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Abstract

In this document, the mechanical modelling of a hyperelastic residually stressed
thick-walled circular cylindrical tube under inflation and extension is performed
from a numerical standpoint. The constitutive relation is derived for residually
stressed solids using an invariant-based free energy approach. A three-
dimensional residual stress field is introduced in the argument of the strain energy
density function and compared with results from a planar residual stress field.
This formulation is incorporated into a numerical procedure using the Finite
Element Method (FEM), with the use of a nonlinear solution scheme via the
modified Riks method in order to capture bifurcation and post-bifurcation of the
tube. The FE implementation of the proposed formulation is carried out in the
general-purpose code ABAQUS by means of user-defined capabilities. As the
residually stressed hyperelastic incompressible material is not a built-in material
a user material subroutine defining the Jacobian matrix and the deviatoric stress
tensor 1s used and implemented for hybrid solid elements. A comprehensive
analysis of the structural performance of the tube is conducted with special focus
on the effect of the residual stresses on the bifurcation behavior. Results are
analyzed mainly in the context of aneurysms formation and propagation in arterial
wall tissues, although it has other applications such as in the context of venous
tortuosity. Bulging and bending modes are obtained, and post-bifurcation is also
captured. Results suggest that the onset and location of the bulge along the axis of
the tube depend mainly on the axial stretch and on the residual stress field.
Computations also show that for sufficiently large values of axial stretch the onset
of bifurcation i1s bulging while for small values of axial stretch the onset of
bifurcation is bending. Post-bifurcation behavior of this latter case gives rise to
bulges on one side of the tube, which is an irregular shape that appears in the

advancement of abdominal aortic aneurysms (AAA).
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Resumen

En este documento, se realiza el modelado mecanico desde un punto de vista
numérico de un tubo cilindrico circular con tensiones residuales de espesor finito y
material hiperelastico incompresible sometido a presiéon interna y estiramiento
axial. La relacién constitutiva se plantea para sélidos con tensiones residuales
mediante una funcién de energia basada en invariantes. Un campo de tensiones
residuales tridimensionales se introduce en el argumento de la funciéon de energia
de deformacion y los resultados obtenidos son comparados con los correspondientes
a un tensor de tensiones residuales bidimensional. Esta formulacién se incorpora
en un procedimiento numérico basado en el Método de los Elementos Finitos
(MEF), considerando un procedimiento de andlisis no lineal como lo es el método
modificado de Riks, para poder capturar tanto la bifurcacion como el
comportamiento pos-bifurcacion del tubo. La formulacién propuesta es
implementada en el software de elementos finitos ABAQUS, explotando sus
capacidades en cuanto al uso de herramientas que pueden ser definidas por el
propio usuario. Debido a que no hay alguna formulacién integrada para un
material hiperelastico incompresible con tensiones residuales, se utiliza una
subrutina en la que se define el tensor de tensiones y la matriz Jacobiana
implementada para elementos sélidos de formulaciéon hibrida. Se realiza un
analisis cualitativo del comportamiento estructural del tubo con especial énfasis
en el efecto de las tensiones residuales en el comportamiento durante la
bifurcacién. Los resultados se interpretan en el contexto de la formacion de
aneurismas y su propagacion los tejidos de las paredes arteriales, aunque también
son aplicables a problemas relacionados con la tortuosidad venosa. Se consigue
capturar la bifurcacién por abombamiento y por flexién del tubo, asi como también,
el comportamiento pos-bifurcacién. Los resultados sugieren que el inicio del
abombamiento y su localizacion a lo largo del eje del tubo dependen principalmente
del estiramiento axial y del campo de tensiones residuales aplicado. Los calculos
muestran que para valores relativamente grandes de estiramiento axial el inicio
de la bifurcacién esta dado por un abombamiento del tubo, mientras que para
valores suficientemente pequenos el inicio de la bifurcaciéon esta dado por un modo
de flexién. En el comportamiento pos-bifurcaciéon de este modo aparecen
abombamientos en un lateral del tubo, formando una geometria irregular que

aparece durante la progresién de aneurismas aérticos abdominales (AAA).
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Introduction

1. Introduction

Mechanical modelling of materials from a numerical approach is useful for gaining
greater insight into the behavior of a wide variety of material bodies with different
geometries and loading conditions. Often, the application of constitutive theories
to study a specific problem from a pure analytical approach involves the
assumption of simplified states of the material body, as relating to geometries,
acting loads and boundary conditions, to be able to demonstrate the capabilities of
the analytical framework from a reasonably simplified scheme. The application of
such analytical frameworks under much more complicated conditions many times
could involve complex systems of partial differential equations (PDE) that its
solution could be very time consuming involving sophisticated complex

mathematical machinery.

One of the objectives of computational mechanics is to solve complex engineering
and physics research problems related to material modelling and its structural
mechanical behavior, through numerical simulations. Complex systems of PDEs
can be solved by using numerical methods that solve equivalent systems of
algebraic equations conducting to approximated solutions ([1], [2]). This is
achieved by implementing mathematical models within numerical algorithms to
obtain approximated but valid solutions. Nowadays, the method widely used for
solving engineering and physics problems from a numerical approach is the Finite
Element Method (FEM). It can be applied in a large variety of problems, such as
in the field of structural analysis, fluid flow, heat transfer or electromagnetic
potential. It is also suitable for studying Multiphysics interactions, such as thermo-
mechanical problems and fluid-structure interactions [1]. It is a widely known and
used method, so it is out of the scope of this work to go into the fundamentals of

the method.
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In this work a Boundary Value Problem is analyzed by using the FEM approach.
An extended and then inflated circular cylindrical tube of hyperelastic
incompressible material is modelled and qualitatively analyzed in the context of
instabilities related to Arteries. The constitutive modelling is based on an
invariant based strain energy potential for an incompressible isotropic material,
which has been used in several investigations to interpret the results in terms of
the mechanical behavior of arterial tissues (see for example [3]-[9]). Residual
stresses, present in Arteries [6], modify their mechanical response, thus particular
fields are introduced in the argument of the strain energy potential to account for

its effects ([10], [11]).

It is known that under non-physiological conditions, arteries can develop localized
bulging with a corresponding wall weakening, which has been analyzed in the
context of Aneurysm formation and propagation in arterial walls ([3], [12]-[21]). Tt
1s also known that a bending buckling mode is possible prior to bulging under
certain boundary conditions ([3], [18], [21]) and axial stretch. In this work both
bifurcation modes are captured in several numerical simulations carried out in the
widely used Finite Element (FE) commercial code Abaqus. The results are then
analyzed in the context of Abdominal Aortic Aneurysms (AAA) and its post-

bifurcation behavior.

The document is organized as follows. In this chapter 1 the motivation, objectives
and methodology of the work are presented. Chapter 2 outlines a theoretical
framework on the analytical analysis of circular cylindrical tubes made of
incompressible hyperelastic material. In chapter 3 general applicable
characteristics for the various implemented numerical models are described, such
as the constitutive model and aspects of the computational models. In chapter 4,
numerical results are presented for models considering a planar residual stress
field, whereas in chapter 5 numerical results are presented for models in which the
axial residual stress effect is incorporated. Chapter 6 shows further discussion and

concluding remarks.



Introduction

1.1.Motivation

Mechanics is a science aimed at describing the motion of a system or body subjected
to certain forces. This is accomplished by determining the kinematics and the
kinetics of the massed body or system. Biomechanics is a branch of Mechanics that
consists of applying its laws and fundamentals to characterize the response of
biological systems and materials subjected to forces and certain boundary
conditions. According to [22], the earliest literature on this subject was probably
written by Aristotle in his book “On the Parts of Animals”, in which a description
of internal organs is presented; and by Nei Jing in “Internal Classic” book, in which
the concept of blood circulation is discussed. However, the development of
Biomechanics as a science has been stimulated by medical and mathematical

contributions.

A very important contribution was made by Galileo Galilei’s research, who
established a first method to determine the pulse rate in humans by using
1sochronous pendulums and relating its length when synchronized with the beat.
This method of applying Mathematics to characterize the functioning of vital
processes would boost other researchers to work in this field. William Harvey
settled the theory of blood circulation from a theoretical approach after measuring
the capacity of the heart and showing that the blood can only leave the ventricle
in one direction. After this findings, Marcello Malpighi experimentally proved
William Harvey’s theory by discovering the capillaries which connect the Arteriole

with the Veins, necessary network for blood circulation across the body.

Some other physicists and mathematicians like Giovanni A. Borelli and Robert
Hooke also made important contributions on the study of living systems and its
vital processes. Borelli successfully clarified the muscular movements and body
dynamics, while R. Hooke gave us the relation between force and unitary
deformation of elastic bodies and established the word Cell in biology [22]. Even

though Newton did not publish works in the field of Biomechanics, its calculus was
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certainly fundamental for Mechanics and thus, Biomechanics. He settled the
foundation of Classical Mechanics by his “Principia Mathematica”, his laws of
motion and the constitutive equation for a viscous fluid. Regarding Arteries, Euler
wrote on the propagation of pulse waves in 1775. Many other physicists and
mathematicians accomplished important contributions in Mechanics and Biology.
It would be a very extensive list, and it is not the aim of this work to do a review
of the history of Biomechanics. The reader is referred to [22] for a more extensive

and chronological description of the findings made on this context.

As it can be inferred from the brief ideas exposed in the previous paragraphs, from
remote times humans have questioned the function of the human body and other
living systems. These questions have allowed researchers to get fundamental
findings which allow to explain the expected behavior of some vital body processes
and so, its abnormal function. Many of these findings have been made from a
classical physics investigation approach. These have advanced medicine in the
context of diagnosis, surgery, prosthesis and have promoted the well-being of

humanity regarding health [22].

However, many human biological processes still need to be better understood from
a biomechanical and mechanobiological perspective, in order to precisely define the
mechanical response of soft tissues when they function outside of typical
homeostatic mechanisms, as well as their role in disease progression. Many
important contributions to these fields have been made on recent years (see to
name a few ([3], [4], [6], [17]-[19], [23]-[27]). On this context, a health issue
regarding to arteries whose mechanical conditions is a topic that needs yet to be
deeply studied is the development of Abdominal Aortic Aneurysms (AAA). An
Aneurysm could be defined as an abnormal enlarged area localized in a blood
vessel, frequently in the Aorta. The Aorta is the main Artery in the human body
that carries blood from the heart to the abdominal area, and it is the largest blood

vessel in the human body [28]. It is composed of three layers: the Intima, the Media
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and the Adventitia, with interfaces of elastic membranes, as can be seen from the

figures below.

Abdominal Aortic Aneurysm

(5]
bd
Cleveland

Clinic

©2023 Thin artery wall

Figure 1.1: Schematic Representation of an Abdominal Aortic Aneurysm [29].
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Figure 1.2: Scheme of Aneurysm types and shapes [28].
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Figure 1.3: Artery wall structure showing its major components (see [30]).
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It is many times asymptomatic, and its treatment is mainly aimed at controlling
the growth rate. If an Aneurysm bursts and ruptures, the internal bleeding is life-
threatening, and it shall be surgery as soon as possible. From a clinical standpoint,
there are several conditions that indicate a person is more at risk of developing an

Aortic Aneurysm [31]:

e To smoke

e To be male, aged 65 or more

e To have high blood pressure or high levels of cholesterol

e To have an artery disease as Atherosclerosis

e To have had a close relative who had developed an Aortic Aneurysm

e To have a condition, as the Marfan Syndrome

It is believed that the degradation of elastin triggers the formation of an aneurysm
([32]-[36]). Under this circumstance, the stress that is to be carried by collagen
increases and collagen turnover is upregulated. Smooths muscle cell degradation
may also play an important role. Stress is expected to be a homoeostatic target of
the normal vessel. However, an aneurysm has a highly degenerative wall and the
biological mechanisms to remodel towards a homoeostatic stress are heavily
impaired. It then results in a continuous (pathological) remodeling of the
structural proteins in the wall. High blood pressure (which is directly linked to
wall stress) is known to be a risk factor of the formation of aneurysms, as
mentioned before. However, there is no evidence, based on the best effort done for
bibliographical research, relating high stress in the wall and an aneurysm. In this
work the stress states at bifurcation that can trigger the formation of aneurysms

are treated mainly from a theoretical point of view.
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Instabilities from geometric signature have been analyzed in the last two decades
especially due to the influence of such phenomena in the formation and
propagation of aneurysms in arterial walls. Bulging and bending instabilities of
inflated and extended tubes have been related to the formation and propagation of
aneurysms (see for instance, [3], [4], [9], [13], [14], [18], [20], [21], [37] and the
references therein). The formation of aneurysms involves several biomechanical
factors including age, biochemical reactions, heterogeneity of the material,
anisotropy, among many others, apart from the geometrical characteristics of the
vessels. But the mechanical modulation of this mechanism plays a role that needs

to be well understood to include, then, the biochemical processes.

Experimentally, different investigations in the literature have reported that when
a non-loaded artery is cut along its radius it forms an open sector, which means
that the artery is not unstressed in the absence of applied loads (see [6], [11], [22],
[38], [39] and references therein). Residual stresses play an important role in
homoeostasis which is a biological process that tends to conserve key regulated
variables near different preferred values maintained by living systems.
Mechanical homoeostasis exists at different levels including cellular and tissue
levels in the cardiovascular system and is critical for both vessel maintenance and
adaptations to disease progression, responses to injury, etc. [32]. It is well known

that residual stresses in arterial walls arise due to growth and development [39].

Very recently, residual stresses have been included in different analyses using an
invariant-based free energy approach. Such constitutive formulations can be seen
in [7] and [40]. Within this framework, the instability of cylindrical tubes under
torsion, which gives rise to helical buckling, was analyzed in [15], [41]. That
formulation is used in this work, and it will be described in further sections. The
formulation is employed to study bulging and bending bifurcation as well as post-

bifurcation of tubes under inflation and extension.
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Bifurcation analytical results provide great insight into the physical interpretation
of the problem under study. For the problem at hand, several studies in this
direction have indicated that the modes of bifurcation are the so-called prismatic
mode, axisymmetric (bulging) mode, and composite mode ([3], [17], [40]). However,
analytical approaches require sophisticated mathematical machinery and in
addition analytical solutions are available only for relatively simple cases, which
highlights the need to consider alternatives to these analytical formulations. The
Finite Element Method has been exploited in several studies such as ([13], [14],
(171, [21], [38], [42]). It is a framework that opens new perspectives not only in
scientific works but also in professional practice, which is also one of the main goals
of this work. Hopefully, this numerical approach shall be the base for analyzing
more complete models representing the artery, including artery layers, its
interaction (contact interphases), different distributions of residual stresses, the

collagen fibers strain stiffening effect, hemodynamic, etc.

1.2.Methodology

The Finite Element Method 1s exploited to analyze the behavior of an axially
stretched thick-walled circular cylindrical tube subjected to internal pressure
including the effect of a two and three-dimensional residual stress fields. The
general-purpose Finite Element software package Abaqus is used. The tube
material is modelled as a hyperelastic fully incompressible material. This means
that in a statement of a balance of external and internal energy, a strain energy
potential can be considered for the work done (there is no dissipation) by the

stresses generated during the deformation of the tube [6].

Therefore, it is used a strain energy density function W per unit volume of
reference configuration that depends on the deformation gradient F, being W a

scalar function indifferent to rigid body rotations, both, in the deformed and in the
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reference configurations. This prompts that W is objective and that the material is
isotropic. Regarding the residual stresses (considering the nature of residual
stresses as defined in [43]), they are included by defining a residual stress tensor
0, included in the argument of W in the reference configuration of the tube. As the
stresses can be then determined from W, the constitutive relation of the

hyperelastic material is defined.

