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Abstract

We propose a spectral collocation method to approximate the exact boundary control of
the wave equation in a square domain. The idea is to introduce a suitable approximate
control problem that we solve in the finite-dimensional space of polynomials of degree
N e Nin space. We prove that we can choose a sequence of controls £V associated with the
approximate control problem in such a way that they converge, as N — 00, to a control of the
continuous wave equation. Unlike other numerical approximations tried in the literature, this
one does not require regularization techniques and can be easily adapted to other equations
and systems where the controllability of the continuous model is known. The method is
illustrated with several examples in 1-d and 2-d in a square domain. We also give numerical
evidence of the highly accurate approximation inherent to spectral methods.
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1 Introduction

Consider the wave equation on a square domain Q = (—1, 1) ¢ R? (d = 1,2) with a
control f acting on one part of the boundary I' C 9<2 for some time ¢ € (0, T)

Uy — Au =0 inQ=(0,T) xQ
u=f on (0, T) xTI' M
u=0 on (0, 7) x aQ\I'

u(0, x) = ud(x), u; (0, x) = ul(x) in Q.

Givenany f € L?((0, T) xI') and some initial data (u°, u') € L?(Q)x H~'(R), problem
(1) has a unique solution (u, u,) € C([0, T], L2(©) x H~Y(Q)). It is also well known that,
if T > Ty with Ty sufficiently large and I' C 92 satisfies some geometric conditions (see
Bardos etal. 1992; Lions 1988), for any initial data O, uly € L2() x H~1(Q), there exists a
control f € L*((0, T) x '), such that the solution of (1) u € C([0, T1; H))NC'([0, T]; L?)
can be driven to any final target. We assume without loss of generality that this final target is
the equilibrium, that is

u(T,x)=u;(T,x) =0, x € Q. 2)

In particular, this is true in dimension d = 1 when I' is one extreme and 7y = 4, and in
dimension d = 2 when T is the union of two consecutive sides and Ty = 4+/2 (see Lions
1988). It is important to note that the control, when it exists, is not unique in general. Among
the set of controls, a natural choice is to consider the minimal L?-norm control which is
usually unique.

In this work, we focus on the numerical approximation of these boundary controls f. This
problem has been extensively studied in the last decades with different numerical methods.
In particular, it is well known that a discretization of system (1) with finite elements or finite
difference schemes reduces the problem to a finite-dimensional control problem which is
not uniformly controllable with respect to the discretization parameter. This means that the
discrete control problem does not provide a bounded sequence of controls, and therefore,
it is not possible to use this strategy to approximate the continuous control. This was first
observed in Glowinski et al. (1990) where the authors considered a finite-dimensional version
of the Hilbert Uniqueness Method (HUM) introduced in Lions (1988). Since then, several
cures have been proposed to recover convergence approximations of the controls as bigrid
algorithms, Tychonoff regularization, filtering, mixed finite elements, etc. (see for instance,
Castro 1999; Castro et al. 2008; Ervedoza and Zuazua 2012; Glowinski et al. 2008 and the
review paper Zuazua 2005). We also mention more recent approaches where controls are
obtained by minimizing a cost function that penalizes both the control and the state (Cindea
et al. 2013) or those based on a space-time formulation that does not require regularizations
(Burman et al. 2021).

Here, we propose a new numerical approach based on the spectral collocation method.
For the background and details on this method as well as on other classes of spectral methods
(Galerkin, collocation,...), we refer the reader to Gottlieb and Lustman (1983), Canuto et al.
(1988), and Bernardi and Maday (1997). These methods have been extensively used in the
past 30 years, especially for the numerical simulation of fluid dynamical problems (e.g.,
Canuto et al. 1988 ). According to this approach, the numerical solution is regarded as a
smooth global polynomial of degree N (typically quite large), and satisfies the equilibrium
equations point-wise at a family of collocation points that are the nodes of a high precision
Gauss—Lobatto integration formula. This process can be regarded as a generalized Galerkin
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method: the distinguishing feature with respect to the conventional finite-element method
is that trial (as well as test functions are global (rather than piecewise) polynomials of high
degree. Two important consequences are derived from this fact. The first is that the spectral
method is potentially extremely accurate. Indeed, for problems with smooth data, the order
of convergence of the numerical solution is much higher than that achievable by finite-
element approximations. To some extent, this feature still holds even for problems with
low smoothness solution, such as those arising in fracture mechanics, or whenever loads
are concentrated on a small part of the boundary. The second consequence of the global
character of the test functions is that the spectral matrices are severely ill-conditioned and
preconditioning techniques must be implemented for large-scale problems.

The use of spectral methods to approximate the control of the wave equation has been
previously investigated by Boulmezaoud and Urquiza (2007) where, instead of collocation,
a Galerkin spectral method is considered. The proposed approximation is not uniformly
controllable. However, a bounded sequence of controls is obtained when trying to control the
projection of the solution in a suitable low frequencies’ space, similar as the result obtained
for finite differences in Infante and Zuazua (1999). From a practical point of view, this is
not satisfactory, since it requires to know an accurate representation of the eigenfunctions
associated with the discrete problem, something which is not available in general.

The novelty here is that we are able to prove the uniform controllability, and therefore a
convergent sequence of controls as N — o0, by adding an extra discrete boundary control
that vanishes as N — oo. This provides an accurate approximation of the continuous control.
The result relies on two key aspects: a uniform observability inequality for the associated
discrete adjoint system and a detailed spectral analysis of the discrete low frequencies. The
first property allows us to obtain the uniform boundedness of discrete controls, while the
second one is used to obtain the convergence of the discrete control to the continuous one.

The method we present here to obtain the uniform observability inequality is new and
considers, instead of the discrete collocation system, the equivalent continuous error equation
associated with the polynomial approximation (see Gottlieb and Lustman 1983). This error
equation is the same wave equation but with a nonhomogeneous second-hand term, known
as the error term. Therefore, the observability inequality can be derived using the same
techniques as in the continuous model and we only have to estimate this extra error term.
This is an important advantage of the method, since it can be easily extended to more general
equations (elasticity, fluid dynamics, etc.) and higher dimensions, as long as we consider
rectangular domains.

The second important advantage of the method is in the convergence rate of the approxi-
mation. Here, we only prove that convergence holds, but the numerical experiments illustrate
that one recovers the high accuracy expected by a spectral method, even when nonsmooth
data are considered. For example, in experiment 2, we estimated rates of convergence for the
L?-norm of the order N~ and N~ for two chosen Lipschitz and discontinuous initial
data respectively.

To clarify the exposition, we present detailed proofs in the one-dimensional case and
the main results for the square domain. As we mentioned before, the proofs can be easily
adapted by separation of variables due to the particular geometry of the domain considered
here and the polynomial approximation. Of course, our approach is not suitable to tackle
generalization to more general domains.

In this paper, we focus on the space discretization of the control problem. A complete
numerical approximation would also require a suitable time discretization and this could
obviously affect to the convergence of the fully discrete controls (both in space in time). This
is an interesting question that we do not address here. Let us simply mention that we did
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not observe any singular phenomenon associated to the time discretization in the numerical
experiments below.

The rest of the paper is divided in four more sections. Section 2 is devoted to state and
prove the main results for the 1-d wave equation. Section 3 states the main results for the
2-d case. In Sect. 4, we present some numerical examples in 1-d and in 2-d in a square
domain. Finally, the Appendix contains the main spectral results required for the analysis of
the convergence.

2 The 1-d wave equation

In this section, we focus on the 1-d wave equation. Here, Q2 = (—1, 1) and we assume that
the control f acts at the right extreme x = 1. System (1) reads

Uy — Uxy =0 in(,x)e (0,T) x

u(t, 1) = f() inte (0,7) &
u(,—1)=0 inte (0,T)

u©,x) =u®, u,0,x)=u' inx e Q,

where (u°, u') € L2(Q) x H~1(Q) is the given initial data.

