree, 
and integrate over an element 𝑒𝑙 to obtain the weak form

1

∫
−1

𝐽𝑢𝑡𝜙𝑗 +

1

∫
−1

𝜕𝑓

𝜕𝜉
𝜙𝑗 = 0. (A.2)

We can now integrate by parts the second integral, to obtain a local 
weak form of the equations (one per element) with the boundary fluxes 
separated from the interior

1

∫
−1

𝐽𝑢𝑡𝜙𝑗 + 𝑓𝜙𝑗
|||1−1 −

1

∫
−1

𝑓
𝜕𝜙𝑗

𝜕𝜉
= 0. (A.3)

We replace discontinuous fluxes at inter–element faces by a numerical 
flux, 𝑓⋆, to couple neighbouring elements,

1

∫
−1

𝐽𝑢𝑡𝜙𝑗 + 𝑓⋆𝜙𝑗
|||𝜕𝑒𝑙 −

1

∫
−1

𝑓
𝜕𝜙𝑗

𝜕𝜉
= 0. (A.4)

In this work, we have chosen the Roe numerical flux for 𝑓⋆. The final 
step to obtain a usable numerical scheme is to approximate the numer-

ical solution, fluxes, and test functions by polynomials of order 𝑝, and 
to use Gaussian quadrature rules to numerically approximate the inte-

grals. Here, we use for Gauss-Legendre quadrature points. The resulting 
system of ordinary differential equations can be solved by any explicit 
or implicit time-stepping method; in this work we use an explicit Euler 
scheme. For more details, see [15,8].
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