The constitutive law is introduced by exploiting the User Material Subroutine
(UMAT) tool, as the constitutive relation including residual stresses is not a built-
in material in Abaqus. This Abaqus tool gives the user the flexibility of defining
any constitutive law corresponding to user-defined materials. This is implemented
by establishing the relation between stress and strain and explicitly defining the
Jacobian matrix for the material, making use of the FORTRAN programming
language. The definition of the finite element model is done by writing down a
Python based coding in an Abaqus Input File, in which the following variables are

parametrized:
e Model geometry (length, wall thickness, cross sectional diameter)
e Model meshing (radial, azimuthal and longitudinal number of elements)
e Strength for the residual stress components
e Material shear modulus and internal pressure

e Axial stretch

For the elements, the hybrid incompressible solid element formulation is employed
to avoid locking problems [44]. The analysis of the model is done by using the
Modified-Riks Method, by which the evolution of the deformation of the tube can
be followed as the internal pressure is incrementally applied. The magnitude of
the applied pressure and the deformation are represented by the Load
Proportionality Factor and the Arc-Length coefficients. This numerical procedure

1s implemented within Abaqus Standard, and it is suitable for nonlinear finite
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deformation problems, allowing to avoid snapping issues. The bifurcation modes
are analyzed from an incremental displacement field approach [17]. More details

on the numerical methodology are given in sections 3.4, 4.3 and 5.3.

1.3.0Objectives

The main objective of this thesis work is to qualitatively characterize the
mechanical behavior of hyperelastic incompressible residually stressed circular
cylindrical tubes under axial stretch and internal pressure, in the context of soft
biological tissues, by employing a nonlinear numerical approach based in the
Finite Element Method. The following objectives are stated for pursuing the

previously mentioned:

e To study the instability modes for thick-walled circular cylindrical tubes
subjected to axial pre-stretch and internal pressure, including the effect of

residual stresses in the constitutive law of the material.

e Toemploy a numerical methodology capable of capturing the bifurcation and

post-bifurcation behavior of the tubes under the mentioned conditions.

e To characterize the expected bifurcation mode as a function of the applied

axial pre-stretch.
e To qualitatively describe the post-bifurcation behavior of the tubes.

e To identify the internal stress state for the tubes at the occurrence of the

captured bifurcation mode.

10
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2. Theoretical Framework on Residual Stress and
The Bifurcation of Extended and Inflated

Circular Cylindrical Membranes.

2.1.Modelling of Residual Stresses in Elastic Materials

A residual stress is a stress field acting on a material body in the absence of
external loads ([43], [45]). Characterizing the behavior of structural elements
subjected to residual stresses is of great importance due to the influence they could
have on its structural response. For hot-rolled steel profiles subjected to
compression loads, the buckling failure could be reached before predicted if the
additional compression due to residual stresses are not considered in the analysis.
Even though for that case residual stresses could be relatively small, their
consideration i1s important when it becomes necessary to include second order

effects in the analysis of the member or structure.

Similarly, residual stresses influence the biomechanical behavior of soft biological
tissues (see for instance [10], [45] and [46]). For example, it is known that residual
stresses regulate that the azimuthal stress distribution along the thickness of the
artery walls be close to uniform at normal physiological blood pressure ([6], [47]).
This prompts the study of the behavior of soft biological tissues should not be done

excluding the effect of residual stresses.

Y. C. Fung questioned the “zero-stress state” of blood vessels as a necessary
question to be answered to derive a constitutive relation for soft tissues. This

reasoning guided his experimental work in which he characterized the “in vivo”,

11
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“no-load” and “zero-stress states” for an artery. The “in vivo” state represented a
fixed rat’s artery at normal physiological blood pressure, the “no-load” condition
represented a non-extended nor inflated excised section of the same artery and the
“zero-stress” state represented a small excise of the previous section, which was

cut transversally as a ring and then, radially [22].

It has been demonstrated that for the radial cuts the ring springs open, showing
that even though no loads are applied the ring is stressed and that the stresses are
(assumed) then relieved ([22], [48], [49]). After the radial cut the ring forms an
open sector that is characterized by its opening angle, defined as the angle between
two lines drawn from the middle of the open sector inner wall to the tips (it should
be noted that different definitions for the opening angle are given in the literature,
see for example [6], [22] and [49]. The residual stresses present are estimated by
the equivalent stresses computed to re-form (close) the intact ring to reach the “no-
load” configuration. Several researchers have studied the distribution of the
residual stresses from an experimental and analytical approach by using this
opening angle method, which gives estimates but adequate insight into the
residual stresses present in blood vessels ([11], [22], [30], [38], [45], [46]). For
example, it 1s known that in the circumferential direction, compressive residual
stress acts in the intima — media region and tensile residual stress acts in the
adventitia region. However, a detailed understanding of the influence of residual

stress in the artery mechanics is yet to be developed [47].

Figure 2.1: Opening angle representation for a blood vessel sector [22].

12
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Several researchers have studied how these residual stresses affect the elastic
response of materials (see, for instance [6], [7], [11], [15], [39], [40], [42], [43], [45]-
[47], and [50]-[53]). An elastic material for which its properties can be
characterized in terms of a strain energy function defined per unit volume in the
reference configuration, is said to be a Hyperelastic material [6]. There are several
formulations for characterization of hyperelastic materials, which have been
exploited for researching on a wide range of applications ([8], [37], [54]-[65]). For

an incompressible material the nominal stress tensor S is defined as [6] [40]:

ow 1
S = F pF detF =1 (2-1)

Where p is a Lagrange multiplier associated with the incompressibility condition,
referred to as an arbitrary hydrostatic pressure. It is recalled the relation between
the nominal and the Cauchy stress tensor, to define the latter in terms of the strain

energy function ([6], [47]):

(W
]O' =FS =] 1F<ﬁ—pF 1) (2_2)
ow
o=Fop—rl (2-3)

When a reference configuration B, is stress free (in an unconstrained) material,
then, its strain energy in that natural configuration is described by equation (2-4)
[47]. If the stress does not vanish in that configuration B,., the material is said to
be residually stressed. That state would be equivalent to the unloaded state
mentioned in previous paragraphs. As no surface tractions exists in that state, the
residual stress must vanish on the boundary of the body dB,, meaning that these

stresses are inhomogeneous in nature and thus, geometry dependent.

13
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ow
wa) =0 ﬁ(l) =0 (2-4)

If the strain energy function is measured from the residually stressed
configuration B,, then W(F = I) = 0 is satisfied. As the reference configuration is
already stressed with a residual stress tensor g, and the deformation is measured
from B, there is no distinction between the Cauchy and the Nominal stress tensors
oand S, soS = g = ay. It is considered that there are not intrinsic couple stresses,
so 0 is symmetric (6" = dy). The residual stress must satisfy the equilibrium

condition in the reference configuration B, and the boundary condition:

Div Og = 0 (2_5)

O'ON =0on aBr (2'6)

Here, N is the unit outward vector normal to the boundary 9dB,. The previous
equations implies that there are no surface tractions nor body forces. These
conditions validate the non-uniform distribution of the residual stress, which
means inhomogeneous elastic response of the material. In section 3.2.2 the specific

constitutive framework to be considered in this work is exposed.

2.2.Bifurcation of Circular Cylindrical Tubes Subjected to

Axial Extension and Internal Pressure

The bifurcation conditions for circular cylindrical membrane tubes under axial

loading and internal inflation pressure have been studied from both analytical and

14
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numerical approaches. Analytical approaches are fundamental to understanding
the mechanisms that govern the structural instabilities of this kind of problems.
Although they imply more complex mathematical machinery (than numerical
methods), the results and insights obtained from the development of such
analytical methods constitute the basis for numerical results validation. The
boundary for passing from an analytical to a numerical method seems to be when
the problem at hand includes the interaction of so many variables that the solution

of the resulting system of PDEs becomes impractical or not possible to be derived.

2.2.1. Geometry and Deformation Description

In the reference configuration of a circular cylindrical membrane tube B,., the

geometry in cylindrical coordinates (R, 0, Z) is defined as:

, 002, 027 <1, (2-7)

where D is the tube diameter. For every material point of the body in the reference

configuration, the position vector can be written as:

X = RER(0) + ZE; (2-8)

Er and E; are the unit vectors in R and Z directions. On the other hand, in the
deformed configuration B, the geometry and position vector of each point in the

cylindrical tube are:

, 0<06<2m, 0<z<lI (2-9)
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x =re,(0) + ze, (2-10)

Similarly, e, and e, are unit vectors in the radial and axial directions, respectively,
and d is the tube diameter in the deformed configuration. It is assumed that the
tube remains a circular cylinder after the deformation takes place. It is recalled
that the deformation of a material point A at position X of the body in the reference
configuration B, is defined by the response to the deformation at time t of a small
neighborhood of the point [61]. The change of local geometry in the neighborhood
of X as it moves to x, being x the position of point A in the deformed configuration
B, is represented by the tensor F, which is the linear mapping of each line element
dX radiating in direction N from the position X in the reference configuration B,
into the line element dx radiating in direction n from the position x in the deformed

configuration B.

If the position of a point in the deformed configuration is x = y(X) (here, the
attention is focused on quasi-static deformations), then by the previous definition,

the deformation gradient F is ([5], [6], [61]):

F = Ia Z4CY = Grad y(X) = Grad x (2-11)

| ox

For the cylindrical tube the deformation gradient F is symmetric [6] and has

components diag(1,,14,4,), where 1y = r/ p 1s the azimuthal principal stretch and

A, = l/ L 1s the axial stretch. As the material is incompressible, the radial principal

stretch can be defined as a function of the other two principal stretches as A, =

A7 '2,7N
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2.2.2. Material Model

Several material models for artery walls have been developed and implemented in
the literature, for a sound study and comparison between them refer to [30]. For
modelling of extended and inflated circular cylindrical tubes in the context of soft
tissues, a hyperelastic behavior of the material is typically considered. This
imposes the need of a strain energy function W to derive the relation between
stress and strain. For a homogeneous incompressible nonlinearly elastic isotropic
material, the strain energy function depends only on the two independent

invariants of € (or B), which are the following (I; = det(F) = 1):

11 = tr(C) = Alz + /122 + 132 (2-12)

1
L=5 [(tr€)% — tr(CH)] = 1,° A% + 1% 25% + 1,757

C = F'F is the right Cauchy-Green deformation tensor, F is the deformation
gradient tensor, tr means the trace of a second order tensor and A; are the principal
stretches, that in cylindrical coordinates are equivalent toA; = 1,, 1, = 1g and 15 =
A,. The artery wall can be modelled as a composite material formed by a solid
matrix and (collagenous) fibers reinforcement. Since the effect due to the fibers is
beyond the scope of the present work, we embraced the simplified Neo-Hookean

strain energy function given below [30]:

u
W=50-3) (2-13)

This form of the strain energy provides adequate approximation for this context,
as upturns of the stress-strain behavior (as strain stiffening) is not expected
because it is mainly responsibility of the collagen fibers collaboration during
deformation ([17], [26], [30]). In the literature, various authors have considered

this model in this context to represent the behavior of the solid matrix of the artery
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walls, producing good insights in this research field (see [18], [23], [26], [30], [40],
[41] and [65)).

The principal Cauchy stresses (in components form) can then be written as:

ow
o = A EXR +q (2-14)

Where i= 10,2z, q represents the arbitrary pressure related to the
incompressibility constraint and W = W(A,, 44, 1,). For a membrane g,,- = 0, so the

remaining principal components of Cauchy stress are defined as:

oW
Ogy = ﬂem
- 2-1
oW (2-15)
O-ZZ = A’Z aﬂ'
Z

Where W(lg,1,) = WAy *1,7 %, 2,1,) is introduced. By using the membrane
approximation, the inflation pressure of the membrane tube P may be defined as

([31, [6], [17D):

(2-16)

Where H is the undeformed thickness of the membrane and W,, denotes GW/ FY

Similar notation is used such as W, ,W,,,,, with equal meaning as defined

previously.
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2.2.3. Bifurcation of Thin-Walled Tubes

In the context of instabilities of thin-walled tubes, the bifurcation conditions for
the possible modes on cylindrical tubes under inflation pressure and axial loading
are analyzed in detail in [3] and [17]. The theoretical framework followed in [3] is
based on the incremental equations’ method, a theory initially published by Biot
[66]. A less time-consuming approach is presented in [17], derived from the

equilibrium of infinitesimal volume elements.

The bifurcation conditions, and specifically for bulging bifurcation have been
studied by several authors for tubes under different geometry and boundary
conditions, including from numerical approaches for thick-walled tubes (see, for
instance [3], [13], [17], [27], [67]-[73]). For the present work, the bifurcation
conditions derived in [17] will be followed. It constitutes a different approach from

that presented in [3] but drives to the same result scenarios ([17]).

For the cylindrical coordinates system, the incremental displacement field is of the

form [17]:

Su = 6u,(6,2)e, + Suy(6,2)ey + Su,(6,2)e, (2-17)

Where 6u,, duy and du, are the incremental displacements with respect to the
deformed or current configuration of the body in equilibrium. From the definition

of displacement increments, the bifurcation modes are described as follows.

Prismatic mode. For this mode the cylinder remains prismatic, but the cross
sections become non-circular. The incremental displacement is assumed to be

independent of z.
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Su = du,(0)e, + Sug()eg (2-18)

By establishing equilibrium in an infinitesimal volume element and after
mathematical manipulations (for details see [17]), the following equilibrium

equation can be written:

. 062¢
Wagie 00 =0 (2-19)

The condition can be true if there is no variation of the incremental azimuthal

stretch (544 is uniform) or, if:

Wigrs =0 (2-20)

An important result regarding this condition is given by means of equation (2-16).

The critical pressure values can be derived as [17]:

~ HW,,2,

R, (2-21)

p

Bulging Mode. Under this bifurcation mode the cylindrical tube remains circular
but at cross-section it bulges [3]. The incremental displacements are assumed to
be independent of 8. Under this condition, the displacement is axisymmetric, which

can be written as:
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su = du,(2)e, + Suy(2)e, (2-22)

From equilibrium in the axial and radial directions for an infinitesimal volume

element, the following equations are derived [17]:

0 d6u,
EP (6(o,,hr))dOdz — prdfdz 3 0 (2-23)

aou,
Py )dZ =0 (2-24)

0
6(pr)dfdz — §(ageh)dbdz + Ep (azzhrde

After several mathematical manipulations and considering inflation pressure in

the tube, (according to [17]) for a tube of infinite length the bulging criterion is:

fF(W,29,2,) = 0= 2,°Wy,2,(A6° Wapa, — 26Wa,) — (AeA,Wiy2, — 26Wy,)? (2-25)

From this condition it is concluded that turning points of pressure (where it
reaches a maximum, defined by (2-16) and (2-21)) obey f < 0 because the left term
of the right hand side of the equation is zero. Equation (2-25) is also f < 0 for

turning points of the axial load:

Wi, =0 (2-26)

It follows that the initiation of bulging bifurcation is prior to the pressure turning

point [17].
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Bending Mode. The combination of the prismatic and bulging modes can be
interpreted in terms of bending [3]. Bending is more likely to occur in long tubes
than in short tubes. Understanding this type of bifurcation behavior is of great
importance because bending bifurcation may lead to the development of tortuous
shapes of the blood vessels, which could be associated with hypertension, diabetes,
retinopathy, and axial extension reduction ([74]-[77]). When the artery shows
significant bending, saccular aneurysms seem to appear ([21], [78]). The numerical
analysis of this bifurcation mode will be guided by the analytical solution for the

membrane case with no residual stress.

