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The starting jet produced by the impulsively started discharge of a submerged gas stream of constant
velocity through a circular orifice in a plane wall is investigated by integrating numerically the
axisymmetric Navier–Stokes equations for moderately large values of the jet Reynolds number. The
analysis is restricted to low-Mach-number jets, for which the jet-to-ambient temperature ratiog
=Tj /To emerges as the most relevant parameter. It is seen that the leading vortex approaches a
quasisteady structure propagating at an almost constant velocity, which is larger for smaller values
of g. The action of the baroclinic torque in regions of nonuniform temperature leads to significant
vorticity production, with a constant overall rate equal to that of an inviscid starting jet. ©2005
American Institute of Physics. fDOI: 10.1063/1.1858533g

Starting jets are produced by the discharge of fluid
through a nozzle or orifice into an initially quiescent atmo-
sphere, as can be done experimentally with a piston-cylinder
mechanism by displacing a column of water through a circu-
lar nozzle into a larger water tank. The resulting unsteady jet
flow shows a characteristic leading vortex ring,1 formed by
the roll up of the vortex sheet that separates at the edge of the
orifice, followed by a jet stem, whose annular vortex sheet
evolves to form secondary vortices when the jet Reynolds
number is sufficiently large.

Most previous works have considered the constant den-
sity case. The early stages of the process, including the roll
up of the vortex sheet to form the vortex ring, have been
studied both experimentally2 and numerically.3,4 Much less
attention has been given to the long time evolution of start-
ing jets as the leading vortex travels away while the jet
stream continues dischaging from the orifice. Experiments
performed with a piston-cylinder mechanism5 demonstrated,
in particular, that the leading vortex stops entraining vorticity
at a given time, pinching off from the jet stem, a phenom-
enon that was also observed in numerical simulations.6

The present Brief Communication investigates numeri-
cally starting jets formed by the impulsively started dis-
charge of a gas stream of velocityUj from an orifice of
diameterDj into a stagnant atmosphere of the same gas, a
configuration sketched in Fig. 1. Jet temperatures different
from the ambient value are considered in the analysis, which
is restricted to values of the jet Mach number sufficiently
small for the pressure variations to be negligible compared
with the ambient pressure. To describe the resulting flow, the
near-isobaric Navier–Stokes equations, written in axisym-
metric form, are integrated numerically, as done for constant
density in previous investigations.4,6,7 As in Ref. 6, the time
range of integration is extended to values much larger than
Dj /Uj, so that the long time behavior of the starting jet is
appropriately described.

The application that motivates our interest in the prob-
lem is the ignition of a combustible mixture by a hot jet of

reaction products. Despite the large Reynolds numbers typi-
cally encountered in realistic cases, the leading vortex that
forms at the head of the transient jet provides a means for
effective mixing at the molecular level,7 thereby leading to
the formation of an ignition kernel. The combustion mode
initiated by the hot jet depends critically on the value ofDj.
Thus, for a given reactant mixture, there exists a critical
value ofDj, of the order of the characteristic flame thickness
s,10−4 md, below which ignition is precluded, while for
larger values a deflagration forms. The initiation of a deto-
nation requires much larger values ofDj, on the order of the
detonation cell sizes,10−1 md.8

To write the problem in nondimensional form, the values
of Dj andUj are used to scale the coordinatesx=x8 /Dj and
r =r8 /Dj, the velocity componentsvr =vr8 /Uj andvx=vx8 /Uj,
the timet= t8 / sDj /Ujd, and the pressure differences from the
ambient valuep=sp8−pa8d / sr jUj

2d. Similarly, the inlet jet
properties are used to define a dimensionless temperature,
T=T8 /Tj, density, r=r8 /r j, and viscosity,m=m8 /m j. The
axisymmetric continuity, momentum, and energy conserva-
tion equations are supplemented with the equation of state
written in the near isobaric approximation,rT=1, and with
the presumed power-law dependencem=Ts for the tempera-
ture variation of the viscosity, where the exponent is taken to
bes=0.5 in the computations. We choose to write the energy
equation for the normalized temperaturef=sT8−Tod / sTj

