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Abstract

The aim of this paper is to analyze the relation between the Christoffel transformations in the
framework of hermitian linear functionals and the associated polynomials of the second kind
through of their associated Carathéodory formal power series. In particular, some results are
given in the way of characterization of linear spectral transformations using Christoffel and
Geronimus transformations. This gives a new example of rational spectral transformation
that has not yet been studied in the literature.
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1 Introduction

Let u be a complex-valued linear functional defined on the linear space of polynomials P
with complex coefficients and real variable i.e.

u:P—>C, pkx) — (u px)).

We denote the n-th moment of u by u, := (u,x"), n = 0, 1, .... The linear functional u
is said to be quasi-definite (resp. positive-definite) if every leading principal submatrix of
the Hankel matrix H = (u;+ /)?,oj=0 is nonsingular (resp. positive-definite) (see [11]). Under
these conditions, there exists a sequence of monic polynomials (P,), >0 satisfyingdeg P, = n
and (u, P, (x) P, (x)) = K,6,,m, where §, ,, is the Kronecker delta and K, # 0 (see [11,
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15]). The sequence (P,),>0 is said to be the sequence of monic orthogonal polynomials
(SMOP) with respect to u.

Given a quasi-definite linear functional u and if (P,),>0 is its corresponding SMOP, then
there exist two sequences of complex numbers (a,,),>1 and (b, ),>0, With a, # 0, such that

x Py(x) = Py (x) + by Py(x) +ay Po_1(x), n=>0,

P_i(x)=0, Pyx)=1. (D

Conversely, from Favard’s Theorem (see [11, 15]) if (P,),>0 is a sequence of monic polyno-
mials generated by a three-term recurrence relation as in (1) with a,, # 0, n > 1, then there
exists a unique linear functional u such that (P,),>0 is its SMOP. Another way to write the

recurrence relation (1) is in matrix form. Indeed, if P = (Py, Py, - - -)T, where AT denotes
the transposed of a matrix A, then xP = JP where J is the semi-infinite matrix
by 1
a; b 1
J = 612 b2 t. . )

which is known in the literature as a monic Jacobi matrix (see [11, 15]).

Definition 1 Let (P,),>0 be the SMOP with respect to the linear functional u satistying the
three-term recurrence relation (1). Then the sequence of associated polynomials of the k-th
kind, (P”(k)),,zo, is defined as the sequence of monic polynomials satisfying the recurrence
relation

k k
2P ) = P 00 + bak PO ) + anii P (0, n =0,
k k
PR =0, PP =1.

According to Favard’s Theorem, there exists a quasi-definite linear functional u® _called
the k-th associated transformation of u, such that (P,fk)) n>0 18 its corresponding SMOP.

The perturbations of quasi-definite functionals have been extensively studied in the liter-
ature (see for example [1, 33, 34] and references therein), being of particular importance the
canonical transformations of Christoffel and Geronimus (Table 1). These two transforma-
tions are also known in the literature as canonical discrete Darboux transformations due to the
existing relation between their corresponding Jacobi matrices and LU and UL factorizations
[1,33].

The necessary and sufficient conditions for the quasi-definiteness of the linear functionals
U and U appear in [15], among others.

A (general) Christoffel transformation U of a linear functional u is a superposition of
canonical Christoffel transformations, i. e., there exists a polynomial p(x) such that U =
p(x)u. A (general) Geronimus transformation U of a linear functional u is a superposition

Table 1 Darboux transformations

u U= (x —c)u . . . .
J—el = LU T —cl = UL Darboux (Christoffel) transformation without parameter
u u=(x —ou

J—el—UL T—cl = LU Darboux (Geronimus) transformation with parameter
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of canonical Geronimus transformations, i.e., there exists a polynomial g (x) such that u =

q()u.
Given a quasi-definite linear functional u with moments (u,),>0, the formal series

o0

u,
Su(2) = Z Zn+l

n=0

is said to be the Stieltjes function associated with u. Due to the connection between the Stieltjes
function and the coefficients of the three-term recurrence relation (1) through of continued
fractions, the Stieltjes function is a very useful tool to study properties of quasi-definite linear
functionals.

Definition 2 ([34]) Let U be a quasi-definite linear functional and §(z) its Stieltjes function.
U is said to be a rational spectral transform of u if there exist polynomials A(z), B(z), C(z)
and D(z) such that

_ A@Su(z) + B(2)
C(2)Su(z) + D(2)’

The above mapping between two linear functionals is said to be a rational spectral trans-

formation. In particular, if C(z) = 0, then U is a linear spectral transformed of the linear

functional u. In such a case, the mapping between two linear functionals is said to be a linear
spectral transformation.

S(2) A(2)D(z) — B(z)C(z) #0.

If J is a Jacobi matrix, we can to add k new rows and columns to J. In such a way the
original Jacobi matrix is shifted downward. We can remove the first k rows and columns
of J, so that the original Jacobi matrix is shifted upward. In both cases, we obtain Jacobi
matrices defining new linear functionals. In the first case, the functional obtained is known as
the anti-associated functional of order k [30]. In the second case, the functional obtained is
the k-th associated functional (see Definition 1). These two transformations are examples of
rational spectral transformations. Together with Christoffel and Geronimus transformations
they are relevant in the literature due to the following characterizations of linear (resp. rational)
spectral transformations given by Zhedanov in [34].

Theorem 1 (Zhedanov, [34]) Every linear spectral transformation is a superposition of the
Christoffel and Geronimus transformations.

Theorem 2 (Zhedanov, [34]) Every rational spectral transformation is a superposition of
Christoffel, Geronimus, associated, and anti-associated transformations.

Taking into account the above, in [16] and [14], respectively, the following two problems
were studied:

Problem 1 (Fig. 1) Let u be a quasi-definite functional, andletd = (x —c)uand (x —c)u = u
be a canonical Christoffel and Geronimus transformation of u, respectively. Deduce the
relations between u’ and " (resp. (") by using the LU and UL factorization of the
monic Jacobi matrix associated with u, as well as explicit algebraic relations between their
corresponding SMOPs.

Problem 2 (Fig. 2) Let u be a quasi-definite functional and let U = (x — ¢)u and (x —
c)u = u be a canonical Christoffel and Geronimus transformation of u, respectively. What

o~ —_—

is the relation between u and u® (resp. u»)? There, u® (resp. u») is the Christoffel
transformation (resp. Geronimus) of u‘®.
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The aim of this manuscript is to analyze the analog of Problem 1 for Christoffel transforma-
tions in the framework of hermitian linear functionals and their corresponding Carathéodory
functions (see Definition 7).

