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Abstract

Quantum machine learning combines principles of quantum computing and machine learning
(a subdiscipline of artificial intelligence), to leverage the capabilities of quantum systems for
efficient data processing and analysis. Quantum machine learning models are often based on
quantum circuits, which consist of sequences of operations applied to qubits or quantum bits.
However, the design of these circuits is challenging given the limitations of these models in
handling large volumes of data and the size of the circuits. These large circuits can lead to
inefficiencies during the training process, while smaller circuits often have expressivity issues
and may not capture the complexities of the task at hand. Consequently, identifying the
optimal balance between a circuit’s trainability and its expressive power represents a critical
challenge in quantum machine learning.

This research focuses on the design of quantum algorithms applied to machine learning,
creating a new global optimization framework for generating quantum circuit-based models
using multi-objective genetic algorithms. The techniques developed allow the automatic
generation of optimal quantum circuits, offering full flexibility in selecting structure, operators,
and parameters and considering critical factors such as accuracy and model size. The use of a
gradient-free optimization method avoids common problems such as barren plateaus. Using
the methodology proposed in this thesis, several experiments and use cases of increasing
complexity in terms of input data types are carried out. These experiments cover applications
as diverse as binary and multi-class classification of tabular data, grayscale image classification,
multiband image segmentation, and time-series based prediction of satellite imagery from
historical data sets. In each of these applications, processing strategies are developed that
enable quantum models to achieve very promising results, which underlines the versatility
and robustness of the proposed framework.

The quantum models discovered by this methodology stand out for their high representa-
tional capacity with minimal use of qubits, which directly addresses the challenges inherent in
gradient-based training methods, especially when applied to higher dimensionality data. This
approach reduces common scalability and efficiency limitations, promoting stable performance
even for large models. In addition, the framework drives the discovery of circuits with high
expressivity and reduced correlation, thus laying the foundation for creating machine learning
models inspired by quantum computing as classically simulatable models that can be used in
both academia and industry.
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Resumen

El aprendizaje automético cuantico combina principios de la computaciéon cuantica y el
aprendizaje automéatico (una subdisciplina de la inteligencia artificial), con el objetivo de
aprovechar las capacidades de los sistemas cuanticos para el procesamiento y analisis eficiente
de datos. Los modelos de aprendizaje automatico cuantico suelen basarse en circuitos cuanticos,
que consisten en secuencias de operaciones aplicadas a qubits o bits cuanticos. Sin embargo,
el diseno de estos circuitos es un reto dadas las limitaciones de estos modelos a la hora de
manejar grandes volimenes de datos y el tamano de los circuitos. Estos circuitos de gran
tamano pueden dar lugar a ineficiencias durante el proceso de entrenamiento, mientras que
los circuitos mas pequenos suelen tener problemas de expresividad y pueden no captar las
complejidades de la tarea en cuestién. En consecuencia, identificar el equilibrio 6ptimo entre
la entrenabilidad de un circuito y su poder expresivo representa un reto critico en el campo
del aprendizaje automatico cuantico.

Esta investigacion se centra en el disefio de algoritmos cuanticos aplicados al aprendizaje
automatico, creando un nuevo marco de optimizacion global para generar modelos basados en
circuitos cuanticos mediante algoritmos genéticos multiobjetivo. Las técnicas desarrolladas
permiten la generacién automatica de circuitos cuanticos 6ptimos, ofreciendo total flexibilidad
en la seleccion de estructura, operadores y parametros y considerando factores criticos como
la precision y el tamano del modelo. El uso de un método de optimizaciéon sin gradiente evita
problemas comunes como las mesetas estériles. Con la metodologia propuesta en esta tesis,
se llevan a cabo diversos experimentos y casos de uso de complejidad creciente en cuanto a
los tipos de datos de entrada. Estos experimentos abarcan aplicaciones tan diversas, como la
clasificacion binaria y multiclase de datos tabulares, la clasificacién de imagenes en escala de
grises, la segmentacion de imagenes multibanda y la prediccion basada en series temporales
de imagenes de satélite a partir de conjuntos de datos historicos. En cada una de estas
aplicaciones se desarrollan estrategias de procesamiento que permiten a los modelos cuanticos
alcanzar resultados muy prometedores, lo que subraya la versatilidad y robustez del marco
propuesto.

Los modelos cuanticos descubiertos por esta metodologia, destacan por su alta capacidad de
representacion con un uso minimo de qubits, lo que aborda directamente los retos inherentes a
los métodos de entrenamiento basados en gradientes, especialmente cuando se aplican a datos
de mayor dimensionalidad. Este enfoque reduce las limitaciones comunes de escalabilidad y
eficiencia, promoviendo un rendimiento estable incluso para modelos de gran tamano. Ademas,
el marco impulsa el descubrimiento de circuitos con alta expresividad y una correlaciéon
reducida, sentando asi las bases para crear modelos de aprendizaje automatico inspirados en
la computacién cuantica como modelos clasicamente simulables que puedan ser utilizados
tanto en la academia como en la industria.
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Chapter 1

Introduction

1.1 Motivation

Quantum computing combines computer science, physics, and mathematics, exploring using
quantum physical systems to store, communicate, and process information. It emerges as
a response to the inherent limitations of classical computing, leveraging the principles of
quantum physics that govern the behavior of subatomic particles. While technology advances,
classical devices, which operate according to the classical physics laws, face fundamental
constraints regarding miniaturization and efficiency in solving complex problems. Richard
Feynman, one of the godfathers of quantum computing, stated a fundamental problem
(Feynman, 1982): classical computers struggled when simulating quantum systems because
of their bit-based structure. He argued that since quantum physics fundamentally differs
from classical physics, a computational approach was needed to reflect this difference. He
expressed that a computer based on quantum mechanical principles could overcome the
limitations of classical machines and take advantage of quantum phenomena to perform more
efficient simulations. In 1985, David Deutsch advanced this fundamental idea by developing
the concept of a universal quantum machine (Deutsch, 1985). He demonstrated theoretically
that a quantum machine, using quantum physics principles, could perform calculations far
more complex than any classical computer, thus laying the foundation for general quantum
computing.

These ideas led to the development of new quantum algorithms, such as the one developed
by the mathematician Peter Shor (Shor, 1994) for integer factorization and the discrete loga~
rithm problem that demonstrated that quantum computers could perform these calculations
exponentially more efficiently than any Turing machine (Turing, 1936). This breakthrough
showed that quantum computers could tackle problems that, even with today’s technologies,
remain intractable for classical machines due to time and resource constraints. At the same
time, Benjamin Schumacher formulated a principle similar to Shannon’s noiseless coding
theorem in classical information theory (Shannon, 1948), but the equivalent with noise remains
unsolved. He refers to the term for the basic information units of quantum computation:
quantum-bit or qubit (Schumacher, 1995). In the 1990s, research continued to demonstrate the
advantages of quantum systems over classical ones, as evidenced by the algorithm presented
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by Lov Grover (Grover, 1996) for searching unstructured databases, which offers a quadratic
advantage over classical search methods. This breakthrough provided evidence that quantum
computers can significantly speed up certain types of computations, thus broadening the
scope of quantum computing and demonstrating its ability to improve efficiency in various
practical problems beyond factorization. These milestones led many researchers to explore
further quantum algorithms, such as the HHL algorithm developed by Harrow, Hassidim, and
Lloyd (Harrow et al., 2009), which demonstrates that quantum computers can solve systems
of linear equations exponentially faster than classical methods.

The progress in quantum algorithm development has motivated a strong effort in designing
and fabricating quantum computing hardware, which still exhibits an exponential trend. This
advancement is manifested in the increasing number of qubits in quantum computers, currently
ranging from 27 to 443 qubits, pushing the limits of scalability. Simultaneously with the
development of more advanced and higher-capacity quantum devices, John Preskill proposed
a new paradigm known as NISQ (Near-Term Intermediate-Scale Quantum) computing to
leverage existing quantum systems (Preskill, 2018). Although they currently do not surpass
classical computers, they are valuable for tackling real-world problems and pushing forward
algorithm research in essential areas like optimization, simulation of physical systems, or
quantum chemistry, even with noise and limited qubits.

In recent years, the field of Artificial Intelligence (Al) research has experienced an expo-
nential surge, in parallel with advances in quantum technology (LeCun et al., 2015). In this
context, we find Machine Learning (ML), a branch of Al focused on developing algorithms
that enable computers to learn from data and make data-driven decisions (Bishop, 2006).
ML enables computers to improve their performance on specific tasks by analyzing large
amounts of data without being explicitly programmed. Building on this, Quantum Machine
Learning (QML) merges quantum computing principles with these machine learning techniques
(Biamonte et al., 2017; Schuld et al., 2017). It transitions machine learning models to a
quantum computing framework, utilizing qubits to store information and quantum gates to
manipulate it, providing an alternative method for data processing. By utilizing quantum
mechanical phenomena such as superposition and entanglement, QML has the potential
to perform computations that may exceed the capabilities of classical computing methods.
Central to QML are quantum circuits, which represent computational models for executing
advanced quantum algorithms. These circuits aim to enhance efficiency and improve data
processing capabilities for machine learning tasks.

When considering a machine learning model, it is important to consider the expressiveness,
which is the ability to represent complex functions, and the trainability, which shows how
efficiently the model parameters can be adjusted to optimize performance. The literature
suggests that classical machine learning models adequately balance model size, expressiveness,
and trainability. In contrast, quantum machine learning models are typically moderate in
size and do not have the same robustness in training as classical models. It results in specific
challenges, such as vanishing gradient and barren plateaus, which can make the optimization
and training process considerably more problematic (Arrasmith et al., 2021; Cerezo et al.,
2021). Finding a balance between expressivity and trainability in QML models is particularly
challenging. Excessively complex quantum models can be complicated to train effectively,
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resulting in suboptimal performances. On the other hand, more straightforward may not
be able to capture complex patterns in the data, which also negatively affects the global
performance (Holmes et al., 2022; McClean et al., 2018).

The literature has dealt with the QML model adaptation problem from different approaches.
On the one hand, a strategy based on the specific design of hardware-adapted circuits has
been developed, where simulatable circuits are not subject to optimization, which may result
in barren plateaus effects. On the other hand, there are strategies based on classical methods
for the adaptation and optimization of these circuits, such as adaptive initialization (Grant
et al., 2019), circuit pruning (Sim et al., 2021a), and the use of density matrices and random
features for approximating distributions (Gonzélez et al., 2021). These strategies provide
partial solutions, but no global strategy covers the problem.

These circuit design issues are more challenging when applied to large data sets and high-
dimensional problems like images. Researchers in classical machine learning tackle these
problems using deep learning techniques, such as convolutional networks, without imposing
size constraints. One crucial challenge is to explore whether some of the ideas and methods
of QML can be effectively extended and adapted to this particular domain. Some approaches
to addressing this problem are the development of quantum convolutional neural networks
(Cong et al., 2019), hybrid classical-quantum systems using classical and quantum networks
(J. Liu et al., 2021), or transfer learning applying pre-trained classical models to the data as

preprocessing before embedding the feature vector in quantum neural networks (Mari et al.,
2020).

This thesis aims to tackle the problem of creating quantum machine learning models in
domains of practical utility and increasing complexity. For this purpose, we address two
main challenges facing QML: (i) the automatic design of quantum algorithms for quantum
machine learning considering all its components and (ii) the specialization of QML algorithms
to handle different data sets of varying data types, enabling their applications in real-world
scenarios. It requires developing optimization tools that allow the design of optimal models
that maximize expressiveness while ensuring adequate trainability.

1.2 Objectives and Scope

The present research aims to advance the field of quantum machine learning by addressing
several essential challenges related to the design of quantum circuits, barren plateaus issues
arising in the training phase, and applications to high-dimensional data in classification and
regression tasks.

o O1. Design of quantum circuits: Develop a global optimization strategy that allows
the automatic generation of ad-hoc quantum circuits for real quantum machine learning
applications.

e 0O2. Addressing barren plateaus issues: Implement strategies to mitigate barren
plateaus during the training phase of quantum circuits, utilizing advanced parameteriza-
tion techniques.
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03. Applications to high-dimensional data: Design, develop, and validate
strategies for applying quantum circuits for high-dimensional data processing, explore
quantum models in single-channel classification, multiband image segmentation, and
time series modelling for satellite images.

O4. Reduction of the complexity of quantum models: In terms of operators,
achieving quantum-inspired models with low complexity and possibly being programmed
in classical computers: classically simulatable models.

0O5. Real-world applications and use cases: Show the use of quantum computing
in practical applications such as crop yield prediction, medical image analysis, and envi-
ronmental monitoring. Evaluate quantum-classical hybrid approaches for classification,
regression, and forecasting tasks.

Thus, this research work contributes to advancing quantum machine learning by addressing
key challenges and exploring innovative applications of quantum machine learning models,
considering efficiency, accuracy, and scalability to solve real-world problems. Also, this research
investigates several aspects of quantum machine learning, including the design of optimized
circuits to reduce current training issues such as barren plateaus, the development of novel
parameterization techniques, and the exploration of quantum-classical hybrid approaches for
solving classification and prediction tasks.

1.3 Contributions

1.3.1 Publications Directly Related

C1. Altares-Lopez, Sergio, Angela Ribeiro, and Juan José Garcia-Ripoll. Automatic
design of quantum feature maps. Quantum Science and Technology 6.4 (2021): 045015.
DOI: https://doi.org/10.1088/2058-9565/aclabl.

C2. Altares-Lépez, S., Garcia-Ripoll, J. J., & Ribeiro, A. (2023). AutoQML: Auto-
matic generation and training of robust quantum-inspired classifiers using evolutionary
algorithms on grayscale images. Expert Systems with Applications, 122984. DOI:
https://doi.org/10.1016/j.eswa.2023.122984.

C3. Altares-Lopez, S., Garcia-Ripoll, J. J., & Ribeiro, A. (2024). Optimal quantum
circuit generation for pizel segmentation in multiband images. Applied Soft Computing,
112175. DOI: https://doi.org/10.1016/j.as0c.2024.112175.

C4. Altares-Lépez, Sergio, Juan José Garcia-Ripoll, and Angela Ribeiro. Hybrid
quantum-classical neural networks for crop yield prediction.

C5. Altares-Lopez, Sergio, Juan José Garcia-Ripoll, and Angela Ribeiro. Auto-
matic design of quantum feature maps. 2nd European Quantum Technologies Virtual
Conference (EQTC). Dublin, Ireland (2021). Poster Presented.


https://doi.org/10.1088/2058-9565/ac1ab1
https://doi.org/10.1016/j.eswa.2023.122984
https://doi.org/10.1016/j.asoc.2024.112175
https://az659834.vo.msecnd.net/eventsairwesteuprod/production-abbey-public/9641064fd4a342ab9c4d81cf221ac4dd

Chapter 1. Introduction

1.3.2 Publications Partially Related

o C6. Altares-Lopez, Sergio, Juan José Garcia-Ripoll, and Angela Ribeiro. Robdtica
cudntica: Elementos principales. National Robotics and Bioengineering Conference,
Madrid (2023). Presentation. DOI: https://doi.org/10.20868 /UPM.book.74896, (Altares-
Lépez et al., 2023b).

1.3.3 Software

o C7. Registered Software. Auto-Generated Quantum-Inspired Kernels by Using
Genetic Algorithms (AQUIK) - CSIC 929840. May 15th 2023. Altares-Lépez, S.,
Garcia-Ripoll J.J., Ribeiro, A. https://github.com/sergio94al/Automatic_ design_of
quantum__feature_ maps_ Genetic_ Auto-Generation, (Altares-Lopez et al., 2022).

o C8. Code Ocean - Reproducibility Badge. Sergio Altares-Lépez, Juan José
Garcia-Ripoll, Angela Ribeiro (2023) Auto@QML: Quantum Inspired Kernels by Using
Genetic Algorithms for Grayscale Images, https://doi.org/10.24433/c0.3955535.v1.

Research Projects

o AgrarlA. Artificial intelligence applied to the agricultural production value chain 2050
has been funded by the Ministry for Digital Transformation and Civil Service through
the R&D Missions in Artificial Intelligence 2021 Program, within the framework of
the Spain Digital Agenda 2025 and the National Artificial Intelligence Strategy, with
European funding through the Recovery, Transformation and Resilience Plan. This
competitive project seeks to use Artificial Intelligence and other Industry 4.0 technologies
to improve Spanish agriculture. It is composed of 24 public-private partners. Project -
MIA.2021.M01.0004.

1.4 Thesis Structure

This document is organized into six chapters: one that introduces basic concepts and method-
ologies of quantum computing and quantum machine learning, four chapters that describe
the original contributions of the research, and a final chapter with general conclusions and
lines of future work.

Chapter 2. Quantum Machine Learning Fundamentals: This chapter describes
basic concepts of quantum computing, such as qubits, quantum operators, and quantum
circuits, to define quantum machine learning methods.

Chapter 3. Generation of Optimal Quantum Circuits for Tabular Data: This
chapter introduces the global optimization method proposed that uses genetic algorithms
to generate quantum circuits for automatic tabular data classification. It also includes an
introduction to genetic algorithms and their operators.

Chapter 4. Quantum Circuits for Single-channel Image Classification: This
chapter describes the proposed adaptation of the above method to address the classification
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of grayscale images. These techniques are applied to medical image datasets.

Chapter 5. Quantum Pixel Segmentation in Multiband Images: This chapter
explains the new method developed for processing multiband images using quantum circuits.
The primary emphasis of this work is on the segmentation task. The method is applied to
vegetation cover and solar panel identification.

Chapter 6. Hybrid Neural Networks for Processing Sequential Satellite Images:
It presents the method developed for using hybrid models to predict continuous values from
satellite image sequences. It details a double optimization step for parameter tuning.

Chapter 7. Conclusions: This chapter presents the key findings of this original research
and discusses them in the current state of the art, highlighting how they contribute to existing
knowledge.



Chapter 2

Quantum Machine Learning
Fundamentals

This chapter provides an introduction to the fundamental principles of quantum computation
and the application of quantum machine learning methods. It defines qubits and quantum
states, the fundamental units of information in quantum computing, and how they can be
transformed by universal operators and sets of operations essential for developing algorithms.
It also discusses the architecture of quantum circuits, which combine gates and measurements
to manipulate information, and introduces the concept of variational quantum circuits. Finally,
two essential methods of quantum machine learning are explored: quantum support vector
machines and quantum neural networks, showing their potential for solving complex problems.

2.1 Qubits and Quantum States

In Boolean computation, the most basic unit of information is the bit, a binary integer
with two possible and mutually exclusive states, 0 or 1. Analogous to this classical bit, a
quantum-bit or qubit is the elemental unit of quantum information processing in a quantum
system (Nielsen and Chuang, 2002). A qubit is represented as a vector in a two-dimensional
Hilbert space H, providing the framework for describing quantum states. For a qubit, this
Hilbert space has two distinctive orthogonal basis states, which can be expressed as,

=) 1= (7). 21

Unlike classical bits, which can only be in one of two possible states (see Figure 2.1a),
qubits have properties derived from quantum mechanics. One of these features is quantum
superposition, which allows a qubit to exist simultaneously in multiple states, in any possible
combination of basis states as,

[9) = 10 [0) + 11 [1). (2.2)
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In this equation, the amplitudes || and |¢1| are complex values and are normalized, satisfying
[10]? + [¢1|*> = 1. The values |1)]? and |¢)1]? correspond to the probabilities of detecting the
states |0) and |1), respectively.

General quantum states with two or more qubits are constructed as tensor product rep-
resentations of the Hilbert spaces of individual qubits. For instance, a general state of two
qubits is a linear combination of the 22 basis states,

|9) = oo [00) + o1 [01) + 2b1g [10) + 91y |11) . (2.3)

As before, |1, |? represents the probability of obtaining the bits m and n, where m and n in
{0, 1}, by measuring the both qubits. The sum of all these probabilities is normalized to one
S [Umn|? = 1. In these systems with two or more qubits, another fundamental property of
quantum mechanics appears: quantum entanglement. This quantum feature allows qubits to
establish dependencies between them, such that the state of one directly affects the state of
the other. These interdependent relations lead to strong correlations that can not be found in
classical systems.

Due to the composition of Hilbert spaces, the number of complex coefficients used to
represent a quantum state with N qubits grows exponentially as 2. On the one hand, this
implies that a general-purpose quantum computer with 40 or more qubits cannot be classically
simulated on any supercomputer. On the other hand, this relation suggests that large feature
spaces can be used to implement sophisticated algorithms of machine learning.

The combination of superposition, entanglement and the exponential growth of Hilbert
space provides a significant advantage in information processing, opening new perspectives in
developing a new computing paradigm.

(a) (b)

1)

Figure 2.1: (a) Classical bit states 0 and 1. (b) Bloch sphere representation. The |S) state is a
superposition state.

The Bloch sphere is a three-dimensional model frequently used to represent pure quantum
states (Bloch, 1946) (see Figure 2.1b). In this model, each point on the sphere corresponds

8
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to a unique quantum state. The Bloch sphere provides an intuitive way to understand
how the states of a single qubit change under different quantum operations. However, this
representation is not applicable to generic quantum states such as multiqubit or higher
dimensional systems.

The state of a qubit is described by two angles: 6, which is the polar angle that varies from
0 to m and ¢, the azimuthal angle that varies from 0 to 2w. These angles define the position
of the qubit state on the sphere as,

1) = cos <g> 0) + € sin (g) 1) (2.4)

Here, 6 controls the relative amplitude between the |0) and |1) states, while ¢ determines the
relative phase between them. In the Bloch sphere, basis states |0) and |1) correspond to the
north and south pole, respectively, as shown in Figure 2.1b. Quantum superpositions of a
qubit’s states can be visualized as points on the surface of the Bloch sphere that are not at
the poles, such as the state |.S) depicted in Figure 2.1. This |S) state is equidistant from the
north and south poles, indicating that the probability of measuring |0) or |1) is equal, (%)2

2.2 Quantum Gates

Logic gates are the basic tool of Boolean logic to decompose arbitrary computations in terms
of operators that are easily implementable with hardware. These operators are irreversible
since it is impossible to determine the original input state from its output state. The most
general logic operator in Boolean logic is the NAND gate, which can be used to construct any
other logic gate, making it a universal operator.

