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A B S T R A C T

Rotational sampling is of paramount importance in the loading of wind turbine blades due to wind
turbulence We revisit the classical model of rotational sampling of the longitudinal component of
a statistically stationary, homogeneous, isotropic turbulent velocity field experienced by a point
rotating in a plane perpendicular to the mean velocity. As is well known, this is the simplest
frame work, since it allows to determine the non-dimensional rotational spectrum in terms of the
non-dimensional frequency and only two more non dimensional parameters, the non dimensional
radial position of the rotating point and the non dimensional rotational speed. We systematize
the parametric analysis of the rotational spectrum proposed independently by Connel in 1981 and
Kristensen et al. in 1982, in terms of the aforementioned two non dimensional parameters. We
propose a quantification of the transference of energy from different frequency intervals of the
Eulerian spectrum to the rotational spectrum. We verify that regions of the Eulerian spectrum
corresponding to different frequency intervals are transformed into contributions to the rotational
spectrum that expand to the whole frequency range without preserving the variance. Certain
frequency intervals of the Eulerian spectrum can lead to negative contributions to the rotational
spectrum along certain frequency ranges.
1. Introduction

Rotational sampling of atmospheric turbulence by wind turbine
blades is a well known phenomenon since the pioneering work of
Rosenbrock (1955), who established the theoretical basis for the ro-
tational sampling of turbulence in a vertical plane perpendicular to
the mean wind speed. The first round of systematic experiments on
this phenomenon were initiated by Verholek (1978) and the works of
Connell (1981) and Kristensen and Frandsen (1982), Kristensen (1983)
consolidated the theoretical framework to study the rotational sampling
of statistically stationary, homogeneous and isotropic turbulence for
horizontal axis wind turbines. A similar mathematical frame work was
applied to the study of linear sampling of turbulence in the context of
moving ground vehicles in Cooper (1984). These results are still being
used as a reference in recent studies on the wind spectra experienced
by a moving point (Su et al., 2020).

Connell (1982) outlined different turbulence characteristics encoun-
tered by a rotating blade compared to those measured by a stationary
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anemometer. He related these differences to the distortion of the spec-
trum of the observed turbulence in several sub-ranges of frequency. In
Connell‘s words, the mid frequency region is depleted and the removed
energy is transferred to the high frequency end of the spectrum. He
succeeded in applying a Statistically Stationary, Homogeneous and
Isotropic turbulence model (SSHIT) to identify the two non dimen-
sional parameters influencing this distortion process. These two non
dimensional parameters are the non dimensional radial position of the
rotating point, 𝜌̊, defined as 𝜌̊ = 𝜌𝐿−1 where 𝜌 is the radial position and
𝐿 is the characteristic length scale of the energy spectrum (Pope, 2000)
and the non dimensional rotational speed, 𝛺̊, defined as 𝛺̊ = 𝛺𝐿𝑈−1

1 ,
where 𝛺 is the rotational speed and 𝑈1 the mean wind speed, see Fig. 1.

Experimental studies on the rotational sampling phenomenon in
a horizontal plane, which is relevant for vertical axis wind turbines,
were also initiated at that time (Akins, 1983; Sandborn and Con-
nell, 1984; George, 1984), reaching qualitatively similar conclusions.
However, the development of theoretical models for such condition
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Symbols

𝑓 Frequency.
𝑓 Non dimensional frequency.
𝑓𝑎 Lower limit of a non dimensional frequency

interval.
𝑓𝑏 Upper limit of a non dimensional frequency

interval.
𝑓̊𝑖 Center of a non dimensional frequency

interval.
𝑓 (𝑟) Non dimensional longitudinal correlation.
𝑓𝑎𝑏(𝑟) ∶ Non dimensional longitudinal correlation

corresponding to an interval of non dimen-
sional longitudinal wave numbers [𝑘̊𝑎, 𝑘̊𝑏].

𝐹𝑖(𝑘1) One dimensional spectrum corresponding
to a velocity component 𝑢𝑖.

𝑓𝑛𝛺 Non dimensional frequency corresponding
to 𝑛−multiples of the non dimensional
rotational speed.

𝑓𝑛𝛺𝑆̊𝑛𝛺
𝑢 Normalized spectrum at non dimensional

frequency 𝑓𝑛𝛺.
𝑔(𝑟) Non dimensional transverse correlation.
𝑔𝑎𝑏(𝑟) Non dimensional transverse correlation

corresponding to an interval of non dimen-
sional longitudinal wave numbers [𝑘̊𝑎, 𝑘̊𝑏].

𝑘 Magnitude of the vector wave number, lon-
gitudinal component of the vector wave
number when indicated.
𝑘1 ∶ Longitudinal component of the vector
wave number.

𝑘̊ Magnitude of the non dimensional vector
wave number. Longitudinal component of
the non dimensional vector wave number
when indicated.

𝐿 Length scale of the three dimensional
energy spectrum.

𝑟 Magnitude of the separation vector.
𝐫 Separation vector.
𝑟̊ Magnitude of the non dimensional separa-

tion vector.
𝐫̊ Non dimensional separation vector.
𝑅𝑖𝑗 (𝐫) Correlation tensor.
𝑅̊𝑖𝑗 (𝐫̊) Non dimensional correlation tensor.
𝑆̊𝑢 Non dimensional Eulerian spectrum.
𝑆̊𝛺
𝑢 Non dimensional rotational spectrum.

𝑆̊𝛺
𝑢𝑎𝑏

Non dimensional interval limited rotational
spectrum.

𝑆𝛺,2
𝑢 Two sided rotational spectrum.

𝑡 time.
𝑢𝑗 Fluctuation of a wind velocity component.
𝑈1, 𝑈 Mean wind speed.
𝐱 Position vector.
𝛼 Random index.
𝜆𝜌 Radial section speed ratio.
𝛺 Rotational speed.

required some more time to appear due to their higher difficulty.
As concluded in Connell (1981) and Kristensen and Frandsen (1982),
when rotational sampling takes place in a plane perpendicular to
the mean wind velocity, if the random process associated to the
2

𝛺̊ Non dimensional rotational speed.
𝜌 Radial position.
𝜌̊ Non dimensional radial position.
𝜎20 Isotropic variance.
𝜎̊2
𝑢𝛺

Non dimensional rotational variance.

𝜎̊2𝑢
|

|

|

𝑏

𝑎
Non dimensional variance associated to the
frequency interval [𝑓𝑎, 𝑓𝑏] of the Eulerian
spectrum.

𝜎̊2
𝑢𝛺𝑎𝑏

Non dimensional interval limited rotational
variance (associated to the non dimensional
interval limited rotational spectrum 𝑆̊𝛺

𝑢𝑎𝑏
).

𝜎̊2
𝑢𝛺
|

|

|

𝑏

𝑎
Non dimensional rotational variance associ-
ated to the frequency interval [𝑓𝑎, 𝑓𝑏] of the
non dimensional rotational spectrum 𝑆̊𝛺

𝑢 .

𝜎̊2
𝑢𝛺𝑎𝑏

|

|

|

|

𝑏

𝑎
Non dimensional interval limited rotational
variance associated to the frequency inter-
val [𝑓𝑎, 𝑓𝑏] of the non dimensional interval
limited rotational spectrum 𝑆̊𝛺

𝑢𝑎𝑏
.

longitudinal velocity component is statistically stationary, the rota-
tionally sampled longitudinal velocity component is also a stationary
random process, and therefore the rotational time correlation does not
depend on time. This is not the case when the rotational sampling
process takes place in a horizontal plane. In this situation, the resulting
rotationally sampled longitudinal velocity component constitutes a
cyclostationary random process (Napolitano, 2012) and the correspond-
ing rotational correlation and spectrum present time periodicity. This
situation is of particular interest for helicopter rotors in forward flight
and it has been analyzed in detail by different authors (Costello et al.,
1992; Riaz et al., 1993; Gaonkar, 2008).

