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CliReg: Clique-Based Robust Point
Cloud Registration

Javier Laserna”, Pablo San Segundo”, and David Alvarez

Abstract—We propose a branch-and-bound algorithm for ro-
bust rigid registration of two point clouds in the presence of a
large number of outlier correspondences. For this purpose, we
consider a maximum consensus formulation of the registration
problem and reformulate it as a (large) maximal clique search in a
correspondence graph, where a clique represents a complete rigid
transformation. Specifically, we use a maximum clique algorithm
to enumerate large maximal cliques and a fitness procedure that
evaluates each clique by solving a least-squares optimization prob-
lem. The main advantages of our approach are 1) it is possible to
exploit the cutting-edge optimization techniques employed by cur-
rent exact maximum clique algorithms, such as partial maximum
satisfiability-based bounds, branching by partitioning or the use
of bitstrings, etc.; 2) the correspondence graphs are expected to
be sparse in real problems (confirmed empirically in our tests),
and, consequently, the maximum clique problem is expected to be
easy; 3) it is possible to have a good control of suboptimality with
a k-nearest neighbor analysis that determines the size of the cor-
respondence graph as a function of k. The new algorithm is called
CliReg and has been implemented in C++. To evaluate C1iReg,
we have carried out extensive tests both on synthetic and real
public datasets. The results show that C1iReg clearly dominates
the state of the art (e.g., RANSAC, FGR, and TEASER++) in terms
of robustness, with a running time comparable to TEASER++ and
RANSAC. In addition, we have implemented a fast variant called
CliRegMutual that performs similarly to the fastest heuristic
FGR.

Index Terms—Discrete optimization, maximum clique, mobile
robotics, point cloud 3-D registration, scan matching.

I. INTRODUCTION

OINT set representations commonly appear in a wide va-
Priety of applications that span different fields of science,
including computer vision tasks such as object recognition
and detection, localization, motion estimation, medical image
analysis, pattern recognition, and computer graphics to generate
realistic 3-D models, see, e.g., [6]. Many problems in these
fields can be effectively addressed by algorithms operating on
point sets. This article focuses on (3-D) point cloud registration
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(also called point-set registration or scan matching in certain
fields), which calls for determining the transformation, rotation,
translation, and (potentially) scale that best aligns two point
clouds. Applications to point cloud registration are encountered
in a wide variety of contexts, such as, e.g., 3-D model recon-
struction [12], [32], object recognition and localization [7], [34],
robot navigation [50], [51] or medical imaging [4], [65].

Point cloud registration has been the subject of extensive
research, such as, e.g., [6], [8], [10], [25], [33], [35], [38], [63],
[74]. In an ideal setting where the ground-truth correspondences
between the two clouds are known in the presence of Gaussian
isotropic noise, the registration problem has elegant closed-form
solutions [3], [31]. In real problems, however, the set of corre-
spondences contains a large number of outliers (or is simply un-
known), and the problem becomes exponential in the worst case.

In the real-world scenario, a successful local approach re-
lies on a (good) initial transformation that is refined at each
iteration by finding an improved set of correspondences and
a subsequent new transformation. A well-known algorithm of
this type is ICP [10]. Nondeterministic local methods, such as,
e.g., RANSAC [24], consider at each iteration a small sample of
correspondences. In general, these approaches can be fast but
brittle in the presence of a large number of outliers, and may
return transformations that are far from the ground truth.

An alternative to local methods are global branch-and-bound
(BnB) approaches, such as, e.g., Go-ICP [76], which are capa-
ble of determining an optimal solution and can solve the problem
without needing an a prioriinitial transformation. Although they
are guaranteed to be robust, they run in exponential time in the
worst case.

Motivated by the above considerations, this work presents
a new BnB global algorithm C1iReg for (rigid) point cloud
registration. C1iRegq is based on a maximum consensus formu-
lation (see Section III) that is reformulated as a clique search
on a graph. In the extensive synthetic and real world tests
reported (see Section VII), C1iReg is shown to be accurate
and robust even in the presence of a large number of outliers.
Furthermore, we have also implemented a slightly less accurate
variant that shows running times comparable to those of the
fastest approaches, such as, e.g., the heuristic FGR [79].

II. RELATED WORK

Related to this work are correspondence-based registration
methods, where a set of corresponding pairs of keypoints is
given or determined during a preprocessing step (the matching
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Fig. 1. (a) Example of two point clouds with outliers. (b) Overlapping clouds
resulting from the registration. Inlier keypoint correspondences appear in blue.

hypotheses). Corresponding pairs are typically established ac-
cording to a local 3-D feature extraction algorithm, such as, e.g.,
fast point feature histograms FPFH [53], 3dmatch [77], or deep
learning-based FCGF [22], and registration is restricted to key-
point correspondences with similar features (Fig. 1 provides an
example). It should be mentioned that 3-D features are expected
to be less accurate compared to their 2-D counterparts, e.g.,
SIFT [44], and tend to produce much higher outlier rates [14].
Once outliers are present, the problem becomes exponentially
hard in the worst case and robust approaches are required.

One of the most common algorithms used for robust regis-
tration is random sample consensus (RANSAC) [24]. RANSAC
is a nondeterministic method that at each iteration samples
the correspondence space and uses a closed-form solution [31]
to efficiently solve a least-squares optimization problem and
estimate a transformation. RANSAC is known to perform well
in a low-noise and low-outlier regime (e.g., below 50%), since
its running time grows exponentially with the number of out-
liers [14]. In the presence of high outlier ratios, such nondeter-
ministic approaches can (potentially) take a long time due to
countless matching proposals and evaluation attempts.

To improve this behavior, Zhou et al. [79] introduced fast
global registration (FGR), an efficient approach that uses the
Geman—McClure robust least-squares cost function, reformu-
lates it with Black—Rangarajan duality [11], and uses the Gauss—
Newton method to solve the model efficiently.

Among the numerous local methods proposed in the literature,
the iterative closest point (ICP) algorithm [10], [18], [78] is
allegedly considered a landmark in point cloud registration. In
later years, multiple improvements have been proposed that use
robust cost functions to improve convergence, such as, e.g., [19],
[27], [45]. Essentially, these approaches alternate between two
procedures: establishing closest-point correspondences based on
the current transformation and estimating a new transformation
using these correspondences. The main drawbacks are that they
are liable to converge to local minima and require a good initial
transformation (a good guess).

Phase registration (PHASER) [9] is an alternative local regis-
tration approach that uses spherical Fourier analysis. By exam-
ining the probability distribution of its properties, this method
circumvents the need for point correspondences. This approach
favors decoupling the registration problem into distinct rotation
and translation components.
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Global methods solve the registration problem to proven
optimality without requiring an initial guess. Typically, these
methods are of the BnB type and are based on a maximum
consensus formulation (see Section III), such as, e.g., [15], [16],
[37], [72]. An interesting survey on this topic is presented by
Chin et al. [20]. The literature reports interesting bounds that
involve geometric techniques, such as, e.g., [13], [30], or those
proposed in the algorithm Go-ICP [76]. Specifically, Go-ICP,
integrates the local ICP algorithm in its BnB scheme, achieving
good speedups while preserving global optimality. In general,
these approaches run in exponential time on the size of the point
clouds, which is aggravated by the strong nonconvexity of the
search spaces resulting from high outlier ratios.

Another recent method for robust registration, closely related
to this work, is the fast and certifiable algorithm TEASER
[74]. TEASER operates according to the following steps. In
a first step, the registration problem is reformulated using a
truncated least squares cost function, insensitive to many spuri-
ous correspondences. In a second step, the scale, rotation, and
translation subproblems are decoupled and solved sequentially
by using adaptive voting, semidefinite programming, and a
graph-theoretic framework that drastically prunes outliers by
finding a maximum clique. It should be noted that an improved
variant named TEASER++ [75] uses graduated nonconvexity to
solve the rotation subproblem efficiently.

We end this survey by mentioning the recent upsurge of
deep learning approaches to point cloud registration, such as,
e.g., [21], [5], [23], [70], [71]. According to Yang et al. [75], these
approaches are currently still struggling to produce acceptable
robust registrations in real problems. It should be mentioned
that our proposed method can also be used with deep-learned
features, such as those obtained by FCGF [22].

A. Our Contribution

The main contributions of this work are summarized in the
following points.

1) A clique-based methodology for robust rigid corres-
pondence-based point cloud registration is proposed. Sim-
ilarly to TEASER [74], a correspondence graph is built
based on a predetermined set of feature-based correspon-
dences (potentially with many outliers). However, the ro-
tation and transformation subproblems are not decoupled,
and a clique in our correspondence graph represents a
complete rigid transformation. We empirically show that
our approach determines robust and accurate solutions
even in the presence of a large number of outliers. Another
advantage is the ability to easily control suboptimality by
fixing the number of matching hypotheses in the corre-
spondence set;

An algorithm CliReg that efficiently implements the
methodology mentioned above is described. At the core
of C1iReg lies a very efficient BnB clique algorithm that
incrementally enumerates maximal cliques in our corre-
spondence graph and builds on cutting-edge optimization
techniques employed by recent efficient algorithms for
the maximum clique problem (MCP) [41], [54], [55],

2)
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[56], [571, [58], [59], [62]. It should be mentioned that
prior clique-based approaches (e.g., TEASER [74] and
TEASER++ [75]) consider the less efficient maximum
clique algorithm PMC [52], which lacks many components
of C1iReg (e.g., branching by partitioning, partial maxi-
mum satisfiability-based bounds etc.); see Section VI for a
detailed description of the clique-enumeration procedure
of C1iReg;
CliReg also presents some unique features specifically
adapted for this problem. One of the new features is that
its BnB search is driven by a fitness function that selects
the best maximal clique enumerated (see Section VI-C). In
previous clique-based approaches (e.g., TEASER [74] and
TEASER++ [75]) only a maximum clique was considered;
3) Extensive experiments on standard scan-matching bench-
marks, both with real and synthetic data, have been carried
out to validate our approach (see Section VII). In addition,
and to the best of the authors’ knowledge, we are the first to
report data concerning the structure of the correspondence
graphs.

III. MAXIMUM CONSENSUS FORMULATION

Let Q be a target 3-D point cloud modeling an object, and let
M be amoving (or partial) 3-D point cloud of the same object to
be registered against the target cloud Q. Let |Q| and | M| denote
the number of points in Q and M, respectively. In what follows,
it is assumed that M| < Q).