By analogy, arbitrary computations can be decomposed using quantum gates in quantum
computing. These gates act on one or more qubits, transforming them in a reversible way,
and are represented as unitary matrices in the basis states of a qubit |0) and |1). The system
is described in a higher-dimensional space when multiple qubits are involved in a quantum
gate. For a quantum register consisting of N qubits, the state space is represented by a
2N_dimensional Hilbert space. Each possible state of the quantum register corresponds to
a basis vector in this space. These basis vectors are denoted as |000...0), |100...0), [010...0),
and so on, up to |111...1), where each vector represents a unique combination of qubit states.
Unitarity is a property of these quantum operators and their matrix representation in the basis.
A unitary matrix U transforms a state vector into another complex state vector |19) = U [1)1),
with its adjoint UT serving as the inverse operation, such that UUT = I.

In quantum computation, similar to Boolean logic, where arbitrarily complex computations
can be decomposed in terms of elementary NAND operations, any computation can be
decomposed into a universal set of operations and measurements, no matter how complex.
This universal set can be constructed using one and two-qubit gates. There are two ways to
build these universal sets: (i) a discrete set of single-qubit gates that can be combined and
a two-qubit gate such as the CNOT, or (ii) arbitrary parameterized single-qubit unitaries
combined with a two-qubit gate.



Sergio Altares Lopez

2.2.1 Universality by Discrete Set

A universal set of quantum gates requires approximating arbitrary single-qubit unitary
operations and implementing a maximally entangling two-qubit gate. In the following, we
discuss both types of operations, introducing single and two-qubit gates and explaining which
discrete single-qubit and entangling gates are usually selected to build such sets.

In the field of quantum mechanics, Wolfgang Pauli introduced operators in matrix form to
represent particles with spin %, such as electrons (Pauli, 1933). These operators, known as
Pauli matrices, correspond to the projection of the spin along each of the Cartesian axes (z,
y, z) and are essential for describing the spin states and their transformations (Ballentine,
2014). Pauli matrices and the identity matrix (Equation 2.5) define fundamental rotations
in the qubit’s state space, acting as quantum gates and forming the basis for constructing
more complex quantum operations. An appealing way to visualize these single-qubit rotations
is through three-dimensional rotations on the Bloch sphere (see Figure 2.1b), where each
Pauli matrix induces a 180-degree rotation around its respective axis: o, around the z-axis,
o, around the y-axis, and o, around the z-axis. Thus, any rotation can be expressed as a
combination of Pauli matrices (Nielsen and Chuang, 2002),

O R ) R (A P N

This set includes the quantum equivalent of the Boolean NOT operation X = o,, which
flips the state of a qubit. The matrix form of the operator is displayed in Figure 2.2, along
with its symbol in quantum models and the operator’s truth table,

Input(|¢)) | Output(X|e)))

A

Figure 2.2: Description of X-gate.

The application of this quantum gate to a qubit in each of the basis states |0) and |1) is
expressed in Equation 2.6,

=)0 x0- @ YQ-()-w oo

However, the two Pauli matrices o, and o, do not have a Boolean analog since they act on
the phase information of the quantum state. The Z-gate introduces a sign change operation
in the component |1), while the component |0) is unaffected by applying the operator Z
=0, performing a 180-degree rotation around the Z-axis. The Y= o, performs a 180-degree
rotation around the Y axis, introducing complex phase factors into the coefficients of the
basis states. In Figure 2.3 are presented their matrix form and truth tables for basis states,
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Input(|y)) | Output(Z[+)))
z=(; ) 0) 0)
1) —|1)

. Input(|e)) | Output(Y |¢)))
(03 W
1 0 ’1> Z’0>

Figure 2.3: Description of Y and Z quantum gates.

Some operators used in the quantum paradigm allow physical properties such as superposi-
tion and entanglement to be used. The Hadamard-gate or H-gate projects a basis state to
the equator of the Bloch sphere to create quantum superposition among them, performing a
90° rotation around the y-axis. Figure 2.4 shows the matrix form, the symbol used for its
representation on quantum algorithms, and its truth table for both states.

L Input(|+)) Out%lﬂ(‘glw)
H=— 0
A0S @ [P

Figure 2.4: Representation of Hadamard operator.

When this operator is applied to the basis states, it creates a superposition expressed as,

HI|0) =

— =
— o~
Il
\H
[\
j—
(=]
~—
+
—
~
N—

(2.7)
HI1) =

One notable feature of quantum computing is its capacity to establish strong correlations
between qubits. This correlation is established by using the Controlled-NOT (CNOT) operator,
which acts on two qubits to generate quantum entanglement between them, as shown in
Equation 2.13. This operator works on the basis states as illustrated in the Equations 2.8,
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1 000 1 1

01 00 0 0
eNoTIoo) = | o o o 11 1ol = 10| =100

001 0/\0 0

1 000 0 0

01 00 1 1
eNOTIOD = {0 o o 11 1ol =10l =100

0010 0 0

(2.8)

1 000 0 0

01 00 0 0
eNOT0) = | o o o 11151 = 1] =10

0010 0 1

1 0 00 0 0

01 00 0 0
eNoT) = {0 o o 1l 1ol = 11| =10

0 010 1 0

As can be seen in Equation 2.8, the first qubit —called the control qubit— determines whether
the second qubit —known as target qubit— should be inverted. If the control qubit is in the
|1) state, the state of the target qubit is inverted, but if the control qubit is in the |0) state,
the state of the target qubit remains unchanged. Figure 2.5 describes the operator in matrix
form, its symbol used for quantum algorithms implementations, and the truth table for basis
states,

100 0 Input|y) | Output(CNOT|¢)))
0100 ¥ 0 ooy
CNOT =0 o 0 1| —d 101) 01)
0010 |10) |11)
|11) |10)

Figure 2.5: CNOT operator characterization.

On the other hand, additional operators allow phase rotations and, therefore, do not have
Boolean analogs, such as T-gate, which performs a phase rotation of ¢/ around the Z-axis.
It affects the |1) state with a global phase of ¢™/* without impacting the |0) state. Similarly,
the S-gate performs a phase rotation of 7 on the same axis, introducing a global phase of i
into the |1) state while leaving the |0) state unchanged. Since both are phase-rotation gates,
the S-gate can be viewed as the successive application of two T-gates: by applying the T-gate
twice, a total rotation of § radians is achieved, equivalent to the rotation performed by the
S-gate (Figure 2.6). In this way, larger phase rotations can be constructed from smaller
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rotations. Both operators are presented in Figure 2.6 with their truth tables and the relation
between them.

Input(|e))) | Output(T'|)))
T:(l 0) Ny )

0 6i7r/4 .
1) et1)

Input(|¢)) | Output(S|y))
S = (é Q) 0) 0)

' 1) il1)

. (10 Y _ (1 0\ (10}
T _<0 6i(7r/4+7r/4) —\o 6'L'Tr/2 —\o i =S

Figure 2.6: Description and relationship between T and S phase operators.

The discrete version requires the combination of all these gates, H, T, S, and CNOT, to
reach universality and approximate parameterized gates. Next, these parameterized operators
are described as universal sets.

2.2.2 Universality by Parametrized Gates

A universal set of gates can also be constructed using operators that allow rotations parame-
terized by real angles 0 along the three axes (Nielsen and Chuang, 2002). These rotations are
defined using the Pauli matrices on each of the axes:

» Rotations around the X-axis are represented by the gate R, (), which induces a rotation
in the Y Z-plane as shown in Figure 2.7a. This gate allows adjusting the state of the
qubit along the X-axis by changing the amplitude of the state components in the ¥ and
Z-axes. Mathematically, this rotation is described by the rotation matrix in Equation

2.9,

e 0 . [0 cos(
R.(0)=e"/" =cos|= | —isin| -0, | = .

2 2 —1 sin

+ Rotations around the Y-axis are expressed by the gate R,(#), which causes a rotation
in the X Z-plane as shown in Figure 2.7b. This gate adjusts the qubit’s state along the
Y-axis by altering the amplitudes of the state components in the X and Z-axes. This
procedure is performed by applying the operator in Equation 2.10,

0

R,(0) = e "/* = cos (g) [ —isin <§ay> - (:: E?; _CZISD(%)) : (2.10)

2

13



Sergio Altares Lopez

» Rotations around the Z axis are denoted by the gate R.(6), which entails a rotation in
the XY-plane as shown in Figure 2.7c. This gate allows adjusting the relative phase
between the |0) and |1) states without changing the probability amplitudes expressed
as the Equation 2.11,

, _i6/2
R.(0) = e 7:/% = cos <g> I —isin (Z(jz> = (e 0 eigﬂ) . (2.11)

Combining these parameterized rotations and a two-qubit gate such as CNOT allows
approximating any arbitrary operation or computation. Because of this approximation
property, this selection of rotations and two-qubit gates forms a universal set.

7=10)

Figure 2.7: Bloch sphere representation of quantum gates. Visualization of the resulting vectors
after applying parameterized rotations R;(6), Ry(f) and R.(#) on an initial state on
the Bloch sphere. a) Rotation around the z-axis with R, (). b) Rotation around the
y-axis with R,(f). c) Rotation around the z-axis with R.(#). The red arrow represents
the initial state.

2.3 Quantum Circuits

Any calculations on a quantum computer must be decomposed into quantum gates and
measurements. The execution of these quantum gates is usually represented as a quantum
circuit as shown in Figure 2.8, which determines the gates, the qubits on which they act,
and a possible order of execution. In these circuits, the horizontal lines represent the qubit
wires, and the quantum gates are placed as blocks in the qubit on which they act. This
representation is read from left to right, so the order of the operations influences the evolution
of the quantum states.

The circuit in Figure 2.8 comprises two qubits represented by wires, both initially in the
state |0). Thus, the initial state of the system is [1y) = |0) ® |0) = |00). The first gate that
we find in the circuit is a Hadamard gate (see Figure 2.4) applied to the first qubit, creating

14



Chapter 2. Quantum Machine Learning Fundamentals

0)

10)

B

Figure 2.8: Quantum circuit with two qubits composed of an H-gate, an entanglement gate, and
measurements.

a superposition state %(!0} +11)). The state changes from |¢)) to [¢;) after this operation,

1 1

V2 V2

Afterward, we apply a CNOT gate (see Figure 2.5), using the first qubit as the control and
the second qubit as the target. This gate changes the state of the target qubit only if the
control qubit is in state 1. When the CNOT gate is applied to the previous state [¢)y), it is
transformed to the state |1¢5),

[¥1) = H|0) @ 10) = —=(]0) + 1)) ® |0) = —=(]00) + [10)). (2.12)

[hs) = CNOT (\}5(\0(» + \10>)> _ ;5(\0(1» +111)). (2.13)

Finally, we perform a measurement on both qubits using a computational basis. A measurement
is represented as a gauge, and it is a probabilistic process that determines one of the possible
outcomes of the quantum system. If we measure the qubit’s polarization, represented here by
the observable o* = |1) (1| — |0)(0], the outcome of the measurement will be 0 with probability
|{0]1))|?, and 1 with probability |{1|¢))|?, as anticipated above. The potential measurement
outcomes from the circuit in Figure 2.8 are |00) and |11), each with a 50% probability. This
outcome demonstrates the perfect correlation between the entangled qubits, indicating that
we cannot measure |01) or |10) from this circuit. Figure 2.8 represents a simple sequence
of gates in the circuit; however, decomposing generic algorithms into elementary gates and
circuit representations is exponentially complex.

2.4 Quantum Machine Learning Models

Machine learning is a subfield of artificial intelligence focused on developing algorithms that
enable machines to learn from data. By analyzing datasets, these algorithms identify patterns
and correlations that allow machines to make predictions or decisions without being explicitly
programmed for specific tasks. This process involves feeding data into the model, which then
uses statistical analysis to predict the results, making machine learning an essential part
of creating adaptive and intelligent systems (Bishop, 2006). Typically, ML can have four
learning methods: supervised, unsupervised, generative, and reinforcement learning. This
thesis focuses on supervised learning that needs labeled data sets to perform training. Taking
into account a training dataset {(x;, )}, consisting of normalized feature vectors x; € R?
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and binary classes y; € {+1, —1}, the main goal is to design a model f(x) that can accurately
predict the class of any point, whether it belongs to the training set or unseen data.

The universal nature of parameterized sets of gates implies, intuitively, that a sufficiently
complex quantum circuit can take the state |000...) and bring it close to any other quantum
state in the Hilbert space. Naturally, the more gates and parameters the circuit has, the
easier and better this approximation is. This property of parameterized circuits leads us
to consider two applications: The first is engineering feature maps, which associate a set
of parameters (the angles of the gates) to states in the Hilbert space. The second one is
engineering discriminators, whereby a quantum circuit transforms a quantum state, and the
outcome of the transformation —e.g., the overlap with the |0000...) state— allows us to
determine the nature of the input state. The integration of these two concepts gives rise
to various families of machine-learning protocols that leverage the quantum domain as a
foundational space for information processing and manipulation.

Quantum machine learning often uses Variational Quantum Circuits (VQC) as models
(Benedetti et al., 2019). These circuits consist of gates with adjustable parameters and
measurements, allowing us to optimize specified objectives or cost functions. The variational
circuit in Figure 2.9 is comprised of two qubits with rotation gates R,(6) that integrate the
angles 0, 05, 05, and 6, as parameters to be fixed, an entanglement gate, and measurements.
In the following sections, the focus will be on quantum machine learning methods that utilize
variational circuits and their adjustable parameters for specific tasks.

|0> ] Ry(el) Ry(ei’))

|0) —— By(62)

a
U

Ry(94)

Figure 2.9: Two-qubit quantum variational circuit. It consists of an entanglement gate and four
parameterized gates with free angles for optimization, followed by measurements.

2.4.1 Quantum Kernel Method

One of the earliest techniques for binary classification is the Support Vector Machine (SVM)
(Cortes and Vapnik, 1995; Stitson et al., 1996). This method is explicitly developed for linearly
separable data constructing a hyperplane with an average vector w and a displacement value
b. The main idea is to locate the hyperplane so that the two classes y = +1 and y = —1
are on opposite sides. The classifier takes a simple form, represented by the sign function in
Equation 2.14,

f(x) = sign (WT X+ b) . (2.14)

The classifier hyperplane uses a few support vectors from the training set. They are selected

to maximize the margin between them and the hyperplane, as shown in Figure 2.10. Mathe-
matically, the normal vector w is obtained by summing the products of the coefficients j;,
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which are the Lagrange multipliers associated with each data point, and determining their

importance in the formation of the vector w, together with the corresponding class labels y;
and the feature vectors x;,

W = Z BiyixXi - (2-15)

By maximizing the margin, SVM seeks a clear separation between classes and aims to
create the largest possible distance between the separation hyperplane and the closest data
points in each class. It reduces the probability of error in classifying new data, since a wider
margin provides a more remarkable ability to generalize correctly from the training data,
allowing more accurate classification of future data points.

a) Original Dataset SVM kernel Decision Boundaries

~ ° o~ ~N ° Hyperplane
e . g g . o ypet
El ° E 2 o === Margin class 1
o .
3 3 3 -—= Margin class 2
o
= ° ° = = » © O Support Vectors
0% 4 °~ o
00 ° o0 ° o

Feature 2
Feature 2

Feature 1 Feature 1

Figure 2.10: SVM. a) two classes are linearly separable, and SVM produces the decision boundary.

b) Non-linear dataset and decision boundaries produced by SVM after increasing
dimensionality.

Multiple techniques can transform SVMs into a universal classifier for handling non-linearly
separable data. One technique involves creating additional features or variables based on the
original vectors, thereby increasing the dimensionality of the classification space, known as the
kernel trick (Cortes and Vapnik, 1995). This is accomplished by defining %X; := ®(x;) € R,
where r is much larger than the original dimension d. A feature map can transform the

problem into a linearly separable one by expanding the dimensionality, as can be seen in
Figure 2.10b.

Interestingly, one can derive the classifier from a kernel function, which captures the scalar
product between the new features. The definition of the kernel function is:
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K(x,x') = ®(x)T®(x), (2.16)

where x and x’ are two input vectors, and ®(x) and ®(x’) are their projections in a higher-
dimensional feature space. The inner product ®(x)?®(x’) calculates the similarity between
these projections, allowing us to work in the transformed space without explicitly computing
the projections. The expression of the hyperplane in terms of the new features and how it
relates to the final classifier can be understood through Equation 2.17,

f(x) = sign (z 5 () B () + b) (217
= sign (Z Biyi K (x;,x) + b) € {+1,-1}.

In this equation, x is the input vector for making a classification. The decision function
uses the support vectors x; and their labels y;, along with the coefficients j; obtained during
training, to compute a linear combination in the feature space. The projection ®(x) of x and
the projection ®(x;) of the support vectors are used, simplified through the kernel function
K (x;,x), while the term b is the bias that adjusts the position of the decision hyperplane. In
this context, the sign of the function f(x) determines the class of the input data z. Also, it
is essential to consider Mercer’s theorem (Géron, 2022; Mercer, 1909), which demonstrates
that it is unnecessary to know the exact form of the feature map, which could even be an
infinite-dimensional function. Instead, it is sufficient to have a kernel function K (x,x’) that
possesses the necessary positive properties to encode a scalar product. Figure 2.11 shows the
iterative process of classical SVM training.

Input: Training data, kernel function
Output: Support vector coefficients and support vectors
Initialize support vector coefficients to zero
while the model has not converged do
for each training sample do
Compute the kernel product K (z;,z;) between the sample and
the support vectors

% Classify the sample: ¢; = sign(}_ 5, K (4, z;))

8 Check if the sample is correctly classified

9: if the sample is misclassified then

10: Adjust the support vector coefficients: 3; < 5; + Ap;
11: end if

12: end for

13: end while

Figure 2.11: Classical support vector machine training

A Quantum Support Vector Machine (QSVM) is a classification algorithm where the features
are quantum states in a Hilbert space |®(x)). The algorithm remains almost unchanged,
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replacing the scalar product among vectors with the adequate product in the Hilbert space,
as can be seen in Figure 2.12. In the particular case that we are interested in, the feature
states are constructed by applying a parameterized quantum circuit. This feature map can
take on a simple form, such as encoding the data into quantum register states or quantum
amplitudes — the so-called data encoding as shown in Figure 2.15a. However, it is more
commonly a parameterized unitary transformation constructed using quantum gates that
depend on the input features |®(x)) := U(x; 6) |0)", as well as additional controls 8 as shown
in 2.15b. Nevertheless, it is possible to utilize these circuits solely for evaluating a kernel
function (Havlicek et al., 2019; Schuld, 2021; Schuld and Killoran, 2019) such as follows,

K (x,x) = [(2(x)| ()| = [(0"[U(x; 6) U (x':0)|0")

’2

: (2.18)

where the kernel K (x,x’) is defined as the similarity between inputs x and x’ in a quantum
space. |®(x)) and |®(x')) are quantum states generated by applying the unitary operator
U(x;0) to the basis state |0™). The kernel is the squared absolute value of the inner product
between these states. The SVM classifier f(x;6) can be obtained using this kernel to achieve
the classification outcome. Furthermore, in this thesis, we use a different quantum kernel
described in the Equation 2.19,

K(x,%x') = Re (®(x)|®(x')) = Re (0"|U(x; 0)TU(X; 6)[0") . (2.19)

The function maintains the original purpose of K(x,x’) by avoiding the squaring of the
scalar product between vectors. The quantum kernel method is commonly combined with
an iterative update of the parameters 6 to maximize a cost function that incorporates the
model’s accuracy and additional regularization.

Input: Training data, quantum kernel function
Output: Quantum support vector coefficients and support vectors
Initialize support vector coefficients to zero
while the model has not converged do
for each training sample do
Encode the sample z; into a quantum state |¢(z;))
Compute the quantum kernel product K (z;, z;) = |[(¢(z;)|d(x;))]
between the sample and the support vectors

8: Classify the sample: ¢; = sign (3 5; K (24, x;))

9 Check if the sample is correctly classified

10: if the sample is misclassified then

11: Adjust the support vector coefficients: §; < 5; + AS;
117 end if

13: end for

14: end while

Figure 2.12: Quantum support vector machine training
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The success of this method depends on the strength of the underlying feature map, which
can create challenges such as barren plateaus and other barriers that impede effective training
(Cerezo et al., 2021; McClean et al., 2018). The barren plateaus effect occurs when there are
issues in the gradient optimization process in quantum systems with numerous qubits and in
medium-to-large classical neural networks. Increasing the number of qubits in the quantum
model’s structure can result in an exponential decrease in the gradient. This means that as
the circuit grows, it becomes challenging to train the model efficiently because the parameter
updates become insignificant for an accurate classification.

2.4.2 Quantum Neural Networks

Classical artificial neural networks (ANN) are bio-inspired algorithms based on the brain.
This type of algorithm are based on small units called neurons that can process information
with some features denoted as X = {1, x9,...x,} using the Equation 2.20,

n
y=o0 (Z w;x; + b) . (2.20)

i=1
Here, y is the neuron’s output, and o(+) represents the activation function that introduces
non-linearity. The weighted sum of input features, >°;" ; w;z;, shaped by corresponding weights
w;, reflects how the neuron evaluates and combines the inputs (LeCun et al., 2015; McCulloch
and Pitts, 1943). b is the bias term, a constant used to adjust the response threshold for
effective learning and generalization. As observed in Figure 2.13, these networks are organized
in interconnected layers of neurons.