Here, we stress that the study of properties of families of orthogonal polynomials with
respect to these hermitian linear functionals (and more precisely when they induce inner
products) has intensively attracted the interest of researchers in recent years (see [31, 32]
and references therein). In particular, perturbations of quasi-definite (and, more specifically,
positive-definite) hermitian functionals have been studied widely in the literature (see [2,
3, 5-10, 12, 17-22], among others) with a special emphasis on the analytic and algebraic
properties of the sequences of orthogonal polynomials with respect to perturbed functionals
as well as the relation between their corresponding Toeplitz matrices.

Taking into account the goals of this manuscript, the presentation is organized as follows.
In Sect.2, we provide the basic facts about hermitian linear functionals that will be needed
in the sequel. In Sect.3 we describe the most common perturbations of hermitian linear
functionals and the relation between their Carathéodory formal power series. In particular,
some results are given in the way of characterization of linear spectral transformations using
Christoffel and Geronimus transformations. In Sect.4 we study the analogue of Problem 1
for a Christoffel transformation giving a representation of the new family of orthogonal
polynomials as well as an expression for the corresponding Carathéodory formal power
series. This result illustrates a new example of rational spectral transformation that has not
yet been studied in the literature as far as we know. Finally, in Sect.5 some concluding
remarks are established.

2 Background

LetD={zeC: |z|] < 1}and dD = {z € C: |z| = 1} denote the open disk on the complex
plane and the unit circle, respectively. Let L = span{z¥}¢cz be the linear space of Laurent
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polynomials with complexfcoeﬁ‘icients. For f(z) = ). axz* € L we define f«(@) = fizh,
where we understand by f(z) = Z@zk and for p € P, \ P,_1, we define the reverse
polynomial of p as p*(z) = 7" p«(2).

Definition 3 A polynomial p(z) is said to be palindromic if p(z) = p*(z) and antipalin-
dromic if p(z) = —p*(2).

The polynomial p(z) will be called self-reciprocal if it is either palindromic or antipalin-
dromic. From the above definition, if p(z) = Y ;. axz¥ is a self-reciprocal polynomial and
z0 1s a zero of p(z), then 1/7Zg is also a zero of p(z). In addition, the coefficients are related
by ar = am—k, k = 0,...,m if p is palindromic and ay = —a;—r, k =0,...,mif pis
antipalindromic.

Let L(z) be a Laurent polynomial such that L(z) = L,(z) (resp. L(z) = —L(z)), then
L(z) is said to be hermitian (resp. anti-hermitian). In this case there exists a polynomial
r € Psuch that L = r + ry (resp. L = r — ry). We will refer to degr as the degree of L.
Another characterization of a hermitian (resp. anti-hermitian) polynomial is the following:
If A(z) = z9°¢" L(z) with A(z) a polynomial of deg A = 2 degr, then L is hermitian (resp.
anti-hermitian) if and only if A is palindromic (resp. antipalindromic). As a consequence of
the properties of the zeros of self-reciprocal polynomials, we have the following result.

Proposition 1 If L is a hermitian polynomial (resp. anti-hermitian) of degree degr, then
there exists Ly, ..., Laeg, hermitian (resp. anti-hermitian) Laurent polynomials, each one
of degree one such that

L=1LjLy- Ldegr-

Let . be a linear functional defined on IL. Denote by B¢ (p(z), ¢(z)) := Z(p(2)q(1/2))
a sesquilinear form with p, g € P.

Definition 4 Consider the matrix 7 = (Ci—j)io,oj=0’ where ¢;_j = LGN =By, ),
and let 7}, be the leading principal submatrix of order n. Then

(i) If ¢;—j = ¢;—;, By is said to be hermitian sesquilinear form and .2 is said to be a
hermitian linear functional in IP.

(ii) Taking into account that the function ®(p) =: B« (p, p) is a quadratic form, B¢ is said
to be quasi-definite if ®(p) # 0 for all p € P. The above is equivalent to det 7,, # 0, for
every non-negative integer n.

(i) If B#(p, p) > 0, for every p € P, p(z) # 0, or, equivalently, det 7,, > 0, for every
non-negative integer n, then B« is said to be positive-definite.

Observe that if . is hermitian, then By (p, q) = By (q, p) forall p,q e P.If By isa
quasi-definite hermitian sesquilinear form, then there exists a sequence of monic polynomials,
(Py)n>0, orthogonal with respectto B¢, i.e.,deg P, = nand By (Pk, P,) = K,0,.k, Kk, # O,
for all n € N, where & ,, is the Kronecker delta (see [28]).

Theorem 3 (Szegd Recursion) If B¢ is a quasi-definite hermitian sesquilinear form, then its
corresponding sequence of monic orthogonal polynomials (Py,),>0 satisfies the recurrence
relations (see [28])

Puy1(z) = 2Py (2) + Put1(0) P (2), n >0, Forward relation,
Put1(2) = (1 — |Pag1(0) )2 Pa(2) + Pus1 (0)PY, (2), n =0, Backward relation.

@
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Remark 1 The values (P,(0)),>1 are known in the literature as Verblunsky coefficients.

As a consequence of Theorem 3
ki1 = (1= [Pas1 Ok, 3)
and
P (2) = PF(2) + Pur1(0)2 Py (2). )
The reverse polynomials satisfy a property of orthogonality that can be summarized as follows

(see [31]). If P, is orthogonal to {1, z, .. ., 271} with respect to By and By (P, (2), ") =

k, # 0, then P (z) is orthogonal with respect to B¢ to {z, 2., 7"}, 1. e., to zZIP,_1 and

By (P (2), 1) = k.

Theorem 4 (Verblunsky’s Theorem [13]) Assume (ct,)52 | is a sequence of complex numbers
such that |a,| # 1 forn = 1,2, .. .. Suppose that a polynomial sequence (Pp))n>0 satisfies
the Szegd recursion

Puy1(2) = 2Py (2) + apq1 P (2),n =0, Po(z) =1.

Then there exists a unique quasi-definite and hermitian functional £ such that (Py),>0 is
orthogonal with respect By . Moreover, if |a,| < 1 forn = 1,2, ..., then the hermitian
functional £ is positive-definite and there exists a unique non-trivial probability measure |
supported on 0D such that (P,),>0 is orthogonal with respect to .

The multiplication operator with respect to (P, (z)),>0 is represented in a matrix form by

7P(z) = HpP(2),

where P(z) = [Po(z), P1(2) -+ , Py(2), -] and Hp is a lower Hessenberg matrix whose
entries are
1, j=n+1,
(Hp),,; = _%PH+1(O)W7 Jj=<n,
0, j>n+1.

Moreover, HpDpHp* = Dp, where Dp = diag(ko, ki, ...).