The theoretical developments of Rosenbrock, Connel and Kris-
tensen, were the basis for a number of experimental works in the
1980’s (Connell and Powell, 1989; Powell and Connell, 1987). In
George and Connell (1984) one of the pioneering experimental analysis
on the rotational sampling phenomenon in connection to wind turbine
blade fatigue loading was presented. In that study, a large array of
fixed anemometers located two rotor diameters upwind of a 200-
kW horizontal-axis wind turbine was used to establish a quantitative
comparison between the rotationally sampled wind input and blade
bending moment response. The main conclusions of this study were
summarized in Connell and George (1987). In Hardesty and Weber
(1986) and Connell and Morris (1989), the rotational sampling in a
vertical plane perpendicular to the mean wind velocity was investigated
by means of lidar techniques. At the end of the decade, the rotational
sampling of turbulence was considered among the relevant loading
factors of wind turbines (Connell, 1988).

The 1990’s lead to some new theoretical contributions such as Dragt
(1990), as well as an increased interest on the influence of the phe-
nomenon in the fatigue loading of wind turbines. In Spera (1995)
and Connell (1995), the rotational sampling was identified as the
driving factor of higher fatigue loads associated to the blade flap-wise
bending moment, not explained by the Eulerian spectrum of wind ve-
locity. Finally, the consequences of rotational sampling on wind turbine
loading were widely evidenced and the phenomenon was included in
textbooks (Burton et al., 2001).

The capability for reproducing rotationally sampled spectra of the
numerical generation algorithms for simulating wind velocity time
series from statistical descriptions of turbulence (applied to wind tur-
bine aeroelastic calculations) were put to the tests. In Powell and

Connell (1986), three numerical simulation methods were investigated.
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In Petersen et al. (1994), the Veers (1988) and Mann (1994) methods
for numerical synthesis of wind velocity time series were compared
in terms of their capability of reproducing the relative wind velocity
and angle of attack of a wind turbine rotating blade section. Two
interpolation techniques to increase the spatial resolution of synthetic
turbulent wind fields in the rotor plane of wind turbines were compared
in Fluck and Crawford (2016), by establishing the differences in the
rotational spectra obtained from both interpolated wind fields.

Full scale experiments on rotational sampling have continued until
our days. In Simley and Pao (2013) and Sekar et al. (2020) hub
mounted lidars were used to obtain rotationally sampled wind fields.
The investigation of the specific effects of rotational sampling on
wind turbine fatigue has also continued. In Murtagh et al. (2005),
this effect was analyzed using a reduced dynamic model of a wind
turbine. The authors presented an attempt to quantify the amount of
variance accounted for by each 𝑛𝛺 peak, 𝑛 ∈ N, of the rotational
spectrum, considering the influence of the blade section radial position.
In Eliassen et al. (2015), the rotational sampling of turbulence was
analyzed in the context of increasing size wind turbines. In Elgammi
et al. (2020) a Blade Element Momentum (BEM) model was applied to
predict the aerodynamic loads for yawed rotors operating in natural
flow conditions with special focus on the rotational sampling effect.
In Bei et al. (2018) the authors concluded on the relevance of the
rotational sampling of turbulence in the characterization of flutter of
wind turbine blades.

New models of numerical generation of wind velocity fields, includ-
ing rotational sampling effects, have being proposed in the recent years.
In Sørensen et al. (2002), a wind field model for wind farms including
rotational sampling effects has been proposed. In Burlibaşa and Ceangă
(2013), a filter based technique was combined with a classical model of
the rotational spectrum. In Chen et al. (2015), a combination of Proper
Orthogonal Decomposition of wind modes and a classical modeling
of the rotational spectrum (Powell and Connell, 1987) was developed
to generate the wind fields required for the aeroelastic simulation
of a wind turbine. The work presented in Chen et al. (2020) is of
special interest for the analysis proposed in this paper since the authors
propose an analytic formulation of the rotationally sampled spectrum
based on a frequency–wave number description of the wind velocity,
and they succeed in expressing the two-sided rotational spectrum by
means of three contributions, with two of them clearly revealing how
much of the energy of the Eulerian spectrum is shifted to regions of
frequencies around the rotational peaks ±𝑛𝛺(2𝜋)−1, 𝑛 ∈ N. Similar
techniques of numerical generation of wind velocity fields, including
linear sampling effects, have been applied in the dynamic analysis of
moving ground vehicles (Baker, 2010).

The article is structured as follows: In Section 2, we include the
essential elements of the SSHIT statistical description. In Section 3,
we describe the classical rotational sampling approach in a vertical
plane. We extend the parametric analysis of the non dimensional
rotational spectrum 𝑆̊𝛺

𝑢 (𝑓 ; 𝜌̊, 𝛺̊), where the non dimensional frequency
̊ is defined as 𝑓 = 𝑓𝐿𝑈−1

1 where 𝑓 is frequency, proposed by Connell
1981) and Kristensen and Frandsen (1982) for specific values of the
on dimensional radial position 𝜌̊ and non dimensional rotational speed

𝛺̊, (the radial section speed ratio 𝜆𝜌 = 𝛺̊𝜌̊, instead of 𝛺̊, is alternatively
sed) to intervals of both parameters. The non dimensional rotational
pectrum is defined as 𝑆̊𝛺

𝑢 (𝑓 ; 𝜌̊, 𝛺̊) = 𝐿−1𝑈1𝜎−20 𝑆𝛺
𝑢 (𝑓 = 𝑓𝑈1𝐿−1; 𝜌 =

𝜌̊𝐿,𝛺 = 𝛺̊𝑈1𝐿−1), where 𝜎20 is the isotropic variance. We analyze
ifferent characteristics of 𝑆̊𝛺

𝑢 (𝑓 ; 𝜌̊, 𝛺̊) and revisit some classical results.
In Section 4, we quantify how the different frequency intervals of

the non dimensional Eulerian spectrum, 𝑆̊𝑢(𝑓 ), 𝑓 ∈ [𝑓𝑎, 𝑓𝑏], contribute
to the non dimensional rotational spectrum 𝑆̊𝛺

𝑢 (𝑓 ; 𝜌̊, 𝛺̊). These contri-
butions are defined as the non dimensional interval limited rotational
spectrum, 𝑆̊𝛺

𝑢𝑎𝑏
(𝑓 ; 𝛺̊, 𝜌̊), 𝑓 ∈ [0,∞). We prove that the non dimensional

variance 𝜎̊2𝑢
|

|

|

𝑏

𝑎
= 𝜎2𝑢

|

|

|

𝑏

𝑎
∕𝜎20 , which is the non dimensional variance

̊ ̊ ̊ ̊ ̊
3

corresponding to the Eulerian spectrum 𝑆𝑢(𝑓 ), 𝑓 ∈ [𝑓𝑎, 𝑓𝑏], differs, in
general, from the non dimensional rotational variance 𝜎̊2
𝑢𝛺𝑎𝑏

, which is the

variance corresponding to 𝑆̊𝛺
𝑢𝑎𝑏

(𝑓 ; 𝛺̊, 𝜌̊), 𝑓 ∈ [0,∞). We analyze the ratio

𝜎̊2
𝑢𝛺𝑎𝑏

∕ 𝜎̊2𝑢
|

|

|

𝑏

𝑎
for different frequency intervals [𝑓𝑎, 𝑓𝑏] of the Eulerian spec-

trum and for different values of parameters 𝜆𝜌 and 𝜌̊. We reveal that the
variance change is due to the different contribution of the longitudinal
correlation and transverse correlation in the rotational correlation. This
different contribution depends on the considered frequency interval of
the Eulerian spectrum [𝑓𝑎, 𝑓𝑏], and the radial section speed ratio 𝜆𝜌. We
also quantify the contributions of the non dimensional interval limited
rotational spectra to the 1𝛺 and 2𝛺 rotational peaks.

