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A so-called sunlight-reflection staring control for spacecraft on low Earth orbit is discussed such 

that the sunlight, reflected by an on-board reflector, will point to a target point on Earth surface during 

a short period of time. The new method begins with the establishment of the target reference frame, 

whose attitude quaternion, angular velocity and acceleration are calculated afterwards. The "PD+" 

control technique is adopted to achieve the attitude tracking. Moreover, the conditions under which the 

sunlight-reflection staring is analyzed, and the geographic information of the actual staring point are 

computed to analyze the accuracy of the method. The simulation section results validate the control 

performance.

I. Introduction

Staring attitude control has been increasingly introduced along the last decades through the development 

of the space technology. In general, staring attitude control can be summarized saying that a vector fixed on 

the spacecraft will remain parallel to a different desired vector fixed on another reference frame. For example, 

for some Earth observation satellites in low-Earth orbit (LEO) with a camera, the staring attitude control

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



2

mode can help to monitor a location of interest on Earth continuously to deal with emergencies, such as fire 

disasters, explosions, earthquakes and so on, by providing real-time video images with high resolution for the 

target location.

To the authors’ best knowledge, DLR-TUBSAT, launched in 1999, is the first reported small satellite with 

target pointing ability, which can also send video images to the ground [1, 2]. For this satellite, interactive 

attitude control was implemented via the keyboard or mouse, which steered the pointing direction of the 

camera platform to the interesting event [2]. Later, the LAPAN-TUBSAT was launched in 2007 with an 

interactive attitude control [3]. Due to the man-in-loop system of these two satellites, no effective control 

algorithm to achieve the ground point tracking was adopted. A control strategy is proposed in [4] such 

that the attitude tracking to point to a fixed point on Earth surface can be achieved automatically. A target 

reference frame is established, whose attitude quaternion and angular velocity are given. However, in this 

problem, only the optical axis fixed to the spacecraft is required to point to the target point while no other 

constraints are specified. To accomplish the establishment of the target reference frame, additional constraints 

are required, such as the minimization of the angular rates[4], no relative rotation along optical axis [5, 6] or 

zero-yaw-angle[7]. A fuzzy-logic based controller is proposed in [5] where however, the Earth is assumed to 

be a sphere. Furthermore, a sliding mode control law is presented in [6] to observe a ground target location 

where a disturbance observer is designed. In [7], a numerical approach to compute the target angular rate is 

proposed, which is verified to be feasible in real practice. However, it does not clearly state how to calculate 

the optical axis according to the geographic information of the target.

In essence, the staring control can be treated as an attitude tracking problem. To deal with the uncer-

tainties, the sliding mode control (SMC) [8–10], intelligent control[11–14] technique are usually applied. 

Furthermore, the fault tolerant control (FTC) is usually utilized to deal with the unexpected actuator faults 

or failures [15–17]. The control strategies in the aforementioned studies can guarantee a good tracking 

performance and strong disturbance rejection capability, which however, require a large control torque. Com-

paratively speaking, PD or "PD+" type controller have a wider application in real practice for the attitude 

control system. Compare to PD, an additional feed-forward item is included in the "PD+" controller to com-

pensate some known but ignored influence. The asymptotical stability of the attitude tracking problem with 

a "PD+" controller is analyzed in [18] based on Matrosovs theorem and Barbalat’s Lemma, in the framework
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of Modified Rodrigues Parameters (MRPs).

Sometimes, we may need sunlight to point to the target point on ground through the reflection of the 

spacecraft. A recent example is the Russian Mayak Cubesat, launched in July 2017, which became one of 

the brightest objects in sky by reflecting the sunlight with the on-board solar reflector. Motivated by this, we 

aim to achieve an attitude control such that the sunlight, reflected by the spacecraft, can point to a fixed point 

on Earth ground at any instant during the process, which is the so-called sunlight-reflection staring mode. 

Similar to the traditional staring mode control, as previously mentioned, the reflected sunlight can be regarded 

as the optical axis, which however, is no longer body-fixed. Furthermore, in some existed literatures [4–7], 

it is assumed that the vector from the satellite to the target point is known, which however is not practical. 

Instead, usually only the latitude and longitude information are given in practice. Conversely, we may be 

concerned about the latitude and longitude of the staring point to analyze the effectiveness and precision of 

the control law, which is not presented in those references.

