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Abstract
Aneurysms in arterial wall tissues represent a significant medical challenge due to their
potential for rupture, leading to severe consequences such as hemorrhage, stroke, or death.
The constitution of aneurysms is a complex process influenced by various bio-mechanical and
physiological factors. Under-stressed thin- and thick-walled cylindrical tubes have garnered
attention in recent research, as geometric instabilities within these structures play a crucial
role in aneurysm formation. Inflated tubes may face various types of instabilities, which result
from factors such as geometry, properties of the materials, and loading types. Determining
the onset of bifurcation instabilities in soft structures presents significant challenges due to
the distinct qualitative differences between bifurcation and post-bifurcation behaviors. The
bifurcation of an inflated and extended swellable isotropic cylindrical membrane is addressed
in chapter three considering a combination of the neo-Hookean material and the Demiray
models. This model found its use in the modeling of various types of soft tissue in which
swelling is important but was not considered. The presented results may be helpful in the
planning of more complex numerical treatments, which will invoke larger computational
resources. Moreover, non-linear finite element analysis of double-layered cylindrical tubes
including residual stresses subjected to axial stretch and internal pressure were carried out
to investigate the application of mechanical and material aspect in developing abdominal
aortic aneurysms (AAA) and aneurysm rupture in chapter four. In this regard, bulging and
bending instabilities regarding the axial stretches and initial condition were investigated.
The results show that for large values of axial stretch, the axial stress is sufficiently large to
produce bulging instability rather than bending instabilities. Moreover, combined modes of
bulging bifurcations were observed for double-layered cylindrical tubes, which can aggravate
the possibility of developing of abdominal aortic aneurysms (AAA). For axial stretches
lower than 1.2, bending bifurcations were captured. Also, the results revealed that residual
stresses significantly affect bifurcation outcomes compared to models without residual stress,
underscoring their importance in accurately modeling biological tissues such as arteries and
related cardiovascular conditions like aneurysms. The study also examined helical stability in
elastic cylinders. A doubly fiber-reinforced, incompressible, nonlinear elastic tube subjected
to axial loading, internal pressure, and twist was analyzed using a modified Riks procedure.
These loading conditions, mimicking physiological scenarios in arteries, produced tortuous
shapes and complex morphologies, such as helical coiling, looping, and winding. These
configurations, highly sensitive to pressure, axial stretch, and twist, were simulated using an
anisotropic constitutive model incorporating fiber stretching and shearing, extending previous
research focused solely on fiber stretching.
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Resumen
Los aneurismas en los tejidos de las paredes arteriales representan un desafío médico signi-
ficativo debido a su potencial de ruptura, lo que puede llevar a consecuencias graves como
hemorragias, accidentes cerebrovasculares y la muerte. La formación de los aneurismas es un
proceso complejo influenciado por diversos factores biomecánicos y fisiológicos. Los tubos
cilíndricos de pared delgada y gruesa sometidos a bajos niveles de estrés han ganado atención
en investigaciones recientes, ya que las inestabilidades geométricas dentro de estas estructuras
pueden desempeñar un papel crucial en la formación de los aneurismas. Los tubos inflados
pueden enfrentar varios tipos de inestabilidades, que resultan de factores como la geometría, las
propiedades de los materiales y los tipos de carga. Determinar el inicio de las inestabilidades
de bifurcación en estructuras blandas presenta desafíos significativos debido a las diferencias
cualitativas entre los comportamientos de bifurcación y post-bifurcación. La bifurcación de una
membrana cilíndrica isótropa inflada y extendida con capacidad de hinchamiento se aborda
en el capítulo tres, considerando una combinación del modelo de material neo-Hookeano y el
modelo de Demiray. Este modelo ha sido utilizado en la modelización de diversos tipos de
tejidos blandos en los que el hinchamiento es importante. Los resultados presentados pueden
ser útiles para la planificación de tratamientos numéricos más complejos, que requerirán
mayores recursos computacionales. Además, en el capítulo cuatro se realizó un análisis no
lineal por elementos finitos de tubos cilíndricos de doble capa, incluyendo tensiones residuales,
sometidos a estiramiento axial y presión interna, con el objetivo de investigar la aplicación
de aspectos mecánicos y de materiales en el desarrollo de aneurismas de aorta abdominal
(AAA) y su ruptura. En este contexto, se investigaron las inestabilidades de abultamiento
y flexión en relación con los estiramientos axiales y las condiciones iniciales. Los resultados
muestran que, para valores grandes de estiramiento axial, la tensión axial es lo suficientemente
grande como para producir inestabilidad por abultamiento en lugar de inestabilidades de
flexión. Además, se observaron modos combinados de bifurcaciones en tubos cilíndricos de
doble capa, lo que puede agravar la posibilidad de desarrollar aneurismas de aorta abdominal
(AAA). Para estiramientos axiales menores a 1.2, se capturaron bifurcaciones de flexión.
Asimismo, los resultados revelaron que las tensiones residuales afectan significativamente
los resultados de la bifurcación en comparación con los modelos sin tensiones residuales,
subrayando su importancia para modelar con precisión tejidos biológicos como las arterias
y condiciones cardiovasculares relacionadas, como los aneurismas. El estudio también ex-
aminó la estabilidad helicoidal en cilindros elásticos. Se analizó un tubo elástico no lineal,
incomprensible y reforzado con fibras dobles, sometido a carga axial, presión interna y torsión,
utilizando un procedimiento de Riks modificado. Estas condiciones de carga, que imitan
escenarios fisiológicos en las arterias, produjeron formas tortuosas y morfologías complejas,
como enrollamientos helicoidales y bucles. Estas configuraciones, altamente sensibles a la
presión, el estiramiento axial y la torsión, se simularon utilizando un modelo constitutivo
anisótropo que incorpora el estiramiento y el corte de fibras, extendiendo investigaciones
previas enfocadas exclusivamente en el estiramiento de fibras.
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the decrease in normalized pressure is lower compared with that of the other
cases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.15 Normalized pressure pB/Tµ vs axial stretches for different cases. Only the
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Chapter 1

Introduction

1.1 Overview
In this chapter, a brief overview on the motivations, applications, methods, goals, and contents
of the presented thesis is provided. The motivations and applications of modeling of human
tissues, structural instabilities of arteries, residual stresses are dealt with in the first three
sections. Next, a summary of aneurysm in arterial wall tissues is presented. Later, an
introduction to the methodology and analyses used in this work in presented and the goals of
the presented thesis are provided in Section 1.4. At last, Section 1.5 provides a categorization
of this thesis.

1.2 Motivation and application
Computational modeling of human blood vessels, such as those located in the brain and
cardiovascular system, offers the capability for a deeper comprehension of the causes and
effects of biological organ-related issues, the anticipation of how the human body will respond
to various conditions such as diseases, external loads, treatments, paving the way for a better
understanding of risk factors and leading to more efficient and safer choices. Additionally,
this knowledge can expedite the development of modern bio-medical and surgical instruments
tailored to specific environments, which is increasingly critical in contemporary contexts.
Furthermore, advancements in modeling and simulation technologies are driving the production
of artificial tissues mimicking the properties of natural human tissues, facilitating further
progress in medical research and innovation.

Multiple studies have demonstrated that blood vessels can exhibit intricate patterns
of buckling deformation, especially when experiencing pathological conditions. A buckling
deformation is referred to a condition under which the vessels exhibit instability. Aside
from conditions related to genetics or diseases, these instabilities can be the results of
mechanical properties, such as material non-linearity, bulging bifurcation, bending bifurcation,
etc. Reliable computer modeling offers distinct and significant advantages over traditional
approaches.It is non-invasive, cost-effective, and has the potential to unveil crucial physiological

1
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mechanisms. Despite considerable advancements in recent decades, numerous challenges persist
in the domain of instabilities observed in both thin-walled and thick-walled cylinders, such
as arteries, subjected to various boundary conditions.The mechanical modeling of human
tissues necessitates a sophisticated integration of strongly linked multi-scale and multi-physics
mechanisms, alongside non-linear elasticity and residual stresses. Numerous sources have
explored these aspects, highlighting their importance in understanding the behavior of tissues
at various scales and under different conditions. Despite these efforts, many aspects remain
to be fully addressed and understood.

In recent years, there has been growing interest among researchers in the geometric
instabilities observed in under-stressed thin- and thick-walled cylindrical tubes, such as blood
vessels. This focus has led to numerous studies exploring the role of such structures in the
development and propagation of aneurysms within arterial wall tissues. Typically, stress is
expected to maintain a homeostatic balance in standard vessels. However, aneurysms exhibit
highly degenerative walls, where the biological mechanisms responsible for remodeling towards
homostatic stress are impaired, leading to pathological alterations in structural proteins. In
addition to the geometric properties of the tubes, the formation of aneurysms involves a
multitude of biomechanical factors, including cell degradation, aging, material heterogeneity,
biochemical reactions, and anisotropy. Nonetheless, understanding the mechanical modulation
of this process is crucial for potential inclusion in future biochemical applications and warrants
thorough investigation.

1.3 An overview on the constitution and propagation
of aneurysms in arterial wall tissues

Aneurysms in arterial wall tissues represent a significant medical challenge due to their
potential for rupture, leading to severe consequences such as hemorrhage, stroke, or death.
The constitution of aneurysms is a complex process influenced by various bio-mechanical and
physiological factors. Under-stressed thin- and thick-walled cylindrical tubes have garnered
attention in recent research, as geometric instabilities within these structures play a crucial
role in aneurysm formation. Studies have demonstrated that the standard vessel’s homeostatic
stress maintenance is disrupted in aneurysms, leading to pathological remodeling of structural
proteins. This disruption, combined with factors such as cell degradation, aging, material
heterogeneity, biochemical reactions, and anisotropy, contributes to the degenerative changes
observed in aneurysmal walls.

Aneurysm propagation further complicates the clinical management of these conditions.
Once formed, aneurysms exhibit dynamic behavior, with the potential for growth, rupture, or
stabilization. Hemo-dynamic forces, including pressure gradients and blood flow patterns, exert
mechanical stress on the arterial wall, influencing the progression of aneurysms. Computational
models have been developed to simulate these hemo-dynamic conditions and predict aneurysm
growth and rupture risk, aiding clinicians in treatment decision-making. Advances in imaging
modalities, such as magnetic resonance imaging (MRI) and computed tomography angiography
(CTA), have enabled the non-invasive detection and characterization of aneurysms, facilitating
early diagnosis and intervention. However, challenges remain in accurately assessing aneurysm
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stability and predicting individualized patient outcomes.

The mechanical modulation of aneurysm formation and progression holds promise for
future therapeutic interventions. Targeting bio-mechanical factors implicated in aneurysm
patho-genesis, such as abnormal stress distribution and structural weakness, may offer new
avenues for treatment. Bio-mechanical approaches aiming to reinforce the arterial wall
promote healing, thereby reducing the risk of rupture and improving patient outcomes. In
conclusion, understanding the constitution and propagation of aneurysms in arterial wall
tissues requires a multi-disciplinary approach integrating bio-mechanics, physiology, imaging,
and computational modeling. By elucidating the underlying mechanisms driving aneurysm
development and progression, clinicians and researchers can develop more effective strategies
for prevention, diagnosis, and treatment, ultimately improving patient care and outcomes.

1.4 Methodology and objective
One of the factors hindering a structure to be fully loaded and exhibit proper deformation is
mechanical instabilities, especially when the structure is compressed. However, the instabilities
sometimes occur when the structure is loaded in tension and the existing literature shows the
importance of the subject. In practice, a common struggle is to find a critical load, referred to
as buckling load, under which the structure exhibits instability. These instabilities can be the
results of material non-linearity, bulging bifurcation, bending bifurcation, etc. A bifurcation
manifests when there’s a substantial and abrupt change in a variable, such as displacements,
triggered by a slight, smooth increase in the magnitude of a parameter, like internal pressure.
Post-bifurcation characterizes the material’s response after undergoing bifurcation. To solve
such a problem, one has to solve a total non-linear problem.

The traditional approaches, such as those presented in continuum mechanics, adequately
address the design requirements of many structures, focusing on instability matters. The
foundation of continuum mechanics lies in the mathematical description of Kinematics, which
encompasses concepts such as the rigid motion, deformation, displacement, velocity, reference
configuration (Lagrangian or undeformed body), and deformed configuration. Subsequently,
Balance laws, including the equilibrium of momentum and mass are expressed, often through
Partial Differential Equations (PDEs). Finally, material laws are commonly employed to
establish the relationship between stresses and strains. There exist various types of material
laws in mechanics. The linear elastic material law is suitable for materials experiencing
small strains, encompassed by parameters such as the Young’s modulus and Poisson’s ratio.
In contrast, non-linear elastic materials necessitate a coefficient of strain that varies with
deformation, apt for materials undergoing significant distortion. Hyperelasticity establishes a
distinct constitutive relation between stresses and strain. This relation is irrespective to the
loading history and is elucidated through a Strain Energy Density Function, where stresses are
derived from derivatives of this function. Analytical analysis serves as a modeling technique.
In recent studies, the principles of continuum mechanics and hyperelasticity are employed
to establish a balance relationship between the body motions and applied loads. However,
certain structural instabilities linked to the propagating instabilities present challenges where
the traditional approach fails to account for the bifurcation point (or limit load instability).
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The exploration of various bifurcation and post-bifurcation modes holds significant importance
in probing diverse structural instabilities. Notably, advancements in this area have been
noteworthy, especially concerning cylinders subjected to various boundary conditions, which
have seen notable progress in recent years.

1.5 Content
This thesis is structured into six chapters. Chapter 2 focuses on bifurcation in extended and
inflated cylindrical tubes, elucidating the bifurcation criterion for membranes. In Chapter 3,
we delve into a numerical procedure for analyzing bifurcation phenomena in isotropic solids,
employing an invariant-based phenomenological approach. Chapter 4 provides a detailed
account of the numerical methodology and ABAQUS implementation of the model, aiming to
comprehensively capture the bulging and bending bifurcation of a residually-stressed two-layer
cylindrical tube. This work investigates the combined influence of axial loading and internal
pressure on the bifurcation and post-bifurcation of double-layered cylindrical tubes and follows
these objectives:

1- Investigation on the bifurcation of double-layered cylindrical tubes made of incompress-
ible material under axial load and internal pressure utilizing modified Riks method.

2- Including the residual stresses on the constitutive behavior of the double-layered
cylindrical tubes.

3-Investigation for comprehensively capturing the bulging and bending bifurcation phe-
nomena in a residually-stressed cylindrical tube.

Subsequently, bifurcation and stability analyses are conducted for a tube under internal
pressure and twist in Chapter 5. Finally, the findings of the research article are summarized
in Chapter 6, providing a concise overview of the research outcomes.
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Chapter 2

Deformation of bifurcation for
extended and inflated cylindrical tubes

2.1 Introduction
In recent years, significant strides have been taken to delve into boundary value problems
within the realm of stability theory. This endeavor encompasses a diverse array of loading
conditions, geometries, and materials. Bifurcation phenomena have garnered considerable
attention from numerous researchers across a multitude of contexts, as evidenced by the
extensive references available. While obtaining analytical solutions for this phenomenon
proves challenging, their discovery often yields profound insights into the underlying physical
phenomena.

The specific focus here pertains to the bulging and bending bifurcation of a tube, for
which solutions have been articulated in terms of incremental equations. The methodology
directly addresses the equilibrium of distinct infinitesimal volume elements, with the mode of
bifurcation guiding the selection of the appropriate differential volume element for considera-
tion. What distinguishes this approach is its reliance on intuitive engineering or physics-based
reasoning rather than complex mathematical formalism. As a result, it offers a lucid inter-
pretation of the bifurcation analysis, facilitating a deeper understanding of the underlying
mechanics. Importantly, the methodology presented herein not only offers theoretical insights
but also holds practical relevance, aligning closely with the problem-solving mindset prevalent
in engineering and physics disciplines.