As argued in Section II, in correspondence-based registration
a set C of corresponding pairs of points, C C M x Q, each pair
representing a matching hypothesis, is given (or computed in a
preprocessing step). If all the correspondences in C are valid,
i.e., there are no outliers, then each pair of correspondences
(m;,q;) € Candm; € M, q; € Q,canbe modeled as follows:

g, =(Rm;+t+e¢;, ic{l,...,[C|} (D
where ¢ > 0 is a uniform scale factor, R € SO(3) is a proper
3-D rotation matrix (SO(3) is the special orthogonal group of
degree 3), t € R? is a 3-D translation vector, and €; € R? is
any unknown additive noise (e.g., Gaussian noise). This work
is concerned with rigid transformations only, so the value of ¢
is fixed to 1 in the remainder.

An important result is that if the Gaussian noise €; is as-
sumed to be a zero mean isotropic Gaussian distribution, i.e.,
€ ~ N(0, UZ-Q x I3), then model (1) can be formulated as the
following least-squares optimization problem:

]
R*, t" = arg mingc50(3), ters Z ig”‘li — Rm,; — t|]?
iz1 7
2
for which a closed-form solution is known, see [3], [31], [69].
When outliers are present, i.e., some of the correspondence
pairs given in C cannot be determined using (1), formulation
(2) is not suitable and the problem becomes exponential in the
worst case. Related to this work is the maximum consensus (MC)
formulation for robust registration (in the presence of outliers).
Essentially, the method seeks to determine the largest subset of

IEEE TRANSACTIONS ON ROBOTICS, VOL. 41, 2025

inliers Z C C that is consistent with model (1), i.e.,

max |Z] 3)
ReSO(3),teR3

1
S.t. OTQqu — Rm,; — t||2 < 5 V(mz, qz) el. “4)

The set of constraints (4) enforce that every pair of correspon-
dences in the inlier set Z has residuals —||q; — Rm; — t||?
below a predetermined threshold &, which is a function of the
resolution of the two input point clouds. To determine £, we first
introduce the notion of resolution « of a point cloud P as the
following average distance:

Y_pep P, P\{P})
P

where d(p, P\{p}) is the minimum distance from the point
P € P to any other point in P. Having introduced the notion of
cloud resolution v, we define £ as the maximum resolution of
any of the two clouds of the registration problem as follows:

§(M, Q) = max {y(M),~(Q)}. (©6)

MC is known to be NP-hard [21] and we recall from Section 11
that specific BnB techniques have been proposed in the literature
to determine a global optimum, such as, e.g., [15], [20], [30],
[72]. Our proposed global robust registration BnB method is
based on the MC formulation and is described in detail in the
following Section IV.

v(P) = 6)

IV. CLIQUE-BASED POINT CLOUD REGISTRATION

This section describes our novel clique-based robust method
for rigid correspondence-based point cloud registration in the
presence of outliers.

A. Preliminaries

Let G = (V, E) be a simple undirected graph with n = |V|
vertices and m = |E| edges. Notation V(G) =V and E(G) =
E will be used for the vertex and edge sets, respectively, when
the graph G is not clear from the context. Two vertices u,v € V'
are said to be adjacent, also neighbors, if there exists an edge
{u,v} € E. N(v) denotes the neighbor set of the vertex v, that
is, the subset of vertices in V' adjacent to v. The degree of v,
denoted deg(v), is the cardinality of its neighbor set | N (v)|.
Given the subset of vertices W C V(G), notation G[IV] denotes
the induced graph by W, the subgraph of G with the vertex
set equal to W, and the edge set that contains those edges of
E(QG) with both endpoints in Wi.e., GIW] = (W, (W x W) N

A cligue in G is a subset of pairwise adjacent vertices; also
a subset of vertices that induces a complete subgraph in G. A
clique is denoted maximal if it cannot be extended by adding one
or more vertices, i.e., it cannot be a subset of a larger clique. A
maximum clique is a largest maximal clique. The MCP consists
in finding a maximum clique in G, and the size of any solution
is called the clique number of the graph w(G).

A vertex a-coloring C,(G) is an assignment of o numbers
(colors) to the vertices in G such that no two adjacent vertices
have the same color. The minimum number of (different) colors
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Fig. 2. Example of two point clouds M and Q.

required to color G is known as the chromatic number of the
graph x(G). Of interest to this work is the fact that the chromatic
number is an upper bound on the clique number of the graph,
i.e.,

w(G) < x(G) < a.

(7

B. Correspondence Graph

Given a moving and a target 3-D point cloud M and Q, and
a correspondence set C containing a subset Z C C of inliers
(correspondence pairs that can be modeled according to for-
mulation 1) and (possibly) outliers (correspondence pairs that
cannot be modeled according to formulation 1), we define a
correspondence graph G = (V, E) as follows. Each vertex of
the graph represents a hypothesis, i.e., a candidate (keypoint)
pair (m,q), m € M, g € Q, which are similar according to
their features provided by some local 3-D feature extraction
algorithm, such as, e.g., FPFH [53]. An edge in the graph
represents that the difference, in terms of Euclidean distance,
between the two pairs of points of the same point cloud at
both endpoints is strictly less than the value of ¢ (6). Formally
speaking:

B(@G) ={v.weV: [[m, —myl]® —[lgo — qul|* < &}

®)
where (m,, q,)) and (m,,, q,,) are the pairs of points associated
to the vertices v and w in the correspondence graph, respectively.
It should be mentioned that the edge definition (8) is valid only
for rigid registration. If the distances between points can change
in the transformation between the two point clouds, e.g., there
exists a uniform scaling factor ¢ different from 1, an alternative
metric between points should be used.

To illustrate how the correspondence graph is built, we con-
sider the example shown in Fig. 2. The figure represents two
3-D point clouds M and Q in which the points of interest are
colored in red (M| = 5) and green (| Q| = 5), respectively. In
addition, we consider the correspondence set C which comprises
the following ten matching hypotheses:

C={(m1,q1), (M1, q2), (M2, q1), (M2, q2), (M3, q3),
(ms, qu4), (M4, q3), (M4, q4), (M5, q4), (M5, q5)}
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Fig. 3. Set of correspondences C (also vertices of the correspondence graph)
for the point clouds in Fig. 2. In blue, the matches corresponding to the optimal
solution to the registration problem.

q2
/" V10 e
T ms -2
Vg~ qlqg“‘h * ‘/1(14
my -, ! .7 q1
vL- myms | -
Mmima” | -0
! // ! //
my - my -
(a (b)

Fig. 4. (a) Example of an edge ({vi,v4} € E(G)), and (b) a nonedge
({v1,v10} ¢ E(G)) of the correspondence graph G associated to the point cloud
registration problem defined in Figs. 2 and 3. G is shown in Fig. 5.

Fig. 5. Correspondence graph G for the point cloud registration problem
defined in Figs. 2 and 3. In blue, the subgraph induced by the five-clique solution
to the registration problem.

which is shown in Fig. 3, together with the associated ver-
tices in G. In blue, the hypotheses {v1,v4,vs5,vs,v9} that
solve the registration problem, i.e., the set of inliers Z C
C, T ={(my,q1),(m2,q2),(ms,q3),(m4,qs),(ms,q5)}.
The (rigid) transformation (R*,t*) for Z is obtained by solving
the least-squares optimization problem (2).

Fig. 4 shows an example of an edge (a) and a nonedge (b)
in the correspondence graph according to definition (8). In
the example, {v1,v4} € E(G) because the Euclidean distance
between my and my is similar to the distance between q;
and qo, i.e., falls below the threshold ¢ in (8). As shown, this
is not the case for {vy,v10}. The correspondence graph G is
displayed in Fig. 5. In blue, the subgraph induced in G by the
5-clique {v1, v4, v5, Vs, Vg } solution to the registration problem.
The graph will be used to filter outliers. For example, the island
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vertex vy is a spurious correspondence, since its associated pair
of points, i.e., (Mg, q4), does not find a match in any other pair
according (8).

C. Searching for Large Cliques in the Correspondence Graph

Our method for robust rigid point cloud registration is
based on the observation that the set of inliers Z C C in the
correspondence set C forms a clique in the correspondence
graph. This observation is also valid for any subset of
inliers. We recall from the example in Figs. 2 and 3, that
the solution to the registration problem is the set of inliers
7 ={(m1,q1),(m2,q2),(m3,q3), (M4, qa), (Mms5,q5)},
which corresponds to the 5-clique {vy, vy, v5,vs,v9} in G, see
Fig. 5. Essentially, an edge between two vertices in G refers to
a rigid transformation between the associated pairs of points
at both endpoints (8). Therefore, a set of s pairwise adjacent
vertices, i.e., an s-clique in G, extends the validity of the rigid
transformation to every point in the s-clique.

However, not every clique in G corresponds to a subset of
inliers. As argued in Section IV-B, no transformation estimation
is required to build the correspondence graph, so some of the
considered hypotheses, i.e., the vertices of G, could be outliers
and not agree with constraints (4) of the MC formulation. Fur-
thermore, symmetries can also be a reason for flawed cliques.
Consider, for example, the subset {(m1,q1), (ms, g2)} from
the previous example, associated with the clique {vq,v4} in G.
It is straightforward to see that the subset { (m1, q2), (m2,q1)}
also represents a rigid transformation associated to the clique
{va, v3} that is locally valid, but globally flawed.

It should be noted that the number of flawed rigid trans-
formations, i.e., bad cliques in G, increases with the exis-
tence of symmetries in the set of keypoints from each point
cloud in the given correspondence set. Taking again into ac-
count the example shown in Figs. 2 and 3, the set of points
{my, msy, m3, my} in the point cloud M are symmetric with
respect to the line m , and so are the corresponding points
in the point cloud Q. Therefore, the set of correspondences
{(m1,q1), (M2, q2), (M3, q4), (M, g3)} also forms a clique
in G, i.e., a locally valid rigid transformation. However, this
transformation is incompatible with the inlier vg = (M5, g5).

‘We summarize the above considerations in the following three
observations.

Observation 1: Any subset of inliers Z C C, i.e., subset of
pairs of points (m,q), m € M,q € Q that agree with con-
straints (4), is associated with a clique in G. However, a clique
in G does not necessarily correspond to a subset of inliers.

Observation 2: The probability that a clique in G contains a
large number of inliers increases with the size of the clique.

Observation 3: The probability that a clique in G contains a
large number of inliers decreases with the number of outliers
and the symmetries present in the given correspondence set C.

Observation 4: A maximum clique in the correspondence
graph does not necessarily correspond to a maximum consensus
solution of the registration problem in the presence of outliers.

