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Abstract: This work presents a comprehensive study on formulations for the radiation
pattern design of antenna arrays through convex optimization techniques, with a focus on
linear, quadratic, and second-order cone programming. The proposed approaches heavily
rely on the construction of Hermitian forms to systematically build convex optimization
problems for synthesizing desired beam patterns while including practical constraints
such as sidelobe levels (SLLs), maximum directivity, and null placement. By formulating
the radiation pattern synthesis problem through a convex formulation, global optimal-
ity and computational efficiency are ensured. The paper introduces the mathematical
foundations of the proposed methodologies, detailing the structure and benefits of each
convex optimization model. Numerical examples demonstrate the effectiveness of the
proposed methodologies in achieving high-performance radiation patterns for circular
and planar arrays. The results highlight trade-offs between formulation complexity and
pattern performance across different optimization models, providing valuable insights for
antenna array pattern synthesis. Overall, this work underscores the potential of convex
optimization in antenna array pattern synthesis methodologies.

Keywords: array pattern optimization; convex optimization; linear programming;
quadratic programming; second-order cone programming

MSC: 90C25; 78-10

1. Introduction

Antenna arrays are fundamental in modern wireless communication, radar, and
sensing applications [1-3] due to their ability to precisely shape radiation patterns. The
capability to control beamwidth, sidelobe levels (SLLs), and null placement is crucial for
enhancing system performance, mitigating interference, and improving spatial filtering.
Increasing the directivity of the antenna allows the radiated power of the main beam
to be focused within a narrower angular margin around the desired direction, enabling
more efficient point-to-point communication links and enhancing the signal-to-noise ra-
tio. Likewise, reducing SLL minimizes radiation in undesired directions, which not only
suppresses interference but also improves signal integrity by only radiating power within
the main beam. Additionally, imposing nulls in specific directions helps to avoid radiating
power toward known sources of interference or sensitive receivers, which is essential in
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congested spectral environments. Consequently, extensive research has been devoted to
developing optimization techniques that enable the precise synthesis of array radiation
patterns while balancing trade-offs between directivity, beam efficiency, and computational
complexity. Over the decades, early contributions were focused on the groundwork for
optimum directive designs by proposing fundamental methodologies for beam shaping
and sidelobe suppression [4,5]. These pioneering works introduced key concepts that
were later expanded by theoretical insights into superdirective array configurations [6] and
advanced methods for optimizing directivity [7,8] and radiation pattern performance [9]
using different antenna array configurations, such as circular or elliptical arrays or even
arbitrary arrays [10,11].

A variety of optimization methods have been explored for antenna array synthesis,
not only to maximize directivity but also to incorporate various constraints such as null
placement, beam shaping, and SLL control. These methods range from classical analytical
approaches, such as the Dolph—Chebyshev and Taylor distributions [12], to pure opti-
mization techniques [13-15]. Conventional methods provide closed-form solutions for
pattern control; however, they often lack the flexibility to accommodate complex practical
constraints. In parallel, heuristic techniques, such as genetic algorithms (GA) and particle
swarm optimization (PSO) have been applied to non-convex problems [16-18]. Moreover,
nonlinear optimization approaches have also been extensively studied to handle strongly
constrained synthesis tasks and highly irregular solution spaces, such as phase-only opti-
mization problems using wave field theory [19], or inverse synthesis approaches based on
approximating a desired amplitude radiation pattern by determining suitable current or
field distributions [20], which are applicable to a wide range of antenna configurations and
scattering scenarios. Although these methods can yield high-quality solutions, they are
typically computationally expensive and do not guarantee global optimality [21].

In contrast, convex optimization is known to be a powerful alternative, offering a
mathematically rigorous framework that ensures global optimality and computational
efficiency [14,22-24]. This approach has been successfully applied to antenna array synthe-
sis by leveraging well-defined convex sets and objective functions. Convex optimization
techniques facilitate robust formulations that can incorporate practical constraints such
as SLL suppression, null placement, and total power control [23]. Among these methods,
linear programming (LP) [25,26], quadratic programming (QP) [14,27,28], and second-order
cone programming (SOCP) [23,29] offer distinct advantages for formulating and solving
the radiation pattern design problem, although their application is not yet widespread.

LP is particularly attractive because of its computational efficiency and scalability
when both cost functions and constraints are linear. Nevertheless, its use is limited in
scenarios where quadratic constraints arising from power control and norm-based formula-
tions are present. QP extends the LP framework by permitting quadratic cost functions with
linear constraints, which is beneficial for beam shaping problems that require penalizing
deviations from an ideal pattern [30]. However, standard QP formulations can struggle to
accommodate the norm-based constraints common in power-constrained synthesis.

SOCP offers an even more flexible framework by directly incorporating second-order
(quadratic) constraints while retaining the computational tractability of convex optimiza-
tion [29,31]. This is particularly advantageous for antenna array synthesis, where con-
straints on power and field amplitude are naturally expressed in terms of second-order
norms. By formulating the problem within an SOCP framework, one can enforce sidelobe
level constraints, achieve desired directivity, and ensure precise null control, all within a
unified, convex formulation.

Building on these advances, the work presented here introduces a systematic methodol-
ogy for radiation pattern synthesis that utilizes Hermitian form representations to construct
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convex formulations [13,24]. The proposed approach leverages the benefits of QP for maxi-
mizing directivity and enforcing null placement, extends these capabilities through SOCP
to include SLL control, and further demonstrates that LP can be applied as a special case
when the objective is to reduce SLL. Numerical examples for both rectangular and circular
array geometries show the trade-offs between formulation complexity and achievable per-
formance, offering valuable insights into the selection of the most appropriate optimization
model based on specific design requirements.

The remainder of this paper is organized as follows. Section 2 introduces the formu-
lation of array radiation patterns using Hermitian matrices, enabling the casting of the
problem into a convex optimization framework. Section 3 presents a QP approach aimed at
maximizing directivity in a desired direction while enforcing null constraints in specified
angles. Section 4 extends this formulation through SOCP, which additionally imposes
constraints to limit SLL in defined angular regions. Section 5 discusses the application of LP,
which, although not suitable for directivity maximization, is effective for SLL minimization
using linear constraints. Finally, Section 6 concludes the paper and outlines potential future
directions in antenna array optimization.