Definition 5 Let B¢ be a quasi-definite hermitian sesquilinear form. If (P, (z)),>0 is its
sequence of monic orthogonal polynomials, then we define the n-th kernel polynomial as

“ Pj(y)P;(z)
Ku(z,y) = Y 2,
j=0 !
where kj = By (P;, Pj).

The Kernel polynomials satisfy the following properties

Proposition 2 ([31]) If K,,(z, y) is the n-th Kernel polynomial associated with (P, (2))n>0,
then
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(1) Christoffel-Darboux formula

Pr L (DPF (2 = Par1(3) Put1(2)

Ku(z,y) = k(1= 9) , n>0. (35)
(i) In particular, if |y| = 1 then
K, (v, y) = Ppp1 () (Pus)' () — Py (0P ) (y) 0.

kn+]
(iii) Reproducing property. For every polynomial g with degq < n

By (Kn(z,@),q(2) = q() and Bz (q(2), Ka(z, @) = q(@).

For an arbitrary polynomial p(z), deg p = n, and £ a hermitian linear functional, the
polynomial of degree n defined by

1y <(Z+y)w),
=Yy

is said to be the associated polynomial of second kind of p(z) with respect to .. In particular,
it is well known that the associated polynomials of the second kind denoted by (Q,),>0
corresponding to the orthogonal family (P,),>0 satisfy the following recurrence relations
(see [28])

0n+1(2) =200 (2) = Pr41(0)0,(2),  Qo(2) =1, (©)
05112 = 05 (2) = Pat1(00204(2), )

i.e., they satisfy the same recurrence relation as the family (P,;),>0 (2) with P,4(0) replaced
by — P,+1(0). Furthermore, an important relation between P, (z) and Q,(z) can be found in
[23, 28]

Pu(2)Q5(2) + Qu(@) P (z) = const.z" const. € R\ {0}.

Proposition 3 (Mixed Christoffel-Darboux formula) Let (P,)n>0 be the monic orthogonal

polynomials with respect to By and (Q,)n>0 the family of its associated polynomials of
second kind. If we define

Kn(z,y) = Z w
Jj=0 J
then

2/ko = Py (MO, (2) — n+1(y)Qn+l(Z)

’Cn E) =
&) ko1 (1—2)

Proof From (2), (4), (6), (7) and (3) we get

P (0251 @) = Prrt Q1) _ ks <—zyP,T(y)QZ(Z)—Pn(y)Qn(Z)>

I —-zy k; I —zy

ke [(—PF(0)0;(2) — Pu(y)0n(2)
K, 1—2zy

)+ Pn()’)Qn(Z)

and taking into account the initial conditions Py(y) = Qo(z) = 1, we get the result. ]
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Let .Z be a hermitian linear functional and By its corresponding sesquilinear form. If
B« is quasi-definite, then we introduce the formal power series

F(z)=co+2) cn", ®)

n=1

where c_, = Z(z7"). If By is positive-definite, then F is said to be the Carathéodory
function associated with .Z. In such a case, F(z) is an analytic function in D and SRe(F) > 0
[29, 31]. Moreover,

Theorem 5 ([29, Lemma 2.1]) Let F be analytic in |z| < 1 and suppose that F has simple
polesatzy € D,k =1,...,nwithlim,_,,, F(z)(z—zk) = vk and yi/zk € R. Furthermore,
assume that the non-tangential boundary valueslim,_, ,i, Re(F () — Y et vk/(z—2zk)) exist
a.e. on [0, 2r] and are L ,-integrable on [0, 25|, where p € (1, 00). Then

1 2 i
F(z>=—/0 Tt )

2 el —z
with
d = (ReF('?) —a)dy — =5 — ),
u(p) = (ReFE) —a) dp = 37 75 — 2
where
) n
ReF () = lim ReF(z) and a=Y L&
z—el? =1 22k

and 8 (- — zy) denotes the Dirac delta at z.

As a natural extension, we call to F Carathéodory formal power series when the linear
functional is quasi-definite.

Definition 6 (Jones, Njastad, Thron [25]) Let {§,},>0 be a sequence of complex numbers
such that 8o # 0 and |5,| # 1 foralln = 1, 2.... Then the hermitian Perron—Carathéodory
continued fraction (HPC-fraction) is defined by

2 1 A-lBP: 1 d=pP:

— 9)
I + 68 + 81 + 5 + ) +

If we denote by B, the numerator and A, the denominator polynomials of the HPC
fractions which are defined by the difference equations

B_; =1, By = do, By = —éo, (10)
A_1 =0, Ao =1, A =1, (11)
and
B <~ [ Ban—1 Boy—2

=3 , 12
<A2n> " (AZn—1> * (AZn—2> (12

Bon+1 By 2 (an—1>
=4 +(1+18 , 13
<A2n+1> " <A2n) A ()
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then C, = B,/A,. is the n-th approximant of the HPC-fraction. Moreover, given a HPC-
fraction as in (9) there exists a pair (Lo, L) of formal power series

00 00
Lo(z) = C(()O) +2 Z C—nzn» Loo(z) = _C(()OO) +2 Z CnZ_n
n=1

n=1

such that By, /A2, and By, 41/A2,+1, are the weak (n, n) two-point Padé approximants for
(Lo, Loo) of orders (n + 1, n) and (n, n + 1), respectively, where for n, r, t non-negative
integers and B and A polynomials of degree at mostn, B/ A is called the weak (n, n) two-point
Padé approximant of order (r, t) for (Lo, L) if (see [24, 26])

A()Ly(z) — B(z) = O("), A@@)Ls(z) —B) =0E""", r+t>2n+1.

In particular, if for a quasi-definite hermitian linear functional . with monic orthogonal
polynomials (Py),>0 and associated second kind polynomials (Q),>0, we take 8o = cp = 1
and §, = P,(0), n > 1 in (9), then the numerator and denominator polynomials defined by
(10), (11), (12) and (13) are (see [25])

Azn11(2) = Py(2), An(2) = P (2),
Bont1(2) = 0 (2), By (z) = =0, (2).

Moreover, if F(z) is the Carathéodory formal power series for ., then when z — 0 (see
[28, Theorem 2.1.(a)]) we get

(1) Py(2F(2) + 0,(2) = O("),
(i) P;(2)F(2) — Qp(2) = O("™).

When . is positive-definite we have that

. 0n@)
F) = Jim

uniformly on compact subsets of D (see [25, 29, 31]).
We conclude this section by stating the following important result.