Assume that T > 4. We are interested in approximating one of the controls f € L?(0, T)
for which (2) is satisfied. More precisely, we follow HUM (see Lions 1988) and approximate
the control that has minimal L?-norm with respect to a suitable weighted norm, with a smooth
weight 7(¢) that is compactly supported bump function in ¢ € (0, 7). This ensures that the
control itself is compactly supported and avoids possible singularities at times t = 0, T.
To find a numerical approximation of this control f in (3), we proceed as follow: first we
introduce a discrete version of the control problem (3), depending on a discrete parameter
N — oo. Then, we prove that this system is controllable for all N with three different
controls, fN, gg, gév € LZ(O, T), that we can choose in such way that

" Nooo f. gk Nooo 0. g1 Noo N
where f is a control of (3). Therefore, fV is a numerical approximation of a continuous
control f, while g?{ , gi’ can be understood as artificial controls which are only necessary to
obtain V.

2.1 Approximation by the spectral collocation method

In this section, we introduce some notation and state the main results of the paper.
Let N be a natural number and consider C = {x;, 0 < i < N} the Legendre—Gauss—
Lobatto (LGL) nodes in €2 that are the roots of

(1 —xz)%LN(x),

where Lk(t) is the k-th Legendre polynomial in (—1, 1) (e.g., Szego 1939). We divide C =
C® U CP! into interior and boundary nodes, that is

CE=CNQ={x,iclg)

CPl={=1.1) = {xi.i € Ip;},
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where I, Ip; are the sets of indexes corresponding to the interior and boundary collocation
nodes, respectively, and we denote I = Iq U Ip;. .

Let Py (£2) be the space of continuous functions in €2 which are polynomials of degree
less than or equal to N and let ]P’ﬁ’ (£2) be the subspace of Py (£2) of those functions vanishing
on x = {—1, 1}. We define the following discrete inner product that approximates that of
L3(Q):

W, 2y =Y w2t x)wi, 0<t=T. “
iel

Here, w; is the discrete weight associated with the one-dimensional LGL quadrature

formula (e.g., Canuto et al. 1988, Chapter 2). Owing to the exactness of the integration LGL
formula, we have

(w,z)Ny = [ wz dx for all w, z such that wz € Poy_1(2). (5)
Q

The symbol ||| y denotes the discrete norm which is defined as IzI13 = (z, 2)N-
We recall that the discrete norm ||-|| y is uniformly equivalent to the L%-norm || 12 in
Px(€2) (Canuto et al. 1988, Chapter 9). In other words, there exist two positive constants

1
Ci=1l,and Cr =2 + N’ such that

Cilpli, < lply < C2lpl3.. ¥p € Pn(Q). ©)
We denote by ¥; the Lagrange polynomials which is 1 at x; and O at all the other collocation
nodes. For the commonly used Gauss—Lobatto points, one has
1 (1 —x?)Ly(x)
N(N + 1)Ly (x;) X — X ’

Wi(x) = )

Observe that {U;, i € I} constitutes a basis in Pg" ().

Now, we introduce the following discrete control problem: Given WO Ny lN ¢ ]Pﬁi ()
and T > 0, find fN, gljg, giv S L2(0, T), such that the solution ulV e C2(O, T;Py(R2)) of
system:

(upy —ug ), xi) = g (NG (x) + g (VGR (xi) in (1, %) € (0,T) x C?

uNi, D)= V@) inte (0,T) ®
uN @, —1) =0 inte (0,7)
uN (0. x;) = u®N (), ul 0, x;) = ul N (x;) for x; € C%,
satisfies
uN (T, x;) = uMN(T,x;) =0, x; € C )
Here, Gg, Gllg € Py—_1(R2) are defined by
hi W, hR Wy
GN ) — XX > ), GN ) — XX X .
1 (xi) <\/w—0 JaToa)o)ocl) r () <\/GTN+Q)NCUN (xi)
ht, hR e PRI(Q) (10)
I l—xi & 1+ x; Q
h™(x;) = , bt (x) = 5 , xi € C*.
1—x

Note that 2% (x) #

, since it € PR (). Something similar can be said about /1% (x).
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The main results in this paper are the following:

Theorem1 Given T > 42+ N7") and ™V, u'N) € PRI(Q) x PR (Q), there exist
controls N, g?’, gllg € L2(0, T), such that the solution u™ of (8) satisfies (9).

Theorem 2 Given (u®, u') € L? x H™!, there exists a sequence @ON ut Ny e (Pﬁi(Q))z,
such that

(uO’N,ul’N) — (uo,ul) in L? x Hfl, as N — oo.

Furthermore, forany T > 4(2+N_1), we can choose the controls fN, g?l, gg € LZ(O, T),
such that the solution u™ of (8) satisfies (9) and

fN—> I, g%—)(), giv—>0, asN—)OO,ian(O, T),

where f is a control of the continuous wave equation (3).
When u® (resp. u') is a continuous functions, we can just take u®V e Pﬁ’, such that
0N (i) = uO(xi) (resp. uN (i) = ' (xi).

Remark 1 Note that the control time 7' in Theorem 2 is basically two times the time required
in the continuous problem. This is due to the constant C, in (6) and probably not optimal, as
we illustrate in the experiments below.

2.2 Existence of discrete controls: proof of Theorem 1

In this section, we prove Theorem 1. We first introduce a variational characterization of
discrete controls (8) and then prove that a particular discrete control can be obtained as the
minimizer of a convex quadratic functional defined on a polynomial space. Finally, we prove
the coerciveness of the functional that guarantees the existence of minimizers.

Let us introduce the following bi-linear form in Pf,i () x Pgi (RQ):

<(¢0,N7 ¢1,N)’ (MO,N’ ul,N)> (ul,N7 ¢0,N)N _ (MO,N’ ¢1,N)N_ (11)

N_

Lemma 1 Assume that T > 0, and consider some initial data (u®N, u'Ny € Pgi(ﬂ) X
[P’ﬁi (). Any controls fV, g% , gILV that make the solution of the discrete system (8) satisfy
(9) are solutions of

T T
fo @) (1. 1) — ond.(t, 1) ¥ (0dt + fo Jandl.. Del (i
(12)

T
- /0 Voo (. =Dy (dr — (N 0,4, ¢, 0, ), @V, u"N)), =0,

for all (%N, 91Ny € PRI(Q) x PRI(Q), where (¢V, ¢)) € PRI(Q) x PRI(Q) is the
solution of the following collocation backwards wave equation:

(N — M)t x) =0 in (t,x;) € (0, T) x C2
N, ) =¢N(t,-1)=0 int e (0,T) (13)
N (T, xi) = ¢V (xp), oN(T,x) =" N(x;) atxj € C.
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Proof Multiplying the equation of uN (i, x;) in (8) by wi¢pN (t, x;) and adding ini € I, one
obtains

T T T
/ @ — . ¢Nyydr = f eV GV, M) ndr + / oY (GY.Mndi. (14
0 0 0

We first simplify the left-hand side. Integrating by parts in time, space using (5), since the
resulting integrand is also a polynomial of degree 2N — 2. Taking into account that £, g,’f’
and gﬁ' are controls, we have

T T
0:/ (ufi—uffx,w)Ndr:/ W™, ¢l — N yde

0 0

T
+ [ s e - (@Y 0.6 0. @Yo ) (1s)

0

T

= fo YOG - ongo. dr = (@Y 0, ). 67 ©, ). @V, ul’N)>N.

The last equality is a consequence of the first equation in (13). Note that an extra term appears
in the right-hand side of this expression coming from the fact that the first equation in (13) is
only true for the interior nodes, while the discrete scalar product involves also the boundary
nodes.