2. Formulation of an Array Pattern Through Hermitian Matrices

This section introduces the use of Hermitian matrices in the formulation of radiation
patterns for array antennas to cast a convex problem.

2.1. Directivity of an Array Antenna

The directivity of an antenna can be defined as its ability to concentrate energy in a
specific direction in preference to radiation in other directions, which can be determined
as the ratio between the radiation intensity U in a given direction (6, ¢) and the average
radiation intensity Uaye as:

D@.p) = L 0

Radiation intensity is defined as the power radiated in a given direction per unit solid
angle, and it can be related with the total power radiated P, by an antenna by integrating U
over all angles around the antenna, resulting in the following expression

P = dp u(e,g)d0 @

where d() is equal to the element of the solid angle defined as d() = sin 0d0 d¢.

Given that the total solid angle in space is 47 steradian (sr), the radiation intensity
of a nonisotropic source, such as an antenna array, is not uniformly distributed. How-
ever, an average power per steradian can be defined to characterize the overall spatial
distribution as

_ 1 _
Uave = e 5%) u(o,¢)dQ = in 3)
Now, replacing (3) in (1), the directivity can be computed as
D(©,¢) = —dE0) a1 ?) 4)
r

= )} u(, ¢) dQ

At this point, it is necessary to work on (4), as we need to relate directivity to array
variables that can be used as degrees of freedom in the optimization process. To achieve this,
we start from the definition of the time-averaged value of the Poynting vector defined as:
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<S§>= %%{E x H*} (5)

where E is the electric field, and H is the magnetic field in the frequency domain.

From Poynting’s theorem, the total radiated power of an antenna (P,) can be ob-
tained from the surface integral of < S > within the surface aperture (() because the
electromagnetic fields outside the antenna are purely radiative. Mathematically:

Pr:# <S> -ndQ (6)
Q

where 71 is the unit normal vector outward from the surface, in this case, 7, by considering a
spherical surface.

Thus, Pr comes directly from the integration of the Poynting vector over the surface,
encapsulating the radiated energy. Considering that the contributions to the #-component
of < S > from the electric field E and magnetic field H are solely due to their angular
components, they can be written as:

E = Ef+Eef @)
A = Hef+ Hyd

Both equations in Equation (7) can be related with the plane wave relation in the
far-field

H==-#xE (8)

= |

where 7 is the characteristic impedance of the propagation medium, in this case air
(n =120 7).
Establishing the following relationship between components

Hy =1%o
U
_E )
P, can be expressed as
P = 1 (|E9|2 + |E¢|2)r2d0 = i# |E|? r2dQ) (10)
2n JJa 2 Jla

From (2), (5) and (10), U (6, ¢) can be written as
U6, 9) = R{E x A*} 127 = = |E[22 an)
’ 2 2y

Hence, the directivity can now be expressed as

D(o,g)— _ ATEC.)P

= (12)
# |E|? sin 0d0d¢
o)

where sin 8 appears because of the solid angle Q) = sin 6d0d¢.

2.2. Radiation Performance Using Hermitian Forms

The most common goals of array optimization are to maximize directivity in a specific
spatial direction [10], reduce the level of sidelobes [24], or create nulls at certain angular
positions [26]. To achieve this, in this work, we use a two-dimensional array defined in the
x—y plane with radiation in the z-direction (z > 0). Figure 1 shows a generic array with Ny
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and Ny elements along the x- and y-directions, respectively. In this work, we consider two
common arrangements for the antenna elements: the element spacing is uniform and they
can be distributed in a rectangular regular grid of periodicity d, and dy (see Figure 1a), or
along a circular arc of radius p and distance between elements d,, (see Figure 1b). However,
the formulations presented in this work is applicable to arbitrarily positioned elements (i.e.,
irregularly spaced arrays).

N>
<

(TNzs Yny)

(b)

Figure 1. Scheme of a generic array antenna with a uniform distribution of the elements using a

(a) rectangular and (b) circular configuration.

In addition, in this work, we assume a scalar representation of the radiation pattern of
the antenna array, where only the copolar component is considered. The scalar notation
is used from this point onward. The radiation pattern is expressed as the product of the
elemental radiation pattern E, (6, ¢) and the array factor AF (6, ¢). Therefore, the radiation
pattern can now be expressed as

E(0,¢) = Ec(6,9) - AF(6,¢) (13)

The array factor represents the influence of both the element excitations and their
spatial arrangement. It is defined as the weighted sum of the contributions from each
individual element, each modulated by its complex excitation and the phase shift arising
from its position. The array factor is given by

N = oA
AF(0,¢) = Y a,ecTn1(0.4)) (14)
n=1

where N is the total number of elements in the array, a, is the complex excitation of the nth
element, k is the free-space wavenumber, 7, = x,% + y,J denotes the position vector of the
nth element referred to the origin of coordinates, and 71(6, ¢) is the unit vector defined as

(60, ) = sin @ cos ¢x + sin O sin (15)

We can now define the steering vector, which establishes the phase shift of each
element, as
e~ JkP1-11(0,9)
. gfjk?Z'ﬁ(ef‘P)
d(e,¢) = : (16)

e—JkPN-1(6,¢)

while the excitation of the elements can be arranged in vector form as
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a2
i= (17)
aN
so that the array factor can be succinctly expressed as
AF(6,¢) =d (6,9)'d (18)

D(6o, ¢o) =

where d " is the Hermitian conjugate of d, which is obtained by taking the transpose of d
and then applying complex conjugation to each element.

Considering that the elements are isotropic, E.(6,¢) = 1, the radiated electric field
only depends on the array factor (13)

E(0,¢) = AF(0,¢) (19)

Then, inserting (19) in (12), the directivity at the direction of maximum directivity
given by (6p, ¢p) can be written as

D(6o, ¢) = ATt|E(60,¢0)2  4m|AF (6o, ¢0)|?