For an axial stretch to be maintained during the tube inflation, the axial load N >
0, which means that both ends of the cylinder should be fixed [3]. If N = 0 then
axial shortening accompanies the inflation, as 141, = 1, being 14 > 1 (inflation)
and axial stretch necessarily 1, < 1 [79]. Now, if the cylinder axis is subjected to
radial displacements su,’ (because, for example, due to applied residual stress)

the moment equilibrium M is written as [17]:

M = Néu,’ — prar?éu,’ (2-27)

Jgfh, equation (2-27) can express stable equilibrium

By using N = 2nrho,, and p =

as-

M = 0gg — 20,,=0 (2-28)

Then, unstable configurations obey M > 0, as it is detailed in [17] and was also

given in [3].
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Figure 2.2: Balance of forces for an inflated and extended membrane tube ([17]).
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3. Basis of the Computational Methodology for
Non-Linear Analysis of Extended and Inflated
Circular Cylindrical Tubes with Residual

Stresses

3.1.Introduction

As has been exposed in previous sections, the inflation and extension of circular
cylindrical tubes has been studied in the context of mechanics of arteries from a
theoretical approach. Specifically, analytical equations have been developed for
the kinematics and response characterization of thick-walled and thin-walled
circular cylindrical tubes (see, for instance [6]). By using the membrane theory, a
good approximation of the behavior for isotropic and anisotropic tubes showing
inflation while subjected to internal pressures is set. However, with the membrane
theory framework is not possible to consider the stress distribution through the
wall thickness and thus, the effect of residual stresses present in the artery walls

cannot be represented.

The nature of a residual stress field and its effect on elastic response has also been
studied from an analytical framework ([6], [40], [43]). It has been demonstrated
that the response of elastic bodies with such residual stress fields is geometry
dependent and, thus, inhomogeneous, as in the boundary of an infinitesimal
material volume the surface tractions shall be zero. This means that isotropic
elastic materials cannot support residual stresses, and that soft tissues response

is necessarily anisotropic ([43], [45], [80]).

The analytical formulations considering residual stresses are based in some

simplifications, as for example, neglecting the dependence of residual stresses on
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the axial direction. This means that only radial and circumferential residual
stresses are considered, but it 1s well known that arteries are subjected to axial
residual stress ([6], [11], [39], [80], [81]). Also, no geometric imperfections are
typically considered for circular cylindrical models. Nevertheless, a great research
effort has been (and is being made) on the effects of residual stresses in the context
of biological tissues, with important results on the behavior of nonlinearly elastic

solids, so it is important to remark this here (see [82]-[87]).

In this chapter, the mathematical framework for the geometry and deformation
description of a circular cylindrical tube is presented in section 3.2. It is important
to recall that the interest in this configuration is associated with the main
applications herewith described concerning the instability of cylindrical bodies
with special impact in biomechanics. Also, in that section the constitutive law of
the material including residual stress is defined. The possible bifurcation modes
for a thick-walled circular cylindrical tube are stated based on an incremental
displacement field in section 3.3. A finite element model is structured in the
commercial software Abaqus, which geometry and meshing configuration,
material model implementation and analysis procedure are explained in section
3.4. These topics are common for the simulations carried out and presented in both,
chapter 4 and chapter 5, with some exceptions that are specified at their

corresponding sections.

3.2.Mathematical Description of the Problem

Let B, c R® be a (fixed) reference configuration of the continuous body of interest
(assumed to be residually stressed) whereas current configuration is denoted as
B c R3. The nonlinear deformation mapping describes the mapping of material

points X € B, onto the current configuration x € B. Accordingly, the deformation
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gradient denoted by F relates the one-to-one mapping of line vectors from the

reference to the current placements.

With these ingredients at hand, the symmetric and positive definite right Cauchy—
Green tensor is given by € := FTF and the left Cauchy—Green tensor renders b :

= FF".

3.2.1. Geometry and Deformation

Consider a circular cylindrical tube of radius R, thickness T, and length L, whose
geometry in the reference configuration B, can be described in terms of cylindrical

polar coordinates (R, 0, Z) as ([3], [9], [16], [21]):

A<R<B 0<0<2m 0<ZC<IL, (3-1)

where A and B are the internal and external radii, respectively. In that reference
configuration the position vector of any material point can be written in parametric

form as:

X = RER(0) + ZE, (3-2)

Where Er, Eo and Ez are the basis vectors in the indicated directions. The reference
thickness of the tube is simply T = B — A. The cylinder is inflated and extended so
that it remains a circular tube. The inflating pressure is denoted by p and the axial
load by N. Thus, in the deformed configuration x € B the geometry and the

position vector can be described as:
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a<r<b 0<60<2m 0<z<I (3-3)

x=re,(0) + ze, (3-4)

Here, r, 6 and z are cylindrical polar coordinates and e,, eg, e, are unit vectors in
the deformed configuration, whereas the deformed length of the cylinder is
identified by [. Referring to the cylindrical coordinate system, the associated

deformation gradient tensor F can be represented as:

AL 0 0
F= [0 Ag o] (3-5)
0 0 A,

The deformation is isochoric because of the incompressibility of the material, which

means that:
det(F) = A Ag0, = 1 (3-6)
A =2, (3-7)

The azimuthal principal stretch is A5 = % > 0, and the axial stretch is A, = % ([el,

[41]).
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3.2.2. Equilibrium and Constitutive Model with Residual Stress

In line with [21] [41], the description of the modelling framework for the treatment
of residual stresses in deformable bodies is discussed in what follows for the case
of hyperelastic materials. The physical assumption involves the postulation of a
free-energy density function W defined per unit volume of the reference
configuration that admits as primary fields both the deformation gradient F and

the residual stress field a,. A plausible generalization is given by:

W = W (F,a,) (3-8)

It is assumed that the constitutive law is characterized by the existence of a
residual stress field g, in the reference configuration B,.. Note that this study relies
on the hypothesis stating that the residual field is a prescribed quantity. Residual
stress is considered to exist inside the material body B, in the absence of body
forces and surface tractions on the boundary dB,.. Accordingly, the residual stress
field i1s characterized by a non-uniform, symmetric second order tensor that

satisfies the balance of linear and angular momentum, i.e. (see section 2.1):

0-0 S O-OT (3-9)

The tensor g, is unaffected by rotations in the deformed configuration B and W
depends on the deformation gradient F only via the right Cauchy—Green
deformation tensor € = FTF, which is symmetric and positive definite ([21], [41]).
Then, W is automatically objective. Furthermore, in the absence of any intrinsic
material symmetry W is an isotropic function of the combination of € and o, and

the following symmetry statement holds for any orthogonal tensor Q in Br:
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W(QFQ",Q0,Q"™) = W(F,ay) (3-10)

It follows that W may be defined by an invariant formulation, which is based on
the invariants of C, 6, and their combination. For an incompressible isotropic
material, the strain energy depends on the following two independent invariants

of C:
I, = tr(C) (3-11)

I, = ! C)? C?
2 —E[(tr )E —tr(C)] (3-12)

For an incompressible hyperelastic residually stressed material in a three-
dimensional analysis the invariant formulation constitutes a set of nine
independent quantities. Please refer to [40] for the complete invariant formulation
under these conditions. In this study, it is considered the dependence of W on C
and o, through the invariants I;,Is and I,. The general form of the considered

strain energy density function is as follows:

Wy, Is, Ig) = %(11 - 3) +§(15 — tray) +¥ Iy — tray) (3-13)

Where u is the shear modulus of the material in the reference configuration and
the weighting factor for the invariants Iz and I, is taken as f = {0,1}. The above

indicated invariants are defined as:
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I, =trC (3-14)
Is = tr(o,C) (3-15)
Iy = tr(o,C?) (3-16)

It should be noted that if the residual stress tensor vanishes, the formulation
corresponds to the strain energy of a Neo-Hookean material. As W is represented
as a function of the deformation invariants, the Cauchy stress tensor takes the

following form:

o = 2W,b + 2WsXE + 2Ws(Eb + bX) - ql (3-17)

The notation W; has been introduced to follow the dependence of W on the

lnvariants as:

ow
We=2 t=156 (3-18)
The factor q is a Lagrange multiplier representing the (arbitrary) hydrostatic
pressure due to the incompressibility constraint, b = FFT is the left Cauchy-Green
deformation tensor and the notation for the Eulerian tensor X = FaoF" (which is
the transformation of 6o from B, to B) has been introduced. In absence of body
forces and surface tractions, the Cauchy (o) and the Nominal Stress tensor (S) in

every point in the body satisfy the equilibrium equations:
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dive = 0 (3-19)

DivS = 0 (3-20)

where div and Div are the divergence operators in the deformed B and the
reference configuration B,., respectively. The nominal stress tensor (transpose of

the first Piola—Kirchhoff) is related to Cauchy stress by the following relation:

FS (3-21)

S
Q
Il

Recalling that because of the incompressibility constraint | = det(F) = 1,

o = FS (3-22)

Furthermore, the residual stress field must satisfy the equilibrium equations
Dive, = 0 and the condition 6,N = 0 on the boundary dB, with N denoting the
outer normal vector in the reference configuration. Note that to obey these
conditions the residual stress field is necessarily non-homogeneous and generally

induces anisotropy on the mechanical response.

In this work it is considered the dependence of W on either Is or I,. To consider the
dependence of W just on I, the weighting factor must take the value f =0, in
which case the strain energy density function and the Cauchy stress tensor are

reduced to the following terms:
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7 1
Wlhls) = 5 (I, - 3) +7 Us - troy) (3-23)
o = 2W,b + 2W,(Zb + bX) - qI (3-24)
ow
We=3p t=1¢6 (3-25)

Similarly, to consider just the influence of the invariant Is, the weighting factor

must take the value of f = 1:

7 1
W(ly,Is) = 5 (I —3) +§(15 —tray) (3-26)
o = 2W.b + 2WX - ql (3-27)
ow
We=2 t=15 (3-28)

In chapters 4 and 5, the residual stress fields applied for the different simulations

and compatible with these conditions will be defined.

3.3.Bifurcation Modes for Thick-Walled Tubes

To investigate the possible bifurcation modes of the inflated cylinder an

incremental displacements approach is followed (as described in section 2.2.3). For
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the cylindrical coordinates system, the incremental displacement field is of the

form [17]:

Su = du,(r,0,2)e, + Suy(r,0,2)eg + Su,(r,0,2)e, (3-29)

Where 6u,, duy and du, are the incremental displacements with respect to the
deformed or current configuration of the body in equilibrium. Following [17]

essentially three distinct possible bifurcation modes can be obtained:

e Prismatic mode, for which the incremental displacement field is assumed to

be independent of z.

su = Su,(r,0)e, + Suy(r,0)ey (3-30)

e Bulging mode, for which the incremental displacements are assumed to be
independent of 8. Under this condition, the cross sections of the tube retain
its circular shape and the displacement is axisymmetric, which can be

written as (see Figure 3.1):

Su = Su,(r,z)e, + Suy(r,z)e, (3-31)
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e e

Figure 3.1: Bulging bifurcation mode of a cylindrical tube with axial stretch 1, = 1.40,

@y = —40, a. = 0.5, and considering the contribution of I5 invariant.

¢ Bending or composite mode, which is the general case and no assumptions
about the incremental displacement components of du is considered, this is,
the incremental displacement field described by equation (3-29) is taken (see

Figure 3.2).

Figure 3.2: Bending bifurcation mode of a cylindrical tube with axial stretch 4, = 1.00,

a; = 40, a. = 0.5, and considering the contribution of Is invariant.
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3.4.Computational Modelling

The Finite Element approach is used to face the problem at hand, Abaqus software
is used for modelling and analysis. The Finite Element Method is a numerical
methodology that allows to solve complex problems that from an analytical point
of view would be very time consuming or that would have no analytical solution.
Nowadays, it 1s a well-known and extended numerical approach and it is not the
aim of this work to explain the fundamentals of the method. The reader is referred

to ([1], [2]) for a deep dive into the fundamental concepts of the method.

3.4.1. Geometry and Discretization

A cylindrical tube is considered with the following geometrical relations:

e [L/D=20
e T/D=0.05
Where,

L is the tube length;
D is the tube diameter;

T is the tube thickness:;

The tube dimensions are taken as L = 50mm, D = 2.5mm and T = 0.125 mm. An
imperfection at the center of the tube with a maximum deviation of 1 - 1073B with
respect to the undeformed configuration is introduced. This avoids a strict
numerical bifurcation, this is, it allows to capture a smooth behavior of the
structure as it reaches the bifurcation point. It also reduces computational time as
it drives the analysis method to reach the bifurcation point in the simulation ([13],
[14], [21]). The tube is meshed with three-dimensional hybrid linear solid elements
(C3D8RH in the Abaqus notation) for the spatial discretization of the geometry. As

the material type implies incompressible elastic finite deformation behavior, the
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hybrid (mixed) formulation available in Abaqus software is used. Otherwise, a
purely hydrostatic pressure could be applied to the elements without any change
in the nodal displacements and the resulting stresses could not be computed from
a displacement history-based formulation. Thus, in Abaqus, mixed formulation
elements are used with both, displacement and stress variables, in which for the
latter a Lagrange multiplier i1s introduced in the constitutive law as an
independently interpolated basic solution variable coupled with the displacement
solution (coupled pressure-displacement), representing the pressure stress. This
formulation in Abaqus also avoids volume strain locking problems, which occurs
when the finite element mesh cannot properly represent incompressible

deformations [44].

Different discretization schemes are employed in the current investigation ranging
from 200 to 900 elements in the axial direction depending on the magnitude of
axial stretch. This discretization relies on previous analysis[21] done by running
several simulations for each value of axial stretch in the considered range (1 < 1, <
1.8). For bulging analyses (i.e. imposed zero azimuthal displacements along the
tube length), 32 elements in the circumferential direction are usually taken. This
value increases to 80 elements in the case of general analyses not restricted to
bulging, which includes bending bifurcation. Along the thickness direction, to
capture the residual stress, a discretization of 5—7 elements is required for a proper

representation and to avoid locking issues in bending deformation patterns.
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Figure 3.3: Spatial discretization of the model.

3.4.2. Material Model Implementation

The material model has been implemented in Abaqus as a subroutine to be used
for incompressible hybrid elements. The UMAT (User Material) tool in Abaqus
allows to define any material constitutive law, which is very powerful for these
kinds of problems where the corresponding mechanical constitutive behavior is not
represented by any built-in material. Only the deviatoric parts of the stress tensor
and the Jacobian matrix need to be defined for a fully incompressible material
response through user subroutine UMAT. Abaqus automatically accounts for the
pressure stress based on a Lagrange multiplier. When using a hybrid element with
user subroutine UMAT, Abaqus Standard replaces the pressure stress calculated
from the stress tensor returned by the user subroutine with that derived from the

Lagrange multiplier and modifies the Jacobian appropriately [44], [88].

The UMAT is coded using FORTRAN based programming language. The interface
provided by Abaqus Documentation [44] is the starting point for any UMAT coding.
In Abaqus Standard, an analysis can be carried out by defining the analysis
procedure within a time step, which i1s discretized in time increments for

performing iterations until equilibrium is reached. When equilibrium is achieved
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for an iteration, the next time increment of the step starts. This is repeated until
the total number of time increments defined for the step is reached unless
equilibrium is not achieved after several iterations within a time increment, then

Abaqus Standard finishes the analysis.

Within the step in which the bifurcation analysis is carried out, the UMAT is called
at the start of time increments. Some variables are passed into the UMAT for
information, such as the strain tensor and the strain increments array, the size of
the stress and strain component array, the number of solution-dependent state
variables associated with the material, the material constants, the current
coordinates matrix associated with each point, the deformation gradient matrix at
the beginning and at the end of the increment, and others. The stress tensor at the
end of the previous increment is also passed in at the beginning of each new
increment. In case that initial conditions, such as residual stresses have been
defined, the stress tensor passed at the beginning of the first time-increment of the

analysis contains these pre-defined field.