To illustrate Observation 4, let us consider the correspondence
graph in Fig. 5 where the vertex vg is removed to simulate, for
example, flawed local 3-D features associated with ms and ¢s.
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Algorithm 1: Algorithm C1liReg for Correspondence-

Based Rigid Point Cloud Registration.
Input: A pair of point clouds (M, Q).
Output: A rotation R and a translation .

C < genCS(M, Q)

& < determine the resolution threshold

G < genG(C, §)

K «+ MaxClqReg(G, M, Q)

return LSQ(K)

> see (6)

O N O R S

> least-squares (2)

In this reduced graph, the maximum clique {v1, v4, vg, v7} in-
cludes the subset of flawed matched pairs { (ms, q4), (M4, g3)}
and contains only two inliers. In contrast, the smaller clique
{v1, v4,v5} is a better registration with three inliers.

In light of these observations, we propose a new clique-based
method C1iReg for robust rigid registration. The method is
discussed in Section V that follows.

V. NEW ALGORITHM CliReg

As argued at the end of the previous Section IV-C, each clique
in the correspondence graph G represents a rigid transformation
in SE(3). In addition, large cliques in G have a high probability
of being inliers (according to Observations 1 and 2), but may
contain some outliers (according to Observations 3 and 4).
Consequently, we are interested in finding large maximal cliques
in the correspondence graph, but not necessarily a maximum
clique.

To enumerate (large) maximal cliques in G we have designed
CliReg asamaximum clique algorithm based on the following
considerations. The problem of enumerating all maximal cliques
runs in O(3"/3) on the size n of the graph [67]; moreover, the
bound is tight since there are graphs with precisely that amount
of maximal cliques, i.e., the Moon—Moser graphs [49]. However,
MCP has worst-case complexity O(2"/%) when using bounds
based on vertex coloring (according to Lavnikevich [36]), clearly
better than maximal clique enumeration. Furthermore, this can
be improved in practice by using bounds based on partial max-
imum satisfiability (see Section VI). As a final consideration,
solving the least squares optimization problem (2) to evaluate
every maximal clique is impractical.

The three main components of C1iReg are the following:
1) Initialization: For the two given point clouds (M, Q), a
correspondence set C is determined based on local features
(Step 3), and a correspondence graph G is built (Step 5).
2) Enumeration: Maximal cliques in G are enumerated by the
maximum clique algorithm MaxClgReg. MaxClgReg uses
the latest optimization techniques (see, e.g., [41], [54], [55],
[56],[571, [58],[59], [62]) and has been specifically designed for
correspondence graphs. 3) Consensus: Each maximal k-clique
enumerated in 2) is evaluated under the assumption that it refers
to a (valid) set of £ inliers as follows: a) Rotation and translation
are estimated by solving the least-squares formulation (2), and
b) for the resulting transformation, constraints (4) are checked to
determine the real number of inliers in (M, Q). The algorithm
CliReg returns the maximal clique enumerated in 2) with the
maximum consensus.
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TABLE I
C1iReg COMPONENT RESULTS ON OUR 135 SUBSET OF BUNNY INSTANCES

n d w(9) | Kreg IZc| 1Zm (Kreg)| IZm () 1Zpml
Outliers o o o o o o o o o o o o o o o
- 58629 641.7 0.049 0003 833 194 284 172 173.1 573 26725 2752 26663 271.1 26725
10 % 6109.7 628.8 0.036 0.002 619 177 299 167 1122 387 24055 2479 24013 2444 24057
20 % 63713 6639 0.026 0.001 43.7 142 235 7.6 746 27.6 21347 2173 21285 2238 21384
30% 66342  680.3 0.019 0.001 279 84 182 6.1 417 157 18495 190.7 1826.7 2102  1871.1
40 % 6918.0 6964 0.015 0.001 19.1 75 147 3.6 247 122 15192 2112 14772 199.7 1604.0
50 % 71899 716.1 0.011 0.001 129 39 117 4.5 12.7 9.8 828.1  476.5 7739 501.3  1336.5
60 % 74833 7575 0.008 0.001 10.1 2.0 8.7 2.6 8.8 5.5 4209  354.0 303.5 2965 10693
70 % 7750.6 7742 0.006  0.001 8.7 0.8 8.1 1.0 7.3 3.0 1539  130.8 1277 137.8 802.4
80 % 7907.9 7959 0.004 0.001 7.6 0.7 6.0 1.7 4.1 3.1 75.0 20.6 57.9 27.3 534.9

TABLE II

CliReg is outlined in Algorithm 1. Its enumeration and
consensus components are the core parts of the new maximum
clique procedure MaxClgReg, which is executed in Line 6 of
CliReg. Both components are explained in detail in the next
Section VI. Alternatively, C1iReg’s initialization component
comprises its first three steps and is described in what follows.

A. Initialization Of C1iReg

As mentioned previously, the initialization component of
CliReg covers the first three steps of Algorithm 1. In the
gencCs procedure (Line 3), the set C of correspondences (match-
ing hypotheses) is determined based on the local 3-D features
provided by FPFH [53] using a k-nearest neighbors (KNN)
analysis [29], where k& < |Q|. As a result, the size of the corre-
spondence graph is n = | M| x k (the largest possible number
|M| x |Q] are all the possible hypotheses). KNN analysis pro-
vides a good control over suboptimality, since, as argued at the
beginning of the section, the running time of C1 1Reg is bounded
by O(2"/°). Precisely, using KNN the worst-case complexity
of C1iReg is O(2IMI¥k)/5) According to our experiments, a
reasonable value of £ is 3 (see Section VII-B for further details).

In Line 4, the resolution parameter £ (6) is computed. We
recall that ¢ is required to determine the edges of the correspon-
dence graph (8), as well as to determine the consensus between
cliques (constraints (4) in the MC formulation). Finally, in the
genG procedure (Line 5) the correspondence graph G is built
according to Section I'V-B.

VI. ENUMERATION OF MAXIMAL CLIQUES IN THE
CORRESPONDENCE GRAPH

Clique enumeration is implemented in the procedure Max-
ClaReg, which is executed in Line 6 of C1iReg immediately
after its initialization phase. We recall from Sections II and III
that finding a global optimum for the MC formulation (3) and
(4) is N"P-hard, and that BnB approaches are known, such as,
e.g., [15], [20], [30], [72].

Reformulating the MC problem as a tailored maximum clique
search has the following advantages: 1) it is able to exploit most
of the optimization techniques of today’s efficient MCP algo-
rithms, which have improved greatly in the last two decades, see,
e.g., [54], [55], [56], [57], [58], [59] and especially [41], [62].
2) As argued in Section V, solving the least-squares optimization

TRANSLATION AND ROTATION ERRORS OF ALL THE ALGORITHMS WITH UP TO
(AND INCLUDING) A 50% OF OUTLIERS, FOR OUR 135 BUNNY INSTANCES

Translation (m)  Rotation (rad)

Algorithms “w o " o

CliReg 0.004 0.014 0.030 0.162
RANSAC 0.005  0.011 0.031 0.165
TEASER++ 0.013  0.025 0.094 0.270
CliRegMutual 0.013  0.024 0.123 0.336
FGR 0.018  0.017 0.114  0.290

problem (2) for every node in the branching tree is inefficient.
Consequently, our MCP algorithm enumerates a subset of (large)
maximal cliques. 3) The correspondence graph G is expected
to be reasonably sparse in many problems. This is consistent
with the experiments reported in Section VII, e.g., the low
average density of the graphs found in Tables I and IV, as well
as Tables V, VI, and VII in the Appendix A. As a result, the
MCP is expected to be easy in practice as long as the number
of vertices (matching hypotheses) in G, i.e., |[M| x k, k < |Q]
(see Section V-A), stays within reasonable bounds.

The pseudocode for MaxC1lgReg is provided in Algorithm 2.
In what follows, we present an overview of its main operations.

MaxClgReg is a constructive recursive BnB algorithm that
enumerates maximal cliques in the leaf nodes of its branching
tree. After aninitial preprocessing phase where the vertices of the
correspondence graph are sorted, i.e., V(G) = (vy,...,v,),and
a (large) initial clique K is computed (Line 3) and assigned to
Kiax, the largest clique found at any moment during the search,
the algorithm determines the branching subproblems at the root
node in Lines 4-5 as follows. A new branching subproblem
G is associated with each candidate vertex v; € V(G) selected
in reverse order, i.e., i € {n,...,|Koy| + 1}. Precisely, G is the
subgraph induced by the vertices adjacent to v; that precede it in
the ordering, i.e., G = G[V;(G) N N (v;)], where V;(G) is the set
of vertices that precede v; in the initial order, together with v;. It
should be noted that the subproblems derived from the candidate
vertices v;, i < |Ky|, are not considered by MaxClgReg, as
they cannot contain a clique greater than K.

Enumeration is implemented as a recursive call to the proce-
dure EnumCLQ in Line 6. In what follows, we provide a brief
summary of EnumCLQ’s main operations (Lines 7-21).
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TABLE III
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PERCENTAGE OF CORRECT REGISTRATION RESULTS AND AVERAGE RUNTIME OF THE DIFFERENT ALGORITHMS ON THE 3-DMATCH DATASET [77]