Input Hidden Output
0)—
—
o —
10)— =
0—

updated ¢

Figure 2.13: Classical and quantum neural networks architecture.

These models are trained by iteratively adjusting w; and b to minimize a loss function
defined using backpropagation (S. Amari, 1967; LeCun et al., 1988; Rosenblatt, 1961). In
this algorithm, the partial derivatives of the cost function L are computed with respect to
the weights w and biases b of the neural network, using the chain rule to update them and
minimize the cost function. During the training of a neural network, the system iteratively
adjusts each weight and bias until certain stopping conditions are met, which typically include
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reaching a predetermined number of training epochs or reaching a plateau in the improvement
of the loss function (also known as cost function). This function quantitatively measures the
model error on the training data. A minimum value of this function indicates a lower model
error, and consequently, the network outputs are more accurate. When the improvement in
the loss function stabilizes, i.e., reaches a plateau, a typical technique called early stopping
is applied, which stops the training to avoid owverfitting. This effect occurs when the model
fits too closely to the specific details of the training set instead of learning general patterns,
which reduces its ability to generalize on unseen data (LeCun et al., 2015).

The Quantum Neural Network (QNN) operates on the same principles. Typically, it is built
on quantum circuits that contain adjustable parameters and measurements. These circuits
consist of three components with different functions: a feature map U (), a variational form
W (#), and measurements as shown in Figure 2.13b (Abbas et al., 2021). The feature map
encodes classical data in a quantum register using an approach similar to QSVM (Schuld and
Killoran, 2019; Schuld et al., 2021a). The variational form consists of a series of parameterized
gate layers with free parameters or weights 6.

Input: Training data, Feature map, Initial weights
Output: Optimized weights
Initialize adjustable weights @
while not converged do
Transform input data using the feature map: X — ¢(X)
Apply the variational quantum circuit with parameters 0: |¢(0)) =
U(6)[o)
Measure and evaluate circuit output
8: Adjust weights to minimize the cost function: @ < 8 — nVC(0)
9: end while

=

Figure 2.14: Quantum neural network training

Training a quantum neural network is similar to training a classical neural network, with
the objective of adjusting the parameters to minimize a cost function. The optimization of
these weights is performed using commonly classical optimization algorithms. The training
procedure consists of four iterative steps: Step 1. Initial values are selected for the free 6
parameters of the circuit in a random way (Figure 2.14 line 3). Step 2. Input data are
transformed using the feature map and passed through the quantum circuit (Figure 2.14
line 5-6). Step 3. A measurement is performed on the resulting quantum state, and the
circuit output is evaluated to compute the cost function (Figure 2.14 line 7). Step 4. The
QNN parameters 6 are adjusted to minimize the cost function using classical optimization
techniques such as Stochastic Gradient Descent (SGD) (S.-i. Amari, 1993) (Figure 2.14 line
8). Steps 2-4 are iteratively repeated until a predefined convergence criterion is met or the
desired model performance is achieved. Note that in Figure 2.14, these steps are explained in
pseudocode for better understanding.

The design of these circuits poses challenges in achieving optimal performance. Established
circuits for both feature maps and variational circuits can be found in platforms like Qiskit
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or Pennylane (Bergholm et al., 2018; Qiskit contributors, 2023). In Figure 2.15a, the ZZ
feature map is illustrated, showcasing its application on the variables xg, x1, and x5 from the
set X. This map is commonly used in the state of the art to encode classical information
into a quantum system. Figure 2.15b displays a circuit structure comprising a data encoding
block and two free parameter layers utilizing the Real Amplitude variational form. The circuit
structures mentioned are efficient but lack adaptability and flexibility for specific use cases.
Additionally, as the number of encoded variables increases, the number of qubits in these
models also increases, resulting in high-dimensional arrays that require many qubits. As a
result, training can become expensive and may lead to barren plateaus (McClean et al., 2018).

a)
Jalr
Go- H 2.0&[011 I T I
Iallr P
ql H 2.0*x[1] 2.0%(m — x[0])*(m — x[1])
GdnP P P
2.0%x[2] 2.0%(m — x[0])*(m — x[2]) 2.0%(m — x[1])*(m — x[2])

d . P 8. . RY RY
do . H 2.0%(0) T I 6[0] 6[3] /7<
di4H 2.0%(1] 2.0%(n — x[0])*(n — X[1]) o[1] o[4] /7<
q2 H 2.0%[2] 2.0%(m — x[0])X(m — x[2]) 2.0%(m — x[1])X(m - x[2]) 8[2] o[5] /7<

Figure 2.15: Standard quantum circuit (Havlicek et al., 2019; Qiskit contributors, 2023). a)
ZZ7-Feature map. b) Complete quantum neural network with ZZ-feature map and
RealAmplitudes VQC for trainable parameters from qiskit.
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Chapter 3

Generation of Optimal Quantum
Circuits for Tabular Data

The design of quantum circuits for machine learning requires defining the circuit structure,
the gates to be executed in that structure, and any possible parameterization of the gates.
As commented in chapter 2, highly expressive circuits can better explore the Hilbert space
and encode probability distributions accurately. However, these models face problems such as
local minima and barren plateaus, which make optimization challenging (See Section 2.4.1).
Currently, there are no generic methods for designing quantum circuits, and the process is
often manual or based on predefined circuits that do not adapt to specific data sets (Bergholm
et al., 2018; Qiskit contributors, 2023).

This chapter describes a methodology for the automatic generation of optimized quantum
circuits for quantum machine learning, using a mechanism for constructing optimal solutions
known as genetic algorithms, the basics of which are discussed in the next section. Our
algorithm provides total flexibility in the configuration of quantum circuits, allowing them to
dynamically adjust their topology, gate types, parameters, and coding of classical variables.
This customization capability allows each circuit component to be precisely adapted to the
particular characteristics of the data and the problem to be solved ad-hoc, as is the case of
the low-dimensional tabular data used in this chapter. The outcome are small and accurate
feature maps specifically designed for quantum models of support vector machines, which
increases their efficiency and adaptability.

The algorithm is presented in two parts. Section 3.1 introduces the basics of genetic
algorithms. Section 3.2 explains a methodology to globally optimize quantum circuits using
genetic algorithms. Section 3 tests the methods’ performance by applying them to different
tabular data sets. Finally, section 4 summarizes the main conclusions of this chapter and
potential applications.
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3.1 Optimization Method: Genetic Tool

A quantum machine learning pipeline consists of two high-level steps: first, the definition of the
quantum model (the circuit, disposition of gates, possible parameterizations, the introduction
of features, etc.), and second, the training of this model (i.e., learning the free parameters) to
perform the desired task. Two different but interrelated optimizations are required: (i) the
continuous parameters, which refer to the angles of the quantum gates, and (ii) the discrete
properties, which include both the types of quantum gates used and their specific locations
within the circuit.

The mixed nature of the problem, which combines continuous and discrete optimizations,
immediately rules out gradient-based methods since these methods cannot effectively handle
discrete properties, such as the type and location of quantum gates. The alternative is the
introduction of global optimization strategies capable of handling both the continuous and
discrete aspects of the problem. Genetic algorithms use a solution-finding strategy inspired
by natural evolution using operators such as selection, crossover, and mutation to effectively
explore and optimize combinations of continuous and discrete parameters. These algorithms
have the ability to iteratively improve the solutions found, allowing them to examine a diverse
set of potential options over several generations. This ability to explore and exploit the search
space ensures that genetic algorithms can adapt to changing environments and requirements,
evidencing their versatility and robustness, exploring large solution spaces and avoiding local
minima through their operators (Goldberg, 2013).

3.1.1 Genetic Algorithms

John Holland introduced a family of biologically inspired optimization algorithms now known
as genetic algorithms (Holland, 1975, 1992). These methods perform a guided exploration
within a solution space, systematically refining a set of potential solutions to optimize a
specific objective function or cost function through iterative processes. These algorithms are
based on the schema theorem, which guarantees the iterative improvement of solutions by
exploiting these underlying structures, thus optimizing the objective function over time.

The genetic procedure starts from a set of possible solutions called initial population,
composed of individuals or chromosomes. The genetic composition of each chromosome (or
genotype) is defined by the genes that distinguish each unique solution. This genotype encodes
the phenotype, which is the real representation of a solution (see Figure 3.1b). Each individual
represents a possible solution to the problem and is evaluated by a fitness function, which
measures how good that solution is. Individuals with the best fitness values have a high
probability of being selected to form the next generation. However, an important feature of
this type of algorithm is to maintain genetic diversity: not only the fittest individuals can
be selected, but also others with lower fitness, which allows a wider variety of solutions to
be explored and avoids premature convergence. Once selected, two genetic operators are
applied to create new individuals: crossover and mutation. Crossover combines parts of two
parents to form new individuals, simulating sexual reproduction in biology. At the same
time, mutation introduces random changes in the genes of the new individuals to maintain
genetic diversity and prevent the algorithm from being trapped in suboptimal solutions. After
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selection, crossover, and mutation, the new individuals are introduced into the population,
and fitness is calculated for the new population; if the stop criterion is not met, the genetic
operators are iterated through multiple generations, as shown in Figure 3.1a.

a) b) Population
Individual 1010101 1@ Gene

Initial Population Individual 101010110 Chromosome

Fitness function

Crossover Mutation New Individuals

Selection Stop Criteria

I stop Conditions I |ndividuals

Best individual [ Genetic Operators [N Evaluation

Figure 3.1: Genetic algorithm. a) General scheme of evolution in an evolutionary algorithm.
The process begins with the generation of an initial population of solutions. In each
generation, the solutions are evaluated, selected, and recombined by crossover and
mutation. The fittest individuals advance to the next generation, repeating the loop
until the stop conditions are reached, providing then the best solution. b) Definition
of population, individuals, and genes.

In general, the application of genetic algorithms (See Figure 3.2) involves the next steps:
Step 1. An initial population of random solutions (or individuals), thus establishing the
starting point for the algorithm. Step 2. Each individual in the population is evaluated
using a fitness function, assigning a value that indicates how good its solution is with respect
to the problem to be solved. Step 3. The best individual is selected from the population
based on its fitness value, which will be tracked throughout the algorithm. This ensures
that the best solution is always identified for further processing. Step 4. A loop is started
that will continue to execute as long as a specific end condition, such as a maximum number
of generations or a desired fitness level, is not met. Step 5. Individuals are selected from
the population to act as parents in the next generation based on their fitness values so that
individuals with higher scores are more likely to be chosen. Step 6. The selected parents
are crossed to create new individuals (offspring), mixing parental features to produce new
solutions. Step 7. A mutation operator is applied to the generated offspring, introducing
random variations that help maintain genetic diversity and explore new areas of the solution
space. Step 8. The offspring is evaluated using the fitness function, assigning fitness values
to the new individuals. Step 9. After evaluating the offspring, the algorithm compares the
new evaluated individuals with the best individual found so far. If any of the new individuals
have a higher fitness value than the current best, the best individual is updated to reflect this
improvement. Step 10. Check if termination criteria are met; if not, repeat from Step 5.
Finally, once the stop conditions are met, the algorithm returns the best individual found
during the process, representing the best solution to the problem.

Encoding individuals is one of the key stages in a genetic algorithm. In simple terms,
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population < InitializePopulation(size)
Evaluate(population)
best <+ SelectBest(population)
while not Stop Condition do
parents < ParentsSelection(population)
offspring < Crossover(parents)
offspring <— Mutation(of fspring)
Evaluate(of fspring)
population < of fspring
best «+— CompareAndSelectBest(best, population)
: end while
: return Best individual

— = =

Figure 3.2: General Genetic Algorithm Scheme

encoding defines how each possible solution is represented within the system. Each individual
or possible solution is expressed in the form of a genotype, which is a structure that encodes
the essential information of a solution. This representation is crucial because it allows the
genetic algorithm to work with solutions on an internal, manipulable level, regardless of the
problem’s complexity or in another domain. Generally, the genotype is represented using a
low-cardinality alphabet; in other words, a limited set of symbols facilitates the operations.
A classic example is the binary alphabet (0, 1), in which each individual is represented as
a string of bits. This binary scheme is simple and powerful: it allows the manipulation of
solutions by binary logic operations, facilitating the implementation of genetic operators. This
type of binary encoding is particularly suitable when the search space is discrete and can be
represented directly in Os and 1s. However, in problems where the solutions are continuous
or require a different representation, other encoding options exist, such as integers or real
numbers. The choice of the appropriate encoding depends on the specific problem and the
requirements of the genetic algorithms to maintain effective exploration of the solution space.

Once the individuals have been generated, their quality or performance in relation to
the problem to be solved must be evaluated. For this, a fitness function is used, which
indicates how good a solution (individual) is in the context of the problem. However, there
is a key step here: before calculating the fitness, it is necessary to convert the genotype to
the phenotype. The phenotype is the real solution, i.e., how the individual manifests in the
context of the problem. Conversion from genotype to phenotype involves translating the
internal representation (such as a bit string) into a structure or value that has meaning in
the real world. After performing this conversion, the phenotype of each individual can be
evaluated with the fitness function. This evaluation assigns a numerical value that indicates
the quality of the solution. Higher fitness values represent better solutions to the problem.
They are essential to the selection process, as individuals with higher fitness have a higher
probability of being chosen to interbreed and generate the next generation.
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3.1.2 Genetic Operators

The use of genetic operators introduces diversity and enables the exploration of a broader
solution space. These operators mimic biological evolutionary processes, such as selection,
crossover, and mutation, to generate new solutions (offspring) within a search space (M.
Srinivas and Patnaik, 1994). The following sections describe the genetic operators used in
this work, discussing various implementation alternatives.

3.1.2.1 Selection

This operator determines which individuals are selected from the population as parents to
create the offspring of the next generation. It allows the propagation of desirable genes and
gradually improves the quality of solutions over generations. Each operator applies selective
pressure to favor the fittest individuals (Holland, 1992). High selective pressure accelerates
convergence by selecting the best individuals more frequently, while low pressure slows it
down, requiring more generations to adequately explore the search space. In some cases,
elitism is incorporated, where the best individuals from the current generation are directly
passed to the next, ensuring that high-quality solutions are preserved. This helps maintain
the strength of the population while still allowing for diversity and exploration through other
selection methods. The most common selection operators are presented:

« Roulette selection: Each individual in the population has a probability P(i) of being
selected proportional to their fitness f(i). If one individual dominates the population
(i.e., has significantly higher fitness than others), scaling or normalization is applied
to prevent it from monopolizing the selection process. Pairs are formed by randomly
selecting individuals but always based on these probabilities. However, a drawback is
that individuals with higher fitness can quickly dominate the population, leading to a
loss of genetic diversity in just a few generations. This operator is calculated as,

. f(@)
P() = ————. 1
" 1 f () 3

o Tournament: A set of individuals is randomly selected from the population to form &
groups. Within each group, individuals compete against each other, and the one with
the best fitness value is the winner of the tournament, being selected as the parent of
the next generation’s offspring. The effectiveness of this method depends heavily on the
tournament size. A large tournament size introduces high selective pressure, accelerating
convergence toward local optima and reducing diversity in the population. Tournament
selection tends to reduce variability quickly, as selecting high-fitness individuals repeat-
edly makes the solutions increasingly similar, limiting exploration of other solution space
areas. The tournament size is crucial: small tournaments slow convergence but allow for
better exploration of the solution space, while larger tournaments speed up convergence
but increase the risk of premature convergence. When high-fitness individuals dominate,
they are selected repeatedly, potentially excluding less fit individuals with valuable
traits, leading to over-exploitation and stagnation. By favoring the best individuals in
each tournament, tournament selection can cause the population to concentrate around
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a local optimum, making it difficult to explore other regions of the solution space due
to a lack of genetic diversity (Goldberg et al., 1991).

 Rank-based: This operator orders the individuals according to the fitness values
obtained so that if the objective is maximizing, the individuals are ordered in increasing
order of fitness. After sorting the solutions, a selection probability value is associated
with each individual based on their position in the ranking. The individuals at the
top of the ranking, with higher fitness, are assigned higher selection probabilities,
while those at the bottom, with lower fitness, are assigned lower probabilities. The
probability distribution is typically designed such that there is a greater chance of
selecting individuals with higher fitness, but without giving them an overwhelming
advantage. This helps to maintain diversity in the population by preventing premature
convergence to a single optimal solution. The selection process ensures that individuals
are chosen in proportion to their rank rather than their exact fitness value, which can
reduce the impact of outliers and the dominance of exceptionally fit individuals, leading
to a more balanced exploration of the solution space (Baker et al., 1987).

3.1.2.2 Crossover

This operator combines select individuals to produce new offspring, mimicking sexual repro-
duction and natural evolution). The main objective is to efficiently explore solution spaces
by taking advantage of the best genes found in current individuals to generate potentially
superior offspring. The crossover operator mixes the genome representation of the parents to
create an offspring that inherits traits from both parents. Different types of operators vary
according to their execution and the individuals’ coding. The most commonly used ones are
explained below:

o Single-point: Two parents are selected, and subsequently, a random crossover point
on their chromosomes is chosen (Holland, 1975). The genetic information is exchanged
among them, generating an offspring that combines parts of the parental chromosomes.
Being the length of a solution L and C' the crossover point, the operation could be
expressed as,

Offspring; = Parent;[1 : C] + Parenty[C + 1 : L]

3.2
Offspring, = Parenty[1 : C] + Parent;[C' + 1 : L] (32)

e Two-point: This method shares similarities with the previous strategy but involves
two random crossover points in the parental solutions. The segments between the two
points are then exchanged between the parents to produce new descendant solutions.
This process introduces variations in genetic material at multiple points, enhancing the
exploration capability of the algorithm (De Jong, 1975). For an individual with length
L, and being C and C5 the two random crossover points (with C; < Cy), the crossover
operation would be performed as,

Offspring, = Parent;[1 : Cy] + Parento[C} + 1 : Cy] 4+ Parent,[Cy + 1 : L]

3.3
Offspring, = Parenty[1 : C1] + Parent;[C] + 1 : C5] + Parenty[Cy + 1 : L] (3:3)

e Uniform Crossover: Each component of the offspring is randomly selected from one
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of the parents with an equal probability of % (Syswerda et al., 1989), ensuring an equal
contribution of genetic material from both parents in each offspring, using a binary
vector that is generated randomly P of the same length as the solutions. Each bit in P
determines from which parent each component of the offspring is inherited. Given two
selected individuals, Parent; and Parents, and a randomly generated binary vector,
the offspring would be,

Parentq [i] if PJi]
Parentyi] if PJi]

(3.4)

Offspring, [1] = { (1)

3.1.2.3 Mutation

This operator simulates the natural process of genetic mutation in an individual’s genes.
It introduces genetic variability in the population of solutions while maintaining genetic
diversity. It prevents premature convergence towards suboptimal solutions (Syswerda, 1991),
avoiding local minima within the space (Zhao et al., 2010a, 2010b). Although previous genetic
operators naturally generate offspring that inherit their parents’s characteristics, mutation
introduces small random changes in individuals to explore new areas of the solution space. It
is also essential to consider the individuals’ representation format to ensure the operators’
correct operation. The most common mutation operators are listed below:

Flip Bit: This mutation method is used in the binary encoding of individuals, where
a gene is randomly selected from the solution, and its value is altered with a random
probability pp.. A random number is generated in the interval [0,1]. If the generated
number is below the mutation probability (pm.:), then the value is changed at the
position 1,

Inital =< 1,0,0,1,1,0 >; Mutated =< 1,0,1,1,0,0 > (3.5)

Insert: This method selects two genes randomly and joins them by moving the
intervening genes in the opposite direction. Its operation modifies the order of the genes
without altering their values (in bold the changed positions),

Initial =< 3,1,4,2 >; Mutated =< 3,1, 2,4 > (3.6)

Scramble: It selects two genes in a random way within the chromosome and shuffies

the genes between them randomly, while genes outside that segment remain unchanged,

Initial =< 3,1,4,2,7,9 >; Mutated =< 3,7,2,4,1,9 > (3.7)

Swap: In this mutation method, two genes are selected at random within a chromosome,
and their positions are exchanged with no changes to the rest of the chromosome,

Initial =< 3,1,4,2 >; Mutated =< 3,2,4,1 > (3.8)

Inversion: This method selects two genes randomly within a chromosome and reverses
the order for all genes between them, including the selected genes (Holland, 1975),

Initial =< 3,1,4,2,7,9 >; Mutated =< 3,7,2,4,1,9 > (3.9)
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3.1.3 Multiobjective Genetic Algorithms

Multiobjective genetic algorithms enable the search for solutions that strike a balance between
different objectives rather than searching for a single optimal solution. The operation is
similar to single-objective genetic algorithms, with the distinction that the fitness function
evaluates two or more objectives in order to improve the fitness values. When assessing at
least two goals, individuals are selected considering all quality metrics, which is achieved
by techniques such as Pareto dominance and selection of non-dominated solutions (Schaffer,
Grefenstette, et al., 1985; N. Srinivas and Deb, 1994).

An optimization curve that balances both objectives is obtained when there are two
objectives. This curve is called the Pareto front. In Figure 3.3, the different efficient frontiers
can be seen taking into account the optimization tasks of the objectives. Each point on
this curve represents a solution that cannot be improved in at least one objective without
sacrificing another. These individuals are commonly referred to as non-pareto dominated
solutions. During the evolution, the Pareto front involves a continuous and dynamic evolution
of the best solutions.

fi fi

Dominated Dominated
area area

1 f2

a) Minimize f,and f, b) Maximize f,; and minimize f,

f1 fi

Dominated Dominated
area area

7 f2

¢) Minimize f,; and maximize f, d) Maximize f; and f,
Figure 3.3: Pareto front curves considering the optimization objectives.

