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Lagrangian density
Lagrangian equivalence problem

1. Introduction and preliminaries
1.1. Statement of the problem

Let M be a connected smooth manifold of dimension m. An automorphism of the projection p: R x
M — R, p(x,y) = x, is a pair ¢ € Dif R, & € Diff(R x M) making the following diagram commutative:

R x M i> Rx M

Let Aut(p) be the group of automorphisms of p. The diffeomorphism ¢ is completely determined by @;
hence, Aut(p) is a subgroup in Diff(R x M). We denote by J"(R, M) the bundle of jets of order r of (local)
sections of the submersion p and by ®(): J"(R, M) — J"(R, M) the r-th jet prolongation of ®, i.e.,
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") (jro) = o (Rooog™), Viio e J (R M)

Let £,£: JY(R,M) ~ R x TM — R be two first-order (time dependent) Lagrangians on M. The
Lagrangians densities £dz, Ldx are said to be equivalent if there exists ® € Aut(p) such that, (®(M))* (Ldz) =
Ldz, i.e., Ldr = (Lo®M)¢*(dx), or even,

s do 1
L= (Lc@( >) . (1)

The equivalence problem is one of the basic questions in the Calculus of Variations and has been dealt
with in several works. The notion of equivalence itself has different interpretations. Equivalence up to an
automorphism of p (also known as fiber preserving equivalence) is probably the most natural one and is
the approach we follow in this article, although there are other possibilities, such as equivalence under
the group Diff(R x M) (point transformations) or even larger groups. The usual tool used to solve the
equivalence problem in the literature has been the Cartan method. This procedure is quite algorithmic but
the computations become early too complex. However, partial results have been obtained: Equivalence of
quadratic Lagrangians in [8] or [1] (with respect to the Euler-Lagrange equations in the last case), equivalence
of Lagrangian for M = R in [5] and [9], or the equivalence problems for field theory Lagrangians defined in
the plane R? and M = R in [4]. Our results are obtained for an arbitrary manifold M, agreeing with the
previous results in the particular case M = R. For that, we follow a different method connected with the
notion of invariant and infinitesimal transformations. In this paper, we obtain the complete determination
of the set of invariants up to order two. The second order invariant is also exploited from a geometrical
point of view to give some higher order invariants in connection with the notion of metric invariant. The
intrinsic-geometric interpretation of all these objects sheds light to the problem of determination of a
complete set of invariants of arbitrary degree.

We now introduce the notion of invariant. We first note that sections of the projection

q: J' R, M) x R — J'(R, M),
q(jro, N) = juo,

correspond bijectively with functions in C°°(J!(R, M)), i.e., with first-order Lagrangians on the fibred man-
ifold p: R x M — R. The section s.: J}(R, M) — JY(R, M) x R of q corresponding to £ € C*°(J (R, M))
is given by s, (jlo) = (jlo, L(jlo)). In what follows sz and £ will be identified.

Let @ : JY(R, M) x R — J' (R, M) x R be the automorphism of ¢ defined as follows:

3D (jio, ) = (@ (jko), (¢)) 7N, @)
where ¢’ = d¢/dx. If (V,)) is another automorphism of p, then
(B0 W)dr), = U (B7dw), = P*(¢/dw)s = ¢'/ (d)a
Hence
20 (¥N(jlo,N)) = 2D @D (ila), ()N
= (2@ (¥V(ii)) . (&)1 A)
= ((@ow)™ (o), () " 2).

In other words, (m)(l) =M op),
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1.2. Differential invariants

Proposition 1.1. With the preceding notations, ((@*1)(1))* (Ldx) = Ldx for ® € Aut(p) if and only if,
M o5, 0 (@MW)~ = sz. Accordingly, if the Lagrangian densities Ldx and Ldx are equivalent, then every
smooth function I: J"(q) — R which is invariant under the subgroup of Aut(q) of automorphisms of the
form (Cﬁ(l), dM), & € Aut(p), takes the same value on the two r-jets of the sections sy and sz namely,

I (fp05) =1 (d302) . Vito € 1 ®.0).
Therefore, invariant functions provide a method to distinguish non-equivalent Lagrangian densities.

Proof. According to (1), the equation ((®~1))*(Ldz) = Ldx is equivalent to £ = (¢')~ (Lo (®~1)M).
We have

(502 0607) Gl - (89 21) (09 2)
=60 (@) (20) .£ (@) (120)))
= (i @) (Lo (@) V) (320))
=s;(jz0). O

The approach we follow for the determination of the invariant functions will be through the infinitesimal
representation of projectable vector fields X of R x M — R (resp. vector fields X that are vertical with
respect to the projection R x M — R), that is, we will study the functions I : J"(¢) — R such that
(XMY)(I) =0, for r < 2, according to the notation of the next section. In principle, these functions will
only be invariant under the connected component of the identity Aut(p)o (resp. Aut”(p)g where Aut’(p) is
the subgroup of vertical automorphisms, that is, automorphisms inducing the identity on R), so that the
number of independent invariant functions under the full group Aut(p) (resp. Aut”(p)) is less or equal to
those obtained by that infinitesimal representation. However, we will conclude the main result by providing
explicitly enough functions that are invariant under Aut(p) (resp. Aut”(p)).