— = (20)
# |E(8, ¢)|? sin 8dBd¢p # |AF(6,¢)|* sin 6d6d¢
S S

According to (18), the array factor can be expressed through the steering vector (e, $)
and the complex excitation vector @. Since @ € CN*1, (6, ¢) € CN*1,d (6,¢)" € C*N, and
@" e C*N, the squared absolute value of the array factor |AF(6, ¢)|2 can be computed as

E(6, ) = |AF(0,¢)* = |d (6,¢)" d> =a"d (0,¢)d (0,9)"d (21)

This expression has been rewritten using the associative property of matrix multipli-
cation to obtain the product d (6, ¢)d (6, $)?, which defines a rank-one Hermitian matrix
Q(6, ¢). This allows us to express the array factor as a Hermitian form ([32], Ch. X), which
is widely used in array synthesis and optimization problems due to its convex properties
that guarantee achieving the best global maximum value [13].

E(6,9)* = |AF(0,¢)> = 37Q(0,9)d (22)

where Q(6, ¢) € CN*N,
Then, the directivity (20) is written as

a7 [a*Q(00,90)d) inla'Q g7 4mfi'ed] @)

# 171'+Q(9,¢)El’sin9d6d(]) - at (# Q(6,9) sin9d9d<p>a' itra
s S

where P is the average matrix of the radiated field distribution throughout space, and Qy is
the Hermitian matrix Q when (6, ¢) is (6o, ¢o)-
This expression of the directivity is the key point for convex optimization, as it allows

us to optimize directivity through the ratio of the Hermitian forms given by #'Qq # and
atp d, with the excitation vector @, which are the optimization variables. The total radiated
power of the array is calculated with P, which is obtained by integrating Q(0, ¢) over the
entire radiation sphere. Q(6, ¢) represents the contribution of the array factor in a given

direction (6, ¢), and is derived from the product (d'd +), ensuring that Q(6, ¢) is Hermitian
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and positive definite. The integral in (23) aggregates these contributions over all directions,
resulting in a matrix with the total radiated power. Since the array radiates power for any
nonzero excitation vector 4, the total radiated power in (23) must be strictly positive for
any 4 # 0, which implies that P is also positive definite. Furthermore, because Q(6, ¢) is
positive definite, all its eigenvalues are strictly positive, ensuring that it is also nonsingular.
Therefore, the Hermitian form in (23) remains well posed and allows for its use in convex
optimization.

Now, the maximization of directivity can be recast as the maximization of the Rayleigh

I .
mgx{ 1 Qod } (24)

quotient [13]

atra

This optimization is equivalent to solving the generalized eigenvalue problem
Qod=APad (25)

where the maximum directivity is the maximum value of the Rayleigh quotient, which
corresponds to the largest eigenvalue Anax, and the optimal excitation vector Tz'opt is given
by the associated eigenvector.

2.3. Additional Constraints: Null and Sidelobe Level Control

In practical antenna array design, it is often necessary not only to maximize directivity
in a certain direction but also to impose additional constraints to shape the radiation pattern.
Specifically, usual constraints are aimed at enforcing nulls and controlling the SLLs. These
constraints are essential to mitigate interference in specific directions and ensure that all
the radiated power is focused on the intended directions.

The objective is now to reach maximum directivity towards (6, ¢) but also to im-
pose nulls in specific directions (6, ¢;). To do so, it is required that the radiation inten-
sity is null in those directions, which can be mathematically expressed as the following
equality constraint

itQui=0 V(b5 €Q (26)

where Q, is Q(6, $) evaluated at (6, ¢), which are the angle directions within a Q set
wherein the null requirements are imposed.

Similarly, to limit the sidelobe levels, it is feasible to impose constraints on a certain
region where the SLLs must be controlled. This means that the radiation intensity must be
below a certain threshold, and it can be formulated as

'Qud <& V(O dm) € M (27)

where ¢ is the maximum allowable power level in the sidelobe region, Q,, is the ma-
trix Q(6, ¢) evaluated at (6, ¢ ), which are the angle directions defined within an M
set (usually corresponding to discretized sidelobe regions) wherein the SLL restrictions
are imposed.

This condition ensures that the power radiated by the array outside the main lobe
remains below the threshold, thereby controlling spurious radiation towards undesired
directions and improving overall pattern performance.
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The Rayleigh quotient in (24) can now be rewritten as a constrained problem:
{ i'Qyd }
max
i | atea
- (28)
subject to @7Q( 04, ¢q)d = V(0 ¢q) € Q
Q6 ¢ >a’ < cm, V(O ) € M.

Please note that the newly added constraints as Hermitian forms seem to render
the problem non-convex. However, by proper manipulations, we can find alternative
convex formulations that can be tackled by quadratic programming (QP), second-order
cone programming (SOCP) and linear programming (LP).

3. Quadratic Programming

QP allows for the search of the optimal solution by minimizing a quadratic function
subject to multiple linear constraints, both inequality and equality constraints. The gen-
eral expression for quadratic optimization with N, optimization variables, N; inequality
constraints, and N, equality constraints is given by

subjectto AX < b (29)

where M € RNo*No jg a positive definite matrix containing the coefficients of the quadratic
terms, ¢ € RN contains the coefficients of the linear terms, and ¥ € R is the vector of
optimization variables. The matrices A € RNi*No and Aeq € RNe*Ne define the inequality
and equality constraints, respectively, with the corresponding right-hand-side vectors
b € RN and Eeq € RNe. The specific physical interpretation of these parameters in the
context of array optimization is detailed progressively throughout this section.

3.1. QP Formulation for Antenna Array Convex Optimization

From (23), we can derive that radiation intensity needs to be fixed to a certain value,
while the minimization of the radiation power directly leads to maximizing the directiv-
ity [14]. Therefore, the maximization of the directivity can be expressed as

min a'pi
! (30)
subjectto @' Qg = |7|?

where |{|? is taken as the positive real-valued constant to ensure the radiation intensity in
the direction of the main beam is fixed.

