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Abstract

This thesis centers around the concepts of Geometric Control, Nonholonomic Mechanics, and
Geometric Mechanics. Geometric Mechanics establishes the mathematical foundation for
understanding the intrinsic structure and behavior of mechanical systems. In a nutshell, it
offers geometric tools for a deeper understanding of the dynamics and control of mechanical
systems. Nonholonomic Mechanics extend the analysis of these systems to systems subject to
constraints on the velocities that are not integrable. Lastly, Geometric Control incorporates
insights from both geometric and nonholonomic mechanics into the design of controllers that
align with the underlying geometry of the system.

In this dissertation, we develop a rigorous mathematical theory for virtual nonholonomic
constraints. Virtual constraints are invariant relations imposed on a control system via
feedback as opposed to real physical constraints acting on the system. Virtual nonholonomic
constraints are defined as a controlled invariant distribution associated with an affine con-
nection mechanical control system. We develop geometric tools sufficient to guarantee the
existence and uniqueness of a control law that turns the constraint submanifold into virtual
nonholonomic constraints and characterize the dynamics for nonholonomic systems in terms
of virtual nonholonomic constraints, i.e., we characterize when can we obtain nonholonomic
dynamics from virtual nonholonomic constraints. The theory is developed for systems evolving
in general manifolds for constraints that are linear, affine and nonlinear in the velocities. We
extend the theory in the framework of Lie groups and Riemannian homogeneous spaces.

Finally, we discuss the problem of stabilizing a system around desired virtual nonholonomic
constraints. In brief, we focus on the stabilization of systems around desired manifolds of the
phase space, determined by virtual nonholonomic constraints. We prove the existence of a
control law ensuring that the system adheres to the constraints. Additionally, we show that if
the system already satisfies the constraints at a given point, the control law aligns with the
unique control law derived along the dissertation, which guarantees the existence of a virtual
nonlinear nonholonomic constraint.

viil



Resumen

Esta tesis se centra en los conceptos de Control Geométrico, Mecénica Noholénoma y Mecanica
Geométrica. La Mecanica Geométrica establece la base matematica para comprender la
estructura intrinseca y el comportamiento de los sistemas mecanicos. En pocas palabras,
ofrece herramientas geométricas para una comprension mas profunda de la dindamica y el
control de los sistemas mecanicos. La Mecénica Noholonomica extiende el andlisis de estos
sistemas a aquellos sujetos a restricciones en las velocidades que no son integrables. Por
ultimo, el Control Geométrico incorpora ideas tanto de la mecénica geométrica como de
la mecanica noholonémica en el diseno de controladores que se alinean con la geometria
subyacente del sistema.

En esta disertacion, desarrollamos una teoria matematica rigurosa para las restricciones
noholondémicas virtuales. Las restricciones virtuales son relaciones invariantes impuestas a un
sistema de control mediante retroalimentacién, en contraposicion a las restricciones fisicas
reales que actiian sobre el sistema. Las restricciones noholonémicas virtuales se definen como
una distribucién invariante controlada asociada a un sistema de control mecanico basado en
una conexiéon afin. Desarrollamos herramientas geométricas para garantizar la existencia y
unicidad de una ley de control que transforme la subvariedad de restricciéon en restricciones
noholonémicas virtuales y caracterizamos la dindmica de los sistemas noholonémicos en
términos de restricciones noholonémicas virtuales, es decir, caracterizamos cuando es posible
obtener una dinamica noholonémica a partir de restricciones noholonémicas virtuales. La
teoria se desarrolla para sistemas que evolucionan en variedades diferenciables abstractas para
restricciones que son lineales, afines y no lineales en las velocidades. Ademaés, extendemos la
teoria al marco de grupos de Lie y espacios homogéneos Riemannianos.

Finalmente, discutimos el problema de estabilizar un sistema en torno a restricciones no-
holondémicas virtuales deseadas. En resumen, nos enfocamos en la estabilizacién de sistemas
alrededor de las variedades deseadas del espacio de fases, determinadas por restricciones
noholonémicas virtuales. Demostramos la existencia de una ley de control que garantiza que
el sistema se adhiera a las restricciones. Adicionalmente, mostramos que si el sistema ya
satisface las restricciones en un punto dado, la ley de control se alinea con la tnica ley de
control derivada a lo largo de la disertacion, la cual garantiza la existencia de una restriccion
noholonémica virtual.
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Chapter 1

Introduction

This dissertation studies virtual nonholonomic constraints through the prism of geometric
control theory and develops useful techniques for the analysis of mechanical control systems
and nonholonomic systems by employing methodologies from geometric mechanics.

One of the great advances in classical mechanics occurred when the geometric aspects of
mechanical systems began to be studied. Geometric mechanics is exactly the field of applied
mathematics that uses the tools of differential geometry to study the dynamics and control
of mechanical systems. It provides a clear and unified framework for understanding the
geometry underlying control systems, in particular, control systems governed by the principles
of Hamiltonian and Lagrangian mechanics. By focusing on the geometric structures of
the system, this mathematical framework offers deep insights into the behavior of complex
dynamics, such as those involving constraints, symmetries, and conservation laws. The
configuration space of a mechanical control system is a smooth manifold which provides
a general framework for describing control systems that do not evolve in usual Euclidean
spaces with zero curvature. For instance, systems with rotational motion, symmetries or
constraints, like unmanned aerial vehicles, robotic manipulators, unmanned surface vehicles,
and underwater vehicles, among many others.

Many mechanical control systems have some kind of symmetries that are often associated with
Lie groups, and represent transformations like rotations or translations. Geometric control
uses tools like Lie group actions and Lie algebras to study systems with these symmetries.
The dynamics of systems with symmetries can be simplified using Noether’s theorem, which
relates symmetries to conserved quantities (e.g., angular momentum). In these situations, we
can take advantage of the symmetries and translate the dynamics from a Lie group to its Lie
algebra, a vector space, where classical numerical methods can be applied. For related works
on mechanical systems with symmetries one can see Marsden and Ratiu, 1999, Holm et al.,
2009, Cendra et al., 2001, A. M. Bloch et al., 1996.

Mechanical systems often are subject to constraints, two essential categories are holonomic
and nonholonomic. In this work, we primarily focus on nonholonomic constraints which is
the main objective of nonholonomic mechanics. Nonholonomic constraints are constraints on
the velocities of a system rather than on the positions and they are typically non-integrable,
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meaning they cannot be expressed purely in terms of position coordinates which is the case
for the holonomic ones. While the study of mechanical systems with holonomic constraints
is well known and admits a unified analysis, the theory behind mechanical systems with
nonholonomic constraints is lacking a unique theoretical framework due to loss of integrability
and not satisfaction of symplectic properties. These constraints are naturally described using
distributions on manifolds, and their analysis involves geometric tools like affine connections on
Riemannian manifolds. In Lagrangian mechanics, nonholonomic constraints are incorporated
using Lagrange multipliers, the Lagrange-d’Alembert principle (see A. Bloch, 2015), which
modifies standard variational calculus or the form of Chetaev’s equation (see Cendra, Ibort,
de Ledn, and de Diego, 2004). In Hamiltonian mechanics with nonholonomic constraints,
the dynamics may not preserve the standard Hamiltonian structure and the energy is not
necessarily a conserved quantity (even when the constraints are ideal) thus special formulations
(like the use of Poisson or nonholonomic brackets, see for instance Van Der Schaft and Maschke,
1994, A. M. Bloch, 2000, Cantrijn et al., 1999a) are required, making analysis more subtle.
Typical examples of nonholonomic constraints are those imposed by rolling and sliding of
the mechanical systems e.g. rolling without slipping, knife-edge constraints, robotic arms or
mobile robots. There is an extensive related literature, here we mention some related work on
nonholonomic mechanics: A. Bloch, 2015, Neimark and Fufaev, 2004, Cortés, Martinez, et al.,
2002, Cortés et al., 2000, Cortés, de Ledn, et al., 2002.

State-of-the-art and main objective of the thesis

Virtual constraints are relations imposed on a control system that become invariant via
feedback control, as opposed to physical constraints acting on the system. The concept of
virtual holonomic constraints goes back to the work of Appell, 1911 and later it was examined
more extensively in the thesis of Beghin, 1922 as a constraint that can be applied via the
exertion of external forces.

Virtual holonomic constraints (VHC) have emerged as a useful tool for motion control in hybrid
systems for bipedal locomotion (see for instance Westervelt et al., 2003, Canudas-de-Wit,
2004 Chevallereau et al., 2003, Chevallereau et al., 2009, Westervelt et al., 2018 Hera et al.,
2013, Chevallereau et al., 2018, Razavi et al., 2016). In the works of A. S. Shiriaev et al., 2010,
Nielsen and Maggiore, 2008 and Westerberg et al., 2009 the authors study virtual holonomic
constraints trhough transverse linearization for motion planning and control problems. The
path following problem for a planar vertical take-off and landing aircraft (PVTOL) applicable
to a class of smooth Jordan curves is examined at Consolini et al., 2010 and a controlled
bicycle that traces a strictly convex Jordan curve with bounded roll angle and bounded speed
is presented at Consolini and Maggiore, 2010. More recently Mohammadi et al., 2013 studies
the constraint dynamics (i.e., the system’s dynamics resulting on the enforcement of the
VHC) and presents necessary and sufficient conditions for them to be Lagrangian. A stability
analysis using virtual constraints is explored at Mohammadi et al., 2017 and A. Shiriaev
et al., 2005, while A. S. Shiriaev et al., 2006 and Freidovich et al., 2008 review periodic
motion planning. In Hamed et al., 2020 feedback control algorithms are developed that allow
cooperative locomotion of quadrupedal robots coupled to each other by holonomic constraints.
These constraints are imposed via optimal distributed feedback controllers, based on nonlinear
control and quadratic programming.
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In subsequent years this approach was more formally studied from a geometric control formal-
ism. In Maggiore and Consolini, 2013, the authors studied conditions under which holonomic
constraints can be made invariant and stabilizable by feedback, and sufficient conditions for
the constrained dynamics to coincide with an Euler-Lagrange system are provided. In Con-
solini and Costalunga, 2015 the authors presented virtual holonomic constraints in an affine
connection geometric framework, where the trajectories of the closed-loop virtual constrained
system are described as geodesics of a connection obtained from the mechanical system’s
Levi-Civita connection. The former work is an extension of Maggiore and Consolini, 2013 to
the case of systems with underactuation degree greater than one and it examines the sufficient
conditions for a constraint to be virtual (they call it feasible). Additionally, the authors define
an induced connection whose geodesics describe the trajectories of the constraint dynamics
and study conditions under which the metrizability of the affine connection guarantees that
the constrainted dynamics is Lagrangian.

Even though the literature on virtual holonomic constraints is much more extensive than
that of the nonholonomic ones, the study of the latter has received significant attention
during the last decade. Thinking of virtual nonholonomic constraints one should consider a
class of virtual constraints that depend on velocities rather than only on the configurations
of the system. Those constraints were introduced in Griffin and Grizzle, 2015 to design a
velocity-based swing foot placement in bipedal robots where the nonholonomic constraint is
given by the momenta equations defined through a Legendre transformation of the original
Lagrangian system describing the continuous-time of the hybrid dynamics for the bipedal
robot. This last development was based purely on the application, and no theoretical results
were studied for a general theory of virtual nonholonomic constraints. In Moran-MacDonald,
2021 the authors give a first mathematical definition of virtual nonholonomic constraint for
Hamiltonian systems, but similarly as in Griffin and Grizzle, 2015 the authors only focus on
the application of the designed controller to a practical example.

The notion of virtual nonholonomic constraints is closely related to the notion of zero dynamics,
the connection can be seen at Isidori, 2000 as well as at Akbari Hamed and Ames, 2020
where it discusses zero dynamics associated with relative degree one and two nonholonomic
outputs for exponential stabilization of given periodic orbits for hybrid models of bipedal
locomotion and it synthesizes nonholonomic hybrid zero dynamics controllers to stabilize
periodic orbits based on reduced-order stability analysis. In a series of works, namely at
Horn and Gregg, 2022; Horn et al., 2019, 2020, virtual nonholonomic constraints were used
to encode velocity-dependent stable walking gaits via momenta conjugate to the unactuated
degrees of freedom of legged robots and prosthetic legs in a similar fashion as Griffin and
Grizzle, 2015. In details, Horn et al., 2019 presents hybrid zero dynamics based on virtual
nonholonomic constraints for planar bipedal robots with one degree of underactuation. Also
they discuss assumptions that make the virtual nonholonomic constraints invariant according
to rigid impacts with the terrain. At Horn et al., 2020, the authors investigate a method of
designing relative-degree-two virtual nonholonomic constraints that allow for stable bipedal
locomotion across fields with variable incline disturbances. They induce a methodology for
designing virtual nonholonomic constraints, via an optimization problem, in order to achieve
stable walking across variable inclined ground floor. In extend to that, Horn and Gregg,
2022 provides a method to design a virtual nonholonomic constraint controller that produces
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multiple distinct stance-phase trajectories for corresponding walking speeds. In the paper,
an optimization problem is formed to design a single stance-phase nonholonomic virtual
constraint for three distinct walking speed trajectories (slow, normal, and fast) by the use of
the segmental conjugate momentum for the prosthesis.

The main objectives of this dissertation are to provide a rigorous mathematical framework for
designing virtual nonholonomic constraints on differentiable manifolds of interest to robotics
applications and to study the stabilization of systems around desired manifolds of the phase
space, as determined by virtual nonholonomic constraints.

The thesis’s specific objectives align with the theoretical and applied results obtained in each
chapter. Below is a breakdown of the particular objectives of the thesis.

Particular objectives of the thesis

o Define and analyze virtual nonholonomic constraints: In particular, formalize the concept
of virtual nonholonomic constraints concerning the state-of-the-art as a controlled
invariant distribution in an affine connection mechanical control systems and prove
the existence and uniqueness of control laws that guarantee the invariance of these
constraints in closed-loop systems.

o Introduce new affine connections, which describe the constrained dynamics of the system
and establish conditions under which nonholonomic dynamics can emerge from virtual
constraints.

o Extend the theory of virtual nonholonomic constraints to systems evolving on Lie
groups. In particular, establish conditions that simplify the requirement for transforming
nonholonomic constraints into virtual ones and characterize the closed-loop system
dynamics in terms of reduced nonholonomic dynamics induced by virtual constraints.

e Develop a geometric framework to describe nonholonomic trajectories on Riemannian
homogeneous spaces and establish the connection between geodesics, mechanical trajec-
tories, and nonholonomic dynamics in Riemannian homogeneous spaces.

o Analyze virtual nonholonomic constraints in Riemannian homogeneous spaces, gen-
eralizing the results beyond Lie groups. In particular, extend the theory of virtual
nonholonomic constraints to Riemannian homogeneous spaces and analyze the existence
and uniqueness of control laws in this setting.

» Develop a stabilization theory for virtual nonholonomic constraints. Introduce a gener-
alized control law that ensures exponential stabilization of virtual constraints and prove
that if the system initially satisfies the constraints, the derived control law is the unique
control law that preserves them.

Methodology

The thesis employs a geometric approach based on Riemannian geometry and Lie group
theory to study the control of mechanical systems inspired by robotics applications. The
methodology includes:

e Theoretical formulation: Development of a formal definition of virtual nonholonomic
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constraints and the necessary and sufficient conditions for their existence.

o Control law design: Derivation of feedback control laws ensuring that the system adheres
to the constraints.

o Mathematical characterization: Analysis of the constrained dynamics and their geometric
interpretation, particularly in Lie groups and Riemannian homogeneous spaces.

o Stabilization analysis: Design control strategies for geometric stabilization of systems
around desired constraint manifolds.

o Applications and simulations: Validation of the theoretical results with simulation
results and applications to specific mechanical systems inspired by robotics applications.

Outline of the thesis

Next, we present the structure of the present work and summarize the main goals addressed
in every chapter.

o In Chapter 2, we provide the necessary framework to develop the theory and present
key features from the existing literature that our work builds upon. Among others, the
induced topics are from Geometric Mechanics, Riemannian Geometry, Nonholonomic
Mechanics, Geometric Control, Lie Groups and Homogeneous spaces. Apart from
the basic preliminaries, we give some new results on the last two fields. Regarding
mechanical systems on Lie groups, we express the geodesics on the configuration space
by defining a bilinear map that yields from the right trivialization of the Levi-Civita
connection for a right-invariant metric on Lie groups. These results are presented in
Theorems 2.6.9 and 2.6.15. Furthermore, concerning Riemannian homogeneous spaces,
we demonstrate the relationship between the trajectories of a mechanical system in a
homogeneous space and the horizontal trajectories of a mechanical system on the Lie
group in Theorem 2.7.11.

o In Chapter 3, we introduce the concept of virtual nonholonomic constraints, covering
both linear and affine cases. We specifically analyze control systems subject to these
constraints and introduce the existence and uniqueness of control laws that ensure
the closed-loop system’s trajectories satisfying them. Section 3.1 sets the theoretical
background for the development of virtual nonholonomic constraints in the linear case,
where the constraints depend linearly on the system’s velocities — a feature commonly
observed in many nonholonomic systems. We formally define virtual nonholonomic
constraints as a controlled invariant distribution associated with an affine connection
mechanical control system. Additionally, we prove the existence and uniqueness of a
control law that enforces such constraints in the sense that once the initial condition
satisfies the constraints the whole trajectory of the closed-loop system never escapes the
constraint distribution. Furthermore, we introduce the concept of an induced constraint
connection, which characterizes the closed-loop system’s trajectories as solutions of
the mechanical system defined by this connection. We also present conditions under
which nonholonomic dynamics can be derived from virtual nonholonomic constraints.
In Section 3.2, we extend the results obtained for the linear case to the framework of
virtual affine nonholonomic constraints. Although the overall structure of the control
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mechanical system remains consistent with the linear case, the key difference lies in the
nature of the constraint equations.

o Chapter 4 takes the theory of virtual nonholonomic constraints, that developed in the
previous chapter, a step further by extending it to nonlinear nonholonomic constraints.
The underlying geometry in this case is more challenging, as the constraints are rep-
resented by a submanifold of the tangent bundle rather than a distribution on the
configuration space. Consequently, the transversality condition posed in Theorems 3.1.8
and 3.2.8 is replaced by a translated version of it to the tangent space of the constraint
submanifold with the use of the new concept of velocity-dependent distribution to
guarantee the existence and uniqueness of a control law that transforms nonlinear
nonholonomic constraints into virtual ones. In addition, we form the equation of the
nonholonomic trajectories of the closed-loop system in terms of an affine connection and
establish conditions under which these trajectories coincide with solutions of Chetaev’s
equations. In Section 4.4, we highlight the theory through applications, including
the precessional motion of a rigid body, the double pendulum and flocking motion,
at Subsections 4.4.1, 4.4.2 and 4.4.3 respectively, with simulation results provided for
the latter two cases. Ultimately, we present a geometric characterization of virtual
nonholonomic constraints using almost tangent structures.

o In Chapter 5, we elaborate the theory of virtual nonholonomic constraints on Lie groups.
By exploiting the system’s symmetry, that we naturally encounter in many physical
phenomena, the theory established on Riemannian manifolds is significantly simplified.
Specifically, we define virtual nonholonomic constraints on Lie groups as a controlled
invariant subspace associated with an affine connection mechanical control system
evolving within the Lie algebra. Rather than a constraint distribution and an input
distribution, we consider vector subspaces of the Lie algebra and establish the existence
and uniqueness of a control law that enforces a virtual nonholonomic constraint under
certain conditions on these subspaces. The transversality condition formed in Chapters 3
and 4 boils down to Whitney sum to simplify the requirement for turning nonholonomic
constraints to virtual ones. Additionally, we characterize the closed-loop system’s
trajectories as solutions of a mechanical system governed by an induced constrained
connection and examine the conditions under which reduced nonholonomic dynamics
can be derived from virtual nonholonomic constraints. Furthermore, we extend the
theoretical framework to include virtual affine nonholonomic constraints. In this case,
the constraints form an affine vector space of Lie algebra and the Whitney sum is
transferred to the associated vector space. In Subsection 5.2, we apply this theory to
two examples: a homogeneous rigid body and a rigid body with a rotor, incorporating
linear and affine nonholonomic constraints, respectively.

e One of the objectives of Chapter 6 is to fill the gap in the literature concerning
nonholonomic systems on Riemannian homogeneous spaces — particularly to describe
their nonholonomic trajectories. We link geodesics and nonholonomic trajectories on
Riemannian homogeneous spaces with those on the Lie group that decodes the structure
of the homogeneous space. The second part of the chapter focuses on developing
the theory of virtual nonholonomic constraints in this setting. The main goal is to
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establish the existence and uniqueness of a control law that preserves the constraint
distribution and connect it with the associated on the relevant Lie group. Additionally,
we characterize the resulting closed-loop nonholonomic dynamics, governed by this
unique control law, in terms of an affine connection. To illustrate the theory, we
elaborate two examples: a sphere rolling over another sphere in Section 6.4 and a blade
moving on a sphere in Section 6.5.

In Chapter 7, we investigate the stabilizability of virtual nonholonomic constraints.
Specifically, we introduced a more general control law designed to ensure the system’s
compliance with the constraint. This control law provides exponential stability to the
system, i.e. the dynamics converge exponentially fast to the constraint manifold or
constraint distribution for all cases considered in the thesis, that is, linear, affine, and
nonlinear nonholonomic constraints. Additionally, we prove that if the system evolves
to satisfy the constraint at a given moment, this control law is the unique law that
keeps the trajectories on the constraint manifold. We exemplify the theory with two
applications the control of a flocking motion and a boat moving on a stream.

Relevance of the results

This research is highly relevant to the automatic control, geometric control, and robotics
communities, as it:

Expands the understanding of nonholonomic constraints beyond conventional physical
constraints, introducing a virtual control-based perspective.

Provides a geometric formulation that can be applied to autonomous vehicles, robotic
manipulators, and legged robots, among other nonholonomic systems.

Enhances the stability and control of constrained mechanical systems, enabling improved
motion planning and trajectory tracking for autonomous robots and multi-agent systems.

Bridges the gap between geometric mechanics and modern control theory, contributing
to the development of more efficient and robust controllers for constrained dynamical
systems.

Gives new geometric insights into control theory by establishing a formal definition of
virtual constraints and delivering the necessary mathematical developments for their
application.

Facilitates interdisciplinary applications by providing a mathematical framework that
can be extended to fields such as biomechanics, aerospace engineering, and robotic
locomotion, enabling novel implementations of virtual constraints in diverse mechanical
systems.

Originality of the thesis

This work introduces a novel geometric framework to define, analyze, and control systems
through virtual nonholonomic constraints in differentiable manifolds including Lie groups and
Riemannian homogeneous spaces. Unlike previous approaches, which primarily focused on
specific robotic applications, this dissertation provides a unified theoretical foundation that
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extends to a broader class of nonholonomic mechanical systems. The research contributes to
both theoretical advancements and practical applications by establishing new control laws
that guarantee the existence and stability of the constraint manifold determined by these
constraints.

This dissertation has contributed to five journal papers in top journals of the research field
of Automatic Control and Geometric Control. In addition, the work of this work has been
published in the proceedings of the 2025 European Control Conference and two book chapters
of Springer.
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Chapter 2

Geometric Description of Mechanical
Systems

2.1 Calculus on differentiable manifolds

In this section we present the fundamental object in differential geometry, a differentiable
manifolds and give all the essential differential geometric tools to work on them. Differentiable
(smooth) manifolds, roughly speaking, are sets or better given, abstract surfaces that locally
look like open subsets of Euclidean space.

Differentiable manifolds generalize the notion of curves and surfaces from Euclidean spaces
to arbitrary spaces of finite as well as infinite dimension. One great motivation to work
with manifolds, besides the fact that they appear naturally in many physical problems, is
the fact that one can deal with concepts that are coordinate invariant and describe intrinsic
phenomena in an coordinate free way which terms out to be a great advantage. Readers
can find extended analysis on differential geometry in Abraham et al.; 1993, Abraham and
Marsden, 1978, Boothby, 2003, Conlon, 2008, Marsden and Ratiu, 1999 Bullo and Lewis,
2005 and Helgason, 1979.

Before the definition of a smooth manifold let us first give the notion of coordinate charts.
Consider a set M, a coordinate chart for M is a pair (U, ¢), where U is a subset of M and
¢: U — ¢(U) C R is a homomorphism, that is, a continuous, bijective (one-to-one and onto)
function between U and ¢(U) with continuous inverse. Two charts (U, ¢) and (V) such
that U NV # @ are called compatible if poyp~! : p(UNV) — ¢(UNV) is a diffeomorphism
and a collection of compatible charts that covers M forms an atlas A (see Figure 2.1).

Definition 2.1.1. A set M is a differentiable (smooth) manifold of dimension n if there
is an atlas with the above properties.

We usually write ¢(p) = (z'(p), z*(p), ..., 2"(p)) and call 2 the coordinates of the point
p € U C M. To make use of the local identification with an open subset of R™ often we omit
¢ and keep the coordinates of a point when we work locally on a smooth manifold using the
chart (U, ¢) that covers the region of interest.

11



Efstratios Stratoglou

Mf N\
U 1%
p(U) « v (V)
Yoyt .
) porp~t

Figure 2.1: Compatible charts on a manifold M.

Just as for sets and vector spaces there is the notion of subset and subspace, for manifolds
there are submanifolds that inherent the differentiable structure from the manifold they
belong.

Definition 2.1.2. A subset N of an n- dimensional smooth manifold M is a smooth sub-
manifold of dimension k < n if, for every point € N, there exist a chart (U, ¢) for M
containing z such that ¢ : U — R* x R"* and ¢(UN N) = ¢(U) N (R* x {0}).

Two curves t — ~;(t) and ¢t — ~2(t) in a manifold M are called equivalent at the point p if

0 0
71(0) = 72(0) =p and a@o’h) = a(¢0’}’2)

t=0 t=0

for some chart ¢. This definition is chart independent and defines a en equivalence relation.

A tangent vector v at a point p of a manifold M is an equivalence class of curves at p. The
collection of all these tangent vector forms the tangent space to M at p, denoted by T, M
and it has a vector space structure. For a tangent vector v € T,M let v be a curve of the
equivalence class of v, the components of v, v!,... v" are given by taking the derivatives
of the composition ¢ o v, which are the components in the Euclidean space, namely,

;0
v = at(gbof}/) +=0

where i = 1,...,n. The tangent bundle is the defined to be the disjoint union of all tangent
spaces

12
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T™ = |J T,M

peEM

and the tangent bundle projection (or natural projection) is the map 7wy : TM — M
defined by mry(v) = p for v € T,M. We denote by C'* (M) the set of all smooth real valued
function on M. For a smooth function f € C>®°(M) ie. f: M — R, we define its derivative
at any point p € M to be the map d,f : T,M — Tj)R. We call df the differential of f and
for v € T,,M we call df (p) - v the directional derivative of f in the direction of v. In local
coordinates the directional derivative is given by

df(p) -v ="

=1

" O(foo )
oxt v

where ¢ is a chart at p and d,f = df (p). Thus, we can describe completely the directional
derivative by using the operators -2;. So, the basis of T,M is

oxt”
9 9
oxl’ 7 Qg
g

and we write v = v’ 5.7~ Where in the last equality we have used the summation convention
according to which when an index appears twice in a single term it implies summation of
that term over all the values of the index.

Considering the dual as vector space of T, M we get the cotangent space at a point p, T; M.
The elements of the cotangent space are called covectors (or one-forms) and are linear maps
such that if o € Ty M, then o : T,M — R. To represent elements of the cotangent space we
use the dual basis associated with the basis {9/0xz!,...,0/0z"} of the tangent space, which
will be denoted as {dz', ..., dz"} such that (9/0x", dx’) = 0;; where (-,-) : T,M x TyM — R
is the natural pairing between vectors and covectors and 4;; stands for the Kronecker delta.
Note here that the differential of a function f: M — R as defined above is a covector.

2.1.1 Maps between manifolds

Let f : M — N be a map from a manifold M to a manifold N and I C R containing
the origin. We call f differentiable (or smooth) if there are coordinate charts (U, ¢) and
(V,¢) from M and N respectively such that p € M, f(p) € N, f(U) C V and the map
F=1vofog¢™:¢(U)— (V) is differentiable. The derivative of f at a point p € M is
defined to be the linear map

dpf : TpM — Tf(p)N,

defined as follows. For a vector v € T,M choose a curve v : I — M from the respective
equivalence class where 7(0) = p. The vector is called the velocity vector for this curve at t=0,

13
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07/0t|i=0 = v. The image of this vector through the differential of f is the velocity vector of
the curve foy: 1 — N, that is

A(f o)

df v =
pf v at t:()’

which it is independent of the choice of the curve. The derivative of f at a point p will be
denoted also as T, f.

For a smooth map f : M — N we say that f is of rank r if the linear map d, f has rank
r i.e. the rank of the Jacobian matrix is r» at p € M, and we write rankdf = r. If the rank
remains constant for all points of M we say that f is of constant rank. If the differential of
a map is surjective (rankdf = dim V) then the map is called submersion. A particular case
of submersions are those which are also surjectives are the called projections. Recall the
natural projection mpy, : TM — M of the tangent bundle to a manifold M defined above. In
case the differential of a map, df, is injective (rankdf = dim M) then f is called immersion.

When the map f : M — N is a smooth injective immersion and f(M) is a submanifold
then f is called smooth embedding. A subset S C N is said to be a smooth immersed
submanifold if there exist a manifold M and a smooth injective immersion f : M — N
such that f(M) = S. In this last case f is called inclusion which are usually denoted by
t: M — N. When f is a diffeomorphism then dim M = dim N = rankdf, we say that M and
N are diffeomorphic and we write M ~ N.

2.1.2 Fields and Bundles

In this subsection be present the notion of bundles in particular we define the concept of
vector bundles, sections and fiber bundles. In brief, a vector bundle consists of the total space,
the base space and a projection map that connect the two spaces. Vector bundles generalize
the idea of tangent bundles given before and sections the idea of vector fields (defined in the
next subsection). Fiber bundles are an even more general than vector bundles and can be
used in more complex settings. More detailed analysis on these concepts one can see the
references cited at the beginning of the section.

A vector bundle consists of a base space B, a total space V and a projection 7 : V — B
such that:

e 7 is a smooth surjective submersion and
o for every b € B the fiber 771(b) is vector space.

Locally the total space can be expressed as V' ~ B x R", where n is the dimension of the
fiber (we consider the dimension of the fibers constant). A smooth section of a vector bundle
m:V — Bisamap £ : B — V such that m o £ = idg, where idg is the identity map on B.
We denote the set of sections of V' by I'(V'). The base space B can be seen as a submanifold
of V', we shall call it the zero section and it can be given by all points v € V such that
o(v) = (b,0) for some coordinate chart (U, ¢) of the total space. Tangent bundles are vector
bundles where the fiber of each element of the base space is the tangent space at that point,

14
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namely for all p € M, 7~*(p) = T,M for the bundle 7 : TM — M.

If we have two subbundles of the tangent bundle of M we define their Whitney sum or
direct sum bundle which is a straightforward generalization of the direct sum of two vector
spaces. Namely, consider the subbundles V' and W of M then their Whitney sum is the
subbundle V' @ W whose fiber over each p € M is the direct sum V,, & W, of the vector spaces
Vp and W,

A generalization of a vector bundle is the fiber bundle where the fiber are manifolds. A locally
trivial fiber bundle consists of

e M,B and F smooth manifolds
e m: M — B a smooth surjective submersion

« a coordinate chart for B, (U, ¢), and a diffeomorphism ¢ such that the next diagram
commutes

7 1(U) YL UxF

™ lph

where pr; is the projection to the first component and id is the identity map.

2.1.3 Vector fields and Lie bracket

Vector fields are perhaps the most utilized geometric objects in control theory. In a concise
way, a vector field assigns a tangent vector to every point on a manifold in a smooth way. One
of the reasons that vector fields are so widely used is the rich interpretation they have, namely
they can be studied as differential operators, one can use them to differentiate functions, but
also other vector fields. In addition, they are in 1-1 correspondence to ordinary differential
equations and they appear naturally in physical phenomena. The Lie bracket of two vector
fields is given as particular composition of differential operators and measures how much a
vector field change along another.

A smooth vector field X on a manifold M is a map X : M — T'M that assigns a vector
X, (or X(p)) at every element p € M, i.e. mpp 0 X = idy where wpy : TM — M is the
natural projection. We denote the set of all vector fields on M by X(M). In local coordinates
provided by a chart (U, ¢) of the manifold M we can write a vector field as

0
ozt’

Xy = XZ(I))
where X' € C*(M) are called coordinate functions (or components) of X with respect
to the chart. An integral curve for a vector field X € X(M) isamapy:I - M,I CR
such that

15
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The existence and uniqueness of an integral curve is guaranteed locally by the existence
and uniqueness theorem for ordinary differential equations (see Marsden and Ratiu, 1999,
A. Bloch, 2015, Arnold, 1992). The flow of X is a set of diffeomorphisms v, : M — M such
that ¢4(p) is the integral curve of X with initial position p.

Consider a set of vector fields { X7, ..., X, } on an n-dimensional manifold M. This set will
be called a frame for the tangent bundle T'M if for every point p € M the set of vectors
{X1(p),...,X,(p)} consists of a basis for the vector space T, M.

Let X € X(M) be a vector field on M and f € C*°(M) a smooth function, the Lie derivative
of f with respect to (or along) X is the function given by

Lxf=Xpf =df(p)- X

In local coordinates, where X = X* 822-, the Lie derivative is given by

Lxfp)=df(p)- X = ggXi(p)-

Given two vector fields X,Y € X(M) we define the Lie bracket of X and Y, which we
denote by [X,Y], as the vector field given by

X, Y)f = X(V) - Y(X). (2.1)

Considering the coordinate chart (U, ¢) where X = X* 8i and Y = Y aii’ the vector field
[X, Y] is locally given by

oyt . X' .\ 0
_ i_ J
X, Y] <8Ij X 07 Y ) oxt’

This vector field gives the Lie derivative of Y along X and sometimes is denoted, also, by
LxY . Next let us state some useful properties of the Lie bracket.

Proposition 2.1.3. For real valued functions f,g € C®(M) and vector fields X,Y,Z € X(M)
we have

1. [X,)Y] = -]V, X] (skew-symmetry),
2. [ X+Y,Z)=[X,Z]+ Y, Z] (linearity),
5. [fX,gY] = fglX, Y]+ [(Lxg)Y — g(Ly)X
4. (X, [V, 2]+ [Y,[Z, X]] + [Z,[X,Y]] = 0 (Jacobi identity).
Consider a smooth map f : M — N between manifolds M and N and two vector fields

X eX(M)andY € X(N). We call X and Y f-related if for all p € M they satisfy

16
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Yf(p) = dpf ) Xp'

If f: M — N is a diffeomorphism and X € X(M) we define a new vector field on N which is
called the push forward of the vector field X by f given by

(f*X>q =dyf - X,

where f(p) = ¢. Accordingly, for f a diffeomorphism and a vector field Y € X(N), we define
the pull back of Y by f which is given by

(f*Y)p = (dpf)_lyqv
where f(p) = q.

We give the definition of a covector field or one-form, similarly to that of vector field, as
follows. A one-form is a map that assigns a covector a, (or a(p)) at ever point p € M i.e.
a: M — T*M. The collection of all covector fields is denoted by Q'(M). Given a coordinate
chart (U, ¢) for M a covector field can be expressed as

i
o, = oudx

where o; € C*°(M) are called coordinate functions (or components) of « in the given
chart.