The analysis following the bifurcation continues to center on the equilibrium of infinitesimal
volume elements, extending its scope to include a comprehensive examination of bifurcation
modes. The solution methodology is tailored to non-linearly elastic material models, specifically
targeting incompressible models wherein deformation and stress align along principal directions.
This approach not only enhances our understanding of the bulging phenomenon but also
provides practical implications for predicting and managing instabilities in materials subjected
to varying pressure conditions. By delving into the intricacies of bifurcation modes and their
implications for instability onset, this study contributes to the broader understanding of
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material behavior under complex loading scenarios.

First, we deals with the equations that provide the description of the deformation,
geometry, and the boundary value problem at hand within the context of finite deformation
theory. Subsequently, concepts and definitions of residually-stressed constitutive model,
equilibrium and bifurcation behavior of thick-walled circular cylindrical tubes under different
loading conditions are described.

2.2 Basic equations in nonlinear elasticity
Assume that B0 ∈ R3 is a fixed continuous reference configuration of the body, while current
continuous configuration is denoted as Bt ∈ R3. The nonlinear deformation mapping describes
the mapping of material points X ∈ B0 onto the current configuration x ∈ Bt at time t such
that:

x = Ω(X, t) ; and X = Ω−1(x, t) (2.1)

where Ω is a function. The displacement u is u = x − X Accordingly, the deformation
gradient denoted by F relates the one-to-one mapping of line vectors from the reference to
the current placements by:

F = ∂Ω(x, t)
∂X

= I + ∇u(X) (2.2)

in which ∇u(X) is the displacement gradient tensor. The ratio of the reference to current
volume is presented by the determinant of the deformation gradient det (F ) > 0; and for
the case of non-compressibility det (F ) = 1 must be satisfied. The symmetric and positive
definite right Cauchy–Green tensor is given by C : F TF .

In order to account for swelling, a swelling parameter v is introduced such that:

v = det (F ) . (2.3)

If v > 1 then the material is swollen, and if 0 < v < 1 then the material is de-swollen.

The mechanical behavior of an isotropic material is often modeled as a function W of
the first three principal invariants I1(C), I2(C), and I3(C). For an incompressible swellable
material, these three principal invariants of C have the following forms:

I1(C) = tr(C)
I2(C) = 0.5

[
(tr(C))2 − tr(C2)

]
I3(C) = v2

(2.4)

For an isochoric, isotropic material (det (F ) = 1) the third invariant reduces to I3(C) = 1.
The nominal stress P for an incompressible material is defined as:

P = ∂Ψm

∂F
− pF −1 (2.5)

6



Chapter 2. Deformation of bifurcation for extended and inflated cylindrical tubes

where p is the Lagrange multiplier arising from the incompressibility constraint. The
Cauchy stress is:

σ = F
∂Ψm

∂F
− pI (2.6)

where I is the identity tensor.

On the other hand, the strain energy density of an incompressible, isotropic, and swelling
material is presented in [3, 4] as:

W (I1, I2, v) = m(v)Wiso(v− 2
3 I1, v

− 4
3 I2) (2.7)

where Wiso(I1, I2) is the strain energy density function for an isotropic material without
swelling. The term m(v) describes the proportional change in stored energy with swelling [4].

In incompressible and swellable materials, the relation between the Cauchy stress tensor σ
and the deformation is:

σ = −pI + 1
v

∂W

∂F
F T . (2.8)

Eq. (2.8) satisfies the equilibrium condition divσ = 0.

2.3 Description of the geometry and the boundary value
problem:an inflated and extended tube

Consider an arbitrary undeformed circular cylindrical tube described by:

A ≤ R ≤ B , 0 ≤ Z ≤ L , 0 ≤ θ ≤ 2π (2.9)

in which R, Z, θ are cylindrical coordinates of tube identifying the inner and outer radii
by A and B, respectively, and L stands for the length. The thickness of tube is denoted as
T = B − A. The position vector of a material point is accordingly represented as follows:

X = ReR(θ) + Z eZ (2.10)

where eR, eZ and eθ are unit vectors in the indicated directions. The cylinder is extended
(applying uniform stretch along the z-direction λZ ) and inflated, with uniform inflation
pressure P in such a way that the deformed configuration the cylinder is described as:

x = r er(θ) + z ez ; a ≤ r ≤ b , 0 ≤ z ≤ l , 0 ≤ θ ≤ 2π (2.11)

in which (r, θ, z) are cylindrical polar coordinates and er, ez, eθ are unit vectors in the deformed
configuration, while the deformed length of the cylinder is identified by l. Referring to the
cylindrical coordinate system, the associated deformation gradient tensor F can be represented
as diag (λr, λθ, λZ) where the principal radial stretch for an incompressible material (v = 1)

7



Soheil Moradalizadeh

follows the relationλr = λ−1
θ λ−1

z , and the azimuthal principal stretch is λθ = r

R
> 0 and the

axial stretch is λZ = l

L
.

We consider materials for which the principal axes of stress and strain coincide. In
particular, in this section, we consider the material body to be composed of an in-compressible
isotropic hyperelastic material, the mechanical behavior of which is described in by a strain-
energy function Ψm = Ψm(F ) per unit initial configuration.

in which µ is the shear modulus of the material. The local equilibrium equations must comply
with the following:

DivP = 0 , divσ = 0, (2.12)

where Div is the divergence with respect the reference configuration while div is the divergence
with respect to the deformed configuration. In what follows, we give motivation for the
analysis of bifurcation.

2.4 Solution of the boundary value problem

By considering a uniform axial stretch, the deformation is expressed as:

r = f(R) =
√

[a2 + λ−1
z (R2 − A2)] (2.13)

To illustrate, consider the mechanical response of a body according to a standard neo-
Hookean material law, whose strain energy function can be expressed as [5, 6]:

Ψm = µ

2
(
λ2
r + λ2

θ + λ2
z − 3

)
(2.14)

For the material at hand, the uniform internal pressure P for the assumed boundary
conditions is:

P =
λB∫
λa

(
∂ψm

∂λθ

)
1 − λ2

θλz
dλθ = µ

[
1

2λ2
θλ

2
z

− 1
λz

ln λθ
]

, λa = a

A
; λb = b

B
(2.15)

Utilizing the above relation, the internal pressure P can be regarded as a function of λz
and λb. Fig. 2.1 shows the normalized pressure as a function of the stretchλb for thickness
ratios defined as η = T

A
, assuming that the axial stretch λz is taken to be one.
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Figure 2.1: Variation of the applied pressure on the stretch λb. The legend shows the value of
thickness ratio η = T

B , whereas the arrow indicates the increasing value of η.

The asymptotic value of pressure can be obtained and yields:

Pcr
µ

= 1
λz

ln
(
B

A

)
. (2.16)

An asymptotic curve (λb ∝ ∞) corresponding to the critical pressure Pcr
µ

is shown as

(dashed line) for η = 0.5. Alternatively, one can imagine the asymptotic curve of Pcr
µ

vs. λz
for a fixed value of B/A. This particular scenario indicates possible loss of stability with no
pressure maximum. This example serves us to introduce the instabilities at hand. Once the
tube is being inflated, at a particular deformation the tube losses its perfect cylindrical shape,
i.e. it bifurcates. In the next section we introduce these possible bifurcations for the problem
at hand.

2.5 Bifurcation of tubes

To assess the bifurcation of the inflated tubes, one considers the increments of displacements
in the form of:

δu = δuz(r, θ, z)ez + δur(r, θ, z)er + δuθ(r, θ, z)eθ (2.17)

Bifurcation are categorized in three modes: 1) the prismatic form, in which the increments
of displacement are independent of the longitudinal movements, 2) the bulging form, which
assumes that δu is independent of θ, leading to a axisymmetric displacement retaining the
circular shape of the cross-section. 3) the bending mode, also called the composite form,
which is a general case with no assumptions interpreted as the combination of bulging and
prismatic modes, see Fig. 2.2.
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Figure 2.2: Three different bifurcation modes, bulging, prismatic, and bending

2.5.1 Bulging bifurcation

Several studies addressed the bulging bifurcation [7–9]. We just give here main equations
for incompressible materials and the membrane case. In order to investigate the bulging
bifurcation of a cylinder, one considers incremental displacements Eq. (2.17) in the form:

δu = δuz(r, z)ez + δur(r, z)er (2.18)

which is independent of θ and δuθ. For a membrane there is no dependance on r. Furthermore,
consider that W = W (λr, λθ, λz) is the strain energy function. This includes isotropic
materials as well as orthotropic materials with the axes of orthotropy coinciding with the
principal axes of stress. In the latter case, one could think of a material with two preferred
directions which are mechanically equivalent and are symmetrically disposed. Introducing the
notation Ŵ (λθ, λz) = W (λ−1

θ λ−1
z , λθ, λz), It can be obtained that the bifuration condition for

a cylinder made of a material with an enrgy function W, with with radius R and length L [1]
is:

f
(
Ŵ , λθ, λz

)
+
(2πR

L

)2
λ2
θλzŴλzŴλzλz = 0 (2.19)

in which:

f
(
Ŵ , λθ, λz

)
= λ2

zŴλzλz

(
λ2
θŴλθλθ

− λθŴλθ

)
−
(
λθλzŴλθλz − λθŴλθ

)2
. (2.20)

This latter equation is used as a guide in the case of thick-walled tubes. Furthermore, it
can be shown that it is also the bulging bifurcation condition for swellable (incompressible)
materials. Fig. 2.3 depicts the bulging bifurcation of a cylinder.

2.5.2 Prismatic bifurcation

In the prismatic mode, the cylinder’s section deforms into a prismatic, non-circular shape. In
this case, Eq. (2.17) becomes:

4δu = δur(r, θ)er + δuθ(r, θ)eθ (2.21)
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Figure 2.3: Bulging bifurcation mode of a cylinder

For a membrane there is no dependance on r. it follows that the onset of bifurcation is
given by

Ŵλθλθ
= 0. (2.22)

Furthermore, it can be shown that this equation is also the prismatic bifurcation for
swellable (incompressible) materials.

2.5.3 Bending bifurcation

In the realm of venous tortuosity within blood vessels, such as retinal arteries and veins,
it is common for them to adopt a tortuous path. This phenomenon is often associated
with conditions like hypertension, diabetes, and retinopathy [10, 11]. Research indicates
that the reduction of axial extension in arteries can contribute to their development of a
tortuous shape, altering their originally circular cylindrical geometry [12]. Additionally, certain
arteries, such as the superficial femoral artery, undergo considerable bending, necessitating
specialized stent designs to accommodate these large bending deformations. The presence
of significant bending in arteries may also give rise to saccular aneurysms. Therefore, it is
crucial to investigate various factors linked to arterial bending [13]. The upcoming chapter
will delve into the concept of bending instability, emphasizing its mathematical formulation
and providing valuable insights into this phenomenon

Assuming a perfect circular cylindrical membrane under internal pressure and axial
loading, see [1], the bending mode may occur according to Fig. 2.4. It would be reasonable to
anticipate that an increase in λz corresponds to an increase in axial load (N). This relationship
is demonstrated by [14], where it is observed that N = 0 when λθλ

2
z = 1, indicating that

inflation results in axial shortening in the absence of axial constraint; thus, λθ > 1 implies
λz < 1. Consequently, to maintain λz = 1 during inflation, N > 0, implying that if both ends
of the cylinder are fixed, inflation would induce axial load. Bifurcation associated with the
bending mode is depicted in [15]. The cylinder axis experiences virtual radial displacement
δu0

r. The equilibrium of moments can be expressed as:

M = Nδu0
r − pπr2δu0

r (2.23)
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Figure 2.4: Bending bifurcation mode of a cylinder [1]

Figure 2.5: The beginning of bending bifurcation of a cylinder

in which M is the resultant moment. Nδu0
r is related to moment caused by axial load

and pπr2δu0
r is related to the moment caused by inflation. . Moreover, the axial load and

internal pressure can be interpreted as N = 2πrhσzz and p = hσθθ

r
, respectively [15].Stable

equilibrium can be achieved by M = 0. Therefor, Eq. (2.23) can be re-written as:

σθθ = 2σzz (2.24)

In the case of tube with a thickness,in this work, average values of σzz and σθθ across
the thickness are used [9]. Concretely, the unstable state of bending bifurcation starts with
σθθ > 2σzz, see Fig. 2.5. Furthermore, it can be shown that this equation is also the bending
bifurcation for swellable (incompressible) materials.
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Chapter 3

Bifurcation of an inflated and extended
isotropic tube

3.1 Introduction
Inflated tubes may face various types of bifurcation modes, which result from factors such
as geometry, properties of the materials, and loading types. For instance, during the last
decades, numerous theoretical and experimental works [1, 7, 8, 15–49] study the formation
of instabilities as a result of both the internal pressure of the cylinders and axial loading.
While bulging bifurcation has received some substantial attention, the same is not true for
bending and prismatic bifurcation modes. For prismatic bifurcation to occur, a sufficient
condition is a maximum in the curve giving values of the stress component in the azimuthal
direction vs azimuthal stretch [15]. Bifurcation analyses that apply small deformations which
are superimposed on a finite deformation have been presented for both thin-walled [15] and
thick-walled tubes [15]. Prismatic bifurcation and bending bifurcation have been investigated
in the modeling of arterial tissue in order to understand the consequences of Marfan’s
syndrome, a connective tissue disorder, in which the affected arterial wall shows a weakening
behavior [50–52,52–65]. The influence of residual stresses on the bifurcation of the cylinder
has been studied in [66–68].

Many articles on the bifurcation of tubular structures focus on a single bifurcation mode,
often neglecting that the onset of a certain bifurcation mode may have higher relevance than
another (see, e.g., Font et al. [9] and Topol et al. [69]). This chapter studies the occurrence of
three bifurcation modes in the inflated and axially loaded tubes, namely bulging bifurcation,
prismatic bifurcation, and bending bifurcation. The bulk of articles on the bifurcation
of cylinders focuses on volume-preserving problems. Yet in biological soft tissues, edema,
mechanical trauma, and inflammations [70–72] and further factors may lead to swelling of
the material. Swelling processes in hyperelastic materials have been taken into account in
works such as [73,74]. The changes in both the cylinder geometry and the elastic properties
due to swelling will affect the bifurcation characteristics. Such a swelling effect has been
studied in [75–77] for bulging bifurcation of fibrous materials, and in most cases, the isotropic
constituent has been taken to be a neo-Hookean or Mooney-Rivlin type of material [78]. The
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study of fibrous material is often inspired by the composition of arterial soft tissue, in which
multiple collagen fiber families reinforce a ground substance material [79].

Motivated by the restriction of swellable materials to modifications of neo-Hookean or
Mooney-Rivlin types of material in articles on bifurcation analysis, this chapter focuses on
an isotropic material that combines the neo-Hookean material with the Demiray model [80].
The latter model has an exponential form, and such types of models found their use in soft
tissue modeling for several decades [81]. Such a material that combines the neo-Hookean
with the Demiray model has been studied in [82] for bulging in a volume-preserving context.
This work modifies this material model in order to account for swelling, and, accordingly, it
compares in both scenarios (volume-preserving and not volume-preserving) the occurrence
of bulging bifurcation, prismatic bifurcation, and bending bifurcation. This chapter shows
that despite its restriction to isotropic material behavior without fibrous constituents, the
initiation and competition of the relevant instability modes can be quite complex with a
dependence on various factors that include the specification of the material constituents in
our material model, the geometry of the considered problem, and the amount of swelling.