To mathematically define the Pareto front, let’s consider a set X of possible solutions and
an objective function F(z) = (fi(x), fa(z),..., fu(z)) that assigns each solution z € X a
vector of objective values. A solution z € X belongs to the Pareto front, denoted as PF,
if there does not exist another solution 2’ € X such that F(z') dominates F(x), so z is
non-dominated if, for each objective ¢, there is no other solution z’ in X that is better or
equal in all objectives and strictly better in at least one. Mathematically, we can express this
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as,

Vie{l,2,...,n}, fiz') = fi(x)
PF = {2 € X | $2’ € X such that and : (3.10)

35 €{1,2,...,n}, f;(2") > fi(x)

During an evolutionary or optimization process, the goal is to find and maintain diverse
solutions that cover the Pareto front, as each represents an optimal compromise among the
problem’s objectives. These solutions are graphically represented on the Pareto front, clearly
visualizing the potential optimal solutions as shown in Figure 3.3.

However, not all solutions within the Pareto front are equivalent. Although all are equally
valid in that it cannot improve at one objective without worsening at another, each solution
represents a different balance between the conflicting objectives. On the other hand, there is
not necessarily a single solution that is the best in all cases. The optimal solution depends
on the use case and specific target priorities. In this doctoral thesis, the objectives to be
evaluated are the models’ accuracy and complexity, prioritizing the accuracy and, within the
best accuracy, the model with the lowest complexity.

3.2 Genetically Generated Quantum Circuits for QML

We have developed a new quantum circuit optimization algorithm that has been used in
tabular data. The solution is based on the genetic algorithms described in section 2.1, with
new ingredients detailed in the next section, consisting of (i) a flexible genetic encoding that
describes both the structure and the components of a circuit, (ii) a fitness model that addresses
applications in quantum machine learning and (iii) the set of specific genetic operators used
in this framework that allow the exploration of a solution space formed by generic quantum
circuits.

3.2.1 Quantum Circuits DNA and Genetic Code

To apply a genetic algorithm to the design of quantum machine models, we need encoding
of the models as genes that can be selected, propagated, and mutated. We rely on a binary
genotype that can be translated into a quantum circuit phenotype, determining the gates and
parameterizations in a way that allows for an efficient evaluation of the fitness.

The main idea is to encode a quantum circuit into a binary string so that when it reaches
the fitness function, the binary genotype can be translated into a quantum circuit phenotype
for its evaluation. To ensure that the whole circuit is encapsulated within the chain, it’s
necessary to include several aspects, such as the quantum gates, their parameterization, and
the qubits on which they act. The representation of a circuit is based on an MxN matrix,
where M is the number of qubits and N is the maximum number of layers, as shown in Figure
3.4a. Each position in this matrix has an operator associated with it from a predefined set,
indicating whether that operator depends on any of the variables in the model. Empty slots
(i.e., have the identity associated with them) do not involve any operation and allow the
circuit size to be reduced—but never exceed the predefined MxN number of gates.

31



Sergio Altares Lopez
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Figure 3.4: Selected encoding for quantum circuits. a) Circuit assembling. b) Genetic code
representing each gate.

The genetic encoding maps a binary DNA into a quantum circuit, dividing the DNA into
units of five bits sps1s95354 that select a quantum gate and a parameter, as described in
Figure 3.4b. The first three bits sps;$2 determine the gate type (Hadamard, CNOT, or a
local rotation based on input data) and help select the rotation axis. The rotation is defined
by R.(0;x) = exp(—ib;xof) as shown in Section 2.2.2 . The last two bits s3s4 encode a
proportionality parameter denoted as 6;, calculated using the formula 6; = 727%372%_ In the
case of a CNOT gate, it acts on consecutive qubits, specifically qubits j and 7 + 1 mod M.
The bit combinations in Figure 3.5b represent operators that can modify the quantum state.
However, three combinations do not appear in the figure, which encodes identity operators,
allowing the number of gates to be reduced.

For simplicity, the genes are used in sequential order: the i-th gene operates on the j-th
qubit of the quantum register and potentially depends on the k-th variable from the input
data x € R?, with j = i mod M and k = i mod d. This framework includes a combination of
Clifford gates (Bravyi and Kitaev, 2005) and a random selection of rotations.

This genetic encoding enables:

o Feature selection is enabled by mutations that change the bits that determine which
variable a gate depends on.

« Gate elimination is made possible by mutations that set the bits of a given gate to
the value of the identity.

o Adjusting feature weights is done by scaling the features using the adjustable weights
0;, enabling the control over the impact of each feature on the circuit, thereby refining
its behavior.
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e« Combining different features on the same qubits is facilitated by strategic
positioning of gates and parameters, creating intricate nonlinear dependencies among
the features (see Figure 3.15).
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Figure 3.5: Technique scheme. (a) The initial population is initialized. (b) The decoding process
is based on five bits per quantum gate and angle. (c¢) This individual is used in the
fitness function as a feature map for QSVM to calculate accuracy and number of gates.
(d) The genetic algorithm process continues with phases already seen until the early
stopping condition so that the most optimized ansatz for this dataset is provided.

3.2.2 Genetically Designed Quantum Circuits

Our algorithm explores a space of parameterized quantum circuits, which act as feature
maps in QSVM as explained in Section 2.4.1. The goal is to generate circuits that achieve
the highest accuracy and simultaneously minimize the complexity of the solutions, which
is measured in terms of circuit depth and the types of operators used (Altares-Lépez et al.,
2022; Altares-Loépez et al., 2021). Our technique is based on a method widely used for its
proven robustness in several application areas and for its compatibility with multi-objective
optimization: Non-dominated Genetic Algorithm II (NSGA-II) (Deb et al., 2002). This
algorithm uses a tournament selection method where individuals compete based on their
fitness values (See Section 3.1.2), ensuring that individuals with superior performance (higher
accuracy and lower complexity) are chosen as the parents of the next generations (Deb et al.,
2000). This selection approach facilitates elitism by prioritizing the survival of the fittest
individuals while allowing genetic variability from less optimal solutions to contribute to
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evolution.

The process starts with the random generation of an initial population of individuals,
represented by binary strings, as shown in Figure 3.5. Each individual is converted from a
binary chain genotype to a quantum circuit phenotype as shown in Figure 3.6. After decoding
the quantum circuit, the fitness function measures the aptitude for each objective. In this
function, the model is trained. As in any supervised learning model, dividing the dataset into
training and test sets is essential to ensure that the models are generalizable to new data.

Initial number of qubits: 2
Initial number of layers: 3
a)
q0 ql q0 ql q0 ql
01100 00011 00011 11101 10111 01001 D
I

Rx H H Ry I
Layer 1 Layer 2 Layer 3
b)
a0 ——  Rx[nj*Xn % H g
q1 H Ry [rt/2]* Xn +1 L —

Figure 3.6: Scheme of ansatz decoding. a) An initial number of qubits and some layers predefined
by the user. A binary chain is created as M x N x 5. Each five bits build a gate. The
first three bits decode the quantum gate type, and the last two bits are the angle. As it
can be seen, layer 3 is composed of combinations of bits which code identity operators
and allow for reduction of the size of the circuit. b) After the decoding phase, the
resultant circuit is based on Figure 1b for this binary chain.

The quantum circuit and the training set are used to compute the classifier f(x) in the
quantum kernel SVM, as explained in section 2.4.1. Next, the accuracy of the model f(x) is
estimated over the test set as the fraction of correctly classified data points. It is essential to
consider that accuracy is calculated by comparing the predicted classes with the actual classes
from the test set, data not seen during the training phase. At the same time, the complexity
of the circuit is calculated based on the number and type of gates. When all individuals in
the population have been evaluated, and the stop conditions are not met, they are subjected
to different genetic operations, such as selection, crossover, and mutation, considering that
those with better metrics are more likely to be selected and create the next generation. The
crossover operator used is the two-point crossover (See Section 3.1.2), as depicted in Figure
3.7c. Two offspring are obtained from these two selected parents with a mixture of genetic
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material. These new solutions undergo a mutation operation to vary their genetic material.
Since the quantum circuits are coded into binary strings, it is used the bit flip operator (See
Section 3.1.2) as can be observed in Figure 3.7b. It allows avoiding local minima in the search
for new solutions, where a slight change in the DNA of the circuit, for example, a single
bit, can result in an individual with a completely different structure or gate type, greatly
extending the search range. This approach employs elitist strategies using the p + A\ method.
It alters how the next generation is generated, establishing a competition between the current
population (parents, size u) and the offspring (\) obtained through genetic operators, as
illustrated in Figure 3.7a (Clymer, 1999; Ha et al., 2020). This competition ensures genetic
diversity while preserving the best individuals obtained through the evolutionary algorithm
(Fortin et al., 2012).

:
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Figure 3.7: Genetic operators. a) Genetic algorithm p + A strategy. b) Mutation. A bit of a flip
mutation. c¢) Crossover. (Two-point crossover).

The design of quantum machine learning models requires a trade-off between complexity,
measured by the circuit’s size and accuracy, with further considerations to the challenges
of training large circuits. This problem is addressed by using a multiobjective optimization
that uses two concepts, accuracy, and weight control, as metrics to create a Pareto front.
The Complezity Factor (CF) (Equation 3.11) assigns different costs to the number of local
gates Ni,a and the number of entanglement gates Nenor since the latter have a higher
computational cost. In this way, not only is the number of global operators in the circuit
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reduced, but also its computational cost.

Nlocal + 2]\[CNOT

Complexity Factor (CF) = N
qubits

(3.11)

Complexity and accuracy have an inversely proportional relationship, so an excessive
reduction in the number of gates results in a significant loss of information, translating into a
decrease in accuracy. To tackle this issue, a dynamic fitness function has been developed to
augment the significance of size as the accuracy nears its maximum value of 1. This ensures
a suitable balance between circuit complexity and accuracy (See Equation 3.12). This is
obtained by,

Objective Balance (OB) = CF + CF x accuracyyes;”. (3.12)

The complete algorithm is described in nine steps to simplify follow-up and reproducibility.
The pseudocode for Figure 3.8 is included. Step 1. A population of random binary strings
with M x N x 5 bits is generated, where each string represents an individual (line 9). Here,
M and N represent the maximum number of qubits and layers, respectively, predetermined
hyperparameters for the optimization process. Step 2. Individuals are assessed using the
fitness function defined in Figure 3.8 (lines 1-8). Step 3. Each individual is then decoded
and transformed into a quantum circuit, as shown in Figure 3.4 (line 2). Figure 3.6 shows an
example of this decoding process. In Step 4, the circuit is used to compute the kernel of
a QSVM, which trains a classifier using the provided training dataset (lines 3-4). Step 5.
The accuracy of the classifier is then calculated using the test set, as it is the metric to be
maximized (line 5). Step 6 involves computing the circuit’s complexity, which is determined
by a weighted sum of the number of local and entangling gates present in the circuit (line 6).
The objective balance is calculated. The goal is to minimize this metric while maximizing
the accuracy. Step 7. The non-pareto-dominated solutions are obtained, and it is checked if
the stop conditions criteria have been reached. If they have been reached, the best solutions
are obtained. However, if they have not been reached, the genetic operators are applied to
obtain the individuals of the next generation for a new fitness evaluation (lines 12-20). Step
8. After the evaluation, the Pareto front is updated, keeping the solutions that improve at
least one of the objectives without worsening the other (lines 21-29). Step 9. If the stop
conditions are not met, iterate to Step 3. When these criteria are met, the best individuals
are obtained (line 31).
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function (Fitness (ind))
Decode ind into a quantum circuit
Compute kernel of a QSVM using the circuit
Train classifier with the training dataset
Calculate classifier accuracy with the test set
Calculate the effective size of the circuit (OB)
return accuracy,.,, and OB

end function

9: Initialize population P of individuals ind with M x N x 5 bits
10: for ind € population do

11: Fitness function (ind)

12: end for

13: Pareto front <— Non-dominated individuals from P

14: while not stop condition do

15: Select parents from P based on fitness

16: Apply crossover and mutation operators to generate offspring
17: population < offspring

18: for ind € population do

19: Fitness function (ind)

20: end for

21: for ind ey In Py do

22: for indpareto I Ppageto dO

23: if OB improves or a;.s improves and no value worsens then
24: Add ind to Pareto front

25: else if indpareto dominates ind,., then

26: Discard indpew

27: end if

28: end for

29: end for

30: end while
31: return Pareto front composed of the best individuals

Figure 3.8: Genetic algorithm for quantum circuit generation and optimization for QML

3.3 Applications

Our algorithm has been benchmarked using both artificial and real-world datasets from the
machine-learning world. The synthetic dataset is the Moon data from the Scikit-learn
library (Pedregosa et al., 2011) generated with two classes as shown in Figure 3.9a. This
dataset consists of 150 data points that are scaled between [-1,4+1] as a preprocessing step
and randomly divided into training (70%) and test (30%) sets.

37



Sergio Altares Lopez

a) 1.004 . b)
oo ° Variables Value
0751 o $ oo 1
0.50 . .:.o.. o .“)':. . Generations 5000
02sle ® .0.' x| S o Population () 100
' 0.00® e o T . Offspring () 15
—025]{ @ ® e .o.:' Qubits 6
-0501 ® o Max. Layers 6
-0.751 Crossover Prob. 0.3
1004 e Mutation Prob. 0.7
~1.00-0.75-0.50 —0.25 0.00 0.25 0.50 0.75 1.00 Mutation Prob. Ind. 0.2
X1

Figure 3.9: a) The dataset is composed of 150 points with a non-linear pattern and a binary target.
b) Hyperparameters used to optimize the QSVM circuit with our genetic algorithm.

For circuit generation, we predefine an initial maximum number of qubits (M) and the
maximum number of layers (N) are both set to six (see Figure 3.4). As discussed in the previous
section 3.2.1, these parameters are user-modifiable depending on the number of variables that
make up the data set. In this case, the data set is composed of two features, making a 6x6
matrix excessive. However, this allows us to understand how the complexity reduction works
in the circuit generation by comparing with the solutions of the first generations that have an
available number of gates of 36, as can be seen in Figure 3.10a.

PN R s e s ¥ s R s R 19
- - Tl Ry
— 0.39%x[0]
[ qi— Ry
sy — H —— 0.39%x[1]

_ = ] T R Rz Rz

D D - q2 — 3.14*};[0] | 1.57*x[1] 7 0.78*x[0] T

Figure 3.10: a) Structure of circuits created in the first generations of the genetic algorithm. b)
Best quantum circuit resultant in the evolution with 1.0 accuracy.

Our genetic algorithm evolves over 5000 generations using a population of 100 individuals
as shown in Figure 3.9b. Due to the stochastic nature of genetic algorithms, it is necessary
to test them several times with different genetic hyperparameters of crossover and mutation
probabilities to ensure that they are optimal and thus reach a good compromise between speed
of convergence and optimal classification. In this case, the optimal hyperparameters are 30%
as crossover probability and 70% for mutation, with a 20% probability that the bits mutate.
This balance allows exploring drastic changes in the population through crossover while
maintaining a high rate of small changes through mutation. Although this parameterization is
very aggressive, the random component is kept in check by the high elitism of the competition
between children and parents in the u + A strategy.
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As the outcome of the algorithm, we obtain the best individual from the Pareto front,
minimizing complexity while maintaining high classification accuracy. As shown in Figure
3.10b, the penalty associated with CNOT gates in Equation 3.12 leads to a decrease in
the number of entanglement operators compared to other circuits in the literature. More
interestingly, the Pareto front combined with the elitist strategies obtain models that do not
require any entanglement to fit this nonlinear pattern, producing a simple uncorrelated circuit
that fits the test set with maximum accuracy (see Figure 3.10).
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Figure 3.11: a) Validation dataset, together with the predictions and decision boundary from the
generated model. b) Confusion matrix produced by the application of the QSVM
model onto the validation dataset.

The model generated with maximum accuracy may be useless when it fails to generalize
to new data of the same distribution. To assess the model’s effectiveness, a validation set
consisting of 500 points is generated using the same synthetic algorithm. This dataset is
preprocessed by [-1, +1] scaling, similar to the training set. Figure 3.11a shows the predictions
made by the optimized quantum support vector machine, with the decision boundary defined
by the generated model. In addition, Figure 3.11b presents the confusion matrix of the
validation process, which considers the actual and predicted labels. It shows that 473 of
the 500 points in the dataset are correctly classified, performing an accuracy rate of 94.6%
or an accuracy of 0.946, indicating that the automatically generated and optimized QSVM
successfully extrapolates to unseen data with the same non-linear pattern.

3.3.1 Quantum-Inspired Models Interpretability

The discovered model’s simple structure of Figure 3.10b allows us to analyze how each part
of the circuit contributes to the prediction. This helps identify the key components and
understand how they work together, making it easier to explain the models’ outcomes. This
interpretability approach can be applied to other complex models, improving our understanding
and confidence in their predictions by creating a rule-fit explanation.

Since the model generated in the last section consists of uncorrelated qubits, the resulting
circuit can be decomposed into separate unitaries. The quantum kernel becomes a scalar
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product of individual kernels represented as K (x,x’) = [I7"; K;(x,x’). Note that each kernel
K;(x,x’) may actually depend only on a subset of the features or a combination thereof.

The classification induced by each K; kernel independently and their combination is analyzed
as a strategy for interpreting the rules generated by the evolutionary approach. Figure 3.12a
illustrates the complete decision boundary of the kernel, achieving 100% accuracy. On the
other hand, Figures 3.12b-d, illustrate the decision boundaries drawn by applying each kernel
separately. The first and second qubits generate linear hyperplanes, while the third qubit
introduces a level of non-linearity through the implementation of three rotations. As shown in
Figure 3.12, the accuracy obtained by the individual qubits is low in all cases, with the first
qubit being 0.57, the second 0.68, and finally, the third 0.53. However, when all these qubits
are combined in the final kernel, they provide accurate distribution predictions, producing
the desired nonlinear pattern.
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Figure 3.12: a) Data points and prediction boundaries from the full quantum kernel SVM. (b),
(c) and (d) are the decision boundaries the circuits provide on the first, second, and
third qubits, respectively.

Hence, the genetic algorithm searches for the optimal combination of the separate kernels
such that the product of all of them produces the desired distribution, regardless of the
individual kernels.

3.3.2 Real-world Datasets

The methodology has been demonstrated to be very effective in a nonlinear binary classification
task. Now, it is applied to three realistic datasets to analyze its performance on multiclass
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classification and on tabular data with higher dimensionality, with the objective of verifying
its versatility and applicability in a variety of scenarios.

The first dataset (“Irrigation dataset”, 2020) related to irrigation includes as features the
humidity and temperature factors. The objective of this model is to determine when to open
or close an irrigation valve. After the optimization process, it is obtained the best circuit
shown in Figure 3.13, which involves only two qubits and no entanglement operators for this
binary classification, producing a 1.0 in accuracy. Interestingly, as seen in Table 3.1, an initial
matrix is defined for circuit building that allows the use of 25 gates; however, the best circuit
needs only 3 to produce a 100% success rate.

Rx Rz
q0 — 157°x(0) [ 3441 T
| Rx
al 0.39*x[0]

Figure 3.13: Best individual provided automatically from this technique for each supervised
learning problem in Table 3.1. IoT irrigation (“Irrigation dataset”, 2020).

Our algorithm is applied to a second dataset whose target variable has more than two
classes (Tripathi, 2020). The goal of this dataset is to classify among five drugs types based
on factors such as age, gender, and medical factors such as blood pressure, cholesterol levels,
and sodium-potassium ratio, as shown in Table 3.1. Figure 3.14 shows the best circuit, which
provides 1.0 accuracy using only one entanglement operator.

q0— Rz _ Rx __ Ry
0.78*x[0] 0.78*x[0] 0.78*x[3]
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q2 _ R~ || Rz R~ Ry
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0.39*x[3] 3.14*x[3] 1.57 *x[2]
q4 - Ry _ Rgz H

0.78*x[4] || 3.14%x[4]

Figure 3.14: Best individual for Drug classification (Tripathi, 2020).

Finally, our methodology is applied to a high-dimensional tabular dataset related to
Parkinson’s disease, consisting of twenty-two features (Little et al., 2007). The objective is to
verify that the technique is still effective, reducing the circuit size without losing accuracy
compared to templates where each variable uses a qubit. The discovered model shows that
using features multiple times is more beneficial than simply inserting them once and applying
a classifier as previously explored (Pérez-Salinas et al., 2020). The quantum circuit depicted
in Figure 3.15 exhibits twenty-two variables distributed across only eight qubits, resulting in a
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circuit with high expressive power. Furthermore, the lack of correlations between qubits makes

it similar to a machine learning algorithm inspired by quantum components (Altares-Lépez
et al., 2022).

qo —_— Rx f— Rz
1.57 *x[2] 3.14*x[21]
q]_ — Ry | Rx —— Rx __| Rz
0.39 *x[0] 0.78*x[5] 0.39*x[11] 0.39%x[13]
Rz R Rx
q2 0.39 *x[6] || 3.14*Z><[8] H H 3.14 *x[2]
3 — Rz | Ry R Rz | Rx
q 0.78 *x[1] 1.57*x[3] 0.78 *x[12] 0.39*x[17] 1.57 *x[3]
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C|5 — Rx gl Rz | > S — z
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Figure 3.15: Best individual provided automatically for Parkinson problem (Little et al., 2007).

Table 3.1: Results from applying the genetic engineering of QSVM to other model problems in
supervised machine learning. The accuracy of other classical methods is also provided:

a k-NN, a linear support vector machine, and an SVM with a polynomial kernel of
degree 2 (poly).

Parkinson IoT irrigation Drug classification

Accuracy QSVM (test) 1.0 1.0 1.0
Num. CNOT 0 0 1
Generations 5000 1000 500
# attributes 22 2 5
# classes 2 2 5
Max qubits 8 5 D
Max depth 15 ) )
Mutation probability (pmut) 0.7 0.7 0.7
Mutation ind. prob. (pind) 0.2 0.2 0.2
Crossover prob. (Peross) 0.3 0.3 0.3
k-NN accuracy 0.82 1.0 0.70
SVM (linear) accuracy 0.89 1.0 0.87
SVM (poly - 2) accuracy 0.89 1.0 0.65

Table 3.1 presents the three problems analyzed, detailing the number of dataset features,
the hyperparameters of the genetic algorithm, the number of entangling operators, and
the accuracy obtained on the test set. As can be seen, the technique demonstrates good
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performance in all cases. Comparison with classical methods, including kernel methods, also
highlights an advantage of the QSVM technique, especially in multiclass classification.