Since the tangent bundle is a manifold on its own, often it is very useful to "lift" (as we
call it) vector fields on a manifold to its tangent bundle. The vertical lift of a vector field
X € X(M) to TM is defined by

d
t=0

Accordingly, the vertical lift of a one-form o € Q!(Q) is defined as the pullback of o to T'Q,
ie.

oY = (mrar)*a.
In local coordinates the above expressions, for X = X* 8‘; and o = a;dx’, take the forms
i 0 v i
X=X pys and o« = q;dx
x

respectively. In a similar fashion, we define the complete lift of vector and covector fields.
The complete lift of a vector field, X, is

o 0X' 9

X=X e T g g
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and the one of a one-form o € Q'(M) is

ot .
~dx’.
ox?

af = otdxt + 17

In the context of mechanical systems, we find a special type of vector fields that are always
defined on the tangent bundle T'M, considered as a manifold itself. A second-order vector
field (SODE) I' on the tangent bundle T'M is a vector field on the tangent bundle satisfying
the property that T'wras (I'(v,)) = vy, p € M. The expression of any SODE in coordinates is
the following:

o .0 .0
D(2,i') = ¥ — + fi(a’, #)=— 2.2
(o, &) = & i) S (22)
where fi: TM — R, i =1,...,n are n smooth functions.

2.1.4 Distributions and codistributions

In what follows we give the notion of distribution and codistribution which are subbundles of
TM and T*M for a manifold M. They appear naturally in mechanics and in the theory of
controllability. In the concept of mechanical systems when they are subject to nonintegrable
constraints on the velocities, distributions describe the admitted velocities for the system.
Their role in the theory of controllability is beyond the scope of this thesis. Both distributions
and codistribution play an important role in this dissertation and below we bring them into
focus.

Let M be a smooth manifold. A distribution D is an assignment to each point p € M, of a
subspace D,, of T,M. For every p there exist a set of smooth vector fields {X,}sca such that
in a neighborhood U of p, we have

D, =span{X,(p) :a € A}, x € U.

These vector fields are called local generators of D about p. If the dimension of the vector
space D, for all p € M is constant the distribution is called regular.

Next we give two properties of distributions that are related but not obviously so, these are
the notion of involutivity and integrability. A smooth distribution D is involutive if it is
closed under the Lie bracket operator i.e. for every X,Y € I'(D), [X,Y] € I'(D). Recall that
['(D) is the set of sections of D. A local integral submanifold of a smooth distribution D
is a submanifold S of M such that 7,5 = D, for every p € S. If for every point of M there
exist a local integral submanifold of D then D is called integrable. The next Theorem due
to Frobenius, 1877 links these two notions.

Theorem 2.1.4 (Frobenius’s Theorem). A smooth distribution D is integrable if and only
if it is involutive.

If a distribution D is integrable then we can extend the local integral submanifolds to maximal
integral submanifolds which are immersed submanifolds on M. A foliation is the collection
of all maximal integral manifolds through all points of M.
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Considering a smooth manifold M, the definition of codistribution is analogous to that of
distribution. Here we assign a subspace D, of the cotangent bundle Ty M to a each point
p € M. With the help of codistributions we define the annihilator of a distribution. Let D be
a distribution, the annihilator of D is a codistribution denoted by D° and it is given by

D, = (D,)° ={a € TyM:a(v) = (a,v) =0,Vv € D,}, (2.3)

p

for every p € M.

Example 2.1.5. The simplest example of a distribution is that of an integrable distribution
such as all tangent vectors in R? with vanishing third coordinate, i.e., 2 = 0. However, observe
that these vectors are all tangent to the planes defined by z = constant. In the other hand,
the distribution defined by the constraint z — y& = 0 can not be written as the tangent plane
to some plane or surface of R3. So, this is an example of a non-integrable distribution.

2.1.5 Tensors, wedge products and exterior derivatives

A very important concept for calculus and differential geometry is the notion of tensors.
Tensors generalize operators to manifolds of arbitrary dimension.

Let M be a smooth manifold. A tensor of type (7, k) at some point p € M is a multilinear
map

t: Ty M X - X TPM X T,M x - - X T,M — R
r k
the set of all (r, k) - tensors at p € M is denoted by T} (T,M). A map is multilinear when it
is linear in each of its factors. A basic operation we can use to tensors is the tensor product
which is defined as follows. For two tensors ¢, € T} (T,M) and ty € T?(1,M) the tensor
product is a new tensor t; ® to of type (r + p,k + k), t ® to € T, (T, M), defined by

(t1 ®ty) = (ozl,...,of,ﬂl,...,Bp,vl,...,vk,ul,...,uﬁ) =

ti(at,. . a" v, o)t (B B, ).

Using the tensor product we give here an operator that will be useful later on for this
dissertation. Let M be a smooth manifold, the canonical almost tangent structure or
vertical endomorphism J : TTM — TTM is a type (1,1)- tensor field on TM whose

expression in local coordinates is J = dz' ® 8‘3.31.. For instance, if I" is a SODE vector field then
J(T) =g 8‘;. Accordingly, the dual of this map, is given by J* : T*T'M — T*T M such that
for a (0,1)-form on TM, A = t;dz" + s;di’, we get J*(A) = s;dz’.

An important subset of tensors are the skew-symmetric (or alternating) (0, k) - tensors
which are called differential k-forms or just k-forms and are denoted by Q¥(M). A k-form
is skew-symmetric when it changes sign when two of its entries interchange, i.e.

a(vr, .., Uy 0, U) = —a(V1, Uy Uy, )
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for « € QF(M), on the contrary if it does not change sign it is called symmetric. Note
here that the covector fields defined previously are (0, 1)-tensors and the vector fields are
(1, 0)-tensors.

The alternating map A : TP (T,M) — QF(M) is defined by

1

At) (v, ... vp) = 2l

sign(o)t(veqy, - - - > Vo(k))
oEX

where Y, is the set of k-permutations. A is linear, A‘Qk(M) =idand Ao A= A.

The wedge or exterior product between two forms, t; € Q¥(M) and t, € Q(M), is the
form t; Aty € Q¥ (M) given by

(k + 1!

bt ="

Aty @ t).

The wedge product of two differential forms
1. is bilinear and associative and
2. for t; € QF (M), t, € Q(M), we have that t; Aty = (—1)Fty A ty.

The direct sum of Q¥(M) for k =0,1,... equipped with the wedge product form the algebra
of exterior differential forms denoted by Q(A/) and it is an infinite-dimensional real vector
space.

The exterior derivative, denoted by d, is the unique family of mappings from k-forms on
M to (k + 1)-forms on M, i.e. d*(M) : QF(M) — QF+1(M), such that the next properties are
satisfied

1. a O0-form on M is considered to be a real valued function on M, i.e. t € C"(M) (for any
differentiability class r > 1.), then dt is the one-form that is the differential of ¢,

2. the exterior derivative is linear
d(aty + bty) = adt; + bdt,,
for real numbers a, b,
3. it satisfies the antiderivation product rule
d(t; Aty) = dty Aty + (=1)Ft A dty,
where t, € QF(M), t, € QY(M),
4. d* = 0, which means d(dt) = 0 for any k-form ¢,

5. the exterior derivative is a local operator, i.e. dt(p) depends on the differential form
around the the element p, formally if U is an open in M then

d (t‘U) = (dt) ’U'
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In local coordinates, a k-form ¢ is given by

t=t dz™ A -+ A dx'*

i1

and the exterior derivative in local coordinates is given by

Oti, i o - } .
dt = —=%dz? Nda™ N -+ A da'F,
oxJ

where t;, ;. are real valued functions. A k-form ¢ is called closed if d¢ = 0 and if there is an
other (k — 1)-form s such that ¢t = ds it is called exact. From property 4 above we see that
every exact form is closed.

As we have defined the push forward and the pull back for vector fields next we give the
analogous definitions for differential k-forms. Let f : M — N be a smooth map between
manifolds. The push forward f,w of a k-form w € Q¥(M) is defined by

(f*w(f(p)) (uh o 7uk) - w<p) (Tf(p)f_l(u1)7 cee 7Tf(p)f_1(uk)) )

where u; € Ty, N for e =1,...,k and p € M. Respectively, the pull back f*w of a k-form
w € QF(N) is defined by

(frw®) (01, on) = w(F )T f (1), - - Tof (0),

where v; € T,M for i = 1,...,k and p € M. Next, we define a natural operator given a
vector filed and a differential form. Let w € QF(M) and a vector field X € X(M), the inner
product or contraction of X and w is a (k — 1)-form denoted by ixw € Q¥"}(M) and given
by

ixw(p)(vy,...,v1) =w(p) (X(p),vi, ..., 061),

where v; € T,M for i =1,...,k — 1 and p € M. The operator of contraction, ix, satisfies
the antiderivation product rule i.e. iy(wy Aws) = (ixwi) A wy + (—1)Fw; A (ixws), where
wy € QF(M) and wy € Q'(M) and also for f € C*(M), we have that i(;xyw = f(ixw).

We are closing this section by giving the definition of a distinguished part of the set of
differential 2-forms, the symplectic forms. A symplectic form on a manifold M is the 2-form,
w, which has the properties

1. wis closed i.e. dw =0 and
2. w is nondegenerate, i.e. w,(v,w) =0 for all v € T,M then w = 0.

The pair (M,w) is called symplectic manifold.
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2.2 Riemannian Geometry

The Riemannian geometry is the study of smooth manifolds endowed with a Riemannian
metric which, in essence, is a inner product on the tangent space at each point of the manifold
that varies smoothly. This metric helps to define locally distances and angles, lengths of curves
and surface areas as well as volumes on manifolds. In brief, Riemannian metrics give the ability
to use many of the notions we know from Euclidean spaces to abstract multi-dimensional
manifolds. Reference for Riemannian geometry used along this thesis are do Carmo, 1992,
Boothby, 2003, Abraham and Marsden, 1978, Helgason, 1979.

2.2.1 Riemannian metrics

The concept of Riemannian metric was first introduced by Riemann, 1892 where at that time
the notion of manifold was a very abstract and the whole theory was at its early stage. The
modern perception of a Riemannian manifold took considerable amount of time to evolve to
its present form see for instance Tu, 2017, Gallot et al., 2004, J. Lee, 1997.

Definition 2.2.1. A Riemannian metric on a smooth manifold Q is a (0,2)-tensor field G
that is

« symmetric i.e. G(X,Y)=G(Y,X) forall XY € T,Q,q € Q and
« positive-definite i.e. G(X,X) > 0 for all X € T,Q,q € Q.

A manifold equipped with a given Riemannian metric is called a Riemannian manifold and it

is denoted by (@, G).

Observe that a Riemannian metric is a smooth familly of inner products in the sence that, for
any element of the manifold, ¢ € @), the Riemannian metric restricted to 7;() gives an inner
product on T,@). For this reason, we often denote the metric by (-, -) instead of G when there is
no chance of confusion. The Riemannian metric can be defined as a map that assigns to every
pair of smooth sections of @), a real-valued function on @, i.e.: G: I'(TQ) x I'(TQ) — C*(Q)
given by G(X,Y) for all X,Y € I'(TQ).

Let (@,G) be a Riemannian manifold, ¢ € @ a point of ) and dim @ = n, we define the
length or norm of any tangent vector X € T,Q to be || X|| = G(X, X)¥2 = (X, X)!/2. We say
that two vectors X,Y € T,Q are orthogonal if (X,Y) = 0 and that the vectors Xi,..., X,
are orthonormal if they are of length 1 and pairwise orthogonal, namely, (X;, X;) = d;; where
1 <14,7 <n and d;; is the Kronecker delta.

If {¢&1,..., &} is alocal frame for the tangent bundle T'Q, and {n', ..., n"} is its dual coframe,
a Riemannian metric can be written locally as G = G;;n" @ 1)/, where G;; = (§,&;). Gij is
symmetric in ¢ and j and depends smoothly on ¢ € (). In particular, in a coordinate frame,
o , % and due to the symmetry of G;;, G has the form G = gijda:idxj.

D1 ?

Very often we encounter Riemannian manifolds that are a product of other Riemannian
manifolds or have that structure. Consider two Riemannian manifolds (Q1,G;) and (Q2, G2)
and the product manifold @) = @)1 X (2. There is a natural choice for the metric of (). For
X1,Y1 € TQq and X5, Ys € TQ, the product metric is given by G ((X1,Y7), (Xs,Y3)) =
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G1(X1, X2) + G2(Xy, Ys), where we have identified T(Q; x @Q2) and T'Q; x T'Qs.

An isometry between two Riemannian manifolds (Q1,G;) and (@, G2) is a diffeomorphism
¢ :(Q1,G1) — (Q2,G2) such that ¢*Gs = Gy. In other words an isometry preserves the metric
in the way that

Gi(v,u) = Gy (dp(v), dp(u)) .

Riemannian metrics induce isomorphisms between the tangent bundle, T'Q), and the cotangent
bundle, T*@), of the manifold, this is a way to convert tangent vectors into cotangent vectors
(and vice versa). These isomorphisms are called musical isomorphisms (or canonical
isomorphisms). We define first the flat map b : TQ — T*Q by X°(Y) = (X,Y) for all
X,Y € T(Q and the sharp map f : T*Q) — T'Q) as the inverse of the flat map.

In the following, we will make use of a special technique to lift a Riemannian metric on a
manifold to a metric on the tangent bundle T'Q). The complete lift of a Riemannian metric
G on @ is denoted by G¢ and it is almost a Riemannian metric, since it does not satisfy the
positive-definiteness property. Given natural bundle coordinates on T'Q), its local expression is

9Gi;
_ -k %J

G* dq' @ d¢’ + Gi;dq' @ d§’ + Gi;dg* @ df

Proposition 2.2.2. For a Riemannian metric G on Q, vector fields X,Y € X(Q) and a
one-form o € Q1(Q) we have

1. (a(X))" = a%(XV),
2. GYXV, Y€)= GoXe, YY) = [G(X Y)Y,
3. GoXV,YV)=0,
4 [tg(@)]” = tge(a¥).
Proof. For the first three, see Proposition 2.5.5 in de Leén and Rodrigues, 1989. For 4., given

any Y € X(Q), it is enough to prove the equality using the inner product with the lifts Y°
and YV, because if {Y*} was a local basis of vector fields, then {(Y%)¢, (Y%)"'} would also be

a local basis of vector fields on T'Q. On the one hand, G° ([ﬁg(a)]v 7YV) =0=a"(Y") =
G (4g:(a¥),Y"). Onm the other hand, G°([4g(a)]”, V) = [G(fg(a),V)]" = [a(V)]" =
av(Ye) = g° (ﬁgc ("), YC>. Hence, the results follow by non-degeneracy of G°. H

2.2.2 Affine differential geometry

The concept of affine connection plays a significant role in this thesis. Covariant derivatives
and affine connections are two classical objects in Riemannian geometry and affine differential
geometry. One important feature that one can observe, is the 1-1 correspondence between
affine connection (with specific properties) and Riemannian metrics.

Consider a vector bundle over a manifold ), 7 : E — (). A connection on () is a map
V:X(Q)xT'(FE) = T'(F), (X,Y) — VxY which satisfies the next properties
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L. VixirexY = fVx,Y +gVx,Y | ie C°(Q)-linear in X,
2. Vx(aY; +bY3) = aVxY) + bVxYs, ie. R-linear in Y and
3. VxfY = fVY + (LF)Y

for each X1, X5 € X(Q), f,g € C*(Q), and a,b € R. The new vector field VY is called
covariant derivative of Y with respect to X.

Now if we choose for vector bundle the tangent bundle of the manifold @), we get the affine
connection on ) and we define the map V : X(Q) x X(Q) — X(Q) which satisfies the
properties (1) — (3) in the above definition.

We equip @ with local coordinates (¢!, ..., ¢") and we have that

o ., 0
Viog  vag

is a smooth vector field on () where Ffj are real-valued smooth functions and are called
Christoffel symbols for V. For two vector fields X and Y where

x=x2 ad v-viZ
aq" aq’
the covariant derivative of Y with respect to X is locally given by

‘ -\ 0
i k i

k
Y=|——
Vx < oxt

In view of the above we give a different approach to the covariant derivative which will be
proved useful in subsequent computations. Consider a vector v, € T,() and a vector field
Y € X(Q), we define the vector V, Y = VxY € T;,Q where X is a smooth vector field such
that X, = v,. This is an important observation because the vector v, can represent a velocity
vector of a curve on (). Recall here that a vector field along a curve v : [ — @ is an
assignment to every point (t) a vector of T, @ .

Lemma 2.2.3 (Lemma 3.100 in Bullo and Lewis, 2005). Let V be a smooth affine connection
on a manifold Q) and let v : I — @Q be a smooth curve. There exist a smooth map that assigns
to each vector field X along v a new vector field along v denoted by V. X (t) with the next
properties:

(1) Vy (X (@) +Y(1)),
(i) Voo (f(OX () = fO)X(E) + fF(t) VX (1) and
(tit) VX (t) = VywY (v(t)), for every vector field Y such that Y oy = X,

where X, Y smooth vector fields along v and f : I — R. The vector field V. X (t) along v is
the covariant derivative of X along .

In local coordinates we write
VX () = (X’“(t) + FZ(V(t))i?i(t)Xj(t)) %
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where v(t) = y(z'(t),...,2"(t)) a local representation of the curve .

Definition 2.2.4. Let V be a smooth affine connection on a manifold (), a smooth curve
v :1 — @ is said to be a geodesic of the affine connection if it satisfies V./;)7/(t) = 0.

With the local representation of the curve v given above, the second-order differential equations
determining a geodesic are

() +Th(y(8)a ()l (1) =0,  for ke{l,2,...,n}.

Next we define an affine connection which is of particular interest in geometric control, namely
the Levi-Civita connection.

Theorem 2.2.5 (Theorem 3.104 in Bullo and Lewis, 2005). For a Riemannian manifold
(Q,G) there exist a unique smooth affine connection V9 on Q such that

1. it is torsion-free (or symmetric), i.e. VY — VSX = [X,Y] for all X,Y € X(Q), and
2. VIG=0& Lx(G(Y,2)) =G(VLY, Z) +G(Y, VS Z).

This affine connection it is called Levi-Civita connection associated with the Riemannian

manifold (Q,G).

The second property is often called "compatibility with the metric" and it says that the parallel
transport is an isometry i.e. the inner products at different tangent spaces are preserved. The
Christoffel symbols for VY are given by

Ffj _ ;gkl (agzl + 8gjl agzg) .

oq oq’ g

2.3 Mechanical systems on differentiable manifolds

In this chapter, we present the theory of mechanical systems starting from the Lagrangian
and Hamiltonian formalism, which are considered to be the cornerstone of mechanics. The
Lagrangian part is using variational principles for its development, while the Hamiltonian
part takes advantage of the geometric structures namely the symplectic or Poisson structures.
In addition, we develop the concepts of mechanical systems with interactions with the
environment (i.e. subjected to external forces) which will be very useful later on when we
talk about control theory. The theory of mechanical systems is deployed in local coordinates
and in a coordinate free setting when we deal with general manifolds. The reader is referred
to one of the standard works such as A. Bloch, 2015, Bullo and Lewis, 2005, Abraham and
Marsden, 1978, Holm et al., 2009, Marsden and Ratiu, 1999, Holm, 2011, Crampin, 1983.

2.3.1 Lagrangian mechanics

We start this section by developing the theory of Lagrangian and Hamiltonian mechanics
necessary for this thesis, and we add external forces to show how interactions with the
surroundings interfere with the system.
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To define a mechanical system we need a configuration space (or state space) () which in
this work will be a Euclidean space or a smooth manifold and a function called Lagrangian
L :TQ — R, where TQ is a tangent bundle of ). Thus, a mechanical system is a
pair (@, L). If there are neither constraints nor external forces that act on the system, the
trajectories of the mechanical system are solutions of the Euler-Lagrange equations

d (0L oL
— -~ — — = 2.4
dt <8ql> aq’ 0 (24)

where they are written in local coordinates (¢") for @ and (¢, ¢*) for the tangent bundle T'Q.
Sometimes it seems like these equations appear in thin air and that they have no physical
interpretation. However, this is not the case because equations (2.4) give a formalism for a
generalization of Newton’s second law which states that

av

dt
If one identifies the kinetic energy of the mechanical system 7" and the potential energy V/,
then one defines the mechanical type Lagrangian function to be L = T — V, from which
one can deduce Newton’s second law. However, Hamilton’s principle provides the necessary
background in an appropriate context.

(j:

Hamilton’s principle says that the trajectories of a mechanical system are given by minimizing
the action functional defined over the set of variations of curves with fixed end-points. Let us
denote this set of differentiable curves with fixed and-points ¢,, ¢, € @ by

C™(qar @) = {q : [a,b] = Q : q(a) = qa, q(b) = g}
Let q : [a,b] — @ be a smooth curve in @), a variation of ¢ is a smooth map ¥ : J x [a,b] — @
such that
1. J C R, an interval with the property that 0 € J,
2. 9(0,t) = q(t) for all t € [a, ],
3. ¥(s,a) = q(a) and ¥(s,b) = q(b) for all s € J.

Given this variation ¢, the associated infinitesimal variation is the vector field along ¢
given by

dY(t) (s, t) € T Q.

ds a—0

For more about variations we are referring to A. Bloch, 2015, Holm et al., 2009 or any
reference at the beginning of the section.

Definition 2.3.1 (Hamilton’s principle). Consider a manifold () and a Lagrangian function
L:TQ — R. A curve g € C*(qq, q) is a trajectory of the mechanical system with Lagrangian
L if it is a critical point of the action functional S : C*(q,, ) — R given by
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for all variations of curves in C*(qq, ¢).

In other words, the Hamilton’s principle states:
d b :
@ / L(9(s, 1), 9(s,1))dt = 0
ds s=0’@

for all variations. The FEuler-Lagrange equations derive by a straightforward calculation from
minimizing S(q), for details one can see Bullo and Lewis, 2005, Holm et al., 2009, A. Bloch,
2015.

It turns out that the Euler-Lagrange equations are coordinate invariant, in the sense that in
different local coordinates on the configuration space () the trajectories of the mechanical
system are merely a reparametrization of the same trajectories. This can be seen also by
the Hamilton’s principle where the problem of minimizing the action functional is obviously
independent of local coordinates.

A Lagrangian is called of mechanical type when it is of the form L(q, ) = K(q,¢) — V(q)
where K : T'(Q — R is the kinetic energy of the system and V' : ) — R is the potential energy.

2.3.2 Forced Lagrangian systems

When a mechanical system is subject to external forces, Hamilton’s principle is replaced by the
Lagrange-d’Alembert principle that tells us how the forces should act on the Euler-Lagrange
equations. The concept of external forces is very important when we come to discussing of
control problems because we see forces as something by which we can interfere to the system
in order to achieve certain tasks.

An external force is a map F : T'Q) — T*(Q) where () is the configuration space of the
mechanical system. If (¢") are local coordinates of @) then the external force is locally given
by F = F;dq® where F; are real valued functions on T'Q) which are called the components
of the force F. A mechanical system with Lagrangian function L : TQ) — R and subjected
to external force F' is called forced Lagrangian system and it is denoted by (@, L, F') or
simply by (L, F') if there is no confusion. The trajectories of this mechanical system are curves
on the configuration space () that satisfies Lagrange-d’Alembert principle below.

Definition 2.3.2 (Lagrange-d’Alembert principle). Let @ be the configuration space of a
mechanical system with Lagrangian function F': T'Q) — R and F' be an external force acting

to the system. A smooth curve v : [a,b] — @ is a trajectory of the force mechanical system
(Q, L, F) if it satisfies

L[ L. s+ [ PG0) -0t~ 25)

for all smooth variations 9 : J x [a,b] — Q of ~y, where F - §9 = F;09". If we consider
coordinates (¢') on @ then Lagrange-d’Alembert principle states that the curve + should

satisfy the equations
d (0L oL
— | — — = F, 2.6
dt (aq%> aq* (26)

Equations (2.6) are called forced Euler-Lagrange equations.
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2.3.3 Geometric formalism for forced Lagrangian systems

Consider a mechanical system (L, Q) with local coordinates (¢'). Recall the almost tangent
structure J : TTQ — TTQ which is a type (1, 1)- tensor field on T'Q) whose expression in local

coordinates is J = d¢' ® 821- defined at the Subsection 2.1.5. We define the Liouville vector

field on TQ as A = ¢ B?j“ and the Poincaré-Cartan 2-form (or canonical symplectic
Lagrangian form) w;, = —d#, where 6, = J*(dL) and J* is the adjoint operator of .J. The
Lagrangian energy of the mechanical system is defined to be the quantity F;, = A(L) — L.

In local coordinates we have

oL . . . oL 0L o
= —dq' =d¢" Nd | — Er,=¢— — L(q',q").

g1 wr=da (aqz>’ L= g0 (¢".q")
The Euler-Lagrange equations are intrinsically described as the equations for the flow of the
vector field Xg, :

0L

iXELLdL :dEL (27)

The Lagrangian L will be called regular or non-degenerate if the Hessian matrix with entries
2

Wi; = % is non-singular. In this case, the Poincaré-Cartan 2-form, wy, is a symplectic form

on T'Q). In what follows we assume that the Lagrangian is regular.

Consider an external force, as given before, F': T'Q) — T*() and the natural projection maps
m:TQ — Q and 7 : T*(Q) — @ so we have the next commutative diagram.

TQ £ T*Q
A

Using this external force we construct a semibasic 1-form pr € Q' (TQ) by
(wr(vg), Xo,) = (F(vy), Tm(X,,)), forall X, €T, TQ

and in coordinates we have

pr = Fi(q, 4)dq’
(for more about the semibasic 1-forms one can see de Leén and Rodrigues, 1989, Section 4.2.2).
Consider the vertical vector field Z). given by the equation i ZYWL = —[iF Or equivalently

d
Z}?/(Uq) = W;

i aqt t:O(Uq + tF(”q))

which in coordinates reads

0
o¢’
where W;; are the components of the inverse of the Hessian matrix of the Lagrangian. Hence,

the solutions of the forced Euler-Lagrange equations (2.6) are the integral curves of the vector
field Xg, + Z) determined by

Zyp = Wy F;

U(Xp, +2))WL = dBL — .
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2.3.4 Hamiltonian mechanics

A useful way with rich background to think about mechanical systems is through the Hamilto-
nian approach. Extensive work has been done in that field e.g. Abraham and Marsden, 1978,
A. Bloch, 2015, Bullo and Lewis, 2005, Marsden and Ratiu, 1999, Roubtsov and Dutykh,
2021. On special occasions, Lagrangian and Hamiltonian approaches appear to be equivalent.
For the latter way, we work on the cotangent space of the configuration () of the system.

Given a Hamiltonian function H : T*() — R where we equip 7@ with local coordinates
(¢, p;) Hamilton’s equations are

. OH oH

In this setting, the Hamiltonian function is the total energy of the system. The equivalency
of the Lagrangian and the Hamiltonian formalisms is made through the hyperregularity of
the Lagrangian function.

Consider a mechanical system (Q, L) with local coordinates (¢'), if the Lagrangian L is
hyperregular then, by the implicit function theorem, we induce the change of variables
FL:TQ — T*Q, (¢',¢") — (q", p;) where p; is given by

)
- 5

Di

and it is called momentum. This change of variables from velocities of the system to
momentum is called the Legendre transformation. The energy of this mechanical system
determined by L is defined to be the quantity

E(d',q") =4 o0

which is a real-valued function. If we apply the Legendre transformation to the energy function
we get the Hamiltonian function H : T*(Q) — R given by

— L(q'.q")

E(FL7 (¢, pi)) = H(¢',pi) = ¢'(¢', pi)pi — L(d', ¢ (¢, 1))

Using this Hamiltonian function we have the same Hamilton’s equations as in (2.8) which, by
straightforward calculations, we see that they are equivalent to the Euler-Lagrange equations.
Note here that is dim @ = n the Euler-Lagrange equations are n 2" order differential equations
while the Hamiltonian equations are 2n 15* order differential equations. Also, note that when
the Lagrangian of a system is of mechanical type, i.e. kinetic minus potential, the Hamiltonian
is equal to the total energy of the system i.e. kinetic plus potential.

For a coordinate free expression of the Hamiltonian counterpart we need some results from
symplectic geometry. Consider a symplectic manifold (P,w) and let f € C*°(P), z € P. The
Hamiltonian vector field of f is the unique vector field, X¢, on P that satisfies
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wa(Xp,0) = df(2) v,

for all v € T, P, using the contraction of X; and w (defined in Subsection 2.1.5), we get

z'Xfw = df (29)
and Hamilton’s equations for f is the set of differential equations on P defined by

z= Xf(Z).

The coordinate-free version of the Legendre transformation is a map FL : TQ) — T*(Q) defined
by

d
(FL(uq), Uq> = it L(“q + tvq)-
t=0

If the Lagrangian L is hyperregular, the Legendre transformation is a diffeomorphism. The
energy of the system F : T'(Q) — R is given by

E(vy) = (FL(vy), v) — L(vy),

while the Hamiltonian function is H : T%() — R given by

H=FEoFL™

Connecting the symplectic geometry formulation given previously with the notions of mechani-
cal systems above we have that the Hamiltonian vector field for the Hamiltonian H = EoFL~!
is given by the equation (2.9).

2.3.5 Forced Hamiltonian systems

Consider the external force given by FH : T*Q — T*Q which is locally described by
F(q',p;) = F;(¢*, p;)dp; such that the following diagram is commutative

T* Q FH T* Q
Q
where 7 : T*Q) — Q). Then, the Hamilton equations read

. OH , . O0H . .
3 T, ), = ——(a* ; _|_FH v i) 2.1
q = A, (q apz)7 Pi ag (q ap) i (q ap) ( 0)
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For an intrinsic description of a Hamiltonian system consider the canonical exact symplectic
structure wg = —dfg where 6 is the canonical 1-form (or Liouville 1-form) on 7% defined
by

(QQ)aq(Xaq) - <aq7 TaqT(XOéq)>7
for Xo, € To,T°Q,aq € TQ, 7 : T*Q — Q. In local coordinates (¢*,p;) on T*Q we have

0o = pidg’,  wq = dq' Adp;.
The Hamiltonian vector field Xy is given by solutions of
1 XpWQ = dH s

which locally can be written as

OH & 9H 9
B bp; 0 oq ap;’

An external force is associated to a semibasic 1-form Spr € Q' (T*Q) given by
(Bpu(ag), W) = (F™(ay), To, TW), for all W € T, T*Q,

which in coordinates is written as Sprn = Fydq®. Consider the vertical vector field Y¥ which is
given by the equation iy}/@)@ = —(pwu or equivalently

d
YI?(‘%) = i

and in coordinates it is given by

0

p;i’

The solutions of the forced Hamiltonian equations are given by the vector field, Xy + Y,
determined by the equation

v~ F

Z(H—l—YIY)wQ = dH — ﬂFH.

2.3.6 Mechanics on Riemannian manifolds

In the cases where the configuration space is not an Euclidean space but rather a Riemannian
manifold, the situation described in the previous subsection generalizes taking into account
the Riemannian metric provided. These cases appear in many control problems (see for
instance A. Bloch, 2015, Bullo and Lewis, 2005). One advantage of working in this framework
is the coordinate-free character of the theory. Since the configuration space is a Riemannian
manifold (Q,G) the Lagrangian is given by L(v,) = 3G (vq,v,) and by convention we will call
it kinetic energy.

Even though the concept of geodesics is purely geometric, it appears very naturally in the
theory of mechanical systems. In this thesis, for different mechanical systems (e.g. evolving
in Riemannian manifolds, Lie groups, or homogeneous spaces) we express their trajectories
in the form of geodesics. The next proposition gives the solutions of the Euler-Lagrange
equations for L.
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Proposition 2.3.3 (Proposition 4.43 in Bullo and Lewis, 2005). Let @ be a Riemannian
manifold with Riemannian metric G and let L be the associated Lagrangian. The solutions of
the Fuler-Lagrange equations are exactly the geodesics of the Levi-Civita connection associated
with the Riemannian metric G, VY, namely

[ -
Viy =0.

In the case where there are external forces acting to the system, we have the generalization of
the Lagrange-d’Alembert principle to Riemannian manifolds.

Proposition 2.3.4 (Proposition 4.59 in Bullo and Lewis, 2005). Under the same hypothesis
of Proposition 2.53.3 and with an external force F': ' T'Q) — T*Q, a smooth curve ~y satisfies the
Lagrange-d’Alembert principle if

VY = 1(F(3(1))),
where fg : Q1(Q) — X(Q) is the sharp map associated to the Riemannian metric G.

Whenever we consider a potential energy for a system, we can add potential forces which are
resulting from this potential energy. If the potential function is V : ) — R the respective
potential force is given by F(q,¢) = —dV(q) and the gradient vector field of V is given by

gradgV = fg(dV).
Here the Lagrange-d’Alembert principle holds and the forced Euler-Lagrange equations are

Vgﬁ = —gradgV (v(t)). (2.11)

For a mechanical system which is subject to potential forces and external forces, we have the
next corollary.

Corollary 2.3.5. Consider a Riemannian manifold (@, G) and the associated Lagrangian L
with potential function V : ) — R and an external force F': T'QQ — T*(Q. The trajectories
that satisfy the Lagrange-d’Alembert principle are given by solutions of

Vi = —gradgV (v(1) + tg(F(5(t))), (2.12)

where fig : Q1(Q) — X(Q) is the sharp map associated to the Riemannian metric G.

2.4 Nonholonomic mechanics

Suppose we have a Lagrangian system on a configuration space ) which is subject to
constraints on the velocities. For simplicity, assume the system constraints are linear on the
velocities (also called Pfaffian constraints) and they are presented by m equations of the form

S(q)i=0 < pi(g)d* =0, (2.13)
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where a =1,...,m, § is an m x n matrix with entries pj and ¢ is considered to be a column
vector.

If there is a function on the position only, h(g) = 0, such that its time derivative,

—¢" =0, (2.14)

gives the same constraint distribution as the constraints (2.13) then we call these constraints
holonomic, if not we call them nonholonomic.

There is also another distinction for the constraints of a system. If the constraints are
dependent on time then they are called rheonomic whereas if they are independent of time
they are called scleronomic. In this thesis, all the constraints will be scleronomic.

The set of all virtual displacements for a holonomic or nonholonomic constraint is defined
to be the distribution D of vectors dq, that satisfy the constraints, for every ¢ € () and it is
given by

D, ={dq € T,Q : S(q) - dq¢ = 0}. (2.15)

In the nonholonomic case and under the assumption of the nonholonomic principle
which says that the constraint force, F', lies in the annihilator of the space of the virtual
displacements (see A. Bloch, 2015 for instance) we have that F' is a linear combination of the
rows of S(q) i.e. F' = AS(q), where F' is regarded as a cotangent row vector at ¢, A is a row
vector with real entries called "Lagrange multiplier". The nonholonomic equations or the
Lagrange-d’Alembert equations for the mechanical system subject to constraints linear
on the velocities are

d (0L oL

— == —=—=2XS5(g), S(g)g=0. 2.16
(%) @), S 2.10
Note here that we have 2n 4+ m unknowns and n second order differential equations (which
can be seen as 2n first order equations) and m constraint equations or 2n + m first order
differential equations.

2.4.1 Nonholonomic mechanics on Riemannian manifolds

We begin this subsection by defining the constraint distribution which represents the most
frequent type of constraints namely the constraints that are linear on the velocities.

Definition 2.4.1 (Definition 4.69, Bullo and Lewis, 2005). Consider a smooth manifold @, a
smooth constraint distribution is a distribution D on () of which the annihilator D° is a
codistribution. A curve g : I — @ satisfies the constraint D if §(t) € Dy for all t € I.

Definition 2.4.2. A nonholonomic mechanical system on a smooth manifold @) is given
by the triple (G, V, D), where G is a Riemannian metric on @), representing the kinetic energy
of the system, V' : () — R is a smooth function representing the potential energy, and D a
regular distribution on () describing the nonholonomic constraints.

33



Efstratios Stratoglou

Using the Riemannian metric G we can define two complementary orthogonal projectors
P:TQ — D and Q: TQ — D+, with respect to the tangent bundle orthogonal decomposition
DD =TQ.

In the presence of a constraint distribution D, the Euler-Lagrange equations (2.11) must be
slightly modified as follows. Consider the nonholonomic connection V™ : X(Q) x X(Q) —
X(Q) defined by (see Definition 4.85, Bullo and Lewis, 2005 for more details)

VEY = VLY + (VZQ)(Y), (2.17)

with XY € X(Q). Then, the trajectories for the nonholonomic mechanical system associated
with the Lagrangian given by L(v,) = %g(vq,vq) - V(q), v, € T,Q and the distribution D
must satisfy the following equation

Vit + P(gradgV (g(t))) = 0. (2.18)

The next result shows some properties of the nonholonomic connection that will be used along
the thesis.

