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ABSTRACT

High-order numerical techniques and immersed boundary methods (IBMs) are gaining popularity to avoid constructing body-fitted meshes
while accurately resolving complex flows on Cartesian grids. Recently, we have presented a new treatment for the immersed boundary
method based on the combination of volume penalization and selective frequency damping (SFD) [J. Kou and E. Ferrer, “A combined volume
penalization/selective frequency damping approach for immersed boundary methods applied to high-order schemes,” J. Comput. Phys. 472,
111678 (2023).], that offers improved accuracy for nonmoving geometries. The objective of SFD is to remove nonphysical, high-frequency
oscillations inside the solid body and by doing so enhance the accuracy in the fluid region. The present paper extends the new immersed
boundary treatment to moving geometries. The convergence of this approach is first validated by the method of manufactured solutions,
where we design a one-dimensional advection—-diffusion case, with a moving interface, to validate the numerical accuracy. Second, we simu-
late an unsteady flow past a plunging circular cylinder (Navier-Stokes solver). In this case, we show that the combination of volume penaliza-
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tion and SFD provides improved accuracy for moving geometries.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0179779

In recent years, high-order methods, such as flux reconstruction
(FR) and discontinuous Galerkin (DG), have gained popularity in the
field of fluid dynamics. These methods offer several advantageous
numerical properties, including enhanced accuracy and reduced dissi-
pation/dispersion errors, particularly at low to medium wavenumbers.”
Despite the advantages, a well-known bottleneck of high-order meth-
ods is the necessity of high-order curved grids near body-fitted bound-
aries, which can complicate the process of generating the mesh. To
facilitate the generation of meshes, the immersed boundary method
(IBM) has been proposed,” ” to avoid body-fitted meshes while accu-
rately resolving complex flows using simple grids. So far, various IBM
techniques have been applied to fluid mechanics problems, such as
incompressible flows,” particle flows,” wall modeling of turbulent
flows,” liquid-gas interfaces,” multiphase flows,"” and so on.

Combinations of high-order methods and IBM have been
proposed to merge the numerical advantages of high-order methods

(spectral convergence, low dissipation/dispersion errors, etc.) with ease
for mesh generation. For example, Fidkowski and Darmofal'’ and
Miiller et al.'” applied the cut-cell method to simulate steady compress-
ible flows based on discontinuous Galerkin. In contrast, our recent work
has shown that IBM based on volume penalization (VP) is a robust and
easy-to-implement method for high-order discretizations (e.g, FR or
DG)."” One of the main advantages of the VP approach, when com-
pared to cut-cell techniques, is that it allows for easy treatment of mov-
ing geometries, without the need of re-meshing. Through eigensolution
analyses,' the error characteristics of this approach were clarified, show-
ing that the penalization imposes the boundary condition by adding
additional dissipation inside the solid. These works motivated our recent
extension of an alternative IBM treatment combining VP and selective
frequency damping (SFD)," which was tested using high-order methods
and static geometries. The VP+SFD approach offers additional damp-
ing inside the solid that improves the overall accuracy of the scheme.
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The purpose of this note is to extend the combined method:
VP-+SED, proposed by Kou and Ferrer' to moving geometries. This
extension requires several additions: (1) reformulate the SFD formula-
tion for moving boundaries; (2) new manufactured solutions to test
numerical convergence; and (3) numerical validation for the
Navier-Stokes equations.

Volume penalization " imposes boundary conditions by intro-
ducing penalizing source terms inside the solid. A mask function
(%, t) is defined to distinguish between the fluid region Qyand solid
region Q,,

15,16

1 if xeQy
1(x, 1) = {0 otherwise. M

For a given fluid system, written in a semi-discrete form, the VP
(for Dirichlet boundary conditions) can be formulated as

du 1
pr RHS(U) + p (U, —U), (2)
where U denotes the variable vector (e.g,, conservative variables in the
Navier-Stokes system) and RHS gathers all terms including spatial
derivatives and sources. The rightmost term comes from VP formula-
tion, where 7 is the penalization parameter that controls accuracy (the
modeling error decays when 1 — 0)."” Here, we discretize RHS using
a high-order FR scheme, but other schemes could also be used.
Further details on the governing equations, the FR discretization, and
error analysis are given in Refs. 1, 13, and 14.