3.2 Inflation of an Isotropic Tube

3.2.1 Geometry of the Inflated Tube
We consider a hyperelastic tube, which is subjected to an inner pressure and an axial stretch.
We continue using the same notation. Therefore, the unloaded configuration is taken to be
the reference configuration or natural configuration Br for the tube. In terms of cylindrical
coordinates (R,Θ, Z), the geometry of the unloaded tube is

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, −L/2 ≤ Z ≤ L/2, (3.1)

where A is the inner radius, B is the outer radius, and L is the length. Any point of this
undeformed cylinder can be described by the position vector X = RER(Θ) + ZEZ where
{ER,EΘ,EZ} are the base unit vectors of the undeformed configuration. In the deformed
configuration B, the geometry of the tube is described in terms of the cylindrical coordinates
(r, θ, z),

a ≤ r ≤ b, 0 ≤ θ ≤ 2π, −ℓ/2 ≤ z ≤ ℓ/2, (3.2)
where a is the inner radius, b is the outer radius, and ℓ is the deformed length. Any point of
this cylinder can be described by the position vector x = rer(Θ) + zez, where {er, eθ, ez}
are the base unit vectors of the deformed configuration. The displacement u is given by
u = x − X.

A compressible (non-swelling) material that depends on the invariants I1, I2, and I3 could
also be modified so as to include volume-changing effects that result from both the compressible
nature of the material and swelling [83]. The term m(v) describes the proportional change in
stored energy as the swelling field v varies [84]. This function m(v) is positive, and it obeys
m(1) = 1. A standard form for m is (see, e.g., Gou et al. [85])

m(v) = vq, (3.3)
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which we also apply in this research, where q is a positive constant. For Wiso we apply a
combination of the neo-Hookean model and the Demiray model [80] in the form (see Alhayani
et al. [82])

Wiso(I1) = µ

2 [1 − k + kα] {[1 − k] I1 + k exp (α [I1 − 3]) + 2k − 3} , 0 ≤ k ≤ 1, (3.4)

which just depends on the first invariant I1(C). The parameter k ∈ [0, 1] quantifies to which
degree the function Wiso reveals neo-Hookean or Demiray characteristics. If k = 0, then the
material shows purely neo-Hookean behavior,

Wiso(I1)|k=0 = µ

2 [I1 − 3] , (3.5)

in which µ is the shear modulus. Different works such as [86] have shown that despite its
relatively simple form, a neo-Hookean strain energy form may be sufficient to describe the
mechanical behavior of an elastinous ground substance in biological soft tissue. If k = 1, then
the ground substance shows a purely Demiray behavior,

Wiso(I1)|k=1 = µ

2α {exp (α [I1 − 3]) − 1} , (3.6)

in which α is a dimensionless parameter, which is usually taken to be positive.

Notice that in the limit α → 0 the Demiray model (3.6) shows a neo-Hookean behavior
(3.5),

lim
α→0

[Wiso(I1)|k=1] = Wiso(I1)|k=0 . (3.7)

After the substitution of (3.3) and (3.4) into (2.7), we obtain a swellable version of (3.4),

W (I1, v) = µvq

2 [1 − k + kα]

{
[1 − k] I1

v
2
3

+ k exp
(
α
[
I1

v
2
3

− 3
])

+ 2k − 3
}
, 0 ≤ k ≤ 1.

(3.8)
In (3.8), the term µvq can be interpreted as a swelling-dependent shear modulus. If q < 2/3,
then the ground substance stiffness decreases with increasing values for v; if q = 2/3, then
µ describes the swelling-independent shear modulus; if q > 2/3, then the ground substance
stiffness increases with increasing values for v. Analogous to (3.7), we obtain

lim
α→0

[W (I1, v)|k=1] = W (I1, v)|k=0 . (3.9)

Special cases of W (I1, v) in (3.9) have been considered in different articles. For example,
the works by Topol et al [87] apply (3.8) for k = 0, which results into a swellable neo-Hookean
material that is sometimes referred to as the Treloar model [88]. A modification of a nearly
in-compressible behavior has been applied in the numerical cervical soft tissue studied by Gou
et al. [85]. Further models exist that account for swelling. For example, Zamani et al. [89]
apply a swellable version of the Gent model, that accounts for the limited extensibility of the
material. Incompressible swellable models that depend on the first two invariants I1 and I2 of
C have also been applied in different works. For example, Zamani et al. [89] and Topol et
al. [78] apply a swellable version of the Mooney-Rivlin material.
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Soft tissue may reveal an anisotropic behavior due to fibers, which are embedded in the
ground substance. It has been suggested that swelling may mediate remodeling processes
in embedded fibers [85, 87]. Nevertheless, due to the complex bifurcation response of the
isotropic ground substance itself, especially in the context of swelling, the contribution of
fibers is ignored in this research.

While our work follows the approach in [73,90] in order to describe swelling, there exist
other approaches, for example, those that apply the Donnan osmosis in the framework of the
theory of porous media [91–93].

In in-compressible and swellable materials, the relation between the Cauchy stress tensor
σ and the deformation can be expressed in the form (see, e.g. [83] for details):

σ = −pI + 1
v

∂W

∂F
F T, (3.10)

where p is a scalar that results from the in-compressibility constraint and I is the second
order identity tensor. Equation (3.10) must satisfy the equilibrium condition divσ = 0.

We consider a thin-walled tube, where H ≪ [B − A] is the wall thickness, which is taken
to be much smaller than the radius R of the tube, H ≪ R. In this membrane treatment, the
radial normal Cauchy stress component in (3.10) is negligible and the azimuthal and axial
normal stresses take the forms [32,94]

σθθ = λθ
v

∂Ŵ

∂λθ
, σzz = λz

v

∂Ŵ

∂λz
, (3.11)

respectively, where for convenience, we have applied the change of variables Ŵ (λθ, λz) = W
in the strain energy density function. Notice that in (3.11) the scalar p has already been
eliminated by the condition σrr = 0 that results from the membrane approximation of the
cylinder geometry. Then the relation between the inflation pressure P , axial normal force N ,
and the deformation is given by the equations

P = 1
λθλz

H

R

∂Ŵ

∂λθ
, N = ∂Ŵ

∂λz
, (3.12)

which have been presented, for example, in [16,95]. In our considerations, the axial stretch λz
and the swelling v are taken to be constant throughout the application of the inner pressure
P , i.e., we assume that the axial stretch and any material volume changes have been applied
prior to the pressurization. In this purely elastic modeling without any time-dependent effects
in the material behavior, the development of the pressure-inflation relationship is solely due
to a change in the pressure.

3.3 Bifurcation Modes of the Isotropic Membrane
It has been shown in various experiments and numerical studies that inflated cylinders may
face different forms of instabilities, namely, bulging bifurcation, prismatic bifurcation, and
bending bifurcation.
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3.3.1 Bulging Bifurcation
For the swellable and isotropic strain energy density form (3.8), the function f(Ŵ , λ, λz) in
(2.20) takes the form:

f = −µ2v2q
{(

λθ
[A(k − 1) − AEαk]
v

2
3 (2αk − 2k + 2)

+ λθλz
2αk − 2k + 2

ACEα2k

v
4
3

− 4v 4
3 (k − 1)
λ3
θλ

3
z

+ (4Eαkv 4
3 )

(λ3
θλ

3
z)

2

−
{
λ2
z

[(
A2Eα2k

v
4
3

− B(k − 1)
v

2
3

+ BEαk

v
2
3

)
λ2
θ

2αk − 2k + 2

+
(
A(k − 1)

v
2
3

− AEαk

v
2
3

)
λθ

2αk − 2k + 2

]

×
(
C2Eα2k

v
4
3

− D(k − 1)
v

2
3

+ DEαk

v
2
3

)}
1

2αk − 2k + 2

}
,

(3.13)

where we have used the abbreviations

A = 2λθ − 2v2

λ3
θλ

2
z

, B = 6v2

λ4
θλ

2
z

+ 2,

C = 2λz − 2v2

λ2
θλ

3
z

, D = 6v2

λ2
θλ

4
z

+ 2,

E = exp
(
α
[
I1

v
2
3

− 3
])
.

(3.14)

Bulging bifurcation of the neo-Hookean membrane

For k = 0, the strain energy density function W takes the neo-Hookean form, for which the
bulging condition function becomes:

f =

[
µvq−2/3

]2
(−λ4

zλ
8
θ + 4λ4

zλ
2
θv

2 + 6λ2
zλ

4
θv

2 + 3v4)
(λ4

zλ
4) . (3.15)

From (3.15) one can conclude that the inflation of a swellable neo-Hookean membrane remains
stable to bulging bifurcation under the condition

4λ4
zλ

2
θv

2 + 6λ2
zλ

4
θv

2 + 3v4 > λ4
zλ

8
θ. (3.16)

Notice that all terms that depend on v have been collected in the left side. By considering the
role of swelling on bulging bifurcation, we conclude from (3.16) that swelling (v > 1) tends
to stabilize a neo-Hookean membrane, whereas deswelling (0 < v < 1) together with larger
values of the azimuthal stretch λθ tend to trigger bulging.

Swellable neo-Hookean membranes have been extensively studied for bulging bifurcation,
and we refer to [75–78] that treat this type of material with and without fiber reinforcement.
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Bulging bifurcation of the Demiray membrane

Contrary to the neo-Hookean treatment, the Demiray model has not been applied in many
works that explore bulging bifurcation of isotropic materials. An exception is the article by
Alhayani et al. [82, 96], which shows that the condition α ≥ 1

6 is necessary for an un-swollen
material (v = 1) to maintain the stability condition f > 0 so that no bulging is expected for
λz ≥ 1 during inflation.
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Figure 3.1: Values of f ′ = f/µ2 (f as given by (3.13).) vs λθ for the Demiray model (k = 1) with
q = 2

3 , which provides the sensitivity of this model against bulging. Values f ′ = 0 are
associated with the onset of bulging. Panel (a) is for a un-swollen material (v = 0.75);
panel (b) is for an un-swollen material (v = 1); panel (c) is for a swollen material
(v = 1.25). The thick solid curves correspond to α = 0.10, and the thin solid curves to
α = 0.20. The dotted lines between these curves represent increments of ∆α = 0.01
between α = 0.10 and α = 0.20. The changes in the azimuthal stretch λθ result from
the increase in the pressure P ≥ 0.
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For k = 1, the bulging condition function for the swellable version of the Demiray model
becomes:

f = µ2v2q
exp

(
2α
[
I1

v
2
3

− 3
])

λ6
θλ

6
zv

2

[
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8
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2)λ4

θ

+(3λ2
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14
3 − 2αλ4

zv
4)λ2

θ + 2αv6
]
,

(3.17)

which generalizes the results by Alhayani et al. [82] by including the consideration of volume
changes.

From the highest order term of the azimuthal stretch λθ in (3.17) we can conclude that
for inflation to remain stable throughout the inflation with regards to bulging bifurcation (i.e.,
f > 0) the condition

α ≥ 1
6v

2
3 for λz ≥ 1 (3.18)

has to be fulfilled.

In order to illustrate the effect of swelling and deswelling on the initiation of bulging in
the Demiray model in (3.17), we introduce an example in Fig. 3.1. The three panels show
for λz = 1 the normalized bulging condition function f ′ = f/µ2 vs azimuthal stretch λθ for
q = 2

3 , taking f in (3.17) for different values of α in the range 0.1 ≤ α ≤ 0.2, using increments
of ∆α = 0.01. Figure 3.1 (a) is for a de-swollen membrane, taking v = 0.75; the cylinder
remains stable with respect to bulging(f > 0) for α ≥ 0.1376. Fig. 3.1 (b) is for an un-swollen
membrane (v = 1) that requires α ≥ 0.16̄ for the cylinder to remain stable; Fig. 3.1 (c) is for
a swollen membrane, taking v = 1.25; the cylinder remains stable for α ≥ 0.1934.

3.3.2 Prismatic Bifurcation
In the prismatic bifurcation mode, the inflated cylinder bifurcates into a prismatic shape with
a non-circular cross-section. The bifurcation condition for the lowest (most likely) mode is
given by [1]:

g≡Ŵλθλθ
= 0. (3.19)

The membrane remains stable with regards to prismatic bifurcation if g remains positive,
and unstable if g becomes negative. This condition has also been derived in [15] and in its
follow-up work [15], the study has been extended to thick-walled cylinders. For the strain
energy density function, the function g in (3.19) becomes:

g = µvq

λ6
θλ

4
zv

4
3 (αk − k + 1)

[
(2α2v4 + 2α2λ8

θλ
4
z + 3αλ2

θλ
2
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8
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4
zv

2
3 − 4α2λ4

θλ
2
zv

2)k

× exp
(
α
[
I1

v
2
3

− 3
])

+ 3λ2
θλ

2
zv

8
3 (1 − k) + λ6

θλ
4
zv

2
3 (1 − k)

]
.

(3.20)
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Prismatic bifurcation of the neo-Hookean membrane

In the neo-Hookean treatment (k = 0) the prismatic bifurcation function becomes:

g = µvq

λ6
θλ

4
zv

4
3

[
3λ2

θλ
2
zv

8
3 + λ6

θλ
4
zv

2
3
]
. (3.21)

The shear modulus µ and the swelling field v are positive, so that (3.21) is zero if

3λ2
θλ

2
zv

8
3 + λ6

θλ
4
zv

2
3 = 0. (3.22)

Condition (3.22) cannot be fulfilled for positive values of the stretches λθ, λz, λθ > 0, so
that we can conclude that the neo-Hookean cylinder remains stable with regards to prismatic
bifurcation. This result has also been obtained, for example, by Al-Chlaihawi et al. [77].

Prismatic bifurcation of the Demiray membrane

In the Demiray treatment (k = 1), the prismatic bifurcation function becomes:

g =
µvq exp

(
α
[
I1

v
2
3

− 3
])

λ6
θλ

4
zv

4
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(3.23)

which is zero if
λ8
θ + 1

2
v

2
3

α
λ6
θ − 2v

2

λ2
z

λ4
θ + 3

2
v

8
3

αλ2
z

λ2
θ + v4

λ4
z

= 0. (3.24)
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Figure 3.2: Values of the normalized prismatic bifurcation function g′ = g/µ as given by (3.23)
vs λθ, for λz = 1, q = 2

3 , and v = 1. This diagram shows results that, in turn, are
associated with values P ≥ 0 as given by the pressure inflation relation (3.9). The
bold curve corresponds to α → 0.00 (neo-Hookean response), and the thin solid curve
to α = 0.25. The dotted lines between these two curves are associated with increments
∆α = 0.05.

Figure 3.2 depicts normalized values of g, g′ = g/µ, as given by (3.17) versus λθ for q = 2
3 ,

λz = 1 and v = 1. The values given by the curves obey P ≥ 0 in the pressure inflation relation

21



Soheil Moradalizadeh

(3.9). The curves remain positive for α > 0, and the azimuthal stretch λθ takes values that
are larger than one. In the limit α → 0, the prismatic bifurcation function (3.23) for the
Demiray model approaches the prismatic bifurcation function of the neo-Hookean given in
(3.21), and one can conclude that

lim
λθ→∞

[
lim
α→0

g

µ

]
= 1. (3.25)

It follows that prismatic bifurcation is not feasible for Demiray model. The results from
this section show that prismatic bifurcation does not occur for the herein-considered type of
loading, and therefore this instability mode will not be further studied in this research (also
see the discussion in [69] regarding a neo-Hookean solid).

3.3.3 Bending Bifurcation
It has been shown that the bending bifurcation occurs in the limit when [1],

h ≡ σθθ − 2σzz = 0, (3.26)

where σθθ and σzz are the normal Cauchy stresses in azimuthal and axial directions that have
been presented in (3.8). If h < 0, then the membrane remains stable, whereas for h > 0 the
membrane is unstable. For the strain energy density function W in (3.10), the function h in
(3.26) becomes:

h = µvq
(λ4

θλ
2
z − 2λ2

θλ
4
z + v2)

λ2
θλ

2
zv

5
3 (αk − k + 1)

(
αk exp

(
α
[
I1

v
2
3

− 3
])

− k + 1
)
. (3.27)

Because
αk − k + 1 > 0 and

αk exp
(
α
[
I1

v
2
3

− 3
])

− k + 1 > 0 if α > 0
(3.28)

we can conclude that the bifurcation limit h = 0 in (3.27) is obtained when the condition:

λ4
θλ

2
z − 2λ2

θλ
4
z + v2 = 0 (3.29)

is fulfilled. This condition (3.29) depends on the azimuthal stretch λθ, the axial stretch λz
and the swelling field v, but it is independent of both α and k. It is interesting to note the
following conditions for the onset of bending: if the axial stretch remains constant at λz = 1
and the cylinder inflates (λθ ≥ 1), then the material has to deswell (0 < v < 1) to remain
stable; while if λz > 1, then the material may also remain stable for slightly swollen materials
(v > 1).