To overcome these shortages, we propose a sunlight-reflection staring control method such that the 

reflected sunlight will point to the target ground location, specified by the geographic latitude and longitude 

with the following contributions: 1) It is assumed that the Earth is an ellipsoid instead of a sphere. 2) A simple 

and practical method to calculate target angular rate and acceleration will be shown, so that a "PD+" control 

law can be adopted. 3) We will also analyze when the sunlight-reflection staring mode can be achieved and 

how to calculate the geographic latitude and longitude of the actual staring point.

This paper is arranged as follows. In Section II, the dynamics of a rigid spacecraft are described. Then 

in Section III, the target reference frame is established. In what follows of this section, the target quaternion, 

angular rate and angular acceleration are computed according to the geographic information of the selected 

target point. Also, we will present an analysis about the condition when the control mode can be achieved and 

how to calculate the actual staring point. In Section IV, a "PD+" type controller is designed. The numerical 

simulation is conducted in Section V to verify the effectiveness of the proposed method followed by the 

Conclusions section.
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II. Preliminaries

In this paper, we define that, for a given x ∈ Rn and A ∈ Rm×n and reference frame FB, Bx represents the

vector x described in reference FB. AT denotes the transposed matrix of A. En denotes the n-dimensional

identity matrix. ∥x∥ =
√
xT x denotes the Euclidean norm of the vector x. < a, b >= arccos( a ·b

∥a ∥ ∥b ∥ )

denotes the angle of the vectors a and b. Furthermore, given x = [x1 x2 x3]
T , y = [y1 y2 y3]

T ∈ R3,

x · y = xT y and x × y = x×y where

x× =



0 −x3 x2

x3 0 −x1

−x2 x1 0


.

A. The definitions of the reference frames
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Fig. 1 The definitions of the corresponding reference frames

The attitude is defined to describe the relative orientation of the spacecraft with respect to another

reference frame. Some reference frames are defined firstly as is in Fig.1.

Earth-center Inertial Reference Frame (ECIRF, F I (OI xI yI zI )): The origin OI of the ECIRF is fixed

to the Earth center. The zI -axis lies along the direction of the Earth rotation axis and xI -axis lies on the

equatorial plane, pointing to the vernal equinox of the time J2000. The yI -axis lies in the equatorial plane

completing the right-hand orthogonal reference.

Orbital Reference Frame (ORF, FO(Ooxoyozo)): The zo-axis lies in the orbital plane pointing to the
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B. Spacecraft attitude dynamics and kinematics

Consider a rigid spacecraft with the following dynamics formulation:

Ib
Bω̇BI +

Bω×
BI Ib

BωBI = T c (1)

where symmetrical positive definite matrix Ib ∈ R3×3 denotes the inertia matrix of the spacecraft. BωBI ∈ R3

is the angular rate vector of the spacecraft with respect to F I and described in the FB. T c ∈ R3 is the control

torque about the body axes.

The relative orientation of the spacecraft (FB) with respect to F I can be described in the form of unit

quaternions, which follows that: 
˙̄qBI = − 1

2 q̂
T
BI

BωBI

˙̂qBI =
1
2
(q̄BIE3 + q̂×BI )

BωBI

(2)

where qBI =
[
q̄BI q̂

T
BI

]T ∈ R×R3 represents the quaternion of the spacecraft satisfying that q̄2
BI+ q̂TBI q̂BI =

1. Eqs.(1) and (2) describe the relative rotation model of the spacecraft with respect to F I .

Through simple calculation, it can be obtained that the rotation matrix from the F I to FB can be given

by [19]

RBI =
(
q̄2
BI − q̂TBI q̂BI

)
E3 + 2q̂BI q̂

T
BI − 2q̄BI q̂

×
BI (3)

5

Earth center while the origin Oo lies on the mass center of the spacecraft. xo-axis lies on the orbital plane, 

along the direction of the velocity of the spacecraft and the yo-axis is perpendicular to the orbital plane 

completing the right-hand orthogonal reference.

Earth Reference Frame (ERF, FE (OE xE yE zE )): The origin OE of ERF is fixed to the Earth center. 

The zE -axis coincides with zI and xE -axis lies along the intersection line of the equatorial plane and the 

Greenwich meridian plane. yE lies on the equatorial plane completing the right-hand orthogonal references.