This problem can be reformulated to be compatible with quadratic programming
by modifying the constraint to convert it into a linear constraint. Instead of directly
imposing that the radiation intensity must be equal to a constant (positive, real-valued),
this requirement can be equivalently expressed in terms of the electric field. That is,
we enforce that the electric field must be equal to a specific complex-valued constant.
According to (20), since

|E(8o, o) = a" Qo = a" d(6o, ¢0) d(60,¢0) 7 = || (31)
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|E (60, ¢o)| takes the form

|E(6o, ¢o)| = |d(60,0)" ] = || (32)

Since, as previously stated, the electric field is a complex quantity, this constraint can
be decomposed into its real and imaginary components, i.e., { = {r + j{1, leading to two
independent linear constraints of the form [24]

_ 3 t7) =
{%(E(Hol%))—%gd(%/(l’o) ; R, )

%(E(QQ, 470)) =< 3(90, ¢0)+ﬁ = (1.

where (g and {1 € R.
By adopting this formulation, we fix the field magnitude in the desired direction

(60, o) and minimize the total radiated power. If the term ( (60, ¢0)* > is further devel-
oped, it can be expressed as

d (80,90)" @ = [R(d (80,90)") + 3 (d (60, 90)" ) | [R(@) + 3 @)]
= R(d (6,90)" ) R(@) - E(eo,qbo)*)%(a')
+ 5[ R(d (B0,90)") S(@) + S (d (60, 40)") R(@)| (34

Replacing (34) in (33), the restrictions are now defined as

R 3(90,¢0)+ﬁ =R 3(90,¢0)+ %(ﬁ)—% 3(90,¢0)+
S(d (60, ¢0)t @) = R(d (00, po)T) (@) + 3 (d (60, o)

Therefore, the real-valued extended vectors from d (60, ¢o) T must be defined to encom-

(35)

pass the previous result according to
{ E(J;,R - {%(3(90/¢0)+)/ —O(q(Go <Po)+>} 36)
33,1 = [3(3(90/%) ) +?R< (60, ¢0) )]

Consequently, @, which contains the optimization variables, can also be decomposed
into its real and imaginary parts, leading to the definition of ¥ € RNe (RNe = R?N) as

. [W)
3(@)

Although the vector X now implies having to find 2N optimization variables, these

] (37)

variables are real-valued, while in the case of working with 7, these variables were complex.
Then, following a similar approach with the P, term, @* P @ can be expanded as
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(38)

where the terms involving products of (S (") 3(P) %(ﬁ)) and (?R (ﬁ’*) 3(P) %(EI’)), as

well as the terms involving (§R (Zl’ Jr) R(P
the properties of the vectors and matrices involved. Thus,

R (@t Pd) = (m(a*) m(P)m(a)) - (%(ﬁ*) %(P)%(ﬁ)) )
%(a*m) = (%(E*)%(P)%(Zi)) - (S(E*)%(P)%(ﬁ)).
Now, the real-valued extended matrices from matrix P can be set to

Py = [R(P), —R(P)],
{ Pr = [3(P), —3(P)] 40

Therefore, (30) can be reformulated as a quadratic programming problem with linear

constraints (N, = 2, N; = 0) as follows

. -+ | PR -
min
X [ P ]
_ St (41)
subjectto dor ¥ = (R
dor¥ = {1
where the solution is obtained by
X1 Xnt1
X2 . Xn+42
i=| | +j] (42)
XN X2N

where 7 € CN.
From (41), it can be easily derived that nulls can be set in certain directions. Again,

instead of imposing a quadratic constraint for 7" Q (64, ¢q) @ to be zero, we can enforce the

field to be null in the given direction, expressed as

E(05,¢5) =0

(43)
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This is equivalent to imposing an additional equality condition in (41), but first, we
need to define the steering vector (16) associated with the nulls as

gfjkyl 'ﬁ(eqr‘/’q)
B o~ IkF2-ii(04.99)
d(0q, ¢q) = : (44)

o IKPN-T(0g )

Following the same procedure as in (36), the null-steering vector d (85, ¢q) can also be
decomposed into a real and imaginary part:

Tor = [R(d(60,90)"), ~3 (@ (B, 0)")],

R T )
dg1= {% (d (64, ¢4) )14’%("1 (64, ¢4) )}
Now, (41) is modified to be defined as
min vt [PR]
X P
. -t
subjectto dgr X = (R
-t (46)
doiX =101
-t
dq,R Xx=0
E;,I J? = 0

which is a QP problem with N; = 0 and N, = 2 + 2dim(Q). Please note that (41) and (46)
are QP problems which only contain equality constraints (i.e., N; = 0). In this particular
case, there exists a direct solution, as given in [22,30], without the need to resort to an
iterative algorithm.

One could think that the addition of inequality constraints to this QP formulation
could lead to the inclusion of restrictions in the SLLs. However, this is only possible
under certain symmetry conditions in both the array layout and the excitation distribution,
correspondingly resulting in array factor symmetries, which render the problem completely
real-valued from its inception, as presented in [14]. Since in this paper, we present a more
general case to be tackled by SOCP, we limit ourselves to the optimization problems
presented in (41) and (46).

3.2. Results for Optimal Directivity with Null Requirements

Now that the QP formulation for convex optimization has been developed, it is vali-
dated through several numerical examples. First, the directivity of an array is maximized
to evaluate its improvement compared to an unoptimized design. In a second example, di-
rectivity maximization is performed while enforcing null constraints, representing the most
complex case that QP allows. Both cases are analyzed for two different array geometries:
square and circular.

The array geometry was defined by a configuration of 16 x 16 elements arranged in a
regular square grid, as shown in Figure 1a. The element spacing was set to 0.3Ag, where Ag
stands for the free-space wavelength at the operating frequency. Additionally, following the
developed formulation, the elements were considered isotropic. For the circular array, the
configuration consisted of 32 elements with an inter-element radial spacing of d, = 0.9A¢
and a radius of p = 5A( arranged according to the distribution shown in Figure 1b. Note
that for the radiation pattern calculations, the array factor (AF) were computed to be equal
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for both square and circular arrays since, in the case of isotropic elements, the radiated field
is proportional to the AF (13). Furthermore, according to (14), the vector 7, defined the
position of the elements in the x—y plane, eliminating the need for modifications between
the circular and square arrays. Additionally, the pointing direction for the square array was
set to 6y = 30° and ¢ = 0°, while for the circular array, it was set to 6y = 90° and ¢ = 30°.
The optimization cases were compared with the results provided by classic excitation to
achieve maximum directivity, with the corresponding phase values adjusted to achieve the
desired beam steering, i.e., 7 = (6o, o).

