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This paper presents a state space model along with a maximum likelihood algorithm to extract the modal
parameters of structures when the vibrations are caused by ground accelerations and these accelerations are
recorded. Shake table tests are well-known examples of these situations, but not the only ones. It is shown that
in these cases the state space model used to compute the modal parameters is different from the conventional
input-output model. Moreover, the proposed model consists of a set of equations that are the same regardless of
whether absolute accelerations or relative displacements are used as output data. This is especially important
in shake table tests because it is common to use different type of sensors, so it is suggested to exploit the
above-mentioned fact to assess the consistency and reliability of the measurements obtained from different
instruments (i.e. accelerometers and displacement transducers). The proposed model is estimated using the
EM algorithm because the estimates are unbiased and with minimum variance. But the great advantage of this
approach is that the EM algorithm can be adapted to estimate different models, in particular the one developed
in this work. Finally, the proposed method (model and estimation algorithm) is applied to the experimental
data measured during the shake table tests conducted on a reinforced concrete structure.

1. Introduction

Two main approaches can be found in the literature to extract the
modal parameters of vibrating systems [1]. The first one is modal anal-
ysis using only output data, in which the forces causing the vibration
of the structure are not used in the analysis (usually because they
are not available) and the modal parameters are estimated using only
the dynamic output response of the structure. This method is known
as Operational Modal Analysis (OMA) and is the main modal testing
method for large structures such as bridges [2], footbridges [3], high-
rise buildings [4] or dams [5]. The second approach is the modal
analysis using input and output data. In this case, some of the forces
that cause the vibrations of the structure are measured and the modal
parameters are computed from input and output measurements [6].
This method is usually known as Experimental Modal Analysis (EMA).

OMA and EMA can be performed using parametric and
non-parametric methods. The parametric approach always involves two
steps: (i) fitting a model to the data, and (ii) computing the modal
parameters from this model. For the former, the state space model is
the preferred option [1]. This model has different versions, depending
on the type of data. For the analysis of output-only data (OMA), the
state space model is given by Egs. (1) and (2):

X1 = AX, + W, 1)
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Vi = Cx; + v, 2

where y, is the system output, x, is an internal variable of the system,
A and C are the state and output matrices, respectively; and w, and
v, are random processes modeling the system and sensor errors. Since
this model does not include the input of the structure, this input is
considered as part of the noise variables.

The state space model for input-output data (EMA) is given by
Egs. (3) and (4):

X1 = Ax; + Buy + wy, 3)
Yi = Cx; + Duy +v,. (€]

where y, is the measured output of the system and u,, is the measured
system input; B and D are the input matrices. This model must be used
when the (known) external force is applied directly to the structure.
These forces are commonly generated by an impact hammer where the
input force is recorded with a load cell attached to the striking face [7],
or by a shaker that applies a forced excitation and is equipped with a
load cell that measures magnitude and phase [6], or even using other
types of actuators [8].

A similar situation arises when the vibration of the structure is
induced by accelerations applied at the base of the system and this
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acceleration is recorded [9], although the best known example is the
case of shake table tests. There are many examples of modal analysis
using data recorded in a shake table test: for example, in [10] the modal
parameters were evaluated by single-input-four-output ARX models
and the least squares estimation; [11] used the deterministic subspace
algorithm to estimate the modal parameters of a wind turbine under
parked and operational conditions; in [12] the seismic performance of
an existing masonry building with flexible floors was analyzed through
several seismic tests with increasing amplitude. However, there are
no details about the estimation method; [13] evaluated the effective-
ness of automated modal parameter monitoring for vibration-based
Structural Health Monitoring of existing bridges in seismic areas using
shaking table tests. They applied OMA methods to estimate the modal
parameters; in [14] a series of full-scale tests were conducted on a
shaking table in Japan to simulate various levels of realistic seismic
damage in a high-rise structural steel building using the frequency
response function curve-fitting method and auto-regressive with ex-
ogenous term method; in [15] the continuous wavelet transform was
used to investigate the change of modal frequencies before and after
the structural damage; [16] presented a time-varying model-based
method for estimating earthquake-induced displacement responses of
building structures using the unscented Kalman filter; in [17] shake
table testing was used for damage sensitivity of nonstructural elements
in a fixed-base and a base-isolated building.

At first one might think that the state space model we have to use
in the case of recorded base accelerations is model (3) and (4) since the
system input and the output are known. However, a detailed analysis of
the equations shows that the state space model for this particular case is
given by the Egs. (25) and (26). The main difference between both state
space models is that the term D disappears, so the only way the ground
accelerations are included in the model is by mean of the input matrix
B. Therefore, the identification algorithms must be adapted according
to the new model.