3.4 Conclusions

This chapter describes the design of a global optimization system using multiobjective genetic
algorithms (NSGA-II) to automatically generate quantum circuits for machine learning
applications. This methodology allows the creation of quantum circuits from binary strings,
taking into account crucial aspects such as topology, operators, and parameters, as well as
the encoding of classical variables into quantum states.

The optimization process not only focuses on finding the most accurate quantum circuit but
also on minimizing its complexity. This duality in the objectives ensures that the generated
circuits are highly effective and computationally tractable. The methodology allows the
generation of solutions that balance accuracy and simplicity, which is fundamental for their
practical application in machine learning. As a result, the generated quantum models, which
use few or no entanglement gates, represent a quantum-inspired machine-learning technique.

By analyzing the resulting qubits individually and combining their contributions, it is
possible to determine how each component contributes to the overall model kernel. Combined
qubits in the model capture perfect nonlinear patterns, while solo qubits cannot.

Building on the application of this technique to tabular data, the next chapter will explore
how to adapt and extend this methodology to handle higher-complexity data, such as images.
We will explore strategies for encoding high-dimensional data in quantum circuits, addressing
the challenges of high complexity and volume of information.
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Chapter 4

Quantum Circuits for Single-channel
Image Classification

In the previous chapter, we have presented a methodology for automatically generating
quantum circuits for tabular data. This method offers an efficient solution, but its applicability
is limited when dealing with high-dimensional data. Images, in particular, pose a challenge
due to their large number of pixels and complex structure, making direct representation or
processing in a quantum circuit challenging.

In this chapter, we will describe a specialization of the previously described methodology,
which focuses on the application of quantum circuits in image classification. Given the challenge
of working with the high dimensionality data, we explore different strategies that include
the use of dimensionality reduction techniques such as Principal Component Analysis (PCA)
and transfer learning methods. These methods seek to extract as much relevant information
as possible from the images, allowing a more manageable and optimized representation for
quantum models. In addition, we optimize the principal component analysis method within
the genetic process allowing them to automatically adjust to each individual and thus achieve
the maximum precision.

The first section presents improvements in individuals’ genetic codes to make universal sets
of gates available and extends the number of angles to increase accuracy. It also introduces the
generic training algorithm that will be specialized for each dimensionality reduction method
in section 4.2. Section 4.3 applies our algorithms to several medical imaging datasets, such as
brain tumors and COVID-19, and analyzes the obtained results regarding the accuracy and
complexity of the obtained models. Finally, it presents the chapter’s main conclusions.

4.1 Quantum Single-Channel Image Classification

Image processing for classification tasks in quantum machine learning presents several chal-
lenges due to its high dimensionality, which hinders classification efficiency, as it is not possible
to embed the entire image directly into a quantum circuit. Dimensionality reduction techniques
simplify the data while preserving the most important features for efficient classification,
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making them a suitable choice for use in quantum machine learning. Therefore, this section
presents a specialization of the method described in Chapter 3 for single-channel images,
combining automatic circuit generation and dimensionality reduction techniques. In section
4.1.2, the general algorithm and data preprocessing required for principal component analysis
are explained, while section 4.2 describes the dimensionality reduction methods and their
application. In addition, to obtain a higher performance of the technique, the previous genetic
code is improved by adding a larger number of gates and angles, forming a universal set of
gates (section 2.2.1) that enhances the search for solutions during the genetic process.

4.1.1 Universal Quantum Circuits DNA

In the previous chapter, a strategy was introduced to represent quantum circuits as binary
strings, effective for tabular data but limited in operator range, not achieving a universal
gate set as Section 2.2 explains. The method uses two bits for encoding 6 angles, allowing
only 22 combinations, which limits the system’s flexibility in exploring the Hilbert space.
Considering the complexity of the data addressed in this chapter, the coding of the circuit
has been enhanced to include a universal gate set, along with a wider array of angles.

The binary coding strategy is highly scalable, as the potential states multiply exponentially
with the number of bits added in the strings; two bits can give rise to four 22 different
combinations, four bits can provide sixteen 2* combinations, and so on. Therefore, to have
available a more significant number of operators or to introduce additional angles, more bits
are added to the binary string that encodes the circuit; in this case, the number of bits
needed to encode a gate increases to seven: Sg, s1, S2, S3, S4, S5 and Sg. This slight modification
makes it possible to code eight different types of gates and sixteen different angles. The first
three bits, sg, s1, s9, correspond to the gate type, while the remaining four bits, s3, s4, S5, Sg,
correspond to the parameter 6, as shown in the genetic code in Figure 4.1.

Angle | Code
/8 0000
/4 0001
3z /8 0010
Gate Code /2 0011
R (6;x) | 000 57/8 0100
R (6;x) | 001 3z/4 | 0101
R, (6;x) | 011 Tr/8 0110
CNOT 101 r 0111
Identity | 100 9 /8 1000
R (6) 110 Sr/4 1001
R(0) 111 11z/8 | 1010
R,(6) 010 3z/2 1011
13z/8 | 1100
Tr /4 1101
15z/8 | 1110
2 1111

Figure 4.1: Genetic Code for universal gates set.
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Local quantum gates on the three axes R,, R,, R, are encoded, together with entanglement
operators (CNOT), to correlate consecutive qubits and identity operators that allow the
quantum classifier’s complexity to be reduced during evolution, as shown in Figure 4.2c.
Parameterized rotations are represented by operators on the three axes R,(0;x), R,(0;z),
R.(0; ), where 6 is the angle and z is an input datapoint from the dataset X. The expression
Rp(0;;2) = exp(—ib;zr0”) describes the general rotation around a 3 axis with angle 6;,
where o is the Pauli matrix describing the rotation direction. This extension also encodes
fixed-angle rotations on the three axes as R,(6), R,(0), and R. (), with Rs(6;) = exp(—if;o”)
as a general expression, where they do not depend on vector X but only on the parameters
0;. These gates, together with the two-qubit gate, made the gates set to be universal and
capable of exploring the entire Hilbert space as described in section 2.2.2. When considering
the parameters 6, a uniform sample is established within the interval [7/8, 27| based on the
nm /8 rule, where n ranges from one to sixteen due to the use of 2! in encoding individuals.

The total chain length of the individual is calculated as MxNxz7 based on this genetic code
(Figure 4.2). Here, M represents the maximum number of qubits, and N represents the
maximum number of layers. This encoding forms the basis of the circuit. The next sections of
this chapter will explain how to include dimensionality reduction methods needed for image
processing in individuals by increasing the chain length.

Qubits number: 2
Layers Number: 2 PCA Individual lenght: (M*N*7)+7

a) Indn: 000001011100000011111 1001001
L J L )
b) companents Indivi'dual
 GnGnELELEEEEEs Decoding ------------------------s

§ 11 [0 o000
m 001 | iCdH 1111

rvi/s) K

Ry(2rx) B

I 0011 Rz(r/2)

Figure 4.2: Quantum circuit encoding: PCA approach. a) The individual is created based on the
number of qubits and layers. b) Coding phase. ¢) Quantum circuit assembly.
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4.1.2 Training Algorithm

The algorithm is divided into two phases: the first is preparing the data to avoid bias, and
the second is the fitness function. Data are divided into train and test first to avoid data
leakage effects. This phenomenon occurs when information from the test set affects the
training process, biasing the model evaluation. The splitting is stratified according to the
target variable to balance the distribution of classes in both sets. Data are standardized in the
interval [-1, +1], a necessary process when applying some dimensionality reduction methods
(section 4.2), since significant differences in the ranges of the variables produce biases in the
results towards variables with higher values. Following data normalization, a dimensionality
reduction method can be applied, as will be explained in section 4.2. This dimensionality
reduction process is fitted with the training data, and the transformation is applied to the
test set, as depicted in Figure 4.3b, obtaining data that can be used directly in training and
testing individuals.

a) b)

Dataset

¥ &

C
2
=

©
&

—

©
©

C

©

-
(%]

Figure 4.3: Data preprocessing steps. a) Both sets are standardized. b) The standardized data
fit the PCA in the training set, applying the transformation to the test data. Train
data in blue, and test data in orange. The processing data are arranged vertically,
differentiating each by colors black, green, and yellow. The standardization and PCA
are set with the train data, and the transformation to test is applied as indicated by
the arrows.

For the fitness function, the binary strings are randomly generated considering the maximum
number of qubits (M) and layers (N) predefined by the user, as shown in Figure 4.4a. The
algorithm starts by decoding each binary string into a quantum circuit, as illustrated in Figure
4.4; the first step is to perform seven-by-seven splits across the string to separate each gate in
the circuit. The first three bits of each split are used to decode the gate type (green in Figure
4.4b-c), while the last four bits decode the 6 angle if needed (blue in Figure 4.4b-c).

The generated quantum circuit embeds the input data into the quantum rotation gates and
then trains the model. The model is fitted with the training data only, as shown in Figure
4.5, leaving the test set out of the training process used as regularization within the system.
The fitness objectives are the accuracy on the test set derived from the fitted model and the
complexity of the circuit, balancing these two objectives in Equation 3.12.

Once the optimization process is completed, the best individuals are stored in the Pareto
front. The goal is to obtain the optimal classifier with the minimum size while maintaining
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a)

Ind 1 0110011101010101010010110100111001001010100101010
Ind 2 0110010101010101011010110100101011001011100100010
Ind 3 0111001100110101110000100110101011001011000011100

Split 7 bits per gate

d) ! First 3 bits Last 4 bits 1
| |

. . a Angles
Binary converted to integer : LDLL I g .
| | n/8 7n/8 13n/8 :
I cNOT n/4 n n/4 I
] 3n/8 In/8 15r/8 |
| Rx(3) Rx(3;x) n/2 Sn/4 2n |
Number of PCA components 1 Ry(9) Ry(9;x) P s I

|

. RA9) Rz(5:x) an/a 3n/2 :

Figure 4.4: a) Population initialized. b) Encoding strategy embeds dimensionality reduction
method within individuals. ¢) Explores transfer learning methods. d) In approach b),
the first 6 bits of individual represent PCA components.

Training
data”[ Quantum R Complexity factor (CF) CF
> Circuit ”| Niocal + 2Nenor + 0N, - 3
Nquhils . .
Objective balance (Og) | OB
Trained CF+.CF » accuracy. 2 > IF
model A et AccT _n>AccT _n-1 Pareto
resting | f And [T front
data Predicti R Comparison Accuracy test AccT n
reictions Actual vs. Predicted OB _n< 0B n-l

Figure 4.5: Block diagram of the evaluation process.

predictive performance by prioritizing the accuracy metric (Altares-Lépez et al., 2023a, 2024a).
The solutions that have belonged to the Pareto front throughout the evolution are visualized
in a curve as shown in Figure 4.6a, where the two targets face each other. The red dots are
the individuals that have provided the highest accuracy for the classification task with the
lowest complexity in each case. The individuals with the highest precision also tend to have
the highest complexity, as shown in Figure 4.6b. The green dot in Figure 4.6b represents the
best-selected individual from the Pareto front (Van Veldhuizen, Lamont, et al., 1998), which
exhibits superior accuracy without significantly higher complexity compared to less accurate
individuals from earlier generations.

Interestingly, it is observed that the later generations tend to produce individuals with higher
precision and lower complexity as evolution progresses, as shown in Figure 4.6a. Compared to
the earlier generations’ less accurate individuals, there is a significant difference in complexity,
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going from 16 to as low as 11 in the last generations (Figure 4.6). Therefore, the optimal
evolutionary individual is defined as the circuit with the highest accuracy. Among those with
the same accuracy, preference is given to the one with the lowest complexity.

25.00 Pareto front optimization Final Pareto set
" L]
& 22.50 a) Pareto dominated 5 1150 b) .
o 8 : 2 e Non-Pareto dominated 911 25 R i
20.001 g g 808 e Best individual g .
S i s e o ---- Mean OB 5 11.00 °
£17.50 8 £ % 8 © .
3 4.8 3 B N 1075 o
L4 o S 1o,
@ 15.00 I B S St S 2 °
B 12.50 § ; : 8 H 3 y 5 10.50 L _
o 12. g B ] H] = . reto set
QL H) H B e v Qo [
S 10.001 ® % i . R © 1025 . e Best individual
. L]

0.83 0.85 0.88 0.90 0.93 0.95 0.98 1.00

083 085 088 090 093 095 098 1. Accuracy

Accuracy
Figure 4.6: Pareto front solutions. a) Optimization of the Pareto front along the evolution. b)
Final Pareto front and best individual based on accuracy and complexity.

4.2 Dimensionality for Quantum Image Processing

Images are too large for handling in near-term quantum circuits. Fortunately, relevant features
from images can be extracted using dimensionality reduction tools. These tools convert the
high-resolution single-channel picture into a small set of numbers that a quantum algorithm
can easily process. The following sections describe two reduction techniques used with the
genetic algorithm from section 4.1.

4.2.1 Principal Component Analysis

Principal Component Analysis is a widely used method to reduce the dimensionality of a data
set and extract the essential features while keeping as much information as possible (Pearson,
1901; Wold et al., 1987). This method transforms a dataset with correlated variables into a
new set of uncorrelated variables called principal components. This transformation simplifies
the complexity of the dataset while preserving the essential information present in the original
variables.

Given an L-dimensional dataset, this method reduces the data to a smaller number of
variables, denoted as Y (where |Y| < L), which captures a significant portion of the original
variance. These variables, known as components, represent a compressed version of the data in
a lower-dimensional space. It uses the covariance matrix to identify the redundant information
of the possible correlated variables in the L dimensional dataset. Normally, a dataset can be
considered a matrix X consisting of n observations and p variables. The matrix X is organized
as an n X p matrix, where each element x;; represents the value of the i-th observation for
the j-th variable,

11 T12 ... Tip
To1 T2 ... Typ

X= | (4.1)
Tnl Tp2 ... Tpp
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When applying principal component analysis, it is essential to standardize the data to
ensure that all variables contribute equally to the analysis. The standardized data Z results

from subtracting the mean vector (X) from each feature vector and normalizing it by the
standard deviation vector (o),

X-X
7 = ( ) (4.2)
o
Next, the covariance matrix of the standardized dataset C,
L r
C=-272"7. (4.3)
n
The eigenvalues (A1, A2, ..., A,) and eigenvectors (v, va, ..., v,) of the covariance matrix C

will be used to inform the dimensionality reduction. These eigenvalues and eigenvectors
provide important information about the variability and directions of the principal components,
PCl1 = Zvy, PC2=Zvy, ..., PC,= Zv, The results are linear combinations from
the original variables with associated weights, capturing different proportions of the total
variance: the principal components. For dimensionality reduction, selecting the first & principal
components and obtaining a new X’ matrix with these k& columns is possible. This reduced
data set retains the most important information while discarding the less significant dimensions.
Inside this PCA method, the Singular Value Decomposition (SVD) solver (Halko et al., 2010;
Martinsson et al., 2011; Sadek, 2012) is a randomized algorithm due to its high computational
efficiency and its ability to handle sparse matrices.

The strategy of PCA is incorporated into the global optimization method described in
chapter 3, optimizing the quantum circuits and the principal components from the images. This
is enabled by extending the length of the individuals to integrate the number of components,
optimizing both simultaneously: quantum circuit and dimensionality reduction. Seven more
bits are added to the standard size of the individual MxNx7 to encode the maximum
number of principal components of the PCA method, as shown in Figure 4.7a. Thus, the new
individual length is calculated as (MzNz7)+7, where the first six bits are taken and used
to determine the number of components used in the PCA. Considering the size limitations
of these circuits, adding six bits to encode the reduction method leads to a maximum of 64
components, which is considerable. However, the technique is scalable, and this value can be
enhanced by augmenting the number of bits used to encode the reduction method part. Since
the number of components that appear in the individuals are random values, those with zero
or one component are applied a death penalty in the fitness function because it must be at
least two.

Next, the optimization process is presented in steps, followed by pseudocode for better
understanding and reproducibility. Step 1. The algorithm begins by defining the maximum
circuit size as M X N x 7+ 7 (see Figure 4.7a). In Step 1.1 and generating the initial
population P consisting of random binary chains of that length in Step 1.2. In Step 1.3,
the dataset X,y is split into training and testing sets, and in Step 1.4, the training set
is standardized, and the transformation is applied to the test set. In Step 2, the initial
population is evaluated: for each individual ind, in Step 2.1, the number of components
represented in ind[0 : 6] are extracted and converted into an integer value (see Figure 4.7a); in
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e R
| a) Chain length = (M x N x7)+7
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Figure 4.7: a) PCA approach. b) A pretrained CAE model with a fixed 64-dimensional output is
applied. c¢) The training procedure is the same for both cases.

Step 2.2, the quantum circuit C' is extracted from ind[7 : (M x N x 7)]. In Step 2.3, if the
number of components is 0 or 1, a penalty is applied to the individual, but otherwise, in Step
2.4, a PCA model is fitted with the selected number of components using the training data
Xirain, and the test set X, is transformed in Step 2.5. In Step 2.6, a quantum feature
map f; is constructed based on the circuit C' and Xy.qi, (see Figure 4.2), and in Step 2.7, a
quantum support vector machine model M7 is trained using f; and the labels ;.. Then, in
Step 2.8, the model M is used to predict labels g for X s, and in Step 2.9, the accuracy
agest 1S calculated. In Step 2.10, the complexity is computed, and in Step 2.11, we calculate
the objective balance (OB) by combining the complexity with the square of the accuracy.
After evaluating the initial population, in Step 3, the Pareto front is identified as the set of
non-dominated solutions (line 26 in Figure 4.8). The algorithm then enters an iterative loop,
starting in Step 4, where until the stopping conditions are met, in Step 4.1, parents are
selected from the population (line 28 in Figure 4.8), in Step 4.2, genetic operators such as
crossover and mutation are applied to generate offspring (line 29 in Figure 4.8), and in Step
4.3, the fitness of the new individuals is evaluated following the same steps in the fitness
function (lines 1-18 in Figure 4.8). If an individual improves the objective balance or accuracy
without worsening other metrics, it is added to the Pareto front (lines 30-35 in Figure 4.8).
Step 5. if the stop conditions are reached, the algorithm returns the Pareto front with the
optimal solutions. Otherwise, the loop is repeated from step 4.
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1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:

function EVALUATEFITNESS(ind, Xirain, Xtests Ytrain, Ytest)
PCA components < ind[0 : 6] (binary)
N components <— Convert from binary to integer
Extract quantum circuit C' from ind[7 : (M x N x 7)]
if number of PCA components is 0 or 1 then
Apply death penalty to ind
else
Fit PCA(N components) with X4
Apply transformation to X
end if
Construct QFMap f; from C and Xyuin
Train QSVM model M; on f; and Yrqain
Use M; to predict labels § for X;.q
Compute accuracy e
Compute complexity factor (CF) as CF < N; + 2N¢nyor + 0Ny /M
Compute objective balance (OB) as OB < CF + CF - al,
return a;.; and OB
end function

Require: Dataset X, labels y, number of qubits M, number of layers N,

stop conditions SC'

Ensure: Pareto front with optimal individuals.

19:
20:

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:

Define maximum circuit size M x N x 7+ 7
Generate initial population P with random binary chains within the
maximum size: P <= indy,indy, ..., 1ndpopsize, Where ind; is a binary
chain of length size
Xirain, Xtests Yrains Ytest <— split X and y into training and test sets
Standardize using the training set and apply it to the test set.
for each ind in P do
EvaluateFitness(ind)
end for
Pareto front < non-dominated solutions
while not SC met do
Select parents from P
Apply genetic operators to generate offspring O
for each individual ind in P do
{ar, OB} + EvaluateFitness(ind, Xiqin, Xtests Ytrain, Ytest)
end for
if OB improves or a;.s; improves and no value worsens then
Add ind to Pareto front
end if
end while
return Pareto front

Figure 4.8: Evolutionary Quantum Inspired ML: PCA approach
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4.2.2 Convolutional Autoencoder

This section presents a second alternative using pre-trained models, which allows the applica-
tion of transfer learning to leverage knowledge from other datasets. In this case, a widely used
model is selected: the Convolutional Autoencoder (CAE) (LeCun et al., 2015). Autoencoders
are a type of neural network designed to accurately reconstruct inputs into outputs while
compressing the data into a latent space of reduced dimensions, preserving as much of the
original information as possible. This architecture, as shown in Figure 4.9, is composed of
three distinct elements:

o Encoder: In this stage, the dimensionality is reduced by fully connected layers until
the latent space, composed of a defined number of variables, is reached.

o Latent space: It is the intermediate point in Figure 4.9, where the lower dimensionality
representations are stored.

o Decoder: It attempts to reproduce the original images as similarly as possible from
the lower dimensionality vector constructed in the latent space.

O O O O O O O
o O O O O O
o 0O O o O O
o O O O O O

©) O

Figure 4.9: Autoencoder architecture

The Equation 4.4 represents the fundamental basis of an autoencoder, where f,,. refers to
the set of layers that transform the input X into a compressed representation h and fqe. refers
to the decoding layers that reverse the process by transforming the compressed representation
h into the reconstructed output X’. These networks are trained to minimize the cost function
L as the similarity between the input and output generated in the latent space increases.
Thus, when the cost function approaches zero, the output images are similar to the input
images, meaning that the low dimensionality vector has captured the pattern to produce the
images.

h = fenc(X); X' = fdeC(h)' (44)

Since data in this chapter are images, simple convolutional layers are used as encoders and
decoders in the autoencoder to reduce dimensionality (Y. Zhang, 2018). Note that, unlike the
case of PCA, the implementation of the dimensionality reduction is done externally to the
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genetic algorithm as shown in Figure 4.7, so the entire individual MzNz7 is used to encode
the quantum circuit, and no further bits need to be added.