Theorem 6 (Peherstorfer [29]) Let (Py)n>0 be a sequence of orthogonal polynomials with
respect to a positive definite linear functional with Carathéodory formal power series, F.
Furthermore, let A, B, C, D be self-reciprocal polynomials of exact degree p which satisfy
the following conditions

A0 _ BO) _ DO _ €O 14
A*(0) ~ B*(0) D*(0)  C*0)’
(AD — BC)(z) = O(z%) (15)

and

A(z) — B(QF(2) = O(Z") where 0 <X < p.
The following statements hold forn =0,1,2...
(a)

- _ A@)Py1+.(2) + B(2) On+a(2)
Pn+l/-—)»(z) - -

@ Springer
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and

D(2) Qn+5.(2) + C(2) Pyya(2)
Z)"

énﬂlﬁk (z) =

are both polynomials of exact degree n + . — A with leading coefficient independent of
n.

(b) The polynomial ﬁnﬂk;\ (z) is orthogonal with respect to a hermitian linear functional
with Carathéodory function, given by

_ —C@)+ D(z)F(z2)

FO =0 - Bore (1o
(c) The polynomials Fnﬂkx (z) satisfy the recurrence relation
Priu11@) = 2Puyyu 2 @) + bugu s (Pugp—2)* (@)
with
bnip—r = Parp—34+1(0) = %Pﬁm(ox n=>0. (17)

Remark 2 Tt is necessary to clarify that in [28] the authors assume that the series F(z) defined
in (8) converges on |z| < p for some p > 0. They used this to provide the expression

- (%)

However, the proof of [28, Theorem 2.1 (a)] only uses the fact that F(z) is a (formal) series.
This is important because since the proof of [29, Theorem 2.2 (a)-(c)] (Theorem 6 in this
document) is fully supported on [28, Theorem 2.1 (a)], the result is still valid when F(z) is
taken as a formal series.

3 Perturbation of hermitian functionals

In this Section we will summarize the most important perturbations of hermitian linear
functionals as well as of Carathéodory formal power series. With this in mind, we first
provide the following definition. Hereinafter, if B¢ is quasi-definite, then we will assume
without loss of generality that cp = 1.

Definition 7 Let F(z) be a Carathéodory formal power series, A Carathéodory formal power
series F(z) is said to be a rational spectral transformation of F(z) if

Fo) = a(2)F(2) + b(z)

T () +d@)F ()’ (18)

where a(z), b(z), c(z) and d(z) are polynomials such that a(z)c(z) — b(z)d(z) # 0. In
particular, if d(z) = 0, F(z) is said to be a linear spectral transformation of F(z).

First, we point out some illustrative examples of linear spectral transformations that can
be found in the literature.
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3.1 Linear spectral transformations
3.1.1 Perturbation of the Toeplitz matrix

Let .Z be a hermitian linear functional with moments (c,),cz and Carathéodory formal
power series F(z). Consider a new hermitian functional Z with moments (C)nez defined
from a perturbation of the moments of .# as follows: For s, € N with s < ¢ and fixed
complex numbers m j, j =s,...,1t,let

E'\j=Cj+ﬁj, ?_jzc_j+mj, j=S8,...,t,
and ¢ = cx, otherwise. These transformations were studied in [8] providing conditions for
the quasi-definite character of .Z as well as the characterization of orthogonal polynomials
associated with the corresponding sesquilinear form. Notice that if F is the Carathéodory

formal power series corresponding to . then it can be written as a linear transformation of
F

t
F@) =F@ +2) m;z/.
j=s

This is the simplest linear spectral transformation.

3.1.2 Christoffel transformation

Let . be a hermitian linear functional and B« its associated sesquilinear form. Consider
the perturbation of B« defined by

B1(p(2),q() =Bz (pk),(z—a)q(z), acC, o#0.

Taking into account that Bj is non-hermitian, under certain conditions there exist two
sequences of monic polynomials (L,),>0, (Rx),>0 biorthogonal with respect to B, i.e.,
foralln > 0, deg L, (z) = deg R, (z) = n and

Bi(Ly(2),2) =0, 0 <k <n—1, Bi(La(z).2") #0,

Bi* Ri(2) =0, 0<k<n—1, Bi(z", Ra(2)) # 0.
In this case, L, (z) (resp. R,(z)) is said to be left (resp. right) orthogonal with respect to 5.
Theorem 7 ([12]) Suppose that P,(«) # O for every n > 1. Then

(1) The sequence

1 Pn+1 (Ol)
R =—| P - — P
n(2) Z—a) < n+1(2) Po(a) n(Z)>
P,

is right orthogonal with respect to By. Besides B1 (7", R,) = —%((;)kn.

o
(i1) The sequence "
L,(z) = ——=Ku(z, @) (19)
P,(a
Poni@

is left orthogonal with respect By. In addition, B1(L, (z), 7") = —%(?)kn.

(o
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Theorem 8 Let Lﬁ,l)(z) be the polynomial of degree n defined by

L,(z) — Lp(y) 1)

L@ = (=)

n> 1. (20)

2 )
kn+] ’
Proof From (5) and (19) we get

(l _ a) L,(2) = Kk P:+1((¥)P:+1(Z) Ppy1(a) Ppyi (Z)
K1 Py (o) z

If . is the linear functional associated with 5, then

(3¢ o) o (3 -5))
(z—y) y

_ (z+y) _ @ty (1 1
—&(Q 2 (Lo - wa@cﬁ+x(&_”@ yywﬁ
n(Z)

=@ -aLP@ - @+

1
(a—®6”<g+”

Then

= — L) = (25 k,
(cr —@)zL,’(z) = (ze1 + DL,y (2) + T

n(

5 ((1 —a)Ky(z,a) —

21

On the other hand, forn > 1

z+y P (@ B P:H()’))])
Z"((Z_y)[ n+]( )< Z y

n+l(a) ((Z+)’)

(1@ —=Pry) ) — Pi@ )B(P SN+ ), y)
Z

z (z—y)
e
= Pupa() Q2@ T2 @) = =TT 0 () @)

In a similar way we get

gy ((Z-i‘)’) [m(PnJrl(Z) _ Pn+1(y))]>
=y z y

_ n+l(05) Oni1(2) — Ppyi() By (z+ Y)Par1(y), y) = "+1( )Qn+1(z) (23)

Thus, from (21), (22) and (23)

@ —aLP (@)

=(@7+an“-+ K, ( Pori(@)

Ont1(2) — H;(Ol)QZH(Z))

K11 Py ()
Ly(2) Kk, _ 2
1— Kn(z, — . 24
P (( az)lKy(z, @) an) 24)
]

Now let us consider the sesquilinear form 5, such that

B2(p(2),q(2)) =By ((z —a)p(z), (z —a)q(z)), a<cC\{0}.
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Taking into account that B¢ is hermitian, it is not difficult to check that B, is also hermitian.
Moreover,

Theorem 9 ([12]) The sesquilinear functional B, is quasi-definite if and only if K, (o, &) # 0,
for everyn > 0.