1.3. Zero-order invariants
Let

8 « a [e.e] (6% [ee]
X—u%—i—’u 3y u € C°(R), v* € C*(R x M), (3)

be the local expression of a p-projectable vector field on a fibred coordinate system (z, y%), y* € C°(Rx M),
1 < a < m, for the natural projection p: R x M — R, where we have used the Einstein summation
convention. We have (cf. [2], [7, 2.1.1])

1 _, 90 a_0 a_0d
X —’U/ax +v Jy +'U1 Dy~ (4)
a _ Y _ dua ov® B
U1 = oz @y oy Y

where (z,y®,9*) is the coordinate system on J*(R, M) induced from (z,y%), 1 < o < m; e, §*(jz,0) =
(d(y” o 0)/d)(x0).

Let us compute XM, Let z: J'(R, M) x R — R be the projection onto the second factor, i.e., z(jlo, \) =
A. The functions (x,y®,y*,2) are a system of coordinates on J1(R,M) x R. If X is the infinitesimal
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generator of a pair of one-parameter groups ¢, € Diff R, &, € Diff(R x M), then according to (2) we have

z0®W = z/ 9 Hence
a0 (R du
o \ dz - T oty \dz ) dz”’

and therefore X(1) = ua% + vo‘ayia + v?% — Z—Zz%. )
Let D° be the involutive distribution on J*(R, M) x R generated by the vector fields X*), X being an
arbitrary p-projectable vector field. The first integrals of D° are the zero-order invariant functions. Taking

- 0
XD =5 =
(2) =2 o

the formulas (4) into account, we have

v Boo v Yoo U
1 (ik0) = G0t + 22D @) S o)) - ML 2D ) P ),

and evaluating X at a point (jlo, \),

N d 9
( ><j;a,x> “2) 0/ (j15.) et 0Y* /) (o)
e 9 O d(y” o 0) < 0 )
+ (@) 52 + oz r -
e 0 (555) L e 0w ()

du 0 du, Oy*oo) 0
a0 (—) g (x) ( )
dx 0z (loN) dx ox oy (j1oA)
0 0 o 0
— u(a) (—) o (o)) (—) + 2 o) (—)
0z ) (140 W) 1oy O 9%/ (1o

ov® 0 du 0 0
+ —(o(x "B—,> ——(x <z——|—'°‘—_> .
S o(e) (y o) o ()

As the values u(z), (du/dz)(z), v*(o(z)), (Ov*/0x)(0(x)), (Jv™*/Oy®)(o(x)) are arbitrary, it follows that
the vector fields 9/dz, 8/0y®, 8/0y", 20/0z are a local basis of the distribution D° on the dense open
subset z # 0; the generic rank of DY thus coincides with the dimension of J!(R, M) x R ; hence the only
zero-order invariants are the constants.

1.4. Jet-prolongation formulas

Let ¢: N x R —N be the canonical projection onto the first factor, where N is a smooth manifold of
dimension v with local coordinates (t!,...,t").

Let z: N xR — R be the projection onto the second factor. The lift by infinitesimal contact transformation
to the jet bundle J"(q) of a ¢g-projectable vector field on N x R with local expression

_¢a (41 v 0 1 v 0
Y =¢ (t,...,t)—ata—i—n(t,...,t ,2) 5.
is given by (cf. [2], [10]),
0 0 0
(r) — ¢a (41 v 1 v - _—
YU =gt (8 ) s (8 2) o ) g ()

1<|1]<r
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where I = (i1,...,1,) € N” is a multi-index of order |I| = i1 + ...+ iy, (t%21), 1 <a < wv, |I| <71, is
the coordinate system induced on J"(g), namely, 20 = 2, z1(j¢ L) = M1/t (¢), L € C=(N), and the
function 77 is defined as follows:

=D" (n— &%) + £ 214 (), (6)

(a
with (a) = (0,...,1,...,0), 1 <a < v, D = % + Zm:o ZI+(a)8%1 denotes the total derivative with
respect to the coordinate t* and the operator D! is given by,

D! = (Dﬂ)il 0.--0 (Dtu)iy

By using Leibnitz’s formula for the r-th derivative of a product, the formula (6) transforms into the following:

I 8|I_J| a
= DI(U) - Z (J) TjZJJr(a)' (7)

J<I

In the case we are dealing with, N = J' (R, M), v =1+2m,Y = X, and

t9)e—1 = x, a’ 'a,
(“Voor = i) }1§a§m,
((€")orim) = (u, v 085 — G22)

u € C®(R), v* € C®(R x M), and v{ is given in (4). Next, instead of the general formulas above, we use
the following ones for J*(g) in our particular case: (z,y*, §%, 2, 2z, Zyo, 2go ), 1 < a < m.