Body Reference Frame (BRF, FB(OB xB yB zB)): The origin OB of the BRF is in the mass center of the 

spacecraft and the three axes are aligned with the principal axes of inertia.
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C. Definitions and lemmas

Definition 1 For the unit quaternions q1 =
[
q̄1 q̂T1

]T and q2 =
[
q̄2 q̂T2

]T , the multiplicative operator ⊗ and

the adjoint operator q∗1 are defined by

q1 ⊗ q2 =
[
q̄1q̄2 − q̂T1 q̂1 (q̄1 q̂2 + q̄1 q̂2 + q̂1 × q̂2)

T
]T

(4)

q∗1 =
[
q̄1 − q̂T1

]T (5)

Lemma 1 For ∀x, y, z ∈ R3, the equation x × (y × z) = (x · z) y − (x · y) z always holds.

III. Target attitude calculation

The aim of this work is to ensure that the reflected sunlight will point to a target point fixed to the Earth

surface by adjusting the attitude of the spacecraft when it is in an appropriate location of the orbit. Without

loss of generality, we assume an on-board sunlight reflector aligned along zb axis of the spacecraft to reflect

the sunlight (Fig.2). Ssun is the unit Sun direction vector (Earth-Sun vector). To achieve the target, similar

to [7], we will define a so-called Reflective Staring Target Reference Frame FT (OT xT yT zT ) (RSTRF) such

that FB will correspond to FT .
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Fig. 2 The sunlight-reflected staring of the satellite

As in Fig.3, the target point on Earth surface is denoted by OT . The vectors starting from the Earth center

OE to the satellite and the target points are denoted by r s , rT , respectively, and the vector from the satellite

to the target point is denoted by ρT . Thus, the three axes of FT are defined as follows:
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Fig. 3 The definition of the target reference frame

zT =
Ssun + ρT/∥ρT ∥
∥Ssun + ρT/∥ρT ∥∥

, yT =
zT × xo
zT × xo

, xT = yT × zT (6)

where ρT = rT − r s and ρT/∥ρT ∥ represents the unit vector pointing to the target from the satellite.

A. Target quaternion

Three axes of FT , according to Eq. 6, can be expressed in F I as follows,

I zT =
ISsun +

IρT /∥ IρT ∥
∥ ISsun +

IρT /∥ IρT ∥∥
, I yT =

I zT × I xo
I zT × I xo

, I xT = I yT × I zT (7)

and then the transform matrix from the F I to FT can be obtained as

RT I =

[
I xT

I yT
I zT

]
(8)

The Sun vector ISsun, is known by looking-up to the solar ephemeris. For IρT , it is clear that

IρT = I rT − I r s . I r s can be measured by the Navigation System or estimated by orbit prediction. The

target point OT on the Earth ground is usually given in the form of the geodetic latitude and longitude. Denote

by ΦT and ΛT the geographical latitude and longitude of the target point OT , and the vector rT in FE can be
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described as [20, 21]

E rT =



RT cosΦT cosΛT

RT cosΦT sinΛT

RT

(
1 − e2E

)
sinΦT


(9)

where

RT =
RE√

1 − e2E sin2 ΦT

is the radius of curvature and RE = 6 378 137 m is the semi-major axis (equatorial radius) of the Earth

(Ellipsoid); eE =
√
1 − (1 − fE)2 is the eccentricity of the Earth’s profile and fE = 1/298.2572 is the

oblateness of the Earth. Thus,

I rT = RIE
E rT (10)

in which RIE is the transform matrix from the Earth Reference Frame FE to the Inertial Reference Frame

F I , described by

RIE =



cosαG − sinαG 0

sinαG cosαG 0

0 0 1


where αG is the Greenwich ascension which can be obtained from the orbital parameters.

Furthermore, I xo can be calculated by

I xo = RIO
Oxo (11)

where Oxo = [1 0 0]T and RIO is the transform matrix from the Orbital Reference Frame FO to Inertial

Reference Frame F I which can be obtained from the satellite orbital parameters. Substituting Eqs.(9)-(11)

into Eq.(8), RT I can be calculated. Therefore, according to the above discussion, the target quaternion,

qT I =
[
q̄T I q̂

T
T I

]T ∈ R × R3, relative to F I can also been obtained from Eq.(8).