Proposition 2.4.3 (Proposition 4.85, Bullo and Lewis, 2005). Consider the Riemannian
manifold (Q,G) and the regular constraint distribution D on Q. For the nonholonomic
connection V™ we have the following:

1. VY =P (VEY) and thus VY € T(D),
2. (V¥Q) (v) e T(DY),
where X € I'(TQ) and Y € I'(D).

2.5 Virtual holonomic constraints

In this section, we give a background on virtual holonomic constraints (from now on referred to
as VHC) necessary for the present thesis. Virtual constraints are related to a control system.
We begin by recalling the basic definitions of nonlinear control theory from a geometric
perspective. For more details, we recommend A. Bloch, 2015 and Bullo and Lewis, 2005.

2.5.1 Basic definitions on nonlinear geometric control

Generally speaking, a control system can be seen as a dynamical system whose dynamical
laws are not prescribed and fixed in advance like problems we come across in classical physics,
but rather they depend on parameters that are called controls and may vary. The advantage
of working with controls is the fact that one can interfere to the behavior of the system. One
of the main objections in control theory is to understand the effects of the controls on the
dynamics of the system.

Many can be said about control systems since there are many concepts in which one is
concerned in analyzing control systems e.g. accessibility, controllability, stabilizability, feed-
back linearizability, path planning, optimal control, nonlinear stability, output regulation,
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robustness, adaptive control control, etc. Here we restrict ourselves to the basic definition of
a nonlinear control system for feedback control and stabilizability.

Consider the state space of the system to be an n-dimensional smooth manifold Q). A
nonlinear control system (also called affine nonlinear control system) on @ is a
differential equation of the following type

q=F(q) +u."(q), (2.19)
= h(q), (2.20

where ¢ € Q, a =1,...,m. The function u = u(q, ¢,t) : TQ x R — U with U an open subset
of R™ containing the origin is called control input and the functions F' and F'® are smooth
R™ valued functions i.e. smooth vector fields on (). The vector field F' is usually called drift
vector filed while F'* are called control vector fields. Equation (2.19) is called input
function while equation (2.20) is commonly refereed as output function with i to be an
R* valued function and y € R*. For a given control law, an integral curve of equation (2.19)
is called closed-loop trajectory.

Consider a mechanical system whose configuration space is a Riemannian manifold (@, G), an
external force F° : TQ — T*Q, and a control force F': TQ x U — T*Q of the form

Fgodo0) = 3 0aF"(a. ) 2:21)

where F%(q,q) € T*Q with m < n, U C R™ the set of controls and u, € R with 1 <a <m
the control inputs, consider the associated mechanical control system of the form

Vg =Y(q,q) +uY(q,9), (2.22)

where Y%(q,¢) = #5(F°(q,q)) and Y* = #5(F%(q,¢)). Equation (2.22) forms a system of
second-order differential equations whose solutions are the trajectories of a SODE vector field
(such as in (2.2)) of the form

I'(q,q,u) = G(q,q) + u(Y*)], (2.23)

(g,49)"

We call each Y = fig(F'*) a control force vector field, and G is the vector field determined by
the unactuated forced mechanical system, that is,

Vii=Y"q.q).

Definition 2.5.1. The distribution F C T'Q) generated by the vector fields Y = #g(F?) is
called the input distribution associated with the mechanical control system (2.22).

2.5.2 Virtual holonomic constraints

Virtual constraints are relations among the links of the mechanism that are dynamically
imposed through feedback control. Their function is to coordinate the evolution of the
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various links throughout a step—which is another way of saying that they reduce the degrees
of freedom—with the goal of achieving a closed-loop mechanism that naturally gives rise
to a desired motion. In Canudas-de-Wit, 2004 virtual holonomic constraints are used for
constructing orbitally stable feedback laws for designing periodic walking gaits in bipedal
robots.

In Maggiore and Consolini, 2013 it is studied conditions under which holonomic constraints are
made invariant and stabilizable by feedback, and also sufficient conditions for the constraint
dynamics to correspond to an Euler-Lagrange system. More precisely, they examine mechanical
systems evolving on an n-dimensional configuration space @, with n — 1 controls u € R*!
(degree of underactuation 1). It is considered the controlled mechanical system

d (0L oL
(=) == F 2.24
dt (aq) o " (2.24)
where F: Q — R™" ! is a smooth function and it has rank n — 1, L is a smooth Lagrangian
of mechanical type L(q,q) = K(q,q) — V(q) with K(q,q) = %QTD(q)q and D(q) the inertia

matrix which is positive definite for all ¢ €  and v € R*!. The dynamics associated to this
system can be rewritten in the usual form

D(q)q + C(q,q)q + gradV(q) = F(q)u. (2.25)

They make a distinction between virtual holonomic constraints (VHC) and regular VHC. The
definition of the former is as follows.

Definition 2.5.2 (Definition 2.1, Maggiore and Consolini, 2013). A virtual holonomic
constraint of order k for the system (2.25) is a relation h(q) = 0, where h : Q — R¥ is
smooth, rank(dh,) = k for all ¢ € h~'(0) and the set

M ={(q,q) : h(q) = 0,dhqg = 0}

is controlled invariant. That is to say, there exists a smooth feedback u(q, ¢) such that M is
positively invariant for the closed-loop system.

A special demand is made for a VHC to be regular and this is done to meet controller design
techniques as we comment below.

Definition 2.5.3 (Definition 3.1, Maggiore and Consolini, 2013). A relation h(q) = 0 is
a regular VHC if the output function e = h(q) yields vector relative degree {2,...,2}
everywhere on the set M. M is called constraint manifold associated with the VHC
h(q) = 0.

Remark 2.5.4. The requirement of the output function e = h(q) to yield a vector relative
degree {2,...,2} on M is used to make the output a input-output feedback linearizable and
the associated zero dynamics manifold is precisely M as discussed in Section 6.1 of Isidori,
2000.

Proposition 2.5.5. Suppose h : Q — R* is smooth and rankdh, = k, for all ¢ € h=1(0).
Then h(q) = 0 is reqular VHC of order k for each element in the level set h=1(0), if n — 1 —k
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of the acceleration directions forced by the control input are transversal to the tangent space
of h=1(0).

An immediate extension to Maggiore and Consolini, 2013 is the paper of Consolini and
Costalunga, 2015 where, in brief, it is studied the case of systems with underactuation degree
greater than one and the notion of virtual constraints for a mechanical system it is approached
geometrically to provide a coordinate-free framework. In particular, they present virtual
holonomic constraints in an affine geometric background where the constraint dynamics
are described as geodesics of a connection obtained by the Levi-Civita connection of the
mechanical system. Considering the configuration space, @), equipped with a metric, they
use the same controlled mechanical system (2.24) and express it in terms of the Levi-Civita
connection, namely,

V¢ = —gradV + Fu, (2.26)

(q,q4) € TQ (see Bullo and Lewis, 2005, page 224, equation (4.24) for more details).

To start with, they define the concept of controlled invariant manifold and transversality
below. Two subbundles on a manifold () are transversal if their Whitney sum produces the
whole tangent space of Q).

Definition 2.5.6 (Definition 1). A manifold M is said to be controlled invariant for the
system (2.24) if there exist a control function @ : TM — R™ such that the solution of (2.24)
with this control is well defined and stays in M for all time, i.e. ¢(t) € M, V¥Vt > 0, for any
initial value (¢(0),¢(0)) € TM.

Definition 2.5.7. Let F be a subbundle of the tangent bundle 7'() and let M be an embedded
submanifold of ). We call  and M transversal if

Fy+ T M =T,Q, for all ¢ € M.

Proposition 2.5.8 (Proposition 1, Consolini and Costalunga, 2015). Let M be an embedded
submanifold of Q) of dimension n — m. If the input subbundle F and M are transversal
then M is control invariant for system (2.24). Moreover, the control law G that renders M
movariant 1S unique.

If the premise of Proposition 2.5.8 above is satisfied then the solutions of equation (2.24)
with the unique input u = (q(t), ¢(t)) and initial conditions on the tangent bundle of M,
TM, belong to T'M for all time and they are called constraint dynamics and satisfy the
equation below

V¢ = —gradV + Fq, (2.27)

Note here that, by this time, Consolini and Costalunga, 2015 develop a general theory about
controlled invariant submanifolds and there is no reference to virtual constraints. Subsequently,
the authors define an induced connection whose geodesics describe the trajectories of the
constraint dynamics. Whenever a system is subject to ideal constraints we know that the
trajectories of the constrained Lagrangian system can be expressed as geodesic curves of an
affine connection (see Remark 4.91, Bullo and Lewis, 2005).
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Considering the input subbundle F and the embedded submanifold M, which represents the
constraint submanifold formed by holonomic constraints, to be transversal, then there are
unique projections Pr : T'Q) — F and Py, : TQ) — T M such that for every ¢ € () and every
vector v, € T,@Q we have v, = Py(v,) + Pr(v,). In consequence of this unique decomposition,
one can define the induced connection with which the constraint dynamics will be described
as geodesics.

Proposition 2.5.9 (Proposition 2, Consolini and Costalunga, 2015). Let Q be the configura-
tion space of the mechanical controlled system equipped with a Riemannian metric, also let V
be the Levi-Clivita connection related to that metric and M be a virtual holonomic constraint
for that system. For any two vector fields X,Y € X(M) define

h
VxY = Pu(VxY),

then

h
e V is a connection on M and

h
o if V is torsionless then V is torsionless.

With the help of this induced connection the constraint dynamics (2.27) can be written in a
compact form as the next proposition states.

Proposition 2.5.10 (Proposition 3 & Remark 5, Consolini and Costalunga, 2015). The
trajectories of the constraint dynamics (2.27) satisfy

h
Vi = —Pm(gradV).

If the potential V = 0 the above constraint dynamics reduce to

which means that the constraint dynamics correspond to the geodesic curves of the induced
h
connection V.

2.6 Lie Groups

In this subsection, we present an important class of smooth manifolds, Lie groups. In short,
Lie groups are smooth manifolds that have also the structure of a group. Lie groups appear
naturally in mechanical systems when the latter present symmetries and they allow certain
simplifications of these systems. In this dissertation we encounter mainly Lie groups as
configuration spaces of mechanical systems. Some references from literature that approaches
this concept as we do here are Bullo and Lewis, 2005, Holm et al., 2009, Marsden and Ratiu,
1999, A. Bloch, 2015, Holm, 2008, Abraham and Marsden, 1978. In this thesis, we only
consider finite-dimensional Lie groups.
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A Lie group G is a smooth manifold that is also a group such that the group multiplication
and the inverse map given by

m(g,h) = gh,  i(g) =g
are smooth. For every element g € G of the Lie group we define the left and right
translation maps

Ly:G—G and R;:G—CG
h +— gh h — hg

respectively. Note that since Lyo L, = Ly, and Ry0 Rj, = Ry, we have that (L;)_1 = L,-1 and
(Ry)~* = R,-1. Also, notice that left and right translations commute since Ly o Rj, = Ry, o L.
From the chain rule we get

Tgth—l o Tth = Th(Lg—1 e} Lg) = [d’

thus T, L, is invertible (likewise T}, R,) and so it is an isomorphism. If the group is abelian
(which means that gh = hg, Vg,h € G) then L, = R,. A Lie group homomorphism,
between two Lie groups, is a smooth map that it respects the group structure, formally is
given as follows. Given two Lie groups (G,-) and (H,*) a map p : G — H is a Lie group
homomorphism if is satisfies p(a - b) = p(a) x p(b) for all a,b € G.

A vector field X on a Lie group G will be called left-invariant if for every element g € G we
have Ly X = X i.e.
(ThLg)X (h) = X(gh)

for every h € G. The set of all left-invariant vector fields on G will be denoted by X.(G).
Likewise the set of right-invariant vector fields is denoted by Xz(G) and for all X € Xx(G)
we have that ;X = X i.e.

(ThRg) X (h) = X(hg)

for every h € G.

Next, we consider the notion of the Lie algebra in a general framework and later we define
the Lie algebra of a Lie group.

A Lie algebra V is a R—vector space together with a bilinear operator [-,-] : V x V — R
called the bracket and satisfies the properties:

1. [&,n] = —[n, €] (skew-symmetry) and

2. & In, ]l + [0, [¢, €]l + [C, [€:ml] = O (Jacobi identity)

for all £,m,( € V. A Lie subalgebra of a Lie algebra V' is a subspace of V' which is closed
under the bracket operator.

Note that the set of all vector fields on G, X(G), equipped with the Lie bracket defined at
the equation (2.1) is a Lie algebra and the subset of all left-invariant vector fields, X, (G), is
a subalgebra with the same Lie bracket. Also, R? equipped with the vector cross-product
operator is a Lie algebra and the set of linear maps, L(V, V'), on a vector space V is a Lie
algebra with operation the commutator [A, B] = Ao B — Bo A.
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For any Lie group G there exists an isomorphism between the tangent space at the identity,
T.G, and the left-invariant vector fields X1, (G), namely, the map (-;) : T.G — X (G) which
is given by & — &, such that £,(g) = (L,).£. With the help of this map we define a bracket
on T,G by

€, nlr.c = [€, Lz )

The tangent space at the identity to a Lie group G will be denoted by g and equipped with
the above bracket becomes a Lie algebra which is called the Lie algebra of the Lie group
(G. When there is no chance of confusion the subscript of the brackets will be omitted. In an
equivalent way we can identify the right-invariant vector fields of a Lie group with the 7,G
and define the respective bracket.

2.6.1 Lie groups actions

Here we present the theory of Lie group actions on manifolds. The action of a group on a set
can be seen as an assignment to every element of the group an invertible transformation of
this set hence the group operator corresponds to composition of transformations. For example
a group of matrices can be viewed as the group of linear transformations of a Euclidean space.

Consider a manifold M and a Lie group G, a (left) action of G on M (or a G action on
M) is a smooth mapping ¥ : G x M — M such that

(i) ¥(e,z) =z for all z € M and e is the identity element of the group G,
(ii) (g, ¥(h,x)) = ¥(gh,z) for all g,h € G and x € M and
(iii) for every g € G the map U, : M — M, defined by ¥, (z) = ¥(g,x), is a diffeomorphism.

Note that condition (ii) may also be written as ¥, o ¥, = W, and that the notation
gz =V (z) = ¥(g, ) is often used.

A right action of G on M is a smooth mapping satisfying the same conditions as above
except condition (ii), which is replaced by:

(i7) V(g,¥(h,z)) = ¥(hg,x) for all g,h € G and x € M.

A convenient notation for a right action is zg := V,(z) = ¥(g, ) and so the condition (i)’
then reads (zh)g = x(hg). A left or right action by a group G is simply called G action and
note that if the group G is abelian then the two actions (left and right) coincide (see left and
right translation maps at the beginning of Section 2.6).

Remark 2.6.1. Any left action (g,x) — gz gives rise to a right action given by (g, z) — g 'x.

For the subsequent will use the left action notation, but everything can be defined for a right
action as well.

Let G be a Lie group that acts on a manifold M, for any element x € M we define the orbit
of = by

Orb(x) = {gz : g € G}.
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The orbit of an element is a subset of M and it is also called group orbit through x. For
any element of M there is one more subset of particular interest, the stabilizer. Let x € M
the stabilizer (isotropy or symmetry) group of z is given by

Stab(z) = {g € G : gv = x}.

An action ¥ : G x M — M is said to be:
(i) transitive if for any x,y € M there exist g € G such that gz =y,
(ii) free if it has no isotropic points, i.e. for all x if gz = x then g = e,

(iii) faithful (or effective) if for all g € G such that g # e, there exists € M such that
gz # x,

(iv) proper if, whenever the sequences {z,} and {g,z,} converge in M, the sequence {g,}
has a convergent subsequence in G.

Remark 2.6.2. Note that a transitive action has only one group orbit.

Remark 2.6.3. A faithful action can also be defined by: if ¥, is the identity transformation
on M, then g = e.

A Lie group action of G on a vector space V' is called linear if the map ¥, is a linear map for
all g € G. A linear action of a group G on the Euclidean space R" is called a representation
of G. If this is the case for an action ¥ then W, corresponds to an element of GL(n), the set
of n x n invertible matrices with real entries.

Example 2.6.4. 1. Consider the left action of the special orthogonal group SO(3) which
is the set {R € GL(n,R) : RRT = RTR = I with det A = 1} on R3 given by left
multiplication (R, x) — Rx, x € R3. This action is faithful but neither transitive nor
free. It is not transitive because there is not matrix R € SO(3) which that 07 R = eI
where 0 is the zero vector and e; = (1,0,0). For no being free one can see that there
100

are more that one matrices of the form R = [0 * x| such that Re; = e;, where x
0 * x

can be any number such that R € SO(3).

2. Consider the special Euclidean group SE(2) which is the set of 3 x 3 matrices of the

form
R r
s=(0 1):

where R € SO(2) and r € R?. The action of SE(2) on the real plane R? via the
assignment ((R,r),z) — Rx + r, is transitive and faithful but not free. This action is
not free because the isotropy group of any element x € R? has at least two elements
(1,0),(0,x) € Stab(z), where 0 is the zero 2 x 2 matrix and [ is the identity 2 x 2
matrix.
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2.6.2 Group action on itself

An interesting class of Lie group actions appear when they act on themselves. We have
already defined the left and right translation maps at the beginning of this section, which for
convenience they are repeated here:

Ly:G—=G and R,:G—G
h— Ly(h) = gh h — Ry(h) = hg.

These maps can be seen as actions of the Lie group G on itself. The right and left translation
on GG can be lifted to an action on the tangent bundle 7T'Q) and the cotangent bundle 7T*(Q).
For the right translation we have the tangent lifted right translation which is given by

GxTG—TdG
(9, (h,v)) = (hg,vg) := (Ry(h), ThRy(v) = (Rg(h), - (c(®)9)

while the cotangent lifted right translation is given by
GxTG—-T'G
(9, (h, @) = (hg, ag) := (Ry(h), Tjjy Ry (),
where

<T;:9Rg_1(a), w> = (a,ThgRy~1(w)) forall w e Tp,G.

For the associate tangent and cotangent left translations we have

GxTG —- TG

(9. 1.00) 5 (g g) = (L), Tay0) = ( Lo, a0 ),
and

GxT'G — TG

(g, (h, @) = (gh, ga) := (Lg(h), Ty, Ly-1(cv)),
where

<Tg*th_1(a),w> = (o, Ty Ly-1(w)) forall w e TyG,

respectively. These lifted actions will be of particular use at Subsection 2.6.4 where we analyze
the properties of a right/left invariant Lagrangian of a mechanical system. Now let us define
another action, the conjugation, of G' on itself by using both left and right translations.

The action of G on itself by conjugation (or inner automorphism) is

GxG -G
(9:h) = I(h) = (Lyg © Ry1) (h) = ghg ™,

where the orbits of this action are called conjugacy classes. This action gives rise to an
action of GG on its Lie algebra g, namely, the Adjoint action of G on g which is given by

Gxg—g
(9,€) — Ady€ = Telg(f) =T (Lg ° qu) (€).
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Also we can define the Co-Adjoint action of G on g* which is the inverse dual of the Adjoint
action and it is given by

Gxg —g"
(9, 1) = Adg-1p,

where (Adj_.1p, &) = (pu, Adg—§), for all p € g*, £ € g and where (-,-) : g* x g — R is the
pairing between elements of g and g*.

Next we define the infinitesimal generator which encaptures the infinitesimal description of
an action. The infinitesimal generator map is called the adjoint action (or adjoint
operator) of g on itself (even though it is not an action) and it is given by

gxg—g ]
(&) = ade(n) = &) = — -

Also we define the coadjoint operator which is the dual of the adjoint operator above and
is given by

Adexp tﬁ'f]

ad*: g x g* — g*
(&, 1) = adg(u),
such that for all § € g the map ade : g* — g* satisfies (ad;u, n) = (11, aden), where 1 € g.

Example 2.6.5. Let us first define the hat map which identifies the Lie algebra of the special
orthogonal group, s0(3), given by skew-symmetric 3 x 3 matrices, with the vector space R3.
The hat map is denoted by () : R? — s0(3) and given by

T 0 —x3 i)
=z —=Z=| 23 0 -z
T3 —r9 I 0

Consider the left action of the Lie group SO(3) to itself given by left multiplication. The
Adjoint action of SO(3) on its Lie algebra so(3) is given by

SO(3) x s50(3) — s0(3)
(R,§) > AdpQ = ROR™ = (RQ),

and the Co-Adjoint action is given by
SO(3) x s0(3)" — s0(3)"
(R,1I) = Adg1l = (RI),
where we have used the breve map (") : R® = s0(3)* which is an isomorphism given by
IT = (I1y, [1y, I13) + II such that
(I1, Q) = 1,9y + M + 11505,

Moreover, given Q, W € s0(3) and Il e 50(3)*, the adjoint and the coadjoint operators for
50(3) and so(3)* are given by

— V)

adg = [ 0] = Qxw and  adjll = (I x Q),
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respectively.

2.6.3 Riemannian geometry on Lie groups

When Lie groups are endowed with a Riemannian metric they present the structure of a
Riemannian manifold with additional properties necessary for this dissertation.

Let G be a Lie group with Lie algebra g := T.G, where e is the identity element of GG. Consider
the left-translation by g, L, : G — G. Given any inner product (-, -), on g, left-translation
provides us with a Riemannian metric (-,-) on G via the relation:

(Xg, Yy) = <Tng—1XgaTng‘1Yg>ga (2.28)

g9

for all g € G,X,,Y, € T,G, where T, L, denotes the tangent map of L,—1 at the point
g. Such a Riemannian metric is called left-invariant, and it follows naturally that there
is a one-to-one correspondence between left-invariant Riemannian metrics on G and inner
products on the Lie algebra g, and that the left translation map L, : G — G is an isometry
for all g € G by construction. Any Lie group equipped with a left-invariant metric is complete
as a Riemannian manifold. The same occurs with a right-translation of an inner product
given by the relation
IR

(Xg, Yy) = <TgRg—1XgaTgRg‘1Yg>ga (2.29)
which provide us with a right-invariant Riemannian metric on G.

It is well-known that the map (-g) : g = Xr(G) defined by €r(g) = (Ry) . forallé € g, g € G
is a vector spaces isomorphism between the Lie algebra of G and the set of its right-invariant
vector fields (see Holm et al., 2009, Marsden and Ratiu, 1999, Helgason, 1979). A similar
discussion is valid for the left-translation map and left-invariant vector fields, being the map
(‘) : 9 = XL(G) an isomorphism of Lie algebras since the Lie bracket on g is defined according

to [&,m] = [€c,me](e).

Lemma 2.6.6. Given &, n € g, the Lie bracket of right invariant vector fields [r,nr| is a
right-invariant vector field and

R, MR)] = — ([fan])R- (2.30)

Proof. Consider the Lie group G equipped with the smooth operation
g©®h=hg, Vg heqQd.

G equipped with © is also a Lie Group. Thus, denoting by [_/g : G — G the left multiplication
with respect to the operation © and by R, : G — G the right multiplication with respect to
the original operation on G we have that R, = L,. Hence, it is not difficult to deduce that
given £ € g, we have that {g = &7, where &; is defined by &;(g) = T.L,(€). Now, consider
the inverse map ¢ : G — G whose tangent map at the idenity is 7.7 = —idy. The inverse
map is an isomorphism of Lie groups implying that 7.7 is an isomorphism of Lie algebras. In
particular, if we equip g also with the Lie bracket [-, -]z associated with the operation ®, T,
is an isomorphism of Lie algebras between (g, [-,-];) and (g, [, -|5)- Hence,

[67 77]9 - _Tei([& 77]9) = _[Tei(£>a TJ(”)]@ = _[57 77]@'
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Therefore,
[$r:nr] = (€2, 2] = ([§;mle)z = ([€.m]5)r = —([€, nlg)r-
]

Remark 2.6.7. The last Lemma shows that (-g) : g — Xg(G) is an anti-isomorphism of Lie
algebras.

Remark 2.6.8. For left-invariance we have that, given £, 7 € g, the Lie bracket of left invariant
vector fields [£7,n;] is a left-invariant vector field and

(S, ne] = ([&:n]), - (2.31)

The isomorphism between g and Xz (G) allows us to construct a bilinear map V9:g x g — g
defined by:

Ven = (Venr) (e), (2.32)

for all £, € g, where V is the Levi-Civita connection on G corresponding to the right-invariant
Riemannian metric (-, -) defined in (2.28).

The following result guarantees the consistency of this definition:

Theorem 2.6.9. Let G be a Lie group equipped with a right-invariant metric associated with
the inner product (-,-) on g. Then the Levi-Civita connection is a right-invariant connection
and there exists a bilinear map denoted by Vgn such that

(VEU)R = VERnR

and given by the equation
Vin = — 6.+ 5t [ado(m)] + 5t [adp(c)] (2.33)

Proof. First, we prove that the Levi-Civita connection is right-invariant, i.e., given two
right-invariant vector fields such as £z and ng, where &, n € g, the vector field V¢, ng is also
right-invariant. This is proven by the formula

2(Vernr: Cr) = Lep (MR, Cr) + Lnp(Cr,ER) — LeplEryMr) + ([ER MR, CR)
— ([&r: Crl, ) — (7R, CR]: ER),

to compute (V¢,nr, (r) where ¢ € g. The first three terms on the right-hand side vanish
because they are nothing but the Lie derivative of a constant function (the right-invariant
inner product). The last three terms are also right-invariant. Thus the expression on the
left-hand side is right invariant. Consequently, V¢, nr must also be right invariant. Denote by
Vin the restriction to e of Ve ng. It is clear that it is bilinear and that (Vin)r gives Ve ng.

In addition, using right invariance of the metric and equation (2.30) we deduce

2(Ven, Q) = =& nl, ) + (€. ¢l m) + ([, €], €) (2.34)
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from which it is a straightforward computation to check that

Vin = —gl6 a4+ i [adp(n)] + 5t [adip(e)].
[

Although V¥ is not a connection, we shall refer to it as the Riemannian g-connection, as
in J. Goodman and Colombo, 2024 for left-invariant metrics, corresponding to V because of
the following properties inherited from the Levi-Civita connection properties:

Lemma 2.6.10. V9 : g x g — g is R-bilinear, and for all £,m,0 € g, the following relations
hold:

1. Vin— Vi =—[¢nl,,
2. (V3&,m), + (€, Vi), = 0.

Proof. The R-bilinearity of V?® follows immediately from (2.32). For 1., observe that

Vin — VI = (Veanr — Vir€r) (e) = [€r,mr] (e) = = [¢, 77]9

since V is the torsion-free. For 2., note that since V is compatible with (-, ), we have that

Loy (Erinr) (€) = (Vor€r(e),nr(e)) + (€r(€), Vornr(e))
=(V3&,n) + (& Vo),

where £ stands for the Lie derivative of vector fields. But since £, ng are right-invariant,
(€r,mr) is a constant function, so L,, ({r,nr) = 0. H

Remark 2.6.11. We may consider the Riemannian g-connection as an operator

Ve C>®(la,b],g)xC>®([a,b],g) — C([a,b], g) in a natural way, namely, if £,n € C*([a, b], g),
we can write (Vin)(t) := V{,yn(t) for all t € [a,b]. With this notation, Lemma 2.6.10 works
identically if we replace £,n,0 € g with £, 1,0 € C*([a, 1], g). o

Remark 2.6.12. Analogously, under the same hypothesis of Theorem 2.6.9 but for left-invariant
metric we have that the Levi-Civita connection is left-invariant and there exist a bilinear map

(Vgn)L = v§L77L

which is given by the equation
1 1
Vin = S 16a] — 5t [adio(m)] - 5t [adip(@)]. (2:35)

Note the abuse of notation for the right and left invariant bilinear maps. In what follows it
will be always clear from the context whether we deal with right or left invariance.
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2.6.4 Mechanical systems on Lie groups

We devote this section to the study of mechanical systems whose configuration space is a Lie
group, () = G. A Lie group, as presented in Section 2.6, is a smooth manifold with a structure
of a group where it possesses certain symmetries and has a rich geometry. Regarding their
use in mechanical systems and in this thesis, we will take advantage of these symmetries to
reduce the equations of motion.

Consider a Lie group G to be the configuration space of a mechanical system together
with a Lagrangian function L : T'G' — R and let this Lagrangian to be right invariant i.e.
L(gh, gh) = L(g,g), h € G where we have considered the right translation map and the tangent
lifted right action given at Subsection 2.6.2. Recall that from the Hamilton’s principle we want
to minimize the action functional S(q) = [° L(q(t), §(t))dt, over all variations of curves. The

d (0L oL

critical points of S are curves that satisfy the Euler-Lagrange equations 7 (8) + B0 = 0
g g

(see Subsection 2.3.1). Since the Lagrangian is right invariant we can define a new function

which is called reduced Lagrangian [ : ¢ — R and it is given by

(&) = Lie,g9~") = L(g, 9),

where £ = gg~! € g. Similarly to Hamilton’s principle we define the reduced action
functional S,.q(€) = [P 1(£)dt over variations of the form 6¢ = 7 — [€,7)],, where 7 is an
arbitrary variation. The curves that minimize S,.q satisfy the so-called Euler-Poincaré

d l l
equations 7 (8) = —aclzgg (Holm et al., 1998). Moreover, it can be seen that there is

U3

a one-to-one correspondence between a curve g that satisfies the Euler-Lagrange equations
associated to L and the curve & := gg~! that satisfies the Euler-Poincaré equations associated
to [ (for a proof see for instance Holm et al., 2009, Holm et al., 1998). The equation ¢ = {g is
known as the reconstruction equation.

Next, consider a mechanical system which evolves in a Riemannian manifold (G, G) with G a
right invariant Riemannian metric on G. Since the Riemannian metric is right invariant the
Lagrangian given by L(v,) = %Q (vg, V) is right invariant as well. Thus, we define the reduced
Lagrangian [ : g — R as previously.

Given a basis {e;} of g, we may write any vector field Z on G as X = X'(e;)g, where
X' : G — R are the components of the vector field and we have used the summation
convention. If ¢ : [a,b] — G is a smooth curve, then we can write a vector field X along
the smooth curve g as X = X'e;g, where e;g = T.R,(e;). In particular, we may write its
velocity as g = & (e;)g where &' : [a,b] — R are the components of the velocity vector. Let
€ : [a,b] — g be the curve given by £(t) = T,R,-1(¢). Then, in our chosen basis for g, the
curve & can be equivalently written as & = &'e;. We denote € = €%e;, which may be written in
a coordinate-free fashion via £(t) = 4 (Rg(t)fl*g(t)).

We now wish to understand how the Levi-Civita connection V, associated with the right
invariant Riemannian metric, along a curve is related to the Riemannian g-connection V9.
This relation is summarized in the following result:

Lemma 2.6.13. Consider a Lie group G with Lie algebra g and right-invariant Levi-Civita
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connection V. Let g : [a,b] — G be a smooth curve and X a smooth vector field along g. Then
the following relation holds for all t € [a,b]:

VX (t) = (7(t) + Vin(t)) g(t), (2.36)
where €(t) = §()g(t)" and n(t) = X (£)g(t)".
Proof. Let {e;} be a basis for g. Then, we can write £(t) = &'(t)e; and n(t) = n'(t)e;.
Expanding out the left-hand side of (2.36), and using that R,«(1’e;) = 1/ Ry« (e;) we get
VX (1) = V; (0(e)r) (8) = ¥ (1)(es)r + 7 () V(es)r.
Using that ¢(t) = £(¢t)(e;)r for all t € [a,b],1 < i < n, we deduce

Vi (e)r=E 0V (e5)p = (€(OV8es) .,
where the last equality follows from the definition of the Riemannian g-connection. Equation

(2.36) then follows by the bi-linearity of V¢ together with the expression of n and £ with
respect to the basis {e;}. O

Remark 2.6.14. For a left-invariant Levi-Civita conection the above Lemma 2.6.13 gives the
equation

VX (t) = g(t) (0(t) + Vin(t)), (2.37)
where £(t) = g(t)~'g(t) and n(t) = g(t) " X (¢).
From the previous Lemma, if ¢(t) is a geodesic with respect to the Levi-Civita connection,
then Ry (5 + Vgﬁ) =0, where £ := gg~!, and since right-translation is a diffeomorphism, we
obtain the Euler-Poincaré equations for geodesics:

Theorem 2.6.15. Suppose that g : [a,b] — G is a geodesic, and let & := gg~'. Then, &
satisfies

E+VIE=0 (2.38)

on la,b] or equivalently

E(t) + 1 [adgp(€(1))] = 0. (2.39)

Proof. Equation (2.38) follows directly from Lemma 2.6.13. Using the expression (2.33) of
the g-connection we immediately deduce

VI =t [adgp(€(1))] -
]

Remark 2.6.16. Since the Riemannian metric is right-invariant, the Lagrangian is right-
invariant, and so the reduced Lagrangian takes the form [(¢) = 1[|€]|?, it is straight-forward

2
ol

to show that € = b(£), so that the Euler-Poincaré equations associated to [ are given by

h(E) = —adgh(§), which is equivalent to (2.38). Notice that the Euler-Poincaré equations

corresponding to [ naturally live on the dual of the Lie algebra g*. It is only through the

metric that we are able to convert them into equations on g.
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2.7 Homogeneous spaces

In this section, we consider homogeneous spaces which appear when a group acts on a manifold
transitively. Homogeneous spaces are not Lie groups themselves; nonetheless, they have some
kind of symmetries in the sense that locally they look the same in terms of the Lie group action.
In other words, any two points of the manifold are similar with respect to the properties that
are preserved by the Lie group.

Let G be a connected Lie group. A homogeneous space H of (G is a smooth manifold on
which G acts transitively. Thus, we see that any Lie group is itself a homogeneous space,
where the transitive action is provided by left or right translation.

Consider a manifold H and a transitive left-action on it, namely, ¥ : G x H — H which we
denote by gz := ¥ (z). Moreover, suppose that K is a closed Lie subgroup of G and consider
the action V' : G x G/K — G/K satisfying @, ([h]) = [gh] for all g,h € G, where [g] is the
coset of this action. By its construction this action is transitive and thus the quotient G/K is
a homogeneous space. Connecting these two actions, we choose K to be the stabilizer group
of an arbitrary element x € H then it can be shown that G/Stab(z) = H as differentiable
manifolds, where Stab(x) := {¢g € G | gr = z}. Hence, we may assume without loss of
generality that H = G/K is a homogeneous space of G for some closed Lie subgroup K. Let
7w : G — H be the canonical projection map.

Example 2.7.1. Consider the special Euclidean group SFE(3) composed of rotations and
translations in the space R®. An element of SE(3) is a pair (R,r) where R is a rotation
matrix in SO(3) and r € R3. Consider the action of SE(3) on R? given by the map

U :SE(3) xR* - R®, Up,(z)=Rr+r.

This action performs a rotation R on the vector x € R? followed by a translation by r.
This action is transitive, thus R? has the structure of a homogeneous space. Thus, R3
can be seen as the quotient R? ~ SE(3)/K where K is a subgroup of SE(3) such that
K = {(k,0) : k € SO(3)}, thus K ~ SO(3). Moreover, K = Stab(0) for 0 € R*® which is
the stabilizer subgroup of the action W. The projection map 7 : SE(3) — R? is given by
7(R,r) = R0O+1r=r.