2. First-and second-order invariants
2.1. First order

First of all, let us compute (X)) By applying (5) to Y = X for r = 1, we have

~ 0 0 0 du 0 0 0 0
XN = = 4 = ¢~ — — 2 4+ A— + B, Ca
( ) Yor v oy™ T Loge  dx “92 + 02y 0zyo * Ozga’
d?u du ov® 0%v® d*u 0%v®
= ——— - I— - (6 2 y1e% —.a 'a_i.ﬁ Y1e%
A dz?” de T o dz2 * dz2? % 3:138yf3y e ®)
du o’ 0%vP 0?vP
Ba = T Ay — S - - i R}
Y oy~ v° <8a;8y°‘ + 8y°‘8y7y ) 9’ )
v
C, = —ﬁzyﬁ. (10)
Hence
~ 0 0
XN ), 2 4 o 2
( ) =Us +v 3y
_du 22 + o 0 + 2z 9 +z 0
dw \"0z Y oy~ T0zp V" Bzye

R A N N N
or \oy> Y 0z, oyP y oy Ozyp v Ozys
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VN )
dg2 2 TY A Ozy  O0x2 e 0z,

L (DD
ozoy> \Y oz, TV 0z Dzyo

Z 9% 0 a0
ayaayﬁuaaﬁ Y 0z 4 02,0

and the distribution D! generated by all the vector fields (X)) on J'(q) is spanned by 8%, 820 , and the

_l’_

following vector fields:

O (o0 (9, 0 (. 9
=z— — Zp—=—— + 2Zyo ,
X a2 Y oy™ T 02y Y 0zye
4 9 1<a<
a = —— o, S @ m,
X oy~ V" 0z,
0 0 0
h = F— & ) o, D = 17 , m,
Xa Yy ay-a Yy 8Zyﬁ Y aZyﬁ /8
. 0
X/ = (_z—i_y’Y’ZZﬂ) 82’1’
_ 0
Xo Zyaa—zxy 1 <a<m,

_ o 0 0
ngzyﬁ (yaa—zz—kazya)’ Oé,,@zl,...,m,

1 0 0
v . B ;o 1<a<p< 1<~ <m.
X"‘B_l (5,152 ( -~ +vy 8zya)’ <a<p<m1<y<m

Let us fix two indices ag, Bo. From the formulas above, on the dense open subset U(aq, By) = {z # 0,97 # 0,
zgoo # 0, 2480 # 0} C J'(q), we have

o 1
02y Zgoo o Yoo
0 1 _
@ = Zoon (Zy“oxa +Zy"Xao)v
¥
0 1, o
azya e Z'BO (XﬂO _y XBO)’
¥
0 1 . _ _ .5
o = s [ (zaten T 70 Xso) = 20 X5, = Zyto XB + 2ot Xt
Y0 <gPo
0 1

- 1 - ca
95 = 5 (X 9xa) = (222X80 + 292 X5, ) »
Yy

thus proving that the rank of D! on U(ag, Bo) is equal to the dimension of the tangent space to J'(q) at
each point. Hence the only first-order differential invariants are the constants.
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2.2. The Hessian metric

Let p™: J'(R,M) — R, p"" : J'(R,M) — J"(R,M), r > v, be the canonical projections of the jet
bundles of p: R x M — R.

The map p'°: JH(R, M) — J°(R,M) = R x M is an affine bundle modeled over the vector bundle
W = p*T*R® V(p) = R x TM. Hence each fibre F, , = (p'°)~(z,y), (x,y) € R x M, is an affine space
modeled over Ty, M. We set L™ = L|p VL € C>(JHR, M)).

Let A be a real affine space of finite dimension modeled over a real vector space V, endowed with its
canonical C* structure. Every vector v € V induces a vector field © € X(A) given by,

5o(f) = —|  flz+tv), VaeA VfeO(A).

t=0

If vy,...,v, is a basis for V, then 1,...,9, is a basis for the C*°(A4)-module X(A).

There exists a unique linear connection D4 on A such that, DA% = 0, Vo € V. This connection is
symmetric and flat.

The image of a vector field X € X (M) by a diffeomorphism ¢: M — M’ is the vector field ¢ - X € X(M')
defined as follows: (¢ - X )z = 0u(Xy-1(21)), V2’ € M.