For the right-hand side in (14), we use again formula (5) and the fact that G]Ig oV is a
polynomial of degree 2N — 1

N N _ 1 R \DNJC N _ 1 /l ( R wNw) N
(GR, ¢ )N—W(hxxJF on 0] )N_W » hy + on ¢ dx
1 ! R N I‘I’N N
= e ([ rtottar— [ Trolar)
1
=— RN, xwi — ¢ (1, 1)
A ON i%g:z

To simplify the first term in the right-hand side, we observe that 1% (x;) = (1 + x;)/2 at the
interior nodes, i.e., i € Ig. Then

1
DR, xiw; =/ LEX N dx— ong e, 1) = (1, 1) — ot ).

k -1 2
ielg
17)
From (16)—(17), we easily obtain
(GR. " )v = —Jongl @, 1). (18)
Combining (14), (15) and (18) we easily find (12). ]

According to HUM, one possibility to construct controls £V, g% , giv that satisfy the
variational condition (9) is as minimizers of the following cost functional JV : ]P?,’ (R2) x
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PRI (Q) —> R defined by
1 T
IN@ON By = ff n(t)
2 Jo

1 T N 2 1 T
+*/ N [Py (t, 1)‘ dl+*/ n(t)wo
2 Jo 2 Jo

— (N0, 6,0, ), @™V, u"M))

where (¢, ¢[) is the solution of (13) with final data (%", ¢1:V) € PRI(Q) x PRI (Q).
The function 7(¢) is a prescribed smooth function in [0, T'] introduced to guarantee that the
controls vanish in a neighborhood of = 0, T. Thus, we consider § > 0 a small number and
0 < n(t) <1, such that

2
dr

N
XX

¢)](\;(l,—l)’2dt (19)

(20)

© = 1 in[28, T — 28]
"o in[0,81U[T =8, T).

Note that both 7 and JV will depend on this parameter 8, but this is not relevant in the rest
of the analysis and we will not make explicit this dependence in the notation.

Theorem 3 Assume (u®V,u'"N) e PYI(Q) x PYI(Q) and that (¢*V, ¢1N) € PR (Q) x
Pgi(Q) is a minimizer of JN. If ¢V is the corresponding solution of (13) with final data
($O,N7 &l,N)’ then

N@) =00 @Y @, 1) — ongN.@, 1))

gN () = 1O JondYa. 1, g (0) = n(t)Jaodd, (1, -

are controls, such that the solution of (8) satisfies (9).

€2y

Proof Tf JN achieves its minimum at (¢A>O*N , qgl*N ), its Gateaux derivative in the direction
@9V, 1Ny must vanish, that is

T
0= fo nO@Y (1, 1) — ondN. (1, D)@Y (1, 1) — g, 1))de
T R T n
+ / Ny (t, DN (¢, Ddr + / n(Owopl (t, =1, (1, —1)dt
0 0
—{(@N(0., 6,0, ), @™V, u"M))

for all (¢*V, ¢1'V) € PRI(Q) x PR (). From Lemma 1, it follows that (21) are controls
for which (8) holds. O

The functional JV is clearly continuous and convex, so that the existence of a minimizer
[and therefore a discrete control for system (8)] is guaranteed as soon as we prove its coer-
civity. This is a consequence of the following lemma. Note that this also concludes the proof
of Theorem 1.

Lemma2 Given T > 4(2 + N~V), there exists a constant C > 0, independent of N, such
that the solutions of system (13) satisfy

oN 1N, |2 !
CH@’; . )HNxNS/O
T

+CUN/

0
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for any final data @OV, 91Ny € Pﬁi(Q) X P[l\),i(Q) and n(t) is defined as in (20).

Proof We prove the following equivalent version of (22):

el IR s/OT oV, 1)\2dz+waOT

NxN
/
0

We first observe that the solutions of (13) solve the following equivalent system:

2
ol (e | ar

o (1, —1).2 dr. (23)

o — oY = =N (1, =W — ¢ (t, DYy in (1, x) € (0,T) x
oV, ) =N, 1) =0 int € (0,7) 24
N (T, x) = ¢"N gV (T, x) = "N inx € Q.
In fact, this is easily seen by writing the polynomial d){}’ — ¢fc\; in the Lagrangian basis and
using system (13). Now, we try the classical multiplier technique to recover the observability

inequality. Multiplying the equation in (24) by (x + 1)¢" and integrating by parts as for the
T

continuous wave equation (see Lions 1988) if we set X = f_ll (x+ 1)</>,N q)fcv dx

1 T 1
5/0 /J

T 1
+'/ ¢?§(t,—1)/ (x + Do wodxds
0 -1

, one obtain

N2 N ’ N 2
o[ + |} o) e 1 ar

2
ydxdr < |X|+/
0

T 1
+‘/ ¢£§(t,1)/ (x + Do wydxdr

0 —1
(25)

In the rest of this proof, we estimate each one of the terms in this expression.
We start with the left-hand side in (25). Define the discrete energy

v_ 1 2
E _2<’ N). (26)

It is easy to see that this energy is conserved, i.e., EN = Eév for all + > 0. We just multiply
(13) by ¢V w;, add in i € I and integrate with respect time. This together with the norm
equivalence in (6) gives

1 T 1
TN
We now estimate the terms in the right-hand side of (25). We start with X. Observe that
1 N 2
= 25 (H ¢ ‘ L2>
2 N N
< <‘ N) =2EN =2EV. 27)

Therefore, | X| < 4F [TV . Let us turn to estimate the third term in the right-hand side in (25).
Using Young’s inequality, for any ¢ > 0, we can find a sufficient large constant C, > 0, such
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o)

2
N
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T
= /U

te \
L2(0,T)

that

¢N

Bt =1 1ol 2q

d
LX)

T 1
V ¢ﬁ(t»—1)/ (x + 1y Wodxdr
0 -1

N

2
< Co Wl )

) L2(Q) L2(0,T) '

(28)

Taking into account the norm equivalence in (6), the conservation of the discrete energy

proved above and the fact that, as Wy € Py (2), |\IJO|2LZ(Q) < ||\IJ()||%v = wp, we obtain

o). 1|

< Cewo 120

T 1
’/ P, _1)/ (x + D¢ Woduxdt
0 —1

+2eTEY. (29
)

An analogous estimate holds for the last term in the right-hand side in (25).
It follows from (25), (29) and the fact that wy = wy:

T T 2 2
— _4—4¢T ) EN < Nt,l’dt—l—a)c N1
<C2 ’ ) 0 _/0 Pt wCe [ Dl 2o )
+ wyCe |pN (1, —1 ’
t, .
N Ce |fxx( )LZ(O,T)

Then, inequality (23) holds as long as CLZ —4eT — 4 > 0. As ¢ can be chosen arbitrarily
small and C» = 2 + 1/N, we have the condition 7 > 4(2 + N~ 1). o

Remark 2 The method we present here to obtain the uniform observability inequality relies
on the continuous error equation (24), equivalent to (13). The observability inequality is
derived using the same techniques as in the continuous model (see Lions 1988) and we only
have to estimate the extra error term appearing in (24). Therefore, this can be easily adapted to
other equations or systems and higher dimensions where the controllability of the continuous
model is known.

2.3 Convergence of the discrete controls: proof of Theorem 2

We now prove the convergence result mentioned in Theorem 2. All along this section, we
assume that the hypotheses of the theorem hold. To clarify the exposition, we proceed in three
steps where we first define the sequence WO, Ny e (Pﬁi (€)% and prove the uniform
boundedness of the associated sequence of controls, then characterize their weak limit, and
finally prove the strong convergence, respectively.

Step 1: Uniform bound of the controls. We first state the following result that we prove in
the Appendix below.