Scenes
= — o — ~ o = ~ =
5} — . _ > . =)
s ¢ ¢ T oz % F g f =
2 = = T e o @ S 6
<
CliReg 0976 0915 0.792 0967 0910 0.962 0.855 0.756 0.892 3.747
CliRegMutual 0978 0.887 0.767 0973 0.846 0962 0.855 0.733 0.875 1.512
TEASER++ 0976 0.896 0.761 0978 0.782 0962 0.872 0.778 0.875 2.574
RANSAC 0.960 0.896 0.704 0.929 0.821 0.846 0.748 0.578 0.810 0.875
FGR 0.813 0.717 0.610 0.819 0.641 0.731 0.547 0.578 0.682 1.062
TABLE IV
CliReg COMPONENT RESULTS ON THE 3-DMATCH DATASET [77]
n d w(9) [ Kreg IZc| [ Za (Kreg) IZa (w)]
Scenes N o w o w o " o w o N o w o
Kitchen 137634 6209 0.031 0.023 60.5 155 359 193 3163 3128 11529 389.7 1065.5 409.8
Home 1 13705.8 6535 0.031 0.015 649 189 37.8 214 330.8 2569 1079.3 448.0 997.0  466.1
Home 2 137413 8349 0.039 0.029 553 194 338 192 3453 3148 11348 4436 1039.2 4742
Hotel 1 137456 559.3 0.034 0.020 647 147 379 200 301.0 189.7 11655 379.1 1103.4  381.7
Hotel 2 13853.1  557.8 0.029 0.012 612 193 395 233 2640 2053 1106.7 408.1 1006.3  446.4
Hotel 3 13773.6 5784 0.029 0.010 667 170 356 19.8 317.5 2255 12589 3460 1175.1 3819
Study 13868.1  446.1 0.025 0.007 576 169 314 182 192.1 1457 11582 3929 10494 4225
MIT Lab 137935 899.7 0.031 0.021 51.7 178 287 17.0 2167 254.8 1106.1 499.8 969.7  528.9
TABLE V
C1liReg COMPONENT RESULTS ON OUR 135 ARMADILLO INSTANCES
n d w(9) K reg| |Zc| 1Tt (K reg)| 1T ()] T
Outliers I o “w o “w o I o n o I o " o I
- 4301.9 415.6 0.046 0.004 48.7 12.6 23.6 15.1 80.7 223 1817.7 169.9 1817.3 169.9 1817.7
10 % 4426.7 4153 0.036 0.002 42.1 8.2 24.5 10.3 67.3 14.0 1634.7 151.7 1626.8 152.7 1636.5
20 % 4584.6 428.3 0.028 0.002 31.7 7.3 19.9 6.6 47.1 12.6 1454.0 136.6 1396.3 180.0 1454.5
30 % 4726.1 4244 0.021 0.001 222 6.2 17.1 6.8 28.5 11.6 1150.7 141.6 1045.2 255.3 12729
40 % 4916.4 456.7 0.016 0.001 15.7 3.8 12.1 39 19.0 8.3 1015.1 161.6 895.1 279.1 1090.9
50 % 5058.5 4544 0.012 0.001 12.9 3.6 10.9 4.0 12.7 7.3 571.5 313.2 479.0 323.0 909.1
60 % 5215.9 474.7 0.009 0.001 9.3 1.2 8.1 1.5 6.7 4.5 299.6 232.5 258.5 250.1 727.5
70 % 5334.5 485.1 0.006 0.001 8.1 0.6 5.5 22 5.0 3.2 121.3 123.1 102.0 125.0 545.7
80 % 5407.4 499.7 0.005 0.001 6.9 0.5 6.4 1.0 4.5 2.0 60.0 21.7 51.3 24.4 363.9
TABLE VI
C1liReg COMPONENT RESULTS ON OUR 135 BUDDHA INSTANCES
n d w(G) | K reg| |Zc| [Zam (Kreg)| [Za(w)] [Za]
Outliers “w o o o " o nw o “w o o o w o o
- 5076.2 952.9 0.039 0.003 355 12.1 26.9 13.8 55.2 27.2 2012.2 461.5 1986.9 461.9 2046.3
10 % 5217.7 971.6 0.031 0.002 33.7 10.4 22.6 8.4 50.3 22.0 1790.6 404.6 1716.3 450.4 1842.1
20 % 5332.7 978.3 0.024 0.002 259 6.9 19.7 7.2 35.0 16.0 1472.7 495.5 1310.0 550.4 1637.4
30 % 5471.3 1008.3 0.018 0.001 21.1 5.1 15.1 5.0 27.0 11.5 1250.1 471.3 1203.3 475.2 1432.9
40 % 5620.7 1043.4 0.014 0.001 16.7 4.1 12.9 3.5 15.5 8.3 934.7 328.6 790.1 351.9 1228.2
50 % 5757.6 1065.0 0.010 0.001 12.2 2.6 10.8 3.1 9.1 4.4 618.5 329.1 566.4 318.8 1023.3
60 % 58884  1086.0  0.007  0.001 9.7 12 8.3 1.6 5.4 4.6 2804  163.2 1846 1103 818.9
70 % 6008.3 1109.9 0.005 0.001 8.1 0.6 7.1 1.7 5.8 2.7 174.1 101.2 146.9 97.8 614.3
80 % 6086.1 1119.8 0.003 0.001 7.1 0.8 5.9 1.0 4.9 24 86.4 24.8 74.5 24.4 409.7

EnumCLQ implements a so-called branching-by-partitioning
enumeration scheme, which partitions the vertex set V(G) of
the subproblem graph G associated to the current node of Max-
ClgReg’s search tree into a branching set of vertices (denoted

-~

B) and a pruned set (P =V (G) \ B), branching only on the

vertices in B. Upper bounds on the clique number of G based
on vertex coloring (7) and partial maximum satisfiability (im-
plemented in the procedures PartCOL (Line 8) and Part SAT
(Line 10), respectively, are used to reduce the branching set B
as much as possible before branching.
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TABLE VII
C1iReg COMPONENT RESULTS ON OUR 135 DRAGON INSTANCES

w(9) | K reg | Zc| | Zrm (Kreg)| [Zm(w)] | Zpmal
Outliers n o “w o “w o m o ”w o “w o “w o “w
- 7108.3 11343 0036 0.002 36.1 104 227 61 585 236 29395 4919 29086 491.0 29745
10 % 73172  1167.6  0.028  0.002 315 9.0 175 64 497 17.3 26775 4394 26285 4234 26775
20 % 7552.7 1239.7  0.022  0.001 25.4 56 171 48 369 116 23693 4136 22845 4277  2380.1
30 % 77746 12752  0.017  0.001 17.5 38 145 39 187 7.1 1752.1  514.1 1552.0 5497  2082.5
40 % 8038.3 13052  0.013  0.001 14.6 29 122 24 147 6.1 1403.2 4969 12288  509.1 1785.1
50 % 8300.0 1357.6  0.010  0.001 10.9 1.3 9.5 1.8 7.8 43 569.5 3809 461.7  337.8 14875
60 % 8531.6 13985  0.007  0.001 9.1 1.4 8.1 1.8 49 29 260.1 138.3 213.5 144.8 1190.3
70 % 8721.8 1415.0  0.005  0.001 8.1 0.8 6.7 1.7 4.1 1.3 142.1 39.6 116.3 46.1 892.9
80 % 8850.5 14417  0.003  0.001 7.1 0.6 6.1 1.3 4.1 2.8 89.7 21.0 77.1 28.7 595.3

Algorithm 2: Clique Algorithm MaxC1lgReg Executed by
CliReg (Algorithm 1, Step 6)

Input: A corr. graph G = (V, E), point clouds M, Q.
Output: A maximal clique in K,.4

1 (v1y...,0,), Kimax ¢ Preproc(G) > Sec. VI-D
2 for i < n to |Kpa| +1 do

3 | Ve {veViii(G): {v,v;} € E}

4 | EnumcLQ (G[V], {vi}, [ Kmas| — D

5 EnumCLQ (Q\, K, q)

6 P., B, < PartCOL (V(QA), q) > Sec. VI-A
7 if B, = () then return

8 P, By < PartSAT (P, B, q) > Sec. VI-A
9 if B, = () then return

10 for { < |B,| to 1 do

n | Ve {NOB)N{P,U{by,....by_1}}} > by € B,
2 | K+ KU{b)}

3 | if V=0 then

14 Liffq > | Kpmas| then

15

| Ko < K
16 | if CliEval(K, M, Q) > CliEval(K, e, M, Q)

then
17 | Ky« K > Sec. VI-C
18 else

19 L EnumCLQ (g[i}], [?, |Kma:v‘ - |[?‘)

The partial maximum satisfiability problem (PMSP), al-
legedly first defined by Miyazaki [48], is a boolean satisfiability
optimization problem which comprises two types of clauses
denoted hard and soft. The problem asks for the maximum
number of soft clauses that can be satisfied while satisfying all
the hard clauses. Upper bounds on the clique number based on
partial maximum satisfiability rely on the fact that, given an
a-coloring C,, (G) of a graph G, the MCP can be reduced to a
PMSP (G, C,,(G)) in polynomial time as follows (first proposed
by Li and Quan [39]).

The PMSP (G, C,,(G)) is described naturally in conjunctive
normal form, i.e., the logical formula is a conjunction of clauses
and every clause is a disjunction of literals, where each literal

refers to a specific vertex of the graph GG. Specifically, each hard
clause contains a pair of negative literals that map to a pair of
nonadjacent vertices in V (&), capturing the fact that at most one
of the two vertices can be in a clique.

In addition, each of the «v soft clauses of the PMSP (G, C\, (G))
contains only positive literals and maps to a specific independent
set of vertices, i.e., a subset of vertices S € C,(G) with the
same color number. Solving the PMSP (G, C,, (G)) to optimality
is equivalent to determining a largest subset S C C,(G) of
independent sets (soft clauses) that contains a clique of size
|S| < a. As shown by Li and Quan [39], |S| is upper bound on
the clique number w(G) that dominates the chromatic number
(7) as follows:

w(@) < 18] < X(G) < a. ©)
An illustrative example of the PMSP (G, C,,(G)) reduction is
provided at the end of Section VI-E.

The critical operations of the branching-by-partitioning
scheme of MaxClgReg are the following. The procedure
PartCOL (Line 8) computes an initial pair of pruned and
branching sets, P, and B, respectively, with the help of a vertex
color-based bound. In addition, the vertex coloring produced by
PartCOL is used to determine the PMSP, and the set B, is
further reduced, if possible, by the procedure Part SAT that uses
the bound based on partial maximum satisfiability (9) (Line 10).

Finally, each enumerated maximal clique K is evaluated in
the algorithm’s consensus phase, implemented in the function
CliEval (Line 18), and only those cliques that provide better
consensus than the current incumbent according to the MC
model (3) are considered as new incumbents (Line 19).