If D is a linear connection on M, then ¢ - D denotes the linear connection on M’ defined by the following
formula:

(QO . D)X/Y/ =@ (_DSO—l,X/ (QD_l . Y/)) y VX/,Y/ € %(M/)

If w is a 1-form on an affine space A, then DA4w is the covariant tensor of degree 2 given by, (DAw) (X,Y) =
(Dgw) (V) = X (w(Y)) —w (DRY), ¥X, Y € X(A).

Lemma 2.1. With the previous notations and definitions, for every isomorphism of affine spaces a: A — A’
and every 1-form W’ on A’ the following formulas hold:

a- DA =DV, o (DA'W') = DA (a*w').

Proof. Actually, from the very definition of an affine morphism there exists a linear isomorphism a:V oV

—

such that, a(v 4 a) = @ (v) + a(a), Va € A, Yo € V, and we have @ (v) = o - @, as follows from the next
equalities:

(D) f' = [ (Ba1(an)] ()
= ﬁafl(a:’) (f/ © O[)
(f' oa) (@~ (z') + tv) — f'(z')

By writing u = E)_l(u’), v = ﬁ_l(v’), for all u’,v' € V', we obtain

02 (7) = 0D 5 (70

)a.ﬁ <Oé ' ﬁ)

(a . DA
(04 . DA
0.
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If X =@, Y =, then (D?w) (&,?) = @(w (?)), by virtue of the definition of the connection D4 and we
deduce

(a* (DY) (@,8) = (D' )aga) (0 () , e (7))

e

thus allowing one to conclude the proof. O

The Hessian metric of a function £ eC>(J* (R, M)) is the section of the vector bundle sc: §? [V*(p'?)] —
JY(R, M) defined as follows (cf. [11, Definition 2.1]):

Hess; 1, (£) = DFne (agn@). (11)

In local coordinates, Hess(L) = ajj—gwdmya ® dyoy®, where dyof = df|V(p10).
For every ® € Diff(R x M), the diffeomorphism &) : JY(R, M) — J'(R, M) transforms V(p'°) into
itself because of the commutativity of the following diagram:
T®M) 25 (R, M)
1p'? 1p*
RxM 2 RxM

Hence for every £ € C°(J' (R, M)) the inverse image of the Hessian metric (®(1))* Hess(£) is another
section of S? [V*(p'?)] — JY(R, M).

Proposition 2.2. For every ® € Aut(p) and every £ € C=(J*(R, M)), we have

(®@M))* Hess(£) = Hess(Lo®™)).
Proof. If ®(z,y) = (v(x), ¥(z,y)), V(z,y) € R x M, then, taking account of the fact that the affine bundle
JYR, M) — R x M is modeled over the vector bundle R x TM — R x M it follows that &) : J'(R, M) —

JY(R, M) is an affine morphism whose associated linear morphism MR xTM — R x TM is given by,
W (z,0) = (z, (V,), v), Vv € Ty M, and the statement is a consequence of Lemma 2.1, as

(@) Hess(£) = (@1)* DFroto) (@)

_ DFzV"(“’) (((I)(l))*dﬁx,o(a:)>
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— DFrorg ((q)(l))*ﬁm,a(m)>
= DFeetnd (20 0 o)

= Hess(Lo®W). O
2.3. Second order

2.3.1. The basic invariant
Let O% C J?(q) be the dense open subset of elements j?l o, (£) for which the Hessian metric Hess;1 o, (L)
zq x

is non-singular. In coordinates, O? is defined by the inequation det (Zyay'ﬁ): g1 # 0. Hence, for every

j?;o UO(E) € O? the linear mapping

Hessjy o0(£)": Vit o0 (%) = Vi 5, (01°),
Hess;s g, () (X)(Y) = Hess;s o, (£)(X,Y),
is an isomorphism, the inverse of which is denoted by

Hess;1 o, (L) Vj’iogo (') — Vit o0 (").

A contravariant metric in SQV]‘;OUO (p'?) is then defined as follows:

Hess;z oy (£)(wn, wa) = Hessja oy (£)(Hessjz o (£)f(w), Hessje o, (L) (w2)),

*

for all wq,wy € Vjio"o (p'?).

Proposition 2.3. With the same notations as above, let V: O? — R be the function defined by, V(jj?la ) =
i Hessj}ca(ﬁ) (dloﬁ, dloﬁ).
For every ® € Aut(p) and all £L € C(JY(R, M)), the following formula holds:

V@)D (0 1nL) } = ()7 V(0 10, O

Therefore, the function V is invariant under the natural action on O? C J?(q) of the normal subgroup
Aut’(p) C Aut(p) of vertical automorphisms of p. Moreover, if O is the dense open subset of 2-jets
j?lg(ﬁ) €0? such that L(jio) # 0, then the function I: O'? — R defined by,