Assume that K, (o, ) # 0, for every n > 0 and let (Fn)nzo be the sequence of monic
orthogonal polynomials with respect to B,. Since

Ba(p,q) =Bi1((z—a)p,q) =Bz ((z —a)p, (z —a)q),

then we have the following connection formula.

Proposition 4 Let (Py)n>0, (Fn)nzo and (L), >0 be the sequences of (left) orthogonal poly-
nomials with respect to By, By and By, respectively. Then

(=) Py(@) = Prpi(2) — 2D g gy, =0, 25)
K, (o, a)
(z = @) Py(2) = Lyt1(2) — L”*—‘(“)Ln(zx n=>0. (26)
Ln()

Proof The proof of (25) can be found in [12]. To prove (26) notice that the polynomials
(Lg (z))}::g constitute a basis of P, 1. Thus, there exist complex coefficients (o, k)Z=0 such
that

@ —)Py(2) = Lap1(2) + ) e xLi(2).

k=0
The above yields
n+l
By(Py(2), Rk(2)) = Bi(Ln41(2), Ru(2) + Y etk Bi(Li(2). R (2)).
k=0
Taking into account the orthogonality relations, we obtain the result. O

Corollary 1 The Verblunsky coefficients of the original and perturbed sesquilinear form BBy
and By, respectively, are related by

~ 1| Kppi(a, @) Pn+1(0l)m
~ _ | Knsi(e @) _ntl Pnz+1(“) _
= “[ Ko O T Kk [T

Let F(z) be the Carathéodory formal power series associated with B (Christoffel trans-
formation). From the definition, it is not difficult to check that

a(z2)F(z) + b(z)

F(z) = e

; 27)

where

a(z) =(1 —aZ)(Z — Ol),
b(z) = — @z + 2iIm(ae))z + a,
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d(z) =z. (28)

Observe that F‘(z) = L(2)F(z) + R(z), where L(z) = a(z)/d(z) and R(z) = b(z)/d(z) are
hermitian and anti-hermitian Laurent polynomials, respectively.

Theorem 10 Let F(z) be the Carathéodory formal power series (8) associated with a hermi-
tian linear functional. Let

Q= {ﬁ(z) : f(z) = L(2)F(2) + R(2), L hermitian pol., R anti-hermitian pol.},
Q= {F(z) : F(Z) Carathéodory formal power series associated with a hermitian
functional}.
Then every F (2) € Q21 Ny can be written as a superposition of Christoffel transformations.
Proof Suppose first that
F(2) = LFE) + R(2) (29)

yith R(z) = Az +d — X/z, Re(d) = 0, an anti-hermitian polynomial of degree one. Since
F(z) € Q3, then it can be written as

oo
F@) =pmo+2) nnt,
n=1

where 1, n =0, 1, ... are the moments of a linear functional satisfying z_,, = . In order
to preserve the hermitian structure of the linear functional associated with F, L(z) should be a
Laurent polynomial of degree one. With this in mind, let us assume that L(z) = ajz+y +az/z
and from (29)

~ a — N ap + A
F(z) = T+(V+2a2c_1 +d)+2(yc_1 +arc—+ z
o0
+2 Z (arc—k—1) + ye—k + aze_g+1)) z*,
k=2
thus
() ay — & =0.
(i) no =y +2azc—1+d e R.
ap + A

(ili) p—1 =yc_1 +azc—2+ 5
(iv) Fork > 2, u—y = ajc—x—1) + yc—k +azc—x+1)-
From (i) ao = A. Now, forall k € Z \ {0, =1}, define

Rk = aiciy1 + yex + axce—1.

We want py = iy, for k = £2, &3 - .- It is clear from (iv) that for k < —2, ux = fix. Now
taking into account that by hypothesis puy = i_; = arci—1 + Ycx + azcr1, then py = ik
for k > 2 if and only if y € R and a; = a; = X. Therefore, if (29) holds, then

X
L@ =hety+

which is a hermitian_polynomial of degree one. Observe that condition (ii) implies d =
—2Jm(ic_1)i. Thus F(z) coincides with a Christoffel transformation of F(z). In general, if
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F(z) = L(2)F(2) + R(z) € 21 N Qy with deg(R) = m, then from Proposition 1 we can

factorize the polynomial R = Rj --- R,,, where the polynomials Ry, k = 1,..., m, are
anti-hermitian polynomials of degree one. Thus, iterating the above procedure, we get the
result. O

3.1.3 Geronimus transformation

Consider now the inverse problem of the previous section. More precisely, given a hermitian
sesquilinear form B¢ defined from a hermitian linear functional .#, we seek a hermitian
sesquilinear form B, also defined from a hermitian linear functional .%5 and such that

By (p(2),q(2) i= Ba((z — @) p(2), (z —@)q(2)), @€ C\ {0} (30)

Let us consider the Laurent polynomial L(z) = (z —«)(1/z —«), witha # 0, € C\ aD.
Then (30) can be rewritten as

D(p(2)d(1/2)L(z)) = L(p(2)g(1/2)).

As a consequence :Z”\z (resp. 52) is not unique, Furthermore, if (¢,),cz are the moments of
%, then

en = —@Cpi1 + (1 + |a)))é, — aéuoi, 31

and therefore 1 = (1 + |a|)2)60 — 29‘{2(055). This implies that 2 is completely defined
up to the values of ¢y € R and ¢; € C. Moreover, if By is a particular solution of (30), then
every solution can be written as

By (p(2),4(2)) = Bo(p(2), q(2)) + Mp(@) §(1 /@) + Mp(1/@) q(@), 0 < |a| # 1.

In [4] it was shown that every sequence of orthogonal polynomials (}A’n),,zo with respect to
B, that is a solution of (30), can be written as

Put1(2) = (2 + x0) Pu(2) + yu P (2),

where x,,, y, € C satisfy

B0 = Q= 1 PO (% _ (%1 + o1 Par1(0)
e VAN AT A Py+1(0) '

Taking Py (0) and xj as free parameters, an algorithm can be provided to construct the family
(Py)n=0 (see [4, Subsection 3.2.1])

Let f(z) be the Carathéodory formal power series associated with gg Then from (31)
(see [27]) we get

Fz) =(z—a)(1/z —oF() + <% —Ez) Co +al_1 —acy.

Thus f(z) is a linear spectral transformation of F(z)

a(2)F(z) + b(z)

F(z) = -
d(z)

(32)

where

az) =z,
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b(z) =acoz? + 2idIm(a@é)z — ado,

d(z) =(1 —@z)(z — a). (33)
After some algebraic manipulations on (32), we get
~ —l+az 12(¢op—ac_y) —1
F(z) = (Z) OH_Z—i-M +gz7 with M:——(CO c-1)
-z 1 -0z 2 1 —|of?