The rest of the Section is organized as follows. The enumer-
ation component of MaxC1lgReg is described in more detail in
Sections VI-A (the general branching-by-partitioning scheme)
and VI-B. Specifically, Section VI-B covers a specific branching
strategy of MaxC1lgReg designed to exploit the structure of the
correspondence graphs, compatible with the general branching-
by-partitioning scheme. It should be noted that this technique
is not used by the most recent efficient maximum clique al-
gorithms, such as, e.g., [42] and [62], and is an additional
contribution of this work. The consensus component of Max-
ClgReg is examined in Section VI-C. Finally, preprocessing
is considered in Section VI-D, and Section VI-E provides an
illustrative example.
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A. Branching (And Bounding) by Partitioning the Candidate
Vertex Set

This section describes the general branching-by-partitioning
enumeration scheme of MaxClgReg in detail. As mentioned
previously, the overarching idea is to partition the candidate
vertex set into two disjoint subsets and branch only on the
vertices of one of the sets, thereby reducing the size of the
branching tree. N

A tree node of MaxClgReg (G, K, ¢) is associated with
a graph subproblem G, a clique K under construction, and an
integer q. Specifically, ¢ is the number of vertices that must be
added to K to have the same cardinality as the incumbent clique
Kiax (the largest clique enumerated at any moment during the
search), i.e, ¢ = | Kmax| — | K|. When branching, MaxClgReg
selects a candidate vertex v € V(G) (by construction, v must be
adjacent to every vertex in K') and computes the child node (§ ,
K, Q) as follows: i) inits simplest form, G is the subgraph induced
in G by the vertices in V(G) neighbors to v; ii) K = K U {v}
and iii) § = g — 1 = | Kmax| — | K|, since the original clique K
has been enlarged by a single vertex. Using the above branching
strategy, the leaf nodes of the MaxC1lgReg’s search tree are, by
construction, maximal cliques in G. N

Given a tree node (G, K, ¢), the (candidate) vertex set V(G)
can be partitioned into two disjoint sets of vertices called the
pruned set P and the branching set B =V (G) \ P, so that
branching on the vertices of P alone cannot improve the incum-
bent clique. Precisely, the set P can be defined as any vertex
set that induces a subgraph whose clique number is strictly less
than ¢, i.e.,

w(G[P]) < q. (10)

Equation (10) is a valid defining property of P: q is precisely
the difference between the sizes of the incumbent clique and
the current clique K under construction; therefore, branching
only on the vertices in P (alternatively, considering only the
subgraph G[P] in the current tree node) cannot improve the size
of the incumbent clique.

Furthermore, the set B should be as small as possible (alterna-
tively P as large as possible) to reduce the size of the branching
tree; see, e.g., [41], [62]. Formally, the optimal set P is the
solution to the following very hard optimization problem:

P = arg max_ {|ﬁ w(QA[ﬁ]) < q}. (11)

PCV(G)

Solving the problem (11) exactly in every node is imprac-
tical, so, in practice, MaxClgReg employs the following two
heuristic procedures (sometimes denoted bounding functions): 1)
PartCOL [based on the vertex color bound (7)] and ii) Part-
SAT [based on the partial maximum satisfiability bound (9)].
Both bounding functions are well established in the literature for
the MCP, see, e.g., [42], [43], [54], [55], [56], [57], [59], [60],
[61]. The implementation of both functions in MaxC1lgReg is
similar to that of the state-of-the-art algorithm C1 1 SAT [62], and
we refer the interested reader to the latter for further details. To
make the article stand-alone, the main operations of PartCOL
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(Line 8 of Algorithm 2) and Par t SAT (Step 10) are summarized
in what follows.

PartCOL uses the well-known sequential greedy vertex col-
oringA heuristic of Matula et al. [47] | to determine an a-coloring
C,(G) of the subproblem graph G at the current tree node.
Specifically, its output is a pruned set P defined (typically)
by the first g colors of C,(G). A partial g-coloring C,(G),
q < a, is a valid pruned set according to its defining property
(10), since the size of the coloring ¢ is an upper bound on the
clique number of any g-colored graph (7). Then, if the associated
branching set B, = V(G) \ P. is not empty (otherwise the node
is pruned), Part SAT is executed with the intention of reducing
B, as follows.

Given a vertex v € B., PartSAT attempts to prove that ¢
is also an upper bound on the clique number for the subgraph
induced by the (enlarged set) P, U {v}, i.e.,

w(G[P: U{v}]) <q. (12)
It does so by encoding the MCP of G| [P. U {v}] into the PMSP
(G[P, U {v}], Cq(gA) U {v}) (as explained in the introduction of
Section VI) and proving, if possible, that there is no solution
for its ¢ + 1 soft clauses, i.e., the ¢ soft clauses associated to
the g-coloring of P, plus the singleton soft clause associated
to the vertex v. If PartSAT is successful then property (12)
holds, and the new branching and pruned sets become B.. \ {v}
and P, U {v}, respectively. The procedure continues until all
the vertices in B, have been evaluated. After the execution of
PartSAT, MaxClgReg branches on the remaining vertices in
the branching set (denoted By in the algorithm).

B. Branching in Detail: A Nonincremental Scheme

The previous section described in detail how MaxClgReg
determines a (small) branching set B according to its branching-
by-partitioning scheme. This section covers the specific enumer-
ation of subproblems used by MaxC1gReg when branching on
the vertices in B (Lines 12 and 13 of Algorithm 2).

In recent years, efficient MCP algorithms, such as, e.g., [41],
[62], employ a so-called incremental branching scheme to
enumerate subproblems when branching on the vertices in B.
Incremental branching is reminiscent of the Russian doll search
paradigm [68], where small subproblems (the small dolls) are
solved first and bound the search of large subproblems (the large
dolls). R

Specifically, given a tree node (G, K, q) of MaxClgReg, and
the sets of vertices B = (b1, b,...,bp) and P =V (G)\ B
sorted according to a predetermined initial order (discussed in
Section VI-D), the incremental branchillg scheme enumerates
the following set of child subproblems G(b;), i € {1,...,|B|},
b; € B:

G(bi) =GIPUL{by,...,bi})]
From the previous equation, G (b;) is the subproblem graph (doll)
induced by the vertices in P together with b; and those vertices
that precede b; in B. We refer the interested reader to [41], [62]
for further details on incremental branching.

Vie {1,...,|B|}
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Algorithm 3: Evaluation Function C1iEval.

Input: A clique K in G, the pair of clouds (M, Q).
Output: An integer ¢.

1 R,t+ LSQ(K)

2 ¢+ fitnessCLQ(R,t, M, Q)
3 return ¢

> least-squares (2)
> #inliers (4)

The previous approach is, however, not suitable for Max-
ClgReg because, by solving the small subproblems first, it
is likely that the maximal cliques enumerated early will also
be small, and therefore have a small number of inliers (see
Observation 2). Consequently, MaxClgReg enumerates the
subproblems using a different strategy. Specifically, it examines
subproblem dolls in order of decreasing size as follows:

[PU{b1,...,b})]

Vie{|B|,...,1}. (13)
Equation (13) states that the first subproblem examined by
MaxClgReg contains all the cliques with vertex b g|, the second
subproblem contains all the cliques with vertex b1 and not
b p| (since all the cliques with b p| have already been examined in
the previous subproblem), and so on. The main intuition is that,
by examining subproblems in this order, large maximal cliques
will be enumerated early with high probability. This intuition
was confirmed by extensive preliminary tests, in which good
registration cliques were found earlier than in the case of the
state-of-the-art (Russian doll) incremental scheme.

We end the section by mentioning that the definition of the
vertex set V' = V(G (b)) in Line 13 of Algorithm 2 is consistent
with (13). Precisely, the pseudocode captures the fact that, since
branching on by fixes the vertex in the clique K™ under construc-
tion (Line 14), the vertices of the child subproblem V(G (b))
should be restricted to the subset of vertices established in
(13), i.e., {PU{by,...,be}}, that are also adjacent to by, i.e.,
N(b() n {P U {bl, ey bg,l}}.

C. Consensus

This section covers the procedure C1iEval, the consensus
component of C1iReg. Its pseudocode is shown in Algorithm 3.
CliEval is executed in Line 18 of Algorithm 2 and evaluates
every maximal clique (enumerated as explained in the previous
Sections VI-A and VI-B) in the following two phases.

In the first phase of C1iEval (Line 3), the function LSQ(K)
determines the transformation (R,t), solution to the least-
squares optimization problem (2), under the assumption that
the correspondences in K are all inliers. Specifically, LSQ(K)
implements the dual quaternion algorithm [69].

In the second phase of C1iEval (Line 4), the actual num-
ber of inliers ¢ for the transformation (R,t) is computed by
the function fitnessCLQ. Precisely, these are the subset of
correspondence pairs of the clouds M and Q that agree with
constraints (4) for the given (R, t).
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D. Preprocessing

The main components of the preprocessing phase of Max-
ClgReg (Line 3 of Algorithm 2) are: i) determining an initial
(large) clique K¢ and ii) determining an appropriate initial order
for the input set of vertices of the correspondence graph V(G).
To compute an initial clique, MaxClgReg uses the adaptive
multistart tabu heuristic AMTS [73], also employed in other
efficient MCP algorithms such as, e.g., [62]. In what follows,
we describe the initial sorting strategy of the vertices.

It is well established in the literature that the way vertices are
initially sorted is an important source of efficiency in maximum
clique algorithms; see, e.g., [46], [58]. Specifically, recent effi-
cient MCP exact algorithms employ two main types of vertex
ordering strategies: i) a degenerate ordering based on the degree
of the vertices, denoted DEG-SORT (allegedly, first introduced
by Carraghan and Pardalos [17] for the MCP) and ii) an ordering
based on vertex coloring, denoted COLOR-SORT (allegedly,
first introduced by Li et al. [40] for the MCP).

The term degenerate in 1) indicates that the sorting criterium
(vertex degree) is dynamic, i.e., it is recalculated on the re-
maining unsorted vertices each time a vertex is selected. In
its basic form, the (sorted) vertex set V(G) = (v1,v2,...,0y)
determined by DEG-SORT is such that v,, is a vertex with the
smallest degree in G, v,,_1 is a vertex with the smallest degree
in the induced graph G[V (G) \ {v,, }], vn—2 is a vertex with the
smallest degree in the induced graph G[V (G) \ {vn,vs—1}], and
so on. Unlike DEG-SORT, the basic form of COLOR-SORT
partitions the set V' (G) into (large) independent (color) sets and
sorts the vertices by nondecreasing color number.

According to the tests reported by San Segundo et al. [58]
on a dataset of small and medium-size dense synthetic graphs,
selecting DEG-SORT or COLOR-SORT can, in some cases,
account for a performance difference of up to several orders
of magnitude for the same MCP algorithm. However, we have
not found significant differences between both strategies in our
extensive preliminary tests, possibly because the reported corre-
spondence graphs are sparse; see, e.g., Table I in the experiments
section. Consequently, we have only considered DEG-SORT for
MaxClgReg during preprocessing.

E. Ilustrative Example

We illustrate the main operations of MaxClgReg (see Al-
gorithm 2) with the correspondence graph G shown in Fig. 6
(top), borrowed from San Segundo et al. [62]. G has n =8
vertices, m = 22 edges, and a clique number w(G) = 4. The red
vertices (and edges) refer to a maximum clique {vy, v2,v3,v4},
but there are others, e.g., {vs,v4,v5,vs}. For simplicity, we
assume that the preprocessing phase of MaxC1gReg determines
an initial clique Ky = {v1,v2}, so the root node is {G, K =

According to Lines 46 [see also (13)] with root branching and
pruned sets By = (vs,...,vs) and Py = {v1, v}, respectively,
MaxClgReg enumerates the following root child subproblems
(in order): G(vs), G(v7),...,G(v3).