3.4 Competition between the Onsets of the Different
Bifurcation Modes

Articles that treat the bifurcation of inflated cylinders are often devoted to a single instability
mode, and they often ignore that a certain type of bifurcation may trigger other bifurcation
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modes. Desena-Galarza et al. [97] study the competition of bulging and bending bifurcation
in residually stressed tubes under inflation and extension, but swelling effects are not part of
that work.

In this section, we consider the isotropic energy density form W in (3.5) that accounts
for swelling, and we compare different conditions that trigger the onsets of the different
bifurcation modes that have been discussed in Section “Bifurcation Modes of the Isotropic
Membrane".

3.4.1 Impact of Swelling on the Occurrence of Bifurcation Modes

We compare the conditions that lead to the onset of bulging bifurcation function f = 0 and
the bending bifurcation function h = 0 for an inflated tube.
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Figure 3.3: Competition between the onsets of the different bifurcation modes. The red curves
depict the results for bulging bifurcation function f , where positive values indicate
a stable inflation with regards to bulging. The blue curves depict the results for the
bending bifurcation function h, where negative values represent stable inflation with
respect to bending. Panel (a) is for k = 0 (neo-Hookean response); panel (b) is for
k = 0.25; panel (c) is for k = 0.50; panel (d) is for k = 0.75; panel (e) is for k = 1
(Demiray model). The results are for an axial stretch of λz = 1 and for three values for
the swelling parameter v, namely for v = 0.75 (deswollen material), for v = 1, and for
v = 1.25 (swollen material). The curves are restricted to values for which the inflation
pressure is non-negative, P ≥ 0, with α = 0.25, and q = 2/3. The legend in panel (e)
applies to all other panels of this figure, too.

Figure 3.3 depicts some results for an inflated tube with λz = 1 and three values of v,
namely, v = 0.75 (deswollen material), v = 1 (unswollen material), and v = 1.25 (swollen
material). The panels in this figure consider q = 2

3 and different values for k. As before, we
apply the normalizations f ′ = f

µ2 and h′ = h
µ
.Note that the thresholds between stable and

unstable inflation, f = 0 and h = 0, are independent of q for a given v and µ. This scenario
would change for other constituents such as fibers, for instance. The results for the different
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bifurcation modes can be summarized as follows: There are two values for f = 0 in the
depicted range for the azimuthal stretch λθ. The one associated with the smaller value of λθ
gives the onset of bulging. With respect to that solution, results show that increasing values
for swelling v may shift the bulging bifurcation condition f = 0 to larger and potentially
less relevant values of the azimuthal stretch λθ. This means that swelling may stabilize the
tube against bulging bifurcation. The other solution of f = 0 just indicates that there are
configurations for greater values of λθ that are stable with regard to bulging, which means
that propagation of this instabilty mode maybe axial (see also [77,78]). When larger values
of k are taken so that the Demiray material characteristics dominate bulging bifurcation will
not occur, i.e., the function f is positive. The bending bifurcation function h shows that
for swelling (v ≥ 1) the tube becomes unstable, whereas deswelling (v < 1) stabilizes the
tube to bending bifurcation. This result has also been obtained for a neo-Hookean material
in [69]. This observation can be made for all values of k. If we compare the behavior of the
bifurcation functions for increasing values of k so that the Demiray characteristics dominate
the elastic behavior, then bending bifurcation for a swollen material (v > 1) remains the only
relevant instability mode. This observation allows us to pay attention to bending and bulging
bifurcation modes only.

3.4.2 Simultaneous Occurrence of Bulging and Bending Bifurcation
Results from the previous section show that swelling stabilizes the material to bulging
bifurcation, whereas deswelling stabilizes the material to bending bifurcation. This implies
that for certain volume changes both the bulging bifurcation condition f = 0 and the bending
bifurcation limit h = 0 may occur simultaneously at the same instant of the inflation process.
This phenomenon will be studied in the present section, where attention is paid to the role
of λz. Figure 3.4 shows values for the swelling v and the azimuthal stretch λθ that fulfill
f = 0 (bulging bifurcation, red curves) and h = 0 (bending bifurcation, blue curves), taking
α = 0.25, and different values for k. Results are restricted to the smallest value of λθ that
together with a particular value of swelling v obey f = 0. The different panels present the
results for different values of the axial stretches. If a red and a blue curve intersect, then
f = h = 0 so that both bulging and bending occur simultaneously. For k = 0 and k = 0.25,
one can find intersections of red and blue curves, whereas for k = 0.5 such intersections do
not occur. Note that bending bifurcation h = 0 is independent of k. When blue curves are
compared in the different panels, one can summarize the following observations regarding
stability with regard to bending: Greater values of λz are associated with greater values of
v for bending to occur. In addition, values of v can be greater than v = 1 for values of the
axial stretch greater than λz = 1. Greater values of λz are associated with greater values of
λθ for bending to occur. These greater values of λθ may have lower relevance for practical
applications.

3.4.3 Bulging and Bending Bifurcation for Different values of Axial
Stretch and Swelling

In the previous section, the axial stretch λz has been held fixed in each example in order to
illustrate the impact of swelling on the initiation of the different bifurcation modes.
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Figure 3.4: Locus of (λθ, v) pairs that obey f = 0 and h = 0 for α = 0.25, and different values of
k, which in turn obey that P > 0. Panel (a) is for λz = 0.8; panel (b) is for λz = 0.9;
panel (c) is for λz = 1; panel (d) is for λz = 1.1; panel (e) is for λz = 1.2; panel (f) is
for λz = 1.3. Notice that the bending bifurcation limit h = 0 is independent from k.

This section explores combinations of values of the azimuthal stretch λθ and the axial
stretch λz for which bulging bifurcation and bending bifurcation are possible for a given value
of v. Figure 3.5 depicts λz vs. λθ for different values of v that fulfill the bulging bifurcation
condition f = 0 (red curves) and the bending condition h = 0 (blue curves). Panel (a) is
for k = 0 (neo-Hookean response); panel (b) is for k = 0.25; while panel (c) is for k = 0.50,
in all panels with α = 0.25 . Some red curves for bulging bifurcation, f = 0, show that
there can be up to two azimuthal stretch values λθ that correspond to an axial stretch λz in
the selected range of the parameter values. The interpretation of this result has been given
previously. As it has been shown in (3.29), the bending bifurcation limit h = 0 is independent
of k, whence, all panels show the same results for h = 0. If red and blue curves in the same
linestyle intersect, then, both, bulging and bending, occur simultaneously.
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Figure 3.5: Locus of (λθ, λz) pairs that fulfill the bulging bifurcation condition f = 0, red curves,
and the bending condition h = 0, blue curves. Panel (a) is for k = 0 (neo-Hookean
response); panel (b) is for k = 0.25; panel (c) is for k = 0.50; in all panels with α = 0.25
and for different values of v, among them v = 0.75 (deswollen material), v = 1, and
v = 1.25 (swollen) material. Results are restricted to values for which the inflation
pressure is non-negative, P ≥ 0.

For values of k sufficiently large, red and blue curves do not intersect. It follows that
bulging and bending do not occur simultaneously.

3.5 Stable Inflation of Pressurized Cylinders
The previous examples have identified different combinations of cylinder deformation and
material parameters for which the inflation remains stable with regard to the herein-considered
bifurcation modes. Nevertheless, different scenarios can be viewed and just a few examples
can be: (a) a cylinder may have been subjected to an increasing inner pressure while all
other parameters remain constant; (b) the material parameters may be changed due to
remodeling processes in the material; (c) the cylinder may have been subjected to swelling; (d)
a combination of these phenomena may occur, for example, during remodeling processes inside
a mechano-sensitive material (see, e.g. Topol et al. [98]) or in swelling-regulated processes
(see, e.g. Gou et al. [85, 87]).

In this section, we consider inflation of a swollen (or deswollen) cylinder, in which the
change in the material volume has taken place before pressurization is considered. The
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different examples illustrate how changes in the specifications for the material parameters and
swelling may affect either bulging or bending as the relevant bifurcation mode that disrupts
the stable inflation. The role of the axial stretch in the pressure-inflation relation is illustrated
for λz = 1 and λz = 1.1.

3.5.1 Stable Inflation for λz = 1
Figure 3.6 depicts the relation between (normalized) inflation pressure P and azimuthal
stretch λθ, for λz = 1, q = 2/3, and α = 0.25. Each curve in each panel is for a given value
of v, which is v = 0.05 (most left curves) and v = 0.95 (most right curves), and in between
with increments ∆v = 0.05. A red curve indicates that the stable inflation is interrupted by
bulging bifurcation, whereas a blue curve indicates that the stable inflation is interrupted by
bending bifurcation. The values of k are selected to illustrate the sensitivity of bifurcation to
slight changes in the material constitutive parameters. Panel (a) is for k = 0.0 (neo-Hookean
response), and it shows that for small values of swelling the inflation process is interrupted
by bulging bifurcation, whereas for larger values of v it is likely that bending occurs. For
k = 0.1, k = 0.2, and k = 0.3 in the panels (b)-(d), bending bifurcation occurs at the smaller
and greater values of v, whereas for values of v in between bulging bifurcation occurs. For
sufficiently large values of k bending bifurcation is the relevant instability mode. This is in
agreement with Fig. 3.3.

3.5.2 Stable Inflation for λz = 1.1
Figure 3.7 depicts the relation between (normalized) inflation pressure P and azimuthal
stretch λθ, for λz = 1.1, q = 2/3, and α = 0.25. Again, a red curve illustrates that stable
inflation is interrupted by bulging bifurcation and a blue curve indicates that stable inflation
is interrupted by bending bifurcation. One can note some differences between the results
shown in Fig. 3.6 and the ones given in Figure 3.7. For λz = 1.1, the inflation can be stable
with regard to bending and bulging for a swollen material (v > 1), as opposed to the situation
in which λz = 1. In particular, this is shown with different curves of v, which we remind is in
the range of v = 0.05 (most left curves) and v = 1.30 (most right curves), with increments
of ∆v = 0.05 between the different curves. The curve for the unswollen material v = 1 is
highlighted by the use of a dashed linestyle. In addition, in Fig. 3.7, the curves are associated
with larger values of λθ than the ones shown in Fig. 3.6, i.e. a stable inflation can take larger
values of λθ for λz = 1.1.A closer look at both Fig. 3.6 and Fig. 3.7 allows to establishing the
following:

In Fig. 3.7 (c) the (first four) curves for v = 0.05, v = 0.1, v = 0.15, and v = 0.2 are
interrupted by bending before bulging becomes the relevant instability mode while in Fig. 3.6
(c), the (first three) curves for v = 0.05, v = 0.1, and v = 0.15 are interrupted by bending. In
Fig. 3.7 (c) for sufficiently large values of v the stable inflation is again disrupted by bending
bifurcation. In Fig. 3.7 (c), the swelling field may take values that are larger than v = 1
during a stable inflation, whereas in Fig. 3.6 a stable inflation is just possible for a deswollen
material (0 < v < 1).
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Figure 3.6: Curves give values between pressure P (normalized to P ∗ = PR/[Hµ]) and azimuthal
stretch λθ for λz = 1, q = 2/3, α = 0.25, and selected values of k: panel (a) k = 0.0,
panel (b) k = 0.1, panel (c) k = 0.2, panel (d) k = 0.3, panel (e) k = 0.5, panel (f)
k = 1.0. The different curves are for v in the range of 0.05 (most left curve in each
panel) and 0.95 (most right curve in each panel), taking increments of ∆v = 0.05.
The curves are restricted to conditions that ensure stability with regard to bulging
and bending. A red curve illustrates that stable inflation is interrupted by bulging
bifurcation and a blue curve indicates that stable inflation is interrupted by bending
bifurcation.

In Fig. 3.7 (d) the (first five) curves for v = 0.05, v = 0.1, v = 0.15, v = 0.2, and v = 0.25
are interrupted by bending before bulging becomes the relevant instability mode, whereas in
Fig. 3.6 (d), the (first four) curves for v = 0.05, v = 0.1, v = 0.15, and v = 0.2 are interrupted
by bending. In the bottom panels (e) and (f) of both Fig. 3.6 and Fig. 3.7, the Demiray
characteristics become sufficiently dominant so that the illustrated stable inflation processes
are disrupted by bending bifurcation.
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Figure 3.7: Relation between the normalized inflation pressure P ∗ = PR/[Hµ]) and λθ. All
parameters are the same ones taken previously in Fig. 3.6, except that now the axial
stretch is λz = 1.1. The different curves are for v in the range of 0.05 (most left curves)
and 1.30 (most right curves), taking increments of ∆v = 0.05. The curve for v = 1
is highlighted using a dashed linestyle. A red curve illustrates that stable inflation is
interrupted by bulging bifurcation and a blue curve indicates that stable inflation is
interrupted by bending bifurcation.

3.5.3 Normal Stress Distribution for λz = 1.1
We turn our attention to the Cauchy normal stresses σθθ in azimuthal direction and σzz in
axial direction during inflation of the cylinder in its stable phase (prior to bifurcation). The
substitution of W into (3.8) gives:

σθθ = λθµv
q−2/3

2v[1 − k + αk]

[
2λθ − 2v2

λ3
θλ

2
z

] {
[1 − k] + αk exp

(
α
[
I1

v
2
3

− 3
])}

σzz = λzµv
q−2/3

2v[1 − k + αk]

[
2λz − 2v2

λ2
θλ

3
z

] {
[1 − k] + αk exp

(
α
[
I1

v
2
3

− 3
])}

.

(3.30)
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The cylinder is inflated due to an inner pressure while it remains stable with regards to
bulging and bending for λz = 1.1. Figure 3.8 shows values of σθθ/µ (blue curves) vs. λθ and
values of σzz/µ vs. λθ (red curves) for different values of α and v.

 0

 1

 2

 3

 4

 5

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.25,   v=0.8,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(a)
 0

 0.5

 1

 1.5

 2

 2.5

 0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.25,   v=1.0,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(b)
 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.05  1.1  1.15  1.2  1.25  1.3  1.35

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.25,   v=1.2,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(c)

 0

 1

 2

 3

 4

 5

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.50,   v=0.8,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(d)
 0

 0.5

 1

 1.5

 2

 2.5

 0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.50,   v=1.0,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(e)
 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.05  1.1  1.15  1.2  1.25  1.3  1.35

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.50,   v=1.2,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(f)

 0

 1

 2

 3

 4

 5

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.75,   v=0.8,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(g)
 0

 0.5

 1

 1.5

 2

 2.5

 0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.75,   v=1.0,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(h)
 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.05  1.1  1.15  1.2  1.25  1.3  1.35

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=0.75,   v=1.2,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(i)

 0

 1

 2

 3

 4

 5

 0.8  0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=1.00,   v=0.8,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(j)
 0

 0.5

 1

 1.5

 2

 2.5

 0.9  1  1.1  1.2  1.3  1.4  1.5

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=1.00,   v=1.0,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(k)
 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.05  1.1  1.15  1.2  1.25  1.3  1.35

σ
θ

θ
/µ

, 
  

σ
z
z
/µ

λθ

k=1.00,   v=1.2,   λz=1.1,   α∈[0.0, 1.0],   ∆α=0.2

σθθ/µ
σzz/µ

(l)

Figure 3.8: The cylinder is inflated due to an inner pressure and it is axially stretched with λz = 1.1
while it remains stable with regard to bulging and bending. Results show values of
σθθ/µ (blue curves) vs. λθ and σzz/µ vs. λθ (red curves) for different values of α and
v together with q = 2/3. In particular, each curve is for a value of α: dashed curves
are for α = 0, neo-Hookean behavior, while the other curves are for different values of
(increasing) α ∈ [0, 1], with increments ∆α = 0.2. The curves for larger stresses are for
larger values in α. The top panels (a), (b), (c) are for k = 0.25, the second row (d),
(e), (f) is for k = 0.5, the third row (g), (h), (i) is for k = 0.75. The left panels (a), (d),
(g), (j) are for v = 0.8 (deswollen material), the center panels (b), (e), (h), (k) are for
v = 1, and the right panels (c), (f), (i), (l) are for v = 1.2 (swollen material).