Furthermore, we have that SE(3) ~ SO(3) x R?, using the hat map (-) : R® — s0(3) and
the standard basis {e, ez, e3} for R® (see Holm et al., 2009 for instance), we have that
the basis for the Lie algebra se(3) consists of the elements e; = (0,e1),62 = (0,e2),63 =
(0,e3),e4 = (é1,0),e5 = (é2,0),e6 = (é3,0). Hence, from the projection map m, we deduce
Tim(e1) = ey, Tim(ez) = eq, Tim(e3) = es, Tym(es) = Tym(es) = Tim(es) = 0, where I denotes
the 4 x 4 identity matrix. U

Using the canonical projection map we define two subbundles of the tangent bundle T'G.
The vertical subspace at g € G is given by Ver, := ker(m,|,), which helps us to define
the vertical bundle as VG := | |,c{g} x Ver,. Suppose G is equipped with a Riemannian
metric (-,-),, then we define the horizontal subspace at any point g € G' (with respect
to this metric) as the orthogonal complement of Ver,. That is, Hor, := Vergl, where Hor,
contains all vectors that are orthogonal to every vector in Ver,. Accordingly, we define the
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horizontal bundle as HG := | |,c;{g} x Hor,. Since both the vertical and horizontal bundles
are subbundles of the tangent bundle T'G, it is clear that T,G' = Ver, @ Hor, for all g € G, so
that the Lie algebra g of G admits the decomposition g = s & b, where s is the Lie algebra of
K and b = T; ) H. For later use we denote the orthogonal projections onto the vertical and
horizontal subspaces by V and H respectively.

A section Z € I'(T'G) is called a horizontal vector field if Z(g) € Hor, for all g € G and
we write Z € I'(HG). Consider a vector field Y € I'(T'G), Y will be n-related to some
X e I'(TH) if 7Yy, = Xy for all ¢ € G. Moreover, if this Y belongs to the horizontal
bundle, i.e. Y € T'(HG), we say that Y is a horizontal lift of X. Also we define a horizontal
lift of a smooth curve ¢ : [a,b] — H as a smooth curve G : [a,b] — G such that T 0§ = ¢
and ¢(t) is horizontal for all ¢ € [a,b]. We have the following results from J. Goodman and
Colombo, 2024.

Lemma 2.7.2. Let H be a homogeneous space of G and X € I'(TH). Then:

1. For all X € T(TH), there exists a unique horizontal lift X of X. That is, the map
:I(TH) — I'(HG) sending X — X is R-linear and injective.

2. For all smooth curves q : [a,b] — H and qo € 7 '({q(a)}), there exists a unique
horizontal lift G : [a,b] — H of q satisfying ¢(a) = qo, called the horizontal lift of X
which is m-related to X .

Observe here that the left action ¥ : G x H — H and the left translation matrix L, : G — G
satisfy the equality W,om = mo L, for all g € G and taking differential of both sides we
obtain the following commutative diagrams

dmg
G " H Hory —— Ty H
Ly Ty Lg_l*l l‘yg_l* (240)
G T> H b Tﬂ_e) Tﬂ-(e)H

Consider a curve 7 : [a,b] — b and its projection 7 : [a,b] = Tr)H under (7). Since the
action W, is transitive we can translate 7 to a vector field X along any curve ¢ : [a,b] - H
through X (t) = Wg4).n(t) for ¢t € [a,b] where G is the horizontal lift of g. The vector field
X can be lifted horizontally to a unique vector field X along § and from (2.40) we get that
Lgfl*X =17). This is presented in the next Lemma 2.7.3.

Lemma 2.7.3. Suppose that q : [a,b] = H and q : [a,b] — G is a horizontal lift of q. Then,
for any 7 : [a,b] — Y, there exists a unique X € T'(q) such that its horizontal lift X along q
satisfies Lgy-1, X (t) = 7(t) for allt € [a,b].

2.7.1 Riemannian Homogeneous Spaces

Let G be a connected Lie group and H = G/K a homogeneous space of G with left action
VU :G x H— H. Since H is a smooth manifold, we can equip it with a Riemannian metric.
We are interested in those metrics (-, -),; which preserve the structure of the homogeneous
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space. In other words, we would like to choose (-, ), so that the projection map 7 : G — H
is a Riemannian submersion,which means that .| ¢ is a linear isometry between Hor,
and Ty H for all g € G (that is, a linear map between Hor, and and T5(4) H that preserves
lengths). Hence, we call H a Riemannian homogeneous space.

It is clear that if H is a Riemannian homogeneous space, then (H(X), H(Y)), = (m X, 1Y)y
for all X,Y € T;G,g € G and as a result <X,S~/>G = <X,Y>H for all X,Y € T,G,g € G.
The metric (-, ), is said to be G-invariant if it is invariant under the left-action ¥, for all
g € G. It can be shown that every homogeneous space H = G/K that admits a G-invariant
metric is reductive. That is, the Lie algebra admits a decomposition g = s & b, where s is
the Lie algebra of K, and b satisfies [s, ] C b. In particular, this implies that h = T5()(G/K)
are vector spaces.

Example 2.7.4. Continuing with Example 2.7.1, equip the Lie group SE(3) with the usual
left-invariant metric determined by the inner product

<(Qly 7’1)7 (Q27 T2)>se(3) = Q1TQ2 + 7“1T7’27

where ©;,Q € R?® and 7,75 € R3. Using this metric we define an inner product on
TOR3,0 c R?) through the relation <(T]7T)(§1), (TIW)(£2)>T0R3 = <£1a§2>52(3) for all 51,52 €
se(3) and we extend this inner product to an SE(3)-invariant Riemannian metric on R3
by (X, Y)rs = (T,V0,)(X), (T, ¥0,))(Y))r,rs where X,Y € T,R?, r € R®. Thus, since
T, %0, = Id, we have that (X,Y)gs = X”Y, which is the standard Euclidean product on
R3.

With this Riemannian structure, we have that s = ker(77) = span{ey, €5, és} ~ s0(3) and we
define h = s such that h = span{é;, é, €3} ~ R?. The adjoint operator for the Lie algebra
se(3) is given by ad : se(3) x se(3) — se(3),

A

ad (92, 5) = (ad €, ITs — Qt),

where adg € is the adjoint operator on s0(3) and ¢, s € R? (see Holm et al., 2009 for instance).
Since s = span{ey, €5, €6} ~ 50(3), the vertical and the horizontal spaces of SE(3) are given by

Ver, = span{gé,, gés, g6} ~ SO(3) and Hor, = span{gé,, gés, gés} ~ R?,

respectively, where g € SE(3). The horizontal projection is given by H(,r) = (0, 7). O

Remark 2.7.5. From J. Goodman and Colombo, 2024 we know that the existence of a G-
invariant metric on H and the existence of a left-invariant metric on G for which H is a
Riemannian homogeneous space are strongly linked, i.e. there is an equivalency between the
two.

Example 2.7.6. Let us equip the Lie group G = SO(3) with the left-invariant metric
(Ql, QQ>SO(3) = QTQ, for Q1,2 € R, where we use the hat map defined at the Example 2.6.5
for the identification s0(3) = R3. Consider the action of SO(3) on R? by the usual matrix
multiplication given by the map ¥ : SO(3) x R — R where (R, z) — Rz and consider also
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the Lie subgroup K C SO(3) given by

cosf) sinf 0
K = —sinf cosf Of:0e€R;,
0 0 1

which is isomorphic with the Lie group SO(2). As it can be easily checked K is the isotropy
group (stabilizer) of the action W of the vector e3 = (0,0,1)7, i.e. K = Stab(es) and if
we restrict it to the unit sphere S? C R3, \If’S2 is transitive. Hence, the quotient space
H = S0(3)/SO(2) = 5? is a homogeneous space and the projection map 7 : SO(3) — S? is
given by m(R) = Res for R € SO(3). Let us equip the Lie algebra g = s0(3) with the usual
orthonormal basis {€;, 0, 3} given by

) 00 O A 0 0 1 ) 0 -1 0
O=él00 1|, Q=60 00|, O3=6]1 0 0f,
01 0 ~10 0 0 0 0

where e;,i = 1,2,3 is the canonical basis of R3. From the projection map we have that
.0 = —eo, T = ¢, and .05 = 0 hence, 5 = ker(ﬂ*‘f) = span{Qg} and h = s*. Since
we have a left-invariant metric on the Lie group G, we define a G-invariant metric on the
homogeneous space H by the following process. First, consider an inner product on T, 5>
defined through the relation (X,Y)s, g2 := (1, 'X, 7 "Y)so(3 for all X,V € T,,S* Since
T.,S5? = R? the set {ey, e} forms a basis for T,,5% so the vectors X,Y can be written as
X = X'e; + X%y and Y = Y'e; + Y2ey, and the inner product on 7,,5? is given by

<X, Y>T635'2 = lel <€1, €1>T€352 + X1Y2 <€1, 62>T5352 + X2Y1 <€2, €1>T5352 + X2Y2 <€2, 62>Te352
= X1Y1<Q17 Q1)80(3) + X1Y2<Ql, Q2)80(3) + X2Yl<027 Q1>SO(3) + X2Y2<Qz> Q2>SO(3)
— lel + X2Y2,

which tells us that (-, )z, g2 is the standard Euclidean metric with respect to the basis {ei, e}
Next, we define an SO(3)-invariant Riemannian metric on S? by extending this inner product
to all S?, i.e.

(X,Y))g2 =(R"X,R"Y)q, » =R"X -R"Y = X -,

for every X,Y € T,5? and R € SO(3) such that w(R) = p.

Denote the Levi-Civita connections on H and G with respect to these metrics by V and V,
respectively. Also, we denote by V¢ the bilinear map defined by the left invariant connection
V as in Remark 2.6.12. In a Riemannian homogeneous space, due to the fact that = is a
Riemannian submersion we have the remarkable property that if a geodesic on G is horizontal
at some point, then it is horizontal at all points. In particular, the horizontal lift of geodesics
on H are geodesics on G (see O’Neill, 1967). These geodesics are usually called horizontal
geodesics.

Theorem 2.7.7. Let H be a Riemannian homogeneous space with respect to a Lie group
action by G. If g : [a,b] — G is a curve on G, q(t) = w(g(t)) the projection of g on H and
£(t) = (TywyLg-11))(g(t)), then the following statements are equivalent:
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1. The curve g : [a,b] — G is a horizontal geodesic,

2. &(t) € b forallt € [a,b] and
£+ ViE=0. (2.41)

3. g(t) = q(t) and the curve q is a geodesic for V.

Proof. The proof that statements (1) and (2) are equivalent derives from equation (2.38)
(note the different symbol for the connection because, here, we have two distinct connections
V and V) and the fact that geodesics horizontal at one point remain horizontal for all times.
If g(¢) is a horizontal geodesic with respect to the Levi-Civita connection, then

(T.Ly) (€ + V) =0, e HG.

Since left-translation is a diffeomorphism, we have the desired result.

The equivalence between (1) and (3) is a general fact for Riemannian submersions that can
be found on O’Neill, 1967. n

Example 2.7.8. Continuing with Example 2.7.1 and Example 2.7.4, consider a horizon-
tal geodesic ¢ : [a,b] — SE(3) given by ¢(t) = (R, r(t)) where R is a constant element
of SO(3) and r(t) € R The left translation to the identity gives { = (TyL,1)(§) =

(R, —RTr(t))(0,7(t)) = (O, RT7'”> thus ¢ is an element of the horizontal subspace at the
identity, i.e. £ € h = Hor, = span{ey, €9, e3}. From (2.35), @gf = 0, since ad¢;{ = 0. Thus,
(2.41) reads 7 = 0. Let q(t) = w(g(t)). So, q(t) = r(t) € R®. Clearly, since #* = 0, we have that
r is a geodesic on R®. In addition, the horizontal lift of ¢(t) to the point (R, r(0)) € SE(3) is

q(t) = (R, r(1)). U

The next Proposition relates the covariant derivative of vector fields in G and H and will be
useful later.

Proposition 2.7.9 (Lemma 45 from Chapter 7, O’'Neill, 1983). Let V and V be the Levi-Civita
connections on H and G, respectively. Then,

1. Tr(VgY) = VxY, X,Y € X(H).
2. H@X}} = V/)\(T/ , where the right-hand side denotes the horizontal lift of the VxY .

2.7.2 Mechanical systems on homogeneous spaces

For the rest of the chapter, assume that H is a homogeneous manifold and there is a Lie
group G that acts on H and that both manifolds are equipped with Riemannian metrics
making 7 : G — H a Riemannian submersion.

Let V : H — R be a potential function on the homogeneous space H. Via the projection
map , this potential function induces a potential function on the Lie group G denoted by
V =Vomr. Let q:[a,b] = H be a trajectory of a mechanical system with mechanical type
Lagrangian function L : TH — R of the form L(q,q) = K(q,¢) — V(q). Then, the curve ¢

23



Efstratios Stratoglou

satisfies the equation
V4a(t) = —grad V(q(t)), (2.42)

where grad is the gradient with respect to the metric on H.

The next result establishes that the gradient vector field g/r;(f V', where g/r;& is the gradient
with respect to the metric on G, is a horizontal vector field.

Lemma 2.7.10. If V = V o is the potential function induced by V : H — R, then the
vector field grad V e [(HG), where grad is the gradient with respect to the metric on G.

Proof. By construction, since given a vertical vector field Y € VG, we have that
(grad V,Y) = dV (V) = dV(T=(Y)) = 0.
O

Due to the fact that the gradient vector field of the potential V is horizontal, one might
deduce that the horizontal lift ¢ = ¢ of a curve ¢ satisfying (2.42) satisfies the mechanical
equation

Vg = —grad V(g(t)). (2.43)

Writing this equation entirely in the Lie algebra of G it is often impossible in real applications
since the potential function V typically does not possess any invariance property with respect
to the group multiplication. Interesting applications in geometric control occur when the
potential possesses partial symmetries A. M. Bloch et al., 2017, Colombo and Stratoglou,
2023, J. R. Goodman and Colombo, 2024.

Theorem 2.7.11. Let H be a Riemannian homogeneous space w.r.t a Lie group action by
G and V : H — R a potential function. If g : [a,b] — G is a curve on G, q(t) = 7(g(t))
the projection of g on H, and &(t) := (TywyLg-—11))(9(t)), then the following statements are
equivalent:

1. The curve g : [a,b] — G is a horizontal trajectory of the mechanical system (2.43), that
is g(t) € HG for allt € [a,b].

2. £€b on[a,b] and satisfies

§+ VI = —(T,Ly) (grad V(g(1)) - (2.44)

3. If q(t) = w(g(t)) then g(t) = G(t) and the curve q satisfies (2.42).

Proof. The equivalence of the statements (1) and (2) is a direct consequence of (2.37) and of
equation (2.43). Indeed,

Vig = ToLy (€ + V)

from where it is clear that V4 = —g/r;d/ V(g(t)) if and only if 54—@?5 = —(TyLy—) (g;;a V(g(t)))
since

(TeLg)(TyLy-) (grad V(g(t))) = grad V(g(1)).
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Chapter 2. Geometric Description of Mechanical Systems

The equivalence of the statements (1) and (3) can be seen firstly from the fact that if
q(t) = m(g(t)) then g(t) = ¢(¢) if and only if g is horizontal.

Secondly, usmg Lemma 2.7.10 stating that grad V is a horizontal vector field and since by

construction V = V o7, we conclude that (Tﬂ)(grad V) = grad V. Thus, grad V is the
horizontal lift of grad V. Hence, if ¢ satisfies equation (2.43), by Proposition 2.7. 9(2), the

horizontal lift of V;¢(t) must coincide with the horizontal lift of grad V. Therefore, equation
(2.42) must hold.

Conversely, suppose that equation (2.42) holds. By Theorem 2.7.7, we know that the geodesic
vector field of V is tangent to HG, since geodesics with initial velocity in HG, remain in HG
for all time. Furthermore, from Stratoglou, Anahory Simoes, et al., 2023, the vector field
whose trajectories are the solution of equation (2.43) has the form

' =G — (grad V(g(1)))",

where G is the geodesic vector field of V and (g/rz;g V(g(t)))V is the vertical lift of the vector
field g/rz;g V(g(t)). Thus, I' is the sum of two vector fields that are tangent to HG, implying
that T is itself tangent to HG. Consequently, if the trajectories of I', that is, of equation
(2.43), are horizontal at one point, they are horizontal at all points. In particular, since the
trajectories of equation (2.43) project onto trajectories of equation (2.42), we must have that
the horizontal lift g = ¢ must be a solution of (2.43). O
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Chapter 3

Virtual nonholonomic constraints:
Linear and Affine cases

In this chapter, we introduce the concept of virtual nonholonomic constraints, detailing
both the linear and affine cases. We consider control systems that are subject to linear
and affine constraints and we prove the existence and uniqueness of a control law such that
trajectories of the closed-loop system satisfy the respective constraints. The approach is
geometric and is based on the concept of transversality which has been already used in the
literature for holonomic constraints as it was presented at the Section 2.5. Most of the
examples of nonholonomic constraints in the literature of nonholonomic systems fall under
the cases examined in this chapter (see the books A. Bloch, 2015 and Neimark and Fufaev,
2004 for instance, and also Jarzebowska and McClamroch, 2000; Jarzebowska, 2005, 2006;
Jarzebowska, 2008; Jarzebowska et al., 2019 for modeling and control applications).

3.1 Linear nonholonomic constraints

In this section, we develop the theory of virtual nonholonomic constraints in the linear case
where the constraints depend linearly on the velocities of the system and they appear in many
nonholonomic systems (A. Bloch, 2015, Jurdjevic, 1997). After giving a rigorous definition
for virtual nonholonomic constraints and presenting it as a controlled invariant distribution
associated with an affine connection mechanical control system, we prove the existence and
uniqueness of a control law defining virtual nonholonomic constraints. In the following, we
introduce an induced constraint connection and characterize the trajectories of the closed-loop
system as solutions of the mechanical system associated with this connection. Lastly, we show
when we can obtain nonholonomic dynamics from virtual nonholonomic constraints.

Recall from Subsection 2.4 that when a systems evolves in an n dimensional manifold ) and
it is subject to some linear nonholonomic constraint determined by the zero level set of a
function ® : TQ — R™, given by ® = (¢',...,¢™) i.e. the equations

¢"(q.4) = ui(9)d" = 0, (3.1)

a=1...,m, the dynamics are constrained in the sense that the solutions must satisfy specific
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properties. From a geometric point of view, these constraints are defined by a nonintegrable
regular distribution D on @ of constant rank (n —m). Namely, a curve ¢ : I — @) satisfies
the constraints if §(t) € Dy, for t € I and ¢ = (¢',...,q") are local coordinates.

Recall also here that the annihilator of D is denoted by D? and is locally given at each point of
Q by Dy = span{u“(q) = pédq' ;1 < a < m}, where u® are linearly independent differential
one-forms at each point of (). For more details on distributions, see Section 2.1.4.

Now, consider a mechanical system that is subject to nonholonomic constraints given by
Definition 2.4.2 and which for simplicity is restated here.

Definition 3.1.1. A nonholonomic mechanical system on a smooth manifold () is given
by the triple (G, V, D), where G is a Riemannian metric on (), representing the kinetic energy
of the system, V : ) — R is a smooth function representing the potential energy, and D a
regular distribution on ) describing the nonholonomic constraints.

3.1.1 Virtual nonholonomic constraints

Next, we present the rigorous construction of virtual nonholonomic constraints. On contrary
to the case of standard nonholonomic constraints of the form (3.1), the concept of virtual
constraint is always associated with a controlled system, rather than with the distribution
defined by the constraints.

Given an external force F° : TQ — T*Q and a control force F' : TQ x U — T*Q of the form
Fg,q,u) = ) uaF(q) (32)
a=1

where F* € QY(Q) with m < n, U C R™ the set of controls and u, € R with 1 < a < m the
control inputs, consider the associated mechanical control system of the form

Vind(®) =Y (q(1), 4(t)) +ua ()Y (q(1)), (3-3)

with Y0 = #(F°) and Y* = #(F?) the corresponding force vector fields. For details see
Proposition 2.3.4.

Now we will define the concept of virtual nonholonomic constraint which is represented as a
controlled invariant distribution.

Definition 3.1.2. A virtual nonholonomic constraint associated with the mechanical
control system (3.3) is a controlled invariant distribution D C T'Q) for that system, that is,
there exists a control function u* : D — R™ such that the solution of the closed-loop system
satisfies (D) C D, where ¢, : TQ — TQ denotes its flow.

Remark 3.1.3. A particular example of mechanical control system appearing in applications
is determined by a mechanical Lagrangian function L : T'Q)Q — R. In this case, the control
system is given by the controlled Euler-Lagrange equations, i.e.,

d (0L oL )
T <6q> T 9 F(q,q,u). (3.4)
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Chapter 3. Virtual nonholonomic constraints: Linear and Affine cases

If the curve ¢ : I — @ is a solution of the controlled Euler Lagrange equations (3.4), it may
be shown that it satisfies the mechanical equation (see Bullo and Lewis, 2005 for instance)

Ve d(t) + gradgV (q(t)) = ua(t)Y *(q(t))- (3.5)

These are the equations of a mechanical control system as in (3.3), where the force field Y is
simply given by —gradgV (¢(t)). In this case, we call (3.5) a controlled Lagrangian system.o

At the following subsection, we present some illustrative examples to exemplify the notion of
virtual nonholonomic constraints.

3.1.2 Examples

In the next examples, we consider control mechanical systems with nonholonomic constraints.
The reader may recall the definitions of input distribution given at Definition 2.5.1, which is
the span of vector fields defined by the control force.

Example 3.1.4. Consider in SE(2) = R? x S! the mechanical Lagrangian function

am 162
L(xvyaeaxvyve):5(1:2—’_3/2)_'_7

together with the control force
F(z,y,0,1,7, 0, u) = u(sin Odx — cos Ody + db).
The corresponding controlled Lagrangian system is
mi =using, mj=—ucosf, I0=u
and, as we will show, it has the following virtual nonholonomic constraint
sin 02 — cos 0y = 0.

The input distribution F is generated just by one vector field
sinf 0 cosf O 10

m or  m oy 190
while the virtual nonholonomic constraint is the distribution D defined as the set of tangent
vectors v, € T,Q where u(q)(v,) = 0, with g = sin fdx — cosfdy. Thus, we may write it as

Y =

0 0 0
D = span{X1 = COSQ% + siné’a—y, Xy = 60}

We may check that D is controlled invariant for the controlled Lagrangian system above. In
fact, the control law . .

u(z,y,0,2,y,0) = —mb(cos 0 + sin 0y)
makes the distribution invariant under the closed-loop system, since in this case, the dynamical
SODE vector field (see (2.23) for the SODE vector field) arising from the controlled Euler-
Lagrange equations given by

v ,8+,3+98+u*sin08 u*cos@8+u*8
= r— — — —_— — —_— —_—
ar Yoy Vo0 m or  m oy 100
is tangent to D. This is deduced from the fact that I'(sin 04 — cos0y) = 0. o
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Example 3.1.5. Consider in R? x S! x S! the mechanical Lagrangian function

LM,y 102 P
L(%%&%%%Q@):*( 2 2)

together with the control force

F(z,y,0,0,2,9,0,9,u) = ui(dx — cos odf + dp) + us(dy — sin pdf + dy).
The controlled Lagrangian system is then
mi = uy, my = us, 10 = —uy cos Y — ug sin @, Jp = uy + us.

The virtual nonholonomic constraints associated to this system are defined by the following
equations . .
t=~0cosp, 1y =~0sine.

Therefore, the input distribution F is the set

_ 110 cospd 19
]—"—span{Y moz I 80+J0g0’
190 sinpd 10
A }
m Oy I 80+J(‘34p ’

and the constraint distribution D is defined by the 1-forms p! = dz — cos@df and p? =
dy — sin df, thus

0 .0 0 0
D= {X1 :cosgoa—i-smcpa—y%—%, Xo = &p}

We may verify, using a similar argument as Example 3.1.4, that D is in fact controlled invariant
under the control law ' '
uy = —mbpsinp,  uy; = mby cos p.

<

Example 3.1.6. Let us see an example of a mechanical control system which is not a
Lagrangian system. Consider again the mechanical control system proposed in Example 3.1.4
but now with an additional damping term determined by the vector field

YO0 = —%(idm + ydy),

where v > 0 is a damping constant. The mechanical control system has the following equations
of motion )
mi =usinf —y&, my = —ucosh —yy, 10 =u.

It is not difficult to check that the control law

u*(xz,y, 0,17, 0) = —mb(cos 0 + sin 03)

still makes the distribution invariant under the flow of the closed-loop system. o
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Chapter 3. Virtual nonholonomic constraints: Linear and Affine cases

3.1.3 Existence and uniqueness of a feedback control making the
constraints invariant

It is often very useful if we have conditions under which we are guaranteed that a distribution
D is controlled invariant for the controlled Lagrangian system (3.5). The next result not only
states the existence of a control function making D invariant, but it also states that it is
unique. After the definition of transversality given at Definition 2.5.7, we given the respective
notion for distributions.

Definition 3.1.7. Two distributions A; and A5 on the manifold () are said to be transversal
if they are complementary, in the sense that TQ = A; @ A,.

Theorem 3.1.8. If the distribution D and the control input distribution F are transversal,
then there exists a unique control function making the distribution a virtual nonholonomic
constraint associated with the mechanical control system (3.3).

Proof. Suppose that T'QQ = D & F and that trajectories of the control system (3.3) may be
written as the integral curves of the vector field I' defined by (2.23). For each v, € D,, we
have that

D(v,) €T, (TQ) = T, D @ span{ (v)}, }

with Y@ = #(F%) and (V)" is the vertical lift of the vector field. Using the uniqueness
decomposition property arising from transversality, we conclude there exists a unique vector
u*(vy) = (ui(vy), - -+ ,uk(v,)) € R™ such that

(vg) = G(vg) + uj(v) (Y, € T,,D,
where I' and G are as in equation (2.23). If D is defined by m constraints of the form
#*(vy) = 0, 1 < b < m, then the condition above may be rewritten as

do"(G(vg) + ug(v) (V7)) =0,
which is equivalent to
g (v)dd’(Y7)y,) = —dd"(G(v,)).

Note that, the equation above is a linear equation of the form A(v,)u = b(v,), where b(v,) is
the vector (—d¢'(G(v,)), ..., —d¢™(G(v,))) € R™ and A(v,) is the m X m matrix with entries
Ab(v,) = d(bb((Y“)Xq ) = p1b(q)(Y®), where the last equality may be deduced by computing the
expressions in local coordinates. That is, if (¢',¢") are natural bundle coordinates for the
tangent bundle, then

o i o i ar O
de’((Y*),.) = (agjq d? + pildg ) (Y 7kaqk>

= Y = (q)(Y?).
In addition, A(v,) has full rank, since its columns are linearly independent. In fact suppose
that Lo .
p(Y7) pr(Y™)
C1 : Tt on f =0,
pm (Y pr (Y
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which is equivalent to
ptle Y+ 4 e, Y™)
: =0.
(e Y+ e, Y™)
However, by transversality we have D N F = {0} which implies that ¢;Y* +--- + ¢, Y™ = 0.
Since {Y;} are linearly independent we conclude that ¢; = -+ = ¢,, = 0 and A has full rank.
But, since A is an m x m matrix, and D is a regular distribution, it must be invertible.
Therefore, there is a unique vector u*(v,) satisfying the matrix equation and u* : D — R™ is
smooth since it is the solution of a matrix equation depending smoothly on vj,. O]

Remark 3.1.9. Note that in Examples 3.1.4 and 3.1.5, the constraint distribution D and the
control input distribution F are transversal. Thus the control laws obtained in there are
unique by Theorem 3.1.8. o

The transversality condition is essential in order to have existence and uniqueness of the
control law making the constraint distribution control invariant. If they are not transversal
then a control law making D control invariant may not exist or may not be unique as the
next examples show.

Example 3.1.10 (Non-existence). Consider the Lagrangian function L and the distribution
D given in Example 3.1.4, but now let the control force be

F(x,y,0,&,7,0,u) = u(cos Odx + sin 0dy),
so that the controlled Lagrangian system is now
mi =wcosl, mi=usinf, I16=0.

Note that, in this case, the control input distribution F is generated by the vector field

Y_cos@ﬁ_i_SmGQ
 m Oz m Oy

Hence, F C D. Suppose that a control law v* making the distribution control invariant exists.
Differentiating the constraints, we get

cos 0t + sin 0% + sin 0y — cos 0y = 0,
and substituting by the closed-loop system we get

. wu*sinfcosf . wu*sinfcosf
0=cosft + ——— +sinfly — —,
m m

which is satisfied only when cos 61 + sin 8y = 0. Therefore, there is no control law v* making
the distribution control invariant. o

Example 3.1.11 (Non-uniqueness). Consider again the situation given in Example 3.1.4 but
now with the control force

F(z,y,0,,7,0,u) = uy(sin fdz — cos Ody + df) + uy(sin fdz — cos Ody).
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In this case, we have that TQ = D + F but DN F # {0}. Two examples of control laws
making D control invariant are
ui = —mé(cos i + sinfy), uh =0

and

*

w; =0, uj=—mb(cosbi + sinfy).

3.1.4 The induced constrained connection

In this subsection, we introduce a new connection that will help us describe the constraint
dynamics of a mechanical system. Firstly, we give the definition of this connection and some
basic properties, and next, we characterize the trajectories of the closed-loop system. In the
remainder of this section, suppose that the distribution D describing the virtual nonholonomic
constraints and the input distribution F given by the control force are transversal. Therefore,
the projections Pr : T'Q) — F and Pp : T'(Q) — D associated with the direct sum, T'Q) = D+ F,
are well defined.

In the same fashion as with the nonholonomic connection we define the induced constrained
connection associated to the distribution D and the input distribution F which is given by
VxY = VLY + (V$P)(Y), (3.6)

where VY is the Levi-Civita connection associated to the Riemannian metric G. The induced
constrained connection 1s a linear connection on ) with the special property that D is

geodesically invariant for V i.e., if a geodesic of V starts on D then it stays in D for all time
(see Lewis, 1998).

We have the following useful lemma that we will use later on.

Lemma 3.1.12. If X, Y € T'(D) then
ViV = Pp(VLY).
Proof. If X, Y € I'(D) we have that
ViV =YY + (VS Pr)(Y)
=VY + V& (PE(Y)) = Pr(VEY),

where we have used the definition of covariant derivative of a map of the form 7" : T'Q)Q — T'Q)
1n the last equality. Noting that Pz(Y) = 0 since Y is a section of mp, we conclude that

VY = Pp(VY). ]

C
The last lemma implies in particular that V is well-defined as a connection on sections of

C
7p in the sense that the restriction V|rp)xr(p) also takes values in I'(D). Next, we give an
alternative proof of a lemma that has also been shown at Lewis, 1998 to emphasize the fact
that the constrained connection is not symmetric, in general.
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Lemma 3.1.13. If the constrained connection V is symmetric, then the constraint distribution
D is integrable.

Proof. The torsion of the constrained connection is given by
T¢(X,Y)=VxY - VyX — [X,|Y].

Suppose that X,Y € I'(D). In this case

T¢(X,Y) = Pp(VSY — ViX) — [X,Y]
= Pp([X,Y]) - [X,Y]
- _P}'([X’ Y])7

where we used the fact that V¥ is symmetric in the first equality. It is clear now that if V is
symmetric then [X, Y] must be a section of D, which implies that D is integrable. O

In the following, we characterize the closed-loop dynamics as solutions of the mechanical
system associated with the induced constrained connection.

Theorem 3.1.14. A curve q : I — @Q is a trajectory of the closed-loop system for the
Lagrangian control system (3.5) making D invariant if and only if it satifies

C

Vi d(t) + Pp(gradgV (q(t))) = 0. (3.7)

Proof. If ¢ : I — @ is a trajectory of the closed-loop system for (3.5) with ¢(t) € Dy then it
satisfies

Vand(t) + gradgV (g(t)) = uj ()Y (q(1)),
where u* : D — R™ is the unique control law making D invariant. Attending to the fact that
q(t) € Dysy we have that

V() =Po(Vi(1))
— — Pp(gradgV(g(t))) + Pp(u(t)Y*(q(t)))
— — Pp(gradgV(g(1))).

where we have used Lemma 3.1.12 in the first equality and Pp(Y*) = 0 in the last one.

Conversely, if the curve ¢ satisfies (3.7), we have
Pp(V5d(t) + gradgV (q(t))) = 0,

where we used Lemma 3.1.12. Since ker Pp = F, there exist u = (uy,- -+ ,u,,) € R™ such that
ng(t)q'(t) + gradgV (q(t)) = u Y.

By Theorem 3.1.8, we conclude that u = u*, since the control law making D invariant is
unique. ]
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Remark 3.1.15. Suppose D is an integrable distribution and assume M is a maximal integrable
h

manifold of D. If V denotes the holonomic connection on M defined in Proposition 2.5.9
(see also Consolini and Costalunga, 2015, Consolini et al., 2018), as

h
VxY = Py(V%Y), XY € X(M),

C
then Lemma 3.1.12 implies that the two connections are the same when V is restricted to
vector fields on M. o

3.1.5 The constrained connection in coordinates

In this section we will compute the Christoffel symbols of the induced connection defined at
the previous subsection. Given any coordinate chart (¢°) on @ the Christoffel symbols are
determined by the values of the connection taken over the standard basis of the tangent space
{8%1, oo, 221 Tt s not difficult to prove the following useful expression

’ Bq
c g g O g 0

Example 3.1.16. Consider once again the control system given in Example 3.1.4. The
Levi-Civita connection VY associated with this system has vanishing Christoffel symbols.
Considering the coordinates ¢ = (z,y,6) on SE(2), we have that

c 9 G 0
T 7% (7 (o5))

Note that the natural coordinate vector fields for SE(2) may be decomposed in a unique way,
under the direct sum D & F, and this decomposition is given by

0 in 6
a—zcosGXl—msm X5 +msin Y,
x

0
2 :sin¢9X1+mCOS X5 — mecosbY,
y
0
— = X,.
a0~ 7

Hence, we obtain the following non-vanishing Christoffel symbols for the constrained connection
C

\%

xr : r .2 2
9y = 2sinf cos b, oy = Sin” 6 — cos” 0,
[y, =sin’0 —cos’d, Iy, = —2sinfcosb,
g  mecosf g msinf
Loy = ——, Ty, = -
I Y I
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If we introduce the coordinates ¢ = (x,¥,6, ) in Example 3.1.5 and following the same
reasoning we get

d IJm+ Jm?sin? (¢) ;1 Jm?sin (p)cos (¢) . o
- - vl Y

Ou L(p) (o)
F <88y) _Im - JmZLS(ig)(SO) cos ()1 —Im+ izf)cosz @)y
” (3(1) - _L]ZZ)SiHQ Wy I SinL(zi)COS @)y

with L(¢) = —I + Jmcos? (p) — msin® (p) + msin (¢) cos (¢). Where, the non-vanishing
Christoffel symbols are given by

_2Jmsinpcosp  (IJ + Jmsin? o)L/

Fow = L L? ’
v, — Jm/(sin? (p}/— cos? ) N Jm sinzp;os <pL”
g Jmsing  Jmcospl
Vo= v
T ~ m?(2singcos p +sin® o —cos® @) m(I +msin® p —msin cos )L/
pr L o 2 ’
. Jm(sin? (@) —cos® (¢)) (I — Jmsin (@) cos (¢)) L/
Loy = I + 12 ’
v o 2Jmsin (¢) cos (¢) N (—I + Jmcos® (¢)) L/
vy L 2 ’
e _2Jm?sin® (@) cos (@) (—Im + Jm?cos® (¢)) cos (¢)  (—Im + Jm?cos® (¢)) L' sin (¢)
v IL - IL - 1L?
(Im — Jm?sin (@) cos (¢)) sin (¢)  (Im — Jm?sin (¢) cos (¢)) L' cos (¢)
" IL N 102
_ (Jm?sin® (¢) — Jm? cos? (9)) cos ()
1L ’
re (Jm? cos® (¢p) — Jm?sin (¢) cos (¢)) L/ N m?2(sin? (¢) — cos? (¢) — 2sin (¢) cos (4))
v JL? L ’
. 1Jsin(¢) —Icos(¢p) (—IJcos(¢)—Isin(¢p))L
Foo = L * L? ’
Icos(¢) | IL'sin(¢)
0 (2 + 2J)msin (¢) cos (¢)  mL'sin? (¢) m(cos® (¢) — sin? (¢))
oo =— L E * L
(Jmcos (¢) +msin (¢)) L' cos (¢)
+ e )
e ~Imcos(¢) ImL'sin(¢) IJmsin(¢) —Imcos(p) (—IJmcos(¢) — Imsin(¢)) L'
) 7 7 B JL " JL?
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_ 2Jsin (¢) cos (¢) n (—I1J — Jmsin® (¢)) L'

Fi@ - L ml2 ’
v :J(COS2 (¢) — sin? (¢)) N JLsin (¢) cos ()
PP L 12 ’
0 _Jmsin® (¢)  JmL'sin® (¢) cos (¢)
ve 1L 112 ’
N (=1J = Jmsin® (¢))sin (¢)  (=IJ — Jmsin® (¢)) L' cos (¢)
1L 1172 ’
e —_ msin® (¢)  2msin (¢) cos () N m cos?® (¢) N mLsin (¢) cos (¢)
v L L L L?
N (—1J — Jmsin? (¢)) L/
JL? '

3.1.6 Existence of a nonholonomic Lagrangian structure for the
dynamics on the constraint distribution

Here, we examine when it is feasible to obtain nonholonomic dynamics from virtual nonholo-
nomic constraints; in other words, we want to characterize the dynamics of nonholonomic
systems in terms of virtual nonholonomic constraints. A key factor here will be the relative
position of the input distribution and the constraint distribution, as the next proposition shows.
If the input distribution is orthogonal to the virtual nonholonomic constraint distribution
then the constrained dynamics is precisely the nonholonomic dynamics with respect to the
original Lagrangian function.