Precisely, the bottom part of Fig. 6 shows the subprob-
lem graph G(v7), i.e., vertices V(G(vr)) in green and edges



1908

U3

V4 V2

(%5 U1

V6 U8

Fig. 6. Example correspondence graph G (top) and the subproblem graph
G(vy) resulting from branching on the vertex v; (bottom). The example is
borrowed from [62].

E(G(v7)) thick dark; the branching vertex v; is colored red.
The edges connecting vertex v to the vertices involved in the
branching operation are colored blue. The edge connecting v
to vg appears dashed blue, indicating that it does not belong to
E(G(v7)), since G(vg) has already been examined at this point.
Finally, all the remaining edges in F(G) are shown as dashed
black lines. The resulting child node after branching on v; is
(g(v7)7 {U7}7 1)'

The top part of Fig. 7 shows an example of pruned and branch-
ing sets P. = {p1,p2} and B. = {b1, b2, b3}, for the set of
vertices V(QA ) = {v1, v2, v4, V5, Vg } Of the previous subproblem
graph G = G(v7) [Fig. 6 (bottom)]. It should be noted that P,
could be, in this case, any independent (color) set, since ¢ = 1
in the current tree node and, as explained previously, property
(10) holds for any such P,. In the figure, the vertices have been
relabeled to p; and b; in the order used in (13), and appear
colored, gray, and black, respectively. The remaining color and
line codes are the same as those in Fig. 6.

Assuming that the branching set B, is optimal, MaxC1gReg
examines (in order) the subproblems G(bs), G(b2), and G(b1)
[see Lines A12 and 13 and (13)]. The bottom part of Fig. 7
illustrates G(bs) (its vertices {v1,vq, v} are shown in green
and its edges as thick black lines). The edge connecting b
to b3 appears dashed blue, indicating that it does not belong
to E(G(ba)), since G(bs) has already been examined at this
point.

We end the section with a comment on the bounding function
PartSAT, called with the goal of reducing the size of the
branching set B, = {b1, ba, b3} determined by PartCOL. In
what follows, we describe its main operations when trying to
prove that the clique number of the (colored) subgraph G =
G[P. U {b1}] is less than or equal to ¢ = 1 [see (12)].

IEEE TRANSACTIONS ON ROBOTICS, VOL. 41, 2025

Fig. 7. Top: Pruned and branching sets P and B for the subproblem graph
G = G(vr) of Fig. 6 (bottom). Bottom: the subproblem graph G(b2).

We consider the associated PMSP(G. , Oy (§ )), where the par-
tial 2-coloring is C2(G) = {{p1,p2}, {b1}}. Its singleton hard
clause is (Zp, V ¥p, ). which corresponds to the nonadjacency
relation between pq and po. Its two soft clauses are (y,, V yp,)
and (yp, ), which correspond to the two independent sets of
the coloring. The solution to the PMSP(Q~, 02(5)) is 2, since,
for example, the assignment y, = T, y,, = L, and yp,, = T
satisfies the ¢ + 1 = 2 soft clauses (as well as the hard clause).
Consequently, w(G[P. U {b1}]) = 2 (the set of vertices (literals)
{p2,b1} that satisfy the soft clauses is a 2-clique), which is
strictly greater than ¢ = 1, so Part SAT cannot reduce B, in
this case.

VII. EXPERIMENTAL RESULTS

In this section, we report the results of an extensive compu-
tational campaign. The goal of this analysis is threefold: i) To
provide information on the main components of C1iReg, i.e.,
the correspondence graph determined by genG, the maximal
clique enumeration and the fitnessCLQ clique evaluation
function; ii) to compare C1iReg against previous state-of-the-
art algorithms in the literature using a synthetic dataset; iii)
to evaluate C1iReg in a practical application focused on the
scan-matching problem. C1iReg is implemented in C++ and
has been compiled with gcc 11.4.0 using the optimization flag
-O3. All tests were carried out on a single core of a Linux
workstation with an Intel(R) CPU i9-12900 K and 16 GB of
RAM.

To ensure a fair evaluation, a Python framework has been
developed that executes the following three phases in order:
i) Data acquisition, where our point cloud dataset is generated
and preprocessed, ii) execution of the algorithms, and iii) report
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Fig. 9. Our point cloud dataset from Stanford University [1]: (a) armadillo,
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generation and evaluation of results. This workflow is shown in
Fig. 8 and is explained in the following.

A. Synthetic Dataset

Our reference triangle meshes used in the experiments com-
prises four 3-D models (armadillo, buddha, dragon, and bunny)
from the Stanford 3-D scanning repository [1]; see Fig. 9. These
models consist of a significant number of vertices, ranging
from 35 947 for the smallest model (bunny) to 543 652 for
the largest model (buddha). During the data acquisition phase,
we first downsample the reference triangle meshes (the Voxel
Downsample procedure in Fig. 8) to derive the target point cloud
Q representing the entire object with the same resolution as the
simulated time-of-flight (ToF) camera used to obtain different
views of Q.

Specifically, the camera captures distance data with a resolu-
tion of 176 x 144 pixels and Gaussian noise with a mean () of
0.0 m and a standard deviation (o) of 0.004 m. Camera simula-
tion is performed using the Blensor tool [28] in Blender."! With

![Online]. Available: https://www.blender.org/

Y
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example bunny instance. In red and green are the target Q and moving M point

this camera, each mesh is sampled to generate the moving point
clouds M of our dataset. Specifically, the framework produces
partial views of Q taken from 15 different perspectives of each
3-D model (totalling 4 x 15 = 60 moving clouds M). This is
accomplished in the scan simulation procedure of Fig. 8. In the
figure, the green bunny output of the camera scan procedure is
an example of a cloud M, a partial view of the red bunny target
cloud Q.

To evaluate the reported algorithms, a known rigid transfor-
mation is applied to each cloud M (procedure Cloud Trans-
formation in Fig. 8). This initial transformation is unknown to
all algorithms and serves as a baseline for evaluation purposes.
Finally, we synthetically generate outliers randomly by moving
asubset of points in the cloud M, producing outlier rates ranging
from 10% to 80%. It should be highlighted that our dataset
aims to approximate to the real-world by simulating the ToF
camera, and not just isotropic Gaussian noise. Specifically, the
camera samples the mesh so that the points sensed by the camera
(cloud M) may not correspond to those of the target cloud Q.
As described, this step is prior to the synthetic generation of
outliers. Our final dataset, including the variations with outliers,
comprises 60 x 9 = 540 instances, 135 instances for each of the
four 3-D original models.

The settings for the algorithm execution phase are as follows.
As mentioned in the beginning of the section, all algorithms
are executed on a single thread. The two point clouds M and
Q, together with a set of local geometric features for each
point extracted by the FPFH algorithm [53], are given to the
reported algorithms in the same format (two arrays with the
coordinates of the points and the features associated with each
point, respectively). The reported results are averaged over 40
runs.

To obtain a robust evaluation, we report the average results
for 40 runs of the same instance for all algorithms tested. The
40 outputs for each instance should be exactly the same for
the deterministic algorithms, except perhaps in the few cases
where the running time is close to the time limit, but may differ
in the nondeterministic ones, i.e., FGR [79] and RANSAC [24].
The time limit was fixed at 10 s in all runs.

The 540 instance dataset is publicly available in GitHub.?

2[Online]. Available: https://github.com/jlaserna/CliReg-Matcher.git
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(2) (b)

Fig. 10.
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(©) (d)

Example showing the main components of C1iReg, and its variant C1iRegMutual; in red the bunny target point cloud Q and, in green, the moving

point cloud M (a partial view of the bunny). (a) Correspondence set of C1iReg; (b) Correspondence set of CliRegMutual [smaller than (a)]; (c) Matched
correspondences, vertices of the clique determined by C1iReg; (d) Registered overlapping clouds M (green) and Q (red). The subset of inlier correspondences
Z¢ from the set of correspondences C' associated to the vertices of the correspondence graph are shown in blue.

B. Analysis of the Main Components of C1LiReg

In this section, we report results on our synthetic dataset that
illustrate the operations of the main components of C1iReg. In
the report, we have included the algorithmic variant C1iReg-
Mutual of C1iReg, which is described in what follows.

As argued previously, the function genCS of C1iReg (exe-
cuted in Line 5 of Algorithm 1) determines the correspondence
set C of the registration problem with the help of the local geo-
metric features determined by FPFH [53]. We also recall that the
matching hypothesesinC, i.e., the vertices of the correspondence
graph, result from a k-nearest-neighbors analysis and that k = 3
was found to be a good value for C1iReg in our extensive
preliminary tests. Fig. 10(a) shows the set of correspondences
determined by C1iReg for an example bunny instance from our
dataset.

We further consider the variant C1iRegMutual that only
considers correspondence pairs (m, q), m € M, q € Q, inthe
correspondence set such that m has g as closest point in the
feature space and, vice versa, g has m as its closest point. If,
given a point m € M, the property does not hold for any point
in Q, then no matching hypothesis for m is added to C. As a
result, the correspondence graph generated by C1iRegMutual
has at most | M| vertices (not |[M| x k, k = 3, as C1LiReg) and
is expected to have a shorter running time than C1iReg at the
cost of providing a less robust registration. Fig. 10(b) shows
the correspondence set determined by C1iRegMutual for the
previous bunny instance.

In addition, Fig. 10(c) shows the matched pairs, vertices of the
clique returned by C1iReg (see Algorithm 1), and Fig. 10(d)
shows the registered (overlapping) clouds. In the latter figure,
the inliers of the correspondence set in Fig. 10(a) appear in
blue.

Table I provides information on the main components of
CliReg for the bunny model. The table shows aggregated
results for the nine different tested outlier rates. For each outlier
rate, the table reports the size n and average density d of the
correspondence graph G, its clique number w(G), the size of the
maximal clique |Kreg\ output of MaxClgReg and the number
of inliers |Z¢| in the correspondence set C for the registration
determined by Ky, i.e., the output ¢ of our fitnessCLQ
function (see Step 4 of Algorithm 3) for the maximal clique
Kieg. Furthermore, the table also reports the total number of

inliers |Z4| in the moving cloud M, i.e., the set of points in
M that find a point in Q at a distance less than the predeter-
mined parameter & (6), for a given transformation. Specifically,
column |Z (K )| refers to the inliers in M associated with
the registration determined by Ky, while |Zy(w)]| refers to
the inliers in M associated with the registration determined by
a maximum clique in the correspondence graph. It is worth
mentioning, that the metric Zy, is independent of the local
features determined by the FPFH algorithm [53], while the set of
inliers Z; C C'is feature-dependent, i.e., our correspondence set
C, by construction, contains only candidate matches compatible
with the descriptors provided by the FPFH algorithm for both
point clouds M and Q. Finally, the table reports the original
number of inliers [Za([, i.e., the points in the cloud M that were
not transformed into outliers during the data acquisition phase
of our test framework. |Z 4| is an upper bound on |Z (K e )]
and |Z(w)| by construction.