Lemma3 Given u®, u') € L*(Q) x H™Y(Q), there exists a sequence @ON, Ny €
(PRI(Q))?, such that

@ON, u"Ny — @ uly in L2(Q) x HY(). (30)

On the other hand, for any (¢OV, ¢!V € Pﬁi (RQ) x Pﬁi (Q), we have

(@, 8"y, N M) | < 1@ w2 @Y 6" Mllen. G
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Furthermore, if(¢>0*N, "Ny > (@0, ") in HOl () x LX(Q), then

(@M. "Ny, @O, u" M), = (@ oh). @, u")), (32)
where
1
(6% 01 @) = (u'0ax) gy — [ aoa, (33)
’ —1
and <~, ~)H,,’H& is the duality product between H™" and H(}.

Remark 3 When u° and u' are continuous functions the polynomials %", i'-V e ]P’I’:\),i that
coincides with u” and u! at the nodes x; € C%* give a discretization that satisfies

AN 00 BN St in L2 (-1, 1),

as N — oo. In this case, the result in Lemma 3 is still true when considering (uO’N JulN ) =

(,;O,N7 ﬂl,N).

We choose (u%V,ul'N) ¢ (IPIQ,’A(Q))2 as in this lemma. Note that, in particular, this
sequence is uniformly bounded in L2 x H~' as N — oo and the boundedness of the
associated controls is a direct consequence of the following result.

Proposition 1 Ler fV, g]LV s gg be the controls defined in (21). Then, there exists a constant
M > 0, independent of N, such that

Tlaw a2 NEYNE NIONE 0 142
/0 ‘f (t)‘ dr +/O ‘gR(t)‘ dt—l—/o ‘gL (r)] dr < M|, u) . GY)
Proof As ¢7V is the solution of the discrete adjoint system (13) associated with the the
minimizer (%, $1V) of JV in Pg’ (Q) x ]P’]e’ (£2), we have in particular

IV (@O, 1Ny < gV (0,0) = 0. (35)

Then, taking into account the conservation of the discrete energy, defined in (26), the approx-
imation in (30), estimate (31), and the uniform observability inequality in Lemma 2, we

obtain
’ *N *N 2 ! AN 2
[ o[ = ondla o+ [ oo 3o [ o
! P 2 NE
+ [ nwon [ [pan] ar < cla® a0
0 0
which is equivalent to (34). O

Step 2: Weak convergence of the control /. Thanks to the bound (34) controls £V, g¥, gV
are uniformly bounded in L2(0, T), and therefore, there exists a subsequence, still denoted
by fN, gﬁ\{, g’LV, such that
N —~ h, gN — hg, g¥ — hy, weaklyin L*(0, T). (36)
N—oo N—o0 N—o0
Let us see that 1 = f where f is the control with minimal L2-weighted norm of system
(3), with the weight function 7(¢). In the next step, we show that hg = hy = 0. This control
f(¢) can be characterized by the following two properties (see Castro 1999):
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(P1) f satisfies the variational characterization of controls, that is

T
0=f0 b, ) f (D)t — ((9(0, ), ¢;0, ), u°,u")), ¥(¢°,¢") € Hy x L?,

(37)
where (-, -) is defined in (33) and ¢ is the solution of
G — Pxx =0 in(t,x) € (0, T) x Q
¢, 1)=¢(,—-1)=0 inte (0, 7) (38)

ST, x)=¢°, ¢(T,x)=¢' inxeQ.

P2) f(@r) = n(t)qu (t, 1) where q’) is a solution of adjoint continue problem (38) with final
data (¢ qb ).

In what follows, we see that & verifies these two properties. We start with the second one.
By the boundedness of controls, the estimate (22) and the norm equivalence in (6), we deduce
that (9%, ¢!V is uniformly bounded in H_} x L?. Therefore, we can extract a subsequence,
still denoted ((/30’N , g[gl’N ), such that

@"N, @)~ (@, ¢ weakly in H{ () x LA(). 39

Let qu and ¢A> be the solutions of the discrete adjoint system (13) and the continuous one
(38), associated with the final data (qu’N , qbl'N ) and (¢0, ¢1), respectively. The following
holds:

N —~, weakly-* in L0, T; H} (2)) N Wh(0, T; L2(2)), (40)
N, 1) — ondN (1, 1)~y (1, 1), weakly in L%(0, T). (41)

The convergence result (40) is easily deduced from the classical theory of spectral approx-
imation in Canuto et al. (1988, Section 10.5). Concerning (41), we write system (13) in a
weak form and take as test functions ¥V (x) = +" e Pyandl(¢) € C (0, T). Multiplying
Eq. (13) by the weights w; and ¥ (x;)I(t), addlng ini € I and integrating in time, we easily
obtain the following identity:

/ @V, ) i + / / oY (1 x)

—f a)Nqux(t 1)I(¢)dt

/ / ¢, (t, x) lt(t)dt— f/ / ¢ (t, x)I(¢)dtdx

+f @Y (1, 1) — oy (1, ))I(1)dt, VI(t) € C(0, T).
0

l(t)dt

(42)

Note that in the second term on the right-hand side, we have used the quadrature formula,
since the integrand is a polynomial of degree 2N — 2, and this allowed us to integrate by
parts in the x variable.

We can pass to the limit in (42) thanks to (36) and (40). Then, qAb verifies

T lA 1
ozf / di(0
0 —1
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for all /() € C}(0, T). Here, / is the weak limit of ¢ (1, 1) — wy ¢, (7, 1). On the other
hand, as ¢3 is a solution of (38), it also verifies

T 1 . 1+x 1 T 1 R T .
0= / / ¢ (2, x) I (t)dxdr — 7/ / Gy (t, x)l(t)dxdt —i—/ ¢ (2, 1)I(2)dt,
o Jo1 2 2Jo Ja 0
44)

foralll(¢) € Cé (0, T). From (43) and (44), we finally deduce

T T
/ h(®)l(t)ds :/ b (2, DI(D)dz, YV I(t) € C}(0, T),
0 0

and then A(r) = ¢, (¢, 1) with ¢ the solution of (38). This finishes the proof of (41) and in
particular that & satisfies property (P2) above.

Now, we check that the weak limit of f N(1), h(r), also verifies the first property (P1)
above. We need the following lemma that we prove in the appendix below:

Lemma4 Given (d)o,qbl) S Hol(Q) x L%(), there exists a sequence (d)O'N,d)l’N) €
[P’/e’ () x P[l\),‘ (2), such that

@OV 9N — (@0, pY). in HY(@) x L3 (). 43)

Furthermore, if " is the solution of (13) with final data (™", ¢""N) and ¢ is the solution
of (38) with final data (@°, o) the following holds:

¢V — ¢, in C([0,TT; H) () N C'([0, TT; L*()), (46)
oN(t, 1) — ¢.(t, 1), in L*0,T), 47
Jone (1, £1) — 0, in L*0,T), (48)

Given @, 91 e H(} () x LX), by Lemma 4, there exists a sequence @OV, o1 Ny €
PR (Q) x P3?(R), such that (45) holds. Furthermore, from formula (46), we deduce in
particular that

@N (0, %), 9 (0, ) — ($(0, x), ¢: (0, x)) strongly in Hy () x L*(Q),  (49)
where ¢V is the solution of (13) with final data (¢0’N, ¢y and ¢ is the solution of (38)

with final data (¢0, ¢1). Now, passing to the limit, as N —> oo in formula (12) and taking
into account Lemmas 3 and 4, we obtain that 4 satisfies

T
/ b« (t, Dhdt — ((¢(0, ), $;0, ), °, u")) =0, (50)
0

V(qbo, ¢]) € Hol () x L%(Q). Therefore, h verifies property (P1) above.