After initialization of the UMAT the initial stiffness matrix relative to the
configuration at the beginning of the time increment is assembled, and based on
the applied loads, the displacements and strains are computed. The right Cauchy-
Green deformation tensor C is calculated and the stress tensor which depends on
the strain energy potential, as defined by the constitutive law of the material, is
computed and updated. The consistent Jacobian matrix J = (;AT: 1s also computed
and any state variable updated. As this is a finite strain problem, Abaqus provides
deformation as logarithmic strain components [44]. Then, the internal forces are
compared with the externally applied forces to check equilibrium convergence. If

convergence is achieved, the updated stiffness matrix is used as the initial stiffness

matrix at the beginning of the next increment.
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The following scheme constitutes the coding interface provided in Abaqus
Documentation [88], in which the stress tensor STRESS and consistent Jacobian

matrix DDSDDE equations need to be defined to construct the UMAT:

“SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,

1 RPL,DDSDDT.DRPLDE, DRPLDT.
2 STRAN,DSTRAN, TIME, DTIME, TEMP.DTEMP,PREDEF, DPRED, CMNAME,

3 NDINSHR,NTENS,NSTATV,PROPS,NPROPS, COORDS,DROT, PNEWDT,

4 CELENT,DFGRDO,DFGRD1, NOEL, NPT, LAYER, KSPT,JSTEP,KINC)

INCLUDE 'ABA_PARAM.INC’

CHARACTER?80 CMNAME

DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS), DDSDDT(NTENS), DRPLDE(NTENS),
2 STRAN(NTENS), DSTRAN(NTENS), TIME(2), PREDEF (1), DPRED(1),

3 PROPS(NPROPS),COORDS(3),DROT(3,3), DFGRDO(3,3), DFGRD1(3,3),

4 JSTEP(4)

user coding to define DDSDDE, STRESS, STATEV, SSE, SPD, SCD

and, if necessary, RPL, DDSDDT, DRPLDE, DRPLDT, PNEWDT

RETURN

END
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3.4.3. Modified Riks Method. General Description

The numerical procedure used in the analysis step within the Abaqus simulations
is the Riks method. It is generally used to study geometrically nonlinear collapse
of a structure [44]. In Abaqus the nonlinear material behavior and boundary
conditions can be accounted for within this analysis procedure. It is useful to speed
convergence on ill-conditioned problems and avoids snap-through problems. This
method can be used when the loads are represented by a single scalar (as the
inflation pressure) and the loading can be proportional. This analysis procedure
should be implemented when the material and geometrical nonlinearity are

present before buckling or if unstable response after buckling is expected.

under load control

i Snap-Back
i under displacement
| control

a

Figure 3.4: Snap-through possible in unstable system under displacement and load

control [89].

The load defined (internal pressure) is ramped up from an initial value to the
specified load reference value. The load magnitude is an unknown along with the
displacements, so to measure the evolution of the solution, Abaqus uses the arc
length parameter along the static equilibrium path in load-displacement space.

The load magnitude at a current state is defined as:

P = PO +/1(Pref _PO) (3'32)
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Where P is the total load at a current state, P, is any load passed from previous
abaqus analysis steps (if it is not redefined in the current analysis step) and that
is treated as a dead load, P..r is the predefined load value and 4 is the load
proportionality factor (LPF). In this procedure, the user has no control on the load
applied because this parameter is automatically computed in each increment and
iteration, excepting the initial load proportion that is to be applied 44;,, which is a
user input. Minimum and maximum arc length increments can be defined and

used to control the automatic incrementation [44].

This method works better when the load-displacement path is smooth. To analyze
the post-buckling behavior, a strict numerical bifurcation must be avoided. This
can be done by introducing an imperfection to the model in order to follow a smooth
response of the structure before reaching a critical (collapse) load. For a more
detailed review on this method and these features, see [13]. The Riks method then
introduces two concepts, the load proportionality factor, which indicates the load
applied on the structure at each time increment within the Abaqus analysis step,
and the arch length, which is an indicator of the evolution of the deformation of
the structure (see [44], [89] for the theoretical methodology and the numerical
implementation of the method). A typical profile of the LPF vs arc length

parameter is shown in Figure 4.6.
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4. Computational Bifurcation Analysis for Thick-
Walled Circular Cylindrical Tubes with the

Influence of a Plane Residual Stress Field

4.1.Introduction

In this section results of the bifurcation analysis carried out for a thick-walled
circular cylindrical tube subjected to a plane residual stress field are presented.
Only radial and azimuthal components of the residual stress tensor are considered
to affect the hyperelastic incompressible material body. Several numerical
simulations are carried out considering different values for the residual stress
coefficients. For a model with a specific value of strength of residual stress, several
simulations are run varying the applied axial stretch to evaluate its influence on
the bifurcation mode and its post-bifurcation behavior. Firstly, the stresses state
along the cylinder is analyzed and the moment equilibrium condition for cylinders
with no bending stiffness is used to get a rough but fair prediction on the expected
bifurcation mode. Secondly, the bifurcation pressures as a function of the axial
stretch for the different numerical models are compared and assessed. These

results and the related analysis are explained in more detail in [21].

4.2.Residual Stress Field

A residual stress tensor that complies with the conditions indicated in section 3.2.2

1s defined forth:

Og = 0 0000 0 (4-1)
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oorr = @c(R —A)(R — B) (4-2)

Go0e = a:[3R? —2(A+ B)R + AB] (4-3)

The planar residual stress tensor gy has only radial and azimuthal non-zero stress
components, thus it is considered that there is no shear stress. Recalling from
section 3.2.2, this residual stress tensor satisfies the equilibrium equation and the

boundary condition:

Dive, =0 (4-4)

o,N = 0 on the boundary 9B, (4-5)

As the component o477 = 0, the non-trivial solution of the equilibrium equation is

the radial equation:

do, RR 1
d(;Q + E(O_ORR — 0pee) =0 (4-6)

It should be noticed that gygg = 0 on R = A or B. Also, if gygg is known, then the

azimuthal component can be derived by applying the product (derivative) rule:

d
%000 = Tp (Roorr) (4-7)
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The parameter a, is the strength of the planar residual stress with units of stress
per square length. It can be expressed in the following normalized form, in which

the magnitude of the residual stress is controlled by the non-dimensional factor &,:

k.
"~ 2BT (4-8)

ac

The stress values obtained in the simulations will be normalized with respect to

the material constant g There is no reliable data on residual stresses in the context

of studying Abdominal Aortic Aneurysms, however, these expressions for the
residual stress components follow a behavior that is consistent with that obtained
from the opening angle method [10], and so, they are suitable for carrying out a
qualitative study of its effects on the material body response. Please, refer to [90]
for specific values of residual stress. Two values for &, are considered. These values
controlling the planar residual stresses are chosen such that they are neither very
high to take the model near any instability nor very low to have negligible effects,
their distribution is shown in Figure 4.1 and Figure 4.2. After a few preliminary
computations and through performing a careful sensitivity analysis, the values for

this parameter are taken as @, € {0.5, 0, —0.5}.

From Figure 4.1 can be appreciated that the boundary condition 6,N = 0 on dB,
1s satisfied, as the radial residual stress is zero at the inner and outer surfaces of
the tube. Furthermore, as it is shown in Figure 4.2 (b), a positive value of @,
introduces tensile hoop residual stress in the outer surface of the cylindrical tube,
whereas at the inner surface of the tube there is compressive hoop residual stress.
The opposite effect is expected for a negative value of @, as it can be appreciated
from Figure 4.2 (c). From both Figure 4.1 and Figure 4.2, the independence of the

residual stress on the axial direction of the tube can be acknowledged.
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Figure 4.1: Residual stress component gygg variation for a cylindrical tube with inner
radius A and thickness T: (a) shows its independence on axial coordinate Z; (b) and (c)
show the radial residual stress distribution along the thickness for both, @, = 0.5 and

@, = —0.5.
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Figure 4.2: Residual stress component gygg variation for a cylindrical tube with inner

radius A and thickness T: a) shows its independence on axial coordinate Z; b) and c)

show the azimuthal residual stress distribution along the thickness for both, @, = 0.5

4.3. Numerical Procedure

and @, = —0.5.

In Abaqus, each numerical simulation is carried out in three steps. In the first step

of the simulation, residual stresses are introduced into the model via the use of the

routine SDVINI that assigns initial field values to the elements of the model (see

equations (4-2) and (4-3). In Figure 4.3 it is shown the distributions obtained from
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a numerical simulation for a tube with @, = 0.5. It can be appreciated that
comparing with the analytical values derived from equations (4-2) and (4-3) the

values from both solutions follow similar profiles and they almost coincide.

a, =05
0.5 T

“orr

04|~ = “oee
o Analytical

40 Analytical
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o 01 0.2 0.3 0.4 0.5 0.8 0.7 0.8 09 1

R-A)IT

Figure 4.3 Normalized radial and azimuthal residual stress components. Results at the
middle cross-section of a tube from a numerical simulation with @, = 0.5 are compared

with the values obtained by the analytical equations (4-2) and (4-3).

S, Mises

(Avg: 75%)
+4.490e-01
+4.157e-01
+3.824e-01
+3.490e-01
+3.157e-01
+2.823e-01
+2.490e-01
+2.156e-01
+1.823e-01
+1.489e-01
+1.156e-01
+8.225e-02
+4.891e-02

Figure 4.4: Contour plot of Von Mises stress showing its distribution in the middle cross

section for the model with a, = 0.5.
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(a) Contour plot of the axial stress component showing no residual stress along the

tube length.
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(b) Plot of average axial stress at each cross-section of the tube.

Figure 4.5: Axial residual stress component along the longitudinal axis for the model
with @, = 0.5, showing negligible values, consistent with a planar R — 0 residual stress

field.

In the second step, the axial stretch is applied imposing axial displacements at one
end while keeping zero axial displacements at the other end. Hoop displacements
should be prevented at both ends of the cylinder during the first and second step

to keep the perfect circular cylindrical shape.
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In the last step, an internal pressure of magnitude (p = 10 u T/D) is applied on
the inner surface of the cylinder. Then, a non-linear analysis is carried out by
means of the Riks-Modified Method. As it has been mentioned in previous sections,
this methodology introduces two parameters, namely, the load proportional factor
(LPF), which is an indicator of the applied load, and the arc length, which is an
indicator of the evolution of the deformation. To be able to capture any possible
instability mode during this step, only hoop and axial displacements at the ends of
the cylinder are restricted. However, when the aim of the analysis i1s to capture
just bulging bifurcation, especially in those models where bending bifurcation can
occur prior to bulging, hoop displacements should be prevented along the cylinder
length for the three steps, imposed in a cylindrical coordinate system. Typical
layout of the curves obtained through the Riks-Modified Method are presented in
Figure 4.6.
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Figure 4.6: (a) Typical profile of the Load Proportionality Factor vs. Arc length
parameter resulting from an analysis by Riks-modified method for an arbitrary model;
(b) Values of normalized inflation pressure vs. Arc length for a model with @, = 0.5, 1, =

1.02 and f = 1 (I5 invariant).

The curve profile in Figure 4.6 (b) exhibits two critical points at which the tendency

changes dramatically. There is a first branch of the curve that follows an almost
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proportional path until a first bifurcation from the so far followed behavior occurs.
At this first “break point” in the curve, large displacements are developed under a
geometrical nonlinear behavior characteristic of bending buckling. The cylindrical
tube, in subsequent motion can sustain more pressure load up to a second
derivation from the so far followed behavior occurs. At this moment localized
deformation in the form of a bulge starts to develop, growing radially with a

continuous loss of stiffness.

The numerical analysis conducted in this work follows the guidelines given in [16],
[21] and [91]. To capture bulging, the evolution of the azimuthal stretch of two
points, one inside the bulge and another out of that place is tracked. The bulging

bifurcation point is determined when the profiles of these two points separate from

each other.
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¢) Location of the points (highlighted in red color) on the tube.

Figure 4.7: Load Proportional Factor vs azimuthal stretch for two points of a model with
applied axial stretch A, = 1.2, @. = —0.5 and I5 invariant identifying bulging bifurcation
occurrence. The point inside the bulge (continuous red line in figures a) and b) and the
point outside the bulge (dashed blue line in figures a) and b) present the same azimuthal
stretch before diverging and following different paths. The point outside the bulge
reverses its path (showing deflation) whereas the point inside the bulge continues to

inflate.

More in particular, the bifurcation point is taken when the deviation of the
azimuthal stretches of these two points is a small fraction of the azimuthal stretch
average computed from both points (for instance, 1% or 2%). As inflation continues,
the azimuthal stretch of the point inside the bulge increases, whereas at the other
point outside the bulge the azimuthal stretch decreases. This behavior can be seen
in Figure 4.7. Following this criteria and although the results obtained throughout
this work are analyzed from a qualitative standpoint, for the previous plot
generated for a model with axial stretch of A, = 1.2, @, = —0.5 and considering the
Iz invariant, the bulging bifurcation point can be set as where the Load
Proportional Factor reaches a value of 0.1597 (see Figure 4.7 (b)). For this relative
load value, the deviation of the azimuthal stretches of the points from their mean

value 1s:
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POINT OUTSIDE
PARAMETER POINT INSIDE BULGE
BULGE
Ag 1.4952 1.4587
Mean value 1.4769
Deviation (ABS %) 1.23% 1.23%

Table 4.1: Inflation values for two points of a circular cylindrical model with an applied

axial stretch A, = 1.2, &, = —0.5 and considering the Is invariant, at bulging bifurcation

instant.

It is noted that the bifurcation occurs before the maximum pressure is reached,

but very close to this value (maximum LPF value is 0.1604).

To predict the onset of bending bifurcation in a simulation, two procedures can be
described as follows. Firstly, from the membrane analysis, the condition of moment
instability M > 0 (see section 2.2) along the tube can be checked. It is emphasized
that this condition states that the bending instability is reached when the
resultant moment with respect to the center of each circular cross section is greater
than zero (see [3], [17]), and by defining the axial force and the internal pressure
in terms of the internal stresses it drives to the condition M = g9 — 20,, > 0.
Under the current conditions, as the model is a thick-walled tube, average stresses
at cross-sections of the tube should be considered for this purpose. Secondly, the
combined azimuthal and radial displacements can be followed and identify a
lateral movement, which suggests the initiation of bending bifurcation. It is
important to note that although there could be different bending modes [3], only
the first one (m=1, see Figure 4.8) is analyzed which is the expected one under the

conditions at hand [17].
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A

Figure 4.8: Bending bifurcation mode m=1.

The following description distinguishes the two possible bifurcation scenarios
presented in Figure 4.9. Consider simulations which are affected by a plane
residual stress field (a@g = 0) with @, = 0.5 and f = 1 (I5). In that figure values of
Ogg — 20,, vs arc length are presented for a model i) with 1, = 1.08. The same plot
is added for a model ii) with 1, = 1.4. The values of gy and o,, are average stresses

of the tubes’ middle cross-sections.

For the simulation with 1, = 1.4, it is shown that gyy — 20,, < 0 (dashed line),
which can be taken as a sign that bending is not expected to give the onset of
bifurcation. In fact, the numerical simulation gives bulging. On the other hand, on
the same figure there are values obeying ggg — 20,, > 0 for the simulation with
A, = 1.08 (continuous line). This gives an indication that bending may give the
onset of bifurcation although this is not enough to establish the bifurcation
scenario, thus, in the following section the bending bifurcation point will be

1llustrated for these two simulations.
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Figure 4.9: Average stress values ggg9 — 20,, at the middle cross-section of two models
with axial stretches 1) 1, = 1.08 represented by the continuous line, and ii) 1, = 1.4

represented by the dashed line, both for a. = 0.5 and (I5) f = 1.

4.4.Numerical Results

In this section, numerical results are presented for simulations in which a planar
residual stress field has been considered. Models’ behavior with a specific residual
stress field is studied for different values of applied axial stretch. Axial stretches
considered are defined in the range of 1 < Az < 1.8. In this section, results for the
residual stress field with @, = 0.5, for the invariant Is (f = 1), will only be
presented (see Table 4.2). A complete analysis considering all the possible
combinations of the residual stress strength parameters and invariants has been
carried out and published in [21]. It should be noted that the results presented

here are consistent with the behavior of all those cases analyzed in [21].