To solve the QP-based optimization, a convex interior-point method was used, al-
though a direct solution [22,30] could be directly implemented. Figure 2 compares the
results of the normalized radiation pattern using classic excitations and the excitations
obtained from the QP optimization for both arrays. In the case of the square array, the
classic excitation provided a very good analytical solution, close to maximum directivity.
When the weights were optimized, the resulting radiation pattern remained almost the
same, with only slight variations in the SLL level in certain regions. Additionally, besides
the main cut (¢ = 0°), the orthogonal cut (¢ = 90°) and the diagonal cut (¢ = 45°) were
evaluated, resulting in a very similar radiation pattern between both excitations. The
effect of the optimization was more evident in the case of the circular array, where the
classic excitation did not yield a maximum directivity solution. In that case, the optimized
weights achieved a much more directive radiation pattern, significantly reducing the main
beamwidth and obtaining an SLL distribution much closer to a directive pattern.

Although the classic excitations for the square array already provided a maximum
directivity solution, it did not allow enforcing nulls in specific directions. Therefore, it
was necessary to use optimization techniques, such as the one proposed in this work, to
incorporate additional constraints in the array design. In Figure 3, the same optimization
was repeated for both arrays, but with enforced nulls in directions 6; = —20° and 6, = 70°
for the square array, and at ¢; = —150° for the circular array. In both cases, the results
were similar to those obtained in Figure 2 but showing a field drop (null) in the specified
directions. These results demonstrate that, although analytical solutions provide good
directivity performance, when radiation patterns with additional constraints are required,
optimization techniques must be employed. In this context, convex optimization with QP
programming offers a powerful alternative.

(dB)
(dB)

E (0,9)
E (0,9)

‘W/O Optimization
—— QP-Optimization
| L

-150  -100  -50 0 50 100 150
¢ (deg)

(b)

Figure 2. Radiation pattern using classic excitations (dotted line) and optimized with QP (solid line)

for a (a) square array and (b) circular array. The optimization goal is to maximize directivity.



Mathematics 2025, 13, 1796

13 of 25

0— T T

-------- e Optimiza(i;m
—— QP-Optimization
-10 - H -10 +
) )
= =
- 20+
S = 30
= =
-40
---------- ‘W/O Optimization
i — QP-Optimization
. . i {H i . L £ 50 3 A : H
-80 -60 -40 -20 O 20 40 60 80 -150  -100  -50 0 50 100 150
0 (deg) ¢ (deg)
(@) (b)

Figure 3. Radiation pattern using classic excitations and optimized with QP for a (a) square array and
(b) circular array. The optimization goal is to maximize directivity and place nulls in the directions
marked by the black vertical lines.

Figure 4 presents the excitation of 10 elements from each array, both before and after
optimization, illustrating how the feeding coefficients are clearly modified to generate
the desired radiation pattern. Additionally, it highlights how the final solution vector
consists of complex-valued elements. These results correspond to the case of directivity
maximization with enforced nulls, as it represents the most restrictive scenario.
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Figure 4. Excitation coefficients for the (a) square and (b) circular arrays before and after the QP-based
optimization with null directions. Each color corresponds to an element.

4. Second-Order Cone Programming

This subsection develops the use of SOCP for radiation pattern optimization to maxi-
mize directivity in a given direction while also incorporating constraints for nulls in specific
directions and limiting the SLLs in given regions. This involves minimizing a linear func-
tion subject to second-order (quadratic) constraints, which can be generally expressed

as follows:
min  fT7
Y

subject to ||Ap ¥+ bl < LT +dpm, m=1,...,N; (47)

Aeq]7 = Z;eq

where N; is the total number of second-order cone inequality constraints, i € RM is the
real-valued vector containing the optimization variables, f € R is the real-valued vector
of coefficients for the objective function (analogous to the ¢ in QP), and for each m, the
parameters are the real-valued matrix A, the real-valued vectors Em, ¢y and the scalar d,;;,
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which define the affine mapping for the second-order cone inequality constraints. These
constraints extend the linear inequality constraints Ay < b found in QP by incorporating
norms. Furthermore, the equality constraints are given by Aeq i/ = Eeq, which are similar to
the QP formulation.

The standard unit second-order convex cone, also referred to as the Lorentz quadratic
cone, of dimension k is defined as

oo{f

For the particular case where k = 1, the second-order cone reduces to

eRF |7 eRFL, teR, || gt}. (48)

Ci={teR|t>0}. (49)

The set of points satisfying a second-order cone constraint corresponds to the inverse
image of the unit second-order cone under an affine mapping:

Ay
i

—

||Am?+5m||§5%?+dm — y+

b € Cy,,- (50)
dm

where C,,, is the dimension of the second-order cone associated with the mth constraint.

Since the second-order cone is convex, it follows that SOCP is a convex optimization
problem, with both a convex objective function and convex constraints. Its development
was motivated by the quadratic programming formulation by suitably transforming the
quadratic term into an equivalent norm constraint.

4.1. SOCP Formulation for Antenna Array Optimization

The resolution of the directivity maximization using SOCP starts from the function for
QP in (30), where the goal is to minimize & TP 4. However, a series of transformations must
be applied to this function to make it suitable for SOCP. Considering that the matrix P can
be decomposed into two submatrices such that

i'ri=a'G'Gi=|Ga|? (51)

where in general, G could be a rectangular matrix, and || - || represents the Euclidean norm
U5 (for further details refer to Appendix A). Actually, since P is positive definite, it has a
Cholesky decomposition such that P = G TG.

According to Appendix B, minimizing the squared norm is equivalent to minimizing
the norm itself. Therefore, the cost function can be reformulated as a norm function that
can be directly handled by SOCP, leading to the following minimization problem:

min |G|
! (52)
subjectto @' Qg = ||?

As it happened in QP, both @ and G belong to the field of complex numbers and,
therefore, can be decomposed to express the norm from their real and imaginary parts,
generating the following minimization function.
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min Gr |z
X G
_ . (53)
subject to d grX = (R
doi'x =1
where ¥ € R?N (according to (37), ¥ = fg{i;] ), and Gr = [R(G), —S(G)] and G| =
S(a

[S(G), +R(G)]. The equality constraints in (53) are derived in the same manner from the
constraint in (52) as in the QP formulation.