Step 3: Strong convergence of the controls. From the lower semi-continuity of the norm
with respect to the weak convergence, we have

|f1Z2 + WhRlZe + Vhelze < liminf [ £V(7, + g% 172 + 181 1Z2- (51)
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On the other handA, if we consider formulas (12) and (37) with (¢%N, ¢!V = ((f)O*N, (f)l*N)
and (¢°, ¢1) = (¢°, "), respectively, we obtain

T
0=/ n()
0

R N 2 T N 2
N1 — ond., 1)’ dt+/0 n(r)(«ﬁwwg(z, 1)’ dr

(52)
T R 2 R R
+/0 1) |Vandl e, =] de = (@Y ¢, 00, 8N ¢, 0, @O, u M) .,
and
T . 2 . .

/(; n(t) ¢x(t’ 1)’ dr — ((¢(Oa ’)7 ¢I(07 ))7 (MO, u1)> =0. (53)

The last term in (52) converges to the second term in (53), and therefore

T A N 2 T R 2

/ 1@ |6Y @, 1) = ongli | ar +/ IV A

0 0 (54)

N 2
bet, D drin 120, 7),

T R 2 T
+ [0 [vamdla, -vf a— [0

as N —> oo. Now, taking into account (51), (54) and the definition of the controls in (21),
we deduce

120+ 1hgl + 1Ll < | f1%,
and therefore, hg = h; = 0. From (54), we also have
VN2 = 1 fl2. AR =0, |hY 7, — 0, (55)

as N — oo. The strong convergence of the controls £V N—> fin L%(0, T) isaconsequence
— 00

of the weak convergence stated in Step 2 above and the convergence of the norms stated in
(55).

3 The 2-d wave equation

In this section, we show how to extend the numerical approximation of the control problem
(1) to a square domain Q = (—1, 1)%. The results are easily extended by separation of
variables, but the notation is a little cumbersome. Here, we only state the main result and
sketch the proof of the uniform observability result.

Now, we assume that the control acts in the right and top sides ' = T'1 UT» = {(1, x2) €
R?: —1<x; <1}U{(x1,1) e R?: —1 < x; < 1}. The rest of the boundary is then the left
and down sides 3Q\[ = T3 U Ty = {(—1,x) € R2: =1 < x» < 1} U {(x1, —1) € R%:
—1<x <1}

We also consider the discrete parameter N = (N1, N») € N x N and the Legendre Gauss—
Lobatto nodes in each variable C = {x; = (x1x, X2m), (0,0) < i = (k,m) < (N1, Np)}.
Note that C (and some other quantities defined below) depends on N, but we do not make
explicit this dependence in the notation to simplify. We also set C = C*% U C?9, such that
C? = MU ¥ and I = I U Ijg, such that Iyo = Uf_ Ik, where I is the set of
indexes corresponding to the collocation nodes on the boundary I'x. Let PN (€2) be the space
of continuous functions in § which are polynomials of degree less than or equal to N;
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(respectively N») in the x{-variable (respectively in the x»-variable), and let ]P’le 1(Q) be the
subspace of PN (£2) of those functions vanishing on 9£2.

Now, we introduce the following discrete control problem: Given uON LN PII\J) i ()
and T > 0, find fN € L*(0, T; ), g € L?(0, T; Tx), k = 1, ..., 4, such that the solution
uN e C°°(L2(O, T); Pn(2)) of the following system:

(ult\i — AuN) (t,x;) = 22=1 g}j(t, xi)GkN(xi) in (¢, %x;) € (0, T) x C%

uN@t, x) = N, xp) in(t,x;) e 0,T)xCr 56)
uN@, %) =0 in (7, %) € (0, T) x CIT
uN©0, x;) = u"N(xp), uNO,x) =u'"N(xi) inx; e CY,
satisfies
uN(T, xi) = uN(T, x;) =0, x; € C<. (57)

Here, G? .k = 1,..,4 are defined as in the 1-d case. For example, for the left and right
boundaries, I'3 and I'{, the functions GI; and Gll\I depend only on the x; variable and coincide
with GL(x;) and GR(x;) defined in (10) associated with the polynomials of degree N in
x1. Analogously, for the bottom and top boundaries, I'4 and I"y, the functions G4N and Glz\I
depend only on the x» variable and coincide again with G~ (x2) and G (x») defined in (10),
this time associated with polynomials of degree N3 in x».

We now state the main results of existence and convergence for discrete control.
Theorem 4 Given T > 4+/2Q2+N; )2+ Ny ) and uON, u'"N) e (PR (22))?, there exist
controls fN S L2(0, T:I), g}j € L2(0, T;Ty), k=1,...,4, such that the solution uN
of (56) satisfies (57).

Theorem 5 Given (u®, u') € L? x H™!, there exists a sequence @ON, LNy ¢ (Pﬁi(ﬂ))z,
such that

@ON "Ny S @O uly inL? x HL
Furthermore, for any T > 4+/2(2 + N;")(2 + N5 '), we can choose the controls fN, gN,
k=1,...,4, such that the solution uN of (56) satisfies (57) and
fN— . in L20.T:T), gN—0, in L*0,T:T}). (58)

The proofs of these two results follow closely the one-dimensional case. They are based on
a suitable variational characterization of the controls and the uniform observability inequality
for the corresponding adjoint system

@ — ApM)(t,xi) =0 in (¢,x) € (0, T) x C%
oN(@,x) =0 in (¢, x;) € (0, T) x C?% (59)
oN(T, xi) = ¢"N, oN(T . %)) = ¢"'N inx; € C.

Lemma5 Given T > 4\/5(2 + Nl_l)(2 + Nz_l), there exists a constant C > 0, independent
of N, such that the solution of system (59) satisfies

2 T 8¢N 32¢N 2
CH VON N H </ Z _ & t.x)wd2dr
Vo ] )NxN_ 0 ER N 32y (, X))oy
1UL

T g (020N 2 ¢
+/0 >y ( p ) (t, xp)w;2dr,

ielag

(60)
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for any final data (@ON, o' Ny IP’IL\?[(Q) X Pﬁi(Q). Here, a)i} and wfz are defined by

1
& X £ X e
o =wN22, o =w,' ifiehUly,

{@zwv&kdfﬁdwh ©61)

and w,f' , wy? are the discrete weights associated with the one-dimensional LGL quadrature

formula in each one of the variables (e.g., Canuto et al. 1988, Chapter 2).

As in the one-dimensional case, the proof of Lemma 5 is based on the associated error
equation, equivalent to (59), and given by

9N .
N — AN == 2 XY in 0 =0,T) x 2
oN=0 on (0, T) x 9 (62)
oN(T, x) = ¢ON, oN(T, x) = ¢! N in Q

where i = (i1, i2) and W' (x1) (respectively W,/ (x2) ) are the Lagrange polynomial which
is 1 at x1; (respectively at xp, ) and O at all the other collocation points. For this error
equation, we can apply the classical multipliers technique (see Lions 1988). The extra terms
coming from the right-hand side in (62) are estimated following the same idea in 1-d case.
The analysis is straightforward and it does not introduce new difficulties.

4 Numerical experiments

In this section, we illustrate the results in this paper approximating the boundary control
both for the 1-d and 2-d wave equation in the square. For the time discretization, we use a
classical Newmark method with parameters y = 1/2, 8 = 1/4, and time step dr = 1072,
With this choice, the time scheme is second order accurate (see Raviart 1983).

Experiment 1: we first consider the one-dimensional wave equation with two different
types of initial position and velocity. The first one corresponds to a smooth bump that moves
to the left-hand side and it is controlled from the right extreme. It is given by u(x) =
e’lo"z, ul(x) = —20xe~ 19 The second one corresponds to a Lipschitz continuous initial
datau®(x) = 1 — |x|, u'(x) = 0. We take as final time T = 4.4. Note that the time control is
only slightly greater than the minimal control time for the continuous wave equation (7 = 4)
and lower than the time given by the discrete control problem in Theorems 2 and 3. The good
approximation obtained in this case provides numerical evidence that the control time in the
mentioned theorems is probably not optimal.