In this context, the objectives of this research are:

« The first one is to develop the equations of the state space model
for a structure that is vibrating due to an excitation (i.e. a history
of accelerations) applied at the base and these accelerations are
recorded. As commented previously, the state space model given
by Egs. (3) and (4) does not include the base acceleration in the
correct way. On the other hand, using the model given by Egs. (1)
and (2), that is, the OMA approach, is not optimum since the
known base acceleration is not included in the analysis.

The second objective is to propose an algorithm to estimate the
proposed state space model. This is especially important because
the modal parameters are computed from the estimated model.
In this sense, the Expectation Maximization (EM) algorithm is
proposed for this particular state space model. This is a maximum
likelihood method, so in theory, estimates are unbiased and with
minimum variance [18]. Although these properties make this
algorithm a good choice, the main advantage is that it can be
adapted to specific models, such as the one proposed in this work.
The third objective is to use the proposed state space model and
estimation method to obtain the modal parameters of a rein-
forced concrete structure tested under seismic loads on a shake
table. The specimen considered in this work was instrumented
with piezoelectric accelerometers that measured the absolute ac-
celeration and displacement transducers (LVDTs) that measured
the inter-story relative displacements at each level. Using differ-
ent types of sensors is usual in this type of analysis, and it is
shown that the proposed state space model is valid regardless
of whether absolute accelerations or relative displacements are
used as output data. This fact can be exploited to assess the ac-
curacy, consistency and reliability of the measurements provided
independently by the accelerometers and by the displacement
transducers during shake table tests.
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2. Proposed state space model for structures excited by a history
of acceleration applied at the base

The dynamic behavior of a structure subjected to a ground motion
can be represented by the second order differential equation [19]
Mii(t) + G4(1) + Kq(®) = 0, (5)

where

» u(r) € R is a vector containing the absolute displacements of n,
selected points of the structure (the dot stands for the derivative
with respect to the time);

* q(7) is the vector of relative displacements:

q() = u(t) - Ju, () )

* u,(1) is the vector with the components of the ground motion;
+ J € R">*2 is a matrix with zeros and ones;

* M € R"*"a is the mass matrix;

« K € R%*" is the stiffness matrix;

+ G € R"%*" is the damping matrix;

If we substitute Eq. (6) into (5) we have

M§® + Gq() + Kq(r) = -MJa(),

() +M™'Gq@) + M~'Kq(1) = —Ja(), %)

where, for convenience, we have used a(t) = i, (). Taking into account
Eq. (7) and the trivial equation ¢(r) = q(¢), we can write

qao| _[ o I q()
io| ~ [-M'K  -M"IG| |q()

This is a state equation in continuous time:

+ [_"J] a() ®

z(t) = A z(t) + B.a(t) 9
where

_ 9@ _{ o I _[o
Z(I) - [q(t)] ’ Ac - |:_M71K _M—IG] ’ BL‘ - |:—J:| . (10)

When we work with absolute accelerations (for example, recorded
using accelerometers), from Eq. (5):

i) =[-M'K -M"G] [38] > an
i(t) = C,,z(t) 12)
where

C,=[-M'K -MIG]|. 13)

Egs. (9) and (12) define a state space model in continuous time.

In shake table test, it is also common to work with relative dis-
placements recorded, for example, using LVDT or laser sensors. In these
cases, we can write:

an=[1 0 [38] N 14
q(t) = C,pz(1), (15)
where

Co=[ 0. 16)

Egs. (9) and (15) also define a state space model in continuous time
but now expressed in terms of relative displacements. Whether relative
displacements or absolute accelerations are used, the state space model
can be written in general form as follows:

() = A z(t) + B.a(0), 17)



J. Cara et al.

y(@) = C.z(1), (18)

where y(r) = ii(r), C, = C,, if absolute accelerations are used; and y(r) =
q(), C, = C,, if relative displacements are employed. Since sensors
record data in discrete time, it is necessary to convert the continuous
time expressions into discrete time expressions. Using the constant
approximation a(t;) = a,, Vt € [, + Ar), we obtain (see [20]):

7, =Ayz, +Bya, (19)
Vi = Cyzy, (20)

where

7= [g:] , Ay =exp (A1), B, = (A, —~DA'B,, C, =C,. @21

In data-driven modal analysis it is necessary to complete these equa-
tions with two random variables, e, and v,, to take into account
modeling errors and sensors noise. Thus, model (19)-(20) becomes

2y = Agz +Byag + e, (22)
Y =Cuz + vy, (23)

In this work, we assume that these random variables follow a normal
distribution:

e, ~ N(©0,Qp),

Finally, we must note that the state space model for a structure
is not unique. In fact, we can use a generic state vector x, such as
z, = Tx,, where T € R¥4*?% is any non-singular matrix. Then, the
state space model (22)-(23) becomes

v, ~ N(O,R). @4

X1 = Ax; +Ba, +w,, (25)
Vi = Cx; + v, (26)
w, ~ N(@,Q), v, ~ N(O,R) 27)

where

A=T'A,T, B=T!B,, C=C,T, Q=T!Q,T. (28)