This transformation converts the original complex optimization problem into an
equivalent real-valued formulation suitable for SOCP. In this reformulated problem, the
optimization variable vector ¥ contains the real and imaginary components of the original
excitation vector 4, as in the QP formulation.

In order to fit the SOCP framework, which minimizes a linear objective subject to
second-order cone constraints, we introduce an auxiliary scalar variable J to serve as an
upper bound on the norm of G 4. That is, we impose

[Gd| <9, (54)

By minimizing J, the cost function is effectively reformulated as a linear function,
facilitating its handling by SOCP. Therefore, the formulation in (53) can be modified as:

min é
X
subject to Cr x| <6
G (55)

-t
dorX = (R
-t
doiX =1

To fully adapt this formulation to SOCP, we need to define J as a linear cost function
of the optimization variables as follows:

s=F'7, (56)

=

wheref: [0,0,...,0,1)T € RN+l and ij = € R2N+1

This formulation is consistent with (47), considering that we are now optimizing over
i instead of just X. Here, jj contains the original vector ¥ (formed by the real and imaginary
parts of @) along with the auxiliary variable ¢, yielding a total of 2N + 1 optimization
variables. Since f is a vector of zeros except for its last entry, it is entirely appropriate that
the cost function minimizes J directly. Due to this adjustment in the definition of 4, it is
also necessary to modify the submatrices Gr and Gj by appending a column of zeros to
each, as follows:
Gr = [GR 0} . G = [GI o] . (57)

Similarly, the vectors JQ,R and jo,l must be redefined as:

7 dor 7 do
dor = S, dor = P 58
0R [ 0 ] 01 [ 0 ] (58)
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Now, (55) is rewritten as
=T
min  f
Y
GR - =T,
subject to ~ <
j ’ l G V| S5V (59)
~ -[- N
dorY = Cr
~t
dory =10

where ¥ is the solution of the optimization; however, the variable change involving 6 must
be reversed, so the solution of interestis ¥ = {y1, 2, - - ,yan }-

This development enables the optimization of arrays to maximize directivity via SOCP
by employing a linearized cost function and quadratic constraints. To include constraints
that enforce nulls in specific spatial directions, the same procedure as in QP is followed,
since these are linear restrictions compatible with SOCP. However, the minimization of
the SLLs in specific directions of the radiation space requires a quadratic constraint, so
that within the desired radiation region, the radiated field level is limited to a maximum
threshold. Since the SLLs are defined as a relative level with respect to the maximum
radiation, this constraint can be expressed as

|E<6mr4’m)| < Ty |E(90,4)0)|, (60)

where (0, ¢, ) are the angle directions that define the region M in which the SLL condi-
tions are imposed, and T}, is the maximum allowable SLL threshold defined as

Ty = 10—SLLm/20, (61)

with SLL,, representing the desired attenuation (in dB) in the direction (0, o) relative to
the maximum radiated field in the direction (6, ¢ ).

Given that the field is normalized with respect to the value in the direction (6o, ¢o),
(60) can be expressed in terms of the excitation vector 4 and the steering vector as

\d (O, )t ] < T\ [ B+ T2, (62)

where d (B, o)1 is the steering vector in the direction (6, ¢) € M, as defined in (44).
Then, the magnitude of the radiated field |E(6p, ¢o)| results from the fixed values of its real
and imaginary parts, (g and {j.

Since the operation |c? (Om, <]>m)Jr d| is equivalent to the Euclidean norm /5, one can
follow the same procedure as in (33), (32) and (58) to express (62) in terms of its real and
imaginary parts, that is,

5t

AR

&"f’ || < T/ T3 + T (63)
m,1

Jm,R = [dm,R‘| s jm,l = [dm'1‘| . (64)
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Note that this expression is compatible with (59). Finally, the convex optimization
problem for maximizing directivity, placing nulls in specific directions, and reducing the
SLL level can be formulated as an SOCP problem:

min fy
Y
subject to HGCI:] f v
[Z%]? <TG éd V) € (65)
dor¥ = Cr
dori=0
5;,11]7: 0, V(0 ¢q) € Q

~t
dg1y=0, V(b5 ¢q) € Q

Please note that in this SOCP problem, N, =
Ni =1+ dlm(M)

2N +1, N, = 2+ 2dim(Q) and

4.2. Results for Optimal Directivity with Different Degrees of Constraints

Taking as a reference the previous square array geometry, three different optimizations
were carried out. The first two were analogous to the examples shown for QP, meaning
that the first case sought to maximize directivity, while in the second case, that objective
was supplemented with the constraint of null generation. For the square array, two nulls
were enforced in directions 8; = —20° and 6, = 70°, while for the circular array, a null
was generated at ¢; = —150°. These cases should have produced results similar to those
obtained with QP. However, the third case was exclusive to SOCP, as it involved reducing
the SLL level, which required a quadratic constraint (65), while still incorporating the same
null generation as in the second case and maximizing directivity in the pointing direction.

Figure 5 shows the radiation pattern for the first two cases, obtaining a result similar to
the classic excitation with maximum directivity but enforcing null generation in the second
optimization. Similarly, these results closely resemble those obtained with QP. However,
the potential of SOCP lies in its ability to incorporate the same constraints as QP while
also reducing SLLs. In this example, the SLL levels were relatively low across most of
the angular range, but the first sidelobes exceeded —15 dB, which may not be optimal for
many applications. In the third example, an additional constraint was introduced to set a
maximum threshold of —20 dB (relative to the maximum) for the SLLs.

Figure 6a presents the radiation pattern using classic excitation and the optimized
SOCP solution when combining the three constraints. It can be observed that while
maintaining a highly directive beam, not only were two nulls generated in the desired
directions, but the SLL level across the entire angular range was also reduced to —20 dB. It is
important to note that the solution sought to meet the maximum directivity achievable with
all requirements established as constraints met, rather than freely maximizing directivity.
In the directions of the imposed nulls, regions with a minimum level were generated,
while in the rest of the visible range, the SLL levels were maintained at —20 dB relative
to the maximum. Therefore, the obtained excitations produced a pattern that met all
imposed constraints.