Note that the target reference frame is not a stationary frame with respect to F I . To achieve the attitude

tracking with the "PD+" technique, the angular velocity and acceleration of the target reference frame are

required, which will be presented in the following sections.
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B. Target angular velocity

For simplicity, we define ρ1 = ∥ρT ∥Ssun + ρT and ρ2 = zT × xo. Then, according to Eq.7, I zT and

I yT can be rewritten as

I zT =
Iρ1

∥ Iρ1∥
, I yT =

Iρ2

∥ Iρ2∥
(12)

It should be noted that the Sun is running at a very slow speed compared to the spacecraft motion and

orientation. Thus, it can be approximately thought that the Sun direction vector Ssun is stationary with respect

to the inertial reference frame, i.e. Ṡsun = 0. Moreover, for a target point on the surface of the Earth, it is

apparent that ṙT = ωE × rT where ωE is the angular velocity of the Earth rotation. Thus,

I ρ̇1 =
IρTT

I ρ̇T

∥ IρT ∥
ISsun +

I ρ̇T (13)

where I ρ̇T = I ṙT − I ṙ s =
IωE × I rT − IV s in which IV s is the speed of the satellite which can be obtained

from the GPS. Furthermore, the time derivative of the zT in the Inertial Reference Frame F I can be calculated

by

I żT =
I ρ̇1∥ Iρ1∥ − Iρ1

d ∥ Iρ1 ∥
dt

∥ Iρ1∥2
=

I ρ̇1

∥ Iρ1∥
−

Iρ1
IρT1

I ρ̇1

∥ Iρ1∥3
=

(
E3 − I zT

I zTT

) I ρ̇1

∥ Iρ1∥
(14)

Similarly, for yT , it can also be obtained that

I ẏT =
(
E3 − I yT

I yTT

) I ρ̇2

∥ Iρ2∥
(15)

in which I ρ̇2 = I żT × I xo +
I zT × I ẋo, I ẋo = Iωo × I xo and Iωo is the orbital angular velocity of the

spacecraft. In Eqs.(13)-(15), the following equality

d∥ρ∥
dt

=
d
√
ρT ρ

dt
=

ρT ρ̇

∥ρ∥ (16)

is applied. Furthermore, we have

I ẏT = IωT I × I yT ,
I żT = IωT I × I zT (17)
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which will also yield that

I yT × I ẏT = I yT ×
(
IωT I × I yT

)
=

(
I yT · I yT

)
IωT I −

(
I yT · IωT I

)
I yT

= IωT I −
(
I yT · IωT I

)
I yT

= IωT I −

(
I zT × I xo

)
· IωT I

∥ I zT × I xo∥
I yT

= IωT I −

(
IωT I × I zT

)
· I xo

∥ I zT × I xo∥
I yT

= IωT I −
I żT · I xo

∥ I zT × I xo∥
I yT

(18)

Thus,

IωT I =
I yT × I ẏT +

I żT · I xo
∥ I zT × I xo∥

I yT (19)

Note that all vectors, including I yT ,
I ẏT ,

I zT ,
I żT ,

I xo, are all known, indicating that the angular

velocity, IωT I , of the Target Reference Frame FT relative to the Inertia Reference Frame F I can be obtained.

C. Target angular acceleration
The target angular acceleration, I ω̇T I , of the Target Reference Frame FT relative to the Inertia Reference

Frame F I can be calculated by differentiating the target angular rate IωT I .

I ω̇T I = I yT × I ÿT +

I żT · I xo
∥ I zT × I xo ∥

I ẏT +
©­­«
I z̈T · I xo + I żT · I ẋo

∥ I zT × I xo ∥
−

(
I żT · I xo

) (
I zT × I xo

)T (
I żT × I xo + I zT × I ẋo

)
∥ I zT × I xo ∥3

ª®®®¬
I yT

= I yT × I ÿT +

I żT · I xo
∥ I zT × I xo ∥

I ẏT +
©­­«
I z̈T · I xo + I żT ·

(
Iωo × I xo

)
∥ I zT × I xo ∥

−

(
I żT · I xo

) (
I zT × I xo

)T (
I żT × I xo + I zT ×

(
Iωo × I xo

))
∥ I zT × I xo ∥3

ª®®®¬
I yT

(20)

It is indicated from Eq.(20) that I ω̇T I can be calculated if I ÿT and I z̈T are known. From Eqs.(14) and