The method is presented in a series of ten steps for better understanding. Pseudocode is
also included to enhance reproducibility. Step 1: The pre-trained Convolutional Autoencoder
(CAE) network is implemented to extract information, using a latent space with 64 dimensions
as described in Section 4.2.2. Step 2. The circuit size is calculated as M x N x 7, where M
is the number of qubits and N is the number of layers. Step 3. The dataset X and labels
y are split into training and test sets, and both sets are standardized using the training set
transformation. Step 4. The pre-trained model is applied to the images, obtaining 64 fixed
dimensions from the original data, as described in Section 4.2.2. The new features X}, ,, and
X,.; are obtained after applying the model to the original data Xy,4in and Xies;. Step 5. The
initial population is generated with random binary chains of length, where each individual in
the population represents a solution. Step 6: The function EvaluateFitness is called for each
individual in the population P to evaluate its performance based on accuracy and quantum
circuit complexity. Step 7. The Pareto front is initialized with the non-dominated solutions
from the initial population. Step 8. The algorithm enters a loop where, until the stopping
conditions are met, the following steps are executed: Step 8.1: Parents are selected from
the population based on their fitness. Step 8.2: Genetic operators, such as crossover and
mutation, are applied to generate offspring. Step 8.3: The fitness of each individual in the
new population is evaluated using the function EvaluateFitness, where the accuracy on the
test set and objective balance are computed. Step 8.4: If the objective balance improves or
improves accuracy without worsening other metrics, the individual is added to the Pareto
front. Step 9: The loop continues from step 8 until the stopping conditions are met. Step
10: The algorithm returns the Pareto front with the optimal individuals.
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function EVALUATEFITNESS(ind, X X/ost» Ytrain, Ytest)

train’
Extract quantum circuit C' from ind

1:

2

3 Construct QFMap f; from C and X7, ;,
4: Train QSVM model M; on f; and ¥rain

5 Use M to predict labels § for Xj,,

6 Compute accuracy aqs as the fraction of correct predictions

7 Compute complexity factor as CF < N; + 2Neyor + ONq/M
8 Compute objective balance (OB) as OB < CF + CF - ai.,

9: return a;, and OB

10: end function

Require: Pre-trained network CAE, labels y, number of qubits M, number
of layers N, stop conditions SC

Ensure: Pareto front with optimal individuals.

11: Implement CAE neural network to extract information, take encoding
part with 64 dimensions, (See Section 4.2.2).

12: Calculate circuit size <— M x N x 7

13: Xirain, Xtests Ytrains Yrest <— split X and y into training and test sets

14: Standardize both using training set and apply to test set.

15: Apply a pre-trained model of the encoding to images, obtaining 64 fixed
dimensions.

16: The new features (X, ,;,, X .s) are obtained after applying the model
(See Section 4.2.2) to the original data (Xirain, Xiest)-

17: Generate initial population P with random binary chains within the
maximum size: P <= indy,indy, ..., 1ndpopsize, Where ind; is a binary
chain of length size

18: for each ind in P do

19: EvaluateFitness(ind)

20: end for

21: Pareto front <— non-dominated solutions

22: while not SC met do

23: Select parents from P

24: Apply genetic operators to generate offspring O

25: for each ind in P do

26: {atest, OB} <— EvaluateFitness(ind, X, ..., Xiest Ytrains Ytest)
27: end for

28: if OB improves or a;.s; improves and no value worsens then

29: Add ind to Pareto front

30: end if

31: end while
32: return Pareto front

Figure 4.10: Evolutionary Quantum Inspired ML: Transfer learning approach

26



Chapter 4. Quantum Circuits for Single-channel Image Classification

4.3 Real-world Applications

We extensively benchmarked our algorithm using various medical imaging datasets to validate
the performance of its PCA and autoencoder variants. Below, we describe the datasets and
the quantum and classical models used. Additionally, we provide detailed information on the
genetic process and its hyperparameters, including mutation probabilities, crossover methods,
and the number of generations.

4.3.1 Data and Model Setup

The benchmark uses two datasets from the medical domain. The first dataset consists of
X-ray images of lungs from SARS-CoV-2 affected patients (COVID-19) and healthy lungs
(Raikote, 2020). Two categories are extracted from the entire dataset, building a binary
dataset consisting of 227 images as seen in Figure 4.11a-b. The second medical dataset
consists of 253 magnetic resonance imaging (MRI) images with two classes: brain tumors and
healthy brain structures (Chakrabarty, 2019) as shown in Figure 4.11c-d, where the objective
is to identify abnormalities in brain structure.

a)

Figure 4.11: Samples from the datasets used in the experiments, displaying pneumonia and brain
tumor.

Before utilizing the methods described in section 4.2, it is essential to standardize the images
to ensure consistency and reliability in the model’s applications. For Principal Component
Analysis (PCA), images are resized to 250x250 pixels. In contrast, for the Convolutional
Autoencoder (CAE) model, images are substantially reduced to 28x28 pixels. Although
this reduction may seem drastic, it is strategically chosen to avoid the need for a large,
resource-intensive deep learning model and to examine the effectiveness of this CAE4+QSVM
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system when used with low-resolution images. This approach is particularly useful in scenarios
where computational resources are limited or when the aim is to understand the robustness
and limitations of the model in handling low-resolution data. In this chapter, we use PCA and
CAE techniques for data dimensionality reduction and feature learning. PCA, as explained
in section 4.2.1, requires an explicit number of components definition from each individual,
while convolutional autoencoder follows a fixed model approach (section 4.2.2). The CAE
model processes 28x28 images, utilizing four convolutional layers with (3,3) kernels, non-linear
activation functions such as ReLu to find non-linear patterns and a 0.5 dropout rate (Xu,
2015). A (2,2) max-pooling step follows each layer. The model undergoes 250 training epochs
using the Adam optimizer and binary cross-entropy loss (Z. Zhang, 2018). This CAE model
provides a 64-dimensional latent space vector, which is the input of the quantum circuits
(Figure 4.7b).

As described in section 4.1.1, we build the quantum circuits based on an MxzN matrix. In
this case, a maximum of six qubits (M) and eleven layers (V) are predefined, allowing all data
to be embedded in the circuit with 66 gates since the dimensionality reduction methods have
been limited to 64 dimensions (See section 4.1.1). In addition, the performance of quantum
models is compared with that of a classical neural network: a Multilayer Perceptron (MLP)
(LeCun et al., 2015). This model is trained with data compressed to 64 dimensions using PCA
from the original images, ensuring a fair comparison with respect to the quantum approaches,
thus also ensuring that the dimensionality reduction method does not do all the classification
tasks. This classical network consists of a hidden layer with six neurons (equivalent to the
predefined number of qubits in quantum models) and a two-neuron output with softmax
activation. We adjust the hyperparameters and employ early stopping to determine the
optimal learning rate to prevent overfitting. The cost function used is binary cross-entropy
(Bishop, 2006). For optimization, the model employs the Adam optimizer (Kingma and Ba,
2017), which initializes weights randomly, introducing a stochastic element in the models.

Our algorithm also requires a precise adjustment of the hyperparameters of the genetic
algorithms since their efficiency, speed of convergence, and quality of the solutions depend to
a large extent on this, as explained in Chapter 3. Thus, we test several hyperparameter values
over ten generations to determine the optimal. The values that achieve the highest accuracy
in these generations are the ones taken to run the genetic algorithm. For the COVID-19
dataset, we found that the optimal values are 0.4 for p,,,; and 0.6 for p...ss. For the brain
tumor dataset, the optimal values are 0.3 for p,,.; and 0.7 for pe..ss. Once the optimal
values are defined, the genetic algorithms proceed to a more extensive and thorough iterative
phase. In this subsequent stage, a significantly higher number of iterations are performed:
2000 generations. This prolonged iteration process is crucial for thoroughly exploring the
solution space, thus identifying the most effective models for handling the tasks specific to the
COVID-19 and brain tumor datasets. Due to the stochastic nature of genetic algorithms, each
experiment is repeated ten times to guarantee result stability and achieve the most accurate
solution approximation.
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Chapter 4. Quantum Circuits for Single-channel Image Classification

4.3.2 Quantum Models Performance

The PCA+QSVM system is applied to the COVID-19 dataset, generating the circuit and
fine-tuning the number of components simultaneously, finding that the optimal number of
features is two. Figure 4.12a illustrates the best quantum circuit, highlighting that within
the model’s gates, only the variables zy and x; are present, directly corresponding to the
principal components from PCA. This best individual, with an accuracy of 0.967, appears in
generation 1763 as shown in the lower part of Figure 4.12a and corresponds to the one selected
on the Pareto front of Figure 4.6a,b. This quantum circuit, created in the last generations,
presents high precision and low complexity compared to the initially defined maximum of 6x11
(MzN); thus, complexities decrease while precision is maximized during the evolution. The
application of the CAE+QSVM model to the COVID-19 dataset uses only single-qubit gates,
as in PCA4+QSVM, as shown in Figure 4.12b, implying that the model behaves as a single
unitary function with no correlations between qubits, making these models simulatable on
classical machines. Although the pre-trained model provides 64 features, the optimal circuit
uses only 18 variables selected by the evolutionary system, obtaining the best accuracy of
0.919 for this dataset. As commented in section 4.3.1, a multilayer perceptron is also applied
as a prediction baseline, achieving an accuracy of 0.945.
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Figure 4.12: Best circuits for COVID-19 dataset. a) PCA+QSVM with 2 components. b)
CAE+QSVM with a 64-dimensional vector input from a convolutional autoencoder
network. The lower part shows the evolution of the individuals along the evolution.
In green, the whole space of solutions is tested for accuracy. The maximum values
found in each generation are in red.
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Our algorithms are also applied to the brain tumors dataset. When applying the PCA+QSVM
technique, the best circuit obtained is the one in Figure 4.13a. In the PCA+QSVM system, the
decoding process for the most optimal individual reveals that the best number of components
is 45. However, in the circuit depicted in Figure 4.13a, only 15 components are used, replacing
the remaining ones with fixed rotations, resulting in a maximum accuracy of 0.859. Our
algorithm is able to discover that using the first 15 components, which have the highest
eigenvalues and explain most of the variance in the data (see section 4.2.1), is enough and
that increasing this number does not improve model performance. This double-dimensionality
reduction allows for improved computational efficiency, faster training, and reduced risk of
overfitting. However, even if only 15 components are used in the final model, the original 45
features capture a complete picture of the variance present in the data. They are, therefore,
all necessary for the correct reconstruction of the input data. The CAE system uses only 27
dimensions, resulting in a selection of variables over the latent space. The best circuit, shown
in Figure 4.13b, achieves an accuracy of 0.846. In the same way, as with the COVID-19 case,
the MLP is used as a benchmark, achieving an accuracy of 0.684 on the test.
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Figure 4.13: Best circuits for the brain tumor dataset. a) PCA+QSVM has 45 components
with no entanglements. b) CAE4QSVM with a 64-dimensional vector input from
a convolutional autoencoder network with no correlations among qubits. At the
bottom, the individuals with the highest values found per generation are on the red
line.

Table 4.1 compares the best accuracy results and a statistical analysis in terms of mean and
variance to evaluate the stability of the results in the test set for each use case and method.
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Chapter 4. Quantum Circuits for Single-channel Image Classification

Numerically, the best quantum-inspired model obtained by applying the PCA+QSVM system
shows better results in both use cases in terms of the mean. All generated circuits are
entanglement-free; thus, they can be considered as quantum-inspired image classification
models. In classical ML models, the complexity is determined by the number of trainable
parameters, while in quantum circuits, it corresponds to the angles of each gate since each
rotational gate is associated with a specific angle 6. In the context of COVID-19, both
approaches show similar complexities with 36 parameters. However, the PCA4+QSVM system
shows superior performance with lower complexity, differing by 14 parameters. This can
be attributed to the automatic optimization of the dimensionality reduction method, which
incorporates the number of components within the individual when developing the circuit. In
contrast, the number of dimensions remains permanently fixed in a pre-trained system. The
quantum-inspired model achieves better results with fewer parameters than similar models in
classical machine learning.

Table 4.1: Results of the accuracy on the test set and models complexities.

Use Case Models Best Mean | Variance | Parameters
PCA(2) + QSVM | 0.967 | 0.959 | 7.8 10 ° | 36/66
COVID-19 CAE(64) + QSVM | 0.919 | 0.898 | 0.000187 | 36/66
PCA(64) + MLP 0.945 | - - 404
PCA(45) + QSVM | 0.859 | 0.841 | 0.000243 | 34/66
Brain tumor | CAE(64) + QSVM | 0.846 | 0.814 | 0.000972 | 50/66
PCA(64) + MLP 0.684 | - - 404

4.4 Conclusions

Quantum circuits present limitations in their size, directly impacting the models’ efficiency. In
the previous chapter, we developed a methodology allowing us to generate quantum circuits
for tabular data automatically. However, this methodology is not suitable for high-dimensional
data, since it is not possible to embed a complete image in a quantum circuit. For this reason,
this chapter has described a specialization that enables the application of quantum circuits
to images. By using preprocessing techniques, such as dimensionality reduction methods,
we can reduce the number of features and, thus, embed the data in the circuits to perform
a classification. Specifically, the PCA method and a transfer learning approach based on a
convolutional autoencoder network, which extracts the vector in the latent space, have been
used. In the case of PCA, a procedure has been described to simultaneously optimize the
number of components within the genetic procedure, reaching optimal component values
that maintain maximum variance. Both approaches achieve competitive results using fewer
parameters than traditional methods, obtaining circuits without correlations between qubits
and, therefore, classically simulatable (quantum-inspired models).

The promising results open several directions for further research. One approach, which
will be explored in Chapter 5, is to increase the number of channels, such as incorporating
color or multispectral data, which is particularly relevant in applications like satellite imaging.
Additionally, instead of relying on dimensionality reduction, future models could leverage
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local information present in the original high-dimensional space, enhancing the representation
of complex features, as discussed in Chapter 2. Finally, expanding the analysis to sequences
of images rather than individual ones allows for temporal and contextual insights. These
extensions will be explored in more detail in the remaining of this thesis, where we discuss
advanced strategies for model enhancement and practical applications in various domains.
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Chapter 5

Quantum Pixel Segmentation in
Multiband Images

In the previous chapter, we discussed the processing of single-channel images, which, although
they present dimensionality issues, are composed of a single matrix. In contrast, multiband
images present significant challenges due to their high dimensionality and structure of several
correlated matrices, as illustrated in Figure 5.1. Processing this data type from a classical
machine learning perspective often requires sophisticated algorithms, such as convolutional
neural networks and vision transformers (LeCun et al., 2015; Z. Liu et al., 2021).

When quantum circuits are used for processing such images, the complexity increases
considerably due to the high number of pixels and bands, requiring structures with many
qubits, higher resource demands, complex training needs, and possible compromises in
accuracy. However, the challenges posed by multiband data processing can be addressed more
effectively by focusing on local problems, which affect specific sections of the image rather
than the image as a whole. This localized approach allows for more efficient management of
the inherent complexity, optimizing the resources available to quantum models.

Figure 5.1: RGB image and its decomposition in channels.
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This chapter focuses on image segmentation, a locally tractable problem of grouping regions
of images with similar characteristics, such as color, texture, or shape (Haralick and Shapiro,
1985). From the classical point of view, several methods have been developed to address this
challenge, ranging from traditional techniques to more sophisticated approaches that take
advantage of deep learning, such as convolutional neural networks, U-Net (Ronneberger et al.,
2015), Mask R-CNN (He et al., 2017) and Transformers (Vaswani et al., 2017). These methods
have diverse applications, including medical imaging to identify and delineate anatomical
structures such as tumors or organs (Pham et al., 2000), agricultural applications to monitor
crop growth and detect weeds (Guijarro et al., 2011), and autonomous vehicles for recognition
and classification of objects in their environment (Sun et al., 2006), among other uses. However,
this problem has not been sufficiently investigated using quantum methods due to technical
and computational constraints, which has limited these models’ development and practical
application in real scenarios.

This chapter in Section 5.1 details strategies for capturing image information so that
quantum models can process the information, describing how these strategies can be integrated
seamlessly into the methodology described in Chapter 3. Section 5.2 delves into the practical
application of these methods for segmenting real-world images, such as vegetation cover and
solar panels. Finally, the chapter summarizes the main results and conclusions from the
previous sections.

5.1 Efficient Quantum Pixel-level Image Segmentation

This image segmentation method relies on a supervised approach, meaning it requires a
dataset consisting of RGB input images and their corresponding segmented images, which act
as ground-truth labels. We use a pixel-based method to extract relevant information, where
the bands or channels of each pixel are captured and assigned binary labels (1 or 0) based on
their characteristics. Using the methodology described in Section 5.1.1, each pixel in the input
image is classified into one of two categories, resulting in a fully segmented image. Pixels
representing areas of interest are labeled as 1, while those outside the region of interest are
labeled as 0. This binary classification allows for precise identification of the target regions
within the image.

5.1.1 Multiband Pixel Dataset Assembly

Next, we describe a methodology for generating an image pixel dataset labeled with a binary
classification label, determining whether or not it belongs to a segmented region. For this
procedure, we need two datasets: the first contains the original images, and the second
consists of the segmented images that will serve as training targets where the areas to be
identified are highlighted. From these image sets, pixel-level datasets composed of pixels are
constructed. These sets are constructed by randomly sampling pixels from the image set,
taking all the bands of each selected pixel, for example, red (R), green (G), and blue (B) (line
5 in Figure 5.2). It is crucial to account for all images in the set to capture color, lighting,
and shading variations. This ensures the model is trained on the necessary variability to
generalize effectively across different scenarios. Pixels are selected within the image dimensions
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(resolution @xS), ensuring that the coordinates (z;, y;) of each pixel satisfy z; < @) and
y; < S, generating a set of pixels with D consisting of all selected pixels and bands as
features.

Require: Original dataset RG B, Segmented images dataset seg, Number
of pixels (V)
Initialize empty dataset D < ()
while |D| < N do
for each image [ in RGB do
Randomly select a pixel position (z;,y;)
Pizelrap < (Rras, [7i][y;], Gras, [%i][y;], Bras, [:][y;])
Pizelse, < segrz:][y;]
D < Pizelsey, Pizelpap
end for
end while
n= min<|D01|7 |DCQD
. Dhatanced < {Randomly select n pixels from C; and n pixels from Cy}
: return Dbalanced

— = =

Figure 5.2: Pixel segmentation strategy for multiband images in quantum model processing. C
represents areas of interest (labeled as 1), and Cj represents the background or non-
interest areas (labeled as 0).

Subsequently, we take the labels from the segmented images of the initial set to build the
target part of the D set (see Figure 5.2 in line 6). To correctly relate the RGB pixels with
the binary ones, the pixels from the same positions z;,y; in the pre-segmented images are
extracted. This forms a dataset D, where each data point represents a pixel. The image
bands serve as features (inputs), and the binary value of each pixel is the target. The process
is algorithmically detailed in the Figure 5.2.

Due to the nature of the segmentation task, which seeks to distinguish specific pixels in
whole images, it is common to find an imbalance in these classes. This means that there
are more pixels from one category (e.g., the background) than another (e.g., the object of
interest), which can unbalance the dataset and make it difficult to learn the model. To avoid
this, we do a stratified subsampling to the D pixel data set based on the labels to ensure a
balanced distribution of both classes in the pixel set. With this stratified subsampling, we
reduce the number of samples of the majority class to achieve a balanced distribution of the
classes (see lines 12 and 13 in code shown in Figure 5.2). This new pixel-balanced data set is
also stratified by the target into training and test sets. Figure 5.3a-b depicts the extraction of
image characteristics to form the pixel set and the genetic algorithm for evolving the models
to obtain the best segmenter. The details of this genetic procedure and models’ training are
described in next sections.
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5.1.2 Quantum Pixel Segmentation Models Training

The automatic generation of quantum models operates on the balanced training and test sets of
pixels, generating a classifier that implements the segmentation task. In this process, the pixel
components are treated as tabular data during training,g and the coding of individuals follows
the genetic code described in chapter 4. The fitness metrics remain unchanged, considering
both the accuracy of the binary pixel classification and the complexity of the quantum circuit,
with penalties applied to the CNOT gates as defined in Equation 3.12. Figure 5.3b, shows
the genetic procedure for training the models and obtaining the best quantum segmented
(Altares-Lopez et al., 2024c).
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Figure 5.3: General scheme for multiband image processing and handling in quantum circuits for
pixel segmentation.

This process is presented in steps, from the information extraction of the images to the
genetic process. Step 1. Binary images are created manually with tools, such as magic wand
from Photoshop, so they can be used as a target for training. Step 2. The entire image set is
traversed, and pixels are randomly selected. The color properties corresponding to the RGB
channels are extracted for each pixel. Step 3. From the same images and pixel positions, we
extract the binary values from the binarized set. Step 4. A dataset is obtained, consisting of
a vector with three features (RGB) and a binary target for each pixel. Step 5: Once the
pixel selection is complete, we perform a stratified undersampling. Randomly, we select n
pixels from the complete pixel dataset for each class C'1 and C2 to obtain a balanced dataset.
Step 6: The data is split into train and test sets in a stratified manner based on the target.
Step 7. A population is generated randomly (see Chapter 3). The coding of the variables is
carried out as explained in section 4.1.1. Steps 8-9. The individuals are evaluated, and the
complexity metrics are obtained and calculated using equations 3.11 and 3.12, along with
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the accuracy on the test set. Step 10. If at least one of the objectives improves compared
to the previous generation without the other deteriorating, the individual is saved in the
Pareto front. The stopping conditions are checked. If they are met, the best individuals are
returned; otherwise, an iterative loop is entered. Step 11. Genetic operators are applied
to generate the next generation, the offspring. This offspring is evaluated, and the Pareto
front is updated with the best solutions. If the stopping conditions are met, the solutions are
returned; otherwise, the loop repeats until the conditions are satisfied.