Corollary 2 Ler F(z) be a Caratheodory formal power series corresponding to a hermitian
linear functional. Let FO, (z) and Fa M (2) be the Carathéodory formal power series cor-
responding to the Christoffel (27) and Geronimus (32) transformation, respectively, with
parameter . Then

@) E, (2) 0 /F\a,M(z) = F(z) (Identity transformation).
(i) /F:Q,M (2) oia (z) =F(@)+ % This transformation is known in the literature as Uvarov
Ve
transformation (see [27]).

Theorem 11 Let F(z) be the Carathéodory formal power series (8) associated with a hermi-
tian linear functional. Let

Q3 =

L(2)F(z) + R(z)

{F(z) : F(z) = W@

, L, W, hermitian pol., R an anti-hermitian pol.} .
Then every F(z) € Q1 N Q3 can be written as a superposition of Christoffel and Geronimus
transformations.

Proof Let

~ L(2)F(z) + R(z
Fo - LOFQ@ +R@).
W(2)

with L, W, hermitian polynomials, R anti-hermitian polynomial and such that F(z) € Q.
Suppose that deg(W) = m. Then from Proposition 1, W = W;---W,,, where each Wy,
k=1,..., m,isahermitian polynomial of degree one. Applying a Christoffel transformation
(27) to F(z) with a(z) = zWj(z) we get

= L(2)F(z) + R(z)

Fi1(2) = ———————— + Ri2),

W2(2) - - Win(2)

where R is an anti-hermitian polynomial. Since the Christoffel transformation preserves the
structure of Carathéodory formal power series, then F;(z) € Q1. Iterating the above process
for each polynomial Wy, k =2, ..., m,

Fu 1(2) = LFE) + R@) + Ru-1(2), (34)

where R,,—1(z) is an anti-hermitian polynomial. But the transformation (34) is reduced
to the case already considered in Theorem 10. Hence, ﬁm_l(z) is obtained from F(z) by
means of a composition of Christoffel transformations. On the other hand, the function
F(2), by construction, is obtained from F_1(2) by means of a composition of Geronimus
transformations taking into account the fact that a canonical Geronimus transformation is
the right inverse of a canonical Christoffel transformation (Corollary 2 (i)). Thus, F‘(z) is
obtained from F(z) by means of a composition of Christoffel and Geronimus transformation.

O
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3.2 Rational spectral transformations
3.2.1 Aleksandrov transformations

Definition 8 ([31]) If A is a complex number such that |A| = 1 and F(z) is a Carathéodory
formal power series, then the Aleksandrov transformation of F(z) is defined by

O+ DF@) + A —1
O.—DF@) +Ar+1

This is an example of rational spectral transformation.

F'(z) =

Theorem 12 ([31]) Let . be a quasi-definite hermitian functional with Carathéodory for-
mal power series F(z) and let (Py),>0 be the corresponding sequence of monic orthogonal
polynomials. Then, for ). € C such that |\| = 1, there exists a sequence of monic orthog-
onal polynomials (P,f\)nzo associated with the Aleksandrov transformation satisfying the
recurrence relation

Pl (2) = 2PH2) + APay1 (0) (P (2),
Py 1(2) = (1 = [P 1 ()2 P} (2) + APur1 (0) (P )* (2).
Moreover

1 1
Pr(z) = ST+ M) + (1= 2)Qn(2),

Ak 1 T\ p* 1 kS *
(P (z) = 5(1 + AP, (2) + 5(1 -0, (),
where Q,(2) is the associated polynomial of second kind of P,(z).

Theorem 13 ([28]) Let (Pp),=0 be the monic orthogonal polynomials with respect to By,
with Carathéodory formal power series F(z). If (Qn)n>0 Is the family of the second kind poly-
nomials, then the Carathéodory formal power series F o (z) associated with the polynomials

(Qn)nzO is

Fo(2) = (35)

F(o)'

Note that the result is a direct consequence of the Aleksandrov transformation with A = —1.
3.2.2 Associated and anti-associated polynomials

Definition 9 Suppose that (P,),>0 satisfies the recurrence relation (2). Then for n > 0 we
define the associated polynomials of order N (P,gN))nzg which are generated by

PN (@) = 2PN @) + Pirisn O ), PNV (@) = 1.

If (QE,N) )n>0 1s the sequence of associated polynomials of second kind corresponding to
(P,SN) (z))n>0, as natural extension of [29], we get

(ON (@) + O3 (D) Pusn (D) + (Py(2) — PN (2) Quin(2)

PV (2) = S :
Z

W, (PN@+ PS@) Onin (@) + (05 @) — On (@) Puyn(2)

0, @)= p .
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Moreover, the Carathéodory formal series FM) associated with (P,SN)) 2>0, can be expressed
as a rational spectral transformation of F as follows

(0N (D) — 0% (@) + (Pn(2) + P () F(2)
(ON (D) + 0% @) + (Pn(2) — PE(@)F)

FM () =

Definition 10 Suppose that (P,),>0 satisfies the recurrence relation (2) and let o, i =

0,...,N — 1, be complex numbers such that |¢;| # 1. Then for n > 0 we define the

anti-associated polynomials (P,E_N) (2))n>0 of order N which are generated by
PV @) =PV @ + 1PV @, V@ =1,

where

oy, n=0,...,N—1,
Yn =
Pyii1-n©0), n>N.

Notice that this transformation is not unique since it depends on the choice of «,, n =
0,...,N—1.

Proposition 5 Let M (z) be the polynomial defined by

M@ =P V@ +an-1(PS V) (),

and R(z) its associated polynomial of second kind. Then

1

Py @ = *(M(z) + M* (@) Pe(2) + 5 (M(2) = M*(2) Qk(2), (36)
1

oM@ = *(R(z) + R*(2)) Qi (z) + 5 (R@) — R*(2)) P (). (37)

Furthermore, in the positive definite case we get

FeM () = (R*(2) + R(2))F(2) + (R*(z) — R(2)) . (38)
(M*(z) — M(2)F(z) + (M*(2) + M (2))

Proof If in Theorem 6 we take
1 1
AQz) = E(M(Z) + M*(2)), B(z) = E(M(Z) - M*(2)),

1 1
C) = E(R(Z) - R*(2)), D(2) = E(R(Z) + R*(2)),

then A, B, C, D are self-reciprocal polynomials of degree N satisfying (14) and (15). More-
over A(z) — B(2)F(2) = O(zY). Thus taking & = N, A = 0 in Theorem 6 we have that the
polynomial 13N+k (z) = A(2) Px(2) + B(2) Qk(2) is a polynomial of degree N + k. Notice
that, in particular,

~ 1 1
Pny1(z) = E(M(Z) + M*(2)) P1(2) + E(M(Z) - M*(2))Q1(2)
=zM(z) + PI(O)M*(z).
Together with (17) this implies that P( (z) = PN+n(Z) forallnm = 1,2..., and (36)

is proved. The proof of (37) is made i 1n a similar way. Finally, (38) is a stralghtforward
consequence of (16). ]
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Second.