Eq.(15), it can be obtained that

I z̈T =
(
E3 − I zT

I zTT

) (
I ρ̈1

∥ Iρ1∥
−

I ρ̇1
IρT1

I ρ̇1

∥ Iρ1∥3

)
−

(
I żT

I zTT + I zT
I żTT

) I ρ̇1

∥ Iρ1∥
(21)

and

I ÿT =
(
E3 − I yT

I yTT

) (
I ρ̈2

∥ Iρ2∥
−

I ρ̇2
IρT2

I ρ̇2

∥ Iρ2∥3

)
−

(
I ẏT

I yTT + I yT
I ẏTT

) I ρ̇2

∥ Iρ2∥
(22)

in which I ρ̈1 and I ρ̈2 are required. From Eq.(13), we know that

I ρ̈1 =

(
E3 −

IρT
IρTT

∥ Iρ2
T ∥

)
I ρ̇TT

I ρ̇T

∥ I ρ̇T ∥
ISsun +

IρTT
I ρ̈T

∥ IρT ∥
ISsun +

I ρ̈T (23)
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where I ρ̈T = IωE × I ṙT − I
V̇ s =

IωE ×
(
IωE × I rT

)
− I

V̇ s . Similarly,

I ρ̈2 = I z̈T × I xo +2 I żT × I ẋo +
I zT × I ẍo

= I z̈T × I xo +2 I żT × I ẋo +
I zT ×

(
Iωo × I ẋo

)
= I z̈T × I xo +2 I żT × I ẋo +

I zT ×
[
Iωo ×

(
Iωo × I xo

)] (24)

By substituting Eqs.(21)-(24) into Eq.(20), I ω̇T I can be calculated.

However, from Eqs.(19) and (20), it can be seen that the differentiation process is difficult. To simplify

the calculation, we introduce another method to calculate the target angular rate ωT I and the target angular

acceleration ω̇T I . For ωT I , according to Eq.(17), it can also be rewritten as

T ẏT = TωT I × T yT ,
T żT = TωT I × T zT (25)

where T yT = [0 1 0]T , T ẏT = RT I
T ẏ I , T zT = [0 0 1]T and T żT = RT I

T ż I . Thus, solving, Eq.(25), we

obtain

TωT I =

[
− T żT (2)

T żT (1) − T ẏT (1)

]T
=

[
T ẏT (3)

T żT (1) − T ẏT (1)

]T
(26)

Similarly, for T ω̇T I , from Eq.(25), it can be obtained that
T ÿT = T ω̇T I × T yT + TωT I × T ẏT

T z̈T = T ω̇T I × T zT + TωT I × T żT

(27)

By denoting T µy = T ÿT − TωT I × T ẏT and T µz =
T z̈T − TωT I × T żT , we have

T ω̇T =

[
− T µz(2)

T µz(1) − T µy(1)

]T
=

[
T µy(3)

T µz(1) − T µy(1)

]T
(28)

where T ÿT = RT I
I ÿT and T z̈T = RT I

I z̈T . T ÿ I and T z̈ I can be obtained from Eqs.(22) and (21).

D. Discussion

1. The condition to achieve the sunlight-reflected staring

In previous sections, the target quaternion, angular velocity and angular acceleration of the target reference

frame have been given, as the target attitude to be tracked such that the reflected sunlight can point to the target

point OT . However, not every selected target point can not be starred by the reflected sunlight all the time.

As a simple example, when the spacecraft is running into the shadow area, the sunlight cannot be reflected
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Fig. 4 Sun-reflected staring condition analysis

Firstly, as it is shown in Fig.(4(a)), when the spacecraft is running in Region I (shadow area), it cannot

receive the sunlight. In other words, the sun-reflected staring can be achieved only when the spacecraft is in

Region II as described in Fig.(4(a)). Mathematically, it follows that

arccos
(
r s · (−Ssun)

∥r s ∥

)
≥ θ1 = arcsin RE

RE + Rh
(29)

where Rh is the orbital height (from the surface to the mass center of the spacecraft) and RE is the Earth radius.

On the other hand, as described in Fig.(4(b)), if the spacecraft is running in Region IV, the satellite-target

vector, ρT will pass through the Earth, indicating that the reflected sunlight will be occluded by the Earth and

the reflected sunlight cannot reach the target point. That is to say, mathematically,

r s · rT
∥r s ∥∥rT ∥

≥ cos θ2 =
RE

RE + Rh
(30)

Therefore, from the previous discussion, it can be concluded that the necessary condition when the

reflected staring task can be achieved is that

r s ∈ {r s ∈ R3 : arccos
(
r s · (−Ssun)

∥r s ∥

)
≥ arcsin RE

RE + Rh
,and

r s · rT
∥r s ∥∥rT ∥

≥ RE

RE + Rh
} (31)

12

by the spacecraft. So the mission cannot be achieved in this situation. What follows will give some analysis 

about the conditions under which the sunlight-reflected staring can be achieved. The following analysis is 

presented based on the Earth globular hypothesis for simplicity.
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2. The actual longitude and latitude calculation of the staring point

P

P
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S

bz R
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r

r

s
r

E
O

Fig. 5 The actual staring point calculation

So far, the target attitude and the conditions to achieve the sunlight-reflection staring have been obtained.