Finally we establish the conclusions of our analysis in Section 5.

2. Elements of homogeneous, stationary and isotropic turbulence

The strictly necessary elements on the statistical description of
statistically stationary, homogeneous, isotropic turbulence, required to
support our developments, are included for sake of clarity. We consider
the random process which represents the turbulent velocity field with
components 𝑢̃𝑖(𝐱, 𝑡; 𝛼) = 𝑈𝑖𝛿1𝑖 + 𝑢𝑖(𝐱, 𝑡; 𝛼) defined in the Cartesian
reference system 𝑥𝑖, 𝑖 = 1, 2, 3. 𝛿𝑖𝑗 is the Kronecker’s 𝛿, 𝑈𝑖𝛿1𝑖 = 𝑈1 is the
mean wind velocity and 𝑢𝑖(𝐱, 𝑡; 𝛼) is the fluctuation wind velocity field.
Vector 𝐱 represents the position in space, 𝑡 is time and 𝛼 is a random
index which identifies the realization of the random process. As it is
well known (Durbin and Reif, 2011), the two point correlation tensor
is defined as

𝑢∗𝑖 (𝐱, 𝑡; 𝛼)𝑢𝑗 (𝐱 + 𝐫, 𝑡; 𝛼) = 𝑅𝑖𝑗 (𝐫, 𝑡),

here ∗ stands for complex conjugate. The correlation tensor is inde-
endent of time due to statistical stationarity. Therefore, the two points
orrelation tensor is written 𝑅𝑖𝑗 (𝐫) from now on, and only depends on
he separation vector, 𝐫, due to homogeneity.

In SSHI turbulence (von Karman, 1948) the two points correlation
ensor can be expressed in terms of a single scalar non dimensional
unction, the longitudinal non dimensional correlation function 𝑓 (𝑟) as

𝑅𝑖𝑗 (𝐫) = 𝜎20

[

𝑓 (𝑟) − 𝑔(𝑟)
𝑟2

𝑟𝑖𝑟𝑗 + 𝑔(𝑟)𝛿𝑖𝑗

]

, (1)

where 𝑔(𝑟) is the non dimensional transverse correlation function given
by

𝑔(𝑟) = 1
2𝑟

d
d𝑟

[

𝑟2𝑓 (𝑟)
]

, (2)

being 𝐫 = 𝑟𝑖, 𝑖 = 1, 2, 3, and 𝑟 = |𝐫|. In this paper, we use the von
Karman formulation (Durbin and Reif, 2011; von Karman, 1948) for
𝑓 (𝑟), being

𝑓 (𝑟) = 2
𝛤 (𝛾 − 1∕2)

( 𝑟
2𝐿

)𝛾−1∕2
𝐾𝛾−1∕2

( 𝑟
𝐿

)

,

where 𝐾𝑥 is the modified Bessel function of the second kind of order 𝑥
and 𝛤 is the Gamma function. We use, in what follows, the value 𝛾=5/6
proposed by von Karman, accordingly to Kolmogorov −5∕3 energy
pectrum (Pope, 2000). Using the von Karman formulation for 𝑓 (𝑟) into

Eq. (2), the function 𝑔(𝑟) results

𝑔(𝑟) = 𝑓 (𝑟) − 2
𝛤 (𝛾 − 1∕2)

( 𝑟
2𝐿

)𝛾+1∕2
𝐾𝛾−3∕2

( 𝑟
𝐿

)

.

The one-dimensional spectra in terms of longitudinal component of
the wavenumber vector, 𝑘1, corresponding to the longitudinal velocity
component, 𝐹1(𝑘1) and the transverse velocity components, 𝐹2,3(𝑘1) are

𝐹1(𝑘1) =
1

√

𝜋
𝛤 (𝛾)

𝛤 (𝛾 − 1∕2)
𝜎20𝐿

[

1 + (𝑘1𝐿)2
]𝛾 ,

𝐹2,3(𝑘1) =
[

1
2
+

𝛾(𝑘1𝐿)2

1 + (𝑘1𝐿)2

]

𝐹1(𝑘1).
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The functions 𝑓 (𝑟) and 𝐹1(𝑘1) on the one side and 𝑔(𝑟) and 𝐹2,3(𝑘1)
on the other, are Fourier pairs, that is

𝑓 (𝑟) = ∫

∞

−∞
𝐹1(𝑘1) exp(𝑖𝑘1𝑟)d𝑟 = 2∫

∞

0
𝐹1(𝑘1) cos(𝑘1𝑟)d𝑟, (3)

𝑔(𝑟) = ∫

∞

−∞
𝐹2,3(𝑘1) exp(𝑖𝑘1𝑟)d𝑟 = 2∫

∞

0
𝐹2,3(𝑘1) cos(𝑘1𝑟)d𝑟, (4)

where, to obtain the right-most side of Eqs. (3) and (4) it has been
considered that 𝐹𝑖(𝑘1), 𝑖 = 1, 2, 3, are even functions of 𝑘1. The non
dimensional correlations 𝑓 (𝑟) and 𝑔(𝑟) are functions of the non dimen-
sional separation 𝑟̊ = 𝑟𝐿−1. The non dimensional counterparts of 𝐹𝑖(𝑘1)
functions are defined by 𝐹̊𝑖(𝑘1𝐿) = 𝐿−1𝜎−20 𝐹𝑖(𝑘1 = 𝑘̊1𝐿−1). This is one
of the advantages of using the SSHI turbulence framework, functions
𝑓 (𝑟̊) and 𝑔(𝑟̊) depend on a single non dimensional parameter, 𝑟̊, and the
non dimensional one-dimensional spectra 𝐹̊𝑖 also depend on a single
non dimensional parameter 𝑘̊1 = 𝑘1𝐿.

It can be easily proved (Taylor, 1938) that the Taylor’s Frozen Tur-
bulence Hypothesis (TFTH) allows one to relate the one-dimensional
spectra in terms of the wave number 𝐹𝑖(𝑘1) with the one-sided spectra
of a velocity component fluctuation 𝑢𝑖, measured at a fixed point as

𝑆𝑢𝑖 (𝑓 ) = 4𝜋𝑈−1
1 𝐹𝑖(𝑘1 = 2𝜋𝑈−1

1 𝑓 ), (5)

where it has been considered that

𝜎20 = ∫

∞

−∞
𝐹𝑖(𝑘1)d𝑘1 = ∫

∞

0
𝑆𝑢𝑖 (𝑓 )d𝑓.

Expression (5) can be rewritten in terms of the corresponding non
dimensional functions as
𝑈1
𝐿

𝜎−20 𝑆𝑢𝑖 (𝑓 = 𝑓𝑈1𝐿
−1) = 𝑆̊𝑢𝑖 (𝑓 ) = 4𝜋𝐹̊𝑖(𝑘̊1 = 2𝜋𝑓 ).