5.2 Applications

The segmentation algorithm has been benchmarked with two sets of images, one of the
vegetation canopies and another of solar panels from aerial images (Benhamadi, 2021; Jiang
et al., 2021). The following text describes the datasets, modeling, and performance of the
automatically generated quantum-inspired models on these problems.

Figure 5.4: Images from the training dataset of both datasets. a) and c) depict the RGB and its
binarized image cover vegetation dataset, while b) and d) represent the dataset of solar
panels, both RGB and binarized.

5.2.1 Data Setup

In agriculture, canopy segmentation is widely used to address several complex challenges (
Burgos-Artizzu et al., 2011; Guijarro et al., 2011), such as fertilizer application management or
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a)

Figure 5.5: Solar panels dataset (Benhamadi, 2021; Jiang et al., 2021). a) Real aerial images b)
Approximate ground truth provided in the dataset. ¢) Ground truth more precise built
for this study.

crop yield assessment (Payne et al., 2013; Sartin et al., 2014) among others. Considering these
interests, this case has been chosen to segment the vegetation cover. Two sets of images are
used: real RGB images and their segmented images, consisting of thirty-five RGB images with
a resolution of 1300 x 2500. RGB images show vegetation cover and bare ground features with
no lighting control (Figure 5.4a). In the segmented images (see Figure 5.4¢), the vegetation
cover consists of white pixels —class 1 —, and the background cover or bare soil is black
—class 0 —. Typically, these processed images are constructed by an expert with the help of a
computer application that allows for manual selection and removal of pixels from the image,
which is a time-consuming and tedious task.

A dataset of aerial images with solar panels is also used to demonstrate the generalizability
and universality of the proposed technique. In the original dataset, the images present masks
of the total area covered by solar panels (Benhamadi, 2021; Jiang et al., 2021). This ground
truth does not distinguish between the solar panels and the surrounding vegetation, which
is a limitation for a solid identification of the panels and other tasks, such as determining
the actual area covered by those panels by color feature. To overcome this problem, we have
developed our ground truth, manually labeling the images to include only the solar panels, as
depicted in Figure 5.5b-c. The complete process results in 21 aerial images with a resolution
of 1024 x 1024 pixels, with their corresponding binary masks at the same resolution.

This last use case presents significant complexity due to several factors: (i) Unlike the cover
vegetation use case, where the background is uniform, the backgrounds in the images are
highly diverse, as can be seen in Figure 5.7d, which requires the model to be able to learn and
generalize appropriately in a variety of different scenarios. (ii) The color of the solar panels
changes with height since the illumination varies, as shown in Figure 5.7d. These lighting
variations force the classifier to develop a more complex color filter within the same class
of objects. (iii) The vegetation cover images are taken closer to the plants and show more
significant color differences with the background than the aerial images of the solar panels.
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5.2.2 Model Setup

The quantum-inspired segmentation model is developed using a training and test set. For the
vegetation cover dataset, we take 15,000 pixels to build the global D pixel dataset. Next, we
apply a random stratified undersampling, a data preprocessing technique that reduces the
number of examples in majority classes randomly while maintaining the proportion of classes
in the data set, to address the problem of classification imbalance. This undersampling allows
us to maintain the fitness objectives used in previous chapters. We take 1,500 pixels from D
for class 0 and another 1,500 pixels with a target value of 1, indicating pixels with properties
to be identified.

In the case of solar panels, as there is a greater diversity of illumination and backgrounds
in the images, selecting as many pixels as possible is important to have more information so
the models can be trained and generalized. Therefore, we take 25,000 pixels to construct D
and apply subsampling to have 5,000 pixels for each class. The proper splitting of training
and testing sets is also important to avoid data leakage effects in the models, where the
inadvertent influence of test set information during training can lead to overly optimistic
estimates of model performance.

The genetic procedure depicted in Figure 5.3b is applied to both use cases. Similar to
previous chapters, ten previous iterations are performed to define the best hyperparameters for
the genetic algorithm. For the vegetation cover, the best values are a mutation probability of 0.2
and a crossover probability of 0.7, while the optimal mutation and crossover probabilities in the
solar panel data set are 0.1 and 0.8, respectively. Considering these optimal hyperparameters,
we run a genetic algorithm with an initial population of fifty individuals that evolves over
two thousand generations. The MzN matrix that builds the quantum circuit (Chapter 4) has
been set to 6x6, allowing for a maximum of thirty-six gates in both cases.

The quality of the obtained quantum segmenters is compared against classical kernel
methods such as SVM. For a fair comparison between the quantum and classical models, we
also performed hyperparameter optimizations of the classical models using two techniques
commonly used for these tasks, gridsearch and genetic algorithms (Samadzadegan et al., 2010;
Syarif et al., 2016). Three hyperparameters are considered for optimizing these models: (i)
the kernel type, (ii) the C' parameter, and (iii) 7. The kernel type (polynomial, linear, radial,
or sigmoid) determines how the data is transformed for classification. The C' parameter
adjusts the trade-off between maximizing the margin that separates classes and minimizing
classification errors, with a high value prioritizing accuracy on the training data. On the
other hand, v controls the influence of training examples; a low v creates a smoother model,
while a high v generates a more localized fit, which can lead to overfitting.

The genetic algorithm used to optimize the classical model aims to maximize accuracy. The
crossover and mutation probabilities are set at 0.8 and 0.2 across two thousand generations,
respectively. This process is iterated twenty times using a p+ A strategy. The p+ A algorithm
is an evolutionary strategy for optimization that combines a population of A\ new candidate
solutions with p existing solutions. It selects the best individuals from this combined group to
create the next generation, balancing exploring the solution space with exploiting promising
solutions (Sudrez and Galan, 2021).
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In the gridsearch process for the vegetation cover, the optimized parameter obtained for C
is 9, and for v the parameter is 0.01, the best kernel being sigmoid. The genetic algorithms
provide that the best value for C is 2, and the best kernel is also sigmoid, with 0.0504 being
the value for v, the most optimal for cover vegetation. The same techniques are applied to
the solar panel use case, obtaining from grid search optimization that the best value for C is
9 with a radial basis function kernel and a ~ value of 0.1. The genetic optimization shows
that the best value C is 89 with a kernel also, radial basis function, and a 7 value of 0.995.

5.2.3 Segmentation Performance Analysis

The optimal individuals for each scenario depicted in Figure 5.6a-b are obtained through
evolutions. The quantum circuits involve three variables: g, z1, and x5, representing a
pixel’s RGB components. The pixel classification, analyzed by the QSVM model (Chapter
2), determines whether the pixel belongs to a segmented region. In both cases, the final
quantum circuits have fewer operators than the initial MxN matrix set to thirty-six gates,
demonstrating the technique’s complexity reduction and adaptive nature. Interestingly, both
models present low or no correlations between qubits due to the weighting of the complexity
factor calculated within the genetic algorithm’s fitness function (Equation 3.11). Therefore,
these circuits can be considered a single unitary, formed by multiplying these 2x2 matrices,
making them classically simulatable models. As a result, the models produced can be seen as
quantum-inspired image segmenters.

Once the models are trained, we apply them to new full images to verify the generalizability
and performance of the strategy. The size of the validation images for the vegetation canopy
images is 150 x 300 while the solar panel images are 400 x 400, as shown in Figure 5.7a,b,d,e.
The circuits process 45,000 pixels in each image of the vegetation cover and 160,000 pixels in
the solar panel case. The quantum model runs over the images, pixel to pixel, using the three
components RGB from each pixel as input variables in the quantum-SVM and obtaining a
binary classification as output. As shown in Figures 5.7c-f, the circuits can correctly identify
the vegetation cover and the solar panels, obtaining accuracy of 96.5 and 94.5, respectively.

Table 5.1 shows the main metrics on the validation images after applying the models. When
the training and validation sets present different scenarios, such as one being balanced and the
other not, we need to use alternative metrics to assess performance accurately. In the training
set, accuracy is possible as a fitness objective because the two classes have similar support.
However, full images in segmentation problems, by identifying only the parts of interest,
typically contain more pixels from one class than the other. Therefore, we use the metrics
Recall or F1-Score to evaluate the validation results (Bishop, 2006). Although the quantum
models discovered by the genetic algorithm do not improve upon the metrics obtained by the
classical models in all cases (Table 5.1), the quantum models provide results comparable to
those obtained with classical methods, making these circuits a viable alternative. Furthermore,
as shown in Table 5.1, quantum models exhibit smaller deviations in the results, making them
more stable and robust in some cases than classical models.

Statistical tests are performed to assess whether there are significant differences between the
classical and quantum methods. Due to class imbalance in the images, we analyze the results
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Figure 5.6: The best quantum feature maps produced by genetic algorithm. (a) Quantum-inspired
segmenter for cover vegetation segmentation task. (b) Quantum model for solar panel
identification. In both cases, the input variables are R, G, and B, corresponding to
(zo, 1, x2), respectively.

using a nonparametric test: Friedman’s method (Friedman, 1937). The null hypothesis, H,
states that quantum-inspired models show behaviors similar to those of optimized classical
models. Therefore, the alternative hypothesis H; implies that significant differences do exist.
We compare the models QSVM, SVM - GA, and SVM - Gridsearch in these tests.

The results show no statistically significant differences among the models when considering
the three metrics from Table 5.1; hence, the null hypothesis Hy is accepted: the quantum
models have similar behaviors to that achieved by the classical models. Since there is no
substantial gap between the optimized classical and quantum kernel models, the models
presented in Figure 5.6 can be considered quantum-inspired image segmenters for direct
multiband image processing of cover vegetation and solar panels.
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Figure 5.7: Segmentation results by using the best quantum circuits in Figure 5.6a,b. a-d) RGB
images to segment the vegetation cover and solar panels. b-e) Binary images; thus,
the ground truth for comparison is shown. c-f) The images produced by the quantum-
inspired model.

Table 5.1: The main metrics with their respective standard deviations (o) for the validation images
are shown.

Use case Models Precision Recall Fl-score

Quantum SVM  0.965 + 0.025 0.983 + 0.013 0.973 +0.006
Cover vegetation SVM - GA 0.965 + 0.010  0.958+ 0.031 0.963 + 0.014
SVM - Gridsearch 0.965 + 0.010  0.957+ 0.031 0.963 £+ 0.014

Quantum SVM 0.945 £+ 0.008 0.944 £+ 0.009 0.944 +0.009
Solar panels SVM - GA 0.946 £ 0.011 0.945+ 0.015 0.945=+ 0.015
SVM - Gridsearch ~ 0.945 £ 0.010  0.945%+ 0.015 0.944=+ 0.015

5.3 Conclusions

Quantum models face significant challenges when embedding images, especially in multiband
image processing. The number of data points per pixel increases with each additional channel,
significantly amplifying the complexity of the information that needs to be processed. Unlike
classical models, quantum circuits have difficulty efficiently handling this vast amount of data,
making image processing a demanding task.

This chapter presents strategies for multiband image processing using ad-hoc quantum
circuits in response to this challenge. It focuses on multiband image segmentation, a key
challenge in computer vision. The models are trained at the pixel level, which allows them to
accurately capture the relationships between colors, intensities, and illumination conditions.

The obtained results are promising, with complete segmentations reaching accuracies above
94% in all cases evaluated. A remarkable aspect of the proposed circuits is their structural
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simplicity, characterized by low or no quantum entanglement involvement. This underlines
that the models do not rely on deeply quantum properties, such as entanglement, suggesting
that they can be considered segmenters inspired by quantum computation, with a high
potential to be efficiently implemented in classical architectures.

In the upcoming chapter, we will build upon the strategies discussed in this chapter for image
processing. The focus will shift to addressing image sequences with temporal characteristics,
extending the complexity. We will examine the challenges associated with capturing spatial
relationships between pixels and the temporal variations between consecutive images.
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Chapter 6

Hybrid Neural Networks for
Processing Sequential Satellite Images

Understanding and predicting temporal patterns is a significant challenge, especially when
working with high-resolution satellite imagery. Each image comprises multiple spectral bands,
providing a detailed snapshot of a specific location at a specific time. When these images
are captured over time, they allow for the analysis of sequences that facilitate observing,
understanding, and predicting dynamic changes, such as urban development or vegetation
growth. One of the main challenges in satellite image analysis is to create models capable of
detecting patterns in spatial and temporal dimensions so that they can be applied to make
predictions of their future evolution with the highest possible accuracy. From a classical
machine learning point of view, models such as recurrent neural networks and Long-Short
Term Memory (LSTM) networks are typically used to model sequential data (Hochreiter and
Schmidhuber, 1997), such as time series, capturing temporal dependencies. Convolutional
neural networks, on the other hand, typically process spatial data as images (LeCun et al.,
2015). By combining CNNs with LSTMs, models can simultaneously capture spatial structures
and track their evolution over time, enabling better pattern recognition in satellite image
sequences (Shi et al., 2015). These models have proven efficient but are still an evolving field
of study.

The previous chapter 5 discussed strategies for processing multispectral images, considering
local features. The satellite images discussed in this chapter also present the multiband
complexity, amplified by temporal dependencies that must be modeled together with pixel
features. This is crucial to comprehensively capture the changes that occur over time. Applying
quantum machine learning models to the multidimensional nature of satellite imagery, which
encompasses both spatial and temporal relationships, poses several challenges. These include
the need to handle large volumes of data and the difficulty of modeling non-linear and complex
relationships between spectral bands and time. This chapter explores how hybrid models
combine the strengths of classical machine learning techniques with the potential advantages
of quantum computing, enabling the capture of temporal patterns in satellite image sequences
for crop yield prediction.
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The chapter begins in section 6.1 with an explanation of hybrid models, which combine
quantum neural networks and perceptrons. Subsequently, section 6.2 describes the process of
generating and optimizing these hybrid models based on the methodology of the previous
chapters. Here, we explain a second optimization process in which the parameters are refined
after the evolutionary process to improve the predictions. In the following sections, we apply
these techniques to a real use case to make crop yield predictions in a vineyard area in Spain.
To validate the generated models, we apply the models discovered by the optimization system
to several random dates to generate complete images and evaluate their performance. Finally,
the main conclusions are presented.

6.1 Hybrid Predictors for Sequential Images

Time series have been a central object of study in many disciplines due to their ability
to model and forecast time-varying data. The classical approach to analyzing time series
is based on statistical techniques, where data are assumed to follow certain properties
such as stationarity or time dependence. Among the best-known traditional methods are
autoregressive (AR), moving average (MA) models and their combinations (ARMA, ARIMA).
These approaches require a deep knowledge of the statistical characteristics of the series, such
as autocorrelation, trend, and stationarity, which often complicates their implementation
(Hyndman and Athanasopoulos, 2018). In these methods, it is crucial to carefully select
models and often manually adjust parameters like autoregression order or differencing to
ensure stationarity. Moreover, these models frequently assume linear relationships between
time variables, which may limit their ability to capture more complex patterns.

In recent years, the rise of machine learning has expanded the tools available for time series
analysis (Masini et al., 2023). Models such as decision trees, neural networks, and, more
recently, models based on recurrent network architectures and transformers have overcome
some of the limitations of the classical approach by learning from large volumes of data
without making rigid assumptions about the structure of the series (Lim and Zohren, 2021).
While machine learning models offer great flexibility, they also face challenges such as the
need for large data volumes, high computational requirements, and the risk of overfitting.

Hybrid models, which combine classical and quantum techniques, take advantage of the
best of both worlds: the ability of classical methods to handle complex data and the effi-
ciency of quantum algorithms for certain tasks. This section will describe a methodology to
automatically generate hybrid quantum-classical neural networks adapted to this data type,
optimizing the performance.

6.1.1 Hybrid Neural Networks for Continuous Values

The fundamentals of quantum neural networks have already been described in section 2.4.2
of this book. Several studies have explored integrating classical and quantum techniques to
create hybrid models that combine the advantages of both paradigms (Killoran et al., 2019).
In this chapter, hybrid neural networks, which include quantum and classical components, are
employed to develop a base architecture, depicted in Figure 6.1b. However, it is important to
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note that the time series predictor, based on this hybrid model, has a recurrent structure.
This means that, unlike the static model, the predictor explicitly labels the inputs with
different times, associating each input to a specific time instant and preserving the temporal
dependence between them. The recurrent nature of the model, similar to recurrent neural
networks (RNNs), allows it to capture sequential and temporal relationships in the data so
that predictions at one point in time are based on information from previous steps. The output
is also labeled with time stamps, indicating its direct relationship to time and facilitating
accurate series prediction.

a) b)
o
g . =
e - R— o 5
o X_ OBt @ 5
RO 5 U(8; x) : ° 3
o o @ o
~ =) ay
Input Hidden Output _ In.mr
layer layers layer t

Izly(‘l‘

Figure 6.1: Classical and quantum neural networks. a) Classical multilayer perceptron (MLP)
consisting of an input layer, two hidden layers, and an output layer. b) Hybrid-quantum
neural networks combining a quantum circuit, measurement layer, and a final linear
perceptron.

The quantum component of our networks uses a variational quantum circuit (Section
2.4) that incorporates the data reuploading technique as the unitaries in previous chapters
(Pérez-Salinas et al., 2020). In this way, the input variables appear at different locations
within the quantum circuit, allowing a richer representation of the information being processed
and enabling non-linear dependencies among the variables to be found. In these variational
quantum circuits, qubits are manipulated by quantum gates, and measurements are made after
the operations. These measurements are essential since they allow information to be extracted
from quantum circuits, generating probabilities associated with each possible quantum state.
Given the probabilistic nature of quantum systems, multiple measurements are necessary to
establish a realistic distribution of state probabilities.

The vector of probabilities obtained from this measurement process is then used as the
input vector for a perceptron. This perceptron is designed with a linear activation function,
which linearly combines the probabilities generated by the quantum component. The classical
part does a linear combination of the probabilities, while the quantum circuit captures the
non-linear dependencies. This linear combination allows the perceptron to generate a result
based on the weighted sum of the probabilities that result in the prediction. It is important
to note that in this hybrid system, there are two types of trainable parameters: the quantum
parameters, which are adjusted during the training of the quantum circuit, and the specific
parameters of the linear perceptron, which are adjusted in the training phase of the classical
component of the model. This duality allows both the quantum and classical components to
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learn and optimize their performance depending on the input data and the specific prediction
tasks.

6.1.2 Training Algorithm

The methodology follows that described in the previous chapters, where NSGA-II is used
for model generation. First, as shown in Figure 6.2a, individuals are generated as strings of
strings encoding a quantum circuit in the same way as the original framework. Note that the
genetic algorithm constructs only the quantum component of the hybrid system. At the same
time, the classical architecture remains fixed as a linear perceptron with the goal of producing
continuous values from the linear combinations. Models are trained with one set of data and
tested with another set. The network output and targets of both sets must be in the same
range for the cost function to be calculated correctly, so it is important to normalize the data
to the range of values the perceptron activation function can provide.

Since the target variable is continuous, precision cannot be used as a metric in the fitness
function. Instead, we use two common error metrics in regression and prediction models, the
mean squared error (MSE) and the mean absolute percentage error (MAPE) as expressed in
Equation 6.1 (Makridakis and Hibon, 1979),

1 & R 1 &
MSE = — Z(?/z — i) MAPE = — Z

n;3 n;3

Yi — Ui
Yi

x 100%. (6.1)

Although both error metrics are equally suitable, MSE is chosen as the metric for the fitness
function.

The second target in the NSGA-IT optimization is calculating the complexity of the quantum
circuit based on the number of gates and, consequently, the number of parameters. In contrast
to the fitness functions shown in previous chapters, the presence of CNOT gates is not
penalized in the complexity Equation 3.11. Instead, equal importance is given to CNOT and
local gates to achieve an optimal model without constraints due to the complexity of the
modeling. Individuals with lower errors and complexities are kept in the Pareto front (Figure
6.2d). In this manner, in optimization terms, the problem is transformed from a Max-Min in
previous chapters to a Min-Min. From the Pareto front, the circuit with the lowest error and
the lowest complexity is selected.

The optimal individual is still subject to a refinement phase that further tunes the model
parameters. Initially, the gate parameters are uniformly distributed discrete values. In the
final solution, these parameters come close to minimizing the cost function, although they
may not be ideal. Therefore, a new step is added that adjusts the variational parameters
to further reduce the error depicted in Figure 6.2f. The fine-tuning of the global minimum
is implemented with a gradient-based method, preserving the optimal structure of the first
optimization, as shown in Figure 6.2g. Note that the initial weights used in this second
optimization step are those extracted from the genetic optimization since they are assumed
to be close to the maximum performance (Altares-Lépez et al., 2024b).