V(iH,L)
I1(i%4 = Jx% 7
Vet = L (ko)

is invariant under the full group Aut(p) of automorphisms of p.
Proof. If a = jlo, ' = ®W(jlo), then
V@)@ 2se) b =V {52 (@) o sc00M))}
=V {jasc}

with £ = ®'~1(£ o 1)) and hence
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V(@)@ (j52) b = Hessa(£) (Hessa (L) (droL), Hessa (£) (droL)).
We first note that the following formulas hold:
Hess, (L) = (¢') "' Hess, (£ o ®(1)),
Hess, (L ) = ¢ Hess, (£ 0 ®M)¥,

dioL = ¢ dio(L o W),

as (¢')~! does not depend on vertical variables. Then, from the bilinearity of the Hessian we have

V{@ D)2 s0) | =
(12)
(¢') "' Hess, (L o @(1))(Hessa (Lo CIJ(l))ﬁ(dlg(E o <I>(1)), Hess, (L o q)(l))ﬁ(dlo(ﬁ o <I>(1)))).

Moreover, from the covariance of the Hessian, Hess(£ o @) = (®())* Hess £ (see Proposition 2.2), we
conclude that its sharp operator is also covariant, namely,

Hess, (£ o M) = (@) M), o Hessy (£)* o (1) M)*.
In addition, dyo(£ o ®@M) = (dM)*d;oL as (®M), transforms vertical vectors into vertical vectors. From
these two facts and (12) we have
V{(@ ) ) Gse) ) = (¢)) " Hessr (£) (Hessa (£ (droL), Hessa (£):(droL)),

and we obtain the first formula in the statement. O

2.8.2. The generic rank of D* computed
The coordinate system induced by (z,y*) on J?(q) is

X, 2,2z, Zxxs

(6% yie4
Yy, 2y, Zya, Zpyoy Rege, I<a<m,
ZyayB, Zyogh, 1<a<fg<m,

Zyeyh s a,B=1,...,m.

Hence, dim J2(q) = 2m? + 7m + 4.
Theorem 2.4. On a dense open subset O'? C 0% C J?(q), where O? is the set of 2-jets whose Hessian metric
is non-singular, the rank of the distribution D? generated by all the vector fields of the form (X(l))@), X

being an arbitrary p-projectable vector field on R x M, is 2m? + Tm + 3 = (m + 3)(2m + 1). Consequently,
the invariant I defined in Proposition 2.3 is a basis for the invariants of second order.

Proof. We first compute

0 0 0 du 0 0 0
XY@ = e g A~ +p 2
X =g T g ~ w%a: T e, TP,
0 0 0 0
[ Dxm— Eac Fac
+C 0zyo + 0%z + Sy 8zxy + Hage 02z
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+ ) Gy —I—ZK

a<p Pyeyp a<p

where A, B, and C, are given by the formulas (8), (9), and (10), respectively, and the coefficients D,.,

Epye, Fryo, Gyoys, Hyays, Kyoys are to be determined by using the formulas (5), and (7). We obtain
du ov” d?u d?u
Dacx = —3%2"%% —_ 2E2xya 3d QZm + 2d 2y nya (13)
foalte 0™ v |

_ - _9Z " L, . _9 2 " =B, .
a7 V" T 2 gE it T Rgppgp Y Fnie

d3u d3u o PP~ 3ve
st g g e~ gl
du P P
Epyo = —25— 2pya — ——Zyays — =—— 14
ik 8962% oz “yey® oy~ Foy? (14)
d?u d*u 8 9P
_ @Zya + @’y Zyayﬁ — —81;2 Zyayﬁ
92vP 92vP 9P .
T 0x0y T Gy VT oy v’
2 3 3
0 VP P — 93vP s 03P .
Oy Oy Yoo 0xZ2oye Y Qxoyeoyr T Y
du P ovP
Foge = =g oiee = g Win T gya e (15)
N ,5d2uz 321)52 R 020P s
Yo qpztiee® T gp2 G T g dzdy" Fyogs dzdye V"
82 83 83
G o = -2, — Y o 16
v T T Gyedyp Y (axayaayﬂ " ayeayPay > (16)
du o’ o’
— %Zyayﬁ — 8—y/82yayo — @Zyﬁya
82 N 82 "y 82 N 82,00 )
— Zyaqgpo — z N
dzdyB " ayBayr? ) v dzdy>  dyedy? ) v
9*v® ov°® ov° 0%v° 0*v°
HQ- = - o T T Qo T T oy - Y Y o 17
Yoy’ Dy2dyP “y dyP Fy*y By Zyoyh <8x8y°‘ + 8y°‘8y“/y )Zyﬁy ’ (17)
du ov? o’
Kyoys = - Zgoys = BB I T gya (18)

Hence, taking the formula for (X™)™®) and the expressions (13), (14), (15), (16), (17), and (18) for Dy,