In Tables 1 and 2, we show the behavior of the norm of the controls when the degree of
polynomials N grows. As stated in Theorem 3, we observe that the boundary control remains
bounded, while the two artificial controls included in the system (g’LV and gg ) vanish as N
grows. The boundary controls are plotted in Fig. 1.

Experiment 2: Here, we illustrate the rate of convergence of the discrete control to the limit
one with two different types of initial data: the first one is given by u®(x) = 1 —|x|,u'(x) =0
(Lipschitz) and the other considers uO(x) = 2(x + D110y, ul(x) = 0 (discontinuous).
The exact control is known in the latter and it is given by f () = —(t — 2) 1(1,3)(?) (see
Burman et al. 2023). For the first one, we compare the L?-norm of the difference between
the discrete control when N = 200 (that we take as continuous control) and the discrete
control as N grows. For the second one, we compare directly the approximation with the
exact control. The approximate controls are plotted in Fig. 1 (center and right plots).
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Table 1 Norm of the null controls

N N N
when uo(x):e_lox ,ul(x): [f7 2 Igp 2 lgy 12
~20xe~10% 45 N grows 20 56x 10! 2x 1073 2x 1073
50 5.6 x 1071 1x 1074 1x 1074
100 5.6 x 1071 1x10°° 1x10°°
Table 2 Norm of the null N N N
c%ntrols as N grow? for N L7 g2 g 1.2 lsp 112
W) =1-1Ixl, u’(x)=0 20 58 x 107! 3x 1074 3% 1074
50 5.8 x 1071 4x 1074 4x107%
100 5.8 x 107! 1x107% 1x107%
200 58 x 107! 1x10°° 1x1076
0.2 . . 15 . —
0 —t— 1t 1
0.2 1 0.5f 1
I I I
Z-04f {1 £ £ 0 = 1
o o o
(] (8] (5)
-06f - -05} 1
-0.8f 1 = 1
-1 : ) -0.6 : -1.5 ) .
0 2 4 2 0 2 4
t t t
Fig. 1 Discrete controls flOO for different initial data: 10 (x) = e_lox2, ul x) = —20xe_10x2 (left one),
u¥(x) = 1 — x|, u'(x) = 0 (center one) and u®(x) = 2(x + D1(_1,0), u'(x) = O (right one)

In Tables 3 and 4, we show the error between the discrete control and the limit one.
Comparing the error associated to values of N € [10, 100], we can give a rough estimate
of the rate of convergence. More precisely, we observe that ’ N —f | ;2 ~ N7% where o is

estimated by the slope of the graphics relating — log ‘ N—F ’ 12 Withlog;g N (see Fig. 2).
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Table 3 Convergence of the

N _ 200 N N
discrete con(%rol to the limit as N N log(lf S72) log(lgg 112) log(lgy 172)
gr]owsforu x)=1-—I|x|, 10 15 25 a5
u(x)=0
50 -2.5 -3.3 —-33
100 -3.0 -3.8 —3.8

Table 4 Convergence of the

N _ ¢ N N
discrete control to the limit as N N log( f f12) log(Igg 112) log(lgy 172)
grows for 10 04 ~08 —08
w0 (x) = 2(x + D1(_1,0), 5% o ' P
ul()=0 —-0.7 —1.5 —1.
100 —-0.8 —-1.7 —-1.7
10 T "
—e— Discontinuous data
9t —3¢— Lipschitz data |
==}~ Smooth data
8r J
7t J
6 J

-log(error)
o

0 . . . . .
2 25 3 3.5 4 4.5 5

log(N)
Fig.2 The slope of each graphic gives an experimental estimate of the value « for which | f N_ 71| 2~ N

The three graphics correspond to the three initial data considered in experiments 1 and 2. We observe that «
is greater for smoother data, as expected in spectral methods

It is interesting also to compare the results with those obtained in Burman et al. (2023)
for the space-time finite-element method. While the error in the latter depends linearly on
the size of the finite-element mesh, for the spectral method, the dependence is a power of the
polynomial degree N. This power depends on the smoothness of the initial data. Of course,
there are other important parameters involved as the complexity of the programming or the
time cost that are much more difficult to assess.

Experiment 3: Now, we consider a two-dimensional square domain (—1, 1)2. The control
acts on the two sides {1} x (—1, 1) U(—1, 1) x {1} in the time interval t € (0, 4.4), with step
dr = 1072. We consider the degree of polynomial is N = (80, 80) in the x1, x,-variable,

. L .. o . 2 2
respectively. The initial position and velocity given by a bump function u® = ¢~1%¥1¢=10%

and u! = (—20x1e‘loxlz)(—ZOxze_lo"%). As in 1-d, the time control is lower than the time
given by the discrete control problem in Theorems 4 and 5, and also lower than the control
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25

controls

Fig.3 The behavior of control f N during the time for N = (80, 80)

2,2 2.2
Table 5 Norm of the controls for u®(x) = e~ 10¥1H2) ;1 (x) = 202x1x7) e~ 10GTH¥2) a3 N grows

N LN 2 18N, 2 1812 18312 1)1,
(20, 20) 7.2 x 107! 8.5x 1073 8.2 x 1073 8.5x 1073 8 x 1073
(50, 50) 7.2 x 1071 7.4 x 1074 7.4 x 1074 7.4 x 1074 7.4 x 1074
(80, 80) 7.2 x 1071 6.4 x 107 6.4 x 1075 6.4 x 107 6.4 x 1075

time for the continuous wave equation (7' = 4«@) (Lions 1988). However, the initial data
are almost compactly supported in the disc x| < 1 inside the domain and this makes these
special data controllable for the chosen time. In Fig.3, we have drawn the behavior of the
norm of control acting in the two sides of the square during the time, since the other controls
are of the order 10™°. As in 1-d in Table 5, we show the behavior of the norm for the controls
when the degree of polynomials N grows. As stated in Theorem 5, we observe that the
boundary control remains bounded, while the four artificial controls included in the system
(g}j, k=1,...,4) vanish as N grows.
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5 Appendix

In this section, we give a proof of Lemmas 3 and 4. Both proofs rely on a careful spectral
analysis that we address first. Let (Mg, ¢x)ren be the eigenvalues and the eigenfunctions
associated to the Laplace equation

!merx(p:o, inxeQ=(-11 )

p(1) = ¢(=1) =0.

The eigenvalues are simple and can be computed explicitly (A = (k7/2)%, k € N), while
the associated eigenfunctions {¢y }xcny constitute an orthogonal basis in L%(—1,1).

Associated to the collocation numerical approximation of the wave equation, we introduce
the following discrete eigenvalue problem:

(64)

oV (=1 =N (1) =0.
It is known that this eigenvalue problem admits N — 1 eigenvalues which are simple and
real numbers (see Vandeven 1990; Weideman and Trefethen 1988). We assume that they are
written in increasing order, i.e., 0 < A{V < )JZV <. < )‘%—1 . The associated eigenfunctions

{%]c\;(xz) +2NeN(x) =0, at x; € C

{@1?/ }11{\:11 constitute an orthogonal basis in ]P’ﬁi with the discrete scalar product (-, <) .

From now on, we assume that both w,ﬁv and ¢y are normalized in the LZ-norm.
The following Theorem states the spectral approximation results that we need.