In fact this is the model we estimate from the recorded data because
the matrix T is unknown. The connection between the modal parame-
ters and model (25)-(26) is given by the following property (see [20]):

Property 2.1. The eigenvalues of matrix A are given by :

Ayj_12j = €Xp [(—cjwj +iw;/1— g}) At] ,i=12,..,ny (29)

Therefore, the natural frequencies ; and the damping ratios ¢; are
given by

in(2))]
w; = a (30)
_ —Real [In(4))] 31
T ear

On the other hand, the jrh mode shape ¢; € R" evaluated at sensor
locations can be obtained using the following expression (see [20]):

¢, =Cy,, (32)
where y; is the complex eigenvector of A corresponding to the eigen-
value 4;.

Finally, the estimation of modal parameters can be summarized as
follows:

« First, estimate the state space model (25)-(26) from the recorded
data {y;,y,,....yn} and {a;,a,,...,ay}.

» Then, compute the modal parameters from the estimated model
using Egs. (30), (31) and (32).
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The most critical point in this procedure is the estimation of the
state space model. In the context of data-driven modal analysis, two
main approaches can be found in the technical literature to estimate
the state space model in the time domain:

+ Subspace algorithms: This is perhaps the most used approach in
Operational Modal Analysis (state space model (1)—(2)). We can
find data-driven subspace algorithms and covariance-driven sub-
space algorithms [1]: they are based on least-squares estimation,
so they are non-iterative algorithms; the results are, in general,
unbiased and accurate. But, in contrast, it is more difficult to
adapt the algorithm to specific problems.

Maximum likelihood estimation using the EM algorithm: it is an
iterative algorithm, so the estimation time is greater than the time
needed for the subspace algorithms. According to the properties
of maximum likelihood, the estimates should be unbiased and
with minimum variance. But the great advantage of this approach
is that the EM algorithm is highly adaptable to different models,
and in particular, it can be formulated to estimate the model
(25)—(26). That is the main reason we chose this algorithm in this
work. The full approach is developed in the next Section.

3. The proposed estimation algorithm
3.1. Maximum likelihood estimation

Maximum likelihood is a method for estimating the parameters of
a statistical model. The procedure can be described as follows:

1. The starting point is a collection of data. In this case: vibration
data {y,,ys,...,yn } recorded by the LVDT sensors or accelerom-
eters, and ground acceleration {a;,a,,...,ay} recorded at the
base of the shaking table.

2. On the other hand, we choose a model to be fitted to the
data. For the test structure, the model is the state space model
(25)-(26).

3. Given the model and the data, we define the likelihood function.

4. Finally, the parameters of the model, § = {A,B,C,Q,R}, are
estimated at the maximum of the likelihood function.

The likelihood function for this model is computed using the inno-
vations €, (see Property A.1). Since w, and v, are Gaussian processes,
the innovations also follow a Normal distribution:

€, ~NO,Z,). (33)

Hence we may write the logarithm of the likelihood as:

N N
1 1 1 _
log L(0) = —ENnylog(Zn) ) Zlog | Z] - 3 Z eZZklek. (34)
k=1 k=1

where 0 represents the vector of parameters. The estimation of these
parameters is obtained at the maximum of Egs. (34). The usual proce-
dure is to choose a starting value for the parameters 6 and then to use
a numerical algorithm to find the maximum. In our opinion, the best
option is the EM algorithm. This algorithm has been used to estimate
the state space models (1)-(2) and (3)-(4) from vibration data, but we
must derive the equations of the algorithm for the case of shaking table
tests, that is, for the state space model given by (25)-(26). The details
are shown in the following section.

3.2. The EM algorithm

3.2.1. The joint log-likelihood function

The EM algorithm does not use the likelihood defined by Eq.
(34). Instead, it uses the joint likelihood function assuming the states
X;.n+1 = {X[,X,...,Xy4q} are known in addition to the observa-
tions y;.5 = {y;.¥2,....¥n ) and the ground accelerations a,., =
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{a,,a,,...,ay}. Both likelihoods reach the maximum at the same point,
so in terms of estimates the solution is the same.
The joint likelihood function is:

L) = p(Xy. ni15 Yi:n |81 8 0) = DX Xas oo Xy 15 Y15 Y5 -5 Y |8 v, ) =
=p(xila;. n,0) - p(Xp,y, 1%, 2. 5, 0)
P(X3, Yo lX1 X0, ¥ 1588, 0) - oo DXy s YV X NS Vi v—15 @18 0)

N

=p(x;|a;.y.0) - Hp(ka’Yklxl:k’yl:k—l’al:N70)
k=1

where p(-) denotes a generic density function. We take into account the
following hypothesis:

» Model (25)-(26) verifies the Markov property:

Pt Vi X1k Yik—1>31: 85 0) = P(Xpqts Y| Xpo A, 6).