What follows will discuss how to calculate the geographic longitude and latitude of the actual staring point.

As presented in Fig.(5), P1 and P2 will correspond to the same target attitude. However, only P1 can be an

effective target point whereas P2 will be blocked. That is to say, the reflected sunlight, denoted by SR, will

point to P1 on the Earth surface, instead of P2. In this case, P1 is called actual staring point while P2 is the

virtual staring point. Then the reflected sunlight can be described by

SR = (zb − Ssun) /∥ zb − Ssun∥ (32)

with ∥SR ∥ = 1 and then it can be obtained that

r1 = r s + rRSR (33)

where rR is a positive real number to be determined.

To simplify the problem, we first assume that the Earth is spherical. Based on the assumption above

and because the target point should be on the Earth surface, it is known that ∥r1∥ = RE is the Earth radius.

13

The previous condition can help to determine when we can start and end the task. Furthermore, according 

to Eq.(31), if T denote the orbital period, it can be calculated approximately that the longest time the sunlight-

reflection staring can last is θ2T/π. For example, for an orbit whose height is 500 km, T = 5677 seconds and 

θ2 = 0.3878 rad, it yields that the longest time of the staring is 700 seconds.
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Therefore, we have

r2R + 2ζ1rR + ζ2 = 0 (34)

in which ζ1 = SR · r s and ζ2 = ∥rs ∥2 − R2
E > 0. if the solution of Eq.(34) does not exist, ζ21 − ζ2 < 0, the

reflected sunlight will not reach to any point on the Earth surface. Otherwise, two solutions of Eq.(34) can

be given by

rR1 = −ζ1 +
√
ζ21 − ζ2,rR2 = −ζ1 −

√
ζ21 − ζ2 (35)

To guarantee rR to be a real positive number, the following conditions should be satisfied,

ζ1 < 0, ζ21 > ζ2 (36)

which is equivalent to cos < r s,SR >< −
√(

R2
h
+ 2RhRE

)
/ (Rh + RE)

2. Once Eq.(36) holds, the two

solutions of Eq.(34) will be positive real numbers and the vector from the Earth center to the staring point

can be described by

r1 = r s + rR2SR (37)

and the latitude and longitude can be then calculated. However, the Earth is not a sphere. It is usually assumed

that the Earth is a body of revolution represented by an ellipsoid rotating around its minor-axis. Based on

this assumption, the meridian plane of the Earth is regarded as an ellipsoid with the major axis RE and minor

axis RP and the equatorial plane is regarded as a circle with radius RE . Thus, for any point on the Earth’s

surface, the following constraint on its position vector in FE exists:

x2

R2
E

+
y2

R2
E

+
z2

R2
P

= 1 (38)

To calculate the intersection of the reflected sunlight and the Earth surface, a linear operator M : R3 → R3

is introduced acting on r1 = [x y z]T as follows:

M (r1) = diag([1/RE 1/RE 1/RP])r1 (39)

Thus, for any vector from the Earth center to the point on the Earth surface, r1 = [x y z]T , we have,

according to Eq.(38), ∥M (r1)∥ = 1. On this basis, Eq.(33) can be rewritten as

M(r1) = M(r s) + rRM(SR) (40)
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s

solution of Eq.(37) to obtain rR1 and rR2 and then, the latitude and longitude of the staring point can be

calculated.