For sake of simplicity 𝑈1, 𝑢1 and 𝑘1 will be written as 𝑈 , 𝑢 and 𝑘
n what follows. Note that the non dimensional two point correlation
ensor is 𝑅̊𝑖𝑗 (𝐫̊) = 𝜎−20 𝑅𝑖𝑗 (𝐫 = 𝐫̊𝐿).

3. Classic rotational sampling approach in a vertical plane

Following Connell (1981) and Kristensen and Frandsen (1982),
when a point located at a distance 𝜌 from a rotating axis describes a
circular trajectory contained in a plane perpendicular to the mean wind
velocity 𝑈𝐞1, with constant rotational speed 𝛺, the correlation of the
longitudinal velocity components at times 𝑡 and 𝑡+𝜏 corresponds to the
correlation between the fluctuation 𝑢 at point 𝐱𝐴 and time 𝑡, and the
fluctuation 𝑢 at point 𝐱𝐵 and time 𝑡+𝜏, see Fig. 1. The TFTH establishes
that 𝑢(𝐱𝐵 , 𝑡 + 𝜏, 𝛼) equals the fluctuation 𝑢(𝐱𝐶 , 𝑡; 𝛼) with 𝐱𝐶 = 𝐱𝐵 − 𝑈𝜏𝐞1
and therefore is

𝑢∗(𝐱𝐴, 𝑡; 𝛼)𝑢(𝐱𝐵 , 𝑡 + 𝜏; 𝛼) = 𝑢∗(𝐱𝐴, 𝑡; 𝛼)𝑢(𝐱𝐶 , 𝑡; 𝛼). (6)

The space–time correlation (6) is easily expressed from the two
point correlation tensor (1) as

𝜎−20 𝑅𝛺
𝑢 (𝜏;𝛺, 𝜌) =

[

𝑓 (𝑟) − 𝑔(𝑟)
𝑟2

𝑟21 + 𝑔(𝑟)
]

, (7)

where 𝑖 = 𝑗 = 1 has been considered, 𝑟1 = −𝑈𝜏 and

𝑟 =
{

(𝑈𝜏)2 +
[

2𝜌 sin
(𝛺𝜏

2

)]2}1∕2
. (8)

The superscript 𝛺 in expression (7) denotes ‘‘rotational’’. The corre-
sponding two-sided (superscript ‘‘2’’) rotational (superscript ‘‘𝛺’’) spec-
trum in terms of radian frequency 𝜔 is the Fourier pair of 𝑅𝛺

𝑢 (𝜏;𝛺, 𝜌)
given by

𝜎−20 𝑆𝛺,2
𝑢 (𝜔;𝛺, 𝜌) = 𝜎−20

1
2𝜋 ∫

∞

−∞
𝑅𝛺
𝑢 (𝜏;𝛺, 𝜌) exp(−𝑖𝜔𝜏)d𝜏.

We use, from now on, the one-sided rotational spectrum in terms of
requency, 𝑆𝛺

𝑢 (𝑓 ), which is

𝜎−2𝑆𝛺(𝑓 ;𝛺, 𝜌) = 4𝜎−2
∞
𝑅𝛺(𝜏;𝛺, 𝜌) cos(2𝜋𝑓𝜏)d𝜏,
4

0 𝑢 0 ∫0 𝑢
Fig. 1. Rotational sampling scheme corresponding to a point describing a
circular trajectory with radius 𝜌 and with rotational speed 𝛺, perpendic-
ular to the mean wind velocity 𝑈𝐞1 and immersed in a turbulent velocity

eld [𝑈 + 𝑢(𝐱, 𝑡; 𝛼)]𝐞1.

here it has been taken into account that the variance of the velocity
luctuation experienced by the rotating point, defined as rotational
ariance is

2
𝑢𝛺

= ∫

∞

−∞
𝑆𝛺,2
𝑢 (𝜔;𝛺, 𝜌)d𝜔 = ∫

∞

0
𝑆𝛺
𝑢 (𝑓 ;𝛺, 𝜌)d𝑓. (9)

and that from expression (7) the symmetry relation 𝑅𝛺
𝑢 (𝜏;𝛺, 𝜌) =

𝑅𝛺
𝑢 (−𝜏;𝛺, 𝜌) holds.

The rotational variance is, from expressions (7) and (8),

𝜎2
𝑢𝛺

= lim
𝜏→0

𝑅𝛺
𝑢 (𝜏;𝛺, 𝜌) = 𝜎20

[

𝑓 (0) − 𝑔(0)
𝜆2𝜌 + 1

+ 𝑔(0)

]

= 𝜎20 , (10)

ince 𝑓 (0) = 𝑔(0) = 1. Clearly, the described rotational sampling process
oes not provoke any modification of the original variance as stated
n Connell (1981) and Kristensen and Frandsen (1982) and verified, in
more general case, in Chen et al. (2020).

As in Connell (1981) and Kristensen and Frandsen (1982), in what
ollows we use the non dimensional parameters 𝜌̊ = 𝜌𝐿−1 and 𝛺̊ =
𝛺𝐿𝑈−1. The non dimensional rotational correlation is
𝑅̊𝛺
𝑢 (𝜏̊; 𝛺̊, 𝜌̊) = 𝜎−20 𝑅𝛺

𝑢 (𝜏 = 𝜏̊𝐿𝑈−1;𝛺 = 𝛺̊𝑈𝐿−1,

𝜌 = 𝜌̊𝐿) =
[

𝑓 (𝑟̊) − 𝑔(𝑟̊)
𝑟̊2

𝑟̊21 + 𝑔(𝑟̊)
]

,
(11)

being

̊1 = −𝜏̊ = −𝜏𝑈𝐿−1,

𝑟̊ =

{

𝜏̊2 +
[

2𝜌̊ sin
(

𝛺̊𝜏̊
2

)]2
}1∕2

, (12)

and the non dimensional rotational spectrum 𝑆̊𝛺
𝑢 (𝑓 ; 𝛺̊, 𝜌̊) is obtained

rom the non dimensional rotational correlation given in (11) as

̊𝛺
𝑢 (𝑓 ; 𝛺̊, 𝜌̊) = 4∫

∞

0
𝑅̊𝛺
𝑢 (𝜏̊; 𝛺̊, 𝜌̊) cos(2𝜋𝑓 𝜏̊)d𝜏̊.

Connell (1981) and Kristensen and Frandsen (1982) introduced the
radial section speed ratio 𝜆𝜌 = 𝛺𝜌𝑈−1 = 𝛺̊𝜌̊ as an alternative non
dimensional parameter. The parameter 𝜆𝜌 evaluated at the rotor radius
takes typical values for small wind turbine rotors 𝜆𝜌 ≃ [0, 4] and for
large wind turbine rotors 𝜆𝜌 ≃ [0, 10].

