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Abstract

During the last decades, laser ablation has become a major research field due to its wide-
ranging industrial and scientific applications. This doctoral thesis addresses the numerical
simulation of USP ablation, aiming to deepen the theoretical understanding of underlying
physical phenomena and to support process optimization. Structured in seven chapters,
the thesis follows a logical progression from fundamentals to novel model development and
validation:

Chapter 1 reviews the fundamentals of laser ablation, beginning with a historical overview and
the description of pulses following a Gaussian beam. It then discusses heat conduction models
applicable to different pulse durations, notably the Two-Temperature Model (TTM) for fem-
tosecond (fs) pulses. Key ablation mechanisms—such as spallation and phase explosion—are
described, and various modelling approaches (hydrodynamic, molecular dynamics) are re-
viewed. The absorption of laser radiation by different material types (metals, semiconductors,
dielectrics) is discussed, followed by an overview of key USP ablation applications.

Chapter 2 describes the experimental and numerical methodologies. Firstly, the femtosecond
and nanosecond laser systems, along with diagnostic tools such as confocal and scanning
electron microscopy, are detailed. Then, experimental procedures for determining ablation
thresholds and crater geometries— such as the Liu method and depth-based fitting— are
explained. The chapter also introduces the numerical and mathematical tools used in
simulations, including finite difference methods and polylogarithms.

Chapter 3 focuses on nanosecond ablation modelling using both COMSOL Multiphysics and
MATLAB. The variation of the material’s thermal parameters which temperature has been
considered, and ablation is modelled by removing material once vaporization temperature is
reached. The simulated crater diameters are compared with experimental measurements for
the particular case of copper oxide thin films, showing strong agreement.

Chapter 4 presents a new analytical solution for the electron heat capacity in s-band metals,
within the free electron gas model (FEG) framework. The calculations employ a special
type of functions called polylogarithms. Our new solution shows good agreement with more
complex DFT calculations, making it suitable for numerical simulations of USP ablation later
in this thesis. Moreover, a cubic approximation for the low-temperature regime is also derived
from the exact solution for faster computation.

Chapter 5 presents a novel MATLAB code which numerically solves the TTM equations using
finite difference methods, in order to calculate the temperature evolution of an aluminium
target irradiated by a fs pulse. All relevant thermal and optical parameters are treated as
temperature dependent, and ablation is modelled by the consideration of the phase explosion
condition. The model predictions are validated against both our own experiments and
published data, showing strong agreement between experiments and simulations.

Chapter 6 develops and validates the Threshold Refined Model (TRM) for predicting ab-
lation efficiency of ultra-short pulses. By incorporating an initial ablation depth, d0, the
model accounts for spallation and reconciles the differences between different experimental
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threshold determination methods. The TRM was tested against a broad set of experimental
data for metals, semiconductors, dielectrics and biological tissues, demonstrating consistent
improvements over preexisting models, such as the Furmanski-Neueschwander model (FNM).

Finally, Chapter 7 concludes the thesis and outlines future work lines. Future research avenues
include extending the MATLAB simulation code to multi-pulse ablation, incorporating the
hyperbolic TTM for even shorter pulse durations, and refining the TRM model for broader
applicability.
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Resumen

Durante las últimas décadas, la ablación láser con pulsos ultracortos se ha convertido en un
importante campo de investigación por sus múltiples aplicaciones industriales y científicas.
Esta tesis doctoral aborda la simulación numérica de este fenómeno, con el objetivo de
profundizar en la comprensión teórica de los procesos físicos implicados y contribuir a la
optimización de sus aplicaciones. Estructurada en siete capítulos, la tesis sigue una secuencia
lógica:

El capítulo 1 repasa los fundamentos de la ablación láser, comenzando con una visión histórica.
Después, se analizan los distintos modelos de conducción térmica, destacando el modelo de dos
temperaturas (TTM) para pulsos de femtosegundos (fs). También se describen los fenómenos
físicos clave en la ablación, como la espalación y la explosión de fase, se resumen diversas
técnicas de modelización (hidrodinámica, dinámica molecular), y se discuten los mecanismos
de absorción en distintos materiales (metales, semiconductores y dieléctricos). Finalmente, se
ofrece una visión general de las principales aplicaciones.

El capítulo 2 describe las metodologías experimentales y numéricas. Se detallan los sistemas
láser de fs y ns empleados, junto con herramientas de medida como la microscopía confocal y
electrónica de barrido. Posteriormente, se explican los procedimientos experimentales para
determinar los umbrales de ablación y las geometrías de los cráteres, como el método de
Liu y la evaluación de profundidades. También se detallan las herramientas matemáticas y
numéricas utilizadas en las simulaciones, como métodos de diferencias finitas y polilogaritmos.

El capítulo 3 se centra en el modelado de la ablación por ns empleando COMSOL Multiphysics
y MATLAB. Para estas duraciones de pulso, la ablación se modeliza haciendo desaparecer
material al alcanzar la temperatura de vaporización. Los diámetros de los cráteres predichos
se comparan con las mediciones experimentales para el caso particular de capas delgadas de
óxido de cobre, mostrando una gran concordancia.