From Table I, several conclusions can be drawn. First, the
mean values of the maximal clique size | K| computed by
CliReg are lower than the clique numbers w(G) of the corre-
spondence graphs G in all cases. The difference is greater than
3x when there are no outliers present and gradually decreases
as the outlier rate increases.

The second result is that C1iReg performs very well in the
presence of outliers. Specifically, for experiments with outlier
rates ranging from 0% to 40%, the registration is close to optimal,
i.e., the number of inliers |Z (K g )| is very close to the thresh-

old [Z|. To be precise, in the case of the bunny |Zy(Kreg)|
is optimal when no outliers are present, but this is not always
the case; see Appendix A. Furthermore, the number of inliers
|Zpi(Kreg)| is always greater than |Zy(w)|, and the difference
tends to increase with the percentage of outliers up to, and
including, a 60% outliers, when the difference reaches a 38%.
This empirically shows that the registration with best results (in
terms of maximum consensus) is not associated to a maximum
clique of the correspondence graph in the general case. As argued
in previous sections, this can be explained by the fact that the
vertices of the graph (matching hypotheses) are based on the
similarity of local features, not global ones. We believe this to
be an important result and contribution of this work, since, in
previous clique-based approaches to the registration problem,
such as, e.g., TEASER++ [75], only maximum cliques were
considered.
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The third result is the large difference between the number
of inliers |Z¢| found in the correspondence set (as determined
by our £itnessCLQ function in Line 4 of C1iEval) and the
actual number of inliers |Zx (K, )|. This discrepancy indicates
that the quality of candidate matching hypotheses based on local
features is poor, which is consistent with the literature, such as,
e.g., [66], [77]. Moreover, it empirically justifies the need for a
robust methodology against outliers, as proposed in this work.

A fourth and last result is that the correspondence graphs are
sparse. Precisely, the average density d of the graphs in Table I
has a maximum value of 5% when no outliers are present, and
decreases as the percentage of outliers increases.

Similar conclusions can be reached for the other three models
tested (armadillo, buddha, and dragon), so we do not comment
on them here. The results are available in Tables V, VI, and VII
in Appendix A.

C. Experiments on Synthetic Data

This section covers the extensive experimental campaign
carried out on our synthetic dataset to compare the performance
of C1iReg with other state-of-the-art algorithms. Specifically,
we report results for C1iReg, C1iRegMutual (the variant of
CliReg designed for fast execution described in the previous
Section VII-B) and the following four algorithms:

1) RANSAC [24]: Our reference nondeterministic algorithm.
Specifically, we have used its feature-based variant with
99.9% confidence configured according to the specifica-
tions defined in the Open3-D documentation,’ i.e., a max-
imum number of 100 000 iterations and the mutual feature
filter enabled. Finally, the distance threshold parameter is
set to the value & (6) for each instance;

FGR [79]: The efficient algorithm of Zhou et al. [79]
that uses the Geman—McClure robust least-squares cost
function;

TEASER++ [75]: To the best of the authors” knowledge,
the reference clique-based algorithm. We used as settings
those in the original GitHub repository,* with the noise
bound parameter fixed to £ (6), which represents the
maximum error to be expected from an inlier in our experi-
mental setting. It should be noted that Yang et al. [75] used
a sensor-dependent noise bound, but our choice was also
suggested as a possibility in the same work. We believe £
to be more robust in our dataset since it only depends on
the resolution of the input point clouds;

Go-ICP [76]: A global variant of the well known ICP
algorithm. In our extensive preliminary tests, the algorithm
performed very poorly compared to C11Reg with default
parameter settings.® Since no additional information from
the developers was received, we finally decided not to
include Go-ICP in this report.

2)

3)

4)

3[Online]. Available: http://www.open3d.org/docs/release/tutorial/pipelines/
global_registration.html

4[Online]. Available: https:/github.com/MIT-SPARK/TEASER-plusplus/
tree/master/examples/teaser_python_fpfh_icp

3[Online]. Available: https://github.com/yangjiaolong/Go-ICP/blob/master/
config_example.txt
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Fig. 11.  Fitness of the registration provided by the different algorithms for our

135 bunny instances.
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Fig. 12.  Execution times (in logarithmic scale) of the different algorithms for
our 135 bunny instances.

The fitness metric used to compare the results among the
algorithms is the number of inliers |Zy| in the moving cloud
M, normalized between 0 and 1 as follows:

fitness = |Zym| / |Zam], € (0,1] (14)

where a fitness value of 1 corresponds to an optimal registration.
It should be mentioned that only the points that have not become
outliers during the cloud transformation phase (see Fig. 8) are
considered in the fitness metric. In the case of C1iReg, the
value |Zy((Kreg)| is used to determine its fitness.

Figs. 11 and 12 present boxplots that evaluate the global
fitness of the registration and the execution times of the five
algorithms considered in this report (C1iReg, C1iRegMu-
tual, FGR, TEASER++, and RANSAC). Specifically, both fig-
ures show a colored boxplot for each of the five algorithms and
percentage of outliers. We recall from Section VII-A that our
bunny dataset comprises 15 instances, each corresponding to a
different camera view of the Bunny, that for each view there
are nine different outlier configurations. Since the behavior of
the five algorithms for the remaining three models (armadillo,
buddha, and dragon [1]) shows a similar trend to that of the
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bunny, we have decided to restrict our analysis to the latter in
what follows. The full report is available in the Appendix A.

Fig. 11 shows the fitness (14) distribution with respect to the
percentage of outliers. The figure shows that C1iReg clearly
dominates the other algorithms in terms of robustness and accu-
racy (FGR, TEASER++, and RANSAC) in the range of 0%—50%
of outliers, and the same applies for C1iRegMutual in the
range 0%—-30%. In the presence of outlier rates greater than
50%, the robustness of all algorithms drops drastically to fitness
values below 0.5, showing that our dataset is hard. The figure also
shows that nondeterministic algorithms, i.e., FGR and RANSAC,
tend to have a high fitness variance.

Fig. 12 shows the execution time distribution with respect to
the percentage of outliers. The execution times of C1iReg-
Mutual are comparable to those of the fastest heuristic FGR.
On the other hand, its fitness clearly dominates FGR for all
outlier rates and is higher than TEASER++ and RANSAC in the
range 0%—20% of outliers. The figure also shows that C1iReg
is slower than FGR, faster than RANSAC and has similar run-
ning time as TEASER++ with exceptions. Specifically, in the
no-outliers case (0% in the figure), C1iReg reaches the time
limit in three bunny instances. It should be noted that C1iReg
does not exceed the time limit in any of the other three subsets
(armadillo, buddha, and dragon); see Appendix A.

It is also worth mentioning that while all methods typically
need more time to compute a solution when the number of
outliers increases, C1iReg performs worse when the number
of outliers is very small. This might be explained by the fact
that, although the sizes of the correspondence graphs increase
with the number of outliers, the densities of the graphs decrease
(see Table I and also Tables V, VI, and VII in Appendix A).
Therefore, efficient clique-based methodologies, such as the one
used by MaxC1lgReg, can actually be faster in a setting with a
high number of outliers, because they can exploit the sparsity
of the graphs. Another possible explanation is that, when the
number of outliers is (very) small, the probability of plateaus
of maximal cliques of the same size increases. This could make
MaxClgReg spend a lot of time branching without improving
the incumbent solution, and be the cause of a poor performance
in such a setting.

In addition, Table IT reports the mean y and standard deviation
o of the translation and rotation errors of the different algorithms
(averaged up to, and including, a representative threshold of
50% of outliers) for the bunny dataset. According to the table,
CliReq is the algorithm with the smallest error in both cases,
which is consistent with the fitness results in Fig. 11.

Finally, we also performed analysis of variance (ANOVA)
of the fitness of the registration and the execution times of the
reported algorithms for the same representative range of outliers.
According to the results, C1iReg clearly dominates the other
algorithms in terms of robustness. The full results are available
in Appendix A.

D. Experiments on Real-World Data

To further evaluate the robustness of our approach, we run
additional tests on the real-world 3-DMatch dataset [77] for the
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same algorithms reported on synthetic data in Section VII-C,
i.e., CliReg (two variants), TEASER++, RANSAC, and FGR.
3-DMatch comprises RGB-D scans of 62 indoor scenes, divided
into 54 scenes for training and eight scenes for testing. On
average, there are 205 scan pairs per scene, with a maximum
number of 519 pairs in the kitchen family and a minimum
number of 54 in the hotel three family. Each scan contains 5000
randomly sampled keypoints. The 3-DMatch dataset has been
used for similar tests in other papers, including the TEASER++
algorithm [75].

As in Yang and Carlone [75], local features for each 3-D
keypoint were determined with 3-DSmoothNet [26], a state-of-
the-art neural network, and the same set of correspondence pairs,
generated using a nearest-neighbor search, was provided to all
algorithms. Lastly, all algorithms were run on a single thread and
with the same machine and settings as the synthetic data tests.
Table IIT shows the percentage of correct registration results and
the average running times of the different algorithms for the eight
different scenes available for testing in the 3-DMatch dataset.

In 3-DMatch, a registration is considered successful when its
associated transformation has a rotation error smaller than 10°,
and a translation error below 30 cm. According to Table III,
CliReg has the highest overall average of successful regis-
trations (more than 89%), and is the best in four of the eight
families reported. The second best algorithms, on average, are
CliRegMutualand TEASER++. The former is slightly less
accurate than C1iReg, but more than twice as fast on average.
The (slight) differences observed between the reported results of
TEASER++ in [75] with respect to performance and registration
accuracy could be explained by our single-threaded execution
(while 12 cores were used in [75]) and our choice of noise
parameter bound & (6).

Table III also reports that, on average, TEASER++ achieves
slightly better registrations than C1iReg in the Hotel 1, Study,
and MITLab scenes. We propose two potential explanations for
this outcome. First, C1iReg is not fully deterministic. A source
of variability stems from the fixed time limit imposed on its
initial clique-finding heuristic (see Section VI-D). Second, and
more significantly, C1iReg does not enumerate all maximum
cliques, prioritizing efficiency instead. To the best of the authors’
knowledge, TEASER++ also does not enumerate all maximum
cliques. Therefore, when multiple maximum cliques exist, the
associated registrations can differ. It is plausible that in those
scenes where TEASER++ outperformed C1iReg, it identified
a better maximum clique than C1iReg.