It i1s pointed out that the presented stress values throughout this work are
normalized with respect to the material constant w2 and it is indicated here in
order not to repeat it along the following sections. As a reference, it is recalled that

the following combinations of the residual stress parameters are possible for a
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planar residual stress state, considering either f = 0 (I;) or f = 1 (I5) in equation

(3-13):

CASE ac g
1 0 0
2 0.5 0
3 -0.5 0

Table 4.2: Values of residual stress constitutive parameters for the different numerical

simulations with planar R — 0 residual stress.

The results obtained by the numerical simulations show that for the considered
thick-walled circular cylindrical tube under the conditions at hand the bifurcation
mode is either bending or bulging, and that the expected bifurcation mode is
influenced by the magnitude of axial stretch applied to the cylinder. This agrees
with the results shown in [3], in which it was already demonstrated that either a
bending or an axisymmetric bifurcation mode may occur in a cylinder of
incompressible elastic material represented by a strain energy function W that is
first extended and then, inflated. In that research it was also pointed out that for
certain range of deformations in a very long tube, bifurcation into a buckling
(bending) type mode becomes possible prior to the onset of a symmetric mode. The
results shown in [3], as most of the analytical solutions dealing with this boundary

value problem, start from assuming the membrane theory.

It is important to specify how bending bifurcation onset is identified. Normalized
inflation pressure vs arc length is presented in Figure 4.10 for two simulations of
a model with &, = 0.5, f = 1, and with an applied axial stretch of 1, = 1.08 (model
i in the previous section). As it has been pointed out in section 3.3, to capture the

bending bifurcation mode no restrictions on the azimuthal displacement field
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should be imposed, as well as on the radial and axial displacement fields, along the
tube length. However, if azimuthal displacements are prevented along the tube,
bulging mode gives the onset of bifurcation. The curves in Figure 4.10 are
constructed from two simulations run for the same model: one simulation with
azimuthal displacements restricted along the tube length, and another without
this restriction. It is shown that the maximum pressure values differ even though
they have been subjected to the same magnitude of axial stretch and the same

residual stress field.

The results obtained for the model without azimuthal displacement restrictions
are represented by the curve with a dashed line, whereas the curve with a
continuous line represents the results of the model with azimuthal displacements
restriction. The maximum inflation pressure in the latter curve is greater than the
maximum inflation pressure reached in the model without azimuthal displacement
restriction. In this last case, a first bifurcation is captured as it is presented by the
first tendency change in the profile of the dashed line (associated with bending
bifurcation), while the pressure values keep monotonically increasing in the
continuous line. This indicates that bending is associated with the initial
bifurcation and therefore that the onset of bifurcation is not bulging. Furthermore,
bending bifurcation occurs when the dashed line remarkably changes its path and
clearly separates from the behavior of the model represented by the solid line. The
maximum point of the dashed line is associated with the formation of a bulge (after

bending), which will be explained later in detail.
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Figure 4.10: (a) Values of normalized inflation pressure vs. Arc length for two models
with o, = 0.5, f = 1 and 4, = 1.08. Azimuthal displacements are prevented to occur along
the tube for the model represented by the continuous line (associated with bulging
bifurcation), whereas they are not restricted for the model represented by the dashed
line (associated with bending bifurcation). (b) Figure (a) showing the maximum pressure

values.

For models in which bending fix the onset of bifurcation this is the expected
behavior. It can be illustrated by the history of deformed configurations associated
with the bending mode, depicted in Figure 4.11. Configurations (1) and (2)
represent the cylinder at the beginning of loading and the onset of bending
bifurcation, respectively. Subsequent post-bifurcation behavior is depicted by
configurations (3) and (4), which show the bulging instability occurring after
bending. It is to be noticed that a non-azimuthally symmetric bulge appears after
bending bifurcation, which was previously anticipated by the profile of the dashed
line shown in Figure 4.10. It is important to highlight that this bulge appears at a
smaller pressure value than the pressure one associated with the onset of bulging
when azimuthal displacements are restricted, which can also be appreciated in this

last figure. Configuration (5) gives the end of the analysis.
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(1) (2) (3) (4) (5)

Figure 4.11: History of deformed configurations for a model with @. = 0.5, f =1 and 1, =
1.08. (1) is the beginning of the analysis, (2) is the bending bifurcation, (3) gives further
development of bending, (4) shows the irregularly shaped bulge and (5) is the end of the

simulation.

On the other hand, for the simulation of the same model in which the azimuthal
displacements along the tube length are restricted, the associated bifurcation mode
1s bulging. The history of deformed configurations for this simulation is depicted

in Figure 4.12.

The initiation of the analysis with the application of internal inflation pressure is
represented by configuration (1), bulging bifurcation takes place, which is
associated with an axisymmetric displacement field and a radial propagation of

the bulge ([13], [14]) (configurations (2), (3) and (4)).
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4)

(1 (2 (3

Figure 4.12: History of deformed configurations for the case witha. = 0.5, f =1 and 4, =
1.08, with azimuthal displacements restricted (solid line in Figure 4.10), where (1) is the
beginning of the analysis, (2) is the bulging bifurcation, (3) gives further development
with radial expansion of the bulge, and (4) shows a zoomed picture of the bulge at the

end of the simulation.

Based on several simulations which show the same behavior as the presented in
the previous plots and as concluded in [21], it can be suggested that for small
values of applied axial stretch the bifurcation mode for the models with the
boundary conditions at hand is a bending buckling and not a localized
axisymmetric bulging. In order to further develop on these results and to narrow
down the expected bifurcation mode depending on the applied axial stretch,
normalized inflation pressure values at the bifurcation are extracted for models
with different axial stretch but subjected to the same residual stress field (@, = 0.5
and f = 1). As indicated at the beginning of this section, the values considered for

the application of the axial stretch are in the range of 1 < Az < 1.8.

The analysis done through Figure 4.10 is extended to these two models by running
two sets of simulations: one set with azimuthal displacements restricted along the
tube, and another set without these displacements restriction, one simulation for

each value of 1,. Maximum pressure values are extracted from each simulation
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and plotted in Figure 4.13. Regarding to bending bifurcation, the instability point
1s set as the one for which the normalized pressure vs arc length curve dramatically
changes its path and separates from the corresponding model with azimuthal

displacements restricted, as identified in Figure 4.10.

In Figure 4.13 models with azimuthal displacements restricted along the tube are
represented by the continuous line. The dot-dashed and dashed lines represent the
inflation pressures at bending bifurcation and at bent-bulge formation after
bending bifurcation, respectively. In this figure the three curves describe the two
expected bifurcation modes (bending and bulging) and the post-bifurcation
behavior (formation of the non-symmetrical bulge). The two set of simulations
carried out have different behavior each other for the range of values of axial
stretch 1, = [1,1.18]. For this range of values, bending bifurcation sets the
instability mode (prior to bulging) for the models without azimuthal displacements
restriction along the tube. This is clearly identified by the dot dashed line in Figure
4.13 as the pressure values are lower than for the two other curves. If azimuthal
displacements are restricted along the tube, then the incremental displacement

field is of the form of (3-31) and bulging mode impose over bending.

Furthermore, the normalized inflation pressure values associated with the
formation of the non-azimuthally symmetric bulge at the post-bifurcation behavior
show that they are lower than the pressure values related to the simulations in
which azimuthal displacements are restricted and just bulging bifurcation is
obtained. For sufficiently large values of axial stretch (approximately 1.16-1.18),
the simulations align and exhibit equal results showing that bulging bifurcation is
the expected instability mode. It follows that for sufficiently large values of applied
axial stretch the bulging mode is the one which sets the bifurcation and the post-

bifurcation behavior.
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Figure 4.13: Normalized inflation pressure at the bifurcation vs axial stretch 1, for the
case with a, = 0.5 and f = 1. The dot-dashed line represents pressures at bending
bifurcation, while the dashed line represents pressures at post-critical behaviour

corresponding with the formation of a non-symmetrical bulge, which is consistent with

the development of abdominal aortic aneurysms (AAA). The continuous line represents

models with azimuthal displacements restricted along the tube, in which bulging mode

imposes over bending for 1, ~ [1,1.8].

Figure 4.14: Contours plot for a model with a, = 0.5, f = 1 and A, = 1.40 showing a bulge
at the post-bifurcated shape, which is the expected bifurcation mode for this level of axial

stress.
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Although it is an approximation, the moment equilibrium for a membrane can be
used to analyze the expected bifurcation mode for each simulation and the previous
results have just validated this criterion. As it was shown in Figure 4.9 the values
of M = g9 — 20,, suggested that for a model with a low value of axial stretch the

onset of bifurcation could be related to a bending instability.

In Figure 4.15 average stress values of gg9 and o,, are presented for a model with
. = 0.5, f =1 and 1, = 1. Profiles of the curves show the average stresses along
the tube length just before the bifurcation, which in the simulation is bending (see
Figure 4.16). Subsequently, if these values of stress are plot as M = gy — 20,,, as
shown in Figure 4.17, all values are M > 0, suggesting that bending bifurcation is
expected to occur in this simulation. It is recalled that as it was presented by the
dashed line in Figure 4.9, negative values of M can also be obtained. By repeating
this process for each simulation carried out with the different axial stretch values
in the range of 1, = [1,1.8] and taking out the maximum (or minimum) values of

M, the Figure 4.18 can be drawn.
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Figure 4.15: Average values of stress ogy and g,, just before bifurcation time for each
cross-section along the tube longitudinal axis, for a model with value of A, = 1.0, a, = 0.5

and f = 1 (I invariant).
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Figure 4.16: Bending deformation patterns for simulation with . = 0.5, f =1 and A, =

1.0.
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Figure 4.17: Bending condition M = gy9 — 20,, for a model with A, = 1.0, a, = 0.5, and

f =1 (I5 invariant).
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Figure 4.18: Maximum values of M = ggg — 20,, against axial stretch for case with a, =
0.5 and f = 1. Positive values suggests that the onset of bifurcation is associated with
bending instability, whereas negative values indicates that bending bifurcation is not

expected and thus, that bulging may give the onset of bifurcation.

This last figure follows a similar shape as Figure 4.13, and shows a very important
result as it provides a general picture about the expected bifurcation mode for each
simulation, each one of them run for a specific value of axial stretch. It is
anticipated that for small values of axial stretch the bifurcation mode is related to
bending prior to bulging instability, whereas for sufficiently large values of axial

stretch bulging gives the onset of bifurcation.
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5. Computational Bifurcation Analysis for Thick-
Walled Circular Cylindrical Tubes with the
Influence of a Three-Dimensional Residual

Stress Field

5.1.Introduction

The initial stress imposed in previous analyses was a plane one independent of the
axial position (axial coordinate) inside the tube and, furthermore, there was no
residual shear stress. In addition, the axial stretch is regarded as a given constant
for the tube at hand. It follows that bulging initiation can be analyzed but the
position of the bulge along the axial direction cannot be studied. Under those
conditions, since a planar state for the residual stress field was adopted, the

position of the bulge is independent of the altitude in the given tube.

In this chapter, it is analyzed the effect of a 3-D residual stress field on bifurcation
of a cylindrical tube under extension and inflation. It is built upon the
phenomenological (plane) model outlined in [41] (and used in the previous chapter)
and include now axial and shear components for the residual stress tensor. During
the analysis the magnitude of the axial stretch is also considered a constant but
the dependence of the residual stress field on the altitude of the tube makes it

possible to locate the bulge in different positions along the tube axis.

Following [21] and the methodology presented in previous chapters, the finite
element method (FEM) is used. This means that it is employed the built-in arc

length procedure of Abaqus in which the solution is controlled using the so-called
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arc length parameter. Based on the previous discussion, one of the goals of this
section 1s to strengthen the constitutive formulation that includes a prescribed

residual stress field within the conventional hyperelastic framework.

For avoidance of being repetitive, some of the chapter’s sections present
summarized information and they are organized as follows. Residual stress is
provided in Section 5.2, the numerical procedure is summarized in section 5.3 and

the numerical results are presented in section 5.4.

The dependence of bifurcation of hyperelastic tubes under the described loading on
residual stresses is illustrated and compared with results when there is a planar
or no residual stress. Results highlight the effects of the 3D residual stress. Three
effects are important. Firstly, for sufficiently small values of the axial stretch
bending is the onset of bifurcation. This was already concluded from the results of
the previous chapter, but it is demonstrated here including more numerical
results. On the other hand, for sufficiently large values of the axial stretch bulging
gives the onset of bifurcation. Secondly, regardless of the axial stretch the location
of the bulge along the length of the tube is affected by the axial stress component
of the residual stress. Values of compression of this component at the outer
boundary, together with values of traction at the inner boundary, of the middle
cross sections of the tube are related with bulges at the ends of the tube regardless
of the value of the axial stretch. Conversely, values of traction of this component
at the outer boundary, together with values of compression at the inner boundary,
of the middle cross sections of the tube are associated with the development of a
bulge at the middle of the tube, in line with cases with planar residual stresses or
no residual stress since in these cases there is no dependence on the altitude of the
tube. Thirdly, by analyzing various models it has been shown that the inflation
pressure associated with bifurcation is qualitatively affected by both the axial
stretch and the residual stress field. As the axial stretch increases, the inflation

pressure associated with bifurcation decreases more rapidly for cases with a non-
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planar residual stress field in the strain energy function of the material than for

cases without this residual stress field.

5.2.Residual Stress Field

In [21] a plane residual stress tensor with just non-zero components gyzg and gyee
was considered assuming no dependence on ®. Even though there are no reliable
data on residual stresses in aneurysms it was pointed out in [10] that those
expressions considered in [21], which are the ones presented in section 4.2 are
consistent with residual stresses arising from the opening angle method ([11]).

Based on those results, it is adopted the following stress tensor (on a cylindrical

system):
oorr = a:(R — A)(R — B)
Oore = 0
Gopg = % [(R — AR — B)(4Z3 — 6221 + 2712)]
Oooe = ac[3R?> — 2(A + B)R + AB] + a4 [(R — A)(R — B)(12Z2 (5-1)

— 12ZL + 2I%)]

0oz = 0

0oz = % [(2R = A = BYZ (L — 2))?]

It i1s easy to check that this tensor satisfies the conditions to be considered a
residual stress tensor. The coefficients @, and a; can be also expressed in
normalized form by taking @, = ua,/2BT and ay = ua, / 2L*, respectively. The
strength of the residual stresses is then controlled by the non-dimensional

parameters a. and 4.
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In the previous chapter, it was considered that a; = 0, as equation (4-1) describes
a plane residual stress field in which the only non-zero components of the residual
stress tensor (oorr and ooes) depended only on R. Now, according to the residual
stress field given by the expressions in (5-1), there is dependence on both R and Z.
Therefore, one of the goals of the present stress distribution is to incorporate in the
constitutive framework the dependency along the Z direction, which also gives rise

to shear stress components.