Therefore
N

POt N1 Vians A1 0) = PO [ | POt Ve lxe g, 0). (35)
k=1

+ The noise terms w; and v, follow a Normal distribution:

W, 0] [Q o
~N .
el (B3 ®
Then, X1,y |X,a,, 0 will follow a Normal distribution as well,
X1 —Ax, —Ba Q o
Xk+17Yk|Xk»ak»0NN<[ k+1yk—Ckxk k],[o R]) 37)
with probability density function:

P(Kpey 15 i IXpe, Ay, 0) = p(Xpey 1 Xy, Ay, O)p(yi |Xy, Ay, 0)

1 _
P(Xyes1 X2, 0) P (_E(xlﬁ-l —Ax, — Bak)TQ 1(Xk+1 —Ax; — Bak)> B

1
= ———————— = €X]
@m2|Q|'?

1 _
P(Yi|Xg, 2y, 0) = ¥ - Cx) "Ry, - ka)> >

: (
- exp(-=
Qo IR TP
+ The first state has Normal distribution, x,|a;.y ~ N(m,P,):

1

1 Tp-1
=Wexp(—§(xl—ml) Pl —my)).

p(xqlay: . 0)

In practice the log-likelihood is preferred because information is

combined by addition and can be written as a sum of three uncoupled
functions:

1(6) = log L(0) = —%[ll(ml,Pl) +5(A,B,Q) + 5(C,R)], (38)
where, ignoring constants:
Ii(my,Py) =log |Py| + (x; —ml)TP]_l(Xl —m), (39)
N
1,(A,B,Q) = N log Q|+ ) (X1 —Ax, ~Bay)" Q' (x,,; —Ax, —Bay), (40)
k=1
N
I(C,R) = Nlog |R| + Y’ (y; — Cx)  R™ (y; — Cx;). (41)

k=1
The problem with this likelihood is that the states are unknown vari-
ables. The EM algorithm proposes to work with the expected value
of the likelihood because it can be computed using the Kalman filter
output (this is called the Expectation or E step).

3.2.2. Expectation and maximization steps
The EM algorithm is an iterative method to maximize the likelihood.
Each iteration of the EM algorithm consists of the following steps:

1. Assuming a value for the parameters, 6, compute E[/(0)]y;. .
a,.y.0] (E-step, Property 3.1).

2. The M-step consists on maximizing E[/()]y;.y.a,. . 0] (M-step,
Property 3.2).
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Property 3.1 (E-step). Given the parameters of model (25)—(26), 0, the

measured data, y,.n = {y1,Y¥2...-.Yn}, and the measured base accelera-

tions, a;.y = {a;,a,,...,ay}, the expected value of the likelihood (38) is

given by

E[©O)Iy;:n-a1: 5,01 = E[j(m;, Py, y. 8 5, 0]

+E[L(A,B, Q)ly;: n» a1 5,01 + E[(C,R)y; . v- 2y 5, 0],

with

E[l,(m.P)ly,.y.2.y.0] =log [P, +tr (P]' [P} + (x) —m)(x —m)T]),
(42)

Ell,(A, B, Q)lyy. n,a1:x, 0] =N log |Q| + tr (Q7'[S,, =S, sA” —AS,, -5, B
- BS,, +AS,B" +BS, A" +AS, A" +BS,B']),
(43)

E[5;(C,R)ly,.y.8,.5.0] = Nlog|R| +tr (R[S, - S, C" -CS_, +CS,.C"]),

(44)
where
X1]<V = EX|y1:n-21:5.0), (45)
Py = Var(xly;. v a5 0), (46)
PkN_'_Lk = Cov(Xpy 1> X l¥1: > 212 v, 6). 47)
N
Siix = Z (Pl]:{i—l +X1]<\-[+1(X1]:-,+1)T)’ (48)
k=1
N
_ N N ((N\T _ QT
Sx =2, (Pk+l,k + X (%) ) Six; = Sy (49)
k=1
N
Sy = Z (PkN + x,lcv(x,]j)T) , (50)
k=1
N
Sy =2, (vuvf). (51)
k=1
N
SJ’X = 2 (yk(xljcV)T) ’ Sxy = SZ/-x’ (52)
k=1
N
Sw= 2, (xVag). Sy =8I, (53)
k=1
N
_ N T _ QT
Siia = Z (X001 )+ Say, = Sy 54)
k=1
N
Saa = . (aay) (55)

w-
I

N

- . N bN
The conditional expectations x,’, P, and | A

Properties A.1-A.3.

are found using

Property 3.2 (M-step).
*» The maximum of E[l;(m,P))|y,.n.a,.y,0] is attained at

m, =x{v, (56)

p =PV (57)

*+ The maximum of E[l,(A,B,Q)|y,.n,a;. 0] is attained at

-1
A Bl=[S.. S [2 :] , 58)

ax aa
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L 6 | 6 | 6

Partial structural model

(B)

Fig. 1. Prototype structure: (A) plan; (B) elevation (dimensions in meters).