Theorem6 Letm > 2, a € (0,2/7) and r(N) = ocN%. Then, for any k € {1,...,r(N)},
there exists constants Cy, C, independent of N, such that the following estimates hold:

’\/@ — Vit = Cap@ 0 < p(@) < 1, (65)
‘w,ﬁv — ‘Pk‘Lz <CN74 (66)
ol - <pk\;l = (p@™ + N7, (67)
’\/@%y”m) <cN1, (68)
ol (D) = gix )] , = € (p@ + N7, (69)

Proof Step 1: Estimate (65). This is a direct consequence of the following estimate proved
in Vandeven (1990):

2/3
W ] = Cupl@™, (70)

Step 2: Estimate (66). We follow the idea in Raviart (1983, Lemma 6.4-3) where a related
result is obtained for the Galerkin approximation. Let us introduce the variational character-
izations of both (63) and (64)

a(p,v) = Alp,v), Vv e H} (), (71)
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where a(-, -) is the bi-linear form defined by a(u, v) = (uy, vy),Vu,v € Hl and (-, )
denotes the scalar product in L*(—1,1), and

ae™, oMy =NV, M)y, VN e PRI(Q). (72)

Note that the bi-linear form a(-, -) is the same both in the continuous and the discrete formu-
lation. In fact, (72) is deduced from (64) multiplying the equations by a)lN v (x;) and adding
ini € I, thatis

0="> oMo} vV o) + Y ANV ol vV (i) = /

1
oo™ dx + 2N @V, M)y
iel iel -1

1
= —/ N ol dx + AN (N, vM)n = —a(@™, vN) + 2N @V, v
—1

The main difference with the case treated in Raviart (1983) is that here the right-hand side in
the variational characterization (72) makes appear the discrete scalar product (-, -) 5, instead
of the L2 one, and this introduces some technical details. Let us define

Ak
Ok,N =

= max ———7, lg={1,...,N -1},
Py o={ } (73)

and the orthogonal projection Iy € ]P’ﬁi characterized by
a(Myee — o, v™) =0, Vo e PF(Q). (74)

We now write Iy ¢y in the basis q)iN . If we normalize <pl.N in such a way that |<piN 2 =1,
then

My, oV )n
Mg = 3 TN

75)
N2 f (
iclg ”(pi ”N
If we denote
N
v TNk, ¢ )N §
U = vz Y% (76)
loe [y
Then
N2 (Mygr oy ’ |(Myer, oMn |
‘“N‘/’k — ‘Lz =| X a2 =2 — s D
ieigizk o [y 12 il i#k le I
From (72), (71), and (74), we easily obtain
WY =) Myee o)v = halor — Tingr, oM )y + M((sak, o) — (o, w,N)N).
Therefore, using (73), we get
2 2 2
(Mg, o] = 208 v |06 = Tvge 0|+ 202w |00y = oo
(78)
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that we now substitute in (77). Taking into account the norm equivalence in (6), we easily
deduce

’HN‘Pk — vy |, = Voo | ok — Mgy + ) ‘(sok, o) — (or, oM N
ielg,i#k
(79
The idea now is to replace the || - ||y norm in the right hand side by the | - |;2 norm. In

fact, these two norms are equivalent for polynomials in Py, so that we first replace ¢ by a
polynomial. Let us define the interpolation I : HO1 — Pﬁ’ as follows:

I e pPPi,
NPk N . (80)
Ino(xi) = @i (xi), Vi€ 1.
Note that
loe — Tvegrlly = lvex — Mverlly < V3 1nge — Tivgkl 2 - (81)
Therefore, substituting in (79) and then adding and subtracting ¢, we obtain
'Hka - v,’(\”Lz < \/ng.N<ﬁ|1N§0k — @klp2 + V3o — g2
(82)
+ ) ‘((ﬂk» o) — (px. (P,'N)N‘ )
ielg,i#k
Furthermore, (76) and ‘go,ﬁv | 12 = lorlp2 =1 give
N N N
loklr2 — “/’k |, = ‘vk 2 = ekl + “/’k |
and
| My e, 9N | N
W—lf'wk—vk 2 (83)
led Iy

As it is always possible to choose the eigenfunctions (p}(v , such that (ITy ¢, (p,iv )v > 0, we
obtain

o = ol'| , =l = Twvenlio + [Mwge = of| . (84)

Finally, from (82) and (84)
‘w;ﬁv - §0k'L2 <2014 3v30k3) Ik — TIvgel 12 + 2G5V 20k3) 1ok — Ingkl 2
+oWoon) | D }((pk, o) — (o 9! )N
iclg.izk

We recall that, if v € H(’)” forsomem > land vV € IF’IB" , then there exist constants ¢, ¢ > 0,
such that (see Canuto et al. 1988, chapter (9))

lv—Tyvl2 <eN"|olgn and |v— Iyv|2 < e NY2" o] gm . (85)
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On the other hand, there exists a constant co > 0, such that [see Cividini et al. 1993, estimation
(3.22)]

[0, M)y — (W, oM < aN 7" ol [0V 2. (86)

From the classical projection results for spectral methods in (85) and (86) when m = 2 and
the fact that |@x |2 < cAg < cN1/4 (since by hypotheses k < ch/g), we deduce that there
exists a constant C > 0, such that

ol — | , = N k< rav). 87)
Step 3: Estimate (67). From (71), (72) and the norm equivalence in (6), we can write
algy — ok op — o) <30+ — 20lprs ).

We also have

=2(1 — (¢, ),

2
N
‘@k Pk 12

and then

2
2)

From the coercivity of the bi-linear form a in (71), (66) and (70), the fact that Ay < My N i
we can deduce, there exists a constant C; > 0, such that

a(ey — ek, o — @x) §3<)L/1<V_)\K+)\K ‘w,ﬁv—wk

2 2/3 _
‘w;ﬁv _Qﬂk‘Hl <C (p(oc)N +N ‘).
0

Step 4: Estimate (68). It is enough to prove the estimate at x = 1, since the other one
is similar. First, we observe that we can write the discrete eigenvalue problem (64) in the
following equivalent form:

G T 00 = 0 CDYY 4ol (WY inx € Q s8)
o () =g (=1) =0,
where \Ilév € Py (R2) (resp. \le ) is the Lagrangian polynomial which is 1 at x = —1 (resp.

x = 1) and 0 at the rest of quadrature points in C$ = C%¥_ At this point, we make explicit
the dependence on N of the set of quadrature points by writing C*V, since we consider
different sets below.

It is easy to see that the eigenfunctions associated with (88) are either even or odd.
We focus on the case of even eigenfunctions, since the other one is similar. In this case
P (1) = @ (). Multiplying (88) by WN~! € Py_1(R2) the Lagrangian polynomial
which is 1 at x = 1 and O at all other collocation points in C $.N-1 one has

1

o (DN~ + A / YWy dx = g (D). (89)
1

Note that in the first term on the left-hand side, we have used the quadrature formula with
nodes in C*¥ =1, which is exact for polynomials of degree 2(N — 1) — 1. In fact, the term
inside the integral is a polynomial of degree 2N — 3, and by hypotheses, \1,11\\71:11 islatx =1

and O at the other quadrature nodes. On the right-hand side, we have used the quadrature
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formula with nodes in C$%-V

degree 2N — 1. Therefore

which is also exact, since the integrated is a polynomial of

1 N—1
w%k”[ 14"1wa pdx

(w wi)

‘ wf‘v’soﬁ”(l)‘ =

1 (90)
o [ (wﬁ — PNoag )N dx

(wN 1 - “’N)

where PN,zfp,f’ is the orthogonal projection of go,?’ in IP’I?/;Z(Q) with respect to the L2-
scalar product. The last equality comes from the fact that f_ll PN_2<,0£V \Ilgzlldx = 0 by the

quadrature formula with nodes in C>V—1,
Now, using Cauchy—Schwarz inequality in (90) and taking into account the norm equiv-

. N—1 N-1 N-1 _ [/ N—1 N—1 _
alent in (6), as W=, € Py_1(2),|¥y_, - < H\IIN_] HN_I = Joy_; and woy—; =

2
N from (85) and the fact that )\,]{V < MyN i we obtain, there

N—DN' N T NN+ 1)
VonyonTiid o — Pv-agl| >

exists a constant ¢3 > 0, such that
[ O

= NN =7 ol

‘ w%wﬁm(l)‘ <

Hm :

To estimate this last term, we use the following result, O

Lemma 6 Assume that m = 2, then there exists a constant My > 0, such that
2 2

From Lemma 6, the fact that )»,iv < MyN i and (91) we easily deduce estimate (68).
We now prove Lemma 6.