Note that the curves for the azimuthal stresses have the initial value σθθ = 0, whereas the
initial value for the axial stresses will vary due to the axial stretch λz and the parameters
α, k. Due to the isotropic material characteristics we obtain σθθ = σzz when λθ = λz = 1.1.
From these panels we can make the following observations: The results show that the largest
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stress values in stable inflation are obtained for the deswollen material (left panels (a), (d),
(g), (j)), whereas in the swollen material, the normal stresses remain relatively small (right
panels (c), (f), (i), (l)). By taking larger values for k, larger values of the normal stress may
occur. This effect becomes obvious when results from top panels (a), (b), (c) are compared
with results shown in the other panels.

3.6 Chapter summary
This chapter focuses on the bifurcation of an inflated and extended swellable isotropic
cylindrical membrane, in particular, the material is a combination of the neo-Hookean and the
Demiray models. This model, or special cases, found its use in the modeling of various types
of soft tissue in which swelling is important but was not considered. Here, the models have
been modified to account for swelling and this has important implications in biomechanics,
among other applications. Anisotropic effects, for example, due to embedded fibers, have been
ignored to highlight the complex bifurcation response of just the purely isotropic material
during inflation. It is interesting to note that for the herein considered isotropic model the
limiting values f = 0, g = 0, and h = 0, are independent of q. Nevertheless, if fibers would
reinforce the isotropic component, then the ratio of the material stiffness of the different
components (ground substance and fibers) and therefore the parameter q would influence the
bifurcation of the overall material. This analysis is a preliminary step prior to considering
fibers that are embedded in an isotropic ground substance, which may lead to a large variety
of bifurcation phenomena due to the elastic fiber properties and the fiber arrangement in the
ground material [99,100]. In the framework of this chapter, a change in mechanical properties
with time has been neglected. In the context of biological tissue, such time-dependent
phenomena may be the results of viscoelastic effects and remodeling effects. Such remodeling
effects, for example in the collagen structure, may be mechano-sensitive [98, 101]. Some
current reviews discuss the underlying phenomena that lead to tissue remodeling in detail (see,
e.g., [102–104]). The considered material model is purely elastic, an idealization is applicable
when for example the dissipation of energy is negligible for the considered time-scale. Soft
tissue consists of a solid and liquid phase so that the material behavior will reveal viscoelastic
behavior [105, 106]. Ehlers and Markert [107] present a model that is based on the theory
of porous media for the modeling of soft hydrated tissues. It is clear that many parameters
affect the behavior of soft tissue and this paper has shown the complexity and the variety
of results related to bifurcation with some of these parameters for an isotropic material.
The herein-applied membrane treatment often allows for studying bifurcation phenomena
analytically. Nevertheless, different comprehensive understanding of the different bifurcation
modes can only be studied in the context of thick-walled tubes, for example, when residual
stresses are considered [67, 68]. The presented results may be helpful in the planning of
more complex numerical treatments, which will invoke larger computational resources. These
results can also be useful for the design and planning of experiments that aim to investigate
the initiation of bulging and bending in inflated tubular structures [8, 108].
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Chapter 4

Computational modeling of bulging
and bending bifurcation of
residually-stressed cylindrical tubes

4.1 Introduction
Geometric instabilities of under-stressed thin- and thick-walled cylindrical tubes have drawn
the attention of researchers in the last few years. In this regard, numerous studies have been
done on the application of such structures to the constitution and propagation of aneurysms
in arterial wall tissues [109–123]. Stress is expected to be a homoeostatic objective of the
standard vessel. However, an aneurysm has a highly degenerative wall, and the biological
mechanisms to re-model towards homoeostatic stress are damaged, resulting in a pathological
re-modeling of the structural proteins. Apart from the geometrical characteristics of the tubes,
the formation of aneurysms contains various biomechanical factors, namely, cell degradation,
age, heterogeneity of the material, biochemical reactions, and anisotropy. Nevertheless, the
mechanical modulation of this process should be profoundly investigated to be included later
in biochemical applications.

Furthermore, geometric nonlinearities of hyperelastic cylindrical extended tubes subjected
to internal pressure lead to a bifurcation phenomenon corresponding to a critical state of
stability. These instabilities develop various shape modes, the most important of which are
bending and bulging modes, and cannot be described by any linear theorem. The development
in providing solutions to bifurcation and post-bifurcation problems is a framework that
demands attention to prompt new perspectives in scientific and professional fields. The
investigation into the behavior of cylindrical tubes during bifurcation and post-bifurcation
has attracted significant attention in many biomechanical application fields and other sectors
of practical interest. Analytical solutions for the bifurcation are proven to provide insight into
the physical interpretation of the problem. Various studies in this direction have concluded
that the modes of bifurcation are the so-called prismatic mode, bulging mode, and composite
mode [1, 15,31].
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It has been shown that bulging in tubes is usually the result of load instability [82,124,125].
In addition, should the ends of the tube be open transversely, localized bulging can happen even
without a pressure limit [126,127]. Generally, localized bulging is related to the bifurcation
phenomenon, often commenced prior to or at the onset of the limit load. Furthermore, the
stability limit is always associated with the onset of a localized bulge for an infinite or long
tube. Several authors have investigated a bifurcation phenomenon [15, 50], in which the zero
mode is considered to be sinusoidal with axisymmetric deformations, contrary to the findings
of Fu et al. [127] that considered the zero modes not to be sinusoidal.

Multiple experiments have concluded that a non-loaded artery is still stressed, see [128,129]
and references therein. Thus, conditions such as homeostasis, which is a biological procedure
that conserves key regulated variables near different preferred values maintained by living
systems, are affected by residual stresses. Also, it is well known that residual stresses in
arterial walls arise due to growth and development [109,130].

In this regard, precise representations of the theoretical models are required to fully
capture the behavior of residually-stressed cylindrical tubes [31, 131]. Investigation of the
behavior of an inflated and extended tube without the existence of residual stresses in the
context of periodic perturbations is reported in [15,127,128,132]. Unfortunately, analytical
approaches demand complex mathematical machinery and are only available for relatively
simple cases.

Moreover, there is no analytical method for predicting the mechanical behavior of the
tubes undergoing bifurcation, highlighting the necessity to consider alternative approaches.
Thus, numerical procedures using the finite element method (FEM) were developed. However,
the occurrence of the bifurcation phenomenon within the context of the finite element method
(FEM) results in a convergence issue. To overcome such problems, the Riks-based approach
was efficiently employed [19], through which the instabilities are modeled as an unknown
variable, and the solution is developed using the so-called arc length parameter. In this
approach, the load-displacement path is considered as a constraint. Following [9, 97], in this
paper, ABAQUS finite element software is used with the built-in arc-length method.

Recently, an invariant-based free energy approach has been utilized to model the effects
of residual stresses in different analyses [31, 97, 133]. By exploiting the advantages of this
framework, the bulging and bending bifurcation, as well as post-bifurcation of cylindrical
tubes under inflation, extension, and torsion were analyzed in [7, 9, 128, 134]. The initial
stresses imposed inside the tubes in the mentioned studies were independent of the axial
location, while there was no residual shear stress. Regarding the fact that the axial stretch is
taken to be constant for the tube, the location of the bulge along the axial direction cannot
be defined, indicating that the status of the bulge is independent of the altitude in the given
tube.
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residually-stressed cylindrical tubes

4.2 Equilibrium equations

It is considered that the material is composed of an in-compressible isotropic hyperelastic
material, whose mechanical behavior is described by a strain-energy function. The nominal
stress in the reference configuration is provided by (2.5) and the Cauchy stress in the current
configuration is provided by (2.6). Moreover, the mechanical response of the body is considered
to be according the standard neo-Hookean material law by:

ψ = µ

2
(
λ2
r + λ2

θ + λ2
z − 3

)
= µ

2 (I1 − 3) (4.1)

where µ is the material’s shear modulus, and I1 = λ2
r + λ2

θ + λ2
z is the first invariant of

the right Cauchy-Green deformation tensor C. To take the effects of residual stresses into
account, it is assumed that residual stress field exists inside the material body Bt in the
absence of body forces and surface tractions on the boundary ∂Bt. Concretely, a non-uniform,
symmetric second order tensor σ0, satisfying the linear and angular equilibrium, is considered
to characterize the residual stress field, i.e.,

σ0 = σT
0 (4.2)

Note that it is assumed that the residual field is a prescribed quantity. Furthermore, a
feasible generalization of the strain-energy function of the body that encompasses both the
deformation gradient and the residual stress field is given by:

ψg = ψ(F ) + ψrs(F, σ0) (4.3)

in which ψrs(σ0) presents the residual counterpart of strain-energy. To constitute ψrs using
the invariant formulation, we use invariant I9 with the following expression:

ψrs(σ0) = f

2 (I9 − tr(σ0)) (4.4)

in which I9 = tr(σ0C). The Cauchy stress tensor takes the form of:

σ = 2W1B + 2W9Σ0 − pI

Wi = ∂ψ

∂Ii
i = 1, 9 (4.5)

in which B = F F T is the left Cauchy-Green deformation tensor, and Σ0 = F σ0F
T is the

push-forward Eulerian form for σ0. Generally, these conditions imply that the residual stress
field induces anisotropy on the mechanical response. In literature [7, 135], it is presumed that
for a given circular cylindrical geometry, only azimuthal σ0θθ and radial σ0RR components of
the residual stress tensor have a significant effect on the deformation of the body. Under those
circumstances, the boundary conditions and the equilibrium in the cylindrical coordinate
system take the forms:

σ0RR = 0 on R = A,B (4.6)
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∂σ0RR

∂R
+ 1
R

(σ0RR − σ0θθ) = 0. (4.7)

Furthermore,

σ0RR = αr (R − A) (R −B) (4.8)

is chosen for the radial normal components of the residual stress tensor, which satisfies (4.6);
the residual strength parameter αr has the units of stress per length squared. Equation (4.7)
can be utilized to determine the azimuthal component of residual stress field σ0θθ.

A three-dimensional residual stress distribution has been applied in [97], which is sym-
metric along the axial orientation of the cylinder with respect to the middle surface of the
tube. The present work adopts the phenomenological general three-dimensional residual stress
tensor models in [7] and [97]. The residual stress components in the cylindrical coordinate
system have the form of:

σ0RR = αr (R − A) (R −B)
σ0θθ = αr

[
3R2 − 2(A+B)R + AB

]
+ αd

[
(R − A)(R −B)(12Z2 − 12ZL+ 2L2)

]
σ0RZ = αd

R

[
(R − A)(R −B)(4Z3 − 6Z2L+ 2ZL2)

]
σ0ZZ = −αd

R

[
(2R − A−B)(Z(L− Z))2)

]
σ0Rθ = σ0θZ = 0

(4.9)

in which the (second) residual stress parameter αd has the units of stress per length to the
power of four. The two coefficients αr and αd will be applied in terms of two non-dimensional
parameters ᾱr and ᾱd,

αd = µᾱd
2L4

αr = µᾱr
2BT

(4.10)

where µ is a material parameter in the units of stress that can be understood as a shear
modulus.

Fig. 4.1. depict the variation of the residual stress components against the dimensionless
radius ξ assuming that ᾱr = 2ξ, ᾱd = 40, and Z = L/3 = 50.
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Figure 4.1: Residual stress components against radius ξ; the legend shows the value of thickness
ratio η = T/B; the arrow indicates the increasing value of η.

4.3 Initiation of bifurcation in thick-walled inflated
tubes

We recall that the bifurcation modes are categorized in three modes: 1) the prismatic form,
in which the increments of displacement are independent of the longitudinal movements, 2)
the bulging form, which assumes that δu is independent of θ, leading to a axisymmetric
displacement retaining the circular shape of the cross-section. 3) the bending mode, also
called the composite form, which is a general case with no assumptions interpreted as the
combination of bulging and prismatic modes. To capture the bending bifurcation mode, an
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analogy between a membrane and tube is used. For a membrane bending bifurcation, the
following equilibrium is assumed:

σθθ = 2σzz (4.11)

In the case of tube with a thickness, the average values of σzz and σθθ are used. Concretely,
the unstable state of bending bifurcation starts with σθθ > 2σzz [9].

4.4 Finite element analysis

In recent years, numerous analyses have explored boundary value problems within the realm
of stability theory [1, 15, 126, 127]. More recently, attention has turned to the bifurcation
of isotropic thick-walled cylinders [25]. Among the instability modes observed in stretched
pressurized cylinders, bulging typically emerges as the primary mode [25]. This bulging
bifurcation mode is determined by examining axisymmetric incremental displacements relative
to a deformed configuration, all of which maintain equilibrium. Consequently, incremental
displacements are negligible along the hoop direction and remain independent of the azimuthal
angle.

In this chapter, we employ a numerical approach to investigate the bifurcation and post-
bifurcation behavior of hyperelastic thick-walled cylinders inflated under pressure, utilizing
the modified Riks method. While analytical solutions have been established in literature
for particular scenarios involving specific material models, applied loads, and often idealized
geometries, our aim here is to present a unified methodology applicable to more general
conditions for predicting both bifurcation and post-bifurcation propagation. We demonstrate
that under the considered conditions, bulging instability propagates longitudinally. For this
purpose, the framework presented in section 4.2 is implemented into the finite element (FE)
package ABAQUS/standard through a user-defined material subroutine (UMAT), incorporat-
ing the initial residual stress state and hybrid almost-in-compressible formulation. For the
analysis, the deformation of the tube is considered as a function of various axial stretches λz
and different residual stress state categorized by ᾱr and ᾱd parameters.

4.4.1 Riks analysis: classic and modified method

In finite element analysis (FEA), both the Riks method and the modified Riks method are
numerical techniques used to solve nonlinear structural problems. While they share similarities
in their underlying principles, they also exhibit distinct characteristics that make each method
suitable for different types of nonlinear analyses. The Riks method, also known as the
arc-length method or the displacement control method, is a powerful numerical technique
used to solve nonlinear structural problems. It is particularly effective for analyzing structures
undergoing large deformations, buckling, or instability phenomena. Traditional methods for
solving nonlinear problems in FEA, such as the Newton-Raphson method, often encounter
difficulties when dealing with highly nonlinear or geometrically unstable systems. These
methods may struggle to converge or become computationally expensive, especially when the
structure undergoes large displacements or experiences snap-through behavior.
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The Riks method addresses these challenges by introducing an arc-length parameter into
the solution process. This parameter acts as a constraint on the incremental displacement
vector, ensuring that the solution path follows a smooth trajectory along the load-displacement
curve. By controlling the arc-length parameter, the Riks method can effectively trace the
equilibrium path of the structure, even in the presence of large deformations or geometric
instability. One of the key features of the Riks method is its ability to handle both stable and
unstable equilibrium paths. In cases where the structure undergoes buckling or snap-through
behavior, the Riks method can continue to trace the equilibrium path beyond these critical
points, providing valuable insights into the post-buckling behavior of the system.