The SFD method was proposed by Akervik et al.'” to compute
unstable steady solutions (unstable fixed points) in global stability
analyses and enforces steady states by damping unstable modes (with
characteristic frequencies). The method is motivated by the control
theory where a proportional feedback control is introduced as a forcing
term to drive the solution q toward the target solution. For moving
bodies, the numerical solution g can be decomposed into the actual
(imposed) moving part of the geometry g, and an oscillatory part ¢’
(representing spurious waves), see Fig. 1: ¢ = g, + q'. Note that the
former term is zero for fixed boundaries, which has been introduced
originally by Kou and Ferrer." The oscillatory part g’ refers to the non-
physical (spurious), high-frequency scales that need to be damped by
the SFD approach. It should be noted that the motion frequency is
assumed to be smaller than the frequency of the spurious oscillations,
and we assume enough spectral separation between g, and ¢'. Under
these assumptions, the SFD formulation can be reformulated as

q qo=0

AAAAAAANAAAANANAANAAANNNNNNN
VVVVVVVVVVVVVVVVVVVVVVVVYV

time
@ (b)
FIG. 1. Schematic illustrations of selective frequency damping for static and moving

boundary problems: (a) static geometry with zero velocity g, = 0 (red) and (b)
moving geometry with velocity g, # 0 (red).
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{q:f(q)—xf(q—qo—é) 3)
q=(-49 —a)/A
where ys is the control coefficient, and f is the nonlinear operator
applied to a state variable vector q (i.e., the right-hand-side term). A is
the filter width to control the cutoff frequency w. = 1/A. The target
low-pass filtered solution 4 is time-varying, and this approach drives q
to the target solution. When this approach is used for immersed
boundary treatment, the SFD term is only applied inside the solid
region, resulting in minimum computation overhead.

To implement this approach to a Navier-Stokes flow solver with
minimal effort, the solution q is defined as

a=yu,v,w)" = MU/p, U= p pupv,pw.E", (4)

where U refers to the vector of conserved variables, which only con-
tains the solution points with y = 1. M is the matrix to select the veloc-
ities from the state vector,

M= (5)

o o o

1
0
0

S = O

0
0
1

o o o

Additionally, two splitting schemes for the VP and the SFD are
used, as detailed in Kou and Ferrer.' Using eigensolution analyses,"
we proposed guidelines to select the key parameters in the combined
method: the penalization parameter is fixed to n = At, the control
parameter of the SFD should be y; = 1/, while the filter width A
needs to be large enough to remove all spurious oscillations of the
numerical solution (e.g., A > 10). We observed that this parameter
selection also applies to moving boundaries. Finally, note that the VP
and SFD are only applied inside the geometry (to mimic the effect of
solid boundaries), while no treatment is applied to the fluid region.

The proposed method is validated by two test cases, where FR is
used for spatial discretization. The first one shows the numerical con-
vergence, and the second one shows the validity of the approach for
moving objects.

The method of manufactured solution is commonly used for
code verification. To test our IBM implementation, we modify the case
proposed by Tremblay et al.,'® which is originally used to evaluate the
error in fluid-structure interaction problems. Considering the one-
dimensional advection—diffusion problem,

ou  Ou P*u
E—I—ca—uwﬁ-%(u—us(&t))zo. (6)
Note that the penalized solution u,(x,t) and the mask function
7(x, t) vary in space and time. We consider the moving physical domain
x € [0, 1/L(t)], where the right interface parametrized by L is oscillating
in time, to mimic the moving boundary. We first design the analytical
solution and the flow domain, with user-defined parameters A,,, B,,,, C,,
and D,;: U(x,t) = A, + sin[nL(t)x], L(t) = B,, + C, sin(Dy,mt).
The one-dimensional advection-diffusion equation, without the source
term, can be written into a linear operator: (£ (1) = u; + cuy — Vil In
the method of manufactured solution, the source term Q is determined
to produce the solution U and obtained by applying the operator .2 to U
as  Q(x,t) = Z(U) = CD,m*x - cos[nL(t)x] - cos(nD,,t) + cnL(t)
- cos[nL(t)x] +v[rL(t)])* - sin[nL(t)x]. By adding this term to the right-
hand side of the governing equation, the numerical error can be obtained
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FIG. 2. Method of manufactured solutions: (a) schematic illustration and (b) convergence in the flow region.

by comparing the residual against zero. Finally, when considering the
immersed boundary, we obtain the modified equation for the moving
geometry: u; + cuy — Vi = (1 — 1)Q(x,t) + S, where S = —%(u
— us(x,t)) is the VP term, and the source term Q(x, t) is only added
inside the fluid region. The time-dependent mask varies in time to main-
tain Dirichlet boundary conditions © = 0 at interfaces, which is one when
x < 0orx > 1/L(t) and zero otherwise.