Proposition 3.1.17. If the input distribution F is orthogonal to the virtual constraint
distribution D with respect to the metric G, then the trajectories of the constrained mechanical
system (3.7) are the nonholonomic equations of motion.

Proof. If F = D+, then the projectors Pp and P coincide (as well as the projectors Pr and

Q). Thus, the constrained connection V is precisely the nonholonomic connection V™. This
implies that the trajectories of the constrained connection are nonholonomic trajectories. [J

Remark 3.1.18. The fact that F = D' is independent of the chosen metric. Once you fix
the control force F' and let the control input distribution be obtained using the musical
isomorphism f as in Section 3.1.1, then F is orthogonal to D if and only if F* € D°, for
a=1,---,m. o

Although the orthogonal condition F = D+ is sufficient in order for the constrained dynamics
to be the nonholonomic dynamics, it is not necessary as the following result shows.

Proposition 3.1.19. Suppose there exists a modified potential function V satisfying

P(gradgV) = Pp(gradgV). (3.8)

Then the nonholonomic trajectories with respect to (G, V,D) coincide with the constrained
dynamics (3.7) if and only if V$Q(X) = V4 Pr(X) for all X € T(D).
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Proof. Tt is not difficult to see that V$Q(X) = V$ Pr(X) if and only if the two connections
satisfy VxX = V¥ X. Therefore, the equation

C

Vi q(t) + Pp(gradgV(q(t))) = 0

holds if and only if 3
Vithd(t) + P(gradgV (q(t))) = 0
also holds.

Conversely, if the trajectory ¢(t) satisfies both equation, then
Vitnd(t) = Vi)
is also satisfied. Using tensoriality of the difference tensor
D(X,Y) = VxY — VY,
we may evaluate D point-wise so that
D(X,, X,) = (VxX = V¥ X)(q).

Choosing the trajectory ¢(t) with initial point ¢ and initial veclocity X, € D,, which is
always possible thanks to the existence and uniqueness theorem for ODE, we deduce that
D(X,, X,) = 0 for any X, € D,. Hence, D(X, X) = 0 which is equivalent to V{Q(X) =
VS Pr(X). O

In the absence of a potential function, i.e., V = 0, the nonholonomic trajectories coincide
with the constrained dynamics if and only if V. Q(X) = V{ Pr(X) for any X € I'(D).

Note that the previous characterization of when both dynamics have the same trajectories
may be equivalently written as

P(VSX) = Pp(V{X) or Q(VEX) = Pr(VEX)
for any X € I'(D).

Corollary 3.1.20. If the geodesic vector field associated with V¥ is tangent to D, then the
nonholonomic trajectories coincide with the constrained geodesics and they are both the
geodesics of V9 with initial velocity in D.

Proof. We just have to establish that the geodesic vector field associated with VY is tangent
to D if and only if VX € ['(D) for every X € ['(D). Then this is equivalent to Q(V$X) = 0
and also to Pr(V$X) = 0. Hence, by the previous result, the geodesics with initial velocity

in D of V" coincide with the geodesics with initial velocity in D of %
Now, V$ X € T'(D) for every X € T'(D) if and only if D is geodesically invariant with respect
to VY (see Lewis, 1998, Theorem 5.4). Using standard results on differential geometry, D is

geodesically invariant with respect to V9 if and only if the geodesic vector field associated
with V¥ is tangent to D. O]

68



Chapter 3. Virtual nonholonomic constraints: Linear and Affine cases

Remark 3.1.21. One important feature of the theory of virtual holonomic constraints presented
in Consolini et al., 2018 is that if the induced connection has the same trajectories as the
Levi-Civita connection with respect to the induced metric on the constraint submanifold
M C @, then the two connections are the same. However, its argument relies on the fact that
the induced connection is symmetric. Therefore, the result does not follow in the nonholonomic
case whenever the distribution is not integrable.

The next example illustrates Proposition 3.1.17.

Example 3.1.22. Consider the Chaplygin sleigh, a celebrated example of a nonholonomic
mechanical system evolving on the configuration manifold SFE(2) with Lagrangian function as
in Example 3.1.4 but now we consider the control force

F(x,y,0,&,9,0,u) = u(sin Odz — cos Ody).
The corresponding controlled Lagrangian system is
mi = usind, mj= —ucosd, I6=0.

The input distribution F is generated just by one vector field
sinf 0  cosf O
m Ox m Oy’

while the virtual nonholonomic constraint is the same distribution D as in Example 3.1.4.
We may check that the control law

u*(xz,y,0,,7,0) = —mb(cos 0 + sin 07)

makes the distribution invariant under the closed-loop system. In addition, by Proposition
3.1.17 the resulting system is precisely the nonholonomic equation (2.18) for the Chaplygin
system, since the input distribution spanned by Y is orthogonal to the virtual nonholonomic
constraints. o

Remark 3.1.23. There are plenty of ways to impose a virtual nonholonomic constraint on a
mechanical control system in order to obtain a nonholonomic system. In the last example,
one could choose the control force to be

F(x,y,0,&,9,0,u1,uy) = uy sin dx + uy cos Ody
and the corresponding controlled Lagrangian system would be
mi = uysind, mij=uscosd, I6=0.
Then, the control law
wi(z,y,0,&,7,0) = —mb(cos i + sin0y),  ul = —u}

makes the the closed-loop system coincide again with the nonholonomic equations for the
Chaplygin system. Note that the input distribution is now generated by the vector fields

_ sinf 0 and V2 — cos O

y! :
m Ox m Oy

Since they do not generate a transversal distribution to D, we should not expect the control
law to be unique. o
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Remark 3.1.24. Under the conditions of Proposition 3.1.17, certain mechanical control systems
may be driven to desired stable trajectories by imposing virtual nonholonomic constraints
and using the proper control force.

For instance, for the mechanical control system that appears in Example 3.1.22, we may drive
the system to an asymptotically stable trajectory characterized by 6 = 0. In fact, defining the
variables v = @ cosf + ysin§ and w = @, the Chaplygin sleigh equations of motion might be

written as
ma

T+ ma?
for which the points with w = 0 are equilibria. Moreover, from a stability analysis, we deduce
that the system exhibits asymptotic stability.

w= w, U= aw?,

However, not every nonholonomic system exhibits asymptotically stable behavior. As discussed
in e.g. Zenkov et al., 1998 one may have a stable (but not asymptotically stable) dynamics
or a mix of stable and asymptotically stable dynamics. Therefore, the applicability of our
method is closely related to the kind of trajectories that you wish to obtain. Thus, when a
mechanical control system is given, satisfying the conditions of Proposition 3.1.17, we should
first examine the qualitative properties of the associated nonholonomic system. Typical
behavior includes asymptotic stability, periodic or quasi-periodic orbits, and conservation of
first integrals such as the energy or the nonholonomic momentum. In a wide class of examples,
virtual nonholonomic constraints enable us to use energy-momentum methods from Zenkov
et al., 1998 to decide when it is possible to obtain stable or asymptotically stable trajectories.
o

3.2 Virtual Affine Nonholonomic Constraints

In the present section, we extend the results obtained in the last section to the case of virtual
affine nonholonomic constraints. The setup in control mechanical system is as before while
the difference lays on the nature of the constraint equation.

3.2.1 Affine nonholonomic constraints

Consider systems that are subjected to affine nonholonomic constraints, i.e for each
q € @ the velocities belong to an affine subspace A, of the tangent space T;(Q). Thus, A,
can be written as a sum of a vector field X € X(Q) and a nonintegrable distribution D on
Q, i.e. A, = X(q) + D,, where D is of constant rank r, with 1 < r < n. In this case, we
say that the affine space A, is modelled on the vector subspace D,. In local coordinates D
can be expressed as the null space of a ¢g-dependent matrix S(q) of dimension m x n and
rankS(¢) = m, with m =n —r as D, = {¢ € T,Q : S(¢)¢ = 0}. The rows of S(¢g) can be
represented by the coordinate functions of m independent 1-forms given at (7.6). The affine
distribution is

Ay ={q € T,Q : S(q)(¢ — X(q)) = 0},
hence A = {(¢q,4) € TQ : ®(q,q) = 0}, with

®(q,4) = S(q)q + Z(q)
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and Z(q) = —=S(q)X(¢) € R™. More information on affine constraints can be found, for
instance, at Fasso and Sansonetto, 2015, Fasso et al., 2018.

Definition 3.2.1. A mechanical system with affine nonholonomic constraints on a
smooth manifold @ is given by the triple (G, V., A), where G is a Riemannian metric on @,
representing the kinetic energy of the system, V' : Q — R is a smooth function representing
the potential energy, and A is an affine distribution on () describing the affine nonholonomic
constraints.

3.2.2 Virtual affine nonholonomic constraints

Next, we present a detailed construction of virtual affine nonholonomic constraints. As will
be clear from the definition of virtual affine nonholonomic constraints, given below, their
existence is essentially linked to a controlled system, rather than to the affine distribution A
defined by the constraints.

Definition 3.2.2. A virtual affine nonholonomic constraint associated with the me-
chanical control system (3.3) is a controlled invariant affine distribution A C T'Q for that
system, that is, there exists a control function u* : A — R™ such that the solution of the
closed-loop system satisfies ¢;(A) C A, where ¢, : TQ — TQ denotes its flow.

Before we proceed to the theorem which gives the necessary conditions for the existence
and uniqueness of a control law that turns an affine distribution into a controlled invariant
affine distribution (i.e. a virtual affine nonholonomic constraint), we present some necessary
preliminaries.

Definition 3.2.3. If IV is an affine subspace of the vector space V' modeled on the vector
subspace Wy, then the dimension of the affine subspace W is defined to be the dimension of
the model vector subspace Wj.

Two affine subspaces W7 and W5 of a vector space V' are transversal if
1. V=W, + W,

2. dimV = dim W; + dim W5, i.e., the dimensions of W; and W, are complementary with
respect to the ambient space dimension.

Remark 3.2.4. If W7 and W5 are subspaces of V' then the previous definition implies that
V=W, e W,.

Remark 3.2.5. If W7 and W5 are affine spaces modeled on vector subspaces Wig and Way,
respectively, then W, and Wy are transversal if and only if V' = Wy @ Way.

Proposition 3.2.6. For two distributions A and F on a manifold QQ where A is an affine
distribution with D the associated model distribution and X a vector field on @ satisfying
A = X + D, the transversality condition for A and F is an inherited property from the
transversality of the model distribution D and vice versa, namely, A and F are transversal if
and only if D and F are transversal.

Proof. First, consider that A and F are transversal, which means that for every g € (Q we
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have
T,Q = Ag+ Fy = X(q) + Dy + Fy
hence, for every v, € T, there exist vectors d, € D, and f, € F, such that

v, =X(Q)+dy+ f, & v,—X(q) =dy+ [y

Since v, — X(q) € T,Q and v, is arbitrary we have T,Q) = D, + F, for every ¢ € (). Together
with the fact that dim D, 4 dim F, = dim 7, we have that D and F are transversal.
Conversely, suppose that D and F are transversal. Note that this is the same as TQ) = D@ F.
Hence, as before, for v, € T,() there are d, € D, and f, € F, such that

vy=d,+ f, © v, + X(q) =X(q) +d,+ f,

By the same argument as above, v, + X (q) € T,Q and v, is arbitrary. Thus, together with
the dimension condition, we conclude that A and F are transversal. O

By the next proposition, we lift the transversality condition of two distributions to the tangent
space of T'Q).

Proposition 3.2.7. Consider two distributions A and F where the first is an affine distribution
as defined previously at Proposition 3.2.6 i.e. A= X+D, with X € X(Q) and D its associated
model distribution. For v, € A we have that if A and F are transversal, then

T,,(TQ) =T, A& F,,

where .7-"‘; is the vertical lift of F.,,.

(Y

Proof. From the structure of A, i.e., from the fact that each v, € A, can be written as
vy = Z(q) + d, where d, € D,, we may conclude that A, is a r-dimensional manifold, where
r is the rank of the distribution D. Thus A is a fiber bundle whose base space is the n
dimensional manifold ¢) and whose fibers are r dimensional affine subspaces. Hence,

dim(7,, A) = dim(73,D) =n+r
and since dim .7-"3; =mn —r = m, we have that
dim T, (TQ) = dim T, A + dim]—"x =n+r+m=2n.

So, in order to prove that both subspaces are transversal it suffices to prove that their
intersection contains only the zero tangent vector. In fact, suppose that v, € A and
X, € T,,A. Since A is defined to be the set of vectors satisfying the equation ® = 0, the
tangent vector satisfies T;, ®(X,, ) = 0. If, in addition, X, € ]:X;, then it can be written as

Xy, = 4(fi)y,-
However,
T, ®(¢(fi)r,) = (S(QE(fi))n,
from whence it follows that if c( fl)}}/q was in the null space of the linear map T, ®, then

c"t(f;) would be in the null space of S(q) which is false, since these are vectors in D, and F
and D are transversal using the previous proposition. Thus, X, = 0. O
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The next theorem gives a necessary and sufficient condition for the existence and uniqueness of a
feedback control that turns the affine constraint distribution into a virtual affine nonholonomic
constraint.

Theorem 3.2.8. If the affine distribution A and the control input distribution F are transver-
sal, then there exists a unique control function making the distribution a virtual affine
nonholonomic constraint associated with the mechanical control system (3.3).

Proof. Suppose that A and F are transversal and that trajectories of the control system (3.3)
may be written as the integral curves of the SODE vector field I' defined by (2.23). From
Proposition 3.2.7 we have

T,,(TQ) =T, A® F),

where v, € A and ]—"XI = span{(Y“)Xq }. Using the uniqueness decomposition property arising
from transversality, we conclude there exists a unique vector u*(v,) = (uf(vy), - ,uk,(v,)) €
R™ such that I'(vy) = G(v,) + uj(vg)(Y?)y, € To A. Next, we show that I' depends smoothly

on v,. If A is defined by m constraints of the form ¢*(v,) =0, 1 < b < m, then the condition
above may be rewritten as d¢’(G(v,) + w;(vg)(Y?),,) = 0, which is equivalent to

u:(%)d&((ya)z:) = _dﬁbb(G(Uq))‘

Note that, the equation above is a linear equation of the form P(v,)u = b(v,), where b(v,) is
the vector (—d¢'(T'(v,)), ..., —d¢™(T(v,))) € R™ and P(v,) is the m x m matrix with entries
Pb(v,) = d(bb((Y“)X; ) = 1b(q)(Y®), where the last equality may be deduced by computing the
expressions in local coordinates. That is, if (¢',¢") are natural bundle coordinates for the
tangent bundle, then

afz - 0Z; y “ 0
(v = (Guiaar + G+ ptar ) (v 5

= 1Y = () (Y?).

In addition, P(v,) has full rank, since its columns are linearly independent. In fact suppose
that )
pt(Y) pH(ym)
€1 : Tt i : =0,
pm (Yt pmym)
which is equivalent to
pte Y+ 4+, Y™)

(e Y+ e, Y™)

However, from Proposition 3.2.6 we have D N F = {0} which implies ;Y + -+ + ¢, Y™ = 0.
Since {Y;} are linearly independent we conclude that ¢; = -+ = ¢,, = 0 and P has full rank.
However, since P is an m X m matrix, and D is a regular distribution, it must be invertible.
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Therefore, there is a unique vector u*(v,) that satisfies the matrix equation and u* : D — R™
is smooth since it is the solution of a matrix equation that depends smoothly on v,. Hence, I
is a smooth vector field tangent to A and its flow remains in A. m

3.2.3 An example

Here we illustrate with an example how an affine distribution prescribed by the constraints of
a mechanical system becomes a virtual affine nonholonomic constraint by a feedback control.
The uniqueness and existence are guaranteed by Theorem 3.2.8.

Consider a boat with a payload on the sea with a position-dependent stream. The position
of the boat’s center of mass is modeled by the configuration manifold R? to which we add
an orientation to obtain a complete description of its location in space, so that the system
total configuration manifold is R? x S with local coordinates ¢ = (x,%,6). The sea’s current
is modeled by the vector field C' : R? — R? C = (C'(z,y), C?*(z,y)).

The boat is well modeled by a forced mechanical system with Lagrangian function L =
(& + %) + 59'2, where m is the boat’s mass, I is the moment of inertia, and the external
force is denoted by F¢' = Wldx + W2dy accounting for the action of the current on the
center of mass of the boat and to which we add a control force F' = u(sin Odz — cos Ody + df).

The functions W' and W? are defined according to

W' =m d(sin? 0C* — sin 0 cos 0C?) (§)
W2 =m d(—sinfcosC + cos? 0C?) ().’
where d represents the differential of the functions inside the parenthesis. The external

force assures that in the absence of controls, the dynamics of the boat satisfies the following
kinematic equations

= sin?fC" — sinf cos HC?
= —sinfcosfC' 4 cos? 6C?,

whenever the initial velocities in the x and y direction vanish. The corresponding controlled
forced Lagrangian system is

mi = usind + W', mj=—ucosd+W? I0=u,
and, as we will show, it has the following virtual affine nonholonomic constraint
sin & — cos 0y = C? cos — C sin 6.
The input distribution F is generated just by one vector field
sin@ﬁ_cos@ﬁ_i_}g
m Oz m Oy 190’

while the virtual nonholonomic constraint is the affine space A modelled on the distribution D
defined as the set of tangent vectors v, € T,(Q) where p(q)(v) = 0, with p = sin fdz — cosfdy.
Thus, we may write it as

0 . .0 0
D= span{X1 = COSQ% + sm@a—y, X, = 80}
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The affine space is given as the zero set of the function ®(q,v) = pu(q)(v) + Z(¢q) with
Z(q) = cosC*(z,y) — sinfC*(z,y) or, equivalently, as the set of vectors v, satisfying
v, — Clq) € D,.

We may check that A is controlled invariant for the controlled Lagrangian system above. In
fact, the control law u*(z,y, 0, &, 7, 9) = —m@(cos 01 + sin 0y) makes the affine space invariant
under the closed-loop system, since in this case, the dynamical vector field arising from the
controlled Euler-Lagrange equations given by

ox 09 m m

pezd 0 40 (wsmb+WIN O [ ucos§ WO w8
- Yoy 0 oy 100

is tangent to A. This is deduced from the fact that

['(sin 04 — cos 0y + cos 0C?(x,y) — sin C* (x, y)) = 0.

I0)






Chapter 4

Virtual nonholonomic constraints:
Nonlinear case

We saw in the last chapter the definitions of virtual linear and affine nonholonomic constraints
in mechanical systems and we presented sufficient and necessary condition for the existence
and uniqueness of a feedback control function that makes them control invariant. The goal of
this chapter is to address the nonlinear case and complete the coverage of all possible cases of
nonholonomic constraints in mechanical systems on Riemannian manifolds. Namely, here we
examine the nonholonomic mechanical systems subject to nonlinear constraints, define the
virtual nonlinear nonholonomic constraints and finally extend Theorems 3.1.8 and 3.2.8 so
that a respective control law is guaranteed.

4.1 Nonlinear nonholonomic mechanics

Consider a mechanical system described by a mechanical type Lagrangian L(q, ¢) = K(q,§) —
V(q), ¢ € Q. A nonlinear nonholonomic constraint on this mechanical system is a submanifold
M of the tangent bundle T'Q) from which the velocity of the system is forced to stay in.
Mathematically, the constraint may be written as the set of points where a function of the
type ® : TQ — R™ vanishes, where m < n = dim Q. That is, M = ®71({0}). If every
point in M is regular, i.e., the tangent map 7,,® is surjective for every p € M, then M is a
submanifold of T'Q) with dimension 2n — m by the regular level set theorem.

Let @ = (¢',...,¢™) denote the coordinate functions of the constraint ®. The coordinate
expression of the equations of motion of a system with nonholonomic constraints are called
Chetaev’s equations and they are given by:

d (0L\ 0L . 9"

— =) 2=y 2 4.1
dt <aq> 9 " aq (4.1a)
¢"(¢,4) = 0, (4.1b)

(see de Ledn, 2011,Cendra, Ibort, de Leén, and Martin de Diego, 2004, Chetaev, 1932).
The right hand side acts like a constraint force that forces the system to remain inside the
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constraint submanifold. From the physical perspective, these forces are characterized by doing
no mechanical work on the system.

In the following, we will consider a mapping that to each point v, on the submanifold M
assigns a vector subspace of T,(). In differential geometry, such a map resembles a distribution
on @ restricted to M, but unlike a distribution, it also depends on the velocity. Thus we will
call it a velocity-dependent distribution. From now on, let S(v,) be a subspace of 7,0, with
vy € M, defined by

09"
i

S(UQ):{XETQQ’< (Uq)dqiaX>:O7a:17"'7m}'
The subspaces S(v,) act as a linearization of the constraint submanifold M at each point v,
as the next remark describes.

Remark 4.1.1. If the constraint submanifold M was actually linear, i.e., the function ¢
depends linearly on the velocities, then we would have that S(v,) = M. This supports the
interpretation of the vector subspaces S(v,) as a linearization of the submanifold M.

Chetaev’s equations may be written in Riemannian form using a geodesic-like equation as
follows:

Theorem 4.1.2. A curve q : I — Q is a solution of Chetaev’s equations for a mechanical type
Lagrangian with kinetic energy determined by a Riemannian metric G on Q) and a potential
function V' if and only if ®(q,q) = 0 and it satisfies the equation

Vi + grad V € S(¢)*, (4.2)

where S(§)* is the orthogonal velocity-dependent distribution to S(§) with respect to the
Riemannian metric G, and V 1is the corresponding Levi-Civita connection.

Proof. Suppose the Lagrangian L is determined by a Riemannian metric G on () and a
potential function V', so that its local expression is

1
L(q,q) = 5%’4’@] - Vi(q).

Chetaev’s equations consist of Euler-Lagrange equations plus a reaction force term responsible
for enforcing the constraints. Expanding (4.1), we eventually get

i 18glk -k aglj -k 8‘/ "a¢a
it iy | o . _ ij

where G¥ is the inverse matrix of Gij. The left-hand side can be recognized to be the coordinate
expression of the vector field V¢ + gradV (see Bullo and Lewis, 2005 for details).

Considering the coordinate expression of the sharp map associated to the Riemannian metric,

fg, it is easy to deduce that ﬁg(%‘gj dq’) = GY g‘f;: a?;i' So, the right-hand side is the coordinate

expression of the vector fields Jjg(%zj dq"). Moreover, using the fact that the vector field fig(c)
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is characterized by G(fg(a), X) = (o, X), for any X € X(Q), we conclude that ﬁg(%%dqi)
are the vectors spanning the orthogonal space S(¢)* to S(q).

Thus, we deduce that

o
Vi + gradV = Aotg (aq; dqz> |

which implies the statement of the theorem. O

Remark 4.1.3. Equation (4.2) has the same interpretation as its Lagrangian counterpart. On
the left hand-side we have the covariant acceleration and a conservative force term coming
from a potential function V. On the right-hand side, a constraint force appears responsible
for making the system stay on the constraint submanifold M. Moreover, in equation (4.2) we
can observe that this force should be a linear combination of vector fields that are orthogonal
to the subspace S(v,) previously defined.

4.2 Virtual nonlinear nonholonomic constraints

Consider the control and external forces as they were presented in Chapter 3. In brief, we
have an external force F°: T'QQ — T*Q and a control force F' : TQ x U — T*Q of the usual
form

F(q,4,u) =) u.F(q,q)
a=1

with the set of controls F%(q,q) € T*Q (m < n, U C R™) and the control inputs u, € R
(1 <a <m). Also, consider the associated mechanical control system (3.3), repeated here for
convenience

Vg = Y°(q, 4) + uaY (g, 9), (4.3)
with Y°(q,¢) = #g(F°(q,¢)) and Y = §5(F*(¢, 4))-

Definition 4.2.1. A virtual nonholonomic constraint associated with the mechanical
control system (4.3) is a controlled invariant submanifold M C T'Q) for that system, that is,
there exists a control function u* : M — R™ such that the solution of the closed-loop system
satisfies 1, (M) C M, where ¢, : TQ — T(Q denotes its flow.

The next theorem guarantees the existence and uniqueness of a control law making the
constraint submanifold M control invariant.

Theorem 4.2.2. If the velocity-dependent distribution, S(v,), is transversal to the control
input distribution F and T, MNF V.= {0}, then there exists a unique smooth control function

making M a virtual nonholonomic constraint associated with the mechanical control system
(4.3).

Proof. Under the hypothesis of the theorem, we have that T7TQ = TM @& FV and that
trajectories of the control system (4.3) may be written as the integral curves of the SODE
vector field I' defined by (2.23). For each v, € M,, we have that

I(v,) € T, (TQ) = T, M & Span{(ya);/q}’
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with Y* = #(F). Using the uniqueness decomposition property arising from transversality,
we conclude there exists a unique vector u*(v,) = (uj(vy),- - ,uk,(v,)) € R™ such that

[(vg) = Glvg) + wi(v) (Y)Y, € T,, M.

If M is defined by m constraints of the form ¢’(v,) = 0, 1 < b < m, then the condition above
may be rewritten as

do"(G(vg) + g (vg) (Y)y,) = 0,
which is equivalent to uZ(vq)qub((Ya)Xq) = —d¢"(G(v,)). Note that, the equation above is a lin-

ear equation of the form A(v,)u = b(v,), where b(v,) is the vector (—d¢* (G (vy)), - .., —dd"™(G(v,))) €
R™ and A(v,) is the m x m matrix with entries A} (v,) = d¢"((Y*)}) = a(,)L;.b(q, q)(Y®), where

the last equality may be deduced by computing the expressions in local coordinates. That is,
if (¢*,¢') are natural bundle coordinates for the tangent bundle, then

et . Op® . 0
d(bb((Ya)L/q) = (8?1 dg’ + 83 dq'l> (Ya,k aq'k>
o 8¢b azl __ a¢b . a
= @Y = aiq(q,Q)(Y )~

In addition, A(v,) has full rank, since its columns are linearly independent. In fact suppose
that - oo

() )

c1 + it = ()7

dg™ ™

% ()
which is equivalent to

1
%(clYl + ot epY™)
= 0.

S (Y 4 oY)

Moreover, by transversality we have T, MNF V' = {0} which implies that c; Y1+ -+¢, Y™ =
0. Since {Y;} are linearly independent we conclude that ¢; = - -+ = ¢,, = 0 and A has full rank.
But, since A is an m x m matrix, and M is a constrained submanifold, it must be invertible.
Therefore, there is a unique vector u*(v,) satisfying the matrix equation and u* : M — R™ is
smooth since it is the solution of a matrix equation depending smoothly on vj,. ]

Remark 4.2.3. The transversality assumption appearing in the previous theorem has not
appeared in the literature in the context of virtual holonomic constraints but it is equivalent
to the assumption of (vector) relative degree {1,...,1} appearing in the literature of zero
dynamics manifolds (see Isidori, 2000) concerning control systems evolving in Euclidean
spaces. It is simple to show that if Y* € F are the vectors spanning the input distribution,
then the relative degree of @ is {1,...,1} if (d®(v,), (Y*),.) # 0 for all a. This is equivalent
to our transversality assumption. In this sense, Theorem 4.2.2 is a geometric generalization
of Proposition 6.1.2. in Isidori, 2000 applied to simple mechanical control systems on a
Riemannian manifold.
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Chapter 4. Virtual nonholonomic constraints: Nonlinear case

Now we introduce a lemma that will simplify the hypothesis used in the statement of Theorem
4.2.2. This simplification will be very helpful in particular examples.

Lemma 4.2.4. T, M NF" = {0} if and only if F N S(v,) = {0}.

Proof. Suppose first that T, M N F" = {0}. Then if X € F, {d¢(v,), X, ) = 0 only if X =0

by the assumption. In coordinates this means that qu; X' = 0. By definition of S(v,) we
deduce that X is in S(v,) only if X = 0. Reversing the argument, we also conclude that if

F N S(vy) = {0} then T, M NFV = {0}. O

Example 4.2.5. Consider a particle moving in three dimensional space and subject to
the gravitational potential. Its configuration space is Q = R3 with ¢ = (z,,2) € Q. The
Lagrangian L : T()Q — R, is given by

m

L(g.d) = 5

(:i:2 + 9+ 2'2) —mgz,
and we consider the constraint that is imposed by ®(q, ¢) = 0 with
®(q,q) = a* (% + %) — £
Consider also the control force F': TQ x U — T*Q
F(q,q,u) = u(zvdx + ydy + dz) .
The controlled Euler-Lagrange equations are
mi =uxr, my=uy, m:Z=—gm-+u.

The velocity-dependent distribution is given by S(v,) = span{Xj, X}, where

0 0 0 0
X, = 52 2. Y X, — s 2. Y
1 28y+ay8z 2 zax+aasaz,

0 0 10
and the input distribution F is generated by the vector field YV = ra + ye, -2

moxr mdy mOoz
Since F N S(v,) = {0} the unique control law that makes the constraint manifold invariant

with the choice of the control force F'is given by
mgz

u =

Ca2xd 4 ayy — &

Remark 4.2.6. In previous work, virtual nonholonomic constraints appeared under different
definitions. At Moran-MacDonald, 2021 virtual nonholonomic constraints are presented in
Hamiltonian formalism, namely, a virtual nonholonomic constraint is a set of the form

M ={(q.p) € Q x R" | &(q,p) = 0},

for which there exists a control law making it invariant under the flow of the closed-loop
controlled Hamiltonian equations. This constraint might be rewritten using the cotangent
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bundle 7*() and ® might be seen as a function ® : T*Q — R™. In addition, ® should satisfy
rank d®(q,p) = m for all (¢,p) € M.

When we deal with linear nonholonomic constraints our definition coincides with this definition
for the particular case where the function @ is linear on the fibers, i.e., a linear function on
the momenta p;. In order to see it, one should rewrite the virtual nonholonomic constraints
and the control system on the cotangent bundle.

Indeed, consider the Hamiltonian function H : T*@Q — R obtained from a Lagrangian function
in the following way

H(q,p) = pq(q,p) — L(q,4(q,p)),

where ¢(q, p) is a function of (g, p) given by the inverse of the Legendre transformation

oL

p:%-

The controlled Hamiltonian equations are given by

oH . OH

_ — _ 0 . a
=25 P 9 + F°(q,4(q,p)) + uaF(q),

q
where FV is an external force map. Now, any distribution D C T'Q) might be defined as the
set

D ={(q,9) € TQ | p*(9)(q) = 0},

where p* with 1 < a < m are m linearly independent one-forms. The cotangent version of
the distribution is the set

D={(q,p) € T°Q | n*(q)(4(q,p)) = 0}.

Therefore, we set .
(q,p) = (' (@) (dla,p)), -, 1™ (@) (d(q, p)))-

We just have to check if rank d® = m. Note that each component of ® is linear on fibers if the
Lagrangian function (and thus, the corresponding Hamiltonian function) is of mechanical type,
ie., L =¢"Mq—V(q), where M is the mass matrix and it represents the Riemannian metric
on coordinates, then the Legendre transform is just p = M¢ and its inverse is ¢ = M ~!p.
Therefore,

®(g,p) = (u'M~'p,--- ,u"™ M"p).
Hence, the submatrix of the Jacobian formed by the partial derivatives with respect to the
momenta p are formed by the rows

M7 M,

which are linearly independent. Thus this submatrix has rank m and this implies that the
Jacobian matrix d® has rank greater than m. However, since it is formed by m rows, the
rank of d® must be exactly m and M is a virtual nonholonomic constraint according to
Moran-MacDonald, 2021 if there is a control law making it invariant.
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Chapter 4. Virtual nonholonomic constraints: Nonlinear case

When we encounter nonlinear nonholonomic constraints instead of a distribution D we
have a constraint submanifold M C T'Q). The submanifold M might be defined as the set
M = {(q,4) € TQ | ®(q,q) = 0}, with & = (¢',...,¢™) and where d¢* with 1 < a < m
are m linearly independent constraints. The cotangent version of the constraint manifold
is the set M = {(¢,p) | ®(q,4(q,p)) = 0}. Therefore, we set é(q,p) = ®(q,q(q,p)) =

4.3 Constraint dynamics in terms of the affine connec-
tion and Chetaev’s equation

In the following, we characterize the closed-loop dynamics obtained using the unique control
law derived from Theorem 4.2.2 in terms of the affine connection.

From now on, let us assume that the distributions S(v,) and F are transversal. Consider the
velocity-dependent projection maps

P(vy) : T,Q — S(v,) and Q(v,) : T,Q — F,

for each v, € M, related with the decompositions T'Q) = S(v,) & F. Associated with these
projections, we may define the generalized projection map

P:MxTQ —TQ given by P(vg, w,) = P(vy)(wy).

Notice that if M were a linear constraint manifold then P(vg, -)|pm = Id|pm since M = S(v,)
for any v, € M. In this sense, P(v,,-)|m measures the non-linearity of the constraint set M
and P(vg, w,) is the perturbation of w, by the nonlinear constraints M at v,,.

Using the previous constructions, for each vector field X, Y, Z € X(Q) with Z € M consider the
generalized projection of the covariant derivative VxY at Z, i.e, the vector field P(Z,VxY),
where V denotes the Levi-Civita connection with respect to the Riemannian metric G.

Definition 4.3.1. A nonlinear constrained geodesic on M associated with the generalized
projection P and the Riemannian metric G is a trajectory ¢(t) satisfying

P(¢,V44) =0, and ¢(t) € M
which is equivalent to the equations

Vg € F, and ¢(t) € M.

From Theorem 4.2.2, the constraint set M is invariant under the flow of the above equations.

Theorem 4.3.2. Assume that the distributions S(v,) and F are transversal. A curve
q: 1 — Q is a trajectory of the closed-loop system for the Lagrangian control system (4.3)
making M invariant if and only if it satisfies

P(4, V4G + grad V) =0, ¢(0) e M. (4.4)
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Proof. 1If ¢ : I — @ is a trajectory of the closed-loop system for (4.3) with ¢(t) € M then it
satisfies

Vi q(t) + grad V(g(t)) = ug(1)Y*(q(?)),

where u* : D — R™ is the unique control law making M invariant. Attending to the fact that
4(t) € M we have that

P(4,V4d) =P(@)(Viw(t)
= — P(g)(grad V(q(t))) + P(q)(ua ()Y (¢(1)))
= — P(¢)(grad V(q(t))) = —P(¢, grad V(q(1))),

where we have used the fact that P(¢)(Y®) = 0 in the last equality since ker P(¢) = F.

Conversely, if the curve ¢ satisfies (4.4), we equivalently have that
P(q)(Vgwyd(t) + grad V(q(t))) = 0.
Since ker P(q) = F, there exist u = (ug,- - ,uy,) € R™ such that
Vimd(t) + grad V(q(t)) = uaY*.