Figure 6b presents eight random samples of the excitations of the classical excitation
vector and the SOCP-optimized excitation vector. Due to the imposition of highly complex
constraints that impact various aspects of the radiation pattern, the optimized excitations
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differed significantly from the initial solution, a behavior not observed in QP. In fact, the
initial excitations were hardly noticeable, as they remained concentrated around the origin
of the complex representation plane, whereas many of the optimized excitations were

orders of magnitude larger.

T
---------- ‘W/O Optimization
— SOCP-Optimization

(dB)

E (0,9)

30 B0 40 20 0 20 40 60 80
0 (deg)
(b)

Figure 5. Radiation pattern of an unoptimized square array (dotted line) and an SOCP-based

optimized square array (solid line) for (a) maximizing directivity and (b) nulls. The directions for
placing the nulls are marked with the dashed black lines.

For the circular array, the more complete SOCP optimization was repeated, i.e., in-
cluding directivity maximization, null forcing, and SLL level reduction. Maintaining the
previously defined circular array geometry, the null was imposed in the same directions as
in the QP case. Additionally, the SLL level was forced to be reduced to —10 dB, —12 dB,
and —20 dB depending on the angular margin selected.

Figure 7 shows the radiation pattern using the classical excitation and the SOCP-based
optimized one. These results are particularly promising and demonstrate the potential of
the proposed technique. Although QP significantly improved directivity, achieving a much
more collimated beam compared to classical excitations, the SLL levels in the first sidelobes
remained relatively high, exceeding —10 dB, which is not practical for many applications.
The results with SOCP not only showed that a highly directive pattern could be obtained
but also that by imposing SLL constraints, the adjacent lobes to the main beam could be
drastically reduced, in our case, enforcing drops of —12 dB and —20 dB or —10 dB in more
distant regions. Additionally, a null was enforced in the direction ¢ = —150°.

Complex Plane Representation

‘ Initial excitation

T
-------- W/O Optimization
~——— SOCP-Optimization

400 + @ Optimized excitation

I
— I
g £ 300 g ;
= g }
= é 200 i
S ® |
=) 2100 f ° I
= |
L0 ©
0 f R .
i
i i ~100 £, ; P e ‘ ‘ l
80 -60 -40 -20 0 20 40 60 80 —-60 50 —40 -30 20 -10 0
0 (deg) Real Part
(a) (b)

Figure 6. (a) Radiation pattern of an unoptimized square array and a SOCP-based optimized
square array for maximizing directivity, forcing nulls (black vertical lines), and reducing SLL level.
(b) Samples of the excitation vector 4 obtained after and before the SOCP-based optimization. Each
color corresponds to an element.
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The effect of the optimization can be observed in Figure 8, where the 6—¢ plane is
shown for both the analytical excitations and those obtained with SOCP. These results not
only show greater directivity of the main beam but also significantly reduce the level in
the rest of the angular space, eliminating radiation in undesired regions. These findings
demonstrate how SOCP enables the design of arrays with complex constraints.

B)

—E 00—

-------- W/O Optimization
—— SOCP-Optimization

150 -100  -50 ] 0 50

¢ (deg)
Figure 7. Radiation pattern before and after the SOCP-based optimization imposing SLL requirements
and two null in the directions marked by the black vertical lines.

0
¢ (deg)

(b)

Figure 8. Radiation pattern in the 6—¢ plane using (a) the classic excitation and (b) the SOCP-
optimized excitation. Each color corresponds to an element.

150

-150 50 100

-100  -50

5. LP Formulation for SLL Minimization

LP is suitable for addressing optimization problems involving a linear cost function
subject to linear constraints. In the context of antenna array synthesis, and for the types of
problems considered thus far, LP does not directly allow for the optimization of directivity.
However, it is well suited for the minimization of SLLs, which can be formulated using
linear constraints. LP is a very low computational cost technique and is highly efficient,
making it an attractive option to be combined with other methods, especially when the
focus is exclusively on SLL reduction. In order to formulate SLL minimization within an
LP framework, it is necessary to reintroduce the auxiliary variable J, previously defined in
the SOCP formulation in (56).

Although the original SLL constraint is quadratic in nature, the ¢;-norm can be ex-
pressed in term of the real and imaginary components of the field as

IE (B, m) | = IR{E O, i) } + j S{E (O, Pm) }, (66)

where (0, pm) € M.
By applying the Cauchy-Bunyakovsky-Schwarz inequality, the following upper
bound is obtained:

IR{E B, )} + j SLE(Om, ) | < [IR{E B, o) | + [[S{E (O, o) |- (67)
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To reduce the SLLs, a conservative approximation is adopted, treating separately the
{y-norm of the real and imaginary parts of the field. By splitting the above inequality
into two separate constraints, the original quadratic constraint is relaxed into two linear
constraints, allowing the use of LP. To this end, we introduce again the auxiliary variable 6,
as defined in (56), and impose the following constraints:

[R{EOm, pn) H| <6, [[S{EOm, o)} <6, V(0m, ) € M. (68)

Unlike in SOCP, where J is used to minimize the radiated power P, in LP, a minimax
approach is adopted. The goal is to minimize the maximum value of the field in the M
region. The corresponding linear program is thus formulated as

min ¢
o

subject to || R{E(Om, pm) || <3, V(Om, Pm) € M
IS{E (O, o)} <8, (B, pm) € M (69)
R{E(6o, $0)} = Cr
S{E(6o, ¢0)} = C1
The ¢;-norm can be expressed in terms of the excitation vector and the steering vectors,

as shown in (62), (63), and (65). Moreover, J is rewritten according to (56). Based on this,
the LP formulation in (69) can be rewritten as

min  f7§
subject to HJ;RgH <fT
s < 1

dir¥ = Cr
A7 =101

<y

(70)

Since the ¢ norm of a real number corresponds to its absolute value, two linear
constraints are required to account for both the positive and negative cases. This ensures
that the constraint remains valid regardless of the sign of the quantity, as either case still
satisfies the same upper bound. Therefore, the constraints for the /,-norm can be expressed

as follows:
7= S, J <f'5 -
~dup ¥ <19 ~d 7 <1y
Thus, by grouping terms, (70) can be equivalently expressed as
min  f1§
Y
subject to ( ﬂL,R - fT)yT' <0
(—JLR—JFTW'S 0
L 72
(d;rn,l—nySO 72
(*JL,I*fT y=<0
7t
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This formulation is convex and entirely linear in both the objective and the constraints.
Although a desired value of the SLL constraint cannot be a priori imposed, it offers an
optimal (in the minimax sense) solution and computationally efficient way to reduce
sidelobe levels through LP.