Epyo, Frga, Gyays, Hyoys, Kyays into account, we have
o 0 0 du ov® ov® d*u
X(l) (2) — a_ s ! _,1 e bl 19
( ) u8x+v 8y“+dxX1+8:B +6 +d i’ (19)
00 i, v ~Bl ca<p d*u g
+8x2xa+ 25057 +Zaaaﬁxg +
v 111 0%v ~1104 1a<,3

928 Xe T gpagyaX Z 8x8y°‘8y5
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Py T eses
Oy OyP oy 7 ’

a<lp<~y
where
0 15) 0 0 0
1 e
= —Ra. — Ao T o 322z 225y
X 0z 7 oy 0zs U 0zge T 02pe T D2y
0 0
Zmya Zojca B + ZyoqB )
Dz e ;B Y 0z yays o;ﬁ YV Oz oy
1 0 0 5 0 0 0
N Zyo Ry —— a — @
¢ g Y7 02, Y D2 VY OZyys Y ﬂ@zxy;a
oy 3 0 0 0 ; 0 ; 0
= Zyo z « «
X =Y age 0z 0z TV 0zys TV D2y
1o} 0 0
— ]. 5 o AT Te Zayc o
(1+05)zyoy 2oyt vty g Yy azyﬁyo
0
— (1 (55 2o
( + o) 9=y azyuyﬁ
0 0 0
11 . .
X1 = (=2 + 9 zp) 57 32, E + 29 Zzyaa » o D7
- B -8B
+ YY" 208 + Y~ 2o s
Yoy oy I D zage
11 0 0 5 0 0 ; 0
= —Zyo — Zyo Zpge = z o g8y ATy
@ A PR P "9z VI Dzgys U Bz
0 0 0
~ﬁ1 = — ﬁ o yIes 2 [e% e%
Xo o A e 02 T 02 Y D2y
Zar 9 z — P2 z 4
9% - Y zye e oy Y zyege 0z “azzyﬁ
5]
— (146 vga E ,
(1+0py) 2y 02,y Yoy Dz, ge
Rosf = 1 # 0 g O
7 1+ 504,3 Y azya 8Zy6
1 P 0 e 0 0
_ 5
1+5a5 vy \ Y 6zxya Y 6z$ya Y azyayﬁ
L (406, + (14 6ay) 0
— Zyv o o Zyv o
1+ 0up By)Y Ryry D2y Y)Y Zyry Dzyrye
1 0 0
Y +
1 + 504/8 azyayﬁ 8zy¢aya
1 0 e 0
_ P ’
1 + 5 vy y 8Zyozy’y azyﬂy'y
0
U1 _ o,
Xl (y Zy Z) azwma
0
2(1111 = 2o :

(20)

(21)

(22)

(24)

(25)
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~lla 0 0

Xp * =~y zys FE A (29)

tagp_ e (e O Lo O N 0 30

Xo 1+ 0ap (y R azxyﬁ) W Dzyays (30)
0 0

a<p<y — _ .| 1—8s5.)0° 1= 00y =—— ). 31

Xo “ (y Ozyays T p1) Ozyoyn i % Ozyrys e

Therefore the vector fields %, 9_ and (20)-(31) span the distribution D2. Let us fix four indices aq, Bo,

oy
Y0, 0o. From (28) on the dense open subset zjeo # 0, we have % = —ﬁ )_((11%1. Replacing this expression
T Y
into (29), on the dense open subset zja0 # 0, 248, # 0, we have azfya = 22’—&0)2&1 — zy%g)%l(l)a. From (31)
we have 5- 9 5= _yvoi.ao Xgoﬁﬁ 10 on the dense open subset §7° # 0, 2400 # 0. Hence the distribution D?
yry Y
: 9 [e) o o) o : .
is spanned by -, Y™ Dons? Dregs’ Drers) a < (3, and the following vector fields:
0 0 0 0 0
/1 e
= —2— —Y'=— — 22, — — Zyo——— — Zgga———
X1 0z y oy~ Y0z Y 0zya ik 020
0
+ Z 2590 ’
a<p yeyh
n 0 0 0
a T 5o v 9z, yoyh D2y
Xo = Gge ~ W 0z 0z T 02y
0 0
A Ryage — (L4 65)zgoge
Fyoy yPye 97 9°
0 0
ni _ Y B3
=(—z24+9'zypv) 77— T Y 2goys 77—, 32
Xl ( Yy y“’) 8Za; Y yqyB azwya ( )
0 0
—r11
= —Zya—— — Zyg0 33
Xa Y 8 N yBy 5%3)5 ( )
0 0 0 0
~/[31:_./32.(1_ ) ——"Bz~o~a——z~a—
Xoo = o e~ 0z L T O2ge T Dy
0
0 0 0
(s =~z — 2 — 97 240 .
XB y v’ 8Zya v’ azyay"r y 979P azyaya
From (33), we have % = —Zy%o)z’o}: — Z’“’Zi—zo%% on the dense open subset zjeo # 0. Replacing the

previous formula into (32) and letting free the index «ag, we obtain

0
C’g—:vo‘, 1<a<m, (34)
6239913
where CfF = (2 — 7 2y7 ) 2gpge + 97 2ga2grgs, V4 = (2 — 97 247) XA — 250 M. On the dense open subset O’

defined by

0 # det (C’g‘):ﬁ:l =z(z— y'”zm)m_1 det (zyaya)zﬁzl ,
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€ D? Hence the distribution D? is spanned

we can solve (34) for a

@y
b 0 o) o) 0 0 0
y 830’ DY’ Dzy ) O0zpy’ Ozgyo’ 8zzy5 ’ 8zyay5 ’