Second. Kind
By Ln O
| |
ChristoffeLl | 2 Christoffel. : 9
[ Transf. .
Transf. - rans -
By, — C P, — QU
n n

Fig.3 Problem 3

In the positive definite case the following result holds.

Theorem 14 (Peherstofer [29]) Let F(z) be a Carathéodory formal series and suppose that
the self-reciprocal polynomials A, B, C and D satisfy (14), (15) and (16) with » = 0.
Furthermore, assume that 3e(—A(0)/B(0)) > 0 as well as y = (A(0) — B(0))/(D(0) —
C(0)). Then

ﬁ(z) _ D(2)F(z) — C(2)
VAR - BOF()

is a Carathéodory function if and only if all zeros of A(z) and B(z) lie on 0D, are simple
and interlace.

4 Second kind polynomials and spectral transformations

In this section we will study a new rational spectral transformation involving a perturbation
of hermitian linear functionals and second-kind polynomials.

Problem 3 (Fig. 3) Let . be a quasi-definite hermitian functional with associated sesquilin-
earform By .LetBa(p, q) = By ((z—a) p, (z—a)q), a # 0, be a Christoffel transformation
of By, H(-,-) the sesquilinear form such that the sequence of polynomials of second-
kind (Qn)n=0 is the corresponding sequence of orthogonal polynomials. We will denote
by (Q LC]) n>0 the sequence of monic polynomials of the second kind with respect to 3, which
are orthogonal with respect to the sesquilinear form C(-, -). What is the relation between C and
‘H (or equivalently, between their Carathéodory formal power series)? What is the relation
between their orthogonal polynomials?

To deal with the above problem, we state the following proposition.

Proposition 6 Let (Q,lfj)nzo be the second kind polynomials associated with (F,,),,Zo. Then

Ln+1 (Ol)

(z— ) Q) = W1 (2) — SRR

Wu(z), n>0, (39)

where Wy(2) = r(2)L (2) — ¢(2) L (2),

(c1—a)(z—a) @) = (1 —@)z+1—ac
(0 +a]?) — 2Re(@e))’ 1

r(z) = T+ |ef?) = 2Re(@c))’

and L, (z) and Lf,l) (z) are defined in (19) and (20), respectively.
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Proof From (26), we have
—u ﬁ Z) — — F _ o
5, (( h@ -0 —aho) 1) G- (Lml( ) Lo )Lgn(z)) _
=y Ly (o)
On the other hand, the left-hand side of the previous expression is

B <(Z ) [(z —a)Py(2) — (y — a)Pn(Zi—i_-;y —a)P,(z) — (y —a)Pn(y)} ’ ]>

— BBty 1)+ B (%ﬁ”(”@ ), 1)

=@ — @z + 1 —@e11Py(2) + [(1 + la?) — 2Re(aen)] 01 (2).
This yields
[(1+ al?) — (et +acen] 0 (2)

= (e - (L“)l( ) — L(O‘)L;”(z)) — (@ — @)z + 1 —@c11P,(2).
Ly (@)

Multiplying both sides of the above equation by (z — «) and taking into account (26), the
statement follows. O

Theorem 15 Let define

AQR) =az* +2i Im@c)z — o, and B(z) = —az’+ (1 +|a*)z—a.  (40)
Then,
(1) The polynomial

Roer(2) = A(2) Ppy1(2) -iz- B(Z)QVH-I(Z)’ n>0.

has exact degree n + 1 and its leading coefficient is B>(1, 1).
(ii) The reverse polynomial of R,+1(z) can be written as

—A@)Py 1 (2) + B0, ()
p )

@)= > 0. 1)

(iii) The sequence (Ry+1)n>0 satisfies the recurrence relation
Rn+1(2) = 2Rn(2) — Put1(OR, (), n=0.
Proof Taking into account that P;(0) = —cy, then from (2) and (6) with n = 1, we get
R1(2) = Bo(1, Dz + 1 [(1 + |af?) — 2iIm(@er)] - 2a,

whichisa polynomial of degree 1. Now assume that R 1(z), is a polynomial of degree k + 1
forallk =0, 1,...,n. Again from (2) and (6) and the fact that Qn+1(0) = P,TH(O) =1,
we get

Rn+2(Z) = RIH»I (Z) + Pn+2(0)

(A(Z)P () — 42)

B(z) 04 (z))

Z

is a polynomial of degree n + 2 and, as consequence, (i) follows for all n > 0 from the
induction process. The above analysis also shows that the leading coefficient of R, (z), is
By(1, 1) foralln =1, 2, .... Toprove (ii), let us assume that A(z) P,+1(z) = ZZ:S a,,_H,kzk
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3 .
and B(2) Qnt1(2) = Y 4o but1x2*. Since deg Ry41(2) = n + 1, then ay41,0 = —bu+1,0,
An+1,n4+3 = —bn+1,n+3 and

n+2

Ri1() =Y @ik +bar1 02" 7
k=1

On the other hand, since A(z) = —A*(z) and B(z) = B*(2)

—AQP () + B@Qr @) _ A* QP @) + B 004, ()
Z Z
_ A@P11@) + (BR) Qui1 ()

Z
n+3 n+3

— Zn+3 Zmz—k—l + Zn+3 Zmz—k—l
k=0 k=0

n+3

3N k2
=" @ik + bapr 0
k=0

Thus, we get (41). Finally, (iii) is a direct consequence of (42) and the expression of R’ (@.0

Notice that according to Theorems 4 and 15 (iii), (R,),>0 is a sequence of orthogonal
polynomials with respect to a hermitian linear functional defined on L. Taking into account
that we are interested in finding relations between Carathéodory formal power series, we
state the following Theorem.