Q= (S, ~S,.AT - A4S, -8, BT - BS

N X1 x xXx| X1a ax;

+BS, AT + AS AT +BS,BT).

+AS, B” (59)

+ The maximum of E[I3(C,R)|y,.n.a,. 0] is attained at

C=S,S, (60)
R = (8,,—8,CT —CS,, +C8,,C7). 61)

The above equations can be obtained equating to zero the corre-
sponding derivatives.

3.2.3. The proposed algorithm
The overall method can be summarized as an iterative procedure as
follows:

1. Initialize the procedure by selecting starting values for the pa-
rameters

8o = (Ao, By, Co. Dy, Qp, Ry, m; 9, P ) .
2. Run iterations for j =0,1,2,...:
(a) Perform the E-Step.

+ Use Properties A.1, A.2 y A.3 to obtain the smoothed
N pN N _ ;
values X, , P} and Pk+1,k’ for k =1,2,..., N, taking
into account 0.
+ Calculate S S, .S

1x1 0 Sxyx Sxxs -+ » Sqq according to (50)—
(55).

(b) Perform the M-Step.
+ Compute 011 using (56)-(61).

3. Stop iterations when the value of the likelihood at step j + 1
differs from the likelihood at step j by some predetermined, but
small amount.

4. Application to shake table tests conducted on a reinforced
concrete structure

The proposed algorithm was validated using the results of a dy-
namic seismic test performed with the shake table of the University
of Granada. First, a prototype three-story RC waffle-flat-plate structure
with an irregular column layout was designed according to the Spanish
Concrete Code EHE-08 and the Spanish Seismic Code NCSE-02. Then,
a portion of this structure was selected as shown in Fig. 1, and the test
specimen was defined from this sub-structure by applying a scale factor
of 2/5 for length. The rest of the physical quantities were scaled to

satisfy similitude requirements. Therefore, the test specimen consists in
a waffle-flat-plate structure sustained on an irregular column layout as
can be seen in Figs. 2 and 3. The boundary conditions on the specimen
were simulated by pinned joints at the zero moment locations and by
introducing steel plates to reproduce the inertial forces induced by
the mass of the upper levels, as can be seen in the 3D sketch of the
experiment in Fig. 3. The added masses and the slab were instrumented
with pairs of piezoelectric and seismic accelerometers that measured
the absolute acceleration. Lasers and LVDTs measured the inter story
relative displacements at each level. All sensors were calibrated against
a control sensor and duplicated at each location to ensure no data was
missed during the test. Fig. 4 shows the schematic geometry of the
sub-assembly and the instrumentation employed in this paper. A more
detailed description of the specimen geometry, material properties and
sensor information can be found in [21].

The specimen was subjected to several bi-directional shake-table
tests using the horizontal components of the accelerations registered
at Calitri station during the Lucano-Campano earthquake (Italy, 1980).
The ground motion recorded at Calitri station during the Lucano-
Campano earthquake was selected because in the period range of
interest (i.e. up to about 0.5 s), the geometric mean of the spectral
accelerations of the NS and EW components of this earthquake are very
close to the spectrum used in design (see Fig. 8). This is relevant to
the tests because it ensures that the specimen is subjected to a seismic
action that is similar and consistent with the seismic action used in the
design.

For the purposes of this study, only the test with the lowest intensity
in which the specimen remained elastic (undamaged) was used. The
sampling frequency of the test was 600 Hz. However, since the response
frequencies of interest are in the interval of O to 5 Hz, it was decided to
filter the data with a 5th-order low-pass Butterworth filter with a cutoff
frequency of 8 Hz.

During a shake table test there are multiple possible sources of noise
such as cracking, pounding of cables, friction of set-up components, etc.
These sources are difficult to identify or isolate; however, such noise
sources typically have high frequencies which are far from the range of
interest [0-8 Hz] and were filtered out with the low-pass Butterworth
filter.

4.1. Modal parameters estimated using absolute accelerations as output
data

Fig. 5 shows the input signal applied to the shaking table, that is, the
components NS and EW of the Lucano-Campano earthquake registered
at Calitri station. Fig. 6 shows the output absolute accelerations of the
structure recorded by piezoelectric accelerometers located in the first
story; four additional sensors were placed in the second story, with
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s

1 |

////W”M

Fig. 2. General overview of the test specimen and the shake table.