−Tod, defined to be unity in the jet and zero in the stagnant
fluid. In the isothermal case, whenT=1 everywhere in the
flow field, this alternative variable constitutes a useful pas-
sive scalar to characterize the mixing process. Pressure varia-
tions and viscous dissipation are discarded in the energy
equation, as corresponds to the low Mach-number jets con-
sidered here. Furthermore, a constant specific heat at con-
stant pressure is assumed, along with a constant Prandtl
number Pr=0.71. As an additional simplification, buoyancy
forces are neglected when writing the momentum equation,
an appropriate approximation when the characteristic Froude
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numberUj
2/ sgDjd is sufficiently large. Besides the Reynolds

number, Rej =r jUjDj /m j, the solution is seen to depend only
on the jet-to-ambient temperature ratiog=Tj /To.

The conservation equations were integrated forx.0 and
t.0 with boundary conditions atx=0 corresponding to a
uniform jet, i.e.,vx−1=vr =f−1=0 for r ,1/2, and a non-
slip adiabatic wall, i.e.,vr =vx=]f /]x=0 for r .1/2. Forx
.0, we impose the regularity conditions]vx/]r =vr

=]f /]r =0 along the axisr =0, together with an outflow con-
dition for x2+r2→`.

We use a prescribed constant uniform velocity profile at
the jet exit vx=1, a boundary condition also employed in
previous calculations.6 Clearly, if our calculations were in-
tended to reproduce a particular piston-cylinder experiment,
then it would be necessary to describe the flow in the cylin-
der up to the piston, as done in Ref. 4 to reproduce the
experiments of Ref. 2. The purpose here is not to reproduce
a specific experiment, but rather to provide general under-
standing of starting gas jets, so that a simple boundary con-
dition is preferred. Note that a uniform velocity profile could
be obtained in the piston-cylinder experiment by incorporat-
ing a porous plate across the cylinder just upstream from the
jet exit.

In the near-isobaric limit considered here, the outer stag-
nant fluid is set in motion at the initial instant to adjust to the
boundary condition for the velocity imposed at the orifice.
The resulting initial condition for the velocity corresponds to
the potential flow generated by a uniform distribution of
volumetric sources located at the orifice,

svx,vrd =
1

2p
E

0

1/2E
0

2p sx,r − r̃ cosudr̃du dr̃

fx2 + sr − r̃ cosud2 + sr̃ sinud2g3/2,

s1d

while the initial temperature distribution is simply given by
f=0. Note that the resulting nonzero radial velocity atx=0
results in a vorticity sheet that extends initially both across
the orifice and on the wall.

The conservation equations were discretized following a
cell-centered finite-volume procedure. A second-order up-
wind scheme was used to evaluate the face values of the
variables for the convective terms, while second-order cen-
tral differences were used for the diffusive terms. The
pressure-velocity coupling was achieved with an algorithm
of the SIMPLE family. The time discretization was implicit
and first-order accurate. The computational domains0øx
ø20, 0ø r ø10d was discretized in a block-structured grid.
The initial grid consisted of a square grid withDx=Dr =0.5
covering the whole domain plus a very refined grid in a
region of dimensionss0øxø1.5, 0ø r ø1.25d around the
jet exit, with minimum spacingDx=Dr =7.8125310−3. This
original grid was dynamically adapted every ten time steps to
extend the refined grid up to the region where the gradient of
f reached a threshold value of 0.001. The number of com-
putational cells ranged from 32 042 for the original grid to
more than 500 000 for the more developed jets. The compu-
tational time step was dynamically determined based on the
estimation of the truncation error associated with the time
integration scheme, resulting in time steps of the order of
Dt,10−3.

Figure 2 shows instantaneous maps of vorticityv
=]vr /]x−]vx/]r and temperaturef obtained for g
=s1/3,1,3d. To facilitate the comparison, different instants
of time have been selected in the plot to make the penetration
length approximately equal to 5 and a half diameters in all
three cases. The Reynolds number based on the properties of
the incoming fluid is taken to be Rej =2000. Since the kine-
matic viscosity of the ambient fluid is a factorg1+s smaller
than that of the jet, increasing the value ofg causes an in-
crease in the effective Reynolds number of the flow, which
has a noticeable effect on the instability of the trailing vortex
sheet. Thus, no instability is observed in the jet stem forg
=1/3 while at the same distance from the orifice a number of
annular vortices have already developed forg=3. The case
g=1 is intermediate, and shows already regions of concen-
trated vorticity which eventually develop into vortices for
larger times. Vortex pairing enters to enrich the dynamics in
the caseg=3, e.g., the leading vortex in the selected snap-
shot has just engulfed the vortex located immediately behind.