To complement the information provided in Table I1I, Figs. 13
and 14 show the average translation and rotation errors, on
logarithmic scale, of the reported algorithms. The dashed red line
is the threshold below which the registration is considered valid
in 3-DMatch. In the case of translation error, the threshold is set
at 30 cm. In the case of rotation error, itis setat 10° (= 0.175rad).
The best average mean translation and rotation error, considering
all scenes, is provided by C1iReg and RANSAC. Specifically,
the translation error is slightly above 18 cm and the rotation error
slightly above 0.05 rad in both cases. The worse registration is
provided by FGR, both in terms of translation and rotation errors.
Additional results are available in Appendix B.
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Fig. 13.  Translation errors of the different algorithms on each of the eight test
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Fig. 14. Rotation errors of the different algorithms on each of the eight test

scenes of the 3-DMatch dataset [77].

Finally, the behavior of the components of C1iReq is re-
ported in Table IV, which shows the same data as Table I for
synthetic experiments with the exception of the ground truth
value of the number of inliers |Z,|, which is not provided
(the ground truth in 3-DMatch is described in terms of sensor
movement). From the table, similar trends to the synthetic
experiments can be observed: i) the correspondence graphs
are sparse, with a maximum average density of 3.9% in the
Home 2 family; ii) the number of inliers of the registration
reported by CliReg, |Zr(Kreg)l, is always greater than the
one corresponding to a maximum clique in the correspondence
graph |Zp((w)]|, although the differences are less pronounced
than in the synthetic case.

VIII. CONCLUSION

In this research, we have proposed a methodology for fast
and robust rigid registration problems in the presence of a large
number of outlier correspondences. Our methodology leverages
graph theory (e.g., theoretical bounds for the MCP), efficient
techniques employed by state-of-the-art maximum clique al-
gorithms (e.g., vertex ordering, branching by partitioning, and
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Fig. 15. Fitness of the different algorithms for our 135 subset of armadillo
instances.

incremental branching), and continuous optimization (e.g., solv-
ing a least-squares problem to evaluate cliques).

These ideas have been implemented in two algorithms.
CliReg is efficient and robust, but considers a larger number
of hypotheses than C1iRegMutual, so the latter is faster but
less robust. Both algorithms have been extensively evaluated in
a scan-matching dataset generated from well-known public 3-D
models, and also using real-world indoor scenes. The reported
results show that the new algorithms dominate the state of the
art in terms of robustness, in the presence of up to 50% of
outliers. Regarding performance, C1iRegMutual can run in
milliseconds and is comparable to the fastest heuristic FGR.
Consequently, the combined two algorithms can be considered
today’s most efficient approach for robust registration with out-
lier correspondences.

This work opens the way for research on new clique-based
ideas for robust registration, such as, e.g., tailoring the clique
search procedure by improving its fitness clique evaluation
function to make it less sensitive to outliers. Interesting future
work is, in our opinion, the study of alternative definitions of
&, the analysis of different local point features, the analysis of
different values of k in the KNN algorithm, and the addition of a
preliminary step to estimate the scale in the case of nonrigid reg-
istration problems. Also of interest is the inclusion of weights in
the correspondence graph to capture, for example, the quality of
individual features according to the feature extractor algorithm.
In this setting, the enumeration of weighted maximal cliques
could be used to filter out keypoints that are less representative.
Lastly, the behavior of the algorithm in the correspondence-free
case, i.e., using all possible matching hypotheses, also deserves
consideration.

APPENDIX A
ADDITIONAL RESULTS ON SYNTHETIC DATA

This appendix covers additional results of the experiments on
synthetic data reported in Section VII-C. The section includes
the fitness and execution times of the different algorithms for
the subset of armadillo instances (Figs. 15 and 18), buddha
instances (Figs. 16 and 19), and dragon instances (Figs. 17
and 20), respectively.
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Fig. 16. Fitness of the different algorithms for our 135 subset of buddha
instances.
E3 CliReg E3 CliRegMutual E3 FGR E3 RANSAC B8 TEASER++
1 - -
3 ¢ ¢ s .
o . M - .
2 S
0.75 . H
. . I
. 3

0 10 20 30 40 50 60 70 80
outliers (%)

Fig. 17. Fitness of the different algorithms for our 135 subset of dragon
instances.
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Fig. 18.  Execution times (in logarithmic scale) of the different algorithms for

our 135 armadillo instances.

The appendix also shows the results of the components of
CliReg in the subset of armadillo instances (see Table V),
buddha instances (see Table VI), and dragon instances (see
Table VII). Each table shows aggregated results for the nine
different outlier rates. The reported parameters are the same as
explained in Table I of Section VII-B.

In addition, Table VIII presents the results of the ANOVA for
the fitness of the registration and execution times, considering
up to 50% outliers. The first three columns report the subset of

IEEE TRANSACTIONS ON ROBOTICS, VOL. 41, 2025

E3 CliReg E3 CliRegMutual E3 FGR E3 RANSAC m TEASER++

logio(time (s))
w
S
-

s o= .
-
.

- g
=

,_.
-

-

-

-
—o—-
-

-
-
-
L )
-
-
-=e
-
-
-ee

outliers (%)

Fig. 19. Execution times (in logarithmic scale) of the different algorithms for
our 135 buddha instances.
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Fig.20. Execution times (in logarithmic scale) of the different algorithms for
our 135 dragon instances.
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Fig.21. Execution times (in logarithmic scale) of the different algorithms for
the 8 test scenes of the 3-DMatch dataset [77].

instances (type), the variable (var), and the source, i.e., algo-
rithms or residuals. The type total refers to the whole database
(not specific subsets). The next columns show, for each of the
two sources, the degrees of freedom (#dof), the sum of squares
(SS), the F-value (the ratio of the in-between algorithm variation
and within algorithm variation of each variable), and the p-value.
Values of p below 0.005 indicate that the differences observed
in the corresponding row are statistically significant. We refer
the interested reader to, e.g., [64], for a detailed description of
the ANOVA analysis.
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TABLE VIII
ANOVA FITNESS AND EXECUTION TIME ANALYSIS ON THE SUBSET OF
SYNTHETIC INSTANCES WITH UP TO 50% OF OUTLIERS

Type Var Source #dof SS F-value  p-value
armadillo  fitness  algorithms 4 733.210 2441.663 0.000
residuals 17995  1350.936

time (s) algorithms 4 4557.975 31448.170  0.000
residuals 17995  652.031
bunny fitness  algorithms 4 887.875 3042.571 0.000
residuals 17995  1312.813
time (s) algorithms 4 5673.096  1475.628 0.000
residuals 17995 17295.573
buddha fitness  algorithms 4 591.624 2323.762 0.000
residuals 17995  1145.371
time (s) algorithms 4 6751.716  31257.512  0.000
residuals 17995  971.744
dragon fitness  algorithms 4 670.901 2288.764 0.000
residuals 17995  1318.711
time (s) algorithms 4 7501.790 27767.833  0.000
residuals 17995  1215.388
total fitness  algorithms 4 2804.962  9328.113  0.000
Residuals 71995  5412.222
time (s) algorithms 4 22018.068 12984.899  0.000
residuals 71995 30519.891
TABLE IX

TUKEY TEST FOR THE FITNESS VARIABLE ON THE SUBSET OF SYNTHETIC
INSTANCES WITH UP TO 50% OF OUTLIERS

Algorithms Hd Hd a  p-value
CliRegMutual CliReg -0.186 -0.195 -0.177  0.000
FGR CliReg -0.594 -0.603 -0.586  0.000
RANSAC CliReg -0.156 -0.164 -0.147  0.000
TEASER++ CliReg -0.188 -0.197 -0.179  0.000
FGR CliRegMutual -0.408 -0.417 -0.399  0.000
RANSAC CliRegMutual 0.031 0.022 0.040  0.000
TEASER++ CliRegMutual -0.002 -0.011 0.007  0.968
RANSAC FGR 0439 0430 0448  0.000
TEASER++ FGR 0406 0.397 0415  0.000
TEASER++ RANSAC -0.033 -0.042 -0.024  0.000

TABLE X

TUKEY TEST FOR THE EXECUTION TIME ON THE SUBSET OF SYNTHETIC
INSTANCES WITH UP TO 50% OF OUTLIERS

Algorithms Hd Hd g  p-value
CliRegMutual CliReg -0.526 -0.547 -0.506 0.000
FGR CliReg -0.405 -0.426 -0.384 0.000
RANSAC CliReg 1.044 1.023 1.065 0.000
TEASER++ CliReg 0.035 0.014 0.056 0.000
FGR CliRegMutual 0.121 0.100 0.142  0.000
RANSAC CliRegMutual 1.571 1.550 1.592  0.000
TEASER++ CliRegMutual 0.562 0.541 0.583  0.000
RANSAC FGR 1.450 1.429 1471 0.000
TEASER++ FGR 0.441 0420 0.462 0.000
TEASER++ RANSAC -1.009 -1.030 -0.988 0.000

Finally, we report the Tukey tests that compare the fitness
(see Table IX) and the execution times (see Table X) of every
pair of algorithms considering the subset of instances with up
to 50% outliers. In both tables, the column x4 shows the dif-
ference between the means of the variable under study for
the corresponding pair of algorithms, while ;14 and iz denote
the lower and upper confidence intervals for jig, respectively.
The final column of the table displays the p-value.
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Based on the ANOVA analysis, the following conclusions can
be drawn. In terms of robustness, C1iReg clearly dominates
the rest, i.e., it is the only algorithm in the group (a), has a
mean fitness value of 0.88, and shows reduced variability. The
second-best algorithm is RANSAC, with a mean value of 0.72,
closely followed by C1iRegMutual and TEASER++, with a
similar mean value (0.69) but greater variability. In terms of
execution times, the fastest algorithm is C1iRegMutual with
average running time of 0.88 s.

APPENDIX B
ADDITIONAL RESULTS ON REAL DATA

This section covers additional results of the experiments
on the 3-DMatch dataset [77] reported in the experimental
Section VII-D. Fig. 21 shows the execution times of the different
algorithms for the eight test scenes of the dataset. A comparison
of fitness values for the different algorithms is not reported since
the ground-truth number of inliers Z,, is unavailable for the
3-DMatch dataset (the ground truth is described in terms of
sensor movement).
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