Fig. 3. 3D Experimental set-up sketch.

positions similar than in the first story (see Fig. 4). In this section,
the base accelerations applied to the shaking table (input data) and
the absolute response accelerations (output data) measured by the
piezoelectric accelerometers are used to estimate the modal parameters
of the structure.

First, in order to have an initial idea of the vibration modes of
the structure, the output-only frequency domain decomposition (FDD)
method [22] was applied. The singular value spectra of the output data
was computed and is shown with bold line in Fig. 7. This Figure plots
the eigenvalues of the power spectral density (PSD) matrix computed

at different frequencies. In the FDD method, the peaks of the singular
value spectra are an estimation of the natural frequencies of the struc-
ture, and the eigenvectors of the PSD matrix are an estimation of the
modal vectors. The FDD does not allow to obtain the damping ratios.
From Fig. 7, three modes at frequencies 1.904, 2.343 and 2.636 Hz can
be selected.

Then we applied the EM algorithm presented in Section 3.2.3. The
first step is to select a starting point, 8, = (Ao, By, Cp, Qg Ry). We
cannot choose random values for these matrices because the algorithm
will fail most of the times. On the other hand, like all the iterative
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Fig. 4. Position of the sensors. EW and NS represent the two horizontal components of the earthquake.
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Fig. 5. Seismic accelerations recorded in the shaking table. The data is plotted in time and in frequency domain (logarithm of the Power Spectral Density function).

algorithms, the starting point must be close to the global maximum of
the likelihood, because otherwise the algorithm will converge to a local
maximum. Our approach is to use the Stochastic Subspace Identifica-
tion (SSI) algorithm for output-only data [1]. Using this algorithm we
estimated the model:

(62)
(63)

Xpel = AgXg + Wi, Wi ~ N(0,Qy),

v = Cx; + v, v ~ N(O,R).

The starting point was defined using this estimated model: A, = A,
C, =C,, Q) =Q,, Ry = R;; By was equal to a matrix of zeros. Then we
applied the proposed algorithm and the results are included in Table
1: the natural frequencies obtained with this method are: 2.015, 2.427
and 2.533 Hz. This table also includes the damping ratios and modal
vectors corresponding to these frequencies.

4.2. Modal parameters estimated using relative displacements as output
data

In this section, the base accelerations applied to the base of the
shaking table (input data) and the relative displacements (output data)
measured by the LVDT are used to estimate the modal parameters
of the structure. Fig. 9 shows the data recorded in the first story.
Similarly to the accelerometers, four LVDT’s sensors were placed in the
first story and four additional LVDT’s in the second story. According
to the equations derived in Section 2, the displacement data used by
the algorithm are relative displacements. The LVDT’s in the first story
measured the relative displacement between floor 1 and the shaking
table, so these data verify the conditions of the algorithm. The LVDT’s
in the second floor measured the relative displacement between floor 2
and floor 1; therefore, the relative displacement to the shaking table is
given by the sum of the displacement of floor 1 and floor 2. The input
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Fig. 7. Singular value spectra. Only the first eigenvalue is plotted.

signal is the same as in the previous section, that is, the acceleration

shown in Fig. 5.

Similarly to Section 4.1, first the FDD method was applied to the
relative displacements to get an initial idea of the vibration modes.
The singular value spectra of the output data were computed and are
shown with a thin line in Fig. 7. The frequencies obtained using the
displacements (1.904, 2.343 and 2.636 Hz) are the same calculated
from the absolute response accelerations.

Next, the EM algorithm proposed in Section 3 was applied using the
SSI estimates as starting point. The frequencies, damping ratios and
modal vectors obtained are summarized also in Table 1 and Fig. 10
depicts the shape of the vibration modes estimated from displacement

data. Table 1 shows that the three frequencies obtained using the
absolute response accelerations (Section 4.1) and the corresponding
values calculated with the displacement data (Section 4.2) are almost
identical.

The vibration modes were also compared with the MAC index:

167 sl
@@l )

which measures the similarity between the modal vectors ¢, and ¢,:
MAC index close to 1 means a high degree of similarity (the same
modal vector), while MAC index near cero means orthogonal vectors.
The results obtained with the shake table data are shown in Table 2.

MAC(¢y, ¢p) = (64)
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Fig. 9. Displacements recorded by LVDT’s 1, 2, 3 and 4. The data is plotted in time and in frequency domain.