Please note that the inclusion of null directions (6, ¢;) € Q as in QP and SOCP is
straightforward by adding to (72) the constraints d :;,R 7=0andd :;,I ¥=0,Y(0;¢;) € Q,
exactly as it was done in the SOCP formulation. However, as enough results have been
presented for null placement using the QP and SOCP formulations, we restrict ourselves to
report results given by (72).

Results for Reducing SLLs Through LP

Once again, taking as a reference the geometries of the square and circular arrays used
in the previous sections, they were used to perform an LP optimization. In this case, the sole
objective was to reduce the SLL levels outside the main beam. Figure 9 shows the radiation
pattern before and after the LP optimization for the main beam cut in both arrays. In the
square array, the SLL level was reduced to below —21 dB over the entire angular range,
successfully reducing the SLLs compared to the classic excitation. This reduction in SLLs
occurred over the entire visible range except for the interval that contained the main beam.
In the case of the circular array, it was possible to reduce the SLLs below —11 dB over the
entire visible range ¢ € [—180°,180°], with the first sidelobes slightly exceeding that level.
Compared to the classic excitation, not only was the SLL level drastically reduced, but as
a direct consequence, the main beam was also narrowed around the pointing direction
(60, o) = (90°,30°). These results can be better evaluated in Figure 10, where the 6—¢
plane is shown. It can be observed that the sidelobes were reduced throughout the entire
plane and by eliminating radiation in undesired directions, the power was concentrated
around the main beam, achieving a reduction in both 6 and ¢.

—— LP-Optimization

g (dB) 1

—E(0.¢)— (dB)
E ‘(9, o)

= W/O Optimization
—— LP-Optimization

-150  -100 -50 0 50 100 150
¢ (deg)

(b)

Figure 9. (a) Radiation pattern of an unoptimized square array and a LP-based optimized square

array for reducing SLL level (b) circular array and a LP-based optimized circular array for reducing

SLL level.

0 7.5 -15 225 -30 0 275 -15 225 -30

[ [ ]
% _
g0 250
< =

0 0
-150  -100 -50 0 50 100 150 -150  -100 -50 0 50 100 150

¢ (deg) ¢ (deg)
(a) (b)

Figure 10. Radiation pattern of the circular array (a) before and (b) after the LP-based optimization to
reduce the SLL level.
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6. Discussion

The results obtained in this work demonstrate the significant potential of convex
optimization for antenna array synthesis. By formulating the radiation pattern design
problem as the maximization of directivity through a Rayleigh quotient of Hermitian forms,
we developed a unified framework that leveraged quadratic programming (QP), second-
order cone programming (SOCP), and linear programming (LP) to address different aspects
of the optimization process.

In our QP formulation, directivity was maximized while null constraints were im-
posed, effectively tailoring the beam to suppress interference in specific directions. This
approach not only enhanced the main beam performance but also ensured precise null
placement. Building on this, the SOCP formulation extended the capabilities by incorpo-
rating additional constraints to minimize sidelobe levels (SLLs), thereby achieving a more
refined control over the entire radiation pattern. In cases where the primary objective was
SLL reduction, the LP formulation, which was derived as a special case of SOCP, proved to
be a computationally efficient alternative.

Numerical experiments on both rectangular and circular array geometries confirmed
the effectiveness of the proposed methods. The QP approach yielded higher directivity
with clearly defined nulls, while the SOCP and LP formulations successfully reduced
sidelobe levels. These results demonstrated that convex optimization provided not only
global optimality but also significant computational advantages compared to more tradi-
tional methods.

The broader implications of this work are twofold. First, it establishes a systematic
methodology for radiation pattern synthesis that is both mathematically rigorous and prac-
tically efficient. Second, it opens the door for further exploration into hybrid optimization
strategies that could combine the strengths of QP, SOCP, and LP with other heuristic tech-
niques, including convex relaxation approaches, to better handle complex constraints and
uncertainties inherent in real-world array designs. Future research may also extend these
techniques to larger and more adaptive array geometries, further pushing the boundaries
of high-performance antenna design.

Overall, the integration of convex optimization techniques in antenna array synthesis,
as presented in this work, provides valuable insights into the trade-offs between formu-
lation complexity and pattern performance, and it underscores the potential for these
methods to revolutionize modern array design.
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Abbreviations
The following abbreviations are used in this manuscript:
GA Genetic algorithm
LpP Linear programming
PSO Particle swarm optimization
Qpr Quadratic programming
SLL Sidelobe levels
SOCP  Second-order cone programming
Appendix A
To demonstrate that
i'Pi=a'G'Gi=||Ga|3, (A1)
is equal to the square of the Euclidean norm of Ga, we proceed as follows.
Recall that for any vector Z € CM, the Euclidean norm is defined by
5 Sto
123 = 2"z (A2)
Let Z = Ga. Then, by definition,
IGa|z = (Ga)"(Ga). (A3)
Using the property of conjugate transposition, we have
(Ga)t=a'G". (A4)
Thus,
|G} =a'G'Ga (A5)
Since the matrix P is decomposed as P = G 'G, it follows that
i'Pi=a'G'Gi= |Gl (A6)

This completes the demonstration that the Hermitian form & P is indeed equal to the

square of the Euclidean norm of Ga.

Appendix B

To demonstrate that minimizing the squared norm is equivalent to minimizing the

norm itself, consider the following.
Let
h(@) =|Gdl; and J(@) = ||Gdl,.

Since || G d||, is nonnegative for all @ (i.e., |G d||2 > 0), the function

is strictly increasing. That is, for any t1,t, > 0,

bh<th — BB

Therefore, if  minimizes J; (%), it also minimizes J»(#), and vice versa. In other words,

the set of minimizers for J; and J; is identical.
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This equivalence justifies reformulating the cost function from minimizing |G |3 to
minimizing ||G d||2. Consequently, the optimization problem can be written as

i

which is directly amenable to second-order cone programming (SOCP).
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