By Theorem 4.2.2, we conclude that u = u*, since the control law making M invariant is
unique. ]

The next proposition shows that if the input distribution F coincides with the distribution
S(vy)* for all v, € M then the constrained dynamics is precisely the nonholonomic dynamics
with respect to the original Lagrangian function.

Proposition 4.3.3. If F = S+ then the trajectories of the feedback controlled mechanical
system (4.4) are the nonholonomic equations of motion (4.2).

Proof. From the geometric formulation of Chetaev’s equations in (4.2) we have that if S+
equals F then equation (4.4) becomes equation (4.2). O

Giving a general intrinsic description of the closed-loop system derived from Theorem 4.2.2
might be very hard due to the arbitrary non-linearity of the constraint set M. In the following,
we will give an intrinsic description for a particular case of single-input mechanical control
systems.

Theorem 4.3.4. Assume that the distributions S(v,) and F are transversal. Suppose & :
TQ — R is the function ®(q,q) = B(q,q) where B is a symmetric (0,2)-tensor, and that the
constraint is given by M = ®~1(c). Then a curve q is a trajectory of the closed-loop system if
and only if ¢ € M and

o (B(q', grad V) 1(V4B)(¢;4)
! B(q,Y) 2 B(¢,Y)

> Y — grad 'V, (4.5)
where Y s the vector field generating JF.
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Chapter 4. Virtual nonholonomic constraints: Nonlinear case

Proof. Differentiating the equation B(q,q) = ¢ we get

0= £B(d) = (VyB)d:d) + 2B, Vad).

Denoting by u* the unique control law obtained in Theorem 4.2.2, the closed-loop system
satisfies V4¢ = u*Y — grad V. Therefore

(ViB)(¢,q) + 2B(¢,u"Y —grad V') = 0.

Using the linearity of the tensor B, we get that

B(¢,grad V) 1(VyB)(¢,9)
B(¢,Y) 2 B(¢,Y)

*_

]

This particular case shows that for some choices of the tensor B appearing in the statement
of Theorem 4.3.4, the term containing the control law cannot be incorporated in a (non-Levi
Civita) affine connection on M since its form can have a non-quadratic dependence on the
velocities. Hence, the non-linear case behaves differently from its linear counterpart, where
this is possible (see Consolini et al., 2018 and Consolini and Costalunga, 2015) and the
intrinsic description must be much more complex.

Example 4.3.5. Consider, as in Example 4.2.5, a particle moving in three dimensional space
and subject to the gravitational potential, with the same Lagrangian L : T'Q) — R,

L(q,q) = 5} (.732 + y2 + 22> —mgz

but consider now a constraint that makes the magnitude of the velocity constant zero, namely,
®(q,q) = 0 with
=i+ +22—c=0, ¢>0.

Thus B is the symmetric tensor represented by the identity matrix I, since ® = ¢*'¢ = ¢7 Iq.
The constraint manifold is given by M = {(q,¢) € TQ : ®(q,q) = 0} and consider the
control force F': TQ) x U — T*(Q)

F(q,q4,u) = u(idx + ydy + 2dz).
The controlled Euler-Lagrange equations are
mi =ur, my=uy, m:Z=—gm+uz.
t 0 ) 0 z 0
Ly

—— and
mox may * maz "

note that 7 N S(v,) = {0}. Applying equation (4.5), the unique control law that makes the

The input distribution, F, is generated by the vector field Y =

9% Thus the closed loop system is
c

constraint manifold M invariant is u* =

. z
G = gfq 9(0,0,1)".
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Remark 4.3.6. For a constraint set as in Theorem 4.3.4, the velocity dependent distribution
S(g) has the form S(4) = {v € T,Q | ¢Bv = 0}. Therefore S(¢)* is a one-dimensional space
generated by Bg. In the previous example, the input distribution, F coincides with S(¢)*
and from Proposition 4.3.3, the local expression of the equations (4.2) and (4.5) will be the
same. Note also that, when there is no potential V' = 0, the symmetric form B does not
depend on the position ¢ of the configuration manifold and the configuration manifold is R™.
Then the geodesics of the Levi-Civita connection V that start in M, remain in M for all
time.

4.4 Applications

The previous results on virtual nonlinear nonholonomic constraints can be used to enforce
a desired relation between state variables through a control force whenever the interplay
between forces and constraints satisfies our assumptions. In the following, we give various
applications of how a desired constraint can be enforced.

4.4.1 Precessional motion of a rigid body about a fixed point

Consider a precessional motion of a rigid body about a fixed point as in Jarzebowska, 2002.
Fix an inertial system XY Z and a fixed body system zyz. The motion is completely described
by the Euler angles (¢,0,1) where 6 is the tilt angle between the rotational axis and the
vertical axis, ¢ is the azimuth angle from the line of nodes (the intersection of the planes zy
and XY') and ¢ the angle of rotation about the z-axis. The configuration space is Q) = SO(3)
parametrized by Euler angles and the angular velocity of the body is given by w = (w;, we, ws3)
with

w1 = ¢sinfsine + O cosp,

wy = ¢sinfcosth — Osiny,

wy = ¢gcosl + Y,

and by assuming that the z-axis is the symmetry axis of the body, i.e. Iy = [y = I}, the
Lagrangian L : T'() — R is

1
L= 51.12(W% + ) + 9

= ;]12 (gbz sin® 0 + 92) + ;[3 <¢C059 + w)Q - G(g)

3W§ - G(CI)

where g = (¢, 0,1), G(q) = mgpcosf is the potential energy due to gravity, m is the mass of
the body and p is the distance from the pivot point to the center of mass.

Consider the control force F': TQ) x R — T*() given by

F(q,q,u) = u(fido + f2df + f3di)),

which will be determined such that it makes the nonholonomic constraint below invariant.
The input distribution F is defined as the span of the vector field Y = (K f; — 2cos 0K f3) a% +
I’%% + %%, where K = (Iypsin®0 4 Iycos?6) "
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The Euler-Lagrange equations are

Todsin? 0 + ¢ sin 6 cos 026 — I3) — ¥l cosl = u(fi — f3cosh),
I120 + ¢$*sin 0 cos O(I5 — I15) + Isdth sin O + mgpsin 6 = ufs,
L5 sin® 6 — Imgbé sin® 0 — gb@ sin 6 cos? 0(21y5 — I3) + ]g@ﬁé cos? ) = uf3]12]3_1 sin? 0
—ucosO(fy — fzcosh).

For a spinning body to perform precession the configuration variables should satisty ®(q, ) =0
where

d(q,q) = ¢fsinf — Opsinf + 2¢00%cosh + ¢*sin®fcosh — cot d (¢2 sin20+92>3/2.

When gzﬁ = const, @/} = const and § = 0 we have a regular precession, while for a pseudo-
regular precession (i.e. nutation) we need 6 # 0 and ¢, to be arbitrary (for more details see

Jarzebowska, 2002, Grioli, 2011 equation (118)). We consider the first case here, for ease of
calculating. Hence ®(q, ¢) reduces to

®(q, ) = a¢’® — ai’,
where @ = sin? 6 cos @ and we consider for simplicity ¢ sin@ > 0. The constraint manifold
is M ={(q,q) € TQ : ®(q,¢) = 0} and the velocity-dependent distribution is given by
0 5 0 . 0
S(vy) = span{ Xy, Xo}, with X; = — and X, = > =~ 4+ ¢p——.
(vg) pan{Xi, Xa} 1 Y 2 w(% <Z5a¢
The control law u* that makes the constraint manifold invariant is obtained by the transver-
sality condition and is given by

 I80s0e) (et — &) + 30 (b + Loths*0) — Lyif*0c20
- (f3¢ — f1)(§2 +1pch) — 1) fsl1al5 520 ’

where s and cf stand for sinf and cos 6 respectively and [ = 2115 — I3. In the particular
case where f; = 1, f3 = 0 and f, is an arbitrary function (the choice of the control force is
such that every time imposes a specific behavior for the system), such that F N S(v,) = {0}
hence the hypothesis of Theorem 4.2.2 is satisfied, we obtain the unique control law u* that
makes the constraint submanifold invariant under the flow of the closed-loop system.

u

4.4.2 The double pendulum

Consider the double pendulum that resembles the gymnastic acrobot but the actuator is
at the shoulder rather that at the elbow. Following Moran-MacDonald, 2021 and Moran-
MacDonald et al., 2024 we consider the configuration manifold of the system @ = S! x S!
with ¢ = (q1,¢2) € Q, where ¢, represents the angle for the shoulder and ¢, the angle for the
elbow, see Figure 4.1.

The Lagrangian L : T'Q) — R, is given by

L4,d) = 3d" Dla)i ~ V(@)
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Figure 4.1: Double Pendulum actuated at the shoulder.

where

ml?(3 +2cosqa) mi*(1+ cosqy)
ml?(1 + cos ¢o) mi?

V(g) = —mgl (2cos q; + cos (g1 + q2))

Dlg) = [

are the inertia matrix and the potential energy, respectively. For simplicity we set m =1 = 1.
The constraint ® : T'(Q) — R is given by the equation

®(q,q) = g2 — arctan [(3 +2cos g2)q1 + (1 + cos 612)61'2}
and the control force F': TQ) x R — T™*() is given by
F(q,q,u) = udg.
The controlled Euler-Lagrange equations are
D(q)+ P(q,q) = B,

with
P(g.d) = | 2520 - s2(G2)* + 9251+ s12)| p _ v
’ —52G1G2 + gS12 7 0

where, as shorthand, we write s; = sin ¢y, $o = singe and s;5 = sin(q; + ¢2). The constraint
manifold is M = {(q,q) € TQ : ®(q,¢) = 0} and its tangent space, at every point (¢, §) € M,
is given by T yM ={v € TTQ : d®(v) = 0} = span{X;, X5, X3}, with

0 0
Xi=—, Xo=(1+4+cosq)=——(3+2cosq2)=—,
' oq 2= q2)691 ( QZ)&JQ

0

Xy= (342 [A'z",

3= 3+ cosqz)aq2 + | A+ sing2(241 + ¢o) 9.
2

where A =1+ [(3 + 2cos q2)G1 + (1 + cos qg)q'g} . The input distribution F is generated by

the vector field

0 0
Y = aiql — (]_ —+ COS(]Q)ati.
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Note here that the vertical lift of the input distribution, F", which is generated by

is transversal to the tangent space of the constraint manifold, T M, thus, by Theorem 4.2.2
there is a unique control law making the constraint manifold a virtual nonholonomic constraint.

The unique control law that makes the constraint manifold invariant is

Go(c3 —2)(t3 — 1) + qC
d

o=—

where C' = s1902(2 — ¢3) + s1¢2(2¢5 — 1) — 5sy — 2sy¢y, d is the determinant of the inertia
matrix D(q) and we write ¢; = cos qp, ¢; = cos go and ty = tan gq, for simplicity.

We have run a simulation of the double pendulum using a fourth-order Runge-Kutta method
for N = 100 steps using a time step of h = 0.1 and physical constants m =1 =1 and g = 10.
We used as initial conditions ¢; = 0.4,¢2 = 0 and ¢, = 10. The velocity ¢, is computed by
solving the equation ®(q,¢) = 0, so that initial conditions are in the constraint submanifold.
Figure (4.2a) shows the time evolution of the angles ¢; and ¢o, while the Figures (4.2b) and
(4.2c) show the phase space (q1,¢1) and (go, G2), respectively. The last two figures show the
energy and constraint evolution in time. The simulation shows that the controlled motion
has an equilibrium point, occurring near ¢; = ¢o = 0. The system dissipates energy as a
result of the control forces acting on it. The constraint is approximately preserved, though
we cannot observe exact preservation since the method is not specifically designed to preserve
it. It is interesting to note that as we increase the value of the initial angles, the system
eventually reaches an equilibrium point but it occurs at points distant from ¢ = ¢ = 0,
where a constant control force must always be active. The reader can see the code and a
video of the simulation on the page https://github.com/StratosSim/VNHC-nonlinear.

4.4.3 Enforcing flocking motion with virtual nonholonomic con-
straints

Flocking, swarming, and schooling are common emergent collective motion behaviors exhibited
in nature. These natural collective behaviors can be leveraged in multirobot systems to safely
transport large cohesive groups of robots within a workspace. The study of flocking motion
in multi-agent systems has been studied in various disciplines, including robotics (Zhu et al.,
2020), control theory (Beckers et al., 2022), and computational biology (Rahmani et al.,
2020). Flocking refers to the coordinated movement of agents within a system, inspired by
natural phenomena such as bird flocks, fish schools, and insect swarms. This behavior emerges
from local interactions among agents. To capture these effects, Reynolds, 1987 introduced
three heuristic rules: cohesion; alignment; and separation, to reproduce flocking motions in
computer graphics. Here we introduce an application that can be useful in imposing virtual
constraints for flocking motion in multi-agent systems like in Tanner et al., 2007.

Consider two particles moving under the influence of gravity and which we desire to constrain
to move with parallel velocity. Suppose that the motion of the two particles evolves in a
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Figure 4.2: Double pendulum simulation figures

plane parametrized by (z,z). The position of the particles is given by ¢; = (z1,0, z;) and
q2 = (12,0, z3), respectively, so the configuration space can be considered as = R* with

q=(q1,3) € Q.
The Lagrangian L : T'Q) — R, is given by

) 1 . 1 .
L(q,q) = §m1(ﬁ + §m2q§ - G(q)

where G(q) = m1gz1 + magzs is the potential energy due to gravity and m;,i = 1,2 are the
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masses of the particles, respectively. The constraint ® : T'Q) — R is given by the equation
®(q,q) = 7172 — To2)
to enforce an alignment in the velocities and the control force is just F': TQ x R — T*(Q)
given by
F(q,q,u) = u(fidzy + fodzi + fsdry + fadz).

The controlled Euler-Lagrange equations are

midy = ufy, Mz +mig = ufy,

MaZe = uf3, MaZs +Mag = ufy.

(4.6)

The constraint manifold is M = {(q,q4) € TQ : ®(q,¢) = 0} and its tangent space, at every

point (¢, ¢) € M, is given by T(u y M = {v € TTQ : d®(v) = 0} = span{ Xy, X5, X3, Xy, X5, X¢, X7},

with 5 9 P 5
X1 :87%’ Xo = 92, ngﬁixg’ X4:8722

X5 = a9 0 + oo 0 + a5 0 + i1 0

04 0%, Oy 07y

Xﬁ_zla +x1i—|—228 —|—an

01 071 0xq 02y’

X7—301a +Z1i—f2i—zza

01y 07 0o 0%y

The input distribution F is generated by the vector field
0 0 0 0
_ N f 2 0 fs fs L J fa

m1 81'1 ma 821 mo 822 mo 822
Note here that the vertical lift of the input distribution, F", which is generated by

p_h O B0 f 0 fi 0

my (9:1:'1 mq 821 mo (9372 mo 822
is transversal to the tangent space of the constraint manifold, T M. By Theorem 4.2.2 there
is a unique control law making the constraint manifold a virtual nonholonomic constraint.

The control law that makes the constraint manifold invariant is
U= (%2ft — Z1fs + 21 f1 — $2f2)_1 (1 — d2) gm.
For fi = fo =1 and f3 = fy = 0 we get F(q,q¢,u) = u(dr, + dz;) and

0= (20 — o) " (4 — @) gm.

We have simulated the closed-loop dynamics with the preferred feedback control law using a
standard fourth-order Runge-Kutta method with initial positions (x1, 22, 21, 22) = (1, 40,0, 0)
and with initial velocities (&1, <2, 21, 22) = (80, 20,40, 10). In Fig. 4.3a we show the controlled
trajectories for both particles where can be seen the velocities’ compliance with the constraint.
The total energy of the system is depicted in Fig. 4.3b while the preservation of the constraint
during the simulation time is shown in Fig. 4.3c. Fluctuations of the values of the constraint
function appear due to simulation computational process and are restricted to a minor interval
as expected. The control function is depicted in Fig. 4.3d where it tends to zero since the
motion tends to become vertical and gravity takes over.
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Figure 4.3: Flocking motion simulation figures

4.5 Symplectic characterization of virtual nonholonomic
constraints

Next, we provide a geometric characterization of virtual nonlinear nonholonomic constraints
from a symplectic perspective. Under a transversality assumption, we will show that there
is a unique control law making the trajectories of the associated closed-loop system satisfy
the virtual nonlinear nonholonomic constraints. We will characterize them in terms of
the symplectic structure on 7'¢Q) induced by a Lagrangian function and the almost-tangent
structure. In particular, we will show that the closed-loop vector field satisfies a geometric
equation of Chetaev type. Moreover, the closed-loop dynamics is obtained as the projection
of the uncontrolled dynamics to the tangent bundle of the constraint submanifold defined by
the virtual constraints.

Recall Chetaev’s equations which are the equations of motion of a system with nonholonomic
constraints defined at (4.1)

dqg "o’ (4.7)



Chapter 4. Virtual nonholonomic constraints: Nonlinear case

where (¢!, ..., ¢™) denote the coordinate functions of the constraint ®. In what follows, we
give an intrinsic/geometric formalism of the Chetaev’s equations above. Recall from Subsection
2.3.3 that the Euler-Lagrange equations are geometrically described as the equations for the
flow of the vector field Xg, :

iXELWL = dEL,

where E, is the energy of the system and wy, the canonical symplectic form. Consider the dual
of the canonical almost tangent structure J given at Subsection 2.1.5, with J : TTQ — TT(Q
and local expression in coordinates J = dq¢'® a(?r" Its dual map, is given by J* : T*T'Q) — T*TQ.

So, for every coordinate function of the constraint ®, we have that J*(d¢®) = %%jdqi. Notice

also that J*(d¢®)(X") = 0, for the vertical lift of every vector field X € X(Q). The equations
of motion of a nonholonomic mechanical system with nonlinear constraints are integral curves
of a vector field IT',,;, defined by the equations

ipnth - dEL = )\aJ*(d(ﬁa)

4.8
Fnh c TM, ( )

where )\, are Lagrange multiplier’s to be determined and E,w;, are as before. These equations
have a well-defined solution if 4, (J*(d¢®*)) N T M = {0}, where 4, is the sharp map defined
by the 2-form wry,.

Next we reproduce Example 4.2.5 with the formalism presented above and we exemplify
Proposition 4.3.3 by comparing the equations (4.2) and (4.4).

Example 4.5.1. Consider, the Example 4.2.5, where a particle moving in three dimensional
space and subject to the gravitational potential, with the same Lagrangian L : TQ) — R,

L(q,q) = 5 (ZL‘2 + y2 + 22> —mgz

the constraint to be ® = 2 + 9>+ 22 —c =0, ¢ > 0 with constraint manifold given by

M={(¢,9) €TQ : ®(q,q) =0}

and recall also the control force F': TQ x U — T*Q F(q,q,u) = uf = u(zdx + ydy + 2dz).
The controlled Euler-Lagrange equations are

mi =ux, my=uy, m:Z=—gm+uz.
The tangent space of the constraint manifold M is given by

TgoM ={v e TTQ : d®(v) =0}
= span{ X1, Xy, X3, Xy, X5},

where (¢,¢) € M and
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The input distribution, F, and the vertical lift of the input distribution, FV, are generated
respectively by the vector fields

£0 399 290 g yvot9 90 20
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X, =

The control law that makes the constraint manifold invariant is

. mgz
U= —.
c

For S*, the orthogonal to S, we write the differential of ®, namely, d® = 2idt + 2dy + 24d3
and its image through the dual of the canonical almost tangent structure J = dg ® 8%,

J*(d®) = 2&dx + 2ydy + 2zdz.
Hence, S* is generated by

BP0 g0 20

lge(JH(d®)) = = o5 moy | moy

Notice that the vertical lift of the input distribution, FV, is equal to S* and from Proposition
4.3.3, the local expression of the equations (4.2) and (4.4) will be the same. Indeed, the
equations of the corresponding nonholonomic systems are

mi = \&

my = Ay
mz+mg = A2
PP+ —c=0

where A € R is a Lagrange multiplier to be determined using the constraints, while the
equations of the controlled system with control force determined by F' are given by

mi = —u*zt

W
mi = —u*y ,
mi +mg = —u*z

where u* is the unique feedback control making the constraints invariant under the flow. The
two systems are equivalent on the submanifold M i.e. the trajectories of the constrained
mechanical system (4.4) and the nonholonomic equations of motion (4.2) coincide on the
constraint manifold. o

From now on, we assume that S and FV are transversal. In the next result, we characterize
the closed-loop dynamics arising from Theorem 4.2.2 as trajectories of a vector field satisfying
an equation similar to that of the nonholonomic equations (4.8).
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Lemma 4.5.2. Consider the Lagrangian function L : T(Q)Q — R of mechanical type L =
K(q,q) — V(q), where the kinetic energy is given by a Riemannian metric G and consider the
symplectic form wy, of TQ. For any one-form f € QYQ) we have that 4, (fV) = tge(f).

: . , A g
Proof. Inlocal coordinates the flat map of wy, is represented by the matrix b,,, = G g(;j ) ,
—Gij
where A is a skew symmetric matrix and G;; is the matrix representation of the Riemannian

0 —GY
gij gijA—lgij

of G;; and for any one-form f € Q'(Q) with f = fidq; we have that f,, f¥ = <Qz9fj> On

metric. Hence, the sharp map is given by 4, = ( ) where G¥ is the inverse

the other hand, the sharp map of the Riemannian metric G is given by fig = G“ and so
[1c(f)]Y = 1., fY. Finally, from 4. of Proposition 2.2.2 we have f,, (f¥) = fge(fV). O

Theorem 4.5.3. A SODE vector field T of the form (2.23) corresponding to the closed-loop
system of the Lagrangian control system (4.3) makes M invariant if and only if it satisfies

irwp, — dEp = —ui(f*)Y, I € TM, (4.9)

or, equivalently, irwy, — dEr, € bge(FV), where bge(FV) = span{bg-(YV)} = span{(f*)V}, FV
the distribution on TQ spanned by the vector fields {fge(f*)V'}, and u? being the unique control
law from Theorem 4.2.2.

Proof. Let G be the vector field defined by the free system irw;, = dEg, i.e. t,, (dEL) =G
and T' the one defined by the equation irwy — dE;, = —u,(f*)Y. Thus, T is of the form
D(v,) = Gluy) +ua (Y)Y, for v, € TQ, where (Y*)¥ = (t (/)" = tge((f*)") = £u, (/)"
and the last equality holds by Lemma 4.5.2. From Theorem 4.2.2 there exists a unique control
function wu} that makes M a virtual nonholonomic constraint, i.e. the vector field I' € X(M)
satisfies irwy, — dEp = —u’(f*)V, and and it is of the form

I'(vy) = G(vg) + u:(Y“)K] e T,, M,

for v, € M. Equivalently, irw; — dE;, € bge(F") since for all a = 1,...,m bge[(Y*)V] =
bge[(Bg f*)Y] = bgeltige(f*)V] = (f*)V where we have used property 4. of Proposition 2.2.2. [

Note that equation (4.9) can be equivalently written in the form
irw, —dEp € J*F°, T € TM, (4.10)

where F0 = span{d fa} and f* are the fiberwise linear functions on T'Q defined by f “(vg) =
(f*(q),v). Equations (4.10) look like the symplectic equations that appear in de Leén et al.,
1997 in the context of constrained mechanical systems. Although they are slightly different,
many of the constructions obtained by these authors follow in our case. In particular, we can
characterize the closed-loop dynamics as the projection of the uncontrolled dynamics to the
tangent bundle T'M.
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Consider the distribution S = #,,, (J*F°). It is not difficult to prove that S = FV. In particular,
the transversality assumption appearing in Theorem 4.2.2 is equivalent to S N T'M = {0},
which implies the decomposition

TTQ| i = S| @ TM.

Now, choosing the vector field {(Y*)"V'} as a local basis for the distribution S, we can define
the associated projections Q : TTQ — S and P : TT(Q — T M given by

Q = Cu(Y") @ dg®

and P = Id — Q, where the matrix C,, is the inverse matrix of

a a ij aqba * 7 1 a
C = (Y")V(¢") = g”ffaqu = —t, (J*d")(6").
Note that this matrix is invertible to the fact that the Riemannian metric is invertible. Finally,
we can prove the following result which shows that the closed-loop dynamics results from the
projection to T’ M of the uncontrolled dynamics and gives a formula for the unique control
law guaranteed from Theorem 4.2.2.

Proposition 4.5.4. The vector field T' defined by (4.10) satisfies
I =P(G) =G+ CupG(") (Y.

Proof. The vector field I satisfies I' = G + u(Y*)V. Applying the projection P to both sides
of this equality and using I' € T’M to impose P(T') = T, we deduce that u} = C,,G(¢?) which
proves the result. O
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Chapter 5

Virtual Constraints on Lie groups

Control systems defined on Lie groups offer a comprehensive framework for various systems,
including control design for spacecraft and unmanned autonomous vehicles, such as aerial
and underwater vehicles J. R. Goodman et al., 2023, T. Lee et al., 2006, Reyhanoglu, 1997,
Egeland et al., 1996. Typically, the configuration space for these systems is represented
globally by a matrix Lie group, which facilitates coordinate-free formulations of the dynamics
that govern system behavior. We refer the reader to these books for a detailed treatment
of this concept Jurdjevic, 1997, Bullo and Lewis, 2005, A. Bloch, 2015, T. Lee et al., 2018,
Murray et al., 1994.

When a system’s configuration lies on a Lie group, the application of left or right translations
enables a globalization of solutions. This means that even when utilizing local charts for
minor maneuvers, the Lie group framework permits navigation across the entire configuration
space without the need to reformulate control strategies. This is possible because the system’s
position can consistently be expressed relative to the identity element of the Lie group.
Furthermore, if the configuration space of these mechanical systems exhibits symmetry,
it becomes feasible to exploit this symmetry to reduce the system’s degrees of freedom.
This reduction allows for the analysis of a lower-dimensional system, thereby decreasing
computational costs and mitigating the risk of singularities by operating within a coordinate-
free framework in the corresponding Lie algebra of the Lie group.

At this chapter we develop the theory of virtual nonholonomic constraints on Lie groups.
The results obtained are analogous to the previous ones on Riemannian manifolds but here
the geometric structure of the configuration space allows simplifications in many aspects
of the theory. More precisely, we define virtual nonholonomic constraints on Lie groups
as a controlled invariant subspace associated with an affine connection mechanical control
system on the Lie algebra associated with the Lie group. We demonstrate the existence and
uniqueness of a control law defining a virtual nonholonomic constraint and we characterize
the trajectories of the closed-loop system as solutions of a mechanical system associated
with an induced constrained connection. Moreover, we characterize when we can obtain
reduced nonholonomic dynamics from virtual nonholonomic constraints. Finally, the theory is
developed on right-invariance accordingly all results can be obtained for left-invariant as well.
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5.1 Nonholonomic constraints on Lie groups

Consider a mechanical control system where the configuration space is a Lie group G and a
right invariant Lagrangian function L : TG — R. Equip the configuration space with a right
invariant Riemannian metric G and let V denote the Levi-Civita connection. Following the
discussion we did at Subsection 2.6.4, we consider a right invariant distribution D on the Lie
group G, that is, for each g € G, the fiber at g, denoted by D,, is defined by

D, :=T.R,(0),

where 0 is a subspace of the Lie algebra g. Using the inner product (-, )4 on the Lie algebra
we define the orthogonal subset to d with respect to the inner product and denote it by 2+
as 0t ={¢eg : ({,n)y =0, Vn € 0}, then g = 0 ¢ d'. Finally, consider the orthogonal
projections:

P:g—dand Q:g— 0ot (5.1)

Next we give a Lemma which will be useful in the sequel:

Lemma 5.1.1. Let D be a right invariant distribution. Given a right invariant metric on G
consider the associated orthogonal distribution D+ and the orthogonal projections P : TG — D
and Q : TG — D*. Then the following statements hold:

1. The orthogonal distribution D* is right-invariant and Dy = T.R,(d").

2. The Lie algebra projections satisfy
P=TyR;-10PoT. Ry and Q =T R,10QoT.R,. (5.2)

Proof. 1. Consider two vector fields X,Y on TG such that X € D and Y € D*. If
G is the right-invariant metric we have Gi(X,,Y;) = 0 for some g € G. From the right
invariance of the metric we get (T, R, ,(X,),T,R, ,(Y,))s = 0 and since D is right invariant
(&, TyR, ,(Y,))y = 0 for some £ € g. The vector fields X, Y are arbitrary so T,R, ,(Y,) € 0+,
hence Yy = T.Ry(n) for some n € 0+ thus, D+ is right-invariant and Dy = T, Ry(0+).

2. Let € € g, since g = 90+ we have the decomposition & = £ +&+ where € € 0 and £+ € 24,
and so T, R,(§) = &g = &}, +&5. The distribution D and its orthogonal, D+, are right invariant
i.e. Dy = T.Ry(0) and D, = T, R,(d") thus we have that T.Ry(§) = T.Ry(§" + &) = Ex + &5
So P(T.Ry(€)) = & € Dy and TyR,-1(£)) = &' €0, and since PB(€) = £ the first equation
(5.2) holds.

For the second equation of (5.2) consider the projection of T, R,(¢) on D+, namely
Q(T.Ry(§)) = &g € D and T,R,1(¢5) = & € 0, since Q(&) = & the second equation
holds. O

Using the above splitting of the Lie algebra on the subspace 9 and its orthogonal complement
9+ and the associated projections, we define a map that allows the description of the
nonholonomic trajectories of a constrained mechanical system what is defined later on, and in
the next proposition, we link this map with the Riemannian g-connection given in Subsection
2.6.3.
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Definition 5.1.2. We define the nonholonomic ?d-connection V° : g X g — g to be a
bilinear map satisfying
Ven = (Vernr) (e). (5.3)

where V™ is the nonholonomic connection corresponding to the Levi-Civita connection V on
G, given from (2.17) at Section 3.1.

Note that we call V° connection even though it is not one, see comment after Theorem 2.6.9.

Proposition 5.1.3. Define the bilinear map (ViQ)(n) = VL(Q(n)) — Q(Ven), where V2 is
the Riemannian g-connection corresponding to the Levi-Civita connection V on G. Then

Ven = Vin + (VEQ)(n).
Proof. If £, € 0 we have that
Ven =Vin + (VEQ)(n) = Vin+ Vi(Q(n)) — Q(Vin),
where we have used the definition of covariant derivative of a map in the last equality. Noting

that Q(n) = 0 since 7 € 0, we prove the equality. O

It is clear that the nonholonomic d-connection is the projection of the Riemannian g-connection,
namely, Vin =P (Vin), for all £, n € 0. Therefore, we obtain the explicit expression

Ven = ;‘B(—[&n]g +adln +adf¢), &neo, (5.4)

where adzn = fladgb(n)]. We now express Lemma 2.6.13 in terms of the Riemannian -
connection and the nonholonomic connection:

Lemma 5.1.4. Let g : [a,b] — G be a curve and X a smooth vector field along g satisfying
X (t) € Dywy. Suppose that £(t) = ¢(t)g(t)~ and n(t) = X(t)g(t)~'. Then the following
relation holds for all t € [a,b):

VX () = (i) + V(1)) g(t). (53
As an important case of the previous Lemma, we deduce the following theorem:

Theorem 5.1.5. Suppose that g : [a,b] — G is a nonholonomic trajectory with respect to a
right-invariant metric and distribution D and let £(t) = g(t)g(t)~ . Then, & satisfies

£+ V=0, (5.6)
or, equivalently,

E+ (Bot) [ad,p(E()] =0, Een. (5.7)

Proof. Suppose that {e;} is a basis for g, so {(t) = &(t)e; and g(t) = T.Rypé(t) =
T.Ry(E'e;) = E'TRy(e;) = £'(e;)r. Since g(t) is a nonholonomic trajectory we have V7"g = 0
and

Vitg = P(Vyg) = P (£(e)n+ €V enledr) = P (T.Ry(Eei + £V e:))
= (P ° TeRg) (é + vg£>7
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50
0= (T,R,1 0P oT.R,) (€ + V) = B(E + VIE) = B(E) + P(VE).
Since V2 = R(VE) and € € 0 s0 B(€) = € we get equation (5.6):
£+ V% =0
By the definition of V?, for ¢, 7 € g, we have
Ven = Vin +(VeQ)(n) = P(Vin) +Q(Ven) + VEQ(n) — Q(Ven).

If n € 0 we get Vin =P(VEn) and from the expression (5.4) we obtain

Vi = (Pot) [adpd(6)] .

Hence, from the last expression and equation (5.6) we get the equation (5.7) . O

5.1.1 Virtual linear nonholonomic constraints on Lie groups

Consider the mechanical system on the Lie group G given by (2.38) of Theorem 2.6.15,
together with a control force F': g x U — g* of the form

:i%wm (5.8)

where F'* € g* with m < n, U C R™ the set of controls and u, € R with 1 < a < m the
control inputs. Thus, we have the controlled mechanical system

g=T.Re(&), £+1[adihp(E(t)] = uaf, (5.9)
where f* =4(F|,) € g* are a set of m < n vectors, there vector are spanning the subspace

f=span{f',..../"}.

Definition 5.1.6. The subspace f, of the Lie algebra g, given by § = span{fi,..., fi}, is
called control input subspace associated with the mechanical control system (5.9).

Definition 5.1.7. A virtual nonholonomic constraint associated with the mechanical control
system of type (5.9) is a controlled invariant subspace d of g, that is, there exist a control law
making the subspace 9 invariant under the flow of the closed-loop system, i.e. £(0) € 0 and
£(t) eo, vt >0.

Theorem 5.1.8. Suppose g =& 0. Then there exists a unique control law u* making 0 a
virtual contraint for the controlled mechanical system (5.9).
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Proof. Let dimd = k and dim f = m = n— k. Consider the covectors u! ..., u™ € g* spanning
the annihilator subspace of 9. £(t) is a curve on g satisfying £(¢) € 0 for all time if and only if
it satisfies u®(&(t)) = 0 for all @ = 1, ..., m. Differentiating this equation and assuming that
&(t) is a solution of the closed loop system (5.9) for an appropriate choice of control law w,
we have

— (4 [adgp(€(1))]) + wp (£7) = 0.

Since { {adg(t)b(f (t))} € g and g = f @ 0 there is a unique way to decompose this vector as the
sum

# [adzp(€(1)] = n(t) + m(t) £,
with € 0. In addition, note that the coefficients 7, may be regarded as a function of g. In
fact, its definition is associated with the projection to § together with the choice of {f*} as a

basis for f. Therefore, pu®(£(¢)) = 0 if and only if

(7 — up)u*(f*) = 0.

Since p(f°) is an invertible matrix, we conclude that 7, = u;, proving the existence and
uniqueness of a control law making 0 a virtual constraint. O

From now on suppose that the subspace ? describing the virtual nonholonomic constraints
and the input subspace f are transversal. Therefore, the projections p: g —0and q: g —
associated to the direct sum are well-defined. Using the Riemannian g-connection we define
the bilinear map V¢

Ven = Vin+ (Via)(n), (5.10)
where £, € g. We refer to that bilinear map as induced constrained connection associated
to the subspace 0 and the input subspace §. The induced constrained connection is a linear

connection on g with the special property that 0 is geodesically invariant for V¢, i.e., if a
geodesic of V* starts on 0 then it stays in 9 for all time (see Lewis, 1998).

Lemma 5.1.9. If {,n €0 then
Ven =p(Vin).
Proof. 1f £, € D we have that
Ven =Vin+ (Via)(n) = Vin+ Vi(a(n)) — a(VEn),

where we have used the definition of covariant derivative of a map in the last equality. Noting
that q(n) = 0 since 7 € 9, we prove the equality. O

Remark 5.1.10 (Virtual holonomic constraints on Lie groups.). We may use a right-
invariant distribution to enforce a virtual holonomic constraint, that is, to guarantee that a
trajectory of the closed-loop system (5.9), with the control law determined by Theorem 5.1.8
remains inside a desired submanifold of the configuration space, as long as its tangent space
is right-invariant.