Since from now on we use only non dimensional parameters, fre-
quencies, variances, correlations and spectra, as above defined, we
refer to 𝜌̊, 𝛺̊ and 𝑓 simply as radial position, rotational speed and

2 ̊ ̊
frequency, respectively. The forms 𝜎̊𝑢 , 𝑅𝑢 and 𝑆𝑢 are named simply as
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Fig. 2. Normalized Eulerian spectrum and normalized rotational spec-
trum for radial position 𝜌̊ = 0.25 and rotational speed 𝛺̊ = 39.3 (𝑓1𝛺 =
.25), radial section speed ratio 𝜆𝜌 = 9.8. The non dimensional frequencies
𝑛̊𝛺 = (2𝜋)−1𝑛𝛺̊, 𝑛 = 1, 2, 3, 4, are indicated in the figure. The values of
he normalized rotational spectrum at 𝑓1𝛺 and 𝑓2𝛺, 𝑓1𝛺𝑆1𝛺

𝑢 and 𝑓2𝛺𝑆2𝛺
𝑢 ,

espectively, are also represented in the figure.

able 1
Characteristic values 𝜌̊ and 𝛺̊ (𝑓1𝛺), or 𝜌̊ and 𝜆𝜌 of three wind turbines
ith different scales relative to the turbulence length scale 𝐿. Small Size,
edium Size and Large Size Wind Turbines: SSWT, MSWT and LSWT

espectively. The MSWT is described in section 5.7.5 of Burton et al.
2001).
Label 𝜌̊ 𝛺̊ 𝑓1𝛺 𝜆𝜌
SSWT 0.04 107 17 4.3
MSWT (Burton et al., 2001) 0.28 28 4.46 7.8
LSWT (Jonkman et al., 2009) 0.64 12.7 2 8.1

variances, correlations and spectra. Finally, the product 𝑓𝑆̊𝑢 is referred
s normalized spectra. As an example of rotational spectrum, figure 13
rom Connell (1982) is reproduced in Fig. 2 to show the characteristic
hifting of energy and the appearance of the rotational peaks. The
requencies 𝑓𝑛𝛺 = (2𝜋)−1𝑛𝛺̊, 𝑛 = 1, 2, 3, 4, as well as the values of
he normalized rotational spectrum at frequencies 𝑓1𝛺 and 𝑓2𝛺 are

identified in the figure. Note that we use the notation 𝑆̊𝑛𝛺
𝑢 = 𝑆̊𝛺

𝑢 (𝑓𝑛𝛺).
Connell (1981, 1982) proposed an analysis of the rotational spec-

trum 𝑆̊𝛺
𝑢 (𝑓 ; 𝛺̊, 𝜌̊) for some values of the parameters 𝜌̊ and 𝛺̊, or 𝜌̊

and 𝜆𝜌. We extend now this parametric analysis to intervals of such
parameters. First, we present the value of the normalized rotational
spectrum 𝑓𝑆̊𝛺

𝑢 and the ratio 𝑆̊𝛺
𝑢 ∕𝑆̊𝑢, both at frequency 𝑓1𝛺, in Fig. 3.

n both subfigures, the lines 𝜆𝜌 = 𝛺̊𝜌̊ = 2𝜋𝑓1𝛺 𝜌̊ have been plotted for
ifferent 𝑓1𝛺 values.

Three wind turbines cases (small, medium and large size; SSWT,
SWT and LSWT respectively), whose characteristic values are de-

cribed in Table 1, are considered in this parametric study. The regions
f values 𝜌̊ − 𝜆𝜌 corresponding to the blade sections of these wind
urbines are also plotted by means of colored areas, for the typical
perational range of such wind turbines. The specific 𝜌̊ and 𝜆𝜌 values
or the blade tip section and rated rotational speed of the wind turbines
nder study are also identified in the figure. Fig. 3𝑏 eases the precise
uantification of some classical results. For instance, the region 𝜌̊ −
𝜌 where the ratio of spectra is 𝑆̊1𝛺

𝑢 ∕𝑆̊𝑢(𝑓1𝛺) > 1, indicating the
ppearance of the rotational peak at 𝑓1𝛺 is clearly revealed. For the
ame ratio, i.e. 𝑆̊1𝛺

𝑢 ∕𝑆̊𝑢(𝑓1𝛺) = 3, the first rotational peak requires
uch higher rotational speed (15 ≲ 𝑓1𝛺 ≲ 17) to appear for SSWTs

i.e 𝜌̊ ≲ 0.04) than for LSWTs (𝜌̊ ≲ 0.64, 0.9 ≲ 𝑓1𝛺 ≲ 2). Obviously, the
alue of the normalized rotational spectrum ̊𝑓1𝛺𝑆̊1𝛺

𝑢 is smaller for the
SWT ( ̊𝑓1𝛺𝑆̊1𝛺

𝑢 ≃ 0.1) than for the LSWT ( ̊𝑓1𝛺𝑆̊1𝛺
𝑢 ≃ 0.4), see Fig. 3𝑎.

The values of the normalized rotational spectrum at frequency 𝑓2𝛺
and the magnitude of the second rotational peak relative to the magni-
tude of the first rotational peak, defined as the ratio 𝑓 𝑆̊2𝛺∕(𝑓 𝑆̊1𝛺),
5

2𝛺 𝑢 1𝛺 𝑢 f
are presented in Fig. 4 as functions of parameters 𝜌̊ and 𝜆𝜌. The
magnitude of the second rotational peak increases along constant 𝑓1𝛺
lines as 𝜌̊ increases, as in the case of the first rotational peak. The
ratio 𝑓2𝛺𝑆̊2𝛺

𝑢 ∕(𝑓1𝛺𝑆̊1𝛺
𝑢 ) changes along constant 𝑓1𝛺 lines as 𝜌̊ increases,

meaning that the ratio of the energy shifted to 𝑓2𝛺 and 𝑓1𝛺 changes as
the radial position changes.

4. Energy shifting from different frequency intervals

Our interest in this section is to quantify how the energy of the
Eulerian spectrum 𝑆̊𝑢(𝑓 ) from specific frequency intervals 𝑓 ∈ [𝑓𝑎, 𝑓𝑏]
is distributed or concentrated by the rotational sampling process in
the rotational spectrum 𝑆̊𝛺

𝑢𝑎𝑏
(𝑓 ; 𝛺̊, 𝜌̊) along the whole frequency interval

𝑓 ∈ [0,∞). 𝑆̊𝛺
𝑢𝑎𝑏

is referred to as the ‘‘interval limited’’ rotational
spectrum.

We apply the TFTH to relate the longitudinal component of the
vector wave number and frequency in non dimensional form by 𝑘̊ =
2𝜋𝑓 . The longitudinal and transverse correlation functions, 𝑓𝑎𝑏(𝑟̊) and
𝑔𝑎𝑏(𝑟̊), associated to a frequency interval [𝑓𝑎, 𝑓𝑏] with 𝑓𝑏 > 𝑓𝑎 ⩾ 0, corre-
sponding to the wave number interval [𝑘̊𝑎, 𝑘̊𝑏], result from expressions
(3) and (4)

𝑓𝑎𝑏(𝑟̊) = ∫

−𝑘̊𝑎

−𝑘̊𝑏
𝐹̊1(𝑘̊) exp(𝑖𝑘̊𝑟̊)d𝑘̊ + ∫

𝑘̊𝑏

𝑘̊𝑎
𝐹̊1(𝑘̊) exp(𝑖𝑘̊𝑟̊)d𝑘̊

= 2∫

𝑘̊𝑏

𝑘̊𝑎
𝐹̊1(𝑘̊) cos(𝑘̊𝑟̊)d𝑘̊,

𝑔𝑎𝑏(𝑟) = ∫

−𝑘̊𝑎

−𝑘̊𝑏
𝐹̊2,3(𝑘̊) exp(𝑖𝑘̊𝑟̊)d𝑘̊ + ∫

𝑘̊𝑏

𝑘̊𝑎
𝐹̊2,3(𝑘̊) exp(𝑖𝑘̊𝑟̊)d𝑘̊

= 2∫

𝑘̊𝑏

𝑘̊𝑎
𝐹̊2,3(𝑘̊) cos(𝑘̊𝑟̊)d𝑘̊,

and due to the fact that the Fourier transform and the sampling
transformation (7) are linear transformations, the contribution to the
rotational correlation can be expressed by