As can be seen, the leading vortex shows a fairly con-
centrated vorticity ring embedded in an annular region of
uniform temperature, which results from the initial roll up of
the vortex sheet. The plots corresponding tog=1/3 andg
=3 indicate that additional vorticity is produced by the baro-
clinic torque acting on regions of nonuniform density. For
g=1/3 the effect is less noticeable due to the increased ther-
mal diffusivity, which tends to reduce the temperature gradi-
ents, so that appreciable vorticity, of the same sign as that
being shed at the orifice rim, is only produced in the mixing
layer surrounding the leading vortex. Larger temperature gra-
dients, and therefore higher production rates, are seen forg
=3, when production in the outer mixing layer surrounding
the vortices yields negative vorticity. Note also the existence
of vorticity of opposite sign on the sides of the stretched
layer of cold gas trapped between the leading vortex core and
the axis. The vorticity distribution of the leading vortex, ini-
tially connected to that of the jet stem, eventually discon-

FIG. 1. A schematic representation of the starting jet, including the contour
L used to evaluate the total circulationG, the control volumeV used to
integrates3d, and the coordinatessl ,rd used in evaluatings6d.
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nects as the leading vortex pinches off, a phenomenon de-
scribed in earlier work.5,6

Quantitative information regarding the leading vortex is
presented in Fig. 3. In particular, the plot shows the evolution
with time of the jet front,xf, defined at each instant as the
location along the axis wheref=0.5. As can be seen, the
front location, independent of Rej, depends strongly ong.
The associated vortex velocity,Uv=dxf /dt, remains almost
constant forxf *3, so that the expected deceleration associ-
ated with viscous effects is almost imperceptible in the time
range computed. The computation ofUv by a least-square fit
of the numerical results corresponding toxf .3 gives Uv
=s0.676,0.629,0.510,0.395,0.326d for Rej =2000 and g
=s1/5,1/3,1,3,5d, while Uv=s0.482,0.499d for g=1 and
Rej =s500,1000d.

To quantify the amount of vorticity present in the flow
field, it is useful to introduce the total circulationG
=eLv̄ ·dx̄=eSvdr dx, where the contour of integrationL and
the associated rectangular surfaceS are defined in Fig. 1.
With the boundary condition used here atx=0, the circula-

tion reduces to the line integral along the axisG=e0
`vxdx

whenL is taken infinitely large. The numerical results were
used to determine the evolution with time ofG for different
values ofg and Rej, giving the curves shown in Fig. 3. As
can be seen, the circulation increases from a constant initial
value G=1/2, independent ofg and Rej, at an almost con-
stant rate, which is smaller for increasing values ofg. The
existence of a nonzero circulation att=0, which is also ob-
served in previous computationsssee Figs. 3 and 4 of Ref.
6d, is associated with the vorticity created during the impul-
sive acceleration of the flow. Thus, usings1d to evaluate the
velocity vx=1−x/ sx2+1/4d1/2 along the axis, yields the ini-
tial circulation G=e0

`vxdx=1/2 observed in the computa-
tions.

The constant growth rate of the circulation seen in Fig. 3
is partly due to the vorticity being shed at the orifice rim and
partly due to the baroclinic production. As can be seen, the

FIG. 2. Contours ofv supper halfd and f slower halfd obtained for Rej
=2000 andsad g=1/3 at t=8.44, sbd g=1 at t=10.61, andscd g=3 at t
=14.30; the isocontours of negative vorticitysdashed linesd range fromv
=−4 to v=−1 in incrementsdv=1, whereas the isocontours of positive
vorticity correspond to values ofv from v=1 to v=16 in incrementsdv
=1 and the temperature isocontours correspond tof=0.1 to f=0.9 in in-
crementsdf=0.1.