Theorem 16 Let A(z), B(z) be defined in (40). If
C) =az+ 0+ |a|>)z+a and D(z) = —az> + 2i Im(@c))z + «,
then

(1) The second kind polynomials associated with (R,)n>0, denoted by (T,),>0, satisfy

D(2) Qn+1(2) + C(2) Pyy1(2)
p ,

Tnt1(2) =

>0,
with exact degree n + 1.
(ii) The reverse polynomial of T,,11(z) is

D@ Q},,(2) — CRPE, ()
Z

7,1 =—

(iii) The sequence (T,41)n>0 Satisfies the recurrence relation
Tp+1(2) = 27,(2) + Put1(0)T,[(2), n > 0.
(iv) The Carathéodory formal power series ¥ (z) (resp. F1(z)) associated with (R;)n>0
(resp. (T,)n=0) is given by
—C(z) + D(2)F(2) ( 1
Fr(z) = resp. Fr(z) = ,
A@) — B@F() P FR(2)

where F(z) is the Carathéodory formal power series associated with the original family
(Pn)n=0
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Proof Since the polynomials A(z), B(z), C(z), D(z) satisfy

AO) _ BO) _ DO) _ €O
A*(0) ~ B*(0)  D*(0) = C*0)’

as well as
A@)D(z) — B(z)C(2) = — ((1 — |a|*)* + 4(Im(@c))) *,

then the statements follow from Theorem 2.2 in [29]. ]

As we have mentioned earlier, (R,),>0 is the sequence of orthogonal polynomials with
respect to a hermitian linear functional on IL. We will denote it by .Z.

Proposition 7 Let £r be the hermitian linear functional such that the polynomials (R ) n>0
are orthogonal and let Bg(-, -) be the sesquilinear form associated with Lr. Then

(1) The kernel polynomial (Definition 5) K, r (x, y) associated with Lr can be written as

R:.,.](y)R:J,_](Z) = Ru+1(0)Rn+1(2)
K1 (1 —2y)

)

Knr(z,y) =

where K, g = Br(Rn, Ry).
(i1) The polynomials (Wy),>0 defined in Proposition 6 can be written as

Wa(z) = LI R @R, (@) — WRH-FI(Z)
R (@) Kp+1(1 — z@)
kn®
T R RO 43
Rty "R @3)

where 8 := [(1 + |a|?) — 2Re(ae))| = Ba(1, D).
(iii) For eachn >0

K41
kit r = ()" T ko
ko

Proof Let (t),>0 be the sequence of monic orthogonal polynomials with respect to Br (-, -)
andk; g = Br(r;(2), t;(z)). Taking into account that for each n > 0 the leading coefficient
of R, (z) is 8, we get

é @y 0) _ 826 (D641 (@) = T 1 ()T41(2)

Knr(z,y) = = =

" jg() kK;r 82 Ky11(1 —zy)
_ Rt OR1 (D) = Ratt OO Rat1 (2) _ X”: Rj@R; ()
) = kr

and (7) is proved. Now, from the definition of W,,(z), (19) and (24) we get
kn <O{Z2 + 2i3m(&c1)> P;Jrl(a) P;lkJrl(Z) — Puy1(a) Pry1(2)
8 kpt1 Pp(a) z

b G-w(-w) [ Poi@)
5kn+1Pn(O() (1 _az) <

Wu(z) =

1—wz

)
Ont1(2) — %(a) O (z)> .
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and since
A(z) = @z> +2i0m@c)z — o, B(2) = (z — a)(1 —az)
we get
k —P* (@)R:_ 1 (2) — Pit1(@)Rp+1(2
- \ T @R @ — Pt @R @) )
8 kg1 Pn(a) kK,11(1 — zo)
Thus, the first part of (ii) is a straightforward consequence of
Rpp1(@) =Bz +a,z —a)Pyypi(e), Ry (@) =—-Bz+a,z—a)P; (a).
Notice that (44) is equivalent to
1 Ky kn+l R Ky r
Wa(z) = <* : ) — K r(z, ),
! 8 kn+l kn,R R (O[) "
and since W, (z) is a monic polynomial we get
1 ki Ko
8 kn+l kn,R '
Thus (iii) is proved. ]

Corollary 3 The monic polynomials (Wy,),>0 are left orthogonal with respect to the sesquilin-
ear form Br1 defined by Br.1(p(2), q(2)) := Br(p(z), (z — ®)q(2)). Furthermore, the
sequence of second-kind polynomials ( QLC])HZ() associated with (F,,)nzo is orthogonal with
respect to the sesquilinear form Br 2(p(2), q(2)) := Br((z—a)p(2), (z—a)q(2)). In other
words, polynomials (Q,[f])nzo are orthogonal with respect to a Christoffel transformation of
Br. Besides,

. 1 Rt ()
_ ) = R _ ot e
(z—a)0,"(2) 3 n+1(2) Ky x(@, @) n.R(Z, @).
Proof The result is a direct consequence of (43) and (39), respectively. ]

Corollary 4 Let F g (z) and F y11(z) be the Carathéodory formal power series associated with
the sesquilinear forms H and C, respectively. Then

d(2)Fp(2)
az) +b(x)Fp(z)’

where a(z), b(z), c(z) and d(z) were defined in (28)

Fou(z) =

Proof The proof is a direct consequence of (35) and (27). ]

Problem 4 (Fig. 4) Let ¥ be a quasi-definite hermitian functional and let B¢ be the
associated sesquilinear form. Let gg((z —a)p, (z —a)g) := By (p, q) be a Geronimus
transformation of B¢, G(-, -) the sesquilinear form such that the polynomials of the second
kind (Q,(z))n>0 constitute the corresponding sequence of orthogonal polynomials, and let
(Q,[,g ]),,Zo be the sequence of polynomials of the second kind with respect to gz, which are
orthogonal with respect to the sesquilinear form G(-, -).

What is the relation between G and H (or alternatively, between their Carathéodory formal
power series)? On the other hand, what is the relation between their corresponding sequences
of orthogonal polynomials?

What is the relation between the corresponding Hessenberg matrices?
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Second. Second.
Kind Kind
' |
Geronimus I Geronimus [
Transf. : ? Transf. [
B, — s G o
AN

g
2 g P, —— Q¥

Fig.4 Problem 4

Corollary5 Let Fp(z) and FQ[g] (z) be the Carathéodory formal power series associated
with the sesquilinear forms H and G, respectively. Then

d(2)F(2)

FQ[gl (@) = . A
a(z) + b(2)Fp(2)

where a(z), l;(z), and (?(z) are given (33).

5 Concluding remarks

In the same way as in the real case, a very interesting problem is to describe all the rational
spectral transformations of Carathéodory formal power series. We note that Theorem 11 and
Theorem 14 describe a subset of rational spectral transformations (18) that can be constructed
under certain conditions; however, there is not a closed result that gives a characterization of
this type of transformations. It is clear that the Christoffel and Geronimus transformations
are not sufficient to generate all the linear spectral transformations. Thus, it is necessary
to seek a new set of “basis” transformations that enable us to generate all linear spectral
transformations, preserving the hermitian condition of the linear functional.
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