The analyses done will also be focused on tubes for which the length is much

greater than its radius. Recalling from section 3.4.1, a cylindrical tube with ratio
~=0.05, with length L = 50, diameter D = 2.5 and thickness T of 0.125 is

considered for all the simulations to be carried out. To obtain a qualitative behavior
of the residual stress field, plots of the different components of the residual stress
tensor are shown in Figure 5.1 for different values of @. and @q4. In particular, in
Figure 5.1, (a) to (c) are for the case with @4 = 40 and @. = 0.5, (d) to (f) are for the
case with @q = —40 and @. = 0.5 and (g) is for the case with @4 = —40 and a. = —0.5.
Values of gose in Figure 5.1 (b), (e) and (g) are for Z = L2. It is important to remark
that goee depends on both R and Z, but it should be noted the term multiplying a,
in ooee is zero for R = B (also for R = A) regardless of the value of Z. Furthermore,
for a given R, @« and &, the values of goee are indistinguishable for any Z. For that
reason, goee in Figure 5.1 (b), (e) and (g) are shown for Z = L2. Values of stresses

are normalized with respect to the material constant w2 in all cases.
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Figure 5.1: Plot of the different components of the residual stress against the axial
(R-4)
T

direction Z and the normalized thickness where A is the internal radius: (a) to (c)

are for the case with @; = 40 and @, = 0.5, (d) to (f) are for the case with @; = —40 and

@. = 0.5, and (g) is for the case with @; = —40 and @, = —0.5.

It should also be pointed out that the radial component of stress gygg is only
affected by a, while oyz; and oy, are only affected by a;. The azimuthal stress
component oy9e is affected by both a, and a;. Comparing Figure 5.1 (c), for
instance, with Figure 5.1 (a) and (b), it is clear that the order of magnitude of the
stress values for oz (107%) is much smaller than the order of magnitude of the
other stress components. In addition, the considered values of @d, either positive
or negative, have very little effect on the numerical values of gygg. It follows that

the values of gy in figures (b) and (e) are practically identical.

The value of gyg¢ 1s also affected by .. It can be appreciated that values of gy In
Figure 5.1 (b) are just the negative ones of Figure 5.1 (g). Note also that oy, and

0oz change sign with the sign of @d while g, and o,9¢ change sign with the sign
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of @c. Regarding to oy, it is shown by Figure 5.1 (a) that values of compression of
this component at the outer boundary, together with values of traction at the inner
boundary, of the middle cross sections of the tube are related with values of a; >
0. Conversely, values of traction of this component at the outer boundary, together
with values of compression at the inner boundary, of the middle cross sections of
the tube are related with values @, < 0, see Figure 5.1 (d). Finally, it is remarked
the symmetry of the residual stress field along the length of the tube with respect
to the middle cross section, as it is shown for the different components of stress. It
follows that as loading is applied the deformation of the tube is expected to

maintain a similar pattern with respect to the middle cross section of the tube.

5.3.Numerical Procedure

The numerical procedure in Abaqus is basically equal to the presented in section
4.3. In this section, it is briefly presented as it was already detailed there. The
analysis captures the deformation of an inflated cylindrical tube under various
axial stretches, characterized by A,, and different residual stress fields
characterized by the parameters a. and @;. Unlike the residual stress field
presented in the previous chapter, the residual stress in the axial direction is
nonzero. Additional to the deformation, stresses inside the tube are also computed.
The current framework is implemented into the general-purpose FE package
Abaqus using the user-defined material routine UMAT in combination with
SDVINI for the insertion of the residual stress field. The finite element model
employs the so-called hybrid elements to prevent locking pathologies and to
account for material incompressibility behavior. The reader is referred to ([15],
[41]) for further details on the numerical implementation in compact form, and to

[44] for further details on the hybrid formulation implementation in Abaqus.

Each numerical simulation is carried out in three steps (the word Step refers to

the analysis steps carried out in Abaqus) as follows:
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In the first step of the simulation, residual stresses are introduced into the model.
It is recalled that, after running several simulations and sensitivity analyses, the
residual stress parameters that control the magnitude of these stresses were
chosen such that they are neither very high to take the model near any instability
nor very low to have negligible effects. These parameters values are set as @; €
{—40, 0, 40} and @, € {0.5,0,—0.5}. It should be noted that the values of &, are the
same as presented in the previous chapter. Figure 5.2 shows the Von Mises stress
contour plot at the middle section of a cylinder whereas Figure 5.3 shows the axial
stress gy, distribution along the length of the cylinder at the end of this first step,

which agrees with the ones given in Figure 5.1 (a).

S, Mises

(Avg: 75%)
+5.590e-01
+5.203e-01
+4.815e-01
+4.428e-01
+4.041e-01
+3.653e-01
+3.266e-01
+2.879e-01
+2.492e-01
+2.104e-01
+1.717e-01
+1.330e-01
+9.424e-02

Figure 5.2: Typical contour plot of Von Mises stress derived from applying the three-

dimensional residual stress field, shown at the middle section of the tube
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S, 533
(Avg: 75%)

+2.174e-01
E +1.827e-01

+1.479¢-01
+1.131e-01
+7.837e-02
+4.360e-02
+8.827e-03
22.504e-02
-6.071e-02

| .9.548e-02
-1.303e-01
-1.650e-01

-1.998e-01

Figure 5.3: Contour plot of 65, showing its distribution in the body of the model with
a; = 40 and @, = 0.5, which agrees with the analytical plot of this stress shown in Figure

5.1 (a).

In the second step, the axial stretch is applied imposing axial displacements at one
end while keeping zero axial displacements at the other end. At both ends hoop
displacements are prevented during the first and the second analysis step. In the
last step, the internal pressure of magnitude p = 10 u T/D is applied on the inner
surface of the cylinder using the modified Riks analysis procedure. In this last step,
hoop and axial displacements are restricted at both ends of the tube. Additionally,
if the aim is to capture bulging bifurcation, hoop displacements should be
prevented along the tube length during the three steps. On the contrary, if the aim
is to capture the bifurcation mode that is first triggered, no restrictions along the

tube length should be imposed.

Regarding capturing or identifying the bifurcation points, the methodology set in
section 4.3 can also be followed and applied for these analyses. By summarizing

the procedures exposed in that section, the following can be said:
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For bulging bifurcation: the azimuthal stretch of two points (one inside and
another outside the bulge) can be followed, bulging bifurcation point is
determined when the values of these diverge by 1% or 2% from their average

value (see Figure 4.7 (b)).

For bending bifurcation: various verifications can be done. The first one is
to follow the analytical bending stability condition for a membrane M = 0
as stated in section 2.2.3. This criterion is implemented aiming at
identifying the expected bifurcation mode. Additionally, a combined
azimuthal and radial displacement taking the tube’s cross-sections out of its
longitudinal axis can be followed to identify a lateral movement,
characteristic of a bending buckling. As it has been stated in section 4.3, the
profile of the normalized inflation pressure vs Arc Length curve of a model
with an axial stretch for which bending bifurcation is expected to set the
primary bifurcation mode shows a characteristic path with a clear
proportional limit (point A in the continuous profile of Figure 5.4) from
which the evolution of the deformation starts to increase rapidly as loading
keeps increasing, but with a stiffness loss. This point is related to the onset
of bending bifurcation captured in the corresponding simulation. The other
curve profile is given from a simulation for the same model, but in which the
azimuthal displacements have been restricted along the tube length (dashed
line). This restriction avoids any lateral displacement to occur yet allowing
the tube to inflate under perfectly circular cross-section configurations. It
can be appreciated how the dashed line surpasses point A, and the loading
continues monotonically increasing until point C, which shows a maximum
related to bulging bifurcation mode. The proportional limit A is the point
from which the two models diverge and can be set as the bending bifurcation
point. Point B is related to the occurrence of bulging after bending with an

irregular shape, which will be treated later in detail.
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Figure 5.4: Normalized inflation pressure against Arc Length for two models with 4, =
1.08, with the following conditions: (a) a model with azimuthal displacements restricted
along the tube length (dashed line) and (b) a model with azimuthal displacements

allowed along the tube length (continuous line).

5.4.Numerical Results

In this section, numerical results are presented for the cases analyzed, which have
different values of residual stress constitutive parameters, see Table 5.1. The
model behavior representing each case is studied for different values of axial
stretch and applied internal pressure. Axial stretches considered are defined in the
range of 1 < Az < 1.8. Results show different stress components, and their values

are normalized with respect to the material constant 2.
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CASE-15,16 ay ac
1 40 0.5
2 40 -0.5
3 -40 0.5
4 -40 0.5
5 40 0
6 -40 0
7 0 0
8 0 0.5
9 0 -0.5

Table 5.1: Values of residual stress constitutive parameters for the different numerical

simulations

In order to identify bifurcation conditions, it is followed among other aspects the
conditions associated for a membrane as it has been described in section 2.2.3. The
numerical results show that the onset of bifurcation is either bulging or bending
and the mode of instability (bending or bulging) depends mainly on the axial
stretch of the cylinder. Furthermore, the onset of bending is associated with the

mode m=1.

The cases in Table 5.1 are identified by either CASE-15 or CASE-16 to identify the
invariant (I5 or I¢) that is being considered. Focusing on the strain energy density
function defined by (3-32) to distinguish the two bifurcation scenarios, the
following description can be given. Consider CASE-¢ 1 in Table 5.1 and two
simulations: (i) one with A, = 1 and (i) other with 1, = 1.4. Values of ggy — 20, Vs
arc length are plotted in Figure 5.5 to get a first approximation of the bifurcation

scenario in each computation. The values gy9 — 20,, are average stresses of the
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tube middle cross-section. For simulation (i), i.e. 1, = 1.4, Figure 5.5 also shows
that ogg — 20,, < 0 (solid line), which can be taken as a sign that bending is not
expected to give the onset of bifurcation. In fact, the numerical solution gives
bulging. On the other hand, in Figure 5.5 there are values obeying ggg — 20,, =0
for simulation (i), dashed line. This gives an indication that bending may give the

onset of bifurcation although this is not enough to establish the bifurcation

scenario.
1 T T T T
i o S S I SI07. S SO SE: 01 0 L S-SR COts N s Al
= Bulging bifurcation
1 = = Bending bifurcation
bN S R ]
*
fa|
l:-‘l:n
b -3r .

0 0.1 0.2 0.3 0.4 0.5 0.6
Arc length

Figure 5.5: Values of gg9 — 20,,, where stresses are average stresses of the tube middle
cross-section vs arc length for CASE-16 1 with 1, = 1, dashed line, and with 1, = 1.4, solid
line. For the former case, the curve shows values obeying ggg — 20,, > 0, which indicates
that bending may be the associated onset of bifurcation. On the other hand, for the latter
case the curve shows that gy — 20,, < 0, which indicates that bending bifurcation mode

is not expected under these conditions and furthermore that bulging is the onset of

bifurcation.
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Thus, attention is turned to the following procedure explained in the previous
section of this chapter. Values of normalized inflation pressure vs Arc Length for
simulation (i) are shown in Figure 5.6, dashed line. Additionally, as it is explained
in the previous section one can restrict the analysis to capture just bulging and the
simulation (i) is considered under those circumstances. The corresponding values
of normalized inflation pressure vs Arc Length for this simulation are also shown
in Figure 5.6, continuous (solid) line. As it was indicated in the previous section
bending is associated with initial bifurcation for simulation (i), and therefore the
onset of bifurcation is not bulging. The maximum point of the dashed line is
associated with the formation of bulging (after bending). The dashed curve

behavior is consistent with deformed shapes in Figure 5.7.

Bulging bifurcation X:2.398
= = Bending bifurcation Y:0.7402

o
o

Normalized pressure pB/uT
o
=

O e
Figure 5.6: Values of normalized inflation pressure vs Arc Length for CASE-16 1 with 1, =
1 under two simulations: (a) the continuous line is for a simulation that does not allow
azimuthal displacements and therefore is restricted to capture just bulging and (b) the
dashed line is for a simulation without that restriction (incremental displacements
described by Eq. (3-29)) and bending is captured. The onset of bending bifurcation is
identified when the two curves separate. The maximum point of the dashed line is
associated with the formation of one-sided bulges after bending. This means that the
structure after bending can resist more loading until the onset of bulging. The maximum
point in both curves is associated with bulging bifurcation and is catastrophic because

the structure does not support more loading.
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History of deformed configurations associated with the bending mode is depicted
in Figure 5.7, including bifurcation and post-bifurcation. Configurations (1) and (2)
represent the cylinder at the beginning of loading and the onset of bending
bifurcation, respectively. Subsequent post-bifurcation behavior is depicted by
configuration (3) and (4), which shows the bulging instability occurring after
bending. It is to be noticed that two non-azimuthally symmetric bulges appear
after bending bifurcation, which was previously anticipated by the profile of the
dashed line shown in Figure 5.6. It is important to highlight that these bulges
appear at a smaller pressure value than the pressure one associated with the onset
of bulging when azimuthal displacements are restricted, which can be also

appreciated in Figure 5.6. Configuration (5) gives the end of the analysis.

(1 (2) (3) ) (5)

Figure 5.7: History of deformed configurations for CASE16 1 with 4, = 1 and no
azimuthal displacement restrictions (dashed line in Figure 5.6), where (1) is the
beginning of the analysis, (2) is the bending bifurcation, (3) gives further development of

bending, (4) shows the irregularly-shaped bulge and (5) is the end of the simulation.

The previous simulation has shown that two bulges can appear. On the other hand,

for a simulation with parameters from CASE-I6 3 in Table 5.1 with 1, = 1.4 is
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associated with bulging and only one bulge appears. The history of deformed
configurations for this simulation is depicted in Figure 5.8. The initiation of the
analysis with the application of internal inflation pressure is represented by
configurations (1) and (2), bulging bifurcation takes place, which is associated with
an axisymmetric displacement field and a radial propagation of the bulge [14]

(configurations (3), (4) and (5)).

l -
) (2) (3) 4)

Figure 5.8: History of deformed configurations for CASE-16 3 in Table 5.1 with 1, = 1.4,

where (1) is the beginning of the analysis and (3) is the bulging bifurcation; (4) and (5)

show post-bifurcation behaviour.

In view of these results, attention turns to the analysis of the location of the bulge
along the length of the tube. The next set of results concerns to the model given by
CASE-I6 1 in Table 5.1. Firstly, it is worth noting that bending bifurcation is not
expected to occur for this model with axial stretch A, = 1.4, as it is suggested by
the profile of the solid line in Figure 5.5 since M < 0. In order to analyse this
latter condition, average values of oyg and o,, are plotted in Figure 5.9 (a) for each
cross section along the length of the tube prior to the occurrence of the structural
instability, which is bulging. The distribution of stresses shows that higher values
of azimuthal and axial stresses develop at both ends, and that bulges develop at
both ends of the tube. This profile of stresses distribution with maximum stresses

values at the ends of the cylinder is maintained for models with a@; > 0.

This can be seen by comparing Figure 5.9, Figure 5.10, Figure 5.11 and Figure
5.12. For the model given by CASE-is 3 in Table 5.1 with axial stretch 1, = 1.4,

Figure 5.9 (b) depicts the distribution of azimuthal and axial stresses along the
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cylinder length prior to bifurcation, which is bulging. Analyzing this graph, it is
identified that the maximum values are located at the central region of the
cylinder, and the bulge develops at this last location (see Figure 5.9 (d)). This case
has a negative value of a,. It seems that with the change of the sign of &, the
bulge location can be shifted either at the middle or at both ends of the cylinder. It
is recalled that for a positive value of @,, the axial residual stress component gy,
is shown by Figure 5.1 (a), and it introduces values of axial compression at the
outer boundary, together with values of axial traction at the inner boundary, of the
middle cross sections of the tube. On the contrary, values of traction of this
component at the outer boundary, together with values of compression at the inner
boundary, of the middle cross sections of the tube are related with values a; < 0

(see Figure 5.1 (d)).

Stress
w

. . N . . . .
0 5 10 15 20 2 30 35 40 45 50
Position in the length

(a) Values of axial and azimuthal average
stresses on the cross-sections along the tube
length for a; = 40,@; = 0.5 and 1, = 1.4 just
before bulging. Maximum values at both ends

of the cylinder where bulges appear.
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(b) Values of axial and azimuthal average
stresses on the cross-sections along the tube
length for a; = —40,a; = 0.5 and 4, =14
just before bulging. Maximum values at the
center of the cylinder where the bulge

appears.
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(c) Bulging instability occurring at both ends (d) Bulging instability appearing at the

middle of the cylinder, associated with

figure (b).

of the cylinder, associated with figure (a).