It can be seen that the modal vectors estimated with both types of
output data are essentially the same (high MAC index). In our opinion,
the observed differences are due to the acceleration and displacement
sensors not being located at exactly the same positions, and not due
to the proposed algorithm. In fact, in Section 5 we applied the method
to simulated data and did not observe differences between the modal
vectors estimated from the displacement and acceleration data.

5. Application to simulated data

In this section we used data obtained from a numerical model in
order to better understand the performance of the proposed method.

Let us consider a 3-dof spring-mass—damper system with (see Eq. (7)):

1 0 O 0.7706  —0.1657  0.0000
M=|0 1 0|, G=[-0.1657 09363 —0.2486],
0 0 1 0.0000 —-0.2486  1.1020
600  —400 0 1
K=]-400 1000 -600|, J=|1},
0 —600 1400 1

and a(z) is the EW component of the Lucano-Campano earthquake (see
Fig. 5). The modal parameters of this model are given in Table 3.
Using this model we obtained the total acceleration and the relative
displacement of the system. Then, we added some measurement noise
according to the rule y, = g, + 0.154/var(qy)e;, e, ~ N(0,1), where
q, represents the acceleration or relative displacement of each degree
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Table 1

Modal parameters estimated using the proposed algorithm.
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Fig. 10. Sketches of modal shapes.

EM from acceleration data

f; Hz) 2.0145 2.4274 2.533

& 0.026 0.0156 0.023
-0.0123 0.4561 -0.0414
-0.2383 0.3124 -0.4303
—0.4864 -0.2266 -0.0139

&, -0.1245 0.0045 0.5227
0.0177 0.5971 -0.0843
—0.3444 0.4364 -0.5626
-0.6793 —0.3032 0.0139
-0.3326 -0.0641 0.4646

EM from displacement data

f; Hz) 2.0151 2.406 2.4956

¢ 0.0374 0.0261 0.0444
0.0213 0.5481 -0.1021
-0.3259 0.1033 -0.4926
—0.4355 -0.1749 0.0980

®, -0.2510 0.1011 0.3429
0.0746 0.7492 -0.1684
-0.4741 0.1443 —0.6486
-0.5514 -0.2366 0.0974
-0.3260 0.0996 0.4014

of freedom at time instant ¢, = k(1/f;), f, is the sampling frequency

(600 Hz in this case).

We simulated 100 realizations of the system output using this
procedure. Then, we estimated the modal parameters of the system
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Table 2
MAC values computed from modal vectors using accelerations (columns) and displace-
ments (rows).

f(Hz) 2.0145 2.4274 2.533

2.0151 0.9372 0.001 0.0133
2.406 0.0175 0.8065 0.0128
2.4956 0.0024 0.4356 0.9237

using two methods: (1) the method proposed in this work, that is, the
EM algorithm for the state space model given by Egs. (25) and (25); (2)
we also estimated the modal parameters using an OMA approach (state
space model (1)-(2) and the SSI algorithm). The results are shown in
Table 3.

The main conclusions of this analysis are:

» The modal parameters obtained with the proposed method are
more accurate than applying an OMA method. According to Table
3, the proposed method outperforms the SSI algorithm both in
bias and variance.

The results obtained using absolute acceleration data are similar
to the results obtained using relative displacement data (in terms
of the proposed algorithm).

The natural frequencies are better estimated than the damping
ratios. This fact is well known in the field of data-driven modal
analysis and it is not exclusive of modal analysis using known
base accelerations [1].
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Table 3
Modal parameters estimated using the proposed EM algorithm and using an OMA
method; mean stands for mean values, and sd stands for standard values.

Modal parameters of the numerical model

Mode 1 Mode 2 Mode 3
frew (H2) 2.4762 4.7207 6.8973
& ou (%) 2.0000 1.4944 1.5000
Results from absolute acceleration data
mean[f,,] (Hz) 2.4810 4.7143 6.8804
sd[f,,] (Hz) 0.0020 0.0015 0.0024
mean[f,,,] (Hz) 2.3963 4.5959 6.6670
sd[f,,..] (Hz) 0.0114 0.0052 0.0231
mean((,,] (%) 2.5946 1.5958 1.8896
sd[g,,] (%) 0.0408 0.0107 0.0386
mean[{,,,] (%) 1.6434 2.3192 2.5469
sd[Z,,..] (%) 1.2362 0.1156 0.2493
mean[M AC,, ] 0.9999 0.9999 0.9999
mean[M AC,,,,] 0.9925 0.9990 0.9626
Results from relative displacement data
mean[f,,] (Hz) 2.4779 4.7255 6.8999
sd[f,,] (Hz) 0.0033 0.0027 0.0032
mean[f,,,] (Hz) 2.3974 4.5985 5.1813
sd[ f,,..] (Hz) 0.0076 0.0608 3.0204
mean((,,] (%) 2.3214 1.7803 1.6441
sd[¢,,,] (%) 0.0294 0.0224 0.0712
mean({,,,] (%) 1.7190 2.1383 4.0253
sd[£,,..] (%) 0.6933 1.4920 3.9222
mean[M AC,,,] 0.9999 0.9999 0.9957
mean[M AC,,,] 0.9994 0.9939 0.5542

» The MAC index calculated for estimated modal vectors (using the
proposed algorithm) and real modal vectors are 0.999 (perfect
estimation).