To test the accuracy of the numerical scheme, the penalized solu-
tion u is set to U, which varies in space and time to mimic the effect of
moving geometry. For the test case, we set the parameters to
A, =0, B, =1.11, C,, = 0.1,andD,,, = 10. The transient solution
and error plot is shown in Fig. 2. We extend two elements on both
sides of the domain [0,1] to mimic the solid element. Note that the
number of solid elements in the right region also varies in time, while
we ensure at least two elements are penalized in the left solid region.
The solution is marched until t=0.1. As shown in Fig. 2(a), the red-
shaded region includes moving boundaries and is sufficiently large to
test the accuracy. In the combined FV+SFD method, the penalization
parameter is set to be equal to the time step n = 1 x 10~%, with SFD
control coefficient A= 1 x 10°, while the filter width is set to 10>, For
different polynomial orders and numbers of elements, the error in the
L2 norm is computed and compared in Fig. 2(b). As shown in the fig-
ure, high-order convergence N~ (P+1) is obtained, which is the expected
convergence rate of the FR scheme. This indicates that the VP+-SFD
method does not deteriorate the high-order convergence when the
exact solution is imposed inside the moving geometry.

In the second case, we solve the unsteady flow (ie., Navier—
Stokes) past a moving cylinder at Reynolds number 100."” The govern-
ing equations are described in the non-dimensionalized form, which is
introduced in Kou et al."” The numerical solvers based on FR have
been validated in previous works of Kou et al,"'*'* where specific
treatment for moving boundaries have been reported in Kou et al.'”
The cylinder is free to move in the transverse direction. The
background mesh is a rectangular computational domain in x
€ [-30D, 50D] and y € [—30D, 30D], where D is the cylinder diame-
ter. A uniform grid with size 0.03D is used in x € [-D, D] and
y € [-D, D], to maintain accuracy near the cylinder boundary. The
total number of elements is 399 x 228. Note that the wake region is

refined to capture the periodic vortex shedding. For a moving cylinder,
the mask function is time-dependent and the non-zero velocities for
solid points are imposed according to motion functions. A sinusoidal
motion y(t) = Asin(27nfyt) is considered, where A = 0.25D. The fre-
quency of harmonic motion is defined as the ratio between forced
motion frequency f, and the vortex shedding frequency f; (of a static
cylinder), where fy = 0.9f; is focused. As discussed in Ref. 19, this case
exhibits a lock-in phenomenon, where the vortex shedding frequency
(obtained by the frequency of lift coefficient, f) diverges from the value
of static cylinder (f;) at the same Reynolds number, and it locks on the
frequency of the forced oscillation (f/fo &~ 1). Our results show that
the vortex shedding frequency f; is 0.1653 (defined by the Strouhal
number), which agrees well with the literature.'” We run the simula-
tion until the periodic vortex shedding fully develops and start to
move the cylinder. Note that the time variable has been non-
dimensionalized by the reference length and velocity, following the
non-dimensionalization of the governing equations."’

The probes are selected as the closest Gauss solution point to two
particular coordinates (x,y)/D = (0.2,0.2) and (x,y)/D = (0.41,
0.02). From Fig. 3, these two points always lie inside the solid element
and are approaching the boundary when the minimum plunging

oo o|/ooo|/eoe|eooe|jeoeeoeoe
oo ojooo(eooe|eoeojeoee0oeoe
ec - - -'200|000]|000|00o0
— Inflow

e¢c . _ __ 200(00 0|eje ala -
) o_g_" oo 0|lo o0 o0 ocPlunglng
oo oo~ v N |00 0|0 e o|0e|e)\otion
oo ojooo(0oo |0 e o|ejeoc|eoeoe
..........QO.".....
oo ojooe|/eooe|oec|jeoee0oeoe
oo o|looe(ooe/0oe /000 e
® © 06|60 06 0|0 0 0|0 O 0|0 O 0|0 0 0
oo cjoo0oe|jocoe|eoee|oe oo