Figure 5.9: Different bulge locations along the tube for cases with different residual

stress constitutive parameters.

Furthermore, current numerical simulations also show that maximum values of
stresses for bulging bifurcation are predicted to occur at the middle of the cylinder
for CASE-16 3, 4 and 6 through 9, for which @, is non positive. This bulging location
behaviour along the length of the tube does not depend upon the axial stretch for

the domain of values studied in this work, as 1s shown in what follows.

Attention has been paid to sufficiently large values of 4, for which the onset of
bifurcation is bulging. Now the focus is put in smaller values of 1, for which the
onset of bifurcation is bending. The same models are considered with a different
value of axial stretch 1, = 1.12. Representative results for CASE-1s 1 (@; = 40) and
CASEs 3 (@; = —40) can be seen in Figure 5.10 and Figure 5.11, respectively,
where average values of azimuthal and axial stresses at the cross-sections along

the cylinder length just before bifurcation (bending) are shown.
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. . . . . .
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Position in the length

0 5 10 15 20 25 30 35 40 45 50 0 5 10
Position in the length

(a) Values of axial and azimuthal average (b) Values of axial and azimuthal average
stresses on each cross-section along the tube stresses on each cross-section along the tube
length for a; = 40,a@, = 0.5 and A, = 1.12 just length for a; =40,a. =0.5 and A, =1.12

before bending bifurcation. just before bulging instability after bending

bifurcation.

(¢ Bending bifurcation mode for model (d) Bulging instability occurring at both

associated with figure (a). ends of the cylinder after bending

bifurcation for model associated with figure

(b).

Figure 5.10: Bifurcation and post-bifurcation behavior for smaller values of 1, and

positive axial residual stress strength.

In Figure 5.10 (a), the distribution of stresses just prior to bending is shown for the

model setting @; = 40, &. = 0.5 and A, = 1.12. Both stresses (azimuthal and axial)
show approximately constant values along the length of the tube. As it is expected,
bending bifurcation occurs with the subsequent capacity of the structure to

withstand higher values of pressure [21].
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After bending, as pressure increases, one-sided bulges develop (with irregular
shape) at both ends of the cylinder. Maximum values of azimuthal and axial stress
are expected at those locations prior to bulging. This performance is consistent

with the behavior previously discussed when the onset of bifurcation is bulging.

On the other hand, for the model presented in Figure 5.11 (a) with @; = —40, a, =
0.5 and A, = 1.12 the irregularly-shaped bulge after the bending bifurcation
develops at the middle of the cylinder and, accordingly, maximum values of
stresses occur at that location. Nevertheless, it will be shown later that these two
models (CASE-1s 1 and CASE-1¢ 3) present similar global behavior from a structural
standpoint with respect to the loading conditions associated with bifurcation
(except for the occurrence of either a single-bulge or multi-bulge events along the
post-bifurcation behavior at different altitudes of the cylinder). This occurs because
these two cases have the same value of @., which is the important coefficient to
establish the pressure associated with the onset of bulging. The bifurcation and
post-bifurcation behaviour for these two models is depicted in Figure 5.10 (c)-(d),
and Figure 5.11 (c)-(d). Different deformation patterns along the loading history
associated with bending bifurcation mode for CASE-1¢ 3 for 4, =1 is shown in

Figure 5.12.
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0 5 10 15 20 25 30 35 40 45 50
Position in the length

(a) Values of axial and azimuthal average
stresses on each cross-section along the tube
length for a; = —40,a. =0.5 and 4, = 1.12

just before bending bifurcation.

(¢) Bending bifurcation mode for model

associated with figure (a).

4.5

25}

0 5 10 15 20 25 30 35 40 45 50
Position in the length

(b) Values of axial and azimuthal average
stresses on each cross-section along the tube
length for @y = —40,a, = 0.5 and 1, = 1.12
just before bulging instability after bending

bifurcation.

(d) Bulging instability occurring at the
middle of the cylinder after bending
bifurcation for model associated with figure

(b).

Figure 5.11: Bifurcation and post-bifurcation behavior for smaller values of 1, and

negative axial residual stress strength.
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(1) (2) (3) (4 ()

Figure 5.12: History of configurations associated with bending for a; = —40, @, = 0.5,

and A, = 1.0. The order of the numbers in this figure is the same as the ones given in

Figure 5.7.

Bulges are found either at the center of the tube or at both ends of the tube and
this location depends on the value of @;. The stresses distribution as loading is
applied for a given residual stress field is subtle but, in passing, it is worthy to
mention the following. The residual stress components that depend on Z are the
shearing stress component gy , the axial stress component g,;, and the azimuthal
stress component 9. Without loss of generality, let’s consider @, = 0.5. The
influence of &@; over these stress components is as follows. All values depending on
a, are small compared to values depending on @.. In addition, for Z =0, L2 and L
the component g,z,, where the bulges appear, is zero. This completes the attention

of the component agyg;, which is plotted in Figure 5.1.

On the other hand, the distribution of g,;; along the length of the cylinder shows
1ts maximum, in absolute value, at the middle of the tube while it is zero at both
ends. It is worthy to mention that at the middle of the tube for non-positive a&; and
values of R close to B, 0,55 is positive (traction) while for values of R close to A, 6y

is negative (compression). Under these circumstances, the bulge is captured at the
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center of the tube. This middle bulge location also occurs for &@; = 0, i.e. when there
is no dependence on Z, which was analyzed in ([16], [21]). Conversely, at the middle
of the tube, for sufficiently large positive values of @; and values of R close to B,
007z is negative (compression), while for values of R close to A, gy; 1is positive

(traction). Under these circumstances, bulges are captured at both ends of the tube.

The analysis carried out has focused on the deformed configurations associated
with bifurcation modes and their relationship with the constitutive coefficients of
the residual stress field. Next, an effort to establish the general loading conditions
associated with the bifurcation modes for the different cases of Table 5.1 will be
done. Firstly, let’s put the attention on capturing just bulging bifurcation mode,
which means that azimuthal displacements are restricted along the length of the

tube during the numerical simulations.

Results for these analyses are summarized in Figure 5.13, which shows the values
of (normalized) inflation pressure vs axial stretch at the onset of bulging
bifurcation. For a particular value of 1,, there are quantitative differences among
these 8 cases that include residual stresses and the one with no residual stress,
CASE-16 71in Table 5.1. In general, the value of the pressure associated with bulging
bifurcation decreases by increasing the axial stretch A,. It follows that as the
values of axial stretch increase the pressure values associated with bifurcation
decrease more rapidly in the models affected by the non-planar residual stress
(from cases 1 through 6) than the pressure values associated with bulging for
models with a planar residual stress field or no residual stress field (cases 7

through 9).

In addition, it is important to mention that the sign of @; does not have a
considerable effect on the loading conditions associated with bulging bifurcation.
For that reason CASES-16 1 and 3 are indistinguishable as well as CASES-16 2 and

4, and so are CASES-16 5 and 6. However, for models with a positive value of &,
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(tensile hoop residual stress in the outer wall of the cylinder) bulging bifurcation
occurs at lower pressure values than the ones associated for models with a negative

value of @, (compressive hoop residual stress in the outer wall of the cylinder).
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Figure 5.13: Values of normalized inflation pressure against axial stretch at the onset of
bulging bifurcation for the nine material models in Table 5.1 considering f = 0 (I¢). For
cases affected by @, (1 — 6) the values of bifurcation pressure decrease more rapidly as 4,
increases than for the cases where @; = 0. The sign of @; does not have a considerable

effect on the loading conditions associated with bifurcation.

Corresponding simulations in which a general incremental displacement field
given by equation (3-29) (azimuthal displacements are not restricted along the tube
length) is considered, and results are shown in Figure 5.14. For clarity and since
the sign of @, does not have a considerable effect on the bifurcation pressures the
cases with negatives values of this parameter are not shown (they are like the
positive ones). For reference, the profile of normalized pressure against the axial
stretch obtained for the model with no residual stress (CASE-16 7 with @; = @, = 0)
1s shown and it is equal to that presented in Figure 5.13. A simple comparison of
Figure 5.13 with Figure 5.14, gives a broader picture of the effect of residual
stresses on bifurcation. On the one hand, differing from results shown in Figure
5.13, the onset of bifurcation for sufficiently small values of 1, (approximately 1.2

> 1, > 1) does not correspond to bulging phenomena. Numerical calculations show
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that the onset of bifurcation for this domain of axial stretch corresponds to bending
mode (m = 1), as it has been coherently exposed in Figure 5.7, Figure 5.10 (d) and
Figure 5.11 (d). On the other hand, for values outside of that domain of 1,, Figure
5.13 and Figure 5.14 are identical.

By increasing A1,, greater axial stresses o,, are generated on the cylinder,
stimulating the onset of bulging bifurcation instead of bending bifurcation. This
behavior of the axial stress component as A, increases is also visualized comparing
the values of stresses of Figure 5.9 (a), which is obtained for 1, = 1.4, with the
values of stresses of Figure 5.10 (a) and (b), which are obtained for 1, = 1.12, and,
similarly, comparing Figure 5.9 (b), with Figure 5.11 (a) and (b). The maximum
values of stress along the length of the tube correspond to o,, for 1, = 1.4 while

that is not the case for 1, = 1.12.
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Figure 5.14: Normalized inflation pressure vs axial stretches at bifurcation for the
constitutive models presented in Table 5.1 considering 16 invariant. Regarding the three-
dimensional residual stress fields, only the cases with positive values of @; are presented

as the corresponding negative ones are similar (see Figure 5.13). It is appreciated that
for values of, approximately, 1, < 1.2, the onset of bifurcation is bending with a buckling

mode m=1, while for A, > 1.2 the onset of bifurcation is bulging.
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Figure 5.15: Normalized inflation pressure vs axial stretches at bifurcation for the
constitutive models presented in Table 5.1 considering I5 invariant. Regarding the three-
dimensional residual stress fields, only the cases with non-positive values of @ ; are
presented as the corresponding positive ones are similar (see Figure 5.13). It is
appreciated that for values of, approximately, 1, < 1.2, the onset of bifurcation is

bending with a buckling mode m=1, while for 1, = 1.2 the onset of bifurcation is bulging.

In Figure 5.15 the normalized inflation pressures at bifurcation against axial
stretches applied are presented for the cases of Table 5.1 considering the invariant
Is. In general, the same effects as the previously discussed from Figure 5.14
relating to the values of the residual stress coefficients @; and @, are depicted.
However, it should be pointed out that by considering the invariant I5 the pressure
values obtained at bifurcation are lower than the ones extracted when considering

the invariant Ig.

So far, the effect of the axial residual stress on the bulge location in the tube, the
residual stress field effect on the bifurcation pressures and the effect of the
magnitude of the applied axial stretch on the bifurcation mode have been analyzed
and described. This gives a wide picture of the behavior of the considered models

at bifurcation. It is important to mention that bulging is always catastrophic and
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propagation of the bulge (or bulges depending on the value of @) is radial and
would be related to a rupture of the tube since it grows with a decrease in the

capacity of supporting inflation pressure (see [12], [14] and references therein).

When bulging gives the onset of bifurcation the qualitative behavior of history of
configurations is given in Figure 5.8 with an axisymmetric bulge. Stemming from
the previous comprehensive analysis and in line with an application-devised
perspective, it is possible to identify that after the first bending bifurcation mode,
which is predicted to occur for small values of A,, the structure along the post-
bifurcation regime is able to withstand higher values of internal pressure until the
occurrence of bulging bifurcation, leading to a decay in the response to the external
loading. A continuous stiffness degradation becomes active after this bulging

bifurcation.

The decay in the tube response was represented by the region after point B in
Figure 5.4, and in the region after the maximum point of the dashed line in Figure
5.6. Also, it is recalled that this post-bifurcation behavior is described, for example,
by Figure 5.10 (d) and Figure 5.11 (d), which show that they are non-azimuthally
symmetric bulges. The bulges or abnormal enlargements appear towards one side
of the cylinder showing an irregular shape, which is consistent with the
development of abdominal aortic aneurysms (AAA). Furthermore, bulge
propagates radially in its subsequent post-bifurcation behavior, which would be

associated with an aneurysm rupture.

In Figure 5.16 for CASE-1¢ 1 with a; = 40 and @, = 0.5 several simulations are
carried out, each of them with a specific value of axial stretch in the range 1, =
[1,1.8]. For each value of axial stretch, two simulations are run, one model with
azimuthal displacements restricted along the tube length and another model
without this restriction. From the first set of simulations, normalized inflation

pressure values at the onset of bifurcation (which is bulging for all values of 1, as
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bending is not allowed) are represented by the solid line (just bulging) in Figure
5.16. From the second set of simulations (models without azimuthal displacements
restricted) both, normalized inflation pressure values at bending bifurcation and
at bulging occurring after bending, for values of 1, = [1,1.18] are represented by
the dashed line and the dot dashed line, respectively (bending and bent bulge). For
this second set of simulations, normalized inflation pressure values at bifurcation

for greater values of axial stretch (which is bulging) are also plot.

It should be noted that the pressure values associated with the onset of this
irregular bulge on models with sufficiently small values of A, are lower than the
values of pressure associated with bulging bifurcation on similar models when
azimuthal displacements are restricted (when bending bifurcation is not allowed).
It follows that a delayed aneurysm formation is propitiated if bending is not
allowed to occur. For sufficiently large values of 1, results shown in Figure 5.16
indicate a transition from bending to bulging bifurcation. The transition zone is
different for each case in Table 5.1, with values of A1, between 1.14 to 1.20,
approximately, but it is not ruled out that this zone can be further limited by

running simulations with much more refined meshes, which would require more

computational time and capabilities.
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Figure 5.16: Normalized inflation pressure at bifurcation against axial stretch for the
case with @; = 40 and @, = 0.5, from two sets of simulations with 1, = [1,1.8]: (a) one set
with azimuthal displacements restricted along the tube length (Gust bulging) and (b)

another set without this restriction (bending and bent-bulge).
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To complement the present analysis, Figure 5.17 depicts different deformed
configurations for CASE-1¢ 2 with 1, = 1.18, which is close to a transition between
bending to bulging bifurcation. In these plots, it is possible to observe that bending
bifurcation shows little development with an almost concomitant occurrence of
bending and bulging bifurcations (at very similar pressure values). It follows that
the deflection of the cylinder due to bending is very small, compared with others

with smaller values of axial stretch as shown in Figure 5.12 for 4, = 1.

(1) 2 (3) (4)

(5)

Figure 5.17: History of configurations associated with bending for CASE1s 2 (a@; = —40
and @, = 0.5) for 1, = 1.18. (1) is the beginning of inflation, (2) is the onset of bending
bifurcation, (3) is the initiation of bulging after bending, (4) shows further development of

the non-azimuthally symmetric bulge and (5) is a widened picture of it.
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6. Conclusions

The current investigation develops a nonlinear FE-based methodology for
boundary value problems (BVP) that includes residually stressed tubes subjected
to combined uniform internal pressure and axial loading. This numerical technique
has been implemented into the FE code ABAQUS via the use of the user-defined
capabilities UMAT and SDVINI that account for the definition of the material

model and the initial stress field using state dependent variables, respectively.