IV. Control law formulation

In this section, we will present a control law for the spacecraft to track the target attitude given in Section

III. To propose the tracking control law, the relative attitude of the spacecraft with respect to the Target

Reference Frame FT can be demonstrated by

qBT = q∗T I ⊗ qBI (41)

BωBT = BωBI −RBT
TωT I (42)

where RBT is the transform matrix from FT to FB which can be described as

RBT =
(
q̄2
BT − q̂TBT q̂BT

)
E3 + 2q̂BT q̂

T
BT − 2q̄BT q̂×BT (43)

Thus, the dynamics with regards to the relative attitude can be presented as
˙̄qBT = − 1

2 q̂
T
BT

BωBT

˙̂qBT = 1
2
(q̄BTE3 + q̂×BT )

BωBT

(44)

Ib
Bω̇BT = − Bω×

BI Ib
BωBI +Ib

Bω×
BT RBT

TωT I −IbRBT
T ω̇T I +T c (45)

To achieve the attitude tracking, similar to [18], the "PD+" control algorithm is adopted as

T c = −kpIb q̂BT − kdIb BωBT + Bω×
BI Ib

BωBI −Ib Bω×
BT RBT

T ω̇T I +IbRBT
T ω̇T I (46)

where kp, kd > 0 are two control parameters to be selected. Substituting the control law of Eq.(46) into the

dynamics of Eq.(45), it can be further obtained that

Bω̇BT = −kp q̂BT − kd BωBT (47)
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and we can still have the equation similar to Eq.(34), where ζ1 = r sT MT MSR/∥MSR ∥2 and ζ2 = (
∥M r ∥2 − 1

) 
/∥MSR ∥2. Thus, we can perform a similar discussion to the previous one to solve the
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To analyse the stability of the system, a Lyapunov function candidate is selected as

V =
1

2
∥ BωBT ∥2 + 2kp (1 − q̄BT ) (48)

whose time derivation along the system trajectory can be given as

V̇ = BωT
BT

Bω̇BT −kp q̂TBT
BωBT

= −kd ∥ BωBT ∥2 ≤ 0

(49)

which implies, according to Lyapunov stability theorem [22], that the system is stable. Furthermore, V̇ = 0

will lead to BωBT = 0 and Bω̇BT = 0, which further yields that q̂BT = 0 according to Eq. (47). Thus, by

the Lasalle’s theorem, the global asymptotical stability of the system can be concluded.

Remark 1 An unit quaternion is a four-elements parameter to describe the relative attitude of the spacecraft

and q and −q correspond to the same attitude. Generally, both [1 0 0 0]T and [−1 0 0 0]T can be equilibrium

points of the system. In this paper, [1 0 0 0]T is set to be the stable equilibrium of the system. Furthermore,

when the tracking error quaternion is stabilized to a small neighbor of the equilibrium, i.e. q̂BT ≈ 0 and

q̄BT ≈ 1, the error quaternion kinematics Eq.(44) can be rewritten as

BωBT = 2 ˙̂qBT (50)

Substituting Eq.(50) into Eq.(47), we have

¨̂qBT + kd ˙̂qBT +
1

2
kp q̂BT = 0 (51)

To guarantee a good performance of the second-order linear system, the control parameters kp and kd are

selected by kd = 2ξωn and kp = 2ω2
n where ωn and ξ are respectively the frequency and damp ratio of the

system to be selected. Usually, ξ is set to be ξ = 0.707.

Remark 2 The proposed method can be treated as an extension of the attitude staring mode of the video

satellite by setting Ssun = [0 0 0]T .

V. Numerical simulation

To demonstrate the effectiveness and performance of the proposed controller, a numerical simulation

is conducted for a rigid spacecraft, running in a Sun-synchronous orbit, whose information is presented in

16

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Table.1, in this section. The inertia matrix of the satellite is assumed to be

Ib =



3.8 0.3 −0.2

0.3 4.6 0.1

−0.2 0.1 7.0


(
kg · m2

)
.

The initial values of the quaternion and the angular velocity of the satellite are as follows,

qBI (0) =

[
0.8 0.4 −0.2 0.4

]
BωBI =

[
0.0573 0.156 −0.0573

]
(deg/s)

It is assumed that the reaction wheels (RWs) are aligned to provide the torque here with the distribution

matrix Cw which is given by

Cw =



1 0 0 1/
√
3

0 1 0 1/
√
3

0 0 1 1/
√
3


.

The torque distribution method in [19] is adopted to keep energy balance and avoid wheel saturation. The

control torque vector by each RW is denoted by Tw , with the maximum value 0.015 N · m.