𝑅̊𝛺
𝑢𝑎𝑏

(𝜏̊; 𝛺̊, 𝜌̊) =
[

𝑓𝑎𝑏(𝑟̊) − 𝑔𝑎𝑏(𝑟̊)
𝑟̊2

𝑟̊21 + 𝑔𝑎𝑏(𝑟̊)
]

,

with 𝑟̊1 and 𝑟̊ given by expression (12). 𝑅̊𝛺
𝑢𝑎𝑏

(𝜏̊; 𝛺̊, 𝜌̊) is referred to
as the interval limited rotational correlation. The contribution to the
rotational spectrum, corresponding to the Eulerian spectrum limited to
the frequency interval [𝑓𝑎, 𝑓𝑏] is the already defined interval limited
rotational spectrum given by

𝑆̊𝛺
𝑢𝑎𝑏

(𝑓 ; 𝛺̊, 𝜌̊) = 4∫

∞

0
𝑅̊𝛺
𝑢𝑎𝑏

(𝜏̊; 𝛺̊, 𝜌̊) cos(2𝜋𝑓 𝜏̊)d𝜏̊, 𝑓 ∈ [0,∞). (13)

The variance associated to the interval limited rotational spectrum,
𝜎̊2
𝑢𝛺𝑎𝑏

, is defined by

𝜎̊2
𝑢𝛺𝑎𝑏

= ∫

∞

0
𝑆̊𝛺
𝑢𝑎𝑏

(𝑓, 𝛺̊, 𝜌̊)d𝑓,

and using the relationship between spectrum and correlation, this
variance can be expressed as

𝜎̊2
𝑢𝛺𝑎𝑏

= lim
𝜏̊→0

𝑅̊𝛺
𝑢𝑎𝑏

(𝜏̊; 𝛺̊, 𝜌̊) =
𝑓𝑎𝑏(0) − 𝑔𝑎𝑏(0)

𝜆2𝜌+1
+ 𝑔𝑎𝑏(0). (14)

Note that is

𝜎̊2
𝑢𝛺𝑎𝑏

≠ 𝜎̊2𝑢
|

|

|

𝑏

𝑎
= ∫

𝑓𝑏

𝑓𝑎
𝑆̊𝑢(𝑓 )d𝑓 = 𝑓𝑎𝑏(0)

ince 𝑓𝑎𝑏(0) ≠ 𝑔𝑎𝑏(0). This implies that, whereas the variance corre-
ponding to the Eulerian spectrum 𝑆̊𝛺

𝑢 equals that of 𝑆̊𝑢, as established
n expression (10), this is not the case with the variances 𝜎̊2

𝑢𝛺𝑎𝑏
and 𝜎̊2𝑢

|

|

|

𝑏

𝑎
,

orresponding to 𝑆̊𝛺
𝑢𝑎𝑏

, 𝑓 ∈ [0,∞), and 𝑆̊𝑢, 𝑓 ∈ [𝑓𝑎, 𝑓𝑏], respectively.
This not preserving variance transformation is illustrated in Fig. 5
or values 𝜆𝜌 = 8.1 and 𝜌̊ = 0.5. We represent in Fig. 5𝑎 the Eulerian
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Fig. 3. 𝑎) Normalized rotational spectrum at 1𝛺 peak 𝑓1𝛺𝑆̊1𝛺
𝑢 , 𝑏) Ratio 𝑆̊1𝛺

𝑢 ∕𝑆̊𝑢(𝑓1𝛺), versus the radial section speed ratio 𝜆𝜌 and radial position 𝜌̊. The
colored areas identify characteristic 𝜌̊− 𝜆𝜌 values of the blade sections of the SSWT (red), the MSWT (green) and the LSWT (blue). The circled markers
represent the values from Table 1. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
Fig. 4. 𝑎) Normalized rotational spectrum at 2𝛺 peak 𝑓2𝛺𝑆̊2𝛺
𝑢 , 𝑏) Ratio 𝑓2𝛺𝑆̊2𝛺

𝑢 ∕(𝑓1𝛺𝑆̊1𝛺
𝑢 ), versus the radial section speed ratio 𝜆𝜌 and radial position 𝜌̊. Color

codes as in Fig. 3. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
spectrum, 𝑆̊𝑢(𝑓 ), also included in the rest of the subfigures as reference,
and we highlight the part of this spectrum corresponding to a frequency
interval [𝑓𝑎, 𝑓𝑏]. This interval is centered in the frequency, 𝑓max, which
maximizes the normalized Eulerian spectrum 𝑓𝑆̊𝑢 and accounts for 20%
of the total variance, that is

𝜎̊2𝑢
|

|

|

𝑏

𝑎
= ∫

𝑓𝑏

𝑓𝑎
𝑆̊𝑢(𝑓 )d𝑓 = 0.2,

with 𝑓𝑎 = 𝑓max − 𝛥𝑓 , 𝑓𝑏 = 𝑓max + 𝛥𝑓 . The gray area under the curve
represents the variance, 𝜎̊2 = 𝜎2𝜎−2 = 1, whereas the orange area
6

𝑢 𝑢 0
under the curve represents the variance corresponding to the frequency
interval [𝑓𝑎, 𝑓𝑏], 𝜎̊2𝑢

|

|

|

𝑏

𝑎
= 𝜎2𝑢

|

|

|

𝑏

𝑎
∕𝜎20 . In Fig. 5𝑏 the normalized rotational

spectrum 𝑓𝑆̊𝛺
𝑢 is represented. The gray area under the curve represents

the rotational variance 𝜎̊2
𝑢𝛺

= 𝜎2
𝑢𝛺
∕𝜎20 = 1, with 𝜎2

𝑢𝛺
given by expression

(9) or (10), whereas the orange area under the curve represents the
rotational variance corresponding to the frequency interval [𝑓𝑎, 𝑓𝑏],
𝜎̊2
𝑢𝛺
|

|

|

𝑏

𝑎
, given by

𝜎̊2
𝑢𝛺
|

|

𝑏
=

𝑓𝑏
𝑆̊𝛺
𝑢 (𝑓, 𝛺̊, 𝜌̊)d𝑓.
|𝑎 ∫𝑓𝑎
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Fig. 5. 𝑎) Normalized Eulerian spectrum 𝑓𝑆̊𝑢. Variance 𝜎̊2
𝑢 = 𝜎2