FIG. 3. Moving cylinder: schematic illustration of flow over a moving cylinder.
Selected Gauss points for probing the solution are depicted in blue.
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(a)

i =1x 10%, and A = 100 (combined method). Case 3: P =3, n =1 x 103 (volume penalization). Case 4: P =3, =1 x 10~
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(b)

FIG. 4. Moving cylinder: evolution of velocities at two probe points. Case 1: P=2,5=1x10"° (volume penalizationz. Case 22 P=2

7”
g =1x10%, and A

bined method). Reference velocity is shown in the dashed line. (a) Point A [(x,y)/D = (0.2,0.2)] and (b) point B [(x,y)/D = (0.41,0.02)].

displacement is reached. We consider two polynomials P=2 and P=3
and compare the difference between standard VP and the combined
VP+SED method. This leads to four different test cases, as introduced
in Fig. 4. The time step is set to 1 x 10~* and 5 x 10~° for polynomial
orders 2 and 3. To compare the effect of SFD, the penalization parame-
ter is set to a relatively large value, i.e., 7 = 1 x 107>. The SFD parame-
ters are selected according to the guidelines provided in Kou et al."*

To evaluate the accuracy in imposing boundary conditions
through the IBM, the time evolution of the velocity is compared in
Fig. 4. As can be clearly seen in the figure, when the combined
approach is used, the boundary condition is imposed more accurately,
and the oscillation is reduced to approximate the exact velocity. A
comparison of the lift coefficient is shown in Fig. 5, where similar
results are produced by all methods. When applying a Fourier trans-
form to the lift coefficient, the varying accuracy in capturing the lift
frequency can be studied. As mentioned by Placzek et al,,"” due to the

0.2 ! ! ! ! —Case 1
—Case 2

0.2 o
242 244 246 248 250 252

t

(a)

lock-in phenomenon, the frequency of the lift coefficient will lock on
the vortex shedding frequency. Regarding the vortex shedding fre-
quency, it appears that the improvement of the solution is linked to
the increase in polynomial order from P=2 (cases 1 and 2) to P=3
(cases 3 and 4). This is well reproduced by the present simulations,
where the frequency ratio is always close to one. To offer more details
on the numerical results, we give vorticity contours at two time instan-
ces in Fig. 6. The results on both the volume penalization (case 3) and
the proposed method (case 4) are reported. As shown in the figure,
both methods provide similar results. However, as discussed previ-
ously, the detailed temporal responses near the boundary differ from
each other.

The recently proposed immersed boundary method combining
volume penalization and selective frequency damping has been
extended to moving geometries. To do so, the numerical solution
inside the solid is decomposed into a predefined movement and an

0.2 . |
i 0.136 .
N 0.15+ : 0.134
o
E -7 0.132
£ 01 | 013 ;
< ! !
= | 0.128 !
) ! 0.9 1 1.1
= 0.05 :
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0 1 2 3 4 5
*
£ =f/f,
(b)
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FIG. 5. Moving cylinder: lift coefficient. (a) Time evolution and (b) Fourier spectrum (vortex shedding frequency is highlighted in the red line).
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(b)

(c)

(d)

FIG. 6. Vorticity contours of flow past a moving circular cylinder at different transient times. (a) Volume penalization (case 3) at t=240.0. (b) Combined method (case 4) at
t=240.0. (c) Volume penalization (case 3) at t=250.0. (d) Combined method (case 4) at t = 250.0.

oscillatory part (spurious waves), where the latter is damped by an
SED approach combined with volume penalization. We challenge the
method with two cases. First, a new manufactured solution problem is
proposed to show that the method can recover high-order accuracy.
Second, we validate the methodology by simulating the laminar flow
past a moving cylinder, where improved accuracy of the combined
method is reported. Future works include the improvement of the pro-
posed method to allow better boundary representation, as well as the
extension of the proposed method to complex moving geometries and
fluid-structure interaction problems.
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