El capítulo 4 presenta una nueva solución analítica para la capacidad calorífica electrónica
en metales de banda s, en el marco del modelo del electrón libre. Nuestra nueva solución,
que emplea funciones polilogarítmicas, arroja predicciones similares a los cálculos DFT más
complejos, lo que la hace ideal para las simulaciones numéricas con pulsos ultracortos realizadas
en esta tesis. Además, se deriva una aproximación cúbica para bajas temperaturas a partir de
la solución exacta, permitiendo cálculos más rápidos.

El capítulo 5 presenta un novedoso código de MATLAB que resuelve numéricamente las
ecuaciones del TTM mediante diferencias finitas, con el fin de calcular la evolución de la
temperatura de una pieza de aluminio irradiada por un pulso fs. Todos los parámetros
térmicos y ópticos se tratan como dependientes de la temperatura, y la ablación se modeliza
considerando la condición de explosión de fase. Las predicciones del modelo se han validado
experimentalmente, mostrando una fuerte similitud entre los experimentos y las simulaciones.

El capítulo 6 desarrolla y valida un nuevo modelo (abreviado como TRM) para predecir la
eficiencia de ablación con pulsos ultracortos. Al incorporar una profundidad de ablación
inicial, d0, el modelo tiene en cuenta la espalación y reconcilia las discrepancias entre los
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distintos métodos experimentales para determinar el umbral de ablación. El TRM se validó
experimentalmente con un amplio conjunto de datos para metales, semiconductores, dieléctri-
cos y tejidos biológicos, demostrando mejoras sistemáticas respecto a modelos preexistentes,
como el modelo de Furmanski-Neueschwander (FNM).

Finalmente, el capítulo 7 concluye la tesis y esboza las líneas de trabajo futuras, como la
ampliación del código de simulación MATLAB para la ablación multipulso, la incorporación
del TTM hiperbólico para pulsos aún más cortos y el perfeccionamiento del modelo TRM
para ampliar su aplicabilidad.
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Chapter 1

Laser ablation processes: state of the
art.

1.1 History of laser ablation

The first laser (Light Amplification by Stimulated Emission of Radiation) was invented in
1960, when Theodore Maiman used a synthetic ruby crystal to produce red laser light [1].
Shortly afterwards, laser ablation (the use of lasers to remove material) became a topic of
research, with the first paper being a theoretical contribution by Askaryan et. al. [2] followed
shortly afterwards by an experimental paper by Honig and Woolston [3]. In the early 1960s,
continuous wave (CW) (such as CO2) lasers were commonly used in laboratories, however
they caused gradual heating and melting rather than immediate vaporisation. This process
was rather inefficient, with a great heat affected zone and other undesired thermal effects [4].
With the discovery of Q-switching [5], researchers soon realised that pulsed lasers, in which
all energy is concentrated in a short period of time, could offer significantly higher removal
rates while reducing heat affected zone and thermal damage. By the middle of the 1960s
decade, pulsed lasers were already commonly used for ablation [6].

A Q-switch is a device placed inside the laser cavity that can stop the buildup of light into a
beam by reducing the Q-factor (which is defined as
Qf = 2π · Energy stored/Energy dissipated per cycle). Initially, the Q-switch is closed, which
means that that the energy pumped into the laser medium is used to create a population
inversion, but the low Q-factor prevents it from being released as light. Therefore, at the end
of this period of time, the excited atoms or molecules will store a high energy content. Then,
the Q-factor is rapidly increased, allowing the laser cavity to start amplifying light, which
will result in a short, intense pulse of light, commonly in the range of nanoseconds (ns) [7].
This process is shown in figure 1.1 of this thesis, which has been reproduced from [8].

Due to their high peak power and short interaction time, ns pulses offered significant advantages
once developed. They had significantly greater precision than their CW counterparts, with
early industrial applications being cutting, hole drilling or scribing [6]. Simultaneously,
spectroscopy and chemical analysis applications of ns laser emerged [9], while medical usage
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Figure 1.1: Temporal evolution of a Q-switched laser. 1) The pump rate is always on during
the process, meaning that energy is continuously pumped into the system. 2) The
resonator quality or Q-factor is low at the initial stage. 3) This means that, at this
initial stage, a population inversion is created. In other words, atoms are excited using
the energy pumped into the system. 4) Once the Q-factor is suddenly increased in 2),
light will be emitted generating a pulse with pulse duration in the range of ns. The
photons are generated by the excited atoms, which means that most atoms return to a
fundamental (or lower excited) state, reducing the population inversion in 3). Figure
reproduced from reference [8].

of this technology began in the decade of 1970s [10]. Nowadays, ns lasers are still being widely
used for micromachining [11, 12, 13], surface texturing or additive manufacturing [14].