𝑢𝜎
−2
0 and variance corresponding to the frequency interval [𝑓𝑎 , 𝑓𝑏] centered in 𝑓max = 0.2 and

accounting for variance 𝜎̊2
𝑢
|

|

𝑏
𝑎 = 0.2. 𝑏) Normalized rotational spectrum 𝑓𝑆̊𝛺

𝑢 , rotational variance 𝜎̊2
𝑢𝛺 , and rotational variance corresponding to the frequency

interval [𝑓𝑎 , 𝑓𝑏], 𝜎̊2
𝑢𝛺
|

|

|

𝑏

𝑎
. 𝑐) Normalized interval limited rotational spectrum 𝑓𝑆̊𝛺

𝑢𝑎𝑏
and interval limited rotational variance, 𝜎̊2

𝑢𝛺𝑎𝑏
. 𝑑) Normalized interval limited

rotational spectrum 𝑓𝑆̊𝛺
𝑢𝑎𝑏

and interval limited rotational variance due to the frequency interval [𝑓𝑎 , 𝑓𝑏], 𝜎̊2
𝑢𝛺𝑎𝑏

|

|

|

|

𝑏

𝑎
. 𝜆𝜌 = 8.1 and 𝜌̊ = 0.5. The 𝑥 axis is plotted using

natural logarithm scale. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
It is well known (Connell and George, 1987), that 𝜎̊2
𝑢𝛺
|

|

|

𝑏

𝑎
≠ 𝜎̊2𝑢

|

|

|

𝑏

𝑎
. In

Fig. 5𝑐 the normalized interval limited rotational spectrum 𝑓𝑆̊𝛺
𝑢𝑎𝑏

, with
𝑆̊𝛺
𝑢𝑎𝑏

given by expression (13), is presented along with the rotational
interval limited variance (red area), 𝜎̊2

𝑢𝛺𝑎𝑏
given by expression (14). This

variance is the contribution to the total rotational variance, of the part
of the rotational spectrum, 𝑆̊𝛺

𝑢𝑎𝑏
, which results from the transformation

of the part of the Eulerian spectrum, 𝑆̊𝑢(𝑓 ), corresponding to the
frequency interval [𝑓𝑎, 𝑓𝑏]. As mentioned before 𝜎̊2

𝑢𝛺𝑎𝑏
≠ 𝜎̊2𝑢

|

|

|

𝑏

𝑎
which

means that the red area in Fig. 5𝑐 is not the same as the orange area
in Fig. 5𝑎. Finally, in Fig. 5𝑑, the interval limited rotational variance

associated to the frequency interval [𝑓𝑎, 𝑓𝑏], 𝜎̊2
𝑢𝛺𝑎𝑏

|

|

|

|

𝑏

𝑎
given by

𝜎̊2
𝑢𝛺𝑎𝑏

|

|

|

|

𝑏

𝑎
= ∫

𝑓𝑏

𝑓𝑎
𝑆̊𝛺
𝑢𝑎𝑏

(𝑓, 𝛺̊, 𝜌̊)d𝑓,

is represented by the red area.

To underline the idea that the variance of the Eulerian spectrum
𝑆̊𝑢 corresponding to frequencies 𝑓 ∈ [𝑓𝑎, 𝑓𝑏], is not conserved in the

̊ ̊𝛺 ̊
7

normalized interval limited rotational spectrum 𝑓𝑆𝑢𝑎𝑏
, 𝑓 ∈ [0,∞), the
ratio 𝜎̊2
𝑢𝛺𝑎𝑏

∕ 𝜎̊2𝑢
|

|

|

𝑏

𝑎
is written from expression (14) as

𝜎̊2
𝑢𝛺𝑎𝑏

∕ 𝜎̊2𝑢
|

|

|

𝑏

𝑎
=

(

𝑓𝑎𝑏(0) − 𝑔𝑎𝑏(0)
1 + 𝜆2𝜌

+ 𝑔𝑎𝑏(0)

)

𝑓−1
𝑎𝑏 (0) =

1 −
𝑔𝑎𝑏(0)
𝑓𝑎𝑏(0)

1 + 𝜆2𝜌
+

𝑔𝑎𝑏(0)
𝑓𝑎𝑏(0)

=

= 1
1 + 𝜆2𝜌

(

1 + 𝜆2𝜌
𝑔𝑎𝑏(0)
𝑓𝑎𝑏(0)

)

. (15)

The expression (15) is represented in Fig. 6 for a range of frequency
intervals [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] = [𝑓𝑖 − 𝛥𝑓, 𝑓𝑖 + 𝛥𝑓 ] so that 𝜎̊2𝑢

|

|

|

𝑏

𝑎
= 0.15.

Therefore, for frequency intervals [𝑓𝑎, 𝑓𝑏] centered at values 𝑓̊𝑖 >
𝑓̊𝑖

∗, where 𝑓̊𝑖
∗ which corresponds to 𝑓𝑎𝑏∗ (0) = 𝑔𝑎𝑏∗ (0), see Fig. 6, is

𝑔𝑎𝑏(0) > 𝑓𝑎𝑏(0) and therefore 𝜎̊2
𝑢𝛺𝑎𝑏

> 𝜎̊2𝑢
|

|

|

𝑏

𝑎
, so, for those frequency

intervals, the rotational sampling process amplifies the variance of
the original part of the Eulerian spectrum. For intervals centered at
frequencies 𝑓𝑖 < 𝑓̊𝑖

∗ is 𝑔𝑎𝑏(0) < 𝑓𝑎𝑏(0) and 𝜎̊2
𝑢𝛺𝑎𝑏

< 𝜎̊2𝑢
|

|

|

𝑏

𝑎
.

We extend now the analysis of Fig. 5 to different intervals [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ]
and different 𝜆𝜌 values. Six consecutive and non overlapping intervals
[𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] have been considered with the same variance 𝜎̊2𝑢

|

|

|

𝑏

𝑎
. In Fig. 7,
̊
the interval limited correlation function at a fixed point, 𝑅𝑢𝑎𝑏,𝑖 (𝜏̊) =
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Fig. 6. Ratio of interval limited rotational variance 𝜎̊2
𝑢𝛺𝑎𝑏

and the variance

orresponding to different frequency intervals [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] of the Eulerian spec-
trum centered at frequencies 𝑓𝑖 ∈ [0.03, 10] and accounting for a variance
𝜎̊2
𝑢
|

|

𝑏
𝑎 = 0.15. The results are presented for different values of the radial

section speed ratio 𝜆𝜌 and a radial position 𝜌̊ = 0.5. The value of the central
frequency 𝑓 ∗

𝑖 which gives rise to 𝑓𝑎𝑏(0) = 𝑔𝑎𝑏(0) is indicated in the figure. (For
nterpretation of the references to color in this figure legend, the reader is
eferred to the web version of this article.)

𝑎𝑏,𝑖(𝑟̊ = 𝜏̊), and the interval limited rotational correlation 𝑅̊𝛺
𝑢𝑎𝑏,𝑖

(𝜏̊; 𝛺̊, 𝜌̊),
both corresponding to the frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] are plotted for
8

frequency intervals [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] centered in 𝑓𝑖 = 0.03, 0.08, 0.16, 0.28, 0.57,
and 1.97, each of them accounting for a variance 𝜎̊2𝑢

|

|

|

𝑏

𝑎
= 0.15. The

orrelation function at a fixed point 𝑅̊𝑢(𝜏̊) and the rotational corre-
ation, 𝑅̊𝛺

𝑢 (𝜏̊; 𝛺̊, 𝜌̊) are presented in every subfigure to facilitate the
omparison.