On the other hand, the modified Riks method builds upon the foundation of the classic
Riks method but incorporates additional features to address certain limitations and enhance
computational efficiency. One key difference is that the modified Riks method employs a more
sophisticated arc-length control strategy, such as adaptive time-stepping or predictor-corrector
algorithms, to improve convergence and stability. This allows for more robust and efficient
simulation of highly nonlinear problems, especially those involving complex geometries or
material behaviors. Another important distinction is that the modified Riks method often
includes enhancements to handle contact, friction, or other types of nonlinear boundary
conditions commonly encountered in practical engineering applications. By incorporating
specialized algorithms for handling these boundary conditions, the modified Riks method can
accurately simulate the behavior of contact interfaces or frictional surfaces, which are crucial
in many structural analyses. Furthermore, the modified Riks method may offer additional
options for controlling convergence criteria or adjusting solution parameters, providing greater
flexibility in tailoring the analysis to specific engineering requirements. These refinements
make the modified Riks method a valuable tool for simulating a wide range of nonlinear
problems with improved accuracy and efficiency compared to the classic Riks method. Overall,
the Riks methods are particularly well-suited for analyzing structures subjected to static or
quasi-static loading conditions. It has been widely used in various engineering disciplines,
including aerospace, civil engineering, mechanical engineering, and bio-mechanics, to simulate
the behavior of complex structures under realistic loading scenarios.

In our approach, we begin by subjecting the cylindrical model to axial displacements,
effectively stretching it while maintaining its cylindrical shape by imposing hoop constraints.
Next, pressure is applied to observe both instability and post-critical behavior. The modified
Riks method incorporates two key elements: the load proportional factor (LPF) and the
arc length, which are further detailed in [2]. The arc length represents a measure of the
structure’s evolution, combining displacements and loads. Meanwhile, the load proportional
factor governs the applied load and has the potential to decrease. Notably, the Riks method
becomes less effective when the load proportional factor exhibits a monotonic increase.The
Riks scheme generates two parameters, namely, the load proportionality factor (LPF) and the
arc length. The former is a factor of the applied pressure such the total amount of applied
load is equal to the magnitude of internal pressure multiplied by the LPF. In an analysis, the
value of LPF rises until an instability occurs, causing a decrease in the LPF value. The arc
length parameter shows the evolution of the load-displacement path.
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4.4.2 Geometry, material model, and loading conditions

A double-layered cylindrical tube with the length of 150 mm and total thickness of 1 mm is
considered. The two layers have identical thickness and different inner and outer radius. The
inside layer has the inner and outer radius of 4.5 mm and 5.0 mm, respectively, while and
outer one has the inner and outer radius of 5.0 mm and 5.5 mm, respectively. The material
used for the tubes is the neo-Hookean isotropic hyperelastic constitutive model. To ensure a
smooth solution during loading, a minor imperfection must be introduced into the geometry,
as elaborated in the subsequent section. The pressure displacement formulation (hybrid) is
recommended when material behavior is in-compressible or close to in-compressible [136].
This is because the hybrid elements combine the advantages of different types of finite
elements to provide enhanced accuracy, efficiency, and versatility in solving a broader range of
engineering problems. The concept of hybrid elements involves incorporating multiple types
of interpolation functions within a single element, allowing for more flexible representations of
the solution field. This enables the element to adapt to various material behaviors. In addition
to their versatility, hybrid elements offer advantages in terms of computational efficiency.
By tailoring the element formulation to the specific characteristics of the problem, hybrid
elements can reduce the computational cost while maintaining high accuracy. Thus, three-
dimensional eight-node reduced integration solid elements with hybrid formulation C3D8RH
were used for the geometry discretization. Based on the previous investigations, various
meshing discretization were utilized in this study ranging from 200 to 300 elements in the
axial direction depending. For bending and bulging (i.e., restricted azimuthal displacements)
analyses, 64 elements in the circumferential direction in 4 layers are considered for each tube,
making it a total of 256 elements in the circumferential direction. Fig. 4.2 presents the details
of the meshing of the tubes.

Figure 4.2: Mesh discretization of the finite element model.

4.4.3 Analysis scheme
In the analyses, longitudinal displacements (axial stretch) constraints at the ends of the
cylinder are imposed. To capture the bulging instability, hoop displacements are prevented
during the analysis. One the other hand, no hoop restriction were imposed for bending
bifurcation. The bending and bulging analyses consist of three stages. First, the residual
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(initial) stresses are introduced to the finite element model utilizing the SDVINI subroutine.
The subroutine defines the initial stress values to the model using (4.9). For convenience,
the dimensionless parameter ᾱr and ᾱd are used to define the initial values. Based on the
previous literature [97], the values are set to ᾱd ∈ {−40, 0, 40} and ᾱr ∈ {−0.5, 0, 0.5}, see
Table 4.1.

Table 4.1: Values of residual stress parameters ᾱd and ᾱr for the analyses

case ᾱR ᾱd
1 0.5 40
2 -0.5 40
3 0.5 -40
4 -0.5 -40
5 0 40
6 0 -40
7 0 0
8 0.5 0
9 -0.5 0

These values are adjusted such that their effects do not cause any instability. Fig. 4.3
depicts the stress components across the thickness of the cylinder at Z = L/4.

Figure 4.3: Stress components along the thickness at Z = L/4 (Case 1)

Moreover, Fig. 4.4 shows the von Mises stress for the inner and outer layer of double-
layered cylinder. In the second stage, axial displacements are applied to one end, while
restricting the other end. It should be noted that in order to retain the circular cylindrical
cross-section, hoop displacements are prohibited. This process will introduce axial stretch to
the mode. Finally, an internal pressure is applied directly to the inner layer of the tube using
Riks analysis.
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(a) (b)

Figure 4.4: Von Mises stress for (a) the inner and (b) the outer layer, respectively, for a prestressed
double-layered cylindrical

To identify the bulging mode, the variation in hoop displacements (stretches) are monitored
in two points, one point inside the bulge and the other outside. The bulging mode identifies
when the profile of displacement of these two points differs more than 1% [97]. The azimuthal
displacement of the inside point increases as bulging progresses, while azimuthal displacement
of the other point decreases. In the case of bending mode, no restrictions are applied along
the length of the tube. Moreover, to identify the initiation of bending mode, a combination
of radial and azimuthal stretches is calculated to capture the lateral displacement, pointing
out the onset of bending mode. In this study, the first bending mode is captured, according
to Fig. 4.5.

Figure 4.5: First mode of bending bifurcation for double-layered cylindrical tube.

For each case, various internal pressure and axial stretches in the range of 1 ≤ λz ≤ 1.8 is
applied and studied. Also, the results are normalized for material constant µ/2.
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4.5 Finite element results

As stated in literature, the membrane conditions are identified for capturing the bifurcation
phenomenon. Also, it is stated that the instability mode is heavily based on the amount of
axial stretch [7,9]. Starting from the Case 1 in Table 4.1, where both ᾱr and ᾱd have positive
values, the values for Eq. 4.9, where the values are average stresses in the cross-section, are
shown in Fig. 4.6 against the arc length for (I) λz = 1 (dashed line), (II) λz = 1.4 (solid line).

Figure 4.6: Values of σθθ − 2σzz against the arc length for Case 1 for λz = 1.4 and λz = 1

Similar to the findings of [97], the values are negative for both, leading to the fact that
the bulging bifurcation is the main instability that is to be expected. In [97], the values of
σθθ −2σzz where slightly positive for λz = 1 for a one-layered tube. However, in this study, the
effect of having an extra layer produces negative results for σθθ − 2σzz, thus ensuring a bulging
bifurcation. Fig. 4.7 depicts step-by-step deformation history of the bulging bifurcation
associated with Case 1 for λz = 1.2.

Figure 4.7: Deformation history of the bulging mode for λz = 1.2 for Case 1

As it can be seen, the early stages the configuration of the tube is stable. On the other
hand, the initiation of bulging bifurcation is seen in stage 2. Stage 3 shows the post-bifurcation
configuration of the tube, which is radial propagation of the bulging. Furthermore, we turn
our attention to interesting bulging modes that is associated with a combination of the modes.
Our simulations pointed out that in double-layered cylinders, two other bulging phenomena
can appear in a simulation. It was shown in the findings of [7, 97] for one-layered tubes that
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bulging mode can appear at the ends of cylinder. In this study, similar results were extracted
as shown in Fig. 4.8, which is similar to [97]. Nevertheless, combinations of bulging modes
appear in the analyses of double-layered cylinders. The first combination is generated with
two radial expansions, Fig 4.9. The other is combination of the bulging in the middle of the
tube in the form of radial expansion and bulging modes at the ends, Fig 4.10. Interestingly,
the stated modes appear for λz = 1.2 with different values of ᾱr but ᾱd = 0. Also, Fig. 4.11
shows the values of LPF vs arc length for three bulging modes stated before for λz = 1.2 with
Cases 3, 8, and 9.

Figure 4.8: Bulging mode appearing at the ends of the tube for λz = 1.2 for Case 3

Figure 4.9: Combined bulging mode of the tube for λz = 1.2 for Case 8

Figure 4.10: Combined bulging mode of the tube for λz = 1.2 for Case 9
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Figure 4.11: Values of the LPF vs arc length for λz = 1.2 for Case 3, 8, and 9. Case 3 leads radial
bulging at the middle of cylinder, while Case 8 is associated with bulging at the ends
of cylinder. Case 9 is a combination of the two modes.

We turn our attention to the effects of ᾱr and ᾱd, and their sign on the location of bulging
bifurcation. For the sake of brevity, only notable results are given for double-layered cylinders
as follows. It was seen that the when ᾱd is negative, bulges develop at the ends of cylinder.
Moreover, when ᾱd is zero, combined bulges occur. Other results are in accord with the
findings of [97] for one-layered cylinders. Focusing on lower amount of axial stretch in order
to capture the bending bifurcation, we use the identical model with λz = 1.5 having the same
value for ᾱr but different values for ᾱd (Cases 1 and 3). Our analyses show that for lower
values of axial stretches, the bending instability happens first and then bulging bifurcations
follow. Fig. 4.12 shows the results obtained for these cases in terms of deformation instability
and σθθ − 2σzz along the tube’s length.
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(a) Bending bifurcation followed by bulging at the
ends for Case 1

(b) Bending bifurcation followed by bulging at the
ends for Case 3

(c) The value of σθθ −2σzz along the tube’s length for
Case 1, representing the moment along the length

(d) The value of σθθ − 2σzz along the tube’s length
for Case 3, representing the moment along the
length

Figure 4.12: Bending bifurcation mode for λz = 1.15

In Fig. 4.12a and Fig. 4.12b, the bifurcation instabilities of the cylinders are shown.
Concretely, the sign of ᾱd alters the instability location. Also, Fig. 4.12c and Fig. 4.12d
implicate the value of σθθ − 2σzz representing the bending moment causing the bending
bifurcation to peak in the middle of the tube’s length just before the bulging. Furthermore,
for the model associated with λz = 1.15 and ᾱr = 0.5 but ᾱd = 0, bulging instability occurred
after bending bifurcation, as shown in Fig. 4.13a and Fig. 4.13b. This is in accord with
the findings of [16, 76, 97], where it is stated that the ᾱr dominantly controls the bulging
bifurcation. Also, a history of σθθ − 2σzz along the tube’s length after bending bifurcation
and prior to bulging is shown in Fig. 4.13c and Fig. 4.13d.

Moreover, numerous analyses were conducted to draw a correlation between the different
cases presented in Table 4.1 and bulging bifurcation (in which the azimuthal displacements
are restricted) in variation with different axial stretches. The results of the analyses are
depicted in Fig. 4.14, showing the normalized inner pressure vs axial stretch (λz) at the
initiation of bulging instabilities for all the nine cases. As was stated in literature, the values
of inner pressure decrease as the axial stretches rise. Also, analyses with no displacement
restrictions were carried out to obtain the values of normalized inflation pressure against
the axial stretches resulting in bending bifurcations, see Fig. 4.15. Similar to one-layered
cylinders, ᾱr mainly control the instabilities, while the sign of ᾱd do not possess a significant
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impact on the bending bifurcation. Concentrating on the small values of axial stretch (λz), it
can be deferred that small values of (λz) leads to bending. For axial stretches higher than 1.2,
a bulging bifurcation is expected to occur.

(a) Deformation after bending bifurcation and prior
to bulging

(b) Deformation after bending bifurcation and at the
initiation of bulging

(c) The value of σθθ − 2σzz along the tube’s length
prior to bulging

(d) The value of σθθ − 2σzz along the tube’s length
after bending bifurcation and at the initiation of
bulging

Figure 4.13: Bifurcation mode for λz = 1.15 with ᾱr = 0.5 but ᾱd = 0

Figure 4.14: Values of normalized pressure pB/Tµ vs axial stretch. For cases with zero ᾱd, the
decrease in normalized pressure is lower compared with that of the other cases.
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Figure 4.15: Normalized pressure pB/Tµ vs axial stretches for different cases. Only the cases with
positive value of ᾱd is shown. Concretely, bending bifurcation is expected to occur
when the axial stretch is below 1.2.

Based on prior research in the literature, the abnormal deformations associated with
bulging or bending instabilities could results in developing abdominal aortic aneurysms (AAA)
and aneurysm rupture. Moreover, combined bulging instabilities as shown in Fig. 4.9 and
Fig. 4.10 were seen in double-layered cylinders. It is also seen that aneurysm would occur if
azimuthal displacements are prohibited. Furthermore, a transition from bending bifurcation
to bulging instability was observed for lower values of axial stretches, while higher values of
axial stretches lead to bulging instabilities.

4.6 Chapter summary

In this chapter, non-linear finite element analysis of double-layered cylindrical tubes including
residual stresses subjected to axial stretch and internal pressure were carried out to investigate
the application of mechanical and material aspect in developing abdominal aortic aneurysms
(AAA) and aneurysm rupture. In this regard, user-defined subroutines associated with
initial field conditions (SDVINI) and a strain energy function were utilized to incorporate
initial residual stresses into three-dimensional analysis. Moreover, the framework presented
in [97] were used that considers the axial and azimuthal stresses. Also, bulging and bending
instabilities regarding the axial stretches and initial condition were investigated. It was shown
that:

I) For large values of axial stretch, the axial stress is sufficiently large to produce bulging
instability rather than bending instabilities. Moreover, combined modes of bulging bifurcations
were observed for double-layered cylindrical tubes, which can aggravate the possibility of
developing of abdominal aortic aneurysms (AAA).

II) For axial stretches lower than 1.2, bending bifurcations were captured. Nevertheless,
for some initial conditions, bulging instabilities in the form of radial expansions follow after
the bending bifurcation occurs. This kind of behavior also leads to aneurysm rupture.
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III) In the cases where the initial condition ᾱd = 0, the internal pressure that causes the
instabilities decrease more rapidly when the axial stretch is higher λz than 1.2. Moreover, it
was deduced that the internal pressure is associated with both the initial condition and axial
stretch for λz ≤ 1.2. However, when λz > 1.2, the internal pressure is more related to the
axial stretch.