If 9 is a Lie subalgebra of g, i.e., for any &, n € 0 their Lie bracket [, 7] is also in d, we
deduce that the right-invariant distribution D is integrable, where the distribution is defined
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according to D, = T, R,(0) for each g € G. Hence, there exists a foliation of G such that the

submanifold passing through a point g € G is denoted by F(g) and satisfies T),F (g) = Dy, for
any h € F(g).

In particular, the trajectory of the closed-loop system (5.9), with the control law determined
by Theorem 5.1.8 and starting at go with initial velocity £(0) € 0 satisfies ¢ = T.R,(§) € Dy,
since £(t) € 9. Therefore, the trajectory g(t) is a curve starting in the submanifold F(go) that
is always tangent to the integrable distribution D,. Hence, g(t) must be entirely contained in

F(g0)-

Remark 5.1.11. Note that if the control input subspace f is orthogonal to the controlled
invariant subspace 0 then the constrained dynamics is precisely the nonholonomic dynamics.
Indeed, since f and ? are orthogonal with respect to the metric (-,-) then f = 0+ and
the projections B and p coincide (as well as the projections Q and q). Thus, the induced
constrained connection V¢ is precisely the nonholonomic d-connection V°. Hence, the dynamics
derived from the two connections coincide.

5.1.2 Virtual affine nonholonomic constraints on Lie groups

In this section, we briefly introduce virtual affine nonholonomic constraints on Lie groups.
All the results follow by a slight modification of the findings at the subsection above. In what
follows, the control force F' is still of the form (5.8).

Definition 5.1.12. A virtual affine nonholonomic constraint associated with the control
system (5.9) is a controlled invariant affine subspace a C g for that system, that is, there
exists a control law making a invariant for the closed-loop system, i.e., £(¢) € a, whenever

€(0) € a.

Theorem 5.1.13 guarantees the existence and uniqueness of a control law that turns an affine
subspace into a controlled invariant affine subspace (virtual affine nonholonomic constraint).

Theorem 5.1.13. If the affine subspace a and the control input subspace | are transversal,
then there exists a unique control law making the affine subspace a virtual affine nonholonomic
constraint associated with the control system (5.9).

Proof. Suppose that a is modelled on a vector subspace 0 C g. Let dim0 = k£ and dim§ =

m = n — k, by transversality of a and f. Consider the covectors u'..., ™ € g* spanning the
annihiliator subspace of ? and let ag € a. A vector v € g is in the affine subspace a if and
only if v — ag € 0 or, equivalently, if u*(v —ag) =0 foralla=1,...,m.

The curve £(t) on g satisfyies £(t) € a for all time if and only if it satifies u®((t) — ag) =0
for all @ = 1,...,m. Differentiating this equation and supposing that £(t) is a solution of the
closed loop system (5.9) for an appropriate choice of control law u, we have that

—® (t [adgp(€(8))]) + upp () = 0.

Since f {adg(t)b(f (t))} € g and g = f ® 0 there is a unique way to decompose this vector as the
sum

t [adg,h(€(6)] = n(t) +7(6) 1",
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with n € 0. In addition, note that the coefficients 7, may be regarded as a function of g. In
fact, its definition is associated with the projection of § together with the choice of {f*} as a

basis for f. Therefore, pu*(£(¢)) = 0 if and only if

(7 — up)u (f*) = 0.

Since p2( f?) is an invertible matrix, we conclude that 7, = u;, proving existence and uniqueness
of a control law making a a virtual constraint. O

Remark 5.1.14. Note that, from the proof of Theorem 5.1.13 we deduce that the same control
law making a vector subspace 0 control invariant is also responsible for making any affine
subspace of the form a = ay 4+ 0 control invariant, whenever g =0 & f.

5.2 Examples

At this section the theory is presented through some examples of mechanical systems evolving
on Lie groups. The first example is a homogeneous rigid body on SE(3) with linear nonholo-
nomic constraints while the second is a rigid body with a rotor on SE(3) x S subject to affine
nonholonomic constraints.

5.2.1 Mechanical systems evolving on SE(3)

Consider a homogeneous rigid body moving on the configuration space G = SE(3) ~
SO(3) x R3. The motion of this body is completely described by its position in R? together
with its relative orientation. Suppose that a point ¢ in G is parametrized by ¢ = (R, z,y, 2).
Let w = (wi,ws,ws3) be the angular velocity of the body, m be its mass and mk? be its
inertia about any axis. All variables are measured with respect to the inertial frame. The
configuration space G can be identified with the special Euclidean group SE(3) by writing

q € Q as
IR
q = 0 1 )
with r = (2,9, z). The Lie algebra g = se(3) is then the set of matrices of the form
o 7

where @ is the skew-symmetric matrix obtained from the identification of so(3) with R?
through the hat map, see Example 2.6.5, and 7 = (£, 9, 2). In addition, consider the following
inner product on g given by:

(&,€) = m(d® + 9% + %) + mk* (W] + wj + w3).
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Thus, the mechanical control system takes the form

mi = m(we? — wsy) + Uy
mi = m(wsd — w12) + uy
mzZ = m(w1y — wed) + u,
mkiw, = uy

mk2ws = us

mk?ws = us

Consider the basis of g denoted by {ey, es, 3, €4, €5, €6} given by

— — —

€1 = ((17070)70)7 €2 = ((Oa 170)70)7 €3 = (<0707 1)70)764 = (07 17070)7 €5 = (0507 170)7 €6 = (670707 1)

w1 + y =0
. . . wp—ax =0 .
Now suppose we would like to impose the constraints 0 which define the
W3 =
2=0

constraint vector subspace 0 C g spanned by the vectors: v; = e; —e5 and v9 = €3 + 4. A
complementary vector space to 0 is f = ({e; + e5, €2 — €4, €3,€6}). Thus the control system
with respect to this choice of the controlled directions is

mkiw, = uy
mk2ws = us
mk2ws = us

mi = m(waé — w3y) — uz

my = m(wsd —wi2) — uy

mz = m(wy — wal) + u,

We find that this control system makes the vector space d control invariant under the control
law

2 9
u=us=uz3=0, u,=mw;+w3)

5.2.2 Rigid body with a rotor

This example is inspired in A. Bloch, 2015 example of a rigid body with a rotor (see also
A. M. Bloch et al., 1992), In fact, the feedback control studied there can be reinterpreted in
the context of virtual nonholonomic constraints as a control law making a particular affine
subspace control invariant.

The configuration space of a rigid body with an internal rotor is G = SO(3) x S! which is the
cartesian product of two Lie groups equipped with the product Lie group operation. Consider
on the Lie algebra g the inner product

(€,6) = Mw? + Aow? + \awi + 2Jwsd + J&2,
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where £ = (w, &) = (w1, wq, w3, &) € g = R? is a vector in the Lie algebra. For this inner
product to be positive definite we shall assume that \; > 0 for i = 1,2,3 and J\3 — J? > 0.
The adjoint action ad¢ : g — g on the Lie algebra is given by

adfn = (’7 X w,O),

where n = (7, B) € g.The uncontrolled mechanical system reads

1 .

(i)l = _)\7 (()\3 — )\Q)WQCU;J, + JCL)QCY)
1

. 1 .

Wy = —)\7 (()\1 — )\3)(4)1(4]3 — JCU1CY)
2

b= =L g = A)

ws = D 2 1) Wiws

)

o= D (/\2 - /\1)W1W2,

where D = J)\; — J2.
Next, we would like to control the rotor such that it satisfies the constraint
(J — kX3)ws + J(1 — k)& = p, (5.11)

for some k € R and p € R. Consider the basis of g given by

€1 = ((fO,\O),O), €2 = ((m)ao)a €3 = ((07 07 1)’0)7 €4 = (67 1)7

where the hat map is the same as in the Example 5.2.1.

The constraint defined by equation 5.11 defines an affine subspace of g whose model vector

SubSpaCe is 0 with
0= spany e, €2, €4 + 7J<1 k)e
1,€2,¢4 N k‘)\g 3(-

Let us choose a complementary input force vector space f defined by

A
f= span{ — lJ)eg + 564}.

Under this control force, the controlled mechanical system becomes

: 1 :
==~ (A3 — Ag)waws + Jwack)
1
: 1 .
Wy = —)\7 (()\1 — )\3)&)1&]3 — leoz)
2
J J
W3 —5 ()\2 — )\1) Wiy — Bu
J A
0 = D (A2 — A1) wiws + Bgu
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By taking the time derivative of the constraint equation (5.11) and substituting the equation
of motion we derive the control law

u = k'()\l — )\2)(.&)1(4)2

which is the unique control law making the affine constraint control invariant.

Remark 5.2.1. Note that the control law we have obtained coincides with the control law
obtained in Example 9.2.1 at A. Bloch, 2015. The closed-loop equations satisfy:

1. the projection of the equations to s0(3) is a Hamiltonian system with respect to the
standard Lie-Poisson structure.

2. For k = J/\3, & is constant.
3. For p = 0, the equilibrium (0, M, 0) is stable if & > 1 — J/\s.
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Virtual nonholonomic constraints on
Riemannian homogeneous spaces

Nonholonomic systems on Riemannian homogeneous spaces have not been considered in the
literature before, but nevertheless some examples have been considered in the context of
geometric control such as a sphere rolling on another sphere in Jurdjevic, 1997 (see also
A. Bloch, 2015 Section 7.4, Rojo and Bloch, 2010), but a detailed geometric description of
the dynamics of such systems has not been analyzed.

In this chapter we develop the theory of virtual nonholonomic constraints on Riemannian
homogeneous spaces. The goal is to show the existence and uniqueness of a control law
preserving the invariant distribution and characterize the closed-loop nonholonomic dynamics
obtained using the unique control law in terms of an affine connection.

In Stratoglou, Simoes, Bloch, and Colombo, 2024, we have studied virtual holonomic con-
straints on Riemannian homogeneous spaces but the result have not been considered in this
thesis because here we only focus on virtual nonholonomic constraints, here, we extend the
work on virtual nonholonomic constraints. The main challenge in considering this class of
constraints is the geometry behind the problem. In particular, we first need to develop a
mathematical theory for nonholonomic systems on Riemannian homogeneous spaces. We
developed new examples of such systems that were never studied neither from the modeling
point of view nor in the control literature.

6.1 Nonholonomic systems on Riemannian homoge-
neous spaces

The reader is refereed to Chapter 2, Section 2.7 for the necessary background that we use here
on Riemannian homogeneous spaces and they are refereed to Subsection 2.4 and Chapter 5 for
the basics on nonholonomic mechanics and Lie groups respectively. For convenience we write
down some key features. Given a constraint distribution D the nonholonomic connection
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VM X(Q) x X(Q) — X(Q) is given by
VY = VY + (V$Q)(Y) (6.1)

where Q : TQ — D+ and we know that the trajectories for the nonholonomic mechanical
system associated with the Lagrangian given by L(v,) = $G(vg,v,) — V(q), vy € T,Q and the
distribution D must satisfy the equation

Vi"q+P(gradgV (q(t)) =0, (6.2)

where P : T'(QQ — D. Also, recall that the Riemannian d-connection given at Definition 5.1.2
is the bilinear map satisfying

Vin = (Vi) (o), (6.3)

Definition 6.1.1. Consider a Lie group G acting on a homogeneous space H. A distribution
D on H is said to be G-invariant if Dy.;() = (Pg)+(Dx(e))-

We may consider the horizontal lift of the distribution D to G. Given g € G such that
7(g) = ¢, we have that D, = {0, € Hor, |(T,7)(?,) € D, }. Essentially, D, is a subspace of
Hor, composed of the horizontal lift of vectors in D,.

Proposition 6.1.2. The distribution 159 is left-invariant.

Proof. Let 9 = D,. Note that T.7(d) = D (e) by definition and also that, by G-invariance
of D, we have that Dy = (Tr(e)Py)(Dr(e)) for all g € G. Thus Dy ) = (T.(Py0m))(d). In
addition, since 7 commutes with the action ®, and the left action, we also have that

Dr(gy = Tym(TeLy(0)).

Notice that T, L4(0) € Hor, since HG is left invariant, and also Ty7|gor, maps f?g isomorphi-
cally to Dr,. Both these facts imply that Dy, = T, L,(9). O

As a consequence of the previous proposition we have the next Corollary.
Corollary 6.1.3. There exists a subspace 0 of the Lie algebra g such that D, = T,L,(0).

Throughout this section we will consider a G-invariant distribution D on H and since the
horizontal lift of D is a left-invariant distribution D on G, d will be the restriction to the
identity of D. The orthogonal complement of d with respect to the inner product on g will
be denoted by d+. Note that 9+ has non-zero intersections with both the horizontal space
h = H.G and the vertical space s = Ver,, while 0 C .

Consider on G, the orthogonal projections P : TG — D and Q : TG — DL. With this
projections, we are able to define the nonholonomic connection V™ given by the analogous
expression to that from (6.1):

VY = VxY + (VxQ)(Y). (6.4)

Similarly, on the manifold H, we can define the nonholonomic connection V™" with respect to
the Riemannian connection V and the orthogonal projections P : TH — D and Q : TH — D+.
We have the following results relating geodesics with respect to both nonholonomic connections.

108



Chapter 6. Virtual nonholonomic constraints on Riemannian homogeneous spaces

Lemma 6.1.4 (Bullo and Lewis, 2019, Section 4.5). Given a Riemannian manifold Q, letting
V be the Levi-Civita connection and D a nonintegrable distribution then a curve q : [a,b] — Q
is a geodesic of the nonholonomic connection V™ if and only if

V4G € D* and ¢ € D.

Lemma 6.1.5. A curve q: [a,b] — H is a geodesic associated with V™ and the constraint
distribution D if and only if its tangent lift q is a geodesic with respect to V™ and the
constraint distribution D.

Proof. Suppose q(t),t € [a,b] is a curve in H such that its tangent lift § is a geodesic with
respect to V™ and the constraint distribution D. Thus Vghq =0and g € D.

By Lemma 6.1.4, we have that @éq; € D+ and § € D. Using Proposition 2.7.9 and also
Tr(D*) = D+, we conclude that V4G € D+ and ¢ € D. Finally, using Lemma 6.1.4 again, we
deduce that ¢ satisfies V"¢ = 0.

Conversely, if ¢ satisfies vghq' = 0 then, by Lemma 6.1.4, it also satisfies V4G € D+ and ¢ € D.
Therefore, the horizontal lift of V;q, denoted by VAq-/q belongs to DL. But since by the second
statement of Proposition 2.7.9, we have that @éq; = VA(;C) + V with V € VG, and noting that
VG C Dt we must have that @qﬁ € DL. Obviously, we have also that § € D. n

Next we show the following result relating the corresponding nonholonomic trajectories in
each space.

Theorem 6.1.6. Let H be a Riemannian homogeneous space with respect to a Lie group
action by G, D C HG a left-invariant distribution on G and V : H — R a potential
function. If g : [a,b] — G is a curve on G, q(t) = w(g(t)) the projection of g on H and
£(t) == (TywyLg-11))(g(t)), then the following statements are equivalent:

1. g : [a,b] = G is a nonholonomic trajectory associated to the mechanical Lagrangian

L(v,) = %Q’(vg, vy) — V(9), vy € T,G and the distribution D.

2. £ €0 on la,b] and satisfies
E+ Vi€ = =B ((TyLy) (9rad V(g(1)))

where P 1 g — 0 is the projection associated with the decomposition g =0 @ ot and V?
is the d-connection associated with V® and 0 defined by (6.3).

3. If q(t) = 7(g(t)), then ¢ € D = Tw(D), g(t) = G(t) and q satisfies equations (6.2)
associated with the G-invariant metric on H and the distribution D.

Proof. We first prove the equivalence of the statements (1) and (2) and later the equivalence
between (1) and (3). If (1) holds, then the curve g satisfies
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which implies that g satisfies
P(Vy9) = —P (grad V(g(1)).
Using the properties of V, one deduces that
P(T.Ly(€ + V) = —P (grad V(g(1)))
Now, since P o (T.L,) = (T,L,) 0P we also have that

(TeLg o B)(€ + VEE) = —P (grad V(g(t))) -

Equivalently, applying 7L, to both sides and using again the expression relating the
projections

PE+ VI = —Po T,Ly (grad V(g(t)).

Finally, since ¢ € D we have that £ € d and ¢ € d. Therefore, using the fact that Vgn =
P (VEn), for all £, n € 0 we have that

€+ V2 = —PoT,Ly (grad V(g(t))).

Reversing all the arguments, we conclude that (2) also implies (1).

Suppose (1) holds. The curve g(t) is horizontal and by definition D = T'w(D) so g(t) = ¢(t)
and ¢ € D. Also, if g is a nonholonomic trajectory, it satisfies

—_——

?ghg =_P (gradV) .

It is not difficult to prove a similar result to that from Lemma 6.1.5 in the presence of a
potential function. Indeed, the previous equation is equivalent to

V49 +grad V € D+

and ¢ € D. The fact that the gradient vector field grad V projects onto grad V and from
Proposition 2.7.9, we have that

V4G + grad V(q(t)) € D* and ¢ € D
which implies that
Vi'q= =P (gradV (q(t))).

Conversely, if (3) holds then g(t) is not only horizontal but also §(t) € D. Let h(t) be a curve
on G satisfying the equation

—_——

@Zhh =—P (gradV) ,
with intial condition 2(0) = ¢g(0) and h(0) = g(0) € D. h(t) is a curve whose velocity lies in
D for all ¢ and projects to the unique solution p(t) of the equation
Vi'p = —P (gradV (p(1))) ,
with initial position p(0) = ¢(0) and initial velocity p(0) = ¢(0). Hence, p(t) = ¢(t), and by
uniqueness of the horizontal lift h(t) = g(t). O
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6.2 Virtual nonholonomic constraints on Riemannian
homogeneous spaces

Suppose that H is a homogeneous manifold, acted by a Lie group G and = : G — H
denotes the associated projection. Consider the mechanical system given by equation (2.42)
in Subsection 2.7.2 on the homogeneous manifold H and a control force F: TH x U — T*H
which is of the form

Flg,d,0) = 3 waF"(0) (63

where F® is a one-form on H with m < n, U C R™ the set of controls and u, € R with
1 < a < m the control inputs. Suppose that the force vector fields Y* = f(F*) are G-invariant.
In particular, the input distribution F is G-invariant and Fy = (Tr(e)®Py)(Fr(e)), for ¢ € H and
g € G such that ¢ = ®,(m(e)). In addition, suppose that D is also a G-invariant distribution
on H so that Dy = (Tre)®Py)(Dr(e)), where g € H.

Using the identification between b and 15 () H described in the theory of Riemannian homo-
geneous spaces, there exists a subspace 0 of h such that T,.7(0) = Dy(. Likewise, there exist
a subspace f C b such that T.7m(f) = Fr(). These identifications are particularly important
for reproducing the trajectories of the Lie algebra on the homogeneous space and vice-versa.

On the Lie algebra g, consider the controlled mechanical system of the form
§=T.Ly& E+VE+T,Ly (grad V(g(t))) = iaf*, (6.6)

where the vectors f* € h are defined by T.m(f*) = Y%(w(e)) and span the control input
subspace f = span{f!,..., f™}. This system evolves inside the horizontal bundle, provided
that ¢ starts in h. However, we are interested in something else. We would like to know if
there exists a control law, that is a function @ : 0 — U, forcing the trajectories to remain in 0.

Definition 6.2.1. The above subspace f of the horizontal space h C g is called the control
input subspace associated with the mechanical control system (6.6).

Definition 6.2.2. A virtual nonholonomic constraint associated with the mechanical
system of type (6.6) is a controlled invariant subspace 0 of b, that is, there exists a control
law making the subspace 0 invariant under the flow of the closed-loop system, i.e. £(0) € 0
and £(t) € 0, Vt > 0.

With this definition we can state the main result of this section: the existence of a control
law making 0 a virtual nonholonomic constraint.

Theorem 6.2.3. Suppose h = f@ 0. Then there exists a unique control law @* making 0 a
virtual nonholonomic constraint for the controlled mechanical system (6.6).

Proof. Let dimd = d and dimf = m = k —d. Consider the covectors u' ..., u™ € b* spanning
the annihilator subspace of 9. £(¢) is a curve on b satisfying () € ? for all time if and only if
it satisfies p*(£(t)) = 0 for all @ = 1, ..., m. Differentiating this equation and supposing that
&(t) is a solution of the closed loop system (6.6) for an appropriate choice of control law a,
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we have that i o
u® (VEE + (TyLy—) (grad V(g(1)))) + apu(f*) = 0.

Since @25 + (TyLy-1) (gfrgd V(g(t))) € hand h =@ 0, there is a unique way to decompose
this vector as the sum

VEE + (TyLy-1) (grad V(g(t))) = n(t) + n(t) £,

with 7(t) € 9. In addition, note that the coefficients 7, may be regarded as functions on . In
fact, its definition is associated with the projection to § together with the choice of {f’} asa
basis for §. Therefore, u®(£(t)) = 0 if and only if

(1 — @) (f°) = 0.

Since u%(f?) is an invertible matrix, we conclude that 7, = @, proving existence and uniqueness
of a control law making 9 a virtual constraint. [

By construction, if (g(¢),&(t)) is a trajectory of the controlled mechanical system (6.6), then
g(t) is a horizontal curve. We will prove next that ¢ is in fact the horizontal lift of the curve
q(t) = m(g(t)) and that ¢ is the trajectory of a controlled mechanical system of the form

Viw(t) = —grad V(q(t)) + ua(t)Y“(q(t))-

In addition, if £(t) € 0 for all ¢, then ¢(t) € Dy for all t. Then, by uniqueness of the control
law making the distribution D a virtual nonholonomic constraint, the control law u* € U
given in Theorem 6.2.3 must also be the unique control law making D control invariant. We
summarize these facts in the next result.

Theorem 6.2.4. Let u* : 0 — U be the unique control law given by Theorem 6.2.3 and
(9,€) : [a,b] = G x g the solution of the associated closed-loop system

g = (L.Ly)(€)
§+ VI + (TyLy) (grad V(g(t))) = w,(6) ",

with £(0) € 0. If q(t) = m(g(t)) then ¢(t) € Dyw, g(t) = ¢(t) and q satisfies

(6.7)
)

Vi q(t) = —grad V(q(t)) + uq(t)Y*(q(?)).

with ug(t) := ug(q(t), (1)) = 5(£(1)).

Proof. By construction of the g-connection, if (g, &) satisfies equation (6.6), then g satisfies
Vg + grad V(g(t)) = @ ((TyLy-1)(9)(f*)",

where (1) = T.L,(f*). Moreover, since £(¢) € 0 in [a, b] we have that ¢(t) € D. In particular,
g is horizontal and, hence, g(t) = ¢(t).
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By Proposition 2.7.9, T'r projects @é(j to V4¢. In addition, from Lemma 2.7.10, grad V(G(t))
is the horizontal vector field projected onto grad V(¢(t)) by T'w. Finally,

Ty (£)*(9) = Tym(TeLg(f*) = Ta(e) @y (Tem (f*)),

where the last equality comes from the relation 7 o L, = ®, o 7. Now, using that Y*(e) =
T.m(f*) and the G-invariance of Y*, implying that Y*(g) = Ty ®,(Y*(e)) we deduce that
Tom(f1)(g) =Y.

If we define w}(q(t),4(t)) := @:(Ty Lgwy-14(t)), we obtain the desired result. O

a

6.3 The induced constrained connection

Let us define the projections p, : g — 0 and p; : g — § @ s, associated with the direct sum
h =0 & f. Note that, from the first decomposition of the Lie algebra in terms of horizontal
and vertical spaces, i.e., g = b @ s, we obtain the three-part decomposition of the Lie algebra
g=0® (f®s) to which the above projections are associated.

Now let us define the Lie algebra connection called V?/-connection given by
Veln = Vin+ (Vip) (),

Theorem 6.3.1. The trajectory of the closed-loop system (6.7) is a trajectory of the equations

g = (TELQ) (5)7

4+ Y+ by (T2 (570 V(g(6)))) =0 o

Proof. Similarly to Lemma 3.1.12 we have that £ € 0, then @z’ff = P (@gf). Attending to
the fact that £(t) € 0 along the solutions of the closed loop system, then we have that

E+VYIE=E+py (VE) = po (€4 VE)
And using that p,(f,) = 0, we deduce
E+ Ve = —po (T, Ly) (erad V(g(1))))
O

Remark 6.3.2. Consider the affine connection VP on H associated with the projections
Pp:TH — D and Pr: TH — F. Then the trajectories (g, &) of (6.8) generate a trajectory
q(t) = m(g(t)) which satisfies

Vf(;f)fq'(t) = —Pp(grad V(q())).

This is a consequence of Theorems 6.2.4 and 6.3.1 together with Theorem 2 in Simoes et al.,
2023.

113



Efstratios Stratoglou

\Rolling Sphere

Stationary Sphere 4

Figure 6.1: Rolling sphere on a stationary sphere. The red sphere rolls on the blue sphere, with
the dashed arc showing the trajectory.

6.4 A sphere rolling over another sphere

Consider a sphere rolling on another sphere. For simplicity we consider the radius of the
rolling sphere to be 1 and that of the stationary sphere equal to p > 1. The rolling sphere
is equipped with an orthonormal frame fixed at its center. The motion of the sphere is
completely described by its position on the standing sphere given by a normalized vector
r € S* and by a rotation matrix R € SO(3) which gives the orientation of the frame of
the rolling sphere related to a fixed frame at the center of the stationary one. Thus, the
configuration space is H = S? x SO(3).

The Lie group SO(3) acts transitively on the 2-sphere S? by left multiplication, hence the latter
is a homogeneous space i.e. it can be seen as the quotient of the SO(3) and a closed subgroup
of SO(3), namely S? ~ SO(3)/K, where the subgroup K is isomorphic to SO(2) expressing its
cos(f) —sin(f) 0
elements k € K by k = [ sin(d) cos(d) 0| with € S'. For the second component of the
0 0 1
configuration manifold H, that is SO(3), which is a Lie group, the same occurs trivially with
the left-multiplication on itself and the homogeneous structure is SO(3) ~ SO(3)/1, where [
is the identity matrix. Ultimately, the Lie group G' = SO(3) x SO(3) acts transitively on H
by the Lie group action

V:GxH—H, with Wgpgl(r,T)=(5rRT).

For e3 = [0 0 1]7, we define K = Stab((es, I)) which is the stabilizer subgroup of the action
U. The projection map 7 : G — H is given by n(S, R) = (Ses, RI). We will denote the
projection SO(3) — S? also by 7, i.e., #(S) = Ses, S € SO(3). Using the hat map, we
identify s0(3) = R®. Consider the orthonormal basis {é;,é,, &3} of s0(3), where ey, eq, €3 is

114



Chapter 6. Virtual nonholonomic constraints on Riemannian homogeneous spaces

the standard basis on R? i.e.

00
01 0 -1

so, we have m,(é1,-) = (—ea, ), m(é2,-) = (€1, ) and m.(és,-) = (0,-). Suppose the Lie group
G = SO(3) x SO(3) is equipped with a left-invariant metric given by the inner product on
g =50(3) x 50(3), i.e.

<(ﬂ17 Ql); (ﬂQJ QQ))Q — <ﬂ17 ﬂ2>50(3) + <Ql7 Q2>50(3) - H,{HQ + Q,{JQ2

for all I1;, 1T, €, Q5 € R? and J the moment of inertia tensor. Using this left-invariant metric
of the Lie group G we define an inner product on T.,S? X s0(3) via the relation

(X, V)1, & xs03) = (M ' X, 7 Y)g =2y + XTJY

for all X,Y € T.,S? x s0(3) where X = (z,X) and Y = (y,Y). Following J. Goodman
and Colombo, 2024 we have that the first part of (-, '>T63§2X50(3) is the standard Euclidean
metric with respect to the basis {ej,es}. Thus, we can extend this inner product to an
SO(3)-invariant Riemannian metric on H = S? x SO(3) by left-action given by

<X7 Y>H = <R_1X7 R_1Y>Te3sz><50(3) - <7T>:1(R_1X>7 7T*_1<R_1Y)>B
=S5Tx - STy + (RTX)TJRYY =2 -y + XT(RIR")Y,

forall X, Y € T,S?xTrSO(3), R = (S, R) € G such that (S, R) = (¢, R), and for X = (z, X)
andY = (y,Y), R7'X = (S, R - (2, X) = (S 'z, R7'X) .

With the Riemannian homogeneous structure above, we have s = ker(m.|;) = span{(és,0)}
and we define h = st such that b = span{(é;,0), (é5,0), (0,é1), (0,&), (0, é3)}. For the inner
product on g, the flat map by : g — g* is given by by(II, Q) = (IL, J2) and its inverse, the sharp
map f, : g* — g, is given by #,(u,v) = (u,J'v), where p and v are vectors in R? identified
with the matrices jz and 7 in g* through the dual pairing <ﬂ, f[> = pTTI and <D, Q> =vTQ.
The adjoint operator ad : g x g — g for g = s0(3) X s0(3) is given by

aden = (ady Ty, adg Q) = ([, T), [, Qu]) = (IT; x Ty, 27 x )

where adﬁlﬁQ and adﬂlﬁg are the adjoint operators on so(3) given by the cross product of
vectors on R? using the hat map, & = (II;, ;) and n = (II, ). The co-adjoint operator is
given by ad?ﬁﬂ)(“’ v) = (ux I, v x Q).

Since s = span{(és,0)}, the vertical space of G at g = (5, R) is defined by Verg x {0} =
span{(77Ls(é3),0)} and the horizontal space is defined as Horg x TrSO(3) where Horg =
S%T]Ls(él),T]Ls(ég))}. The horizontal projection can be calculated by H(II,Q) =
(IT x e3,2).
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The g-connection is given by
~ 1 —_— — —_—
V= 5 (T X Tha), G % 05 = I % 0, = J02 x ) )

where ¢ = (II;,) and n = (II,,,). For a horizontal curve R : [a,b] — G we have from
Remark 2.6.14 that

ViR(t) = R(t) (& + VE(®))
— (S, R) (HQ - <J1@ Q))) ,

where ¢ = R'Rand R = (S, R). In particular, if R is a horizontal geodesic then from the
respective equation & = (I, €2) satisfies

I=0, JQ=JQxQ.

Note here that the second equation is the usual Euler equation for a rigid body. Suppose
we want to impose the non-slipping condition expressed by the nonholonomic constraints
equations

§-Rey = —esw, and ¢ - Rey = el w
which, in the north pole, can be written as

L _ T ST
T =—ew, U=ew.

The constraint in the tangent space of the north pole, T, H, can be written as
span{(ez, é1), (—e1,é2),(0,é3)} C ToH

and the same constraints expressed in the Lie algebra so(3) define the subspace 0 =
span{(—é1,€1), (—€2,€2),(0,83)} C h. Thus, we define § = span{(é1,é1), (é2,é2)} and we
look for a control law that makes the system

M=u, JO=JOxQ+u (6.9)

control invariant, where u = (uy,u,0) € R3. Let us consider J to be a diagonal matrix with
entries J;, 1 = 1,2, 3. Differentiating the constraint equations and expressing them in terms of
the Lie group, we get

HQ = —ezTQ, Hl = —B{Q
Thus, using the equations (6.9), we have that the unique control law that makes 0 a virtual
nonholonomic constraint is
Jp— J3
Jo+1

S =y
T+ 1

O T

2,Q3.

U
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Figure 6.2: The sphere and the point of contact with the blade. The red circle is the equator, eg
is the velocity vector of the blade, the coordinate system is given by {e;,es} and the
orientation is given by the angle 4.

6.5 A Blade moving on a sphere

Consider a blade moving on a sphere. To analyze the system fix a great circle on the sphere,
called the equator and a coordinate system fixed on the body {e, e2}, attached to the point
of contact of the blade. The configuration of the body is described by its position on the
sphere r € S%, and the angle ¥ defined as the angle between the tangent vector to the equator
and the velocity vector of the geodesic passing through r with direction e; at the point at
which the two great circles intersect. Hence, the configuration is H = S? x S!.

Regarding the first component of H, the analysis in the previous example applies here as
well and S! is a Lie group so H is a homogeneous space. Thus, we have that the Lie group
G = S0(3) x S! acts transitively on H by the action

U:Gx H—H, with g, (r,9)=(Sr,¢+7).

For e3 = [0 0 1]7 we define K = Stab((es,0)) which is the stabilizer subgroup of the action
U. The projection map is 7 : G — H is given by 7(S,¢) = (Ses, ¢). By abuse of notation,
we will denote the projection SO(3) — S? also by 7, i.e., m(S) = Ses, S € SO(3). The Lie
algebra is 50(3) x R, where the first component is as in Example 6.4. Suppose the Lie group
G = SO(3) x St is equipped with a left-invariant metric given by the inner product on
g=50(3) xR, ie.

((ﬂ17w1), (ﬂ27w2)>g = <ﬂ1, ﬁ2>50(3) + (w1, wo)r = H{H2 + wiwa

for all I1;, II, € R? and w;,w, € R. Using this left-invariant metric we define an inner product
on T,,S? x R via the relation

<X, Y)TESSQX]R = <7T;1X, 7T;1Y>g =2y + wiwe

for all X,Y € T.,S? x R, where X = (z,w;),Y = (y,ws). As previously, we can extend this
inner product to a G-invariant Riemannian metric on H = S? x S! by left-action given by

(X,YV)g = (RT'X, R7'Y)q, sour = (m. ' (RT'X), 7, (RT'Y))q
= ST$ . STy + Wiws

:a:-y—i—wlwg
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for all X,Y € T,S* x T,)S', R = (S,¢) € G such that 7(S,¢) = (¢,0) where R7'X =
(S7H =) (z,w1) = (S7'z,wy) and X = (z,w),Y = (y,ws).

With the Riemannian homogeneous structure above we have that s = ker(m.|;) = span{(és,0)}
and h = s = span{(é1,0), (é,0), (0,1)}. Associated with the inner product, the flat map
bg 1 g — g* is given by by(Il,w) = (II,w) and its inverse, the sharp map f; : g* — g, is given
by #4(1, A) = (11, A) where p is a vector in R? identified with the matrix £ in g* through the
dual pairing <ﬂ, ﬂ> = pTTl and XA € R. The adjoint operator of g = s0(3) x R to itself is
given by ad : g x g — g,

aden = (adﬁlﬂg,adwla@) = ([ﬁl,ﬁQ],O) = (I1; x IIy, 0)
where adﬁlﬂg is the adjoint operator on so(3), € = (I, w;) and 5 = (IIy,ws). The co-adjoint
operator is given by ad?ﬁ w)(,u, v) = (u x 11, 0).

Since s = span{(és,0)} the vertical space of G is defined by Verg x {0} = span{(77Ls(é3),0)}
and the horizontal space is defined as Horg x S' where Horg = span{T;Lgs(é;),T;Ls(é5)} for

S € SO(3). The horizontal projection in given by # (11, w) = (ﬂ\@s, w) and the g-connection
by

- 1 —
Vgn = 5(1_[1 X H270)7

where ¢ = (II;,w;) and 1 = (IIy,w,). For a horizontal curve R : [a,b] — G we have from
Remark 2.6.14 that

VR(t) = R(t) (€ + V() = (S, R) (n s*z) ,

where ¢ = R'Rand R = (S,9). In particular, if R is a horizontal geodesic then from the
respective equation £ = (II, w) satisfies

The above equations in the homogeneous space take the form

R(IIxe3) =0, & =0.