FIG. 3. Evolution with time ofxf , G, andfv for different values ofg and
Rej. Solid lines, Rej =2000; dotted lines, Rej =500,g=1; dashed lines, pre-
diction given by Eq.s2d. The evolution offv for Rej =1000 andg=1 is
given as a dash-dotted line, while the corresponding curves forxf andG, not
shown in the figure, are virtually indistinguishable from those obtained for
Rej =2000 andg=1.
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resultingGstd compares extremely well with the value

G =
1

2
+

t

2
f1 + Uv

2s1 − gdg s2d

corresponding to an inviscid starting jet, withUv being
evaluated in the comparisons from the numerical results. The
above expression follows from integrating the vorticity equa-
tion for an axysimmetric flow,

]

]t8
Sv8

r8
D + = ·Sv8

r8
v̄8D =

s=r8 ∧ = p8du

r8r82 , s3d

in the cylindrical volumeV indicated in the sketch of Fig. 1,
and dividing for convenience the result by 2p. Since dV
=2pr8dr8dx8, the first term ins3d yields

1

2p

d

dt8
E

V

v8

r8
dV=

d

dt8
E

S

v8dr8dx8 =
dG8

dt8
, s4d

whereas the second term yields the flux ofv8 / r8 across the
surfaceS limiting the cylindrical control volumeV. Far from
the jet, the motion of the initially stagnant fluid is irrota-
tional, so that the flux of vorticity occurs only at the orifice,
wherev8=−]vx8 /]r8 and one can write

1

2p
E

S

Sv8

r8
v̄8 · n̄Dds =E

0

Dj /2

vx8
]vx8

]r8
dr8 = −

Uj
2

2
. s5d

For an inviscid flow, the density gradient is zero everywhere,
except at the fluid surface separating the jet from the outer
fluid, where it takes an infinite value. Therefore, to determine
the contribution of the baroclinic torque, we use as coordi-
nates the distancel from the jet leading edge measured along
the separating fluid surface and the accompanying local
transverse coordinaten. In terms of these coordinates one
obtainss=r8∧ =p8du=s]r8 /]nds]p8 /]ld, which can be used
to yield

E
0−

0+ 1

r82

]r8

]n
dnE

0

lr ]p8

] l
dl = spf8 − pr8dS 1

ro
−

1

r j
D , s6d

where pf8 is the pressure at the jet frontl =0 andpr8 is the
pressure at the orifice riml = l r. This value rapidly ap-
proaches the ambient pressurepa8 as the leading vortex
moves away from the orifice rim, so that finally

dG8

dt8
=

Uj
2

2
+ spf8 − pa8dS 1

ro
−

1

r j
D . s7d

Since the velocity of the leading vortexUv8 is almost con-
stant, in a reference frame moving with the vortex conserva-
tion of total head along the axis givespf8−pa8=roUv8

2/2. In-

tegratings7d with this constant overpressure and scaling the
result withUjDj finally yields s2d.

Figure 3 also shows the time evolution offv, the value
of the temperature at the vortex center, defined as the loca-
tion wherev reaches its peak value. The variations of the
initial value of fv for different Rej andg are not extremely
large, i.e., the resultingfv lies typically in the range 0.65
&fv&0.75, indicating that during the early stages of vortex
formation the vortex entrains mainly jet fluid. The subse-
quent evolution suggests that the leading vortex continues
entraining fluid from the near axis region, where the tem-
perature remains equal to that of the jet during a considerable
period of time, causing an initial increase offv. This effect is
partly balanced by conduction heat losses towards the ambi-
ent gas, which eventually dominate, causing the temperature
to slowly decrease for sufficiently large times. The latter ef-
fect is less important for larger Rej and also for largerg,
when the thermal diffusivity of the relatively cold outer fluid
is smaller than that of the jet, thereby reducing the rate of
heat conduction towards the ambient.

The results presented motivate further research on
nonisothermal gaseous starting jets. It can be expected that a
study of the kind performed by Pullin9 for the inviscid kine-
matics of the roll up process would provide additional infor-
mation on the initial value offv, of interest in ignition ap-
plications. In addition, the dynamics of steady vortex rings of
variable density should be investigated to clarify the depen-
dence ofUv on g.
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