» We also applied the proposed method to absolute displacement
data in order to study what happens when the hypotheses of the
model are not fulfilled. Although this case is not included in Table
3, the results were not good: mode 3 is generally not estimated
in almost all cases and the damping ratios estimated for modes 1
and 2 were wrong.

6. Conclusions and future research

This study investigated the application of input-output modal anal-
ysis and the maximum likelihood method to the particular case of
structures which vibrations are originated by accelerations imposed at
the base. The main conclusions are as follows:

The model must be derived according to the problem: in this
case, a state space model is derived taking into account that
the system inputs are base accelerations. The use of state space
models developed for EMA is not correct in this case, at least from
a theoretical point of view.

To estimate this model, we propose to use the Expectation—
Maximization algorithm.

The equations of the state space model of a structure excited
through input accelerations applied at the base are formally
identical regardless of the absolute response accelerations or the
relative displacements being used as output data.

If the absolute response accelerations and relative displacements
measured during the vibration of the structure are consistent and
correct, the frequencies and modal shapes obtained with both
types of output data must be theoretically identical.

Based on the previous conclusion, the comparison of the frequen-
cies and modal shapes estimated independently using the absolute
response accelerations or the relative displacements measured
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during tests, can be used to assess the reliability of the records
provided by the instrumentation (i.e. accelerometers and LVDT’s)
in shaking table tests.

The proposed state space model and algorithm was validated with
the results of shaking table tests conducted on a RC structure
and with simulated data. As expected, the frequencies and modal
shapes estimated with the proposed state space model and al-
gorithm were basically the same for absolute accelerations and
relative displacements data.

In the case of simulated data, it is shown that the proposed
method gets better estimates than applying a traditional SSI al-
gorithm for output-only data.

We include now a discussion about the limitations of the proposed
method: the EM algorithm is an iterative algorithm, and like all the
iterative algorithms, the final solution is highly sensible to the initial
conditions. The usual way to deal with this problem is to choose a good
starting point: in this work we propose to use the solution obtained with
SSI for output-only data as starting point. We have seen in the section
devoted to simulated data that the solution obtained with SSI-OMA is
not always good, but it is good enough as a starting point for the EM
algorithm. Another important drawback of the method is the time spent
in the iterations: around 10 s in a normal laptop. It is not very time
consuming, but it has to be taken into account.

For future research, we want to apply this method to other vibration
data obtained in the shake table test. The data analyzed in this work
are part of a bigger project in which the ground motion applied to
the shake table was scaled in amplitude to 35%, 50%, 100%, 200%,
and 300% of the ground motion recorded at Calitri station during the
Campano Lucano earthquake (1980), in order to represent different
levels of intensity. One of the objectives of the project was to study the
different levels of damage to the structure according to the intensity
of the earthquake. We have found that in the first three tests (35, 50
and 100%) the behavior of the structure was linear, and under the last
two tests a non-linear response was observed. So the application of the
proposed method in the case of nonlinear behavior is the next step in
our research.
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Appendix. Kalman filters and smoother

The following results are used in the Expectation step:

Property A.1 (The Kalman Filter). For the state space model specified in
(25)—(26) with initial conditions x(l) and P, for k=1,2,...,N,

Xk—l — Axk—l

. =Ax | +Ba;_, (65)
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Pl = APTIAT +Q, (66)
with

xF=xi! + Key, (67)
Pl = (I-K,OP!, (68)
where

K, =PIcTx !, (69)
€ =Yi —E[Vel¥rior a1, 0] = v — Cx (70)

Zy

Ky

= Var(e;) = Var[C(x, — X)) + v,]y) 1,811, 0] = CPEICT + R
71)

is called the Kalman gain and €, are the innovations.

Property A.2 (The Kalman Smoother). For the state space model specified
in (25)-(26) with initial conditions x and PY obtained via Property A.1,

for

k=N-1,N-2,....1,

XY =X+ T (X - x5, (72)
N _ pk N k T
P =P+, (P, — P )L (73)
where
-1
o= PN (Bh,,). 7o

Property A.3 (The Lag-One Covariance Smoother). For the state space
model specified in (25)-(26) and J, and P% obtained from Properties A.1
and A2, fork=N,N —1,...,2

PN

k+1.k

_pN T
=Pld 75)

Data availability

Data will be made available on request.
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