For simplicity consider that the equator passes from the north pole then the constraint on
the tangent plane at the north pole is given by the knife edge constraint (see A. Bloch,
2015, Section 1.6) #sint = ycos¥. This equation defines a vector space D,, and the same
constraints expressed in the Lie algebra g define a distribution 9 given by

D., = span{X = cosve; +sindes} x R C T, H
0 = span{(—sin ¥é; + cos¥é,,0),(0,1)} C b

respectively. Thus, we define § = span{(cos¥é; + siné,,0)} and we look for a control law
that makes the system

I, =ucosd, Iy=using, I3=0, &=0 (6.10)
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control invariant. Differentiating the constraint equations and expressing them in terms of
the Lie group, we get

[T, sin ¥ + [ow cos 9 + IT; cos ¥ — Iwsind = 0

Thus, using the equations (6.10) we have that the unique control law making 9 a virtual

nonholonomic constraint is
u* = w Iy sin¥ — I cos 9) .
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Chapter 7

Geometric stabilization for virtual
nonholonomic constraints

In this chapter, we examine the stabilization of systems around desired manifolds of the phase
space, determined by virtual nonlinear nonholonomic constraints. We prove the existence of a
control law ensuring that the system adheres to the constraints. In addition, we demonstrate
that if the system already satisfies the constraints at some point, the control law aligns with
the unique control law derived in Theorem 4.2.2, which guarantees the existence of a virtual
nonlinear nonholonomic constraint. The approach is focused on nonlinear constraints where
linear and affine constraints appear as special cases. We derive flexible control laws containing
gain matrices able to accommodate different rates of convergence. In particular, these
advances allow us to cover more interesting cases in engineering and could be used to tackle
more challenging problems in robotic locomotion. We will consider a general nonholonomic
mechanical system as described at the beginning of Chapter 4 but for convenience some key
features are presented here as well.

7.1 Stabilization of virtual nonholonomic constraints

Consider a mechanical system that evolves in a manifold ) described by a mechanical type
Lagrangian L(q,q) = K(q,q) — V(q), ¢ € Q. Also, consider nonholonomic constraints that
are defined by the level set of a function of the type ® : TQ) — R™, m < n = dim( i.e.,
M = ®71({0}) and we denote the coordinate functions of the constraint by ® = (¢!, ..., ™).
Moreover, recall the velocity-dependent distribution S(v,) which is a subspace of T;,Q) defined
by
S(v,y) = {XETQ | < % (vq)dq X>:O, azl,...,m},

with v, € M and consider the control and external forces as they were presented in Chapter

3. Briefly, F*: TQ — T*Q and F : TQ x U — T*Q are the external force and the control
force respectively where

F(q,¢,u ZuaFa a,q
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with the set of controls F*(q,q) € T*Q (m < n, U C R™) and the control inputs u, € R
(1 <a <m). Lastly, consider the associated mechanical control system (3.3),

Vg = Y°(q, 4) + uaY(q,9), (7.1)
with Y%(q, ¢) = #g(F°(q, 4)) and Y = #g(F"*(q, q)).
The next corollary follows directly from the proof of Theorem 4.2.2.

Corollary 7.1.1. Let M be the constraint submanifold defined by ®(q, ¢) = 0 and S(v,) be
the velocity-dependent distribution. Suppose that S(v,) is transversal to the input distribution
F generated by the vector fields {Y“} and that T,, M N F" = {0}, then the matrix

C = (Y)Y (¢9)
where ¢ are the components of ®(q, ¢), is invertible with smooth inverse.

Theorem 7.1.2. Given a mechanical control system of the form (7.1) and a virtual constraint
submanifold M determined by ¢* =0, b= 1,...,m, suppose that the input distribution F,
generated by the vector field {Y*}, is transversal to the velocity-dependent distribution, S(v,) .

Then, the control law 4 : T'Q) — R™ given by the expression

aa == ab<_K¢b - G(¢b))7 (72)
where G is the geodesic vector field, Cy, is the inverse matriz of C% = (Y*)V(¢?) and K is a
diagonal matriz with positive design parameters k;, 1 = 1,...,m, satisfies
1. ¢* — 0 exponentially fast along the system trajectories, forb=1,...,m.

2. U 1s the unique control law whose existence is gquaranteed by Theorem 4.2.2.

Proof. We show at first that the control law given by (7.2) exponentially stabilizes the
controlled system (7.1), in the sense that it drives the system into complying with the
constraint exponentially fast. A trajectory, ¢, of the closed loop system (7.1) is an integral
curve of the SODE vector field I" of the form (2.23). Note that G is the geodesic vector field
associated to the Riemannian metric G. Locally, we write

5
oq'’

) 4 0
I'(¢,q) =

Q'+ (FThd'd" + Y0+ YY)

where T, are the Christoffel symbols. Since the curve ¢ should exponentially vanish the
constraint we examine ¢® along the vector filed I'. Namely,

L(¢") = G(6") + ta(Y*)"(¢")
= G(¢") + O™,

where C% is as in Corollary 7.1.1. Using the control law provided by (7.2) we have

T(¢") = G(¢") + O™ Cop(—~ K¢ — G(¢"))
=-K¢'.
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Thus, since I'(¢*) = —K¢® for b =1,...,m, the real valued functions ¢* along the curve ¢ of
the closed-loop system (3.3), ¢°(q(t), ¢(t)) satisfy ¢°(t) = ¢*(0)e %! for t € [a,b]. Therefore,
for every b=1,...,m, ¢* converges exponentially fast to zero.

Secondly, we prove that the law given by (7.2) is the unique control law guaranteed by
Theorem 4.2.2. For any value on the constraint manifold, v, € M, the closed-loop system
with this control law reads,

F(”q)(¢b) = _K¢b<vq)'
But, since v, € M the right-hand side of the last equation vanishes. Thus, I' is tangent to

M. By uniqueness of the control law given in Theorem 4.2.2, we have that | is the unique
control law turning M into a virtual nonholonomic constraint. O

Remark 7.1.3. In the case where the virtual nonholonomic constraints are linear on the
velocities thus are defined by the equations of the form

¢ = ul(q)d’

forb=1,...,m with ¢ =1,...,n, we have the analogous results. The constraint manifold
M is replaced by the constraint distribution D as defined at the beginning of Section 3.1.
With the hypothesis that D and F are transversal we have the following. The matrix of the
Corollary 7.1.1 takes the form

= (YY) (¢") = (Y (7.3)

and it is invertible with smooth inverse from the proof of Theorem 3.1.8 and hence, Theorem
7.2 provides the expression of the control law that stabilizes virtual nonholonomic constraints.

Remark 7.1.4. In the case that dim F = 1 and the virtual nonholonomic constraints are linear,
the expression for the control law « simplifies to

¢ G(9)

f=—— - 2

pY)  p(Y)

Remark 7.1.5. Regarding the case where virtual affine nonholonomic constraints are considered
the velocities belong to an affine subspace A, of the tangent space T,(), where A, = X(¢)+D,
with X € X(Q) and D is a nonintegrable distribution on . In this case, A ={(¢,q) € TQ :
®(q,q) = 0}, with
®(q,q) = S(q)g+ Z(q)
where Z(q) = —5(q)X(¢q) € R™ and
Ay ={q4€T,Q: 5(q)(¢— X(9)) =0}, Dy ={¢ecT,Q:5(q)¢ =0}

Thus the coordinate functions of the constraint are given by

o" = pl(q)d’ + =(q),

where Z(q) = [21(q), - - -, 2m(¢)]" and pb¢* are the entries of S(q)g, for b=1,...,m. In this
case the matrix of Lemma 7.1.1 reads

= (Y*)V(¢") = u’(Y") (7.4)
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and Theorem 7.1.2 holds as well. For more details on virtual affine nonholonomic constraints
see Section 3.2.

The linear case presented before is a particular case of the aforementioned with Z(q) = 0.

Remark 7.1.6. Maggiore and Consolini, 2013 provide a stabilization control law using feedback
linearization in the case of 1-dimensional virtual holonomic constraint, i.e., in the case that the
constraint manifold is a curve on the configuration space. We may deduce a similar formula
in the case of virtual linear nonholonomic constraints where instead of a constraint manifold
M we have a virtual constraint D which is a one-dimensional distribution and, therefore, it is
integrable.

Let us suppose, for convenience, that (g1, .. ., ¢,) is a local coordinate chart on the configuration
manifold ) for which the virtual holonomic constraint is the tangent space of the curve defined
by

V@) = (D1(qn), - - -, Pn-1(@n), @n),
where ¢; : [; CR — R for each i = 1,...,n — 1 and [; is an open interval. Then, D is the
distribution spanned by the tangent vector

Dyg) = ((61(an), -+ 61 1(a0), 1)) -

Therefore, D, is the set of vectors (vy,...,v,) € Ty, @ defined by the n — 1 constraints

an
1(qn)dg" — dg' = 0,...,6,_(g:)dg" — dg"~" = 0.

Let pt = gb;(qn)dq" —dq® for each i@ = 1,...,n — 1 and suppose we have a mechanical
control system of type (3.3), where the input distribution F and D satisfy the transversality
assumption. Then,

C = Gy(an)Yy = V'

and i = ¢,(¢,)q" — . Hence,

wh = (B(an) Y = Vi) (—y(qn)d" + ¢ — Goy(qn)d"™ — ).

Now, it is a direct computation to show that our control law coincides with the control law
appearing in Maggiore and Consolini, 2013 by considering the explicit form of the geodesic
vector field G that they have and setting k; = 0 and ky = 1 in their formula.

We also remark that, the fact that our control law only coincides with the one in Maggiore
and Consolini, 2013 after k; = 0 is related with our original goal. We are not stabilizing the
configuration space constraints but only the velocity (nonholonomic) constraints.

Remark 7.1.7. 1If the controlled system (7.1) is subject to holonomic constraints, ¢%(q), instead
of nonholonomic ones, the control law given in Theorem 7.1.2 takes the form

U, = Cyp (_K1¢Z(Q) - KQ(ZS?L - G(¢?L<q))) )

to meet the exponential convergence requirement to zero. K; for ¢ = 1,2 are diagonal matrices
with positive design parameters.
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Example 7.1.8. Following Example 3.1.22 we consider the Chaplygin sleigh which is the
nonholonomic system in SE(2) whose Lagrangian function is

o m , 162
L($7y,9,$7ya9):5@2"'92)‘1”7

and the control force
F(x,y,0,%,y, 0, u) = u(sin Odx — cos 0dy).
The corresponding controlled Lagrangian system is

mi =using, mj=—ucosf, I6=0. (7.5)
The constraint is given by @ sin € — ycos@ = 0. The input distribution F and the constraint
distribution are given by

sin@ﬁ_ cos@ﬁ
m Ox m Oy

F = span{ } and D= span{Xl = Cos 92 + sin 93 Xy = 8}’

ox oy’ 00

respectively.

On the one hand, the control law that makes the distribution invariant under the closed-loop
system is
u(x,y,0,%,7, 9) = —mé(cos 01 + sin 0y)

by Theorem 3.1.8.

On the other hand, the control law that stabilizes the constraint distribution by Theorem
7.1.2 is given by

a(x,y,0,x,1,0) = —mb(cos i + sin 0y) — m(isin — g cos 6)

and it coincides with u* on values of D and the constraint function ¢ = &sinf — g cosf
converges exponentially fast to zero. Indeed, differentiating the constraint function ¢ along
trajectories of the controlled system and using the dynamics (7.5), we deduce that

¢ = E+9'm9c089+y9.sin€.
m

Now, substituting u by the control law @, we obtain that ¢ = —¢ and ¢ converges exponential
fast to 0 along trajectories of the closed-loop system. In Figure 7.1 we plot the projection
of a trajectory of the closed-loop system into the plane xy and, in Figure 7.2, we plot the
value of the constraint function ¢(t) along the same trajectory. We have considered the
system’s mass m = 2 and its moment of inertia [ = 1.5. The total simulation time was 50
seconds, with a time step of 0.01 seconds, resulting in 5000 steps. The initial conditions were
2o =1,y0 = 1,0, = 7 for position, and iy = 0.5, 99 = 8,6 = 0.1 for velocity.
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(x,y)-projection of the trajectory
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-100 =75 =50 =25 o 25 50 75

Figure 7.1: The projection of a trajectory of the closed-loop system into the plane xy in Example
7.1.8.

Evolution of the constraint

o 10 20 30 40 50

Figure 7.2: The constraint function ¢(¢) along the same trajectory in Example 7.1.8.

Example 7.1.9. Consider the aforementioned nonholonomic system in Example 7.1.8 with
the control force ‘
F(x,y,0,i,9,0,u) = u(sin 0dz — cos Ody + db)

which is non-orthogonal i.e., the corresponding force vector field is not orthogonal to the
distribution D. The controlled Lagrangian system is

mi =using, mj=—ucosf, I0=u

and the input distribution is defined as

sin&@_cosea_l_l@}
m Ox m Oy 100)

The constraint distribution and the control law that stabilize the system are the same.

F = Span{

Example 7.1.10. Consider the controlled vertical rolling coin as in the Example 3.1.5 whose
configuration space is R? x S! x S!. The Lagrangian function is given by
: m 10 Jp?

L(w,y, 0,0, 8,9,0,9) = o5 (3% + 9°) + - + =
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and consider that the the control force
F(z,y,0,0,%,9, 0,0, u) = uy(dxr — cos pdf + dp) + us(dy — sin pdf + dy),
acts on the system. The controlled Lagrangian system is given by
mi = uy, my = us, 10 = —1U1 COS Y — Ug Sin @, JP = uy + us,
and the virtual nonholonomic constraints are given by
T = écosgo, Y= ésingo.

The constraint distribution

0 0 0 0
D=<X; = — +sinp—+ —, Xo = —
{ R R P PRI 84,0}
is controlled invariant under the control law
ui = —mbgsing, uy =mbpcosp

given by the existence and uniqueness Theorem 3.1.8. For the stability analysis we have that
the matrix C% appearing in Corollary 7.1.1 is given by equation (7.3) and takes the form

1 + cos®p cos @ sin
W — |m Ji Ji
cos p sin ¢ 1 + sin’p
I m I
and its inverse is
o m I +msin?¢ —mcospsing
b T m |[—mceosgsing  I4+mecos?o |

The stabilizing control law from Theorem 7.1.2 is then

iy m I+msin?¢ —mecospsing| |
1o —mecospsing I +mcos?e | |ca

T4 m
where

c1 = —9b+écosg0—gb9sing0
Co = —y+ésin§0+@écosgp.

Therefore, simplifying the matrix calculations we have
2 I . . :
G = m ((—x + 6 cos p — B sin ) -+ cos psin @ — p sin @ — & sin? gp)
I+m \m
2
m

A

Uz

. . A .9 r ... A
= (:ccos<psmgo + ¢l cos p — ycos®p +—(—y + Osinp + go&cosgo)) .

I'+m m
In Figure 7.3 we show the projection of a trajectory of the closed-loop system into the plane
xy. In Figures 7.4a and 7.4b we show the values of the constraint functions along the same
trajectory. We have considered the system’s mass m = 2 and their moments of inertia [ = 1.5
and J = 1.1. The total simulation time was again 100 seconds with a time step of 0.01 seconds
implying a total of 10000 steps. The initial conditions were xg = 1,50 = 1,0p = 7 and o = 3
for position, and iy = 0.5, 99 = 8,6y = 0.1 and vo = —0.1 for velocity.
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(x.y)-projection of the trajectory

Figure 7.3: Projection of a trajectory of the closed-loop system into the plane xy. Example 7.1.10.

Evolution of the constraint 1 Evolution of the constraint 2
0.5 B
7
04 6
0.3 3
4
0.2 3
2
0.1
1
0.0 o
o 20 40 60 a0 100 o 20 40 B0 80 100
(a) Constraint fiq (¢). (b) Constraint fia(t).

Figure 7.4: Constraint functions in Example 7.1.10.

7.2 Applications

In this section we examine the stability of various constraints for applications and examples
studied in this thesis. We cover virtual affine and nonlinear nonholonomic constraints.

7.2.1 Geometric stabilization for flocking motion

Consider the example in the Subsection 4.4.3 of two particles moving under the influence of
gravity with the imposed constraint that force them to move with parallel velocities. The
Lagrangian L : T'() — R, is given by

. 1 . 1
L(q,q) = §m1Q% + §m2qg —Mm1gz1 — Mag2o

where Q = R*, ¢; = (24,0, z;) describes their position and m;, 7 = 1,2 are the masses of the
particles. The constraint equation is ® : T'(Q) — R,

D(q,q) = 1172 — 224
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and consider the general form of a control force F': T'(QQ x R — T*() to be
F(q,q4,u) = u(fidr, + fadzy + fadrs + fadzs),

for arbitrary coordinate functions f;, j = 1,2, 3,4. The controlled Euler-Lagrange equations
are

midy = ufi, MmiZ +mig = ufa,

; . 7.6
Moy = ufs, MaZs+mog = ufs. (7.6)

The constraint manifold is given by M = {(q,¢) € TQ : ®(q,¢) = 0} and its tangent space, at
every point (¢, q) € M, the input distribution F and its vertical lift are as in Subsection 4.4.3.
The unique control law making the constraint manifold a virtual nonholonomic constraint is
given by

w = (Gofi — Aufs + a1 fo— dafa) ' (E1 — d2) gm.

and for fi = fo =1 and f3 = f; = 0 we get F(q,q,u) = u(dry + dz;) so
U* = (ZQ — it’g)il (.’ﬂl — Z’Q) agms.

For the control law that stabilizes the system we use Theorem 7.1.2; so 1, = Cyp(—P — G(P)),
where

2o — T

C® =)V (®) = ( — ) X (212 — X971) = .

m

The vector field G which is determined by the unactuated forced mechanical system is locally

given by
G0 00
— 0.’131 “i 821 gazz’

for i = 1,2 hence, G(®) = g(&9 — @1). Thus,

U= Cup(—P - G(P))
= my (% — @) 7" (2172 + X271 — gy — 31))

is the unique control law that makes the constraint function ®(q, ¢) converges exponentially
to zero along trajectories of the controlled system.

Next, we extend the previous framework to a multi-agent system considering four particles
of which one is unactuated while the others are controlled to move with parallel velocities.
Suppose that the motion of the particles evolves, as before, in a plane parametrized by (z, z)
so the configuration space Q@ = R® with ¢ = (q1, g2, q3,q1) € Q. The Lagrangian L : TQ — R,
is given by
21
L(q, Q) = Z 577%%2 — m;gz;
i=1

where m;,7 = 1,2, 3,4 are the masses of the particles. The constraint is given by the equation
¢:TQ = R, (g,q) = [¢" ¢* %" where

0(q,q) = Zazy — T2,
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b=1,2,3 and the control force is F': T'Q) x R — T*(@) given by
F(q,q,u) = ugF*,
with F'* = (q,q) = dz, + dz,, a = 1,2,3. The controlled Euler-Lagrange equations are
miE; =, M +mig = w;, maiys =0, myis+myg =0, (7.7)

i = 1,2,3. The constraint manifold is M = {(¢,4) € TQ : ®(q,4) = 0} and its tangent

space, at every point (q,¢) € M, is given by Ty 9yM = {v € TTQ : d®(v) = 0}. For the

input distribution F we have F = span{Y*} where Y a = 1,2, 3 are the vector fields

1 0 1 0
+

Mg 0Ty My O2g

ye=

Note here that the vertical lift of the input distribution, FV, which is generated by

1 0 1 0
yV=— —
My Oy Mg 0%,

is transversal to the tangent space of the constraint manifold, 7M. By Theorem 4.2.2 there
is a unique control law making the constraint manifold a virtual nonholonomic constraint.
The control law that makes the constraint manifold invariant is

Ty — T
u* =g (24 — ?34)71 diag(my, ma, m3) | &4 — o
Gy — g

The control law provided by Theorem 7.1.2 stabilizes the system and it is given by 4, =
Cop(—¢® — G(¢")), where Cyy is the inverse matrix of

1 1 1
abzyaV b:-_‘ : ()
€ = () () = (4 — 20)diag (=)
given at Corollary 7.3. The vector field G is given by the unactuated forced mechanical
system and it is locally given by
0 0

0

for i = 1,2,3,4. Hence,

l"4 - $1
G(¢') = =g | &4 — i
Ty — T3
Thus,
0 diag (m1,mg, ms) 22 ~ 22 +g ﬁj - 2
Ty — 24 Tyl — B3y Ty — &3
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We have simulated the closed-loop control system with the preferred feedback control law
using a standard fourth-order Runge-Kutta method where particle 4 makes an unconstrained
motion while the other 3 are controlled for an alignment in their velocities. The closed-loop
system evolves into the zz plane. The initial positions of the particles are (z1, z1) = (10, 56),
(22, 20) = (30,100), (x3,23) = (50,100) and (x4, z4) = (10,90) and initial velocities (&1, 21) =
(0.5,1), (&2, 22) = (1,1), (&3, 23) = (—1,—1) and (4, 24) = (0.6,0) in thousand units.

In Figure 7.5 we plot the trajectories of the 4 particles. In Figure 7.6, we plot a 3d trajectory
that represent the values of the constraint function ® = [¢!, ¢?, ¢3]7. We have considered
that all particles’ masses are m; = 2 and g = 10. The total simulation time was 500 seconds,
with a time step of 0.01 seconds, resulting in 50000 steps. We would like to remark that the
trajectories cross the line z = 0, which under reasonable models, could correspond to the
ground. We have opted to simulate motion past this point for visualization purposes to avoid
starting with higher initial value for z, but we remark that the trajectories’ profile would not
have changed. Also, after visualizing Figure 7.5 one observes intersections in the (x, z) plane
between different trajectories, and one might think this should be inconsistent with velocity
alignment. However, this is not the case. We stress that these particles do not collide and
pass through the intersection point at very different times.

(x.z)-plane

—— Particle 1
Particle 2
Particle 3

—— Particle 4

100000

=100000

—200000

=300000

0 25000 50000 75000 100000 125000 150000 175000

Figure 7.5: Trajectories of the 4 agents of the flocking closed-loop system. The black points
indicate the initial positions.

7.2.2 Application to the control of an unmanned surface vehicle
on a stream

Consider a boat with a payload on the sea with a position-dependent stream described in
Example 3.2.3. The system configuration manifold is R? x S with local coordinates ¢ = (x, v, 6).

The Lagrangian function for the forced mechanical system is L = %(9&2 +9%) + %92, where
m is the mass and [ is the moment of inertia. The current exerts an external force F¢* =
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Evolution of the constraints

—— Constraint curve

Figure 7.6: Constraint functions along the same trajectory.

Wldz + W3dy on the center of mass of the boat and to which we add a control force
F = u(sin dx — cos Ody + d).

The functions W' and W? are given by

Wt =m d(sin® 0C' — sin 6 cos 0C?) (¢)
W2 =m d(—sinfcosC* + cos®>0C?) (¢)’

with d representing the differential of a function and C*, C? characterize the sea’s current as
C:R* = R?* C=(C'x,y),C*(z,y)). The controlled forced Lagrangian system is

mi =usin@+ W', mj=—ucos®+W? I0=u

m Ox m

and the input distribution F = spaun{smaa — 60598% + }889}.

The virtual affine nonholonomic constraint
sin 0 — cos 0y = C%cosf — C' sin .

define an affine space A modeled on the distribution

0 . .0 e
D= span{X1 = cos@£ + sm@a—y, Xy = 80}

By Theorem 3.2.8, the unique control law that makes the affine space A invariant under the

closed-loop system is u*(z, v, 0, 4,7, 0) = —mb(cos 04 + sin ).
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Let us find the control law that stabilizes the system using Theorem 7.1.2, namely a4, =
Coup(—¢* — G(¢")). The matrix from Corollary 7.1.1 and equation (7.4) is

C = (V)" (i)
B sin@é_cos@é_'_lé
\m 0& m 0y 190

) X (sinex' — cos By — C*cosf + C* sinQ)

_ 1
=
The vector field G which is determined by the unactuated forced mechanical system locally is

given by
o 0 .0 9 o 0
il 13l 4l syl LY g9
Tor TV e T e T oy Ve

thus, for ¢ = sin i — cos 0y — C? cos § + C' sin  we have that
G($) = — #0,C2c0 + #0,C" s — 40,0 + 50,050 + O(ich + §s0 + C?s0 + Ccf)

+ Whsh — W32ch,
where 0,C" = % and 9,C" = 88—67; for i = 1,2, s =sin@ and cf = cos¥.

Ultimately, Gy, = Cap(—#° — G(¢)) reads
i =—msing i+ C" + £0,C" + y9,C" + §6 + 6C* + W]
— mcos 6 [—y — % - 30,0% — §9,C* + i+ 0C* — WQ} .

Next, we present simulations of the closed-loop control system with the stability feedback
control law using a standard fourth-order Runge-Kutta method. We have simulated two
different cases.

In the fist case, the boat is on a north-east current described by C(z,y) = (1, 1) measured in
units per second. The initial position of the boat is (x,y) = (1,1) and its orientation 6 = §
with initial velocity ¢ = (&,7,0) = (0.8,0.5,0). The mass of the boat is m = 10 and the
moment of inertia I = 1.5. The simulation time was 100 seconds, with a time step of 0.01

seconds, resulting in 10000 steps.

In Figure 7.7 we graph the trajectory of the boat under the effect of the current and the
control force. In Figure 7.8 we plot the evolution of the constraint and the energy of the
system over time. Note that a significant amount of energy is used to force the boat comply
with the constraints.

In the second case, the current of the sea is an anticyclone (high-pressure area) described
by C(z,y) = (y,—x + y). The initial position and orientation of the boat was the same as

before, ¢ = (x,y,0) = (1,1, %), with initial velocity ¢ = (&, 7, 0) = (1,1,0). The mass of the
boat is m = 20 and the moment of inertia I = 4. The simulation time was set to 100 seconds,

with a time step of 0.01 seconds, resulting in 10000 steps.

In Figure 7.9 we plot the trajectory of the boat on the xy plane under the effect of the current
and the control force. In Figure 7.10 we plot the evolution of the constraint and the energy of
the system over time.
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(x,y)-projection of the trajectory
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Figure 7.7: Projection of a trajectory of the closed-loop system into the plane xy of the boat on a
north-east stream.

Evolution of the constraint Evolution of the energy
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(a) Constraint ¢(t). (b) Energy of the system.

Figure 7.8: Constraints and energy for a boat on a north-east stream.
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(x,y)-projection of the trajectory

-4 -2 0 2 9 6

Figure 7.9: Projection of a trajectory of the closed-loop system into the plane zy of the boat on
an anticyclone stream. The black dot indicates the initial position of the boat.
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Figure 7.10: Constraints and energy for a boat on an anticyclone stream.
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Chapter 8

Conclusions and future work

8.1 Conclusions

This last chapter is devoted to summarize the main contributions of the thesis as well as to
present future research based on this work.

In a nutshell, in this thesis, we develop a rigorous mathematical theory for virtual nonholo-
nomic constraints. Virtual constraints are invariant relations imposed on a control system via
feedback as opposed to real physical constraints acting on the system. Virtual nonholonomic
constraints are defined as a controlled invariant distribution associated with an affine con-
nection mechanical control system. We develop geometric tools sufficient to guarantee the
existence and uniqueness of a control law that turns the constraint submanifold into virtual
nonholonomic constraints and characterize the dynamics for nonholonomic systems in terms
of virtual nonholonomic constraints, i.e., we characterize when can we obtain nonholonomic
dynamics from virtual nonholonomic constraints.

In Chapter 2 we gave the necessary background machinery to develop the theory and presented
all features from existing literature that we have been based on. Also, we gave the right
trivialization of the Levi-Civita connection for a right-invariant metric on Lie groups by
defining explicitly a bilinear map and we expressed accordingly the geodesics on a Lie group,
Theorem 2.6.9 and 2.6.15 respectively. Moreover, we have related trajectories of a mechanical
system on the homogeneous space with horizontal trajectories of a mechanical system on the
Lie group at Theorem 2.7.11.

In Chapter 3, we introduce the concept of virtual nonholonomic constraints, encompassing
both linear and affine cases. Specifically, we examine control systems subjected to linear and
affine constraints and establish the existence and uniqueness of control laws that ensure the
trajectories of the closed-loop system satisfy the respective constraints. Section 3.1 develops
the theoretical foundation for virtual nonholonomic constraints in the linear case, where the
constraints are linearly dependent on the system’s velocities—a feature commonly encountered
in various nonholonomic systems. A rigorous definition of virtual nonholonomic constraints
is provided, describing them as a controlled invariant distribution associated with an affine
connection mechanical control system. Subsequently, we demonstrate the existence and
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uniqueness of a control law that enforces a virtual nonholonomic constraint. Furthermore, we
introduced the concept of an induced constraint connection, characterizing the closed-loop
system’s trajectories as solutions of the mechanical system corresponding to this connection.
Finally, we present conditions under which nonholonomic dynamics can be derived from
virtual nonholonomic constraints. In Section 3.2, the results established for the linear case are
extended to the case of virtual affine nonholonomic constraints. The overall structure of the
control mechanical system remains consistent with the previous section, with the difference
laying in the nature of the constraint equations. The results of Chapter 3 were published in
Simoes et al., 2023 and Stratoglou, Simoes, Bloch, and Colombo, 2023.

Chapter 4 went one step further and extends the theory of linear and affine virtual nonholo-
nomic constraints to the nonlinear nonholonomic constraints. The geometry there was more
complex since the constraints cannot be described by a distribution on the configuration
space but rather a submanifold of the tangent bundle. Thus, the transversality condition
of Theorems 3.1.8 and 3.2.8 was lifted vertically in order to guarantee the existence and
uniqueness of a control law that turns the nonlinear nonholonomic constraints into virtual
ones. Moreover, we expressed the nonholonomic trajectories of the closed-loop system in
terms of an affine connection and gave conditions under which they coincide with solutions of
Chetaev’s equations. In the Section 4.4, we illustrated the theory with applications to the
precessional motion of a rigid body Subsection 4.4.1, the double pendulum Subsection 4.4.2
and flocking motion Subsection 4.4.3. where for the last two we included simulation results.
Finally, we presented a geometric characterization of virtual nonholonomic constraints in
terms of almost tangent structures. The results of this Chapter were published in Stratoglou,
Simoes, Bloch, and Colombo, 2024b and Stratoglou et al., 2025b.

At Chapter 5 we developed the theory of virtual nonholonomic constraints on Lie groups. Here
we were based on Stratoglou, Anahory Simoes, et al., 2023. Taking into account the symmetry
of the system the theory obtained on Riemannian manifolds admitted many simplifications.
Namely, we defined virtual nonholonomic constraints on Lie groups as a controlled invariant
subspace associated with an affine connection mechanical control system evolving in the
Lie algebra. Instead of a constraint distribution and an input distribution we had vector
subspaces of the Lie algebra and we demonstrated the existence and uniqueness of a control
law defining a virtual nonholonomic constraint under assumptions on these vector spaces.
Also, we characterized the trajectories of the closed-loop system as solutions of a mechanical
system associated with an induced constrained connection and we studied when we can obtain
reduced nonholonomic dynamics from virtual nonholonomic constraints. Furthermore, we
generalized the results of theory to virtual affine nonholonomic constraints on Lie groups. In
Subsection 5.2 we applied the theory to a homogeneous rigid body and to a rigid body with a
rotor with linear and affine nonholonomic constraints, respectively.

One of the goals of Chapter 6 was to complete the gap in the literature regarding nonholo-
nomic systems on Riemannian homogeneous spaces. The second part was dedicated to the
development of the theory of virtual nonholonomic constraints on Riemannian homogeneous
spaces. The primary objective is to establish the existence and uniqueness of a control law that
preserves the constraint distribution. Additionally, we characterize the resulting closed-loop
nonholonomic dynamics, derived under the unique control law, in terms of an affine connection.
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A sphere rolling over another sphere in Section 6.4 and a blade moving on a sphere in Section
6.5 where studied to exemplify the theory. The results of this Chapter were published in
Stratoglou, Simoes, Bloch, and Colombo, 2024a.

Finally, in Chapter 7 we explored the stabilizability of the virtual nonholonomic constraints.
Specifically, we introduced a more general control law that drives the system into complying
with the constraint. Moreover, if the system already complies with the constraint at some
instant, we proved that this is the unique control law that maintain the trajectories at the
constraint manifold. We highlighted the theory by means of examples involving the control of
a flocking motion and a boat moving on a stream. This last chapter follows research that did
in Simoes et al., 2024 and Stratoglou et al., 2025a.

8.2 Research not included

Additional research on related topics was conducted during this period and have not been
included in this dissertation:

In Virtual constraints on Riemannian homogeneous spaces, E. Stratoglou, A. A. Simoes,
A. Bloch, L. Colombo, IFAC-PapersOnLine, vol. 58 (6), 77-82 (2024) we studied virtual
holonomic constraints on Riemannian homogeneous spaces.

8.3 Future work

Further topics can be examined based on the theory of virtual nonholonomic constraints
developed in this dissertation. These include:

1. Following the geometric framework developed in Chapter 4, it would be interesting
to impose the energy of the mechanical system as a virtual nonlinear nonholonomic
constraint and check if it is possible to design a feedback controller similarly keeping
the energy constant like in Moran-MacDonald et al., 2024 and Celikovsky et al., 2021.

2. Following Chapters 3 and 4, it would be interesting to study conditions under which
the closed-loop system obtained from Theorem 4.2.2 is equivalent to a nonholonomic
system in the same spirit of the approach followed in Ricardo and Respondek, 2010.
Two control systems on a manifold () of the form

q=G(q) +uY(q),

where G and Y* are vector fields on @), are S-equivalent if there exists a diffeomorphism
¢ : (Q — @ such that both their drift vector fields G and control vector fields Y* are
¢-related. Then, we may define a control system to be equivalent to a nonholonomic
system if it is S-equivalent to a mechanical control system for which there exists a
control law making its trajectories nonholonomic trajectories. Equivalence is a less
restrictive condition than the relation with nonholonomic systems provided in Chapters
3 and 4. Hence, in principle, it is easier to impose a control law making a control system
equivalent to a nonholonomic mechanical system. Though it is a weaker condition,
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equivalent systems still share the same qualitative behaviour such as stability properties,
periodic orbits, etc.

3. One important step for further generalization is the obvious necessity of extending the
range of applicability of our results to the cases in which the transversality assumptions
are not met. In some of this cases, a control law might exist though it is possible that
it is no longer unique. One of our objectives for a future work is to adapt these results
to applications to bipedal robot locomotion. To this end, we will extend our results to
the same setting of the type of virtual nonlinear constraints appearing in Griffin and
Grizzle, 2015. These constraints are of the form ¢(qa, Gu, G, Gu) = 9a — h(q, ¢u), Where
q = (qa, qu) are local coordinates of ), with respect to which the actuated coordinate

vector fields % are the control force vector fields Y%, i.e, the controlled equations are
of the type Vg,¢. = Y(q,q), and V4. = Y°(q,q) + ua%. Under this assumption,
the vector fields Y* belong to S(v,) (see Section 4.1), since <g—idqi,Y“> = %ﬁ = 0.
Therefore, F C S(v,). Hence, this set of virtual nonholonomic constraints does not fall
under the assumptions of Theorem 4.2.2.

4. An interesting application we will consider in the future consists on the combination of
virtual holonomic and nonholonomic constraints in a leader-follower framework. For
instance, we would like to stabilize the motion of a USV following a prescribed path
(virtual holonomic constraints) and also stabilize the parallel velocity constraints (virtual
nonholonomic constraints) of another USV following the first one.

5. On mechanical systems involving in Lie groups is very common one or more components
of the systems to break the symmetry, e.g. the potential energy. An interesting path to
explore is to study mechanical systems with broken symmetry through the concept of
virtual nonholonomic constraints.

6. Chapter 7 gave a new control law that guarantees the stability of the distribution
associated with virtual nonholonomic constraints. An immediate extension is the
development of a control law that stabilizes the constraint distribution for the case
where a mechanical system evolves in a Lie group or a homogeneous space. An interesting
question is to understand the qualitative behavior of the energy. In particular, we have
checked numerically that in general the energy stabilizes around a specific value or
converges to a bounded set of values. Understanding the limit value of the energy might
give a clue to the nature of the closed-loop dynamics.

7. Under the assumptions of Theorem 3.1.8 & Theorem 4.2.2 there is a unique control
law generating a closed loop dynamics. In future work, we are interested in studying
dynamical and geometric properties of this dynamical system. In particular, study of
equilibrium points and stability, existence of constants of motion and preservation of
geometric structures, such as weaker notions of symplectic forms or Poisson brackets.
Indeed, in the linear case when the control input distribution is orthogonal to the
constraint distribution, we know that the closed-loop dynamics is standard nonholonomic
dynamics and we know that the energy is a constant of motion, while the system’s flow
preserves an almost Poisson bracket (see Cantrijn et al., 1999b, de Leén et al., 2010).
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