From a material point of view, a Neo-Hookean strain energy function has been
used to define the constitutive model, which is affected by either, a two or a three-
dimensional residual stress field (in equilibrium) in the absence of external loads.
Bending and bulging bifurcations have been captured depending on the axial
stretch. In a parallel analysis to the one established for cylindrical membranes, a
framework for the numerical results in terms of the azimuthal (o) and axial (o,,)
stresses has been established. Since in this work tubes with thickness are
considered, average values of stresses at the cross sections are computed. From

this condition, it can be concluded that:

e For sufficiently small values of axial stretch, bending bifurcation has been
captured. Under this condition the maximum stress inside the tube is clearly
not o,,. One-sided bulges (with an irregular shape) appear during the post-
bending analysis. This behaviour is consistent with the development of
abdominal aortic aneurysms (AAA). It follows that delayed aneurysm
formation is possible if bending is not allowed to occur. These results have
been captured for the models with a 2D residual stress field (see [21]), as

well as for the models with a 3D residual stress field (see [136]), which shows

94



Conclusions

that the results from both cases are consistent and that the implemented

methodology is sufficiently robust.

e Results show that as the axial stretch increases the stress g,, inside the tube
also increases and triggers bulging as the onset of bifurcation. For the
models at hand, in all simulations the bulge in subsequent motion (after
bulging bifurcation) propagates radially, which would be related to an

aneurysm rupture (see [21] and [136]).

Concerning the analysis of the effect of the 3D residual stress field on bifurcation
and post-bifurcation behavior, a comparison has been made with the corresponding
results from the case in which there is no residual stress. The numerical
calculations have shown that the magnitude of the axial component of the residual
stress, which is ruled by the non-dimensional parameter @, affects the location of
the bulge along the length of the tube [136]. On the one hand, positive values of
@4, led to the prediction of bulging effects which take place at the ends of the tube
regardless of the value of the axial stretch. Conversely, negative values of a; are
associated with the development of a bulge at the middle of the tube, in line with
cases with planar residual stresses [21] or no residual stress since in these cases
there is no dependence on the axial length of the tube. It follows that considering
a 3D residual stress field (with a non-zero axial component) the position of the

bulge along the length of the tube is captured [136].

Furthermore, by analyzing various models it has been shown that the inflation
pressure associated with bifurcation is qualitatively affected by both the axial
stretch and the residual stress field ([21], [136]). As the axial stretch increases, the
inflation pressure associated with bifurcation decreases more rapidly for cases
with a non-planar residual stress field in the strain energy function of the material

than for cases without this residual stress field.
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From a Finite Element approach bulging and bending instabilities have been
captured for thick-walled circular cylindrical tubes including the effects of planar
and three-dimensional residual stress fields, incorporated in the strain energy
potential characterizing the response of the hyperelastic material. Hybrid
formulation with three-dimensional continuum solid elements have been used for
correctly accounting for the material incompressibility. The corresponding post-
bifurcation behavior of the tubes has also been captured and analyzed in the
context of AAA. This post-bifurcation behavior has been followed exploiting the
capacity of the Modified-Riks method already integrated in Abaqus. The following
aspects have been conducted ([21], [136]):

e Systematic study of the axial stretch of the tubes on inflation tests within

the continuum theory of (axially) residually stressed models.

e Development of a finite strain residually stressed constitutive model that
considers axial stress components able to capture bifurcation modes such as

bulging and bending and its potential application to aneurysms formation.

e Contribution to fill the literature gap between scientific analysis and
professional practice using commercial finite element codes, which provides

progress to both engineering analysis and design and scientific world.

The development and use of numerical procedures to solve bifurcation and post-
bifurcation problems is by itself a framework that needs to be studied to open new
possibilities and perspectives in both scientific and professional practice since it is

an important source of expansion and progress to engineering analysis and design.
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Annex A

Annex A

Some Python and MATLAB scripts have been coded and used to extract and
manipulate the numerical results to produce adequate and specifical plots shown
along this document. As too many Abaqus simulations have been carried out and
from each simulation a big amount of data needs to be extracted, Python scripts
were coded to reduce the post-processing time. Some of this coding that have been
produced, for example, regarding the extraction of the LPF curves and the
azimuthal and axial stresses from the Abaqus output databases for generating
plots such as Figure 4.17, Figure 5.9 and Figure 5.15 is presented. Also,
corresponding MATLAB scripts taking as inputs the data extracted by means of
the Python scripts are shown. Is by the MATLAB code that the extracted data is
manipulated and plotted. The aim objective is to illustrate the capabilities of the
mixing of Abaqus with programming languages as Python and MATLAB
environment. As too many code lines have been developed, just a few will be

presented for simplicity.
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IMustration of Python Coding for Azimuthal and Axial Stress Components
Extraction (part of the coding)

1 from abagus import *
2 from abagusCocnstants import *
3 from cdbAccess import *
4 import eodb
import wisualizatzicn
5 from ocdbMazerial import *
from ocdbSecticon import *
8 import randecm

1 from array import *
i0 import math
13 import numpy
12 import eos
13 import shutil
14 from TtextRepr import *
15 import displayGroupOdbToclset as dge
18 import displayGroupMdbTccolset
i import xyPlect

ing £i

ODBname="C1

+1

24 odbCODE = cpenldb (path=0DBpath)
25 CDBcocpen = sessien.cpenfdb (name=0DBpath)

32 instance name = list(rcct assembly.instances.keys()) [0]
33 print (instance_name)

with open (cuctput file, 'w') as file:
# Encabezado
file.write('Increment, LEEF\n")
for pair in xvData:
file.write("%s, n" % (pair[0], pairfl]ll})
z v agrupa los nodos segurn su Z {Z2=0, :5; 10, ete.
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gL for node in Iinstance.nodes:

g1 coords = node.cocordinates

g2 z coord = coords[2]

93 if z cocord == = targetl:

34 nedl=nocde.label

35 nodesat zl.append(nodl)

38 elif z coord == 2z targeta:

7 nodiZ=node.label

38 nodesat zZ2.append(nod2)

g9 elif z coord == z target3:
100 nod3=node.label
101 nodesat z3.append (nod3)
102 elif z coord == z Target4:
103 nod4=node.label
104 nodesat_z4.append (nedé)
105 elif z cocord == Z_Targets:
1306 nodb=node.label
107 nodesat_zS.append{neds)
108 elif z cocord == Z_tTargets:
108 nodé=ncde .label
131E nodesat_z6.append (nedg)
111 elif z cocrd == Z_target’:
112 nod7=node.label
113 nodesat_z7.append (ned’)
114 elif z coord == z targeth:
115 nodB=ncde.label
118 nodesat zB.append{nocdB)
117 elif z ceord == z target9:
118 nodS=ncde.lakbel
113 nedesat z9%.append(nod)
12E elif z coord == z target 10:
121 nod l0=neode.lakbel
122 nodesat £ lO0.append{nocd 10}
123 elif z coord == 2z target 1l1:
124 nod ll=node.lakel
125 nodesat_z_1l.append(nod 11)
125 $ v

131 unigue
£ D=fin= 1 4

132 # Define los node =TS

133 if unigue namel not in instance.necdeSecs:

N51 = instance.NodeSecFromNodelabels (name=unigue namel, nedelabels=ncdesat_zl)

# Mpstrar el modelo ODB en e

ot

lues (displayedObject=0DBopen)

o
TV
sicn.currentViswportName] .odbDisplay.nams

H
8]

AT B —— e -7 -~ J o -1 - o e e = 3 e o= p—— - T o 11 T
Ll ¢ MOoSTTrar s5ol0 €1 CoNJUunioc € nNoddos 4d€ 1NLeEres €n €1 w1Ewpori, para 103 Ccual

5 5

in
ih
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sxorasran los dacos
t=l Ieaf = dgo_Leaffro=NodeSess(nodedess=({"' ! . format {in sLance name, '.i:':iq.i:_::a.r:u:l!l 1h
L& sasy iewporce["ie: =z L'].odblisplay.displayGroup.replace (leaf=leaf)

se=zsign._writeFis

sortcltam="

dReporc (fileNama="52: IO . ¢ 'y append=0Y
Laz=l'  odb=0D3open, =tep=(i}, frame=(2 outputPosition=NODAL,
INTEGRATION POINT, (({COMPONENT, ' n.on

" et }

wariable=({'S

H l1os mode s=ts
if unigque namel not in instance.nodeSecs:
H3Z = instance.NodsSetfromNodeLab=ls (name=unigque namel, nodslabel==ncdessat =I)

Mostrar el modelo: O Tiewpozt
1'] .=setlalues {di=splayedlibject=005open)

iewports [session . cusrentViewportName] .odbDisplay.name

sessipon. viewpozrts['TZ

O0Oshown name—ssssion.

158 s=ssion_ wrizeFisl poxzt (EileName="33: IS dac’', append=0N,
IT0 zorcicem="!1 = Lzce’"', odo=0D3open, =tep=(3}, outputPosicion=N0DAL
LTI variable=({'S', INTEGRATION POINT, ({COMPONENT, M, o

LTE conjuncos de modoa
178 if unigue namel not in instcance nodeSets:

¥32 = inscance NodeSetFromNodeLabels (name—unigue nam=32, nodelabel=—modesat. cd)

182 F Moatzar el I viewDoEts
TEE session_wiewporss['Vis 1') .setValues {display=dCoject=0050pen)

CDEshown name—session.viewports[session. curzentViewportName] .odbDisplay. name

junto de= nodoz de iImberes en el Tiewporst, pard los cuales se

Ieaf = dgo
session.viewpozts["7z

‘n

oup.ceplace {leaf=leal)

campo desesado paza los nodos gue

N r
sorsIitem="lods Lakgel', odb=0DBopen, step=(2], frame=({3), outputPositiom=NODAL,
variable={{'Z"', INTEGRATION POINT, {(COMPONENT, ' Vi s N

session _writeTieldBReport(fileNome="322 Z1l0.dzt", append=0N,
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IMustration of MATLAB Coding For Plots Generation

clear

INP 532 100=importdata('s §i.dat");
arclength 833 0I=INFP 533
533 01 1 _NP 533 _L'( 3]
533 02 1= INP_SES_:CP( e
533 03 I=INFP 533 100{:,5);
533 04 I=INF 533 100{:,6)
533 05 I=INF 533 1001(:,7):
533 06 1=INP 533 100{:,8};
533 G?_:—_NP 533 _1001(:,8);
533 08 I=INP 533 100{:,10);
533 09 I=INP 533 100{:,11);
533 10 I=INP 533 100{:,12);
533 11 :—ZNP_SES_:CF i 4 -
533 12 I=INP 533 100{:,14);
533 13 I=INP 533 100(:,15);
533 14 I=INP 533 100{:,1%);
533_-5 I=INPF 533 100(:,17);
533 16 1=TNP 533 100{:,18};
533 _17 1=INP 533 100{:,198);
533 18 I=INP 533 100{:,20);
533 19 I=INF 533 1004{:,21);
533_2: _I=INP 533 100(:,22);
533 21 1I=INP 533 100(:,23);
533 22 1=INF 533 100(:,24);
533 23 :—_NP 533 1004:,25)¢
533_25 I=INF 533 100(:,286);
533 25 1=INF 533 100¢{:,27);
533_26_:—_NP 533 100(:,28);
533 27 1=INF 533 100(:,29);
533 28 :—_NP 533 1004(:,30);
533 20 I=INFP 533 1001{:,31);
533_3&_: =INP 533 100¢(:,32);
533 31 1I=INP 533 100({:,33);
533 32 :—_NP 533 _1001(:,34);

1
=5 108 = (832 0L 1.+ 333 021 +.33
9233 06 1 + S22, 07 1 + 323 6B 1 + 3
534 13 1 + 833 13 1 + 8333 13 1 + 8
323 18 1+ 532,18 1 + 332 20 1 + 8
J34_24.1 + 933 26 1 + 332 26 1 + 3
522 30 1 + 522 3I + 332 22 1) /32;
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=
INP S522=importdata(’
arclength s22=TNP 52

522 D1=INP S522(:,2);

522 02=INP 522(:,3);

522 O3=INP 3522(:,4);

522 04=INP 522 (:,5);

522_05 INP 522 (:,86);

522 0&=INP 522(:,7);

522 07=INP 522(:,8);

522 C8=INP 522(:,9)

522 05%=INP 522(:,10);

522 10=INP 522(:,11);

522 11=TNP 522 (:,12});

522 12=TNP 522 (:,13);

522 13=TNP 522 (:,14);

522 14=INP 522(:,15);

522 15=INP 522(:,186);

522 16=INP 522(:,17);

522 17=INP_522(:,18);

522 18=INP 522 (:,19);

522 19=INP 522(:,20);

522 20=INP 522 (:,21);

522 21=INP 522(:,22);

522 22=INP 522(:,23);

522 23=INP 522(:,24);

522 24=TNP 522 (:,625);

Stt 108 = (522 01 + 522 02 % S22 03 + 522 04 + 522 05 * 522 06
SZZ_GT ¥ 522 08 ¥ 522 00 3 S22 10 ¥ 522 11 ¥ 522 12 ¥ 522 13 *
+ 522 15 # 522_16 * 522 17 ¥ 522 18 % 522 19 ¥ 522 20 % 522 21
522 22 ¥ 522 23 ¥ 3522 24)/24;

%

plot(arcliength =33 (01, Sttt 108-2.*5zz 108); held on;

5
INP 533 l40=importdata’('Szz 0 I.dat');
arclength 533 140 OI=INP 533 140(:,1):

533 140 } OI=TNP: 533 - 1400z, 2) ;

533 140 I O NP 533 340(:,3);

SE“_-QF L 03= _NP 5337 C 140z, 4);

533 140 L Cé—_NP 533 140(:,3)7

533 140 1 O5=INP 533 _HG(:,EJ:

533 1490 I 06=INP: 533 140(:,7);

533 140 1 O7=INP 533 _46(:,51:

533 140 L CE—_NP 533 1401(:,%2);

533 140 L CE—_NP 5337 - 140(:,10);

SSE_;HP ;_‘ LNP_SS“__HO(:,LL]:

533 140 1 INP 533 140(:,12);

533 140 I 12=TNP 533 140(:,13);

Sz=z _QP = (8533 140 L 01l + 533 340 1 02 + 533 140 1 03 + 533 140
+ SE“_-QP 1 05 + 533 1400 1 06+ 833 140 1 07 + 533 140 1 08 +

SEE_lﬂG_L_CB + 8533 140 1 10+ 8533 140 1 31+ 533 140 1 12)/f12;

04
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¥

INP_S522_ 140=importdata(’'Stt o
arclength sZ2 140=INP 522 140(:;1);
522 140 INP 522 140(:,2);

522 140 INP 522 140(:,3);

522 140 03=INP 522 140 (:,4);
522_140_04=INP_S522_140(:,5);
522_140_05=INP_S522 140(:,6);
522_140 06=INP_S522_140(:,T);

522 140

O7=INEP 522 140(:,8);
£ 08=INP 522 140(:,9);
522 140 O09=INF 522 140(:,10);
522 140 10=INF 522 140(:,11);
522 140
522 140 .
522 140 = (522_140 01 + 522 140 03 + 522 140 04 +
522 140 05+ 522 140 07+ 522 140 08+ 522 140 09-+
522 140 10+ 522 140 11 + 8522 140 12)/12;

E

INP 511 140=importdata(’
arclengt
511 148

511 140

+12);

plot(arclength s11

1z == "M

Y

Model with A =1.08
— — —Model with 4 =140

Py = 20

qF -

2 N 7

3T !

0 005 01 015 02 025 03 035 04 045 05
Arc Length
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GEOMETRICAL PARAMETERS:

L1 pa

f2:

- 1TER:

O=D;

L[}
[

P

= 2*ciQ;

B = 10*mu*T/D;
=

i

figure
plot(arciength s33 01,
xlabel ('aArc L
legend('u { } mo
axis{j0 2.5 0 z

i

xiabel ('A

legend('u |
axis|{ (0.1 2.
ans =

0.0500

viabel ('

_JB.®*B./ (mu*T);

NLPF1, '—-z

im=d

k)
Vi

'y arclength 533 02 jb, NLPF2,'b');

-y arciength 533 02 jb, NLPF2,'h'):

Normalized FPressure pB / 1T

— — —u,not restricted
u, restricted

Arc Length
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