‘ O/2 N
Q S ﬁ , and the following vector fields:

’Bz
P

0 0 0
"1 e
=—2z— =Y == — 2z -z +
X1 0z oy~ "0z Ozy Z S I Zgo s
0
—m
Xgl = 6—9017 (35)
)Zl/ﬂ—yﬁ a Za—a —Z'a—a
* oy~ v Ozys Y Ozys
0 0 0
_ZO"Q—_ZOL'O'i_ 1+5/8Z’C¥'0'7
Y-y azyoyﬁ Y-y 8Zyﬁy'a ( 0) Y-y azyayﬁ
0 0
~1nBL __
= —Zya——— — Zpogoe 36
Xa ¢ Dz, 7y Dz,yp g (36)
0 0 0
Y = — g zp —— — 2, — Y7 2oy ——. 37
Xﬁ y v° aZya u7 azyayw y y7y° azyaya ( )
From (55) we have ay = X!, and on the dense open subset z;ao # 0, from (36) we have % = —E)Z’o’[fl
%ﬁ:o 8zygya . Replacing the previous formula into (37), we obtain
~ _ 0 oy
05”87:% , o, fB,y=1,...,m, (38)
Zyayn'
. A . e e . — A~ y'lz ~
with C’gg = y'Vzg;sZiy—zoo — 2y80) — " 2goys, vg‘v = Xgm — zyayoﬁ ”0‘1 . Letting o = a1, 8 = Bo, the system
(38) transforms into the following system of m equations and m unknowns: Cgoaﬁ = vg‘”, and, in
y*ly
particular, for 5y = ag, we have
Y 2y g0 Y Y — ¥
Caoo Y Zyeo — Zgeo 5(1 — Y Zgogro = —Zyeo 50'7
Zyao
det(C7,q) Y 0=1 = det (=250 )],y = (=2g00)™ # 0.
Therefore, we can solve the equations (38) with respect to oz, , thus concludlng that the distribution D?
0 90 0 [s) 9 [e] (o) 8
is spanned by 2 92 By By Dz’ Daya’ Doss’ Dregs’ Drega’ Doyars’ a < f, 82 , and the following m? + 1

additional vector fields:

Cllz—z——i-Zzy S T

a<p y yﬁ
- 0
”8:—2,“(1 — 1+53 APy —
Ca Yy Zyﬁ ( O’) Y=y Zyoyﬁ
For every j?loﬁ € 0" we thus have
3 11
. 2 _9 2, 1
dim D ‘J?;a‘_ 5+ 5m 3

+rank{(11}j2_1 £,5£’j2_1 Lo, p= 1,...,m}.
Jito ke
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Therefore, we only need to prove that the rank of the system C11|jzl L,Eijjgl ry o, 8 = 1,...,m, is
izo Jizo

$m (m + 3). To do this, we choose coordinates (y*)7_, adapted to the Hessian metric Hess;1 o, (£), namely

Zyayh (jilco-(ﬁ)) = gaéaﬁ, 047,8 =1,...,m,

L)L l<asm,
T ) -1, 14+mt<a<m,

the pair (m*,m™), m~ +m™ = m, being the signature of Hess;1 o, (£). Hence

12 £ 9 ’
]j;a 0z aZyaya j?lgﬁ
_a| B
CS. = —Zgjam— — 26—
o |42 L Yy K e} L )
‘7.7'%0 8Zy(¥ aZyay(X j?lo'c
= 0 0
Cg‘]Ql L:_Z?)“a _gaa ’ a7é/8
Iz Zyﬁ Zyayﬁ 321 L
Jjxo
We split the third group above and choose new generators as follows:
- 0 0
B‘ _
ol = —Zja —¢ a<p
alg2 L Y ] « o ) )
Iito Ozys Oz goys o
x
. ~ - 0 9
B — B a _
¢ =¢ep(, —€a(f = €aq2yp =—— — €2y ——, L <.
iz e T e R TR G T 0y
x