The decade of the sixties also saw the invention of mode-locking, with the first papers on
the subject being written by DiDomenico [15], Hargrove et. al. [16] and Yariv [17]. This
technique is achieved by combining in phase distinct longitudinal modes of the laser. If modes
of electromagnetic waves of different frequency with random phases are added, they will
produce a randomly distributed electric field in the time domain, and therefore, a random
intensity variation with time (as the intensity is proportional to the square of the electric
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field). However, if the modes have the same phase, the resulting intensity signal will consist
of repetitive pulses (see Figures 13-11 (a) and 13-11 (b) of reference [7], reproduced in figure
1.2 of this thesis). This technique can generate pulses as short as a few femtoseconds.

Figure 1.2: Mode locking principle. Left: if waves of different frequencies with random phases are
added, they will produce a randomly distributed electric field in the time domain, and
therefore, a random intensity variation with time. Right: However, if the modes have
the same phase, the resulting intensity signal will consist of repetitive pulses. Figure
reproduced from reference [7].

Nevertheless, the most important advancement was the invention of ultrafast chirped-pulse-
amplification in the mid-1980s by Gérard Mourou and Donna Strickland [18], which substan-
tially increased the intensity of the pulses that a laser could generate. The process begins
with the generation of an ultrashort laser pulse by mode locking, which, however, cannot be
amplified directly because it could damage the optical components of the amplifier. To avoid
this, the pulse is chirped (that is, it is stretched in time by separating its different frequency
components). Once the peak power of the pulse is significantly lower, it is passed through
one or more laser amplifiers, which increase its energy by several orders of magnitude. It is
important to note that even though the energy of the pulse is now much higher, its duration
is still relatively long, which allows the intensity to remain below the damage threshold of the
amplifying medium. And finally, the pulse is passed through a compressor, which reverses the
initial chirping process. The peak power of the pulse is now extremely high, laser devices
of moderate size can nowadays produce peak powers in the TW range. This sequence of
events is schematically shown in figure 1.3 of this thesis, reproduced from reference [19]. The
invention of the chirped-pulse-amplification technique earned Mourou and Strickland the 2018
Nobel Prize in Physics.
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Figure 1.3: Schematic diagram of ultrafast chirped-pulse-amplification. An initial short pulse is
generated by mode locking. The pulse is chirped, which means that it is stretched
in time. Therefore, the pulse energy remains the same, but the peak power is now
significantly lower due to the longer pulse duration. The stretched pulse is then passed
through one or more amplifiers, increasing its energy by several orders of magnitude.
However, due to the long pulse duration, the peak intensity remains below the damage
threshold of the amplifying medium. Finally, the pulse is passed through a compressor,
resulting in a short pulse with much higher energy. Figure reproduced from reference
[19].

After the discovery described in the previous paragraph, ablation with ultrashort-pulse (USP)
lasers became the subject of intensive research. They offer higher precision and reduced
thermal damage to the substrate compared to their ns counterparts [20, 21, 22], as well
as higher ablation efficiency (i.e. volume ablated relative to pulse energy) [23]. Current
applications of USP include precise micromachining [24, 25], additive manufacturing [26],
surface modification [27] or thin-film fabrication [28, 29].

1.2 Scheme of laser ablation
Figure 1.4 shows an schematic diagram of pulsed laser ablation. Firstly, a laser pulse with
duration in the range of ns, ps or fs is generated by one of the methods described in the
previous section. It then irradiates a target and heats up the material within a radius from
the centre of the laser beam, which results in part of the target being removed (ablated) by
evaporation or sublimation. A molten phase can also exist at the initial stages or at the
edge of the beam. Depending on the type of material and on the pulse duration, different
mechanisms dominate ablation processes, which will be explained later in this chapter.

1.3 Basic definitions for a Gaussian beam.
The spatial electric field distribution for a laser beam is given by the solutions to the scalar
wave equation in the Slowly Varying Envelope (SVE) approximation. If we consider that
the beam propagates in the z direction, the general form of this solution is (we have already
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Figure 1.4: Schematic diagram of pulsed laser ablation.

converted electric field to irradiance, defined as the power per unit area) [8]:
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(1.1)

Where I0 is the peak irradiance, ω0 is the beam waist defined at 1/e2 and Hm and Hn are the
Hermite polynomials of order m and n, respectively. These ordinals will define the TEMmn

modes of the laser (TEM stands for transverse elecromagnetic, as both electric and magnetic
fields are perpendicular to the direction of propagation). In this thesis, we will always employ
the fundamental TEM00 mode, which is also called the Gaussian beam:

I(r) = I0e
−2 r2

ω2
0 (1.2)

From now on, we will usually employ cylindrical coordinates, as there will be symmetry in
the azimuthal angle ϕ. We also need to consider the temporal evolution of the laser pulse.
Various approaches exist, but all the lasers that we will model through this thesis have a
Gaussian-type pulse evolution:

I(r, t) = I0e
−2 r2

ω2
0 e− 4ln(2)(t−t0)2

τ2 (1.3)

Where we have considered that the pulse is centred at a time t0 and τ is the pulse duration,
which is defined as the full-width at half maximum (FWHM). By definition, the power is
found by integrating the irradiance distribution over all the surface:
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(1.4)
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The peak power P0 is therefore πω2
0