Both the interval limited correlation, 𝑅̊𝑢𝑎𝑏 and interval limited ro-
ational correlation 𝑅̊𝛺

𝑢𝑎𝑏
, are significantly different depending on the

frequency interval considered. Intervals of time delay 𝜏̊ with positive
and negative contributions to the respective correlation functions 𝑅̊𝑢
and 𝑅̊𝛺

𝑢 are observed.
The corresponding normalized interval limited rotational spectra

are presented in Figs. 8–10 for the three wind turbine cases on Table 1.
In the SSWT case (Fig. 8), the rotational sampling effect is notice-

able, although less intense that in the other two cases. The energy of the
interval limited rotational spectrum associated to the frequency interval
[𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] is quite similar to the energy of the Eulerian spectrum in the
frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ]. Each frequency interval contributes in a
different way to the rotational spectrum for frequencies outside the
frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] and specifically at the 𝑛𝛺 peaks regions.
In the cases of MSWT and LSWT, the energy associated to the interval
limited rotational spectrum corresponding to the frequency interval
[𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] clearly differs from the energy of the Eulerian spectrum in
the frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ]. The mentioned differences increase as
the frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] is closer to the rotation frequency, as
in figures 9.e and 9.f or in figures 10.d, 10.e and 10.f. In these cases,
the region of the Eulerian spectrum corresponding to the frequency
interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] is transformed into a contribution to the rotational
spectrum presenting negative values for frequencies 𝑓 < ̊𝑓𝑎𝑖 . These
negative values indicate that the fluctuations of the original velocity
field corresponding to frequencies [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ], when sampled by the rotat-
ing point, lead to a sampled velocity contribution which is negatively
correlated for certain frequency intervals, giving rise to the afore-
mentioned negative contributions to the rotational spectrum. These
Fig. 7. Correlation function at a fixed point 𝑅̊𝑢, interval limited correlation function at a fixed point corresponding to the frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ],
̊
𝑢𝑎𝑏 , rotational correlation 𝑅̊𝛺

𝑢 and interval limited rotational correlation 𝑅̊𝛺
𝑢𝑎𝑏

, for intervals [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ] centered in 𝑓𝑖 = 0.03 (𝑎), 0.08 (𝑏), 0.16 (𝑐), 0.28 (𝑑), 0.57 (𝑒) and

.97 (𝑓 ), each of them accounting for 𝜎̊2
𝑢
|

|

𝑏
𝑎 = 0.15. Analysis for the LSWT described in Table 1. (For interpretation of the references to color in this figure

egend, the reader is referred to the web version of this article.)



Journal of Wind Engineering & Industrial Aerodynamics 219 (2021) 104803A. Cuerva-Tejero et al.

f
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Fig. 8. Normalized Eulerian longitudinal spectrum 𝑓𝑆̊𝑢, normalized rotational spectrum 𝑓𝑆̊𝛺
𝑢 and normalized interval limited rotational spectrum 𝑓𝑆̊𝛺

𝑢𝑎𝑏

or intervals centered in 𝑓𝑖 = 0.03 (𝑎), 0.08 (𝑏), 0.16 (𝑐), 0.28 (𝑑), 0.57 (𝑒) and 1.97 (𝑓 ), accounting each of them for 𝜎̊2
𝑢
|

|

𝑏
𝑎 = 0.15. Analysis for the SSWT described in

able 1. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 9. As in Fig. 8. Analysis for the MSWT described in Table 1. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
negative contributions appear also in part of the 𝑛𝛺 peaks regions. In
the case of the higher frequency intervals [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ], the contributions
to the 1𝛺 peak are clearly negative for both the MSWT and LSWT
9

cases, as can be seen in figures 9.f, 10.f and 10.g. In these cases,
the energy contained in the corresponding frequency interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ]
of the Eulerian spectrum is not displaced to the 1𝛺 peak region of
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Fig. 10. As in Fig. 8. Analysis for the LSWT described in Table 1. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
Fig. 11. Ratio 𝑆̊𝛺
𝑢𝑎𝑏
∕𝑆̊𝛺

𝑢 at 𝑓 = 𝑓1𝛺 = 𝛺̊(2𝜋)−1, versus the central frequency of the interval [𝑓𝑎𝑖 , 𝑓𝑏𝑖 ], 𝑓𝑖 = 0.5(𝑓𝑎𝑖 + 𝑓𝑏𝑖 ) accounting for a variance 𝜎̊2
𝑢
|

|

𝑏
𝑎 = 0.1. Left: for

different values of 𝜆𝜌 and a radial position 𝜌̊ = 0.2. Right: for different values of 𝜌̊ and a value 𝜆𝜌 = 7.5. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
the rotational spectrum but instead, it is transformed into a negative
contribution to the rotational peak. Further analysis of this mechanism
is ongoing by exploring how different wave number components of the
velocity field are sampled by the rotating point.

The contributions to the first rotational peak of the interval lim-
ited rotational spectra, 𝑓1𝛺𝑆̊1𝛺

𝑢𝑎𝑏
are presented in Fig. 11 for different

values of parameters 𝜌̊ and 𝜆𝜌. The ratio 𝑆̊1𝛺
𝑢𝑎𝑏

∕𝑆̊1𝛺
𝑢 is presented for

overlapping frequency intervals centered in 𝑓𝑖 ∈ [0.2 ⋅ 10−2, 3] and
accounting for interval limited variance 𝜎̊2𝑢

|

|

|

𝑏

𝑎
= 0.1 each of them. This

ratio changes significantly with the central frequency, 𝑓𝑖, being even
negative for certain 𝑓𝑖 values. This means that the energy from the
different frequency intervals [𝑓𝑎, 𝑓𝑏] of the Eulerian spectra, 𝑆̊𝑢, with
identical variance 𝜎̊2𝑢

|

|

|

𝑏

𝑎
, is shifted in a significantly different way to the

first rotational peak region, even giving rise to a negative contribution
to the mentioned first peak, as it was anticipated in Figs. 9 and 10.
10
5. Conclusions

We have used a classical model of rotational sampling of statisti-
cally stationary, homogeneous and isotropic turbulence to extend the
analysis of the characteristics of the rotational spectra to ranges of non
dimensional radial position of the rotating point and non dimensional
rotational speed.

We have proved that the transformation of the interval limited
Eulerian spectrum into the interval limited rotational spectrum does
not preserve the variance (as it occurs with the transformation of the
whole Eulerian spectrum into the rotational spectrum). The change
of variance depends on the relative contribution of longitudinal and
transversal correlation functions. The product of the non dimensional
radial position and non dimensional rotational speed has been iden-
tified as the parameter driving this non preserving transformation of
variances.
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We have explicitly shown that different frequency intervals of the
Eulerian spectrum are transformed into significantly different contri-
butions along the whole frequency interval of the rotational spectrum,
and especially into significantly different contributions to the first and
second rotational peaks. The interval limited rotational spectrum can
be even negative along certain frequency intervals, including those
corresponding to the first and second rotational peaks. This means
that certain frequency components of the original velocity field can be
negatively correlated when sampled by the rotating point, giving rise
to the aforementioned negative contributions.

The presented analysis can help in the analysis of wind turbine
response to turbulence since, in the line of Chen et al. (2020), allows
to know how different frequency regions of the Eulerian spectrum
contribute to those frequency regions of the rotational spectrum where
the wind turbine is specially sensitive. With this regard, the presented
results constitute a starting point for a future analysis on how each part
of the Eulerian wind spectrum contributes to the spectral characteristics
of the dynamic response of wind turbine rotating blades, such as the
blade tip displacement spectrum or the blade root bending moment
spectrum, along the whole frequency interval (including the rotational
peaks frequency regions and the frequency regions around the blade
natural frequencies). This analysis is ongoing and constitutes a piece
of research itself since it requires, first: to extend the same frequency
interval analysis that has been applied to the one point spectrum
herein, to the two points cross-spectrum (coherence function), second:
to apply a proper aeroelastic model for the rotating blade such an
Euler Bernoulli beam model for the structural behavior of the rotating
blade and a blade element momentum model for reproducing the
aerodynamic forces on the blade.
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