Table 1 The orbital elements of the spacecraft

Orbital Elements Value Orbital Elements Value

Orbital inclination(deg) 97.63 Orbital Semi-major axis(km) 6918

Orbital eccentricity 0 right ascension(deg) 338.038

Argument of perigee(deg) 0 Argument of latitude(deg) 180

Moreover, the Sun direction vector is ISsun = [−0.9822 − 0.1724 − 0.0748]T , which is assumed to

be invariant as previously mentioned, according to the orbital information. To verify the effectiveness of the

algorithm, two target points, P1 and P2, on the Earth surface will be selected, whose latitude and longitude are

listed in Table.2. The control parameters given in Eq.(46), kp and kd , are selected as kp = 0.02, kd = 0.142

(ωn = 0.1, kd = 0.71).

The target point P1 is near to sub-satellite point of the initial time of the simulation process while P2 is

not. Therefore, it can be guessed that the reflected light will point to P1 while P2 will be the virtual staring
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Table 2 The latitude and longitude of the target point

Target Points Latitude ΦT (deg) Longitude ΛT (deg)

P1 108E 0

P2 108W 0
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time (s)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6
Target P

1
 (

T
=108deg,

T
=0deg)

0 50 100 150 200
time (s)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6
Target P

2
 (

T
=-108deg,

T
=0deg)

Fig. 6 The target quaternion relative to ECIRF
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2
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Fig. 7 The target angular rate relative to ECIRF

point due to the occlusion of the Earth. Also, to verify the control performance, the angle of the target

reflected sunlight and the actual one, denoted by θ is given in the simulation. That is

θ = arccos
(
SR · ρT
∥ρT ∥

)
Figs.6-7 show the target quaternion and the angular rate of FT relative to F I . Figs.8-16 describe the

control performance. It can be seen, from Figs.8-9, that for the two selected targets P1 and P2, the tracking
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Fig. 8 The quaternion of the spacecraft relative to the target reference frame

Fig. 9 The angular rate of the spacecraft relative to the target reference frame

0 50 100 150 200
time (s)

-0.01

-0.005

0

0.005

0.01

0.015
(a) Target P

1
 (

T
=180deg,

T
=0deg)

0 50 100 150 200
time (s)

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02
(b) Target P

2
 (

T
=-180deg,

T
=0deg)

Fig. 10 The control torque of the spacecraft

error quaternion qBT and the angular rate BωBT will converge to the equilibrium [1 0 0 0]T and zero,
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Fig. 11 The control torque provided by each RW
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Fig. 12 The angle of the actual and target reflected sunlights
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Fig. 13 The time histories of the longitude and latitude of the staring points for P1.

respectively. The steady errors of the angular rate can reach to 10−3 deg/s for these two cases from the

enlarged figures of Fig.9. Fig.10 shows the three-axis control torque of the spacecraft and Fig.11 is the time
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Fig. 14 The time histories of the longitude and latitude of the staring points for P2.
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Fig. 15 The trajectories of the actual and virtual staring points for target point P1

history of the control torque provided by each RW with the maximum output 0.015 N · m. The angle of the

actual reflected sunlight SR and the satellite-target vector, ρT are illustrated in Fig.12, which indicates that

the steady error of θ will be within 0.15 deg after 150 seconds. That is to say, the actual staring point may

deviate from the target point by 1.42 km, approximately.

Figs.13 and 14 show the time histories of latitude and longitude the actual and virtual staring points for

these two cases in which the left figure is for the actual staring point and the right one corresponds to the

the virtual staring point (occluded by the Earth). From Fig.13, it can be seen that the reflected sunlight will

point to a region near the target point with the control accuracy within 0.1 deg in the direction of longitude
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Fig. 16 The trajectories of the actual and virtual staring points for target point P2

and latitude. Conversely, if P2 is selected the target point, as is presented in 14, the reflected sunlight will

not point to P2 due to the occlusion of the Earth, even though the attitude tacking can still be achieved and

the angle between SR and ρT . This phenomenon can also been found in Figs.15 and 16, which show the

trajectories of the actual and virtual staring points of the reflected sunlight for these two cases.

VI. Conclusion

The attitude control problem of the spacecraft, which is performing sunlight-reflection staring operation,

is discussed, such that the sunlight can point to a target point on Earth surface with the reflection of the

spacecraft. A target reference frame is established firstly according to the geographic information of the

selected target point. The target attitude including quaternion, angular rate and acceleration of the target

reference frame are calculated later. With the help of the "PD+" control scheme, the attitude tracking can be

achieved. The conditions under which the staring can be achieved are discussed followed by the calculation

of the geographic latitude and longitude of the actual staring point , assuming that the Earth is an ellipsoid,

which can help to determine when starting and ending this mode.
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