Proof Multiply (88) by (p,iv and integrating by parts, one has

1 2
N
/1 ’%,x

The last equality comes from the fact that f _1] \IJ(I)v (p,iv dx = f_ll v 11\\,’ go,lcv dx. Now, multiplying

1 2 1
ax :x;y[l 2| dx—ZsoziYmu)/1 vl dx.

and dividing the second term on the right-hand side by a)%, first using young’s inequality
and then Cauchy—Schwarz inequality, we obtain

N2
2 N |\IIN|L2 N 2
<A + N on
L2 Wy L2

On the other hand, multiplying (88) by (p,?’/ ., and integrating by parts, one obtains

+aol ‘go,ym(l)‘z. 93)

2
+ 20} ol (D] - ©4)

2
_ZN| N
= M ‘(pk,x 12

N 2
Pk,xx 12
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Here, on the right-hand side, we have used the quadrature formula with nodes in CV, since
the integrated is a polynomial of degree 2N — 2 and by hypotheses \IJ(])V (resp. \IJ]]\\,’ )is 1 at

x = —1 (resp. x = 1) and 0 at the rest of quadrature points in C" and the fact that w,ﬁv is
even. Finally, from (93), (94), and the normalization of the eigenfunctions |(p,iv | 2 =1, we
easily obtain (92). ]

Xi

1
Step 5: Estimate (69). Multiplying the equation of ga,iv in (64) by %wlN and adding in
i € I, one obtains
14 x; 14 x;
0= ¢l ——0 +47 Y o) ——of — ¢ Doy
iel iel 95)

1 14+ x
= Qﬂli\,]x(l) +)\,1(V / 1 (p,iVde — (p,g’xx(l)a)%.

Note that in the first and second terms on the right-hand side, we have used the quadrature

formula. In particular, this allowed us to integrate by parts the first term.

1
Now, multiplying the equation in (63) by t

and integrating by parts, one has

1
23
1

Pk (1) +M<[ Tdx =0. (96)

Combining (95) and (96), we obtain

1 1
I+x I+x
wﬁx(n—wk,x(l):xk/lwk > dx—xﬁflwiv > dr el (Hwy.

Here, the right-hand side is easily estimated using (66),(70) and the normalization of the

eigenfunctions |¢,ﬁv | 12 = 1. This gives (69) and concludes the proof of the theorem. O
We now move to give a proof of Lemma 4 and Lemma 3.

Proof of Lemma 4. Define u; = sign(k)\/m and @ = (@ /G i), (p‘k|)/ﬂf0rk eL* =

7Z\{0}. Note that { ® } ;<7 is an orthonormal basis in HO1 x L2. Thus, given @°, ¢h) € HO1 x L2,

we can write

@0 =) @ 6% 000, 2= D lal? < oo, 97)
keZ* keZ*
for some Fourier coefficients ay € C. Analogously, we define u,lcv = sign(k) )‘fZ\ and

DY = (o /), ofp/V2 for [kl < N, k # 0. Again, {®}'}jxj<n is an orthonormal
basis of H& x Pn where the scalar product in Py is the discrete inner product (-, -) 5. Let us
consider

@"N. ") = Y ady. (98)
[k|<r(N)
From the convergence results in Theorem 6, we have
09D =@V M2, = sup (10— ) Y lal
Ikl=<r (V) lk|<r(N)
+ Y Jal* >0, asN — oc. (99)
[k]>r(N)
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This concludes the proof of (45). Moreover, the solution of the continuous wave equation
(38) is given by

(@, ), ¢ (1, X)) = Y age'™ dy, (100)

keZ*

while the one associated to (13) with the initial data (%", ¢"V) is given by

@V 0.0 )= Y ae o) (101)

[k|=r(N)

Again, the uniform convergence of the low frequencies stated in Theorem 6 allows us to
obtain (46)—(48).

Proof of Lemma 3. We follow the idea in the proof of Lemma 4. Let us define <i>k = (i ug) Dy
for k € Z* = Z\{0} where ®; where introduced at the beginning of Lemma 4. Note that
{&)k}keZ is now an orthonormal basis in L2 x H~L. Thus, given w9 uly e L2 x H™!, we
can write

@ou'y =Y bedr, 1@ U3 o =Y bkl < oo, (102)
kelZ* keZ*

for some Fourier coefficients Bk € C. Analogously, we define dADIICV =i ,u,iv <I>,1(V for |k| <
N, k # 0. Let us consider

@V ot Ny = " bdy. (103)
[k <r(N)

Note that if (1°, u!) are continuous functions, the sequences that we choose @OV, ut-Ny are
the polynomial which coincides with the value of (1", u') at the collocation points.
Arguing as in (99), the convergence result in (30) can be reduced to prove

sup (|<i>k — <i>fcv|isz,,) — 0, asN — oo.
[k|<r(N)

Note that
& AN (2 N 2 : . N N2
[Pk — Pp |72y -1 = lopk) — (P|k||L2 + i kP — i (/7|/<\|H71-

The first term here can be estimated uniformly for |k| < r(N) by Theorem 6 and converges
to zero as N — oo. Concerning the second term, we use the fact that the eigenfunctions ¢y
(resp. W(Z\) satisfy (64) (resp. (88)) together with the isometry of the Laplacian between H(}

and H~!. Therefore

N N N N N |2
. . N N2 Pklex  Pklexr — Piex CDYY = @ (DWy
k@i — i @iyl -1 = - ~ (104)
Mk My H-1
N |2 N 2
< LAl 194 xx (DI w2
- N N H—
e g A
lof| (DI
"’;7’;% 20 (105)

k

that converges uniformly to zero for |k| < r(N) as a consequence of Theorem 6 and the
uniform bound of |\IJ(1)V |72 and |\IJéV [12.
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We now prove (31), Observe that {@,@’}‘MEN is orthonormal in PV x PV with the scalar
product

*
oO,N 1,N oO,N 1.N _ oO,N oO,N 1,N 1,N
(@O, 01N, @Y, ))N—wx O Ny @Y oYy,

whose associated norm is equivalent to the usual norm in HOl x L2.

Therefore, if write any (¢%V, ¢1V) as Z|k\ <N a,}cv CI>,}(V and by the orthogonality of the
eigenfunctions (p,iv with respect to the discrete scalar product (-, -)y and the duality product
(11), we have

(@, oMy, @ M) [ = |3 BdY, Y at ol
Ikl <r(N) k<N N
1/2 1/2
<| > )| = Y P Yo P
[k|=<r(N) [k|=<r(N) [k|<r(N)

IA

0 1 ON 1N
1™, u) 2 g-1 1@ ™ @ DI -

Finally, we prove (32). We assume now that (¢®V, ¢"V) — (¢°, ¢!) in H} x L? that
we write as (¢°, ¢!) = > kez+ arPx. We have

<(§00’N, (pl,N)! (MO’N, u],N)>N — Z l;k&’]iv, Z a]i\’(blfc\/ ,
|k|<r(N) |k|<N N
(@ 0" @ uh)) = (" bidr. Y axdy
keZ* keZ*

The convergence results in Theorem 6 allow to prove the estimate
laf —arl < CNTV4 k| < r(N),

and using the strong convergence (¢*V, ¢p'V) — (40, ¢1)

Z b ®Y, Z ad o)) — Z by ., Zakq’k

[k|=r(N) k=N N keZ* kez*

This concludes the proof of (32).
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