IV ) It was seen that the location of bulging bifurcation is dependent on the sign of ᾱd,
whereas in bending instabilities the sign ᾱr is the main role.
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Chapter 5

Helical buckling of anisotropic tubes
with application to arteries

5.1 Introduction
The identification of such instability modes with tubes under a finite torsion has attracted a
great deal of clinical attention in bio-medical fields. The onset of bifurcation and instability
patterns has been a recurrent topic which led to several different types of constitutive
models. Majorly, these investigations (on uncoupled problems) have been dealing with
non-linear aspects considering constitutive models that are defined in terms of invariants
of the right Cauchy–Green deformation tensor. Very recently, some studies incorporate
pre-stress. The distribution of initial stress plays an important role in driving the instability
at hand [7, 9, 97, 128, 134, 137–140, 140, 141, 141–144]. The influence of fiber orientation,
pre-stretch, and dispersion, as well as the interplay between these factors on the initiation
of buckling in a pressurized cylinder, has been studied in [145, 146]. Buckling of an artery
using a fiber-reinforced model is of interest here in this chapter [82,147–149]. In particular,
we investigate the helical bifurcation and post-bifurcation for a tube made of an anisotropic
hyperelastic model [150], which is supposed to behave like arterial tissue [151]. We augment
the strain energy of an isotropic material (in this case neo-Hookean model) with the reinforcing
model that depends on higher-order invariants denoted in the literature as I5 and I7 [150].
These invariants are related to fiber stretch and fiber shearing and have not been used under
the present circumstances. The free energy of our reinforcing model is taken as a quadratic
model. The constitutive model is implemented in a commercial finite element code ABAQUS
via user subroutine UANISOHYPER-INV. With the help of this routine, it is possible to
define the strain energy function of anisotropic materials as a function of an irreducible set
of scalar invariants. The model at hand is shown to describe the mechanics underlying the
propagation of the helical instability under various mechanical loading conditions. Nevertheless,
the proposed modeling framework is easily extendable to alternative material models and
applications. For example, as a straightforward extension, residual stresses and damage
variables can be included in future studies. The effect of inflation pressure on the stretched
and twisted tube is of primary interest here. This is a significant challenge to overcome when
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analyzing this problem. Mainly, boundary value problems can rarely be solved in a closed
form, and hence no analytical solution is available for the onset of bifurcation for a given
finite deformation boundary-value problem. Consequently, the self-contact interaction at
the outer surface and coupling between inflation, extension and twist must be solved using
numerical schemes with specified model parameters. In this communication, we focus on
the buckling of thick tubes under a finite torsion using the commercial finite element code
ABAQUS using Riks and quasi-static procedure. The present research builds on the research
work cited previously with a twofold objective: (1) the identification of critical pressure and
torque for a given loading; (2) the interplay of pressure, axial loading, and twist on buckling
modes and identification of the shape of (intermediate) deformation patterns. In this chapter,
the details of main equations including the constitutive framework consisting of the energy
contribution from the neo-Hookean and the reinforcing model in the spirit of [150] is presented.
The material model follows the invariant-based phenomenological approach, which allows
writing the constitutive model in a simple manner. Next, a critical pressure and torque
following the static analysis procedure are identified under different loading conditions. After
introducing the geometric imperfection to facilitate the propagation of the buckling mode we
analyze post-bifurcation for different values of the axial stretch. Moreover, a presentation of
the quasi-static numerical analysis for the extension–inflation–twist at a value of pressure
to capture the critical bifurcation torque is shown. Different scenarios considering internal
pressure and axial stretch are investigated as parameters to understand the effect of lumen
pressure on bifurcation modes and post-bifurcation. The dependence of bifurcation on different
loading and chosen constitutive and geometrical parameters are illustrated and compared.

5.2 Description of the problem: Material, geometry,
and kinematics

Here we introduce the main equations and the description of the problem at hand (see [152]
and [153] for further details).

Consider a cylindrical tube made of hyperelastic material with an initial inner radius
A, outer radius B, and axial length L. The wall thickness is T = B − A. A representative
material point in the reference B0 and deformed configurations Bt has the cylindrical polar
coordinates X = (R,Θ, Z) and x = (r, θ, z), respectively.

X = RER(Θ) + ZEZ

A ≤ R ≤ B

0 ≤ Θ ≤ 2π
0 ≤ Z ≤ L

(5.1)

in which ER, EΘ and EZ are unit vectors in the indicated direction. The tube deforms
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keeping its cylindrical geometry. In x ∈ Bt, the general form of the tube can be expressed as:

x = rEr(θ) + zEz

a ≤ r ≤ b

0 ≤ θ ≤ 2π
0 ≤ z ≤ l

(5.2)

where er, eθ, and ez are unit vectors in the deformed configuration and the deformed
length of the cylinder is identified by l.

Consider firstly just inflation and extension of the tube. Under the conditions at hand,
one can consider an in-compressible, anisotropic, and nonlinear elastic material with two
preferred directions, defined by unit vectors M and M ′, in which one fiber is distributed
with unit vector M given by the orientation ϕ relative to the Z-axis whereas the other fiber
is distributed with unit vector M ′ given by the orientation −ϕ. In vector form, it takes
the following form M = (0, sin(ϕ), cos(ϕ) and M ′ = (0, sin(−ϕ), cos(ϕ) . For simplicity,
we assume that the free energy function depends on I1, I5, and I7, and it is represented
mathematically as:

W (I1, I5, I7) = c(I1 − 3) + g

2
∑
i=5,7

(Ii − 1)2 (5.3)

with c and g as constitutive parameters of the model while the deformation invariants
are defined as:

I1 = (tr)C , I5 = M (C2M ) , I7 = M ′(C2M ′) (5.4)

The invariants I5 and I7 are related to both fiber stretch and shearing [28]. In terms of
stretches, these invariants are expressed as:

I5 = I7 = λ4
z cos2(ϕ) + λ4

θ sin2(ϕ) (5.5)

The Cauchy stress tensor for the chosen model is given by:

σ = −qI + 2W1b

+ 2W5(F M ⊗ bF M + bF M ⊗ F M)
+ 2W7(F M ′ ⊗ bF M ′ + bF M ′ ⊗ F M ′)

(5.6)

where Wi = ∂W
∂Ii

,(i = 1, 5, 7) and q is the hydrostatic pressure under the assumption of
incompressibility. For completeness, we indicate that when torsion is additionally applied
(see [138,154]), the deformation gradient is calculated explicitly (as long as the cylindrical
geometry is kept with the deformation) as:

F = λrer ⊗ ER + λθeθ ⊗ EΘ + λzez ⊗ EZ + λzγeθ ⊗ EZ (5.7)

where we have defined γ = ψr, in which ψ is the torsional deformation per unit deformed
length, and λr, λθ. and λz are the principal stretches in the radial, azimuthal and axial
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directions prior to application of the torsion. It is easy to check that under extension, inflation,
and positive shearing the invariants I5 and I7 are greater than one. Once the torsion is
applied λθ and λz are no longer principal stretches. Indeed, the application of the torsion will
change the cylindrical geometry, but in those analytical analyses (see [138]) several parameters
are adjusted accordingly to ensure that the circular cylindrical configuration is maintained
with appropriate pressure, axial load, and torsional moment. In our numerical analysis that
follows the purpose is indeed to get deformed configurations associated with bifurcation
and post-bifurcation considering different scenarios of the problem at hand and not to keep
the perfect circular cylindrical geometry. Results show a rich and great variety of solutions
that are captured with the analysis provided. Nevertheless, in our simulations, the (initial)
deformation prior to bifurcation is described and understood with the variables that have
been provided in this Section. Alternative hyperelastic energy density forms for the modeling
of soft biological tissue behavior are reviewed in [155]. Works such as [156–158]account for
fibers in their works, but their considerations are restricted to fibers whose energy forms are
modeled in terms of the invariants I4 and I6 that do account only for fiber elongation. In this
chapter, the fibers account for both stretch and shear deformations, and we show how this
mechanical behavior affects helical buckling of the considered tube.

5.3 Numerical application to extension, inflation, and
torsion

In order to illustrate our modeling, we consider loading of the incompressible free energy
function described before. We focus our attention on the structural system that consists of a
cylindrical tube subjected to different loading cases. It is examined to understand the effects
of axial loading, pressure, and twist angle on buckling patterns.

5.3.1 Geometry and discretization

We consider a thick-walled cylindrical tube of length L = 43 mm, diameter D = 7.24 mm and
thickness T of 2 mm. This geometry is adapted from some initial dimensions of normal porcine
carotid arteries that have been reported in [152,159]. We employ reduced three-dimensional
linear hybrid solid elements (C3D8RH in the ABAQUS notation) for the spatial discretization
of the cylindrical geometry. The total number of finite elements in the thickness, azimuthal
and axial direction are considered as 4, 32, and 200 respectively. A detailed view of the mesh
can be seen in Fig. 5.1. We impose a fixed boundary in the axial direction at one end of
the cylinder whereas at the other end, it is stretched and twisted axially using a kinematic
coupling constraint. The rotation angle is applied gradually. The self-contact is also applied at
the outer wall to avoid any surface penetration. More, in particular, the numerical simulation
dealing with extension, inflation, and torsion of the tube is carried out in three steps with the
following boundary conditions at the ends of the tube:
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Figure 5.1: Spatial discretization of the tube.

1) In the first step of the simulation, the axial stretch (λz) is applied by imposing axial
displacements at one end keeping zero axial displacements (pinned) at the other end while
azimuthal displacement at both ends of the tube is not allowed. This is to obtain a deformed
circular cylindrical geometry.

2) In the second step, internal pressure is gradually applied to the inner surface of the
cylinder. Axial and azimuthal displacements at both ends of the tube are not allowed.

3) In the last step, an azimuthal rotation α is applied at one end of the tube (where
stretch was applied in step 1 along z direction) keeping zero rotations in other directions.
The other end of the tube is pinned. Kinematic coupling is enforced at the end of the cylinder
in which rotation is allowed to eliminate any additional longitudinal extension of the cylinder.
This is controlled by a node at the center of that end of the cylinder. Constraints are imposed
on this particular node that prevents all its degrees of freedom except an imposed rotation
about the cylinder axis. The constitutive parameters for the simulations have been taken
accordingly from [152] and are summarized in Table 5.1.

Table 5.1: Constitutive parameters of an anisotropic model.

Parameters Values [Unit]
Density 1020 kg.m−3

Neo-Hookean (c) 2.50 kPa
Anisotropic (g, ψ) 0.53, 38.3 kPa , degrees

This loading scenario gives rise to multiple bifurcation configurations depending on the
amount of loading as well as the path of loading. Given the broad scope of the computational
framework, we consider two main situations in this section. Firstly, bifurcation is captured
under just extension and inflation. A critical buckling pressure is associated with bifurcation,
which is bending. Secondly, bifurcation is captured under extension inflation and torsion for
a value of pressure less than the so-called Critical Buckling Pressure. Under these conditions,
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a Critical Torque is associated with bifurcation, which is mainly helical buckling. After the
analysis of these two cases, a more complex loading situation is studied,which gives rise to
shapes such as looping and wringing.

5.3.2 Identification of critical buckling pressure and torque
We now detail the numerical strategies to identify the critical buckling pressure and critical
buckling torque. The analysis procedure is explained in what follows.

Critical pressure under extension and inflation - curving scenario

The critical pressure is identified by using the modified Riks analysis procedure (ABAQUS
terminology for the arc length method) [160]. It is a very efficient method for solving non-
linear systems of equations when the problem under consideration exhibits snapping behavior.
The concept of time is replaced by arc length in this procedure. This method postulates a
simultaneous variation in both the displacements and the load proportional factor (LPF)
and is an indicator of the applied load and the evolution of deformation respectively. It is a
two-step simulation process. First, we apply an axial stretch λz, followed by internal pressure
P at the inner surface. The critical pressure (Pcr is established by following the initiation of
lateral movement of the tube. Subsequently, post-bifurcation analysis is done introducing
a geometric imperfection. This is necessary to obtain a smooth solution path. The scale of
imperfection is applied based on the first eigen-mode and the factor is a maximum magnitude
of 5×10−3 times the radius. The numerical calculations are for different axial stretch values in
the domain λz ∈ [1.1, 1.7] at a final pressure of 50 mm of Hg pressure. Deformed configurations
in post-bifurcation analysis at the last converged time step are shown in Fig. 5.2.

For all values of λz bifurcation is given by bending (curving). Furthermore, the onset of
bending is associated with the mode n = 1. This is consistent with our previous studies on
the bifurcation of tubes [7]. For λz = 1.1 our computations show that the pressure associated
with bifurcation is 34 mm of Hg. Values of the LPF vs. arc length in Fig. 5.2 indicate that
greater values of λz are associated with greater values of pressure for bifurcation.

Critical Torque (for P < Pcr )

In addition to stretch and inflation, we apply twist and quantify its effect on the mode of
bifurcation. This is performed now for pressure values less than the critical pressure. Two
representative cases are detailed:

1) Case I - No pressure of inflation.

2) Case II - A pressure value of 20 mm Hg (less than the critical pressure value associated
with bifurcation for the axial stretches considered).

In general, the application of the torsion will change the initial circular cylindrical
geometry, but, as it is recognized in [138], the length and internal radius of the tube during
torsion at zero pressure can be tuned based on the application.
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Figure 5.2: Values of the LPF vs. arc length showing the inflection point after which the tube
starts to move in a lateral direction (bending bifurcation). The deformed states at the
last converged time step are shown at the top right of the Figure along with the history
of configurations ( colors showing the displacement magnitude with red as maximum
and blue as minimum) for λz = 1.1 at the bottom right.

It is clear that while we do not try now to keep the perfect circular cylindrical geometry,
it is important to understand the coupling of torsion and pressure with the length of the tube.
The analyses of these two cases (1 and 2) open a variety of results, as it is shown in what
follows, that unravel the mechanisms at hand. There are three simulation steps to identify
the critical twisting moment. An axial stretch λz at one end is first applied followed by an
internal pressure P in the second step. In the last step, we apply rotation gradually as it was
explained previously. Values of the torque vs. rotation are shown in Fig. 5.3 for all cases.

The torque is obtained using ABAQUS as a field output where rotation is applied. The
value of rotation for (helical) buckling in each case is presented in Table 5.2.

Table 5.2: Normalized moment and critical rotation associated with (helical) bifurcation at the
peak point (just before the softening) for the plots shown in Fig. 5.3.

Case 1 λz = 1.1 λz = 1.3 λz = 1.5 λz = 1.7
Mz/(2cTD2) 0.59 0.53 .0.47 0.43

αD/L 2.05 2.28 2.43 2.53
Case 2 λz = 1.1 λz = 1.3 λz = 1.5 λz = 1.7

Mz/(2cTD2) 0.72 0.78 .0.71 0.62
αD/L 2.70 3.21 3.51 3.74
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(a) Case 1: Torque vs. rotation angle for λz = 1.1 − 1.7

(b) Case 2: Torque vs. rotation angle for λz = 1.1 − 1.7

Figure 5.3: Variations of axial torque and the deformed configurations with rotation angle for a
given pressure (a) at a pressure of 0 mm Hg and (b) 20 mm Hg for different values of
the axial stretch. The deformed states at the last converged time step are shown at
the right of the Figure for both cases.

We find for Case I that the torque increases linearly with rotation angle until a sudden
drop occurs, see Fig. 5.3a, which gives the onset of helical bifurcation in accordance with
parallel analyses. The deformed configuration is summarized in Fig. 5.3a (top) where twisted
kink can be seen approximately at the middle location of the model for values λzin[1.1, 1.7].
The critical buckling torque decreases whereas the critical twist angle increases by increasing
the axial stretch. For Case 2, we observe the bending of the tube for λz = 1.1, which results
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in kinking together with bending, whereas just helical buckling follows for the other stretch
values (λz = 1.3, 1.5, 1.7) as it is depicted in Fig. 5.3b (bottom). Furthermore, as it is given in
Fig. 5.3 for Case 2, values of torque vs rotation are nonlinear. The new situation is found for
λz = 1.1 of Case 2. Two bifurcation modes are coupled as the twist angle is applied: bending
follows helical buckling. It is clear that the combination of pressure and axial stretch has a
significant effect on both critical buckling torque and twist angle.

Helical buckling (for P > Pcr )

When a tube is stretched, pressurized and sufficiently twisted, it becomes unstable, coils up
helically and generates a range of localized and self-contacting structures. Such tortuous shapes
can be observed in clinical patients [151]. While this behavior has been well characterized
experimentally, numerical modeling of in vivo mechanical loading is not so straightforward. In
this section, localized buckling modes that arise due to large amounts of twisting are captured.
These morphologies are characterized by simulating several loading conditions for a cylindrical
tube. With respect to the inflation pressure. Results under the combined loading of extension,
pressure, and torsion demonstrate various buckling patterns such as kinking, coiling, looping,
and winding. More in particular, these localized deformations are simulated using a pressure
value of 50 mm Hg and a range of axial stretches (λz ∈ [1.1, 1.7]). Results are shown for in
Figures 5.4 to 5.7.

