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 A B S T R A C T

The behavior of shock waves in supersonic and hypersonic inlets is instrumental in the operation of ramjets 
and scramjets, as it is critical for preventing undesired phenomena such as unstart and buzz. Studying the 
evolution of shock waves within the inlet duct is essential for understanding these phenomena. This work 
presents approximated solutions to the novel and recently published 𝐷𝑆2𝑀 (Duct Shock Speed Model), which 
allows for the estimation of normal shock motion speed, the identification of equilibrium positions, and the 
equilibrium positions stability analysis. Although the 𝐷𝑆2𝑀 model has been validated through experimental 
comparisons, its numerical resolution and complexity hinder preliminary design analysis and rapid calculations. 
In this study, simplified models are introduced, providing straightforward analytical expressions to evaluate 
shock wave dynamics valid in the Mach-close-to-unity range (which is a common incident Mach number range 
for normal shock waves to appear in the design of engine inlets). The approximations developed here facilitate 
the identification, during the early stages of design, of key parameter influences. The proposed formulations 
allow for rapid and reliable assessment of motion speed, equilibrium positions, and stability, providing explicit 
expressions avoiding the need for advanced computational tools such as nonlinear solvers. Within the range 
of validity of the simplified 𝐷𝑆2𝑀 models, the results demonstrate good agreement with the full model. This 
work provides analytical tools for the preliminary design of supersonic and hypersonic inlets, extending the 
capabilities of the original model, and explicitly showing the influence of design parameters on shock wave 
dynamics in the Mach number range considered.
1. Introduction

1.1. Conceptualization and previous research

The swallowing and expelling of shock waves in supersonic or 
hypersonic inlets are some of the fundamental phenomena involved 
in the operation of ramjets and scramjets. In this regard, excessive 
heat from combustion can cause thermal choking, reducing the Mach 
number to unity and disrupting the flow [1,2]. This problem also 
applies to other phenomena, such as the unstarting of supersonic inlet 
cascades [3]. Ramjets and scramjets rely on inlets for optimal mass flow 
and pressure recovery across a number of mission conditions, operating 
in a stable started mode to avoid unstart [4–6].

Unstart occurs when internal shock waves are expelled, resulting 
in a detached shock upstream of the inlet entrance and the associated 
inlet spillage. Factors influencing unstart include flight Mach number, 
contraction ratio, geometry, and operational conditions like inlet angle 
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of attack, fuel addition, overheating, and back-pressure [5,7–9]. Shock 
stability depends on its equilibrium position, which depends on the 
inlet duct converging or diverging geometry, leading to regions of 
stable or unstable configurations defined by contraction ratio and Mach 
number [4,10–12]. There are two stable configurations: swallowed 
shock wave placed at the diverging part of the duct, or expelled shock 
wave placed at some distance in front of the inlet entrance.

The key operational limits are the Kantrowitz-Donaldson limit (𝐾𝐷, 
see Fig.  1), and the isentropic limit (𝐼𝑆). The 𝐾𝐷 limit defines the 
condition for the autonomous swallowing of a shock wave when the 
throat is choked (shock wave just at the entrance, subsonic flow in 
the converging part with choked throat). The isentropic limit (𝐼𝑆), 
defines the minimum threshold for a shock-free sonic throat oper-
ation (supersonic flow in the converging part, and choked throat). 
Intermediate configurations between 𝐾𝐷 and 𝐼𝑆 limits depend on the 
previous flow history, thus leading to hysteresis phenomenon [11]. 
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Fig. 1. (a): Variation of the contraction ratio, 𝐶𝑅 = 𝐴∗∕𝐴, as a function of the Mach number of the incoming flow, M. Isentropic limit (continuous line, 𝐼𝑆) and the Kantrowitz-
Donaldson limit (dashed line, 𝐾𝐷). Vertical dashed line at M = 1: boundary between the solution for the subsonic branch (left red region, 𝐵) and the supersonic branch (right 
blue region, 𝑃 ) [11]. Adapted from [13]. (b): Kantrowitz-Donaldson (𝐾𝐷) and isentropic (𝐼𝑆) limits flow patterns schematic representations. The vertical dashed line represents 
the shock wave, while the dotted line corresponds to critical conditions at the throat.
Recent work has investigated suppression techniques for hysteresis 
in mixed-compression inlets, including the use of distributed bleed 
systems to stabilize the throttling/unthrottling process [14]. For single-
throat inlets, configurations transition takes place between started and 
unstarted modes at these limits. Multi-throat systems, such as those pro-
vided with flow control valves, add complexity to the previous picture, 
introducing multiple stable flow patterns and stability changes [15].

Various models have been developed in order to analyze shock wave 
behavior in ducts. Some of the most remarkable contributions in this 
field are:

• Kantrowitz and Donaldson: Foundational work on shock stability 
and throat conditions [10,16].

• Whitham’s CCW Method: Studied shock motion in ducts with 
stationary or flowing mediums [17].

• Han and Yin: Extended CCW methods to moving fluid scenar-
ios [18].

• Tahir: Adjusted the KD limit for oblique shocks, expanding appli-
cability [19].

• Carbajosa, Sanz-Andrés, Martínez-Cava and Ogueta-Gutiérrez: Pre-
sented a simplified model, the 𝐷𝑆2𝑀 (Duct Shock Speed Model) 
model, for the shock motion speed determination, equilibrium 
locations identification and stability assessment [13].

In these models, complexities like acoustic effects are often ne-
glected, which is valid if shock wave motion speed is low enough.

In hypersonic inlets, normal shocks are replaced by pseudo-shocks 
(a train of interacting shocks, known as shock-train, followed by sub-
sonic deceleration). These configurations are stabilized using isolators, 
which mitigate oscillations caused by interactions between boundary 
layers and shock waves [1,11]. Pseudo-shock pressure jump can be 
modeled by adapting normal shock equations, accounting for fric-
tion and area changes [20,21]. During unstart, supersonic flow at 
the duct disappears, thus pseudo-shocks can no longer exist, lead-
ing to spillage and reduced mass flow. Unsteady processes dominate 
this transition, marked by abrupt pressure changes in the subsonic 
region [22]. Experimental studies have further characterized the stabil-
ity margins of variable-geometry combustors, highlighting the impact 
of geometry and equivalence ratios on stability in wide operational 
domains [12]. Additionally, active flow control methods—such as lo-
calized energy deposition—are being investigated for their ability to 
883 
enhance inlet performance, mass flow capture, and total pressure re-
covery [23]. Porous-wall configurations have also been introduced in 
rotating detonation combustors to suppress inlet blockage and extend 
stable operating ranges [24].

This framework serves as the base for studies on shock dynamics 
and provides guidance for the design of inlets in high-speed flight 
applications. In constant or slowly varying section ducts, there is an in-
teraction between the generated shock waves and the boundary layers 
that appear near the walls. Under these conditions, normal shock waves 
naturally occur only for Mach numbers close to unity—up to ≈ 1.2 [25]. 
For higher Mach numbers, viscous effects tend to generate shock waves 
with a 𝜆 or 𝜒 shaped structure [25]. For even higher Mach numbers, the 
flow patterns typically involve oblique shocks with multiple reflections, 
a phenomenon already discussed in the previous paragraph referred 
to as a pseudo-shock, which consists of a shock-train followed by sub-
sonic deceleration, as shown by Gnani, Zare-Behtash and Kontis [25]. 
At these higher Mach numbers, there exists an equivalence between 
a pseudo-shock and a normal shock wave subjected to a corrected 
incident Mach number lower than the original [21]. Therefore, these 
facts justify the interest in studying the behavior of normal shock 
waves in a simplified manner (specifically in terms of motion speed, 
equilibrium positions, and stability) for Mach numbers close to unity. 
This study relies on simplifications of the 𝐷𝑆2𝑀 model for Mach 
numbers close to unity, which is in accordance with the fact that either 
these conditions occur naturally or they are used to approximate the 
behavior of more complex structures (such as pseudo-shocks modeled 
as a normal shock subjected to a reduced effective Mach number). 
In the simplified analytical expressions obtained, the influence of the 
parameters governing the problem can be easily identified.

1.2. Contributions and structure of the paper

This paper is intended as a continuation of the work by Carbajosa 
et al. [13], in which a simplified, one-dimensional, quasi-stationary 
mathematical model, referred to as 𝐷𝑆2𝑀 (Duct Shock Speed Model), 
was developed. This model enables rapid estimations of the motion 
speed of a normal shock wave, as well as the determination of its equi-
librium positions and stability. To apply the model to the hypersonic 
regime, the set of shock waves(known as shock-train) and subsequent 
subsonic compression (altogether commonly referred to as a pseudo-
shock) should be replaced by an equivalent normal shock wave. The 
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aforementioned study also outlines how the effects of combustion can 
be modeled through the introduction of a second throat, provided 
the throat area corresponding to each value of the air-fuel ratio is 
known [13]. Furthermore, the 𝐷𝑆2𝑀 model facilitates the study of 
the instability known as buzz, characterized by the cyclic ingestion and 
expulsion of the shock wave [13].

In the work by Carbajosa et al. [13], the 𝐷𝑆2𝑀 model underwent 
extensive validation through comparisons with various experimental 
tests reported in the literature. Consequently, this study assumes that 
the validity of the 𝐷𝑆2𝑀 model has already been satisfactorily demon-
strated. However, even if the 𝐷𝑆2𝑀 model is significantly simpler than 
other existing analytical models, it still presents certain mathematical 
challenges. These challenges arise not only from the need for numerical 
resolution but also from the difficulty in clearly estimating the influence 
of various parameters due to the large number of equations involved 
and their high degree of nonlinearity.

For this reason, the aim of the present paper is to develop various 
approximated methods that, albeit within a more limited range of 
validity, provide simplified expressions for the shock wave motion 
speed. These approximations allow for straightforward and reliable 
evaluations of the shock wave motion speed, equilibrium positions, and 
stability, while clearly illustrating the influence of key design parame-
ters. Such methods are particularly useful in very early design stages, 
where programming a numerical solution to the 𝐷𝑆2𝑀 equations could 
not be accommodated. Additionally, the analytical expressions derived 
in this study offer insights into the effects of the parameters involved. 
From now on, the term 𝐷𝑆2𝑀 will refer to the model as presented by 
Carbajosa et al. [13], while distinct extensions (i.e., 𝐷𝑆2𝑀−𝑋 models) 
will denote the successive approximation levels introduced in this work.

This paper is organized as follows. In Section 2, the approximated 
formulations of the 𝐷𝑆2𝑀 model by Carbajosa et al. [13] are sum-
marized, including First, Second, and High order expansions, along 
with different models for specific functions. In Section 3, the results 
are presented and analyzed, highlighting the similarities and differ-
ences between the approximated formulations and the outcomes of 
the 𝐷𝑆2𝑀 model. In Section 4, the conclusions are summarized. To 
improve readability, the document includes an initial annex introduc-
ing the list of symbols and nomenclature (Appendix  A), as well as 
additional details of the calculations in three further annexes (Appendix 
B, Appendix  C, and Appendix  D).

2. Asymptotic expansions

Due to the high nonlinearity of the 𝐷𝑆2𝑀 model, analyzing trends 
in the shock wave motion speed using analytical expressions is chal-
lenging. Therefore, this paper introduces several approximations of 
varying degrees of accuracy and complexity, enabling results to be 
obtained without resorting to numerical techniques for solving the 
exact equations.

To this end, asymptotic expansions are applied to the general ex-
pressions provided by the 𝐷𝑆2𝑀 model. Therefore, in addition to the 
small perturbation assumptions made in the development of each of the 
simplified models, it is also necessary to consider the assumptions origi-
nally proposed by Carbajosa et al. [13] in the formulation of the 𝐷𝑆2𝑀
model. The influence of viscosity on the shock wave dynamics, which 
is neglected in the 𝐷𝑆2𝑀 model, can also be incorporated to predict 
more realistic solutions. Section 3.1 provides a qualitative discussion of 
the influence of fluid viscosity on the shock wave dynamics.