The strategy of implementing a global, gradient-free optimization, followed by a fine-tuned,
gradient-based optimization, effectively avoids the issues commonly associated with barren
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plateaus. This approach ensures that the initial structure is established through the first
optimization phase, allowing the parameters to be refined close to their initial values during
the subsequent phase, thereby achieving highly accurate models and avoiding the detrimental
effects of barren plateaus.
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Figure 6.2: General scheme for generating optimized hybrid models through genetic algorithms.
a) A random set of parametric circuits encoded into binary strings is created for
evaluation. The binary string is decoded into circuits, and data from the training set,
Xirain, 18 input to the unitary operation U(#, x). The measurements act as the linear
perceptron’s input, generating continuous values. Once the hybrid model is established,
Xiest values are processed through the unit operation and the same previously tuned
perceptron. This produces continuous values that are compared to the actual values,
resulting in an error metric that is sought to be minimized. b) The fitness function
evaluates the quality or suitability of each solution within the population. ¢) The
conditions for entry into the Pareto front e). d) The genetic operators, such as crossover
and mutation, introduce variation and facilitate the solution space exploration. f)
The parameters of the quantum gates are released to allow their adjustment. g)
Gradient-based optimization methods adjust these parameters, starting from the initial
values established for the gates.
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6.2 Quantum-Classical Neural Networks for Yield Crop
Prediction

Predicting agricultural yields is a critical component of modern agriculture, especially in
precision agriculture, where the goal is to maximize crop production in a sustainable manner.
Satellite imagery has played a transformative role in providing extensive data that helps
farmers and researchers analyze soil conditions and identify key factors influencing crop
growth. This chapter explores the use of quantum-classical neural networks to develop a
model capable of predicting crop yields by using satellite imagery from Sentinel-11 (Agency,
2016) following the scheme depicted in Figure 6.3.

a) b) c) d)
N Bands per date Time series per pixel Quantum predictor Image Prediction

Figure 6.3: a) Geolocated images of the same areas over time composed by several bands. b) Each
pixel of the image has its own time series. ¢) A quantum predictor must be able to
capture the trends of these time series. d) The objective is to obtain predicted future
images based on previous images.

A fundamental aspect of agricultural yield prediction is understanding the vegetation’s
health and density. To this end, several vegetation indices are used to assess crop conditions.
In this chapter, we employ the most common index: the Normalized Difference Vegetation
Index (NDVI) (Rouse et al., 1974; Tucker, 1979). This remotely sensed index is calculated
using two spectral bands: the near-infrared (NIR) band, which captures reflectance in the
near-infrared range, and the red band (RED), which reflects the amount of visible red light.
NDVTI is calculated by applying the Equation 6.2,

NIR —RED B8 — B4
NIR + RED B8+ B4’

NDVI = (6.2)

This equation provides a value for each pixel of the satellite image, ranging from -1 to
+1. Values closer to +1 indicate healthier and denser vegetation, while values closer to -1
correspond to areas with little or no vegetation. As indicated in previous studies, higher
NDVI values correlate with better crop health and, consequently, higher yield potential (Wang
et al., 2003). Conversely, negative values suggest the absence of vegetation, which should be
considered when selecting data for model training (Rhew et al., 2011).
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6.2.1 Satellite Data Extraction

Satellite imagery poses a considerable challenge due to its high resolution and the composition
of multiple spectral bands. This complexity is amplified when image sequences are processed
to identify patterns over time, as information from previous images must be integrated into
the models. This section describes the satellite image dataset and details a strategy to extract
relevant information from the images for training the prediction models.

Data Setup

The image set is composed of historical data from January 2017 to May 2022 from the Ribera
del Duero D.O. area in Burgos, Spain. The specific location is within the Sentinel-2 30TVM
frame, which covers an extensive area of 203,885 hectares, as observed in Figure 6.4a. This
study focuses on vineyard crops, declared in the Spanish SigPAC 2022 database (MAPA,
2022). In this area, the total area covered by vineyards amounts to 19,520 hectares, as shown
in Figure 6.4b. Since the focus is on the NDVI vegetation index and this, as explained above,
can be calculated using the B8 and B4 bands that are systematically available, the band
produced by the formula described in the equation 6.2 is used as the actual target of the
models.

Figure 6.4: a) The area in the Province of Burgos belongs to the Ribera del Duero designation
of origin (D.O). b) Expansion of the vineyard study area. The satellite image was
reduced to a resolution of 224x224 pixels and proposed intervals.

The dataset provides both temporal and spatial information of the vineyard area, however,
it is important to have all the images available in order to have stability in the models. The
lack of some dates produces inconsistency in the series, which makes it difficult to establish a
consistent time interval to fit the model. Our dataset has gaps in random dates, making it
impossible to use it in a time series since there is no consistent time interval. There are several
approaches to solving this problem. In this case, it is applied a cubic smoothing interpolation.
This method generates an intermediate image by calculating smoothed values between the
original images. It uses cubic polynomials to interpolate the corresponding pixels, ensuring
smooth and natural transitions between the images (Ibanez et al., 2004). In this way, the
missing images can be obtained within the desired time interval. For convenience in this
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chapter, the images are obtained with a one-day interval (Kandasamy et al., 2013; Lepot et al.,
2017). In this way, all dates for the period 2017-2021 are available, allowing the evaluation of
different time frames of the image series.

Data Extraction

Once the data is completed, a random selection of balanced pixels is made from all the images
in the series, considering the study area as illustrated in Figure 6.4. This pixel selection is
similar to the strategy defined in chapter 5 with some refinements. For this selection, it is
important to consider the size of the study area since, being a large area, it is likely that
there are different climatic and orographic conditions that influence differently the growth
phases of the crops. Each image has a resolution of 224x224 pixels; when divided into four
parts, each part will have a resolution of 112x112 pixels.

A balanced number of pixels is selected in each interval to ensure a complete representation
of the image in the model. Within this selection, to avoid overfitting problems at some NDVI
values and ensure an equal representation across the entire range of index data in the training
set, an equal number N of pixels (z;,y;) is taken in each data range. Since the aim is to
capture how NDVI changes over time at each pixel, it takes the values of those same pixels in
previous satellite images and creates a time series that shows the evolution of NDVI at each
specific point.

It is important to consider in this data selection that the objective is to evaluate the crop’s
vegetation. As previously commented, negative values of this index indicate the absence of
vegetation cover; thus, only positive values of the index are used for the study.

Typically, the models used for these image prediction tasks consider the entire images and
bands requiring sophisticated algorithms with many parameters such as convolutional neural
networks, recurrent networks, or autoregressive models (Hyndman and Athanasopoulos, 2018).
Some models even incorporate weather data to assist in the prediction (Fernandez-Beltran
et al., 2021; Saeed et al., 2017). In this approach, considering the challenges presented by
quantum circuits in handling high-dimensional data and the inherent size limitations of these
models, it uses the six previous data points to capture the trend pattern and predict the
next value in the series. Thus, the model captures the cyclical nature of the year’s seasons,
allowing it to establish connections between specific patterns as this vegetation index varies
according to the crop cycle: phenological status. In the specific case of vineyards, sprouting,
flowering, and fruit sets usually occur in spring. During the summer, the grapes grow and
begin to change color due to the accumulation of sugars. Finally, from mid-summer and early
autumn, the grapes are usually harvested (Kurtural and Fidelibus, 2021; Tomasi et al., 2011).
It is important to estimate the yield at this time to organize the logistics.

Temporal forecasting models use a parameter called lag, which defines the time interval
between data points considered for the prediction. It is important to accurately set this
parameter as an excessively short period may not capture the temporal pattern. At the
same time, an excessively long one could result in significant and unpredictable fluctuations
between stages (Lukoseviciute and Ragulskis, 2010). For this use case, 20 days has been
defined numerically as the optimal time window for this use case. Thus, given the 20-day time
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frame, it uses the previous six NDVI data points: NDVI;_199, NDVI;_gg, NDVI;_g9, NDVI;_4,
NDVI;_99, NDVI; to determine the future value NDVI;, 9y , as shown in Figure 6.5.

Feature vector
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Figure 6.5: Processing of NDVI satellite images and construction of the balanced dataset for the
temporal series.

During the training phase, the actual values at ¢ + 20 are used as ground truth in the fitness
function. As the NDVI index is a continuous and non-categorical value, performing a prior
stratification to balance the training and test sets is impossible. To address this, NDVI values
are categorized, which allows for the creation of classes and ensures adequate representation
of each range of data. As shown in Figure 6.5, the intervals are set in 100-unit slices, allowing
the training set to have a widely representative distribution. 500 data points are selected
from each interval, resulting in a total of 5000 data points obtained from random dates and
pixels, also considering the image intervals. Removing the categorical variable NDVI before
training and predictions is important to avoid influencing the results.

6.2.2 Hybrid Model Generation for NDVI Prediction

In this methodology, the neural network is trained to minimize the mean squared error (MSE)
and the circuit’s size, using the probabilities generated by the quantum circuit states, as
described in section 6.1.1. It is designed to capture the trend of an image sequence, particularly
the NDVI index band.

Regarding the evolution parameters, 2000 generations are repeated ten times to find the
best approximation to the optimal solution. The crossover probability used is 0.6, while the
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mutation probability is 0.2 with an initial population of 30 individuals. For all experiments,
a maximum number of eight qubits and a maximum number of eight layers are defined so
that all variables can appear in the model and be repeated if necessary. The training set
comprises 75% of the data, while the test set comprises 25%. In addition to the above set
of NDVT values per pixel, it included information on the week of the year at time ¢ in the
predictor variables to provide NDVI sequence data and temporal information throughout the
year. Note that the week number is also normalized to [0,1] by dividing by the total number
of weeks in the year: fifty-four.

The resulting circuit in Figure 6.6 shows an increase in correlations after applying this
methodology compared to previous chapters. This can be attributed to eliminating penalties
in the complexity calculation applied (see Chapter 3). This hybrid system generated automati-
cally and, after having refined the parameters with the second optimization step, demonstrates
predictions that closely align with the actual values of ¢ + 20, resulting in an R? value of 0.90
as shown in Figure 6.7a. Looking at the errors calculated as the difference between the actual
and predicted values, it is observed that the variances exhibit a mean close to zero, indicating
stability in the generated model, as shown in Figure 6.7b. Concerning the other fitness metric,
the model’s size, the classical neural network has 257 trainable parameters. In comparison,
the quantum circuit obtained is composed of 32 parameters, as shown in Figure 6.6, since
each rotational gate of the circuit has its associated parameter, resulting in a total of 289
trainable parameters, being notably lower compared to classical models commonly used in

tasks such as CNN or RNN.
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Figure 6.6: a) The best quantum circuit for NDVI prediction obtained by using multiobjective
genetic algorithms for crop yield prediction in t + 20.
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Figure 6.7: a) Regression line between actual and predicted values of NDVI; 90 on test data. b)
Histogram of the differences in the predictions.

6.2.3 Robustness Evaluation

To perform this validation, a new set of random validation data is prepared to evaluate the
robustness of the hybrid model. The data collection process for the image time series is
performed in the same way as in the training set explained in section 6.2.1. In this way,
balanced data is collected, considering the intervals of Figure 6.4 to maintain a balance among
the different zones. With these data, a more detailed study is carried out, analyzing the ranges
of the NDVI index to better understand the model’s performance. Thus, the methodological
procedure begins with establishing the NDVTI ranges, which implies dividing the entire NDVI
spectrum into different categories to better understand the error (Yohe and CENTER, 1976).

For the prediction study, five homogeneous ranges are created and evenly distributed
according to significance, as shown in Table 6.1. When the NDVT index is between [0; 0.2],
the areas have no or sparse vegetation, indicating bare soils, water bodies, or urban areas. In
the range [0.2; 0.4], vegetation cover may be sparse or unhealthy, indicating areas with sparse
vegetation, water-stressed, or suboptimal. An index value of [0.4; 0.6] suggests moderately
dense and healthy vegetation, such as grasslands, light forests, or early crops. The pixel value
in the interval [0.6; 0.8] indicates that the vegetation is more dense and healthy and can be
associated with lush forests, mature crops, and robust vegetation. Finally, in the interval [0.8;
1.0], the vegetation is extremely dense and healthy and indicates areas with abundant and fully
developed vegetation, such as rainforests or crops at maximum productivity. These intervals
represent different levels of vegetation, ranging from very low vegetation green to very dense
vegetation green. Each range described is studied separately to analyze the distributions
and errors of the actual data and model estimates. A scatter plot is also included to better
visualize each range’s relationship between these values.

Errors are calculated as the difference between actual and estimated data for each point.
As shown in Figure 6.8, the actual and predicted data distributions align closely within the
defined intervals, centered consistently close to zero in the differences in all ranges, as seen in
Table 6.1. On the other hand, it is observed in the difference column of Figure 6.8 that the
greater the observed NDVI range, the greater the variance exhibited in the data, as analyzed
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Figure 6.8: In each NDVI range, both the actual data and the predictions made by the quantum
predictor for t+20.

in Table 6.1. Examining the scatter plots between the actual and predicted values, it can be
seen that the predicted values fall mostly on the regression line of the same interval. It can
be seen that in the interval [0.8-1.0], the model slightly underestimates these values. Still,
overall, it can be concluded that the hybrid model obtains promising results on randomly
chosen validation data with only 289 parameters. This suggests that the optimized hybrid
model has generalizability.
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Table 6.1: Ranges of NDVI and their interpretation. Average errors and ¢ on validation data.
Errors are calculated as the differences between actual and predicted values.

NDVI Interval Interpretation Mean error Mean o of errors
0.0-0.2 Very low vegetation -0.020 0.056
0.2-0.4 Sparse vegetation -0.022 0.073
0.4-0.6 Moderate dense vegetation -0.010 0.093
0.6 - 0.8 Dense vegetation 0.013 0.093
0.8-1.0 Very dense vegetation 0.054 0.110

6.2.4 Predicting Future Crop Status

The study aims to assess the model’s performance in a real-world setting. To achieve this,
working with complete images is crucial, simulating real field analysis. Additionally, selecting
specific date ranges close to harvest time allows farmers to effectively utilize the model’s
recommendations for planning subsequent activities. To limit the size of the validation set,
two random dates are chosen from two consecutive years: 2020 and 2021.

Final validation is performed by selecting the pre-harvest images taken at 20-day intervals
(t, t-20, t-40, t-60, t-80, t-100). This approach allows for establishing a temporal sequence
of pixels, where each pixel represents the state of the crops at specific times before harvest.
This organization of the data set facilitates the feeding of information to the hybrid model,
allowing it to process each pixel of the input images sequentially. From this time series, the
model can generate a new image that represents a prediction of crop conditions at a future
point in time, specifically 20 days after the last capture point, i.e., at time t+20.

Figure 6.9 presents the actual images of the bands on those dates provided by Sentinel-2,
as well as an image focused on the most productive NDVI index, which is greater than 0.4 —
from moderate to very dense since it indicates a higher crop performance (Table 6.1). Despite
the constraints imposed by the quantum modeling on input data and the limited number of
trainable parameters, the predictions strongly correlate with the actual images, yielding an
average MAPE of 17%. The results indicate that, on average, the model achieves an accuracy
rate of 97% when evaluating all pixels within the images of productive areas compared to the
actual NDVI. In addition, it exhibits a sensitivity rate of 82% for pixels possessing NDVI
values greater than 0.4, as visually depicted in Figure 6.9a-b. In the 2020 image, a total of
759 pixels are detected with a productive capacity of 918 in the real band, while in the 2021
image, 841 pixels are identified out of a total of 1029. Therefore, it can be deduced that the
optimized hybrid model can effectively forecast crops’ productive capacity, considering the
time series of individual pixels of the NDVI satellite bands.
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Figure 6.9: a) Real image of a random date 2020-08-30, and the predicted image by the hybrid
model for the same date. Both scenarios emphasize areas with a moderate-high NDVI
value and higher agricultural productivity. b) The actual depiction of a randomly
selected date, specifically July 28, 2021, and the anticipated representation produced
by the hybrid model for the identical date are compared. The focus is on regions
exhibiting a moderate to high Normalized Difference Vegetation Index (NDVI) value,
indicating elevated agricultural productivity in both situations.

6.3 Conclusions

This chapter describes a methodology for treating time series using hybrid models. These
time series are composed of images and analyzed using an approach that considers each pixel
as an independent time series. It is possible to generate models capable of capturing complex
temporal patterns for accurate predictions through the described feature selection.

For the generation and training process, a genetic algorithm creates an initial model, which
explores various network configurations and selects the most promising ones based on their
performance. This chapter presents how to refine the model parameters using gradient-based
optimization methods. This stage allows more precise tuning of the parameters, improving
the processing circuit configuration and optimizing the accuracy of the predictions while
avoiding barren plateaus effects.
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The presented methodology allows the automatic generation of hybrid neural networks that
integrate classical and quantum techniques. For the generation and training process, a genetic
algorithm is used to create an initial model, which explores various network configurations and
selects the most promising ones based on their performance. This chapter presents a second
optimization step to refine the model parameters using gradient-based optimization methods.
This stage allows more precise tuning of the parameters, improving the processing circuit
configuration and optimizing the accuracy of the predictions. In this way, combining genetic
algorithms followed by gradient methods to refine the parameters improves the efficiency of
the analysis and enhances the prediction capability of hybrid neural networks.

The results obtained show a high accuracy in predictions with a reduced number of param-
eters compared to more advanced classical methods. Furthermore, it has been demonstrated
that the models developed with the proposed methodologies are applicable in real situations,
using real data, which validates their practical utility. This effectiveness suggests that geneti-
cally designed and subsequently refined hybrid networks have great potential for prediction of
multispectral image time series.
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Chapter 7

Conclusions

This thesis has addressed the design of quantum circuits for machine learning, focusing on the
relationship between expressivity and model complexity, which directly affects the trainability
and performance of the model. The central contribution in this thesis is the design of a global
optimization method for the automatic generation of ad-hoc quantum circuits using quantum
support vector machine and quantum neural networks for classification, segmentation, and
prediction tasks (Abbas et al., 2021; Rebentrost et al., 2013) (Chapter 2). This method,
based on multiobjective genetic algorithms, balances expressiveness and complexity, improving
the trainability and allowing the adaptation of the quantum circuit to each use case with
total flexibility in structure, gate types, and parameters. The genetic operators used in this
procedure, such as mutation and crossover, allow the introduction of random variations in
quantum circuits, facilitating the exploration of more topologies, overcoming local minima,
and expanding the possibilities of discovering optimal quantum circuit configurations (Chapter
3), unlike the generic circuits typically used in state of the art with fixed structures and
gradient-based parameters optimization (Havlicek et al., 2019).

This work has also presented an innovative approach to encoding classical data into a
quantum state, introducing customized encoding strategies that dynamically adjust to the
dataset variables, allowing for more precise adaptation to different data types and problem
domains, such as tabular data (Chapter 3) image classification (Chapter 4), segmentation
of areas of interest in images (Chapter 5), and sequential image predictions (Chapter 6).
This contribution represents a significant advancement over the state-of-the-art, traditionally
relying on static and generic encodings (Bergholm et al., 2018; Qiskit contributors, 2023).

In parallel to this work, various techniques have also been proposed to optimize quantum
algorithms, such as adaptive pruning (Sim et al., 2021b), random features for distribu-
tion approximation (Gonzalez et al., 2022), or reinforcement learning (Ostaszewski et al.,
2021). However, these solutions only partially address the challenges associated with circuit
optimization.

In this thesis we have successfully used the data reuploading technique described in previous
research, in which variables are applied multiple times throughout the circuit (Pérez-Salinas
et al., 2020), unlike standard coding that assigns one variable per qubit, which exponentially
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increases both the number of entanglement gates and the number of qubits as the number
of variables in the dataset grows, producing the barren plateaus effect (Havlicek et al., 2019;
Holmes et al., 2022; Schuld et al., 2021b). The flexibility of the proposed method to represent
information more efficiently facilitates the exploration of different configurations. It improves
the circuits’ ability to execute complex tasks by identifying nonlinear dependencies between
variables.

The genetic optimization can reduce a quantum circuit’s complexity, measured in the
number of entangling gates, while preserving the expressivity and accuracy. This facilitates
the training of quantum models and opens the door to their implementation in classical
hardware, leading to machine learning models inspired by quantum computing: quantum-
inspired machine learning. This possibility marks a fundamental distinction from the dominant
trend in the literature, where high levels of entanglement are considered necessary to improve
model representativeness (Sim et al., 2019). This contribution is not trivial since these
gates are more costly, have lower fidelities, and are typically slower. Moreover, reducing
the circuit’s complexity facilitates the creation of model interpretation methods, such as
rule-based explanations, contributing to the growing demand for transparency in machine
learning models.

This work has also demonstrated how quantum machine learning can work in large datasets
of images using two different approaches. The first approach combined dimensionality
reduction techniques with the expressive power of quantum circuits (Chapter 4). The second
technique focused on a local inspection of multiband images to address problems such as
segmentation or feature resolution (Chapter 5). These local inspection techniques have been
applied to image sequences to identify temporal trends, allowing predictions to be made
(Chapter 6). The techniques proposed have allowed the optimization of performance in
complex tasks using quantum circuits and have demonstrated their feasibility and effectiveness
in real-world applications, opening new opportunities for research and practical application of
quantum machine learning methods (Cerezo et al., 2022).

The impact of this thesis goes beyond quantum circuit optimization. It introduces a method
that balances model complexity with computational efficiency, improving training processes
and extending the use of quantum models on traditional hardware. This hybrid approach
allows the implementation of simplified quantum models in classical systems, which opens up
the possibility of their use in industry and academia. The methods proposed in this thesis
have inspired other researchers to continue studying the relationship between complexity
and accuracy in quantum machine learning, using the methodology presented as a reference
(Ardila-Garcia et al., 2024; Incudini et al., 2022; Pellow-Jarman et al., 2024). Some works have
modified aspects of our fitness function described in Chapter 3, such as the size metric or the
kernel evaluation, while preserving the fundamental principles of evolutionary optimization
proposed in this thesis (Chen et al., 2022; Tjandra and Sugiarto, 2023).

The work derived from this thesis opens new lines of research in several directions. The
possibility of optimizing quantum circuits with low entanglement gives rise to a new field
of study on the relationship between entanglement complexity and model representability.
Combining evolutionary techniques with gradient optimization methods is another promising
framework for improving the efficiency and accuracy of quantum machine learning models,
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avoiding barren plateaus. The proposed methodology opens up new ways of encoding classical
data into quantum states, which expands both circuit design options and ways of representing
classical information. Finally, the ability to interpret quantum models using rule-based
explanations, as explained in Chapter 3, contributes to the growing interest in the transparency
of machine learning models, which could significantly impact fields such as medicine, justice,
and finance, where interpretability is crucial.
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