Figure 5.4: Variations of axial torque and the deformed configurations with rotation angle for a
given axial stretch ratio of 1.1 in an artery at a pressure of 50 mm Hg. The deformed
states are shown at the right of the Figure.
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Figure 5.5: Variations of axial torque and the deformed configurations with rotation angle for a
given axial stretch ratio of 1.3 in an artery at a pressure of 50 mm Hg. The deformed
states are shown at the right of the Figure.

Figure 5.6: Variations of axial torque and the deformed configurations with rotation angle for a
given axial stretch ratio of 1.5 in an artery at a pressure of 50 mm Hg. The deformed
states are shown at the right of the Figure.
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Figure 5.7: Variations of axial torque and the deformed configurations with rotation angle for a
given axial stretch ratio of 1.7 in an artery at a pressure of 50 mm Hg. The deformed
states are shown at the right of the Figure.

The history of configurations given by 1 to 3 in Fig. 5.4 for λz = 1.1 shows that helical
coiling is developed (configuration 1), firstly, as a result of bending bifurcation due to pressure,
followed by a twist. The helical coiling develops into looping and winding, configurations
2 and 3, respectively. This is the situation for λz = 1.3 as it is shown in Fig. 5.5. But
for greater values of the axial stretch, the bifurcation scenario changes. In Fig. 5.7 the
configurations show (helical) kinking bifurcation. An intermediate situation between the case
lambdaz = 1.3and the case λz = 1.7 is shown in Fig. 5.6 for λz = 1.5

5.3.3 Chapter summary
Helical buckling in arteries is extremely unstable. This has profound biomedical implications
because these findings relate directly to arteries. Our study provides a numerical methodology
to explain the complex geometrical patterns of a tube when it is stretched, inflated, and twisted.
The applicability of the current formulation has been examined using a series of numerical
simulations focused on the analysis of the effect of several loading conditions. We depict
the localized bifurcation modes for a range of applied axial stretches, torques, and inflation
pressures. Helical buckling is considered to be one cause of arterial rupture and it is important
to understand tortuosity and associated mechanisms. Regarding tortuosity, it is considered that
twisting could contribute to some vessels such as carotids and superficial femoral. It remains
for future work to explore further the parametric space of cylindrical structures to capture,
among other things, the transition from bifurcation to rupture, which can be useful for future
vascular implant designs and disease treatments. Instability modeling works often restrict their
considerations to a time-independent material behavior. Nevertheless, soft tissue components
may undergo changes that depend on various complex biological, chemical, and physical
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processes that result, for example, in the degradation of constituents [161], growths [158] or in
tissue renewal [162]. The article [163] has shown that mechano-sensitive fiber-remodeling affects
the inflation behavior of a pressurized cylinder. The stable inflation under fiber remodeling
in [163] ignores the initiation of instabilities, which remains a challenge for future modeling
approaches. Several works have been done on nonlinear elasticity instabilities of cylinders
(see [164,165,165,165–177]) and fiber reinforced cylinders (refer to [33,46,77,116,178–182]).
Future directions for the investigation of instabilities in soft tissue models may also invoke
the consideration of porous media and the influence of the liquid phase [107].
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Conclusions

In this thesis, mechanical modeling of residually stressed hyperelastic materials is carried
out. Numerical frameworks for this objective are developed. This work is divided into three
categories according to their principal application to Aneurysm.

To determine the onset of bifurcation instabilities is generally a challenge in soft structures
since Bifurcation and post bifurcation results show a very different qualitative behavior for
the structures. Moreover, the use of strain-softening models may lead to snap-back behavior
on a structural level. This observation, which has probably been made first by Crisfield [2],
implies that structures composed of strain-softening material cannot always be analyzed using
standard displacement control. In this work, a methodology to study bulging and bending
of stretched and inflated cylinders was utilized based on the modified Riks finite element
analysis that assumes three-dimensional residual stress field in which there exist axial, as well
as shear components.

Furthermore, numerical analyses were carried out to capture bifurcation and post-
bifurcation of residually stressed double layered thick-walled tubes subjected to axial pre-
stretch combined with inflation pressure. Moreover, helical stability experienced by elastic
cylinders was investigated using numerical methods. A numerical framework to implement
residual stresses that are in equilibrium in the reference configuration and absence of external
loads has been utilized by means of a commercial finite element code. It has been shown
that residual stresses have considerable qualitative effects on the results compared to the
model with no residual stress. It seems of great importance to consider residual stresses to
model biological tissues such as arteries and their associated cardiovascular diseases such as
aneurysms. It is expected that other residual stress fields and boundary conditions may give
rise to other modes of bifurcation. The presented framework here can be easily modified
include other conditions.

Various factors influence the critical pressure and axial stretch associated with mechanical
buckling. Initially, the impact of residual stresses on the bifurcation behavior of tubes under
the applied load has been examined. Two bifurcation modes, Bending and Bulging, have
been identified. Bending occurs in scenarios with minimal axial pre-stretches, while Bulging
is anticipated when significant axial pre-stretch values are applied. Investigations into the
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bulging bifurcation and post-bifurcation phenomena have been conducted. It has been noted
that increasing axial pre-stretch leads to a decrease in the pressure associated with bulging
bifurcation. Additionally, the positive strength of residual stress, inducing tensile stresses on
the outer surface and compressive stresses on the inner surface of the cylinder’s wall, results in
reduced pressure at the bulging instability, whereas negative strength has the opposite effect.
The impact of the weight parameter on residual stress invariants reveals that when it is zero,
residual stresses exert more influence on model behavior. Post-bifurcation analysis of bulging
reveals a catastrophic instability where the model cannot sustain additional pressure. The
bulge is observed to uniformly and symmetrically expand radially, akin to fusiform aneurysm
rupture. Moreover, stress analysis at bulging bifurcation points out stress concentration in the
bulging area. In cases of Bending, graphs illustrate that while residual stresses play a role in
triggering bending instability, their effect on the associated pressure is not significant. It is also
demonstrated that by imposing azimuthal constraints on displacements on the outer/inner
surface of the cylinder, bifurcation can be restricted solely to bulging, thereby avoiding
bending. This excerpt highlights the significant impact of bending bifurcation. Increasing
the axial pre-stretch results in this bifurcation occurring at higher pressures, extending to
a transitional range where bending occurs at pressures very close to bulging. Within this
transitional range, a change in the bulge’s shape is observed, but there is no significant effect
on the associated pressure, resembling the characteristics of a saccular aneurysm of the aorta.
Analysis of the post-bifurcation phase of this instability reveals a ductile behavior, indicating
that the structure can withstand higher pressures in subsequent motion after bifurcation
onset. Loading persists until a one-sided bulge, consistent with a saccular aneurysm, is formed.
Furthermore, the maximum inflation pressure associated with this scenario is lower than that
of similar cases where bending is prevented (through azimuthal displacement restrictions).
This suggests the potential for delayed aneurysm formation if bending is not allowed.

Furthermore, the study addressed the helical stability in inelastic cylinders. A doubly fiber-
reinforced, in-compressible, nonlinear elastic tube subjected to axial loading, internal pressure,
and twist was examined using a numerical approach based on the modified Riks (quasi-
static) procedure. When subjected to such loading, which qualitatively resemble physiological
conditions for arteries, vessels exhibit tortuous shapes and a variety of topologically and
geometrically complex morphologies. These configurations can become highly unstable due
to the nonlinear interaction among multiple bifurcation modes, encompassing geometry,
material properties, and self-contact phenomena. This study aimed to simulate such intricate
configurations using a thick-walled cylindrical tube. In the bio-mechanics community, these
complex morphologies are commonly referred to as helical coiling, looping, and winding.
It was demonstrated that these bifurcations are highly sensitive to applied pressure, axial
stretch, and the degree of twist. The illustration of helical buckling was further provided by
considering an anisotropic constitutive model incorporating both fiber stretching and fiber
shearing, which extends previous analyses that solely accounted for fiber stretching. Lastly,
the investigation of axial and azimuthal stresses along the cylinder’s length demonstrates
excellent concordance with the criterion established by analytical analysis. The residual stress
field in this study comprises solely azimuthal and radial components.
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Arc length methods

.1 Introduction
Finite element analysis (FEA) stands as a cornerstone in engineering and scientific disciplines,
providing a versatile computational framework for simulating complex physical phenomena.
One of the challenges encountered in solving nonlinear finite element problems is tracking
solution paths efficiently, particularly when dealing with structures subjected to large de-
formations, material nonlinearities, or geometric instabilities. Traditional solution methods,
such as Newton-Raphson iteration, may face convergence difficulties or encounter abrupt
changes in solution behavior, necessitating robust techniques to ensure numerical stability
and convergence. The arc-length algorithm emerges as a powerful tool in this context, offering
an effective approach for traversing nonlinear solution paths and capturing post-bifurcation
behavior accurately. The arc-length method, also known as the load control method, is a
numerical technique employed to solve nonlinear finite element problems by incrementally
tracking equilibrium paths in load-displacement space. Unlike traditional methods that
rely solely on displacement increments, the arc-length algorithm introduces an additional
parameter, typically termed as the arc-length or load factor, to govern the magnitude of load
increments. This parameter enables the algorithm to follow a smooth path in solution space,
mitigating convergence issues associated with abrupt changes or singularities in the response.
The fundamental principle underlying the arc-length algorithm lies in maintaining equilibrium
at each iteration while simultaneously controlling the magnitude of load increments to ensure
numerical stability. At each step, the algorithm iteratively adjusts the load factor to satisfy
equilibrium conditions and incrementally advances along the solution path. By incorporat-
ing both displacement and load increments, the arc-length method offers robustness and
flexibility in handling a wide range of nonlinearities, including material nonlinearities, large
deformations, and geometric instabilities. The arc-length algorithm can be formulated within
the framework of the finite element method, where the governing equations are discretized
using suitable approximation schemes, such as linear or nonlinear finite elements. At each
iteration, the algorithm solves the nonlinear equilibrium equations, typically expressed as a
system of algebraic equations, using iterative techniques such as Newton-Raphson iteration
or modified Newton methods. In addition to enforcing equilibrium, the algorithm adjusts
the load factor to control the arc-length of the solution path, ensuring smooth and stable
convergence. One of the key advantages of the arc-length method is its ability to handle
bifurcation and post-bifurcation phenomena effectively. Bifurcation occurs when the structure
undergoes a qualitative change in its response, leading to multiple equilibrium solutions or
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instability points in load-displacement space. By continuously monitoring the arc-length
parameter and detecting changes in solution behavior, the algorithm can accurately capture
bifurcation points and track post-bifurcation paths, enabling the analysis of complex nonlinear
behavior such as snap-through, limit point, or periodic instabilities. Moreover, the arc-length
algorithm facilitates the simulation of load-controlled processes, where the applied load or
boundary conditions vary continuously over time. By adjusting the load factor dynamically
in response to changing external loads, the algorithm ensures stable and accurate solutions
throughout the simulation. This feature is particularly valuable in applications involving
dynamic or transient phenomena, where the response may exhibit nonlinear behavior under
varying loading conditions. In summary, the arc-length algorithm represents a robust and
efficient approach for solving nonlinear finite element problems, offering superior convergence
properties and the ability to capture complex solution paths accurately. By incorporating
both displacement and load increments, controlling the arc-length parameter, and detecting
bifurcation phenomena, the algorithm enables the simulation of a wide range of nonlinear
behaviors encountered in engineering and scientific applications. In the following sections, we
will delve deeper into the theoretical foundations, implementation aspects, and practical con-
siderations of the arc-length method, illustrating its effectiveness through numerical examples
and case studies.

.2 Basic equations
According to general arc length schemes, the loading parameter λn+1 at time tn+1, introduced
to incrementally increase the load magnitude, is allowed to vary during the iteration process.
The particular value of the loading parameter is governed by a non-linear scalar constrain
equation of the form f(ψn+1, λn+1) = 0 in terms of the current displacement ψn+1: For the
sake of clarity, we restrict the following description to uncoupled purely mechanical problems;
the extension to coupled problems is straightforward. Consequently, the residual format of
the non-linear balance of momentum enhanced by the constraint equation reads:

rψ(ψ, λ) = fψint(ψ) − λfψext = 0 (1)

f(ψ, λ) = 0 (2)

where here and in the following, we often omit the subscript index n+ 1 associated with
time tn+1 as well as the dependencies on ψ and λ for the sake of readability. A Taylor series
expansion around the solution at the current iteration step l-terms of quadratic and higher
order being neglected gives:

rψl+1 = rψl + δrψ = 0 (3)
fl+1 = fl + δf = 0 (4)

with the increments of the residuals:

δrψ = drψ

dψ
δψ + drψ

dλ
δλ (5)

δf = df

dψ
δψ + df

dλ
δλ (6)
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Herein, the increments δψ = ψl+1 −ψl and δλ = λl+1 −λl represent the difference between
the values at iteration step l + 1 and l, while the derivatives are abbreviated by:

Kψψ = drψ

dψ
(7)

r,λ
drψ

dλ
= −fext (8)

This results in the following linearized system of equations on element level:[
Kψψ −fext
f,ψ f,λ

]
.

[
dψ
dλ

]
=
[
λfψext − fψint

−f

]
(9)

which is neither symmetric nor banded. The solution of this system of equations can be
obtained by means of so-called block solutions:

δψr = Kψψ−1(λfψext − fψint) (10)

δψλ = Kψψ−1.fψext (11)

which enable us to give an explicit representation for the increment of the loading factor:

δλ = − f + f,ψδψr
f,ψδψλ + f,λ

(12)

Based on this, the increment in placement is calculated as:

δψ = δψr + δλ.δψλ (13)

and the updates of displacements and loading parameter then read ψl+1 = ψl + δψ
and λl+1 = λl + δλ. Note, that within the predictor step at t0, constraint condition 4 is
not determined. As a remedy, the loading parameter λn is increased by one providing the
displacement increment based on the last equilibrium state (ψn, λn) reads as:

δψλ = Kψψ−1.fψext (14)

and the distance to the last equilibrium point reads as:

s0 =
√

1 + δψλδψλ (15)

Comparing the distance s0 and the prescribed arc length d, the increments of the loading
parameter and the placement can be scaled by δλ = s

s0
and δψ = s

s0
. The updates of the

displacements ψl+1 and the loading-parameter λl+1 can then be calculated for l = 0.

The constraint equation 2 remains to be specified. Different solution strategies are
suggested in the literature as summarized, for instance, One prominent example is the
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Figure 1: Illustration of arc-length methods according to Crisfi
eld [2]. (a) Iteration on the current normal plane (Ramm’s method), (b) Iteration on the
initial normal plane (Riks-Wemper method). Quantities without subscript n is associated
with tn+1.

iteration on the current normal plane according to Crisfield [2] which is referred to as the
Ramm’s method.

Following this approach, which is illustrated in Fig. A.1(a), the equation

f = (ψ − ψn).(ψl+1 − ψl) + (λl − λn).(λl+1 − λl) (16)

constrains the solution to the normal plane with respect to the current iteration step.
According to equation 12, the related increment can be specified as:

δλ = (ψn − ψ)ψr
λl + λn + ψλ(λn − λ) (17)

Within this approach, the increment size is limited by moving a given distance along the
tangent of the current solution point. Equilibrium is then sought in the plane that passes
through the point thus obtained and that is normal to the same tangent. Moreover, the
constraint 17 ensures that the iterative change is always normal to the secant change, which
causes the equilibrium-search to be normal to the tangent of the previous iteration step,
rather than to the tangent at the beginning of the increment.
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