As outlined in the work by Carbajosa et al. [13], when seeking to 
determine the motion speed of a normal shock wave within a duct 
as a function of its position along the duct (see Fig.  2 and Appendix 
A for the nomenclature), it is useful to distinguish between the 𝑁
reference frame, fixed to the duct, and the 𝑊  reference frame, fixed 
to the shock wave. Additionally, the Mach number at the inlet, 𝑀𝑃

𝑁1, 
and the stagnation temperature at the inlet, 𝑇 𝑃

𝑁𝑠, in the 𝑁 reference 
frame are assumed to be known, which is equivalent to fixing a flight 
884 
Fig. 2. Sketch of the inlet considered. The throat, 𝐴𝑡, is assumed to be at critical 
conditions. 𝑃 and 𝐵: supersonic (blue region) and subsonic (red region) branches, 
respectively. Symbols defined in Appendix  A. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)
Source: Adapted from [13].

condition determined by a given Mach number and height above the 
ground. Similarly, the duct area distribution (which is assumed to be 
smooth enough as to consider the flow one-dimensional), 𝐴(𝑥), as a 
function of the longitudinal coordinate measured from the inlet lip, 𝑥, 
is also considered known. This area distribution can be expressed in 
dimensionless form as: 
𝜂(𝑥̃) = 𝐴(𝑥̃)∕𝐴1 ≤ 1, being 𝑥̃ = 𝑥∕𝐿, (1)

where 𝐴1 represents the inlet area, 𝑥̃ = 𝑥∕𝐿 is the dimensionless 
longitudinal position, and 𝐿 is the longitudinal distance between the 
inlet and the throat. The dimensionless areas of the throat and shock 
wave sections are given as: 
𝜂𝑡 = 𝐴𝑡∕𝐴1 and 𝜂𝑤 = 𝐴𝑤∕𝐴1, (2)

respectively. The relevant quantities are generally evaluated at three 
locations: the inlet (1), the throat (𝑡), and the shock wave position (𝑤). 
Additionally, these quantities may refer to the supersonic branch (𝑃 ) or 
the subsonic branch (𝐵), or they may be defined in a reference frame 
fixed to the inlet (𝑁 ) or to the shock wave (𝑊 ). Some quantities, such as 
stagnation or total values (𝑠), depend on the reference frame in which 
they are expressed. For reference-independent quantities, such as static 
temperature, no subscript is used.

The expansion of the approximated formulations is based on asymp-
totic methods for Mach numbers close to 1, and for ducts with section 
area values close to the inlet area, 𝐴1, or the throat area, 𝐴𝑡. For this 
purpose, the Mach numbers are expressed as: 
M = 1 + 𝜀 where |𝜀| ≪ 1, (3)

and the area ratios as: 
𝜂 (𝑥̃) = 𝐴(𝑥̃)∕𝐴1 and 𝛿(𝑥̃) = 𝐴(𝑥̃)∕𝐴1 − 1 = 𝜂(𝑥̃) − 1. (4)

In particular, 𝛿1 = 𝛿(𝑥̃ = 0) = 0, 𝛿𝑡 = 𝜂𝑡 − 1, and 𝛿𝑤 = 𝜂𝑤 − 1. 
The ratio of the area of a given section to the critical section (which 
varies from one branch, 𝑃  or 𝐵, to the other) is expressed in the form 
𝑎(M) = 𝐴(M)∕𝐴∗ − 1. It is assumed that the terms |𝛿(𝑥̃)| ≪ 1 and 
|𝑎(M)| ≪ 1 are small compared to unity, regardless of the section or 
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Fig. 3. Flowchart of the 𝐷𝑆2𝑀 model developed by Carbajosa et al. [13]. Input variables are depicted in blue, whereas intermediate equations are colored in orange and the 
main output variables appear in green. Symbols defined in Appendix  A. (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)
reference frame considered. Additionally, the specific heat ratio of air 
is taken as 𝛾 = 1.4. Where appropriate, general expressions as functions 
of 𝛾 are also provided.

2.1. General expressions

Before dealing with the approximated formulations, it is appropri-
ate, for clarity, to recall some expressions derived from the 𝐷𝑆2𝑀
model proposed by Carbajosa et al. [13], which will be referenced 
throughout this text. Fig.  3 shows the flowchart followed by the 𝐷𝑆2𝑀
model.

For the upstream and downstream flow of the shock wave, assuming 
a one-dimensional, steady, and isentropic flow in a duct, the relation-
ship between the area at each section, 𝐴, and the Mach number in that 
section, M, is given by [4]: 

𝐴(M)
𝐴∗ = 1

M

[

2
𝛾 + 1

(

1 +
𝛾 − 1
2

M2
)]

𝛾+1
2(𝛾−1)

, (5)

where 𝐴∗ is the critical area, and 𝛾 is the ratio of specific heats for air. In 
the above expression two branches can be considered (see Fig.  1): 𝐵 for 
subsonic Mach numbers (M ≤ 1) and 𝑃  for supersonic Mach numbers 
(M ≥ 1). The critical area differs upstream and downstream of the shock 
wave due to the dissipation in the shock wave, which is associated with 
a change in the stagnation pressure. Specifically, upstream of the shock 
wave (supersonic flow) is 𝐴∗ ≡ 𝐴𝑃∗ = 𝐴∗

1, while downstream of the 
shock wave (subsonic flow) is 𝐴∗ ≡ 𝐴𝐵∗ = 𝐴𝑡.

Regarding the motion of the shock wave within the duct, the con-
ditions on both sides of the shock wave—upstream and downstream—
must satisfy the Prandtl relationship between the Mach number of the 
flow incident on the shock wave, M𝑖, and the Mach number of the flow 
exiting the shock wave, M𝑑 , in the shock wave reference frame, 𝑊 : 

M𝑑 (M𝑖) =

√

√

√

√

√

1 + 𝛾−1
2 M2

𝑖

𝛾M2
𝑖 −

𝛾−1
2

, with M𝑖 ≥ 1. (6)

The relationships between the Mach numbers for the supersonic and 
subsonic branches in coordinates fixed to the duct (𝑀𝑃

𝑁𝑤 and 𝑀𝐵
𝑁𝑤) 

and in reference frames fixed to the shock wave (𝑀𝑃
𝑊𝑤 and 𝑀𝐵

𝑊𝑤), 
respectively, are expressed as: 

M𝑃
𝑊𝑤 = M𝑃

𝑁𝑤 −
𝑥̇𝑤

√

𝛾𝑅 𝑇 𝑃
⇒ M𝑃

𝑊𝑤 = M𝑃
𝑁𝑤 −

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

𝑚𝑃
𝑁𝑠, and (7)
𝑔 𝑤
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M𝐵
𝑊𝑤 = M𝐵

𝑁𝑤 −
𝑥̇𝑤

√

𝛾𝑅𝑔𝑇 𝐵
𝑤

⇒ M𝐵
𝑊𝑤 = M𝐵

𝑁𝑤 −
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

𝑚𝑃
𝑁𝑠, (8)

in terms of the stagnation temperature ratio, 𝑟𝑇 𝑠 = 𝑇 𝑃
𝑁𝑠∕𝑇𝑊 𝑠, and 

the dimensionless shock wave motion speed (assumed positive from 
the inlet entrance towards the throat), 𝑚𝑃

𝑁𝑠 = 𝑥̇𝑤∕
√

𝛾𝑅𝑔𝑇 𝑃
𝑁𝑠. The 

relationship between the stagnation temperature upstream of the shock 
wave, 𝑇 𝑃

𝑁𝑠, and the static temperature immediately upstream of the 
shock wave, 𝑇 𝑃

𝑤 , is given by: 
𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

= 1 +
𝛾 − 1
2

(

M𝑃
𝑁𝑤

)2 , (9)

where the Mach number at this position, M𝑃
𝑁𝑤, is given in an implicit 

form by: 
𝐴(M𝑃

𝑁𝑤)

𝐴𝑃∗ =
𝐴1
𝐴∗
1
𝜂𝑤 (10)

as a function of 𝜂𝑤 = 𝜂(𝑥̃𝑤) and M𝑃
𝑁1.

Likewise, the ratio of the stagnation temperature in the shock wave’s 
reference frame, 𝑇𝑊 𝑠, to the static temperature in the supersonic branch 
at the shock wave position, 𝑇 𝑃

𝑤 , is given by: 

𝑇𝑊 𝑠

𝑇 𝑃
𝑤

= 1 +
𝛾 − 1
2

(

M𝑃
𝑊𝑤

)2 = 1 +
𝛾 − 1
2

⎛

⎜

⎜

⎝

M𝑃
𝑁𝑤 −

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

𝑚𝑃
𝑁𝑠

⎞

⎟

⎟

⎠

2

, (11)

where M𝑃
𝑊𝑤 is derived from Eq. (7). Dividing Eq. (9) by Eq. (11), one 

obtains: 

𝑟𝑇 𝑠 ≡
𝑇 𝑃
𝑁𝑠

𝑇𝑊 𝑠
=

1 + 𝛾−1
2

(

M𝑃
𝑁𝑤

)2

1 + 𝛾−1
2

(

M𝑃
𝑁𝑤 −

√

𝑇 𝑃
𝑁𝑠
𝑇 𝑃
𝑤
𝑚𝑃
𝑁𝑠

)2
. (12)

According to the expression given by Carbajosa et al. [13], the ratio 
of the stagnation temperature in the shock wave’s reference frame, 𝑇𝑊 𝑠, 
to the static temperature in the subsonic branch at the shock wave 
position, 𝑇 𝐵

𝑤 , is expressed as:
√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

=
(𝛾 − 1)

√

𝑟𝑇 𝑠𝑚𝑃
𝑁𝑠

2
(

1 − 𝛾−1 𝑟 𝑚𝑃
)

2 𝑇 𝑠 𝑁𝑠
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×

⎛

⎜

⎜

⎜

⎜

⎝

−1 ±

√

√

√

√

√

√

√

1 + 4

(

1 − 𝛾−1
2 𝑟𝑇 𝑠𝑚𝑃

𝑁𝑠

)(

1 + 𝛾−1
2

[

M𝐵
𝑁𝑤

]2
)

(

(𝛾 − 1)
√

𝑟𝑇 𝑠𝑚𝑃
𝑁𝑠

)2

⎞

⎟

⎟

⎟

⎟

⎠

, (13)

Using Eqs.  (12) and (13), the Mach numbers for both the subsonic 
and supersonic flows relative to the shock wave (M𝐵

𝑊𝑤 and M𝑃
𝑊𝑤), 

can be determined using Eqs.  (7) and (8), respectively, in terms of the 
four variables (𝜂𝑤, 𝑚𝑃

𝑁𝑠;M
𝑃
𝑁1, 𝜂𝑡). Consequently, imposing the Prandtl 

relation given by Eq. (6), the following implicit equation is obtained 
to derive 𝑚𝑃

𝑁𝑠 = 𝑚𝑃
𝑁𝑠(𝜂𝑤;M

𝑃
𝑁1, 𝜂𝑡): 

M𝐵
𝑊𝑤 =

√

√

√

√

√

1 + 𝛾−1
2

(

M𝑃
𝑊𝑤

)2

𝛾
(

M𝑃
𝑊𝑤

)2 − 𝛾−1
2

. (14)

In what follows, the method of the asymptotic expansions of increas-
ing order will be used to simplify the relationships presented thus far, 
in terms of 𝜀 powers, where 𝜀 = M − 1.

2.2. First order expansion

First, an approximated formulation is developed, leading to the so-
called 𝐷𝑆2𝑀 −𝐹  model (Duct Shock Speed Model-First order expansion), 
where Taylor expansions of the 𝐷𝑆2𝑀 formulation are performed, 
retaining only the first term in each expansion. The variation of the 
area with the Mach number given by Eq. (5) for |M − 1| ≪ 1 can be 
expressed in a linearized form as: 

𝑎(𝜀) =
𝐴(M)
𝐴∗ − 1 ≈ 𝑘𝐴2𝜀

2, (15)

where 𝜀 = M−1, and 𝑘𝐴2 = 2∕(𝛾 +1) = 5∕6 (for 𝛾 = 1.4). This facilitates 
the calculation of the area 𝐴 as a function of the Mach number, M, in 
the vicinity of M = 1 along the duct. Furthermore, the Prandtl relation 
given by Eq. (6) can be expanded in a series assuming M𝑖 = 1 + 𝜀𝑖, 
yielding, upon retaining only the first term in 𝜀𝑖 of the expansion: 

M𝑖 = 1 + 𝜀𝑖
M𝑑 (𝜀𝑖) ≈ 1 − 𝜀𝑖.