The system C11|Jf-105’ Cg\jiloﬁ, (é]jjgla[;, 2 < a<m, (5\]-3105, 1 < a < f < m,is readily seen to be
independent. As for the rest of the vectors, one obtains the relations, ég|j?alc0£ = %é‘}“ﬁ;oﬁ - ’?T‘Iféb];%oﬁ,
2 < 8 < a < m,so that the rank of the system C11|j]giaﬁ, Cgbiioﬁ, a,B=1,...,m,]is %m(m + 3). Therefore
3 11

1
dimDQ‘jﬁoE:§m2+?m+3+§m(m+3):2m2+7m—|—3. O

Example 2.5. For M = R™, we now show the expression of the invariant I when applied to quadratic
Lagrangians

L= aapi®y’ + bay® + c,

where aqg,bq,c € C®(Rx M) and ang = aga, a, f = 1,...,m. We consider that the matrix A = (aaﬁ)gfﬁzl
is non-singular and we use the notation (a®” ) g1 for its inverse A~!. The Hessian matrix of £ is 24 so
that we have

1 r) = 20 (Gar " +ba )(appl” +b5) _ L+bay” +a*Pbaby —c
Tz 3 2L

Hence, two Lagrangians £ an £’ define the same invariant if and only if

bay® + a®Pbobs — ¢ boy* +a PbLb — ¢

L L ’
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that is,
(bati™ + a®Pbabs — c) L' = (b5* + a’ *Pb,b), — ) L.

If the previous identity is not satisfied, the Lagrangians are not equivalent. As a particular example, for
Lagrangians with no linear part (that is b = b = 0), if cA’ # ¢’ A then £ and L’ are not equivalent.

3. Metric invariants

The Hessian metric Hess(£) of a function £ € C*(J'(R,M)) is the section of the bundle
s S [V*(p'?)] — JHR, M) defined in the formula (11) of the subsection 2.2.

Let M C §? [V*(plo)] be the open subbundle whose fibre M1, over jlo is the set of non-degenerate
symmetric bilinear forms Vj1,(p'?) x Vj1,(p'°) — R.

Every ® € Aut(p) induces an isomorphism (&™), : V1 «(p'%) = Vi1,(p'?), as p'® 0 @) = @ o p'®. Hence
® induces a diffeomorphism (I>( ). M — M defined by ® (g] o) = (@M)~1 *(g;1,) so that %ofb( ) = Do

A function I € C*°(J" M) is said to be a metric invariant of order r (cf. [6, §2]) if the followmg property
holds:

13 (55,9) = 1(%,9), V¥ € Diff JY(R, M),
Wjlo € JAR, M), Vg eT (),

where W : M — M is defined in the same way as @é\l/l) and \If( ") is its r-th jet prolongation.

In particular, if I is a metric invariant, then I( <I>( () j] ag)) = I(j] 29), V@ € Aut(p).

Proposition 3.1. Every metric invariant of order r induces an invariant in the sense of Proposition 1.1
of order r + 2. Therefore, if dim M = m > 2, then there exists Aut(p)-invariant functions that cannot
be obtained as derivatives of the second-order basic invariant I defined in Proposition 2.3, but all of these
invariants are of order > 3.

Proof. Let O'> C J%(q) be the dense open subset of elements j?l 5o (L) for which the Hessian metric
zQ
Hess;1 o, (L) is non-singular and L(j3 00) # 0, as in §2.3.1.
Let ¢*": J*(q) — J"(q), k > h, be the canonical projection. For every r > 2, let O'" be the dense open
subset in J"(q) given by O™ = (¢"?)7}(0'?) and for every r > 0 let ©": J"2(0"?) — J"(M) the fibred
map defined as

O (j5i2L) = jju, (Hess(£)),

which is Aut(p)-equivariant with respect to the natural actions on these spaces by virtue of Proposition 2.2.
Hence, every invariant function I € C*°(J" M) induces an invariant function I o ©" of order r + 2.

Moreover, as is well known, the basic metric invariants are the scalar contractions of the successive
covariant differentials of the curvature tensor of the corresponding Levi-Civita of a metric. Hence, for a
general metric g € I'(5), every metric invariant is of order > 2, but the curvature tensor of a Hessian
metric

%L

m
= Ay @ dy', i = 9ih = S
g Z Ini@y~ @Ay, Gni = Jin 200y

h,i=1

depends on the third derivatives of £ (e.g., see [11, Proposition 2.3-(1)]), thus concluding. O
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Example 3.2. If dim M = m = 2, then the basic metric invariant is the Gaussian curvature (cf. [3, for-
mula (1.9)]):

2
9°L 9L _( 9°L )2

890yt 992052 \ 0902

R PL (L N
992092 | 9910910yt 091932092 \ 9910y 952
. 2L [ 0L L L L
D102 | 090yt oyt 992052032 9y'0y10y2 0yl 020
P [ 93z ’L PL N\’
910! | 99107199 092072032 \ 99092032 ) |

which is an invariant of third order.
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