(16)

To determine the value of the critical area in the supersonic branch, 
𝐴𝑃∗, for a given inlet entrance area, 𝐴1, Eq. (15) is first evaluated at 
the inlet entrance, where the Mach number in the reference frame fixed 
to the inlet is known: 

𝑎1 =
𝐴1

𝐴𝑃∗ − 1 ≈ 𝑘𝐴2
(

𝜀𝑃𝑁1
)2 . (17)

Likewise, using Eq. (15), the Eq. (5) for the Mach number at the 
shock wave position in the inlet reference frame, 𝑁 , M𝑃

𝑁𝑤 = 1 + 𝜀𝑃𝑁𝑤, 
in the supersonic branch 𝑃 , takes the form: 
𝐴𝑤

𝐴𝑃∗ =
(

1 + 𝑎1
)

𝜂𝑤 = 1 + 𝑎𝑃𝑤 ≈ 1 + 𝑘𝐴2(𝜀𝑃𝑁𝑤)
2, (18)

where rearranging terms and solving for 𝜀𝑃𝑁𝑤 yields:

𝜀𝑃𝑁𝑤 ≈ +

√

𝑎𝑃𝑤
𝑘𝐴2

= +

√

𝛿𝑤 + 𝑎1𝜂𝑤
𝑘𝐴2

= 1
√

𝑘𝐴2

√

𝐴𝑤
(

1 + 𝑎1
)

𝐴1
− 1

= 1
√

𝑘𝐴2

√

𝐴𝑤
𝐴1

[

1 + 𝑘𝐴2(𝜀𝑃𝑁1)
2
]

− 1. (19)

The + sign is chosen because 𝜀𝑃  corresponds to the supersonic 
branch. The Mach number relative to unity, 𝜀𝑃𝑁𝑤, depends on the area 
at the wave position 𝐴𝑤∕𝐴1 and the inlet Mach number 𝜀𝑃𝑁1. Similarly, 
in the subsonic region immediately behind the shock wave: 
𝐴𝑤

𝐴𝐵∗ =
𝜂𝑤
𝜂𝑡

= 1 + 𝑎𝐵𝑤 ≈ 1 + 𝑘𝐴2(𝜀𝐵𝑁𝑤)
2, (20)

leading to: 

𝜀𝐵𝑁𝑤 ≈ −

√

𝑎𝐵𝑤
𝑘

= −

√

𝛿𝑤 − 𝛿𝑡
𝑘 𝜂

= − 1
√

√

𝐴𝑤
𝐴

− 1. (21)

𝐴2 𝐴2 𝑡 𝑘𝐴2 𝑡

886 
The − sign is chosen because 𝜀𝐵 corresponds to the subsonic branch. 
The Mach number relative to unity, 𝜀𝐵𝑁𝑤, depends only on the area 
𝐴𝑤∕𝐴𝑡.

The incident Mach number at the shock wave in the shock wave 
reference frame is M𝑖 ≡ M𝑃

𝑊𝑤, while the outgoing Mach number is 
M𝑑 ≡ M𝐵

𝑊𝑤. By adding both terms using the approximated expression 
of the Prandtl relation given by Eq. (16), 𝜀𝑖 is eliminated, yielding: 

M𝑖 +M𝑑 ≡ M𝑃
𝑊𝑤 +M𝐵

𝑊𝑤 ≈ 2. (22)

By substituting the values of M𝑃
𝑊𝑤 and M𝐵

𝑊𝑤 from the exact Eqs. (7) 
and (8) into Eq. (22), we obtain: 

M𝑃
𝑊𝑤 +M𝐵

𝑊𝑤 = M𝑃
𝑁𝑤 −

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

𝑚𝑃
𝑁𝑠 +M𝐵

𝑁𝑤 −
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

𝑚𝑃
𝑁𝑠 ≈ 2, (23)

which, expressing the Mach numbers in terms of 𝜀𝑃𝑁𝑤 and 𝜀𝐵𝑁𝑤, results 
in: 

M𝑃
𝑊𝑤+M

𝐵
𝑊𝑤 ≈

(

1 + 𝜀𝑃𝑁𝑤
)

+
(

1 + 𝜀𝐵𝑁𝑤
)

−𝑚𝑃
𝑁𝑠

⎡

⎢

⎢

⎣

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

+
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

⎤

⎥

⎥

⎦

≈ 2,

(24)

from which: 

𝑚𝑃
𝑁𝑠

⎡

⎢

⎢

⎣

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

+
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

⎤

⎥

⎥

⎦

≈ 𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤. (25)

In this limit, where |𝜀𝑃𝑁𝑤|, |𝜀
𝐵
𝑁𝑤| ≪ 1, the motion speed of the 

shock wave itself satisfies |𝑚𝑃
𝑁𝑠| ≪ 1. Therefore, only terms of unit 

order are retained in the parentheses multiplying 𝑚𝑃
𝑁𝑠. Using the exact 

expressions (see Eqs. (9), (12) and (13) in Carbajosa et al. [13]), and 
retaining unit-order terms, the following approximated expressions are 
obtained (as though the local temperatures were critical temperatures, 
and the stagnation temperature is conserved in both reference frames 
𝑁 and 𝑊 ): 
𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

≈
𝑇𝑊 𝑠

𝑇 𝐵
𝑤

≈
𝛾 + 1
2

⇒ 𝑟𝑇 𝑠 ≈ 1. (26)

Thus, the shock wave motion speed can be directly obtained from 
Eq. (25) as: 

𝑚𝑃
𝑁𝑠|𝐹 ≈ 𝐶𝐹

1
[

𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤
]

, (27)

where 𝐶𝐹
1 = 1∕

√

2(𝛾 + 1) ≃ 0.456 (for 𝛾 = 1.4). Using Eqs.  (19) and (21), 
and noting that 𝐶𝐹

1 ∕
√

𝑘𝐴2 = 1∕2, Eq. (25) becomes: 

𝑚𝑃
𝑁𝑠|𝐹 ≈ 1

2

(

√

𝑎𝑃𝑤 −
√

𝑎𝐵𝑤

)

, (28)

which provides the dimensionless motion speed of the shock wave as a 
function of 𝑎𝑃𝑤 and 𝑎𝐵𝑤, which are the dimensionless areas at the shock 
wave position, referenced to the critical areas before (𝑃 ) and after (𝐵) 
the shock wave, respectively. In the above expression, 𝑎𝑃𝑤 is obtained 
from Eqs.  (17) and (18): 

𝑎𝑃𝑤 =
[

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2] 𝜂𝑤 − 1, (29)

and 𝑎𝐵𝑤 from Eq. (20): 

𝑎𝐵𝑤 =
𝜂𝑤
𝜂𝑡

− 1. (30)

Substituting Eqs. (29) and (30) into Eq. (28), the result is: 

𝑚𝑃
𝑁𝑠|𝐹 ≈ 1

2

(

√

[

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2
]

𝜂𝑤 − 1 −
√

𝜂𝑤
𝜂𝑡

− 1

)

. (31)

Therefore, the dimensionless motion speed depends on the shock 
wave section area, 𝜂𝑤, the throat area, 𝜂𝑡, and the inlet Mach number, 
𝜀𝑃 . The equilibrium position of the shock wave, 𝜂𝑧 | , where the shock 
𝑁1 𝑤 𝐹
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wave motion speed vanishes, is found by setting the previous expression 
to zero: 

𝜂𝑧𝑡 |𝐹 = 1

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2

≈ 1 − 𝑘𝐴2
(

𝜀𝑃𝑁1
)2 , (32)

yielding the expression for the 𝐼𝑆 and 𝐾𝐷 limits, which coincide in 
the 𝐷𝑆2𝑀 − 𝐹  model.

The maximum and minimum shock wave motion speeds allow for 
the identification of the regions where the shock wave travels at higher 
speeds. They also serve to evaluate the validity of the approximations 
made, given that the motion speed has been assumed to be low enough 
(much lower than the speed of sound). This assumption has enabled 
a further simplification of the original 𝐷𝑆2𝑀 model, in which it was 
already considered that the motion speed was small enough to neglect 
highly unsteady effects, such as those associated with acoustic waves. 
Given the interest in determining such extreme motion speeds, in order 
to find the maximum or minimum shock wave motion speed according 
to the 𝐷𝑆2𝑀 − 𝐹  model, from Eq. (31): 
d𝑚𝑃

𝑁𝑠|𝐹

d𝑥̃𝑤
=

d𝑚𝑃
𝑁𝑠|𝐹

d𝜂𝑤

d𝜂𝑤
d𝑥̃𝑤

= 0. (33)

From Eq. (33), there are two possibilities: d𝜂𝑤∕d𝑥̃𝑤 = 0 or
d𝑚𝑃

𝑁𝑠|𝐹 ∕d𝜂𝑤 = 0. In the first case, the maximum motion speed occurs 
at the throat, and at other places where the duct area law has zero 
derivative. In the second case, from Eq. (31): 

d𝑚𝑃
𝑁𝑠|𝐹

d𝜂𝑤
=

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2

4
√

[

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2
]

𝜂𝑚𝑤|𝐹 − 1
−

1∕𝜂𝑡

4
√

𝜂𝑚𝑤|𝐹
𝜂𝑡

− 1
= 0, (34)

from which the dimensionless area at the shock wave position, 𝜂𝑚𝑤|𝐹 , 
where the extreme value of 𝑚𝑃

𝑁𝑠|𝐹  is reached, is determined as: 

𝜂𝑚𝑤|𝐹 = 𝜂𝑡
1 − 1∕

[

𝜂𝑡
(

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2
)]2

1 − 1∕
[

𝜂𝑡
(

1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2
)] = 𝜂𝑡

⎛

⎜

⎜

⎝

1 + 1

𝑘𝐴2
(

𝜀𝑃𝑁1
)2

⎞

⎟

⎟

⎠

≫ 𝜂𝑡.

(35)

Since 𝜀𝑃𝑁1 ≪ 1, the extreme value of 𝑚𝑃
𝑁𝑠|𝐹  is reached at 𝜂𝑚𝑤|𝐹 ≫

𝜂𝑤 ∼ 𝜂𝑡, which falls outside the range of validity of this model. Since 
the shock wave motion speed is monotonically increasing or decreasing 
(within the 𝐷𝑆2𝑀 − 𝐹  model), and it is assumed that 𝜂𝑤 ≥ 𝜂𝑡, 
the maximum or minimum shock wave motion speed conditions are 
reached at the throat.

Once the dimensionless motion speed of the shock wave is obtained 
from Eq. (31), the dimensional speed, acceleration, and trajectory of the 
shock wave can be obtained from Appendix C in Carbajosa et al. [13].

To analyze the motion speed as a function of position, it is useful to 
rewrite Eq. (28) as: 

𝑚𝑃
𝑁𝑠|𝐹 = 1

2
𝑎𝑃𝑤 − 𝑎𝐵𝑤

√

𝑎𝑃𝑤 +
√

𝑎𝐵𝑤
, (36)

and express 𝑎𝑃𝑤 in terms of the area jump across the wave, 𝜉, defined 
as:

𝜉 = 𝑎𝑃𝑤 − 𝑎𝐵𝑤 =
𝐴𝑤
𝐴𝑡

(

𝐴𝑡

𝐴𝑃∗ − 1
)

≈ 𝜂𝑤

(

𝜂𝑡 − 1
𝜂𝑡

+ 𝑘𝐴2
(

𝜀𝑃𝑁1
)2
)

=
𝐴𝑤
𝐴1

(

1 −
𝐴1
𝐴𝑡

+ 𝑘𝐴2
(

𝜀𝑃𝑁1
)2
)

. (37)

Note that the case 𝜉 = 0 (𝑎𝑃𝑤 = 𝑎𝐵𝑤) corresponds to both the 
𝐼𝑆 and 𝐾𝐷 curves, as well as the zero-speed curve within this first 
approximation, as shown below.

Thus, if the inlet geometry variations are smooth, and the difference 
between the entrance and throat areas is small, when the shock wave 
887 
section area and inlet Mach number 𝜀𝑃𝑁1 satisfy |𝜉| ≪ 𝑎𝐵𝑤, 𝑎
𝑃
𝑤, the shock 

wave motion speed can be approximated as: 

𝑚𝑃
𝑁𝑠|𝐹 , 𝜉≪1 ≈

1
4

𝜉
√

𝜂𝑤
𝜂𝑡

− 1
= 1

4
𝜉

√

𝐴𝑤
𝐴𝑡

− 1
= 1

4
𝐴𝑤∕𝐴𝑡

√

𝐴𝑤
𝐴𝑡

− 1

(

𝐴𝑡

𝐴𝑃∗ − 1
)

,

(38)

where the condition 𝐴𝑤 > 𝐴𝑡 is always fulfilled if the shock is not at 
the throat. The motion speed of the shock wave has the same sign as 
the area jump 𝜉, or (𝐴𝑡 − 𝐴𝑃∗).

If the shock wave is placed at an area 𝐴𝑤 ≈ 𝐴1, the limit 𝜂𝑤 → 1
can be considered. Using the approximation 𝐴1∕𝐴𝑃∗ ≈ 1 + 𝑘𝐴2

(

𝜀𝑃𝑁1
)2, 

it follows that: 

𝑚𝑃
𝑁𝑠|𝐹 , 𝜉≪1, 𝐴1

≈ 1
4

𝐴1
𝐴𝑡

√

𝐴1
𝐴𝑡

− 1

(

𝐴𝑡

𝐴𝑃∗ − 1
)

. (39)

For a large throat area, 𝐴𝑡 > 𝐴𝑃∗ (i.e., 𝜉 > 0), the dimensionless 
motion speed is 𝑚𝑃

𝑁𝑠|𝐹 , 𝜉≪1, 𝐴1
> 0 (the shock wave is swallowed). If 

𝐴𝑡 = 𝐴𝑃∗, then 𝑚𝑃
𝑁𝑠|𝐹 , 𝜉≪1, 𝐴1

= 0 ∀𝐴𝑤, but this result is not valid, it is 
a consequence of the first-order approximation. For a better precision, 
higher-order terms should be retained. Here, 𝐴𝑡 = 𝐴𝑃∗ corresponds to 
the 𝐼𝑆 ≡ 𝐾𝐷 curve, and the configuration is at the stability limit. In 
this approximation, shock waves whose configurations are placed on 
these curves are not moving.

The isentropic curve 𝐼𝑆 is obtained from Eq. (21), which leads to 
𝜀𝐵𝑁𝑤 = 0 as the shock wave is at the throat (𝑥𝑤 = 𝑥𝑡, 𝐴𝑤 = 𝐴𝑡 ≡ 𝐴𝑃∗). 
Thus, from Eq. (15), it follows: 
(

𝐴1∕𝐴𝑡
)

𝐼𝑆 = 1 + 𝑘𝐴2
(

𝜀𝑃𝑁1
)2 . (40)

This expression can also be obtained by considering the supersonic 
isentropic evolution up to the throat, where 𝐴𝑡 = 𝐴𝑃∗ and the Mach 
number at the throat is unity (𝜀𝑃𝑁𝑤 ≡ 𝜀𝑃𝑁𝑡 = 0). Thus, from Eq. (17), we 
obtain 𝐴𝑡(1 + 𝑎1)∕𝐴1 − 1 = 0, and combining this with Eq. (15) leads to 
Eq. (40).

The curve corresponding to the Kantrowitz-Donaldson limit, 𝐾𝐷, is 
defined by 𝜀𝑃𝑁𝑤 ≡ 𝜀𝑃𝑁1 because the shock wave is located at the inlet 
entrance. From Eq. (21): 

𝜀𝐵𝑁𝑤 ≡ 𝜀𝐵𝑁1 = −

√

𝐴1∕𝐴𝑡 − 1
𝑘𝐴2

, (41)

where 𝐴𝑡 =
(

𝐴𝑃∗)
𝑀𝑑
. Since the Mach number jump across the shock 

wave is 𝜀𝑃𝑁𝑤 ≡ 𝜀𝑃𝑁1 = −𝜀𝐵𝑁𝑤 ≡ −𝜀𝐵𝑁1 (if the shock wave is standing still), 
it follows from Eq. (41) that: 
(

𝐴1∕𝐴𝑡
)

𝐾𝐷 = 1 + 𝑘𝐴2
(

𝜀𝐵𝑁1
)2 . (42)

Within this first-order approximation, is |𝜀𝐵𝑁1| = |𝜀𝑃𝑁1|. Conse-
quently, from Eqs. (40) and (42), both curves 𝐼𝑆 and 𝐾𝐷 coincide, and 
no hysteresis region appears. This occurs because the curve 𝐴(M)∕𝐴∗ is 
symmetric about M = 1 in this first approximation, as it depends on 
(M − 1)2, and the Mach number downstream the shock wave, |𝜀𝐵𝑁𝑤| =
𝜀𝑃𝑁𝑤, is also symmetric (see Fig.  4). To introduce an asymmetry with 
respect to M = 1, it would be necessary to retain higher-order terms 
(𝜀3𝑁 ), and therefore also an asymmetry in the Mach number behind 
the shock wave (1 − 𝜀𝑖) compared to the Mach number ahead of 
it (1 + 𝜀𝑖). Therefore, with this first-order approximation, it is only 
possible to calculate the shock wave motion speed above the 𝐾𝐷 curve 
(positive speeds) or below the 𝐼𝑆 curve (negative speeds), but not in 
the intermediate region, which does not exist in this approximation. 
Indeed, as shown in Fig.  5, the 𝐼𝑆 and 𝐾𝐷 curves collapse into a single 
curve in this approximation.

When the shock wave is at the throat, 𝜂𝑤 = 𝜂𝑡, Eq. (38) cannot be 
used, and from Eq. (30), it can be seen that 𝑎𝐵𝑤 = 0, and the speed, in 
approximated terms, becomes: 

𝑚𝑃
| ≈

√

𝑎𝑃𝑤
=

√

𝜉
≥ 0 (valid if 𝜉 > 0). (43)
𝑁𝑠 𝐹 , 𝜉≪1, 𝐴𝑡 2 2
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Fig. 4. Ratio of the critical area to the area at each section, 𝐴∗∕𝐴, as a function of 
the Mach number, M, obtained using the 𝐷𝑆2𝑀 model (see Eq. (5)) (solid line) and 
the approximated methods (see Appendix  C): Method 1 (dash-dotted line), Method 2
(dashed line), and Method 3 (dotted line) of the 𝐷𝑆2𝑀 −𝐻 model (see Appendix  C).

Fig. 5. 𝐼𝑆 and 𝐾𝐷 curves obtained using the 𝐷𝑆2𝑀 model (solid lines), the 𝐷𝑆2𝑀−𝐹
model (dashed line), and the 𝐷𝑆2𝑀 − 𝑆 model (dotted lines). In the depicted scale, 
𝐷𝑆2𝑀 and 𝐷𝑆2𝑀 −𝐻 models present practically the same behavior.

If 𝜉 > 0, the throat swallows the shock wave. To analyze the 
expelling process of the shock wave when the 𝐼𝑆 limit is reached, 
consider the following: if according to Eq. (43) the shock wave has zero 
speed when located at the throat (𝜉 = 0) with an area 𝐴𝑡 = 𝐴𝑡0 ≡ 𝐴𝑃∗, 
and the throat area is abruptly reduced to 𝐴𝑡 = 𝐴𝑡𝑐 < 𝐴𝑡0, then 
𝑎𝐵𝑤 = 𝐴𝑤∕𝐴𝑡𝑐 − 1 > 0 increases sharply (see Eqs. (29), (30) and (37)), 
and therefore, 𝜉 < 0. Therefore, Eq. (43) cannot be applied. However, as 
the shock wave moves quickly upstream, 𝐴𝑤 > 𝐴𝑡0 and 𝐴𝑡 = 𝐴𝑡𝑐 < 𝐴𝑃∗, 
from Eq. (38) it follows that 𝑚𝑃

𝑁𝑠|𝐹 , 𝜉≪1, 𝐴1
< 0, and therefore the shock 

wave moves upstream (to the left), being expelled to accommodate the 
excess flow that cannot pass through the throat (which corresponds to 
subsonic flow behind the shock wave). This occurs because the area 
required to block the throat for subsonic flow is significantly larger than 
the critical area suitable for supersonic flow.

2.3. Second order expansion

As discussed in the previous section, in the results of the first 
approximation (𝐷𝑆2𝑀 − 𝐹  model) no difference between 𝐼𝑆 and 𝐾𝐷
can be found, since it lacks asymmetry around M = 1. To refine these 
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and other details, it is necessary to develop a more precise formulation. 
To achieve this, the Taylor series expansions of the 𝐷𝑆2𝑀 model 
should retain at least the first two terms, leading to the 𝐷𝑆2𝑀 − 𝑆
model (Duct Shock Speed Model-Second order expansion). In this way, 
Eq. (5) can be approximated as: 

𝑎(𝜀) =
𝐴(𝜀)
𝐴∗ − 1 ≈ 𝑘𝐴2𝜀

2 + 𝑘𝐴3𝜀
3, (44)

where 𝑘𝐴2 = 2∕(𝛾 + 1) = 5∕6 and 𝑘𝐴3 = −2(5𝛾 − 3)∕(3(𝛾 + 1)2) = −25∕54
(for 𝛾 = 1.4). Additionally, in the Prandtl relationship (see Eq. (6)), the 
consideration of the second order term in the Taylor series expansion 
leads to: 
M𝑑 (𝜀𝑖) ≈ 1 − 𝜀𝑖 + 𝑘M2𝜀

2
𝑖 +⋯ , (45)

where 𝑘M2 = (3𝛾 − 1)∕(𝛾 + 1) = 4∕3 (for 𝛾 = 1.4).
Next, to obtain the supersonic Mach number in the inlet reference 

frame at the various sections of interest, the approximated expression 
for Eq. (15), evaluated at the inlet using Eq. (44), is given now as: 

𝑎1 =
𝐴1
𝐴∗
1
− 1 ≈ 𝑘𝐴2

(

𝜀𝑃𝑁1
)2 + 𝑘𝐴3

(

𝜀𝑃𝑁1
)3 . (46)

Similarly, Eq. (15), evaluated upstream of the shock wave, takes the 
form: 
𝐴𝑤

𝐴𝑃∗ ≡
(

1 + 𝑎1
)

𝜂𝑤 = 1 + 𝑎𝑃𝑤 ≈ 1 + 𝑘𝐴2(𝜀𝑃𝑁𝑤)
2 + 𝑘𝐴3(𝜀𝑃𝑁𝑤)

3. (47)

Likewise, Eq. (15), evaluated downstream of the shock wave, has 
the following approximated form: 
𝐴𝑤

𝐴𝐵∗ ≡
𝜂𝑤
𝜂𝑡

= 1 + 𝑎𝐵𝑤 ≈ 1 + 𝑘𝐴2(𝜀𝐵𝑁𝑤)
2 + 𝑘𝐴3(𝜀𝐵𝑁𝑤)

3. (48)

It can be shown that both Eqs. (47) and (48) share the same 
structure, that is: 
𝑘𝐴2𝜖

2 + 𝑘𝐴3𝜖
3 ≈ 𝑎. (49)

In Appendix  B, the detailed derivation of the Mach number is 
obtained as a function of the dimensionless area 𝑎. This derivation starts 
from Eq. (49), and results in: 
𝜖(𝑎) ≅ ±

√

𝑎∕𝑘𝐴2 − 𝑘𝐴3𝑎∕(2𝑘𝐴2), (50)

where the + sign corresponds to the supersonic solution, 𝑃 , and the 
− sign corresponds to the subsonic solution, 𝐵. The first term (which 
changes sign) is identical to the 𝐷𝑆2𝑀 − 𝐹  model and represents a 
symmetric effect, while the second term (which does not change sign) 
introduces an asymmetry, thereby contributing to the separation of the 
𝐼𝑆 and 𝐾𝐷 limits.

Substituting Eq. (50) into Eqs. (47) and (48), and considering that 
𝜀𝑃𝑁𝑤 ≥ 0 and 𝜀𝐵𝑁𝑤 ≤ 0, we obtain: 

𝜀𝑃𝑁𝑤 ≈ +

√

𝑎𝑃𝑤
𝑘𝐴2

−
𝑘𝐴3
2𝑘2𝐴2

𝑎𝑃𝑤, and 𝜀𝐵𝑁𝑤 ≈ −

√

𝑎𝐵𝑤
𝑘𝐴2

−
𝑘𝐴3
2𝑘2𝐴2

𝑎𝐵𝑤. (51)

Besides, in the shock wave reference frame, the Mach number 
incident on the shock wave is M𝑖 ≡ M𝑃

𝑊𝑤, while the outgoing Mach 
number is M𝑑 ≡ M𝐵

𝑊𝑤. Following the same procedure as in the previous 
section (see Section 2.2), by adding Eqs.  (16) and (45) we get: 

M𝑖+M𝑑 ≡ M𝑃
𝑊𝑤+M𝐵

𝑊𝑤 ≈ 2+𝑘M2𝜀
2
𝑖 = 2+𝑘M2

(

𝜀𝑃𝑁𝑤 −
√

𝑇 𝑃
𝑁𝑠∕𝑇

𝑃
𝑤𝑚𝑃

𝑁𝑠

)2
,

(52)

where: 
𝜀𝑖 = 𝜀𝑃𝑁𝑤 −

√

𝑇 𝑃
𝑁𝑠∕𝑇

𝑃
𝑤𝑚𝑃

𝑁𝑠. (53)

Adding Eqs.  (7) and (8), the following is obtained: 

M𝑃
𝑊𝑤 +M𝐵

𝑊𝑤 = M𝑃
𝑁𝑤 −

√

√

√

√

𝑇 𝑃
𝑁𝑠
𝑃 𝑚𝑃

𝑁𝑠 +M𝐵
𝑁𝑤 −

√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠
𝐵 𝑚𝑃

𝑁𝑠, (54)

𝑇𝑤 𝑇𝑤
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which, substituting the Mach numbers as functions of 𝜀𝑃𝑁𝑤 and 𝜀𝐵𝑁𝑤 (see 
Eq. (51) applied to the shock wave), yields: 

M𝑃
𝑊𝑤 +M𝐵

𝑊𝑤 ≈ 2 + 𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤 − 𝑚𝑃
𝑁𝑠

⎡

⎢

⎢

⎣

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

+
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

⎤

⎥

⎥

⎦

. (55)

Establishing equality between Eqs.  (52) and (55), the following is 
derived: 

𝑚𝑃
𝑁𝑠

⎡

⎢

⎢

⎣

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

+
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

⎤

⎥

⎥

⎦

+ 𝑘M2

⎛

⎜

⎜

⎝

𝜀𝑃𝑁𝑤 −

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

𝑚𝑃
𝑁𝑠

⎞

⎟

⎟

⎠

2

≈ 𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤.

(56)

Note that the new term in 𝑘M2 (introduced in Eq. (45)) is a cor-
rection to the first-order Mach number expansion given by Eq. (25). 
However, since it is squared, the solution becomes more complex. To 
expand Eq. (56), the parenthesis multiplying 𝑚𝑃

𝑁𝑠 can be approximated 
to the first order in 𝜀𝑃𝑁𝑤, 𝜀𝐵𝑁𝑤, and 𝑚𝑃

𝑁𝑠 based on their exact expressions 
in Eqs.  (9), (12) and (13). For consistency, the term 

√

𝑇 𝑃
𝑁𝑠∕𝑇

𝑃
𝑤  given 

by Eq. (9) should also be approximated to the first order in 𝜀𝑃𝑁𝑤 as: 
√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

≈ 𝑙𝑇 0 + 𝑙𝑇 1𝜀
𝑃
𝑁𝑤, (57)

where 

𝑙𝑇 0 =
√

𝛾 + 1
2

≃ 1.095 and 𝑙𝑇 1 =
𝛾 − 1

√

2(𝛾 + 1)
≃ 0.183. (58)

Using this expression, the remaining term multiplying 𝑚𝑃
𝑁𝑠 becomes: 

⎡

⎢

⎢

⎣

√

√

√

√

𝑇 𝑃
𝑁𝑠

𝑇 𝑃
𝑤

+
√

𝑟𝑇 𝑠

√

𝑇𝑊 𝑠

𝑇 𝐵
𝑤

⎤

⎥

⎥

⎦

≈ 𝑘𝑇 0 + 𝑘𝑇 𝜀𝑃𝑁𝑤
𝜀𝑃𝑁𝑤 + 𝑘𝑇 𝜀𝐵𝑁𝑤

𝜀𝐵𝑁𝑤 + 𝑘𝑇𝑚𝑚
𝑃
𝑁𝑠, (59)

where the coefficients are: 

𝑘𝑇 0 =
√

𝛾 + 1
2

+ 4

√

𝛾 + 1
2

≃ 2.142,

𝑘𝑇 𝜀𝑃𝑁𝑤
=

𝛾 − 1
2

[

√

2
𝛾 + 1

+ 4

√

23
(𝛾 + 1)3

]

≃ 0.357,

𝑘𝑇 𝜀𝐵𝑁𝑤
= −

𝛾 − 1
2

1
4
√

2(𝛾 + 1)3
≃ −0.087, 𝑘𝑇𝑚 =

𝛾 − 1
2

1
4
√

23(𝛾 + 1)
≃ 0.096.

(60)

Considering the above approximations, Eq. (56) takes the form: 
𝐴𝑚

(

𝑚𝑃
𝑁𝑠

)2 + 𝐵𝑚𝑚
𝑃
𝑁𝑠 + 𝐶𝑚 ≈ 0, (61)

where 
𝐴𝑚 = 𝑘𝑇𝑚 + 𝑘M2𝑙

2
𝑇 0,

𝐵𝑚 = 𝑙𝑇 0 +
(

𝑘𝑇 𝜀𝑃𝑁𝑤
− 2𝑘M2𝑙𝑇 0

)

𝜀𝑃𝑁𝑤 + 𝑘𝑇 𝜀𝐵𝑁𝑤
𝜀𝐵𝑁𝑤,

𝐶𝑚 = 𝑘M2
(

𝜀𝑃𝑁𝑤
)2 − 𝜀𝑃𝑁𝑤 − 𝜀𝐵𝑁𝑤.

(62)

In Eq. (62), 𝑘M2 introduces the effect of the second term of the 
expansion of the shock outgoing flow Mach number, while 𝑘𝐴3 (within 
𝜀𝑅𝑁𝑤, where 𝑅 = 𝑃  or 𝐵, depending on the branch) introduces a third 
order effect in the expansion of the area as a function of the Mach 
number. The 𝐼𝑆 and 𝐾𝐷 curves are of zero motion speed, and are 
obtained from Eq. (61) with 𝐶𝑚 = 0. Note that the last two terms of 
𝐶𝑚 when set to zero represent the condition for the 𝐼𝑆 and 𝐾𝐷 limits 
as obtained from the 𝐷𝑆2𝑀 − 𝐹  model (see Eq. (27)). The solution to 
Eq. (61) can be approximated as:

𝑚𝑃
𝑁𝑠|𝑆 =

−𝐵𝑚 +
√

𝐵2
𝑚 − 4𝐴𝑚𝐶𝑚

2𝐴𝑚
≈ 𝐶𝑆

1
[

𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤
]

+ 𝐶𝑆
2 𝜀

𝑃
𝑁𝑤𝜀

𝐵
𝑁𝑤

+ 𝐶𝑆 (

𝜀𝑃
)2 + 𝐶𝑆 (

𝜀𝐵
)2 , (63)
3 𝑁𝑤 4 𝑁𝑤
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where 
𝐶𝑆
1 ≃ +0.467, 𝐶𝑆

2 ≃ +0.233, 𝐶𝑆
3 ≃ −0.154, 𝐶𝑆

4 ≃ −0.236. (64)

The polynomial on the right-hand side of Eq. (63) represents the 
second-order expansion of the central term in Eq. (63). Of the two 
possible solutions of Eq. (61), the one considered here in Eq. (63) is 
the + sign. With this choice, the selected branch is the one yielding 
zero wave motion speed, 𝑚𝑃

𝑁𝑠|𝑆 = 0, when 𝐶𝑚 = 0, that is, when the 
Mach numbers upstream and downstream are unity (𝜀𝑃𝑁𝑤 = 𝜀𝐵𝑁𝑤 = 0).

In Fig.  5, it is shown that, unlike the absence of a hysteresis region 
in the 𝐷𝑆2𝑀 − 𝐹  model, the inclusion of additional terms in the 
𝐷𝑆2𝑀 −𝑆 model recovers the presence of distinct 𝐼𝑆 and 𝐾𝐷 curves, 
as in the 𝐷𝑆2𝑀 model, and consequently the hysteresis zone located 
between the two curves. Furthermore, as the Mach number grows from 
unity, the agreement between the 𝐼𝑆 and 𝐾𝐷 curves of the 𝐷𝑆2𝑀
and 𝐷𝑆2𝑀 − 𝑆 models begins to show discrepancies amounting to a 
few thousandths in the range considered. The agreement between the 
various 𝐼𝑆 curves remains better than among the 𝐾𝐷 curves, where 
larger differences emerge.

2.4. High order expansion

Although the two approximated formulations presented (𝐷𝑆2𝑀−𝐹
and 𝐷𝑆2𝑀 −𝑆) allow for estimating the shock wave behavior for inlet 
Mach numbers very close to unity (M𝑃

𝑁1 = 1 + 𝜀𝑃𝑁1 with 𝜀𝑃𝑁1 ≪ 1), 
they produce results that deviate significantly from those provided by 
the 𝐷𝑆2𝑀 model for Mach numbers further from unity (as previously 
observed in Fig.  5 and as it will be further discussed in Section 3). 
This problem suggested developing a simplified formulation that, while 
presenting clear analytic expressions, remains valid across a broader 
range of Mach numbers incident to the normal shock wave.

Considering the large influence of the accuracy in the approxima-
tion of the M(𝐴∕𝐴∗) and M𝑑 (M𝑖) curves in the results for 𝐼𝑆 and 
𝐾𝐷 limits and, therefore, in the shock wave motion speed, a new 
formulation is proposed that improves upon the second approxima-
tion, resulting in the so-called 𝐷𝑆2𝑀 − 𝐻 model (Duct Shock Speed 
Model-High order expansion). Instead of using a constant value for 𝑘𝐴2, 
higher-order Mach number expansions are introduced, specific to each 
chosen branch (subsonic or supersonic), to better approximate the 
curve 𝐴(M)∕𝐴∗. Detailed descriptions of the three proposed methods to 
improve the approximation of 𝑘𝐴2 in each branch within the 𝐷𝑆2𝑀−𝐻
model are provided in Appendix  C. Similarly, Appendix  D outlines the 
procedure used to derive the asymptotic expansion of the dimensionless 
motion speed as a function of the Mach number:

𝜀𝑃𝑁𝑤 ≈ +

√

√

√

√

𝑎𝑃𝑤
𝑘𝑃𝐴2(𝜀

𝑃
𝑁1)

= +

√

𝛿𝑤 + 𝑎1𝜂𝑤
𝑘𝑃𝐴2(𝜀

𝑃
𝑁1)

and

𝜀𝐵𝑁𝑤 ≈ −

√

√

√

√

𝑎𝐵𝑤
𝑘𝐵𝐴2(𝜀

𝑃
𝑁1)

= −

√

𝛿𝑤 − 𝛿𝑡
𝑘𝐵𝐴2(𝜀

𝑃
𝑁1)𝜂𝑡

, (65)

yielding:

𝑚𝑃
𝑁𝑠|𝐻 (𝜀𝑃𝑁𝑤, 𝜀

𝐵
𝑁𝑤) ≈ 𝐶𝐻

1
[

𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤
]

+ 𝐶𝐻
2 𝜀𝑃𝑁𝑤𝜀

𝐵
𝑁𝑤

+ 𝐶𝐻
3

[

(

𝜀𝑃𝑁𝑤
)2 +

(

𝜀𝐵𝑁𝑤
)2] , (66)

where 𝜀𝑃𝑁𝑤 = 𝜀𝑃𝑁𝑤(𝑥̃𝑤; 𝜀
𝑃
𝑁1) and 𝜀𝐵𝑁𝑤 = 𝜀𝐵𝑁𝑤(𝑥̃𝑤; 𝜀

𝑃
𝑁1) are given by 

Eq. (65). In Eq. (66), the coefficients take the values: 
𝐶𝐻
1 ≃ +0.456, 𝐶𝐻

2 ≃ +0.228, 𝐶𝐻
3 ≃ −0.190 (67)

Note that the coefficient corresponding to the first two terms, 𝐶𝐻
1 , is 

identical to that obtained in Eq. (27) of the 𝐷𝑆2𝑀−𝐹  model (i.e., 𝐶𝐻
1 ≡

𝐶𝐹
1 ) as can be expected. Furthermore, the coefficients multiplying 𝜀𝑃𝑁𝑤
and 𝜀𝐵𝑁𝑤 are identical for all non-crossed terms. This symmetry arises 
because the asymmetry is directly incorporated within the definitions 
of 𝑘𝐴2 for each method described in Appendix  C, as well as within the 
definitions of 𝜀𝑃  and 𝜀𝐵 .
𝑁𝑤 𝑁𝑤
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Fig. 6. Sample inlet duct area law (gray region) considered.
Source: Adapted from [13].

The results for the section area ratio to the critical area, 𝐴∕𝐴∗, as a 
function of Mach number M, obtained from the exact Eq. (5) and the 
approximated Eq. (65) for the three methods discussed in Appendix  C, 
are presented in Fig.  4. It is shown that the best performance is achieved 
using Method 3 of the 𝐷𝑆2𝑀−𝐻 model, followed by Method 2. This is 
because Method 1 is a symmetric parabola, while successive improve-
ments introduce a (𝜀𝑃𝑁1

)3 term that forces an enhanced antisymmetric 
component, bringing the approximated solutions closer to the exact 
curve. Henceforth, whenever the 𝐷𝑆2𝑀 −𝐻 model is referenced, the 
expressions corresponding to Method 3 will be employed: 
𝑘𝐵𝐴2(𝜀

𝑃
𝑁1) = 𝑘𝐵3𝐴2(𝜀

𝑃
𝑁1),

𝑘𝑃𝐴2(𝜀
𝑃
𝑁1) = 𝑘𝑃3𝐴2(𝜀

𝑃
𝑁1).

(68)

3. Results and discussion

Having introduced the approximated models, their results are com-
pared to those of the 𝐷𝑆2𝑀 model to evaluate the validity range of 
each approximation. For this purpose, a sample area law is employed, 
given by the equation (see Fig.  6): 

𝜂(𝑥̃) = 𝐴(𝑥̃)∕𝐴1 = 1 + 6𝜁
(

𝑥̃3

3
− 𝑥̃2

2

)

, (69)

where 𝜁 = 1−𝜂𝑡 is the throat deformation. This area law was chosen due 
to its simple form, and because it exhibits a null derivative at both the 
inlet entrance (𝑥̃ = 0) and the throat (𝑥̃ = 1). The interest in choosing an 
area law with null derivatives at the inlet entrance and throat relies on 
the fact that there will not be abrupt changes in the shock wave motion 
speed in those sections, which are the two most important sections in 
the inlet in terms of overall stability.

The five cases selected for the comparison are shown in Fig.  7: 
𝑀𝑃

𝑁1 = 1.01 (Fig.  8-(a)), 1.10 (Fig.  8-(b)), 1.20 (Fig.  8-(c)), 1.50 (Fig. 
9-(a)), and 1.80 (Fig.  9-(b)). For each Mach number, five throat areas 
were considered, whose values are given in Table  1. For each point in 
Fig.  7, the dimensionless shock wave motion speed, 𝑚𝑃

𝑁𝑠, is obtained as 
a function of the dimensionless position along the duct, 𝑥̃𝑤, using the 
proposed models. The results are normalized to 𝑚𝑃

𝑁𝑠|𝑚𝑎𝑥, the maximum 
value within the interval 0 < 𝑥̃𝑤 < 1 obtained using the 𝐷𝑆2𝑀 model. 
As the results for the points placed on the 𝐼𝑆 and 𝐾𝐷 limits (𝑃 2 and 
𝑃 4) are very sensitive to the value assumed for these limits, to be 
consistent, the values used for the 𝐼𝑆 and 𝐾𝐷 curves in each model 
were the limit throat areas obtained from the same model itself. For 
the intermediate points (𝑃 1, 𝑃 3, and 𝑃 5), which are far from the limits, 
the inlet Mach number and throat area used were the ones derived from 
the full 𝐷𝑆2𝑀 model (i.e., the same for all models).

For all cases shown in Fig.  8, no differences are observed between 
the results of the 𝐷𝑆2𝑀 −𝐻 model and the 𝐷𝑆2𝑀 model. However, it 
can be seen that, while there is a high level of agreement between all 
models for Mach numbers close to unity, particularly for 𝑀𝑃

𝑁1 = 1.01, 
as the inlet Mach number increases, greater differences appear. In Fig. 
8-(b) (M𝑃

𝑁1 = 1.10), a significant deviation is observed in the results 
obtained with the 𝐷𝑆2𝑀 −𝐹  model compared to the others, becoming 
more pronounced for the 𝐼𝑆 and 𝐾𝐷 curves, where the 𝐷𝑆2𝑀 − 𝐹
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Table 1
Duct throat areas considered in Eq.  (69) for the five configurations given en Fig.  7, at 
each entrance Mach number.
 Point 𝜂𝑡 = 𝐴𝑡∕𝐴1 Comment: Position in Fig.  7  
 𝑃 1 𝜂𝑡|𝐼𝑆 − 0.1

(

1 − 𝜂𝑡|𝐼𝑆
)

10% below 𝐼𝑆 curve  
 𝑃 2 𝜂𝑡|𝐼𝑆 At 𝐼𝑆 curve  
 𝑃 3 1

2

(

𝜂𝑡|𝐼𝑆 + 𝜂𝑡|𝐾𝐷
)

Halfway between 𝐼𝑆 and 𝐾𝐷 curves  
 𝑃 4 𝜂𝑡|𝐾𝐷 At 𝐾𝐷 curve  
 𝑃 5 1

2

(

1 + 𝜂𝑡|𝐾𝐷
)

Halfway between 𝐾𝐷 and 𝐴∗∕𝐴 = 1 curves 

Fig. 7. Curves 𝐼𝑆 (solid line) and 𝐾𝐷 (dashed line), and selected points for results 
analysis. Vertical lines indicate inlet Mach numbers of 𝑀𝑃

𝑁1 = 1.01, 1.10, 1.20, 1.50, 
and 1.80.

model predicts zero motion speed throughout the duct. Similarly, the 
𝐷𝑆2𝑀−𝑆 model begins to show noticeable differences from the 𝐷𝑆2𝑀
model in Fig.  8-(c), at an inlet entrance Mach number of 𝑀𝑃

𝑁1 = 1.20.
According to Fig.  8-(c) (M𝑃

𝑁1 = 1.20), there are significant differ-
ences between the approximated (𝐷𝑆2𝑀 − 𝐹  and 𝐷𝑆2𝑀 − 𝑆) and full 
(𝐷𝑆2𝑀) models. These differences increase notably with higher Mach 
numbers. Therefore, the results from low-order models (𝐷𝑆2𝑀−𝐹  and 
𝐷𝑆2𝑀 − 𝑆) are omitted for higher Mach numbers. Instead, Fig.  9-(a) 
and 9-(b) present the shock wave motion speed, 𝑚𝑃

𝑁𝑠, obtained using 
the 𝐷𝑆2𝑀 model and the Method 3 of the 𝐷𝑆2𝑀 − 𝐻 model for 
inlet entrance Mach numbers of 𝑀𝑃

𝑁1 = 1.50 and 1.80, respectively. 
These results are also normalized to the maximum value achieved by 
the 𝐷𝑆2𝑀 model, 𝑚𝑃

𝑁𝑠|𝑚𝑎𝑥. In these figures, even for an inlet entrance 
Mach number of 𝑀𝑃

𝑁1 = 1.50, the results obtained with Method 3 of 
the 𝐷𝑆2𝑀 − 𝐻 model reasonably match those of the 𝐷𝑆2𝑀 model. 
However, for higher values, discrepancies become quite noticeable (see 
Fig.  9-(b)).

To complete the information presented in Figs.  8 and 9, the vari-
ation of the maximum shock wave motion speed, 𝑚𝑃

𝑁𝑠|𝑚𝑎𝑥, obtained 
using the 𝐷𝑆2𝑀 model as a function of the inlet entrance Mach 
number, 𝑀𝑃

𝑁1, is shown in Fig.  10. The maximum shock wave motion 
speed considered in each case is the one that appears at the throat 
in the conditions (Mach number and throat-to-entrance area ratio) 
defined by the 𝑃 5 points from Fig.  7 and Table  1. In this figure, a 
monotonic growth can be observed. This growth is quite linear for inlet 
entrance Mach numbers close to unity, but deviates from linearity as 
the inlet entrance Mach number increases. This can be associated with 
an increase in the dynamic pressure of the upstream flow, leading to a 
stronger shock wave, both during its expulsion and swallowing, and an 
increase in motion speed.

The points of maximum speed occur at the throat (see Eq. (33)) and 
correspond to points 𝑃 5 in Fig.  7 (above the 𝐾𝐷 limit). In addition, 
the larger the duct section areas (that is, more similar to 𝐴 ), the lower 
1
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Fig. 8. Variation of the dimensionless shock wave motion speed, 𝑚𝑃
𝑁𝑠∕𝑚

𝑃
𝑁𝑠|𝑚𝑎𝑥 (see Fig.  10), as a function of position, 𝑥̃𝑤, for an inlet entrance Mach number M𝑃

𝑁1 = 1.01 (a), 1.10 
(b), and 1.20 (c); for the cases indicated in Fig.  7: 𝑃 1, below the 𝐼𝑆 curve (blue); 𝑃 2, on the 𝐼𝑆 curve (orange); 𝑃 3, between the 𝐼𝑆 and 𝐾𝐷 curves (yellow); 𝑃 4, on the 𝐾𝐷
curve (purple); and 𝑃 5, above the 𝐾𝐷 curve (green). Results obtained using the 𝐷𝑆2𝑀 and 𝐷𝑆2𝑀 −𝐻 models (solid line), the 𝐷𝑆2𝑀 − 𝐹 model (dotted–dashed line), and the 
𝐷𝑆2𝑀 − 𝑆 model (dashed line). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 9. As in Fig.  8 for M𝑃
𝑁1 = 1.50 (a) and 1.80 (b). Results obtained using the 𝐷𝑆2𝑀 model (solid line) and Method 3 of the 𝐷𝑆2𝑀 −𝐻 model (dotted line).
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Fig. 10. Variation of the maximum dimensionless shock wave motion speed, 𝑚𝑃
𝑁𝑠|𝑚𝑎𝑥, 

as a function of the inlet entrance Mach number, M𝑃
𝑁1, for the different cases considered 

(see points 𝑃 5 in Fig.  7 and Table  1). Results obtained using the 𝐷𝑆2𝑀 model.

the deceleration experienced by the flow and, therefore, the greater the 
shock wave motion speed.

At 𝑃1 points, the limit (∗) can be reached in a given section and, 
from that position on, the curve finishes. This limit corresponds to 
M𝑤 ≡ 1 and 𝐴𝑤 ≡ 𝐴∗. Therefore, no solutions exist for smaller areas. 
No shock wave can appear at the right side of this limit point (∗) and, 
if it appears on the left side, then it would have negative motion speed, 
and it would be expelled.

The physical interpretation of the observed differences between the 
simplified models becomes clearer when considering the assumptions 
underlying each approach. The 𝐷𝑆2𝑀 − 𝐹  model, which assumes 
only first-order perturbations, fails to capture the growing influence of 
geometry on shock wave dynamics as the Mach number increases. This 
also explains the model’s prediction of zero motion speed in limiting 
cases (like on the 𝐼𝑆 or 𝐾𝐷 curves). In contrast, the 𝐷𝑆2𝑀 −𝑆 model 
better incorporates the effects of geometry, but still omits higher-order 
terms that become increasingly relevant at moderate-to-high Mach 
numbers.

Physically, these discrepancies can be understood by examining the 
role of the pressure gradients induced by area variations. At low Mach 
numbers, changes in duct geometry cause relatively gentle pressure 
perturbations, allowing all models to converge in their predictions. 
However, as the flow speed and compressibility rise with Mach number, 
even small area variations near the throat induce strong pressure forces 
capable of accelerating or decelerating the shock wave significantly. 
This is especially true near the 𝐼𝑆 and 𝐾𝐷 limits, where flow stability is 
sensitive to small perturbations. The full 𝐷𝑆2𝑀 model, which includes 
the effects of dynamic wave interaction and geometry coupling, is thus 
better equipped to capture these nuances, especially when nonlinear 
behavior becomes dominant.

3.1. Comments on the influence of viscous effects

In real experimental tests, even in the purely mechanical problem 
studied (excluding effects such as mass addition or the presence of a 
combustion chamber) viscous phenomena, such as boundary layers, 
are nonetheless present. These viscous effects can be qualitatively 
accounted for by considering them as an effective reduction in the 
cross-section area for the flow within the duct under consideration. 
In particular, near the throat regions, the presence of boundary layers 
can effectively reduce the cross-section area at those locations. This 
reduction tends to promote unstart and hinder start in real inlets, 
892 
requiring larger increases in area than those predicted theoretically to 
achieve start. It also leads to unstart at slightly larger areas than those 
estimated in the developed simplified models.

For a more in-depth analysis of how viscous effects can be incor-
porated into the developed formulation, and how such techniques can 
be used to compare with experimental results, the interested reader is 
referred to Carbajosa et al. [13].

4. Conclusions

In this work, three approximated models (valid when M ≈ 1), 
derived from the 𝐷𝑆2𝑀 model proposed by Carbajosa et al. [13], have 
been developed with the aim of simplifying the analysis of shock wave 
motion in supersonic and hypersonic air inlets. In these cases, even for 
high Mach numbers, after an initial set of oblique shock waves, the 
normal shock wave that finally decelerates the flow from supersonic 
to subsonic regime is usually subjected to a Mach number close to 
unity and is positioned in the proximity of the throat, at least in the 
configurations close to the shock wave swallowing and expelling limits 
(𝐾𝐷 and 𝐼𝑆, respectively). In these cases, the proposed approximated 
models are applicable by considering an equivalent corrected Mach 
number in a given known section area. These approximated models 
provide analytical expressions that allow for the rapid evaluation of 
shock wave motion speed, as well as the determination of equilibrium 
positions, stability, and facilitate the description of the influence of key 
design parameters (such as the Mach number and cross-section area of 
the reference section, the critical area of the reference flow, the throat 
area, or the shock wave position).

The results obtained show that predictions of the approximated 
model align well with those of the full model within a Mach number 
range close to unity. However, as the Mach numbers increase, the 
discrepancies between the results of the approximated models and the 
full model also increase. As expected, the simplest model (the 𝐷𝑆2𝑀 −
𝐹 ) exhibits the greatest deviations compared to the full model, while 
the successive models (𝐷𝑆2𝑀 − 𝑆 and 𝐷𝑆2𝑀 − 𝐻), which are more 
complex, show greater accuracy in approaching the full model solution.

The analytical expressions allow for the identification of the de-
pendency of motion speed on the inlet entrance area, throat area, and 
the area of the section where the shock wave is located. In particular, 
according to the first order approximation, the sign of the motion 
speed depends on (𝐴𝑡 − 𝐴𝑃∗). If the throat area is larger than the 
critical area of the incoming flow, the motion speed is positive, and 
the shock wave moves towards the throat. If the throat area is made 
smaller than the critical area of the incoming supersonic flow (no 
shock wave in the duct), then a shock wave appears at the throat, and, 
since the motion speed is negative, moves towards the entrance. The 
intensity of the motion speed follows (𝐴𝑤 − 𝐴𝑡

)−1∕2, where 𝐴𝑤 > 𝐴𝑡, 
from which it is deduced that the maximum velocity will be reached 
at the throat (where the area is minimal). Note that the shock wave 
motion speed intensity tends to infinity if 𝐴𝑤 → 𝐴𝑡, where the first 
order approximated model provides invalid results. Additionally, it is 
noteworthy that the results obtained using the 𝐷𝑆2𝑀 − 𝐻 model are 
very close to those of the 𝐷𝑆2𝑀 model, even for relatively high Mach 
numbers (around 𝑀𝑃

𝑁1 = 1.50), which is consistent with expectations 
for an asymptotic method.

In practical terms, the approximated models developed are partic-
ularly useful in the preliminary design stages, where simplicity and 
calculation speed are key factors. However, for operating conditions 
further from the validity range of the simplified models, it is rec-
ommended to use the 𝐷𝑆2𝑀 model or more advanced numerical 
tools to ensure the required accuracy. Overall, this work extends the 
capabilities of the 𝐷𝑆2𝑀 model, providing versatile tools for prelim-
inary analysis and establishing clear limits for the applicability of the 
proposed approximations.
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It can be observed that shock wave swallowing speeds are consis-
tently higher than expelling speeds. Furthermore, maximum swallow-
ing speeds and minimum expelling speeds occur at the throat. In the 
considered range (𝑀𝑃

𝑁1 ≤ 1.80), the maximum dimensionless shock 
wave motion speed, 𝑚𝑃

𝑁𝑠|𝑚𝑎𝑥, remains small (necessary for the validity 
of the 𝐷𝑆2𝑀 model), indicating that the shock wave motion speed is 
substantially lower than the sound speed. Since all the temperatures 
are of the same order of magnitude, it does not matter to which 
temperature the sound speed is referred. A fraction of this sound speed 
can be used as an order-of-magnitude value to estimate shock motion 
speed in preliminary design phases.
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Appendix A. Nomenclature

Superscripts

 𝐵 Subsonic branch.  
 𝑚 Maximum speed condition.  
 𝑃 Supersonic branch.  
 𝑅 Supersonic or subsonic regime, depending on whether 𝑅 ≡ 𝑃

or 𝑅 ≡ 𝐵, respectively.
 

 𝑥 Method 𝑥 (where 𝑥 = 1, 2, or 3) when using 𝐷𝑆2𝑀 −𝐻
model.

 

𝑧
 Zero speed condition.
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Subscripts

 1 Inlet entrance.  
 𝑑 Outgoing quantity evaluated in the shock wave reference 

frame.
 

 𝐹 Quantity referred to the 𝐷𝑆2𝑀 − 𝐹  model.  
 𝐻 Quantity referred to the 𝐷𝑆2𝑀 −𝐻 model.  
 𝐼𝑆 Quantity referred to the isentropic limit.  
 𝑖 Incident quantity evaluated in the shock wave reference 

frame.
 

 𝐾𝐷 Quantity referred to the Kantrowitz-Donaldson limit.  
 𝑚𝑎𝑥 Maximum speed.  
 𝑁 Quantity referred to the inlet reference frame.  
 𝑛 Auxiliary index.  
 𝑃 𝑖 Quantity referred to the Point 𝑖.  
 𝑆 Quantity referred to the 𝐷𝑆2𝑀 − 𝑆 model.  
 𝑠 Total or stagnation quantity.  
 𝑡 Inlet throat.  
 𝑊 Quantity referred to the shock wave reference frame.  
 𝑤 Shock wave position.

Greek symbols

 𝛿 Incremental dimensionless area, 𝜂 − 1.  
 𝜖𝑛 Auxiliary quantity for the 𝑛th term used in mathematical 

expansions.
 

 𝜂 Ratio between the area at a given section, 𝐴, and the area at 
the inlet entrance section, 𝐴1.

 

 𝛾 Specific heat ratio of air.  
 𝜀 Incremental Mach number, M− 1.  
 𝜉 Area jump, 𝑎𝑃 − 𝑎𝐵 .  
 𝜁 Throat deformation, 1 − 𝜂𝑡.

Roman symbols

 M Mach number.  
 𝐴 Area.  
 𝑎 Incremental dimensionless area, 𝐴∕𝐴∗ − 1.  
 𝐴 ∗ Critical area.  
 𝐴𝑚, 𝐵𝑚, 𝐶𝑚 Coefficients of the quadratic equation for 𝑚𝑃

𝑁𝑠.  
 𝐶𝑀

𝑛 Coefficient for the 𝑛th term in the Taylor series 
expansion of 𝑚𝑃

𝑁𝑠 obtained using the 𝐷𝑆2𝑀 − 𝐹
(𝑀 ≡ 𝐹 ), 𝐷𝑆2𝑀 − 𝑆 (𝑀 ≡ 𝑆), or 𝐷𝑆2𝑀 −𝐻
(𝑀 ≡ 𝐻) model.

 

 𝐶𝑅 Contraction ratio.  
 ℎ𝑆𝑥𝑛 Coefficient for the 𝑛th term of the proposed 

approximated model for 𝑘𝑆𝑥𝐴2 .
 

 𝑘M2 Second-order coefficient of the Taylor series 
expansion of the Prandtl relation.

 

 𝑘𝐴2 Second-order coefficient of the Taylor series 
expansion of 𝑎.

 

 𝑘𝑆𝑥𝐴2 Second-order coefficient of the Taylor series 
expansion of 𝑎 for the 𝑆 branch using Method 𝑥
(x=1, 2, or 3).

 

 𝑘𝐴3 Third-order coefficient of the Taylor series 
expansion of 𝑎.

 

 𝑘𝑇 𝑛 Coefficient for the 𝑛th term in the Taylor series 
expansion of 

√

𝑇 𝑃
𝑁𝑠∕𝑇

𝑃
𝑤 +

√

𝑟𝑇 𝑠
√

𝑇𝑊 𝑠∕𝑇 𝐵
𝑤 .

 

 𝐿 Longitudinal distance between the inlet entrance 
and the throat.

 

 𝑙𝑇 𝑛 Coefficient for the 𝑛th term in the Taylor series 
expansion of 

√

𝑇 𝑃
𝑁𝑠∕𝑇

𝑃
𝑤 .
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 𝑚𝑃
𝑁𝑠 Dimensionless motion speed of the shock wave scaled by the 

speed of sound at stagnation conditions, in the inlet 
reference frame.

 

 𝑅𝑔 Gas constant for air.  
 𝑟𝑇 𝑠 Ratio between 𝑇 𝑃

𝑁𝑠 and 𝑇𝑊 𝑠.  
 𝑇 Temperature.  
 𝑥 Longitudinal coordinate measured relative to the entrance 

section.
 

 𝑥̇ Shock wave motion speed measured in inlet reference frame.  
 𝑥̃ Dimensionless longitudinal coordinate, 𝑥, scaled by the 

quantity 𝐿.

Appendix B. Derivation of 𝝐(𝒂)

The objective is to solve the problem of obtaining the incremental 
Mach number 𝜖 as a function of the incremental area 𝑎, i.e., 𝜖 = 𝜖(𝑎), 
starting from: 
𝑘𝐴2𝜖

2 + 𝑘𝐴3𝜖
3 ≈ 𝑎. (B.1)

To achieve this, 𝜖 is expanded as 𝜖 = 𝜖0 + 𝜖1, where 𝜖1 ≪ 𝜖0. 
Accordingly, Eq. (B.1) becomes: 
𝑘𝐴2

(

𝜖20 + 2𝜖0𝜖1 + 𝜖21
)

+ 𝑘𝐴3
(

𝜖30 + 3𝜖20𝜖1 + 3𝜖0𝜖21 + 𝜖31
)

≈ 𝑎. (B.2)

Given that 𝜖20 ≫ 𝜖0𝜖1 ≫ 𝜖21 and 𝜖20 ≫ 𝜖30 ≫ 𝜖20𝜖1 ≫ 𝜖0𝜖21 ≫ 𝜖31 , the 
expression can be approximated to: 
𝑘𝐴2𝜖

2
0 ≈ 𝑎, (B.3)

leading to: 

𝜖0 ≈ ±
√

𝑎
𝑘𝐴2

. (B.4)

Moreover, substituting the above result into Eq. (B.2) and retaining 
the subsequent order terms, the following is obtained: 
2𝑘𝐴2𝜖0𝜖1 + 𝑘𝐴3𝜖

3
0 ≈ 0, (B.5)

such that, considering the value obtained for 𝜖0: 

𝜖1 ≈ −
𝑘𝐴3
2𝑘2𝐴2

𝑎. (B.6)

Finally: 

𝜖(𝑎) ≅ ±
√

𝑎
𝑘𝐴2

−
𝑘𝐴3
2𝑘2𝐴2

𝑎 (B.7)

Appendix C. Modeling of 𝒌𝑷
𝑨𝟐(𝜺

𝑷
𝑵𝟏) and 𝒌

𝑩
𝑨𝟐(𝜺

𝑷
𝑵𝟏)

To complete the improved approximated formulation, it is necessary 
to describe the model employed for 𝑘𝑃𝐴2(𝜀𝑃𝑁1) and 𝑘𝐵𝐴2(𝜀𝑃𝑁1). In this 
study, three possibilities have been analyzed:

1. Method 1: Maintaining the constant value 𝑘𝐴2 obtained from the 
Taylor series expansion of Eq. (D.1). In this case, the coefficient 
values are: 
𝑘𝑃1𝐴2(𝜀

𝑃
𝑁1) = 𝑘𝐵1𝐴2(𝜀

𝑃
𝑁1) = 𝑘𝐴2 = ℎ𝑅10 = 2

𝛾 + 1
= 5

6
≃ 0.833, (C.1)

where the superscript indicates the method used to determine 
𝑘𝐴2, and 𝑅 = 𝑃  or 𝐵, depending on the case. Using this first 
method of the 𝐷𝑆2𝑀 −𝐻 model preserves the symmetry of the 
𝐴(M) curve with respect to M = 1.

2. Method 2: Fitting the Mach number values contained within 
the interval 𝜀𝐵𝑛 ∈

[

−𝜀𝑃𝑁1, 0
] for the subsonic branch and 𝜀𝑃𝑛 ∈

[

0,+𝜀𝑃𝑁1
] for the supersonic branch is proposed. In this way, 

asymmetry is introduced. To do this, separate fits are given for 
each branch: 

𝑘𝑅2𝐴2,𝑛 =
𝑎(𝜀𝑅𝑛 )
(

𝑅
)2

. (C.2)

𝜀𝑛
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Fig. C.11. Functions 𝑘𝑅𝑥𝐴2 (𝜀𝑃𝑁1), where 𝑅 ≡ 𝑃 for the supersonic branch and 𝑅 ≡ 𝐵 for 
the subsonic branch, and 𝑥 = 1, 2, or 3, depending on the method used, as employed 
in the 𝐷𝑆2𝑀 − 𝐻 model, for: Method 1 (solid line), Method 2 (dashed line), and
Method 3 (dotted line).

The value of 𝑘𝑅2𝐴2 minimizing the mean squared error of 𝑘𝑅2𝐴2,𝑛 is 
obtained. Subsequently, polynomial regression can be applied to 
provide 𝑘𝑅2𝐴2(𝜀𝑃𝑁1) values (with 𝑅 = 𝑃  or 𝐵, as per the branch) 
as functions of 𝜀𝑃𝑁1. By performing regression for values within 
the interval 𝜀𝑃𝑁1 ∈ [0, 0.8] for each branch (𝑅 = 𝐵 or 𝑃 ), the 
following fittings are obtained: 
𝑘𝑅2𝐴2(𝜀

𝑃
𝑁1) ≈ ℎ𝑅20 +ℎ𝑅21 𝜀𝑃𝑁1+ℎ

𝑅2
2 (𝜀𝑃𝑁1)

2+ℎ𝑅23 (𝜀𝑃𝑁1)
3+ℎ𝑅24 (𝜀𝑃𝑁1)

4, (C.3)

where the coefficients for the subsonic branch (𝑅 = 𝐵) are: 

ℎ𝐵2
0 ≃ +0.844, ℎ𝐵2

1 ≃ +0.044, ℎ𝐵2
2 ≃ +2.942, ℎ𝐵2

3 ≃ −6.107, ℎ𝐵2
4 ≃ +6.027,

(C.4)

while for the supersonic branch (𝑅 = 𝑃 ): 

ℎ𝑃 20 ≃ +0.833, ℎ𝑃21 ≃ −0.373, ℎ𝑃 22 ≃ +0.337, ℎ𝑃23 ≃ −0.114, ℎ𝑃34 = 0.

(C.5)

Comparing ℎ𝑅20  and the subsequent coefficients reveals the asym-
metry that appears in the 𝐷𝑆2𝑀 −𝐹  model. The hysteresis zone 
arises due to the lack of symmetry (see Fig.  C.11).

3. Method 3: Finally, the best performance of the improved approx-
imated formulation was observed when maintaining the value of 
𝑘𝐵3𝐴2(𝜀

𝑃
𝑁1) ≡ 𝑘𝐵2𝐴2(𝜀

𝑃
𝑁1) provided by the adjustment in the previous 

section, while for 𝑘𝑃 3𝐴2(𝜀𝑃𝑁1), the value was determined to provide 
an estimation of Eq. (5) at the inlet entrance, i.e.: 

𝑘𝑃 3𝐴2(𝜀
𝑃
𝑁1) =

𝑎1
(

𝜀𝑃𝑁1
)2

. (C.6)

The above expression can be approximated as a third-order 
polynomial within the interval 𝜀𝑃𝑁1 ∈ [0, 0.8], such that: 

𝑘𝑃 3𝐴2(𝜀
𝑃
𝑁1) ≈ ℎ𝑃30 + ℎ𝑃31 𝜀𝑃𝑁1 + ℎ𝑃32 (𝜀𝑃𝑁1)

2 + ℎ𝑃33 (𝜀𝑃𝑁1)
3, (C.7)

where the coefficients take the values: 
ℎ𝑃 30 ≃ +0.832, ℎ𝑃31 ≃ −0.439, ℎ𝑃32 ≃ +0.446, ℎ𝑃 33 ≃ −0.159. (C.8)

The curves of 𝑘𝑃𝐴2(𝜀𝑃𝑁1) and 𝑘𝐵𝐴2(𝜀𝑃𝑁1) as functions of 𝜀𝑃𝑁1 for the three 
methods are shown in Fig.  C.11.

Finally, the shock wave motion speeds obtained using the 𝐷𝑆2𝑀
model and the three methods of the 𝐷𝑆2𝑀−𝐻 model for inlet entrance 
Mach numbers M𝑃 = 1.10 and 1.50 are shown in Fig.  C.12. It can 
𝑁1
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Fig. C.12. Variation with the dimensionless wave position, 𝑥̃𝑤, of the ratio between the dimensionless shock wave motion speed and its maximum value, 𝑚𝑃
𝑁𝑠∕𝑚

𝑃
𝑁𝑠|𝑚𝑎𝑥 (see Fig. 

10), for an inlet entrance Mach number M𝑃
𝑁1 = 1.10 (a), and 1.50 (b); for the cases considered in Fig.  7. These cases correspond to points: 𝑃 1, below the 𝐼𝑆 curve (blue); 𝑃 2, 

on the 𝐼𝑆 curve (orange); 𝑃 3, between the 𝐼𝑆 and 𝐾𝐷 curves (yellow); 𝑃4, on the 𝐾𝐷 curve (purple); and 𝑃 5, above the 𝐾𝐷 curve (green). Results are obtained using the 
𝐷𝑆2𝑀 model (solid line) and the methods Method 1 (dashed line), Method 2 (dash-dotted line), and Method 3 (dotted line) of the 𝐷𝑆2𝑀 −𝐻 model. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.)
be observed that the Method 3 of the 𝐷𝑆2𝑀 − 𝐻 model provides 
much closer results to the 𝐷𝑆2𝑀 model than the other two methods. 
Consequently, when comparing the models throughout the text, the 
results from Method 3 of the 𝐷𝑆2𝑀 −𝐻 model are consistently used.

Appendix D. Derivation of the motion speed coefficients using the 
𝑫𝑺𝟐𝑴 −𝑯 model

With the considerations discussed so far, Eq. (5) can be approxi-
mated as: 
𝑎(𝜀) = 𝐴

𝐴∗ (𝜀) − 1 ≈ 𝑘𝑅𝐴2(𝜀
𝑃
𝑁1)𝜀

2, (D.1)

where 𝑅 ≡ 𝑃  in the supersonic branch, while 𝑅 ≡ 𝐵 in the subsonic 
branch. Additionally, for a unitary Mach number at the inlet entrance 
(i.e., 𝜀𝑃𝑁1 = 0), 𝑘𝑃𝐴2(𝜀𝑃𝑁1 = 0) = 𝑘𝐵𝐴2(𝜀

𝑃
𝑁1 = 0) = 𝑘𝐴2 = 2∕(𝛾 + 1) = 5∕6. 

Furthermore, the Prandtl relation given by Eq. (6) can be expanded as 
a series by assuming M𝑖 = 1 + 𝜀𝑖 and M𝑑 = 1 + 𝜀𝑑 . Retaining terms up 
to the second order in 𝜀𝑖, the following is obtained: 
𝜀𝑑 (𝜀𝑖) ≈ −𝜀𝑖 + 𝑘M2𝜀

2
𝑖 , (D.2)

where 𝑘M2 = (3𝛾 − 1)∕(𝛾 + 1) = 4∕3. The values of 𝜀𝑃𝑁𝑤 and 𝜀𝐵𝑁𝑤 are de-
termined analogously to the first approximated formulation presented 
in this section, with appropriate modifications introduced in 𝑘𝐴2. Thus, 
Eq. (46) takes the form: 
𝑎1 ≈ 𝑘𝑃𝐴2(𝜀

𝑃
𝑁1)

(

𝜀𝑃𝑁1
)2 , (D.3)

such that Eq. (19) becomes: 

𝜀𝑃𝑁𝑤 ≈ +

√

√

√

√

𝑎𝑃𝑤
𝑘𝑃𝐴2(𝜀

𝑃
𝑁1)

= +

√

𝛿𝑤 + 𝑎1𝜂𝑤
𝑘𝑃𝐴2(𝜀

𝑃
𝑁1)

. (D.4)

Similarly, Eq. (21) assumes the following form: 

𝜀𝐵𝑁𝑤 ≈ −

√

√

√

√

𝑎𝐵𝑤
𝑘𝐵𝐴2(𝜀

𝑃
𝑁1)

= −

√

𝛿𝑤 − 𝛿𝑡
𝑘𝐵𝐴2(𝜀

𝑃
𝑁1)𝜂𝑡

. (D.5)

It can be verified that in Eqs.  (D.4) and (D.5), both |𝜀𝑃𝑁𝑤| ≪ 1 and 
|𝜀𝐵𝑁𝑤| ≪ 1 are small, as they depend on the terms 𝑎, 𝛿, and 𝜀𝑃𝑁1, all 
of which are much smaller than unity. Expressing the Mach numbers 
before and after the shock wave in axes fixed to the inlet, M𝑃

𝑁𝑤 and 
M𝐵

𝑁𝑤, respectively, in terms of 𝜀𝑃𝑁𝑤 and 𝜀𝐵𝑁𝑤, the exact expressions 
derived by Carbajosa et al. [13] can be expanded as a series. The 
sequence is as follows:
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1. From Eq. (9), the following relation is obtained: 
𝑇 𝑃
𝑁𝑠∕𝑇

𝑃
𝑤 = 𝑇 𝑃

𝑁𝑠∕𝑇
𝑃
𝑤 (𝜀𝑃𝑁𝑤). (D.6)

2. Substituting the above result into Eq. (7), it is derived that: 
M𝑃

𝑊𝑤 = M𝑃
𝑊𝑤(𝑚

𝑃
𝑁𝑠, 𝜀

𝑃
𝑁𝑤). (D.7)

3. Introducing the preceding result into Eq. (12), it is obtained: 
𝑟𝑇 𝑠 = 𝑟𝑇 𝑠(𝑚𝑃

𝑁𝑠, 𝜀
𝑃
𝑁𝑤). (D.8)

4. Using the previous relations in Eq. (13), it is found that: 
𝑇𝑊 𝑠∕𝑇 𝐵

𝑤 = 𝑇𝑊 𝑠∕𝑇 𝑃
𝑤 (𝑚𝑃

𝑁𝑠, 𝜀
𝑃
𝑁𝑤, 𝜀

𝐵
𝑁𝑤). (D.9)

5. Substituting the above results into Eq. (8): 
M𝐵

𝑊𝑤 = M𝐵
𝑊𝑤(𝑚

𝑃
𝑁𝑠, 𝜀

𝑃
𝑁𝑤, 𝜀

𝐵
𝑁𝑤). (D.10)

6. Finally, employing Eq. (14), an implicit equation is derived, 
relating: 
𝑚𝑃
𝑁𝑠|𝐻 = 𝑚𝑃

𝑁𝑠(𝜀
𝑃
𝑁𝑤, 𝜀

𝐵
𝑁𝑤). (D.11)

At this stage, a highly nonlinear expression is obtained, involving 
only the quantities 𝑚𝑃

𝑁𝑠, 𝜀𝑃𝑁𝑤, and 𝜀𝐵𝑁𝑤. Since these three quantities 
are small, a Taylor series expansion up to the second order can be 
performed for the wave motion speed, 𝑚𝑃

𝑁𝑠|𝐻 , as defined by Eq. (D.11). 
This results in a quadratic equation where the coefficients depend on 
the magnitudes 𝜀𝑃𝑁𝑤 and 𝜀𝐵𝑁𝑤. Solving this equation and selecting the 
branch with zero motion speed for null values of 𝜀𝑃𝑁𝑤 and 𝜀𝐵𝑁𝑤, it is 
obtained that:
𝑚𝑃
𝑁𝑠|𝐻 (𝜀𝑃𝑁𝑤, 𝜀

𝐵
𝑁𝑤) ≈ 𝐶𝐻

1
[

𝜀𝑃𝑁𝑤 + 𝜀𝐵𝑁𝑤
]

+ 𝐶𝐻
2 𝜀𝑃𝑁𝑤𝜀

𝐵
𝑁𝑤

+ 𝐶𝐻
3

[

(

𝜀𝑃𝑁𝑤
)2 +

(

𝜀𝐵𝑁𝑤
)2] , (D.12)

with 𝜀𝑃𝑁𝑤 = 𝜀𝑃𝑁𝑤(𝑥̃𝑤; 𝜀
𝑃
𝑁1) and 𝜀𝐵𝑁𝑤 = 𝜀𝐵𝑁𝑤(𝑥̃𝑤; 𝜀

𝑃
𝑁1) given by Eq. (65). 

In Eq. (D.12), the coefficients take the values: 
𝐶𝐻
1 ≃ +0.456, 𝐶𝐻

2 ≃ +0.228, 𝐶𝐻
3 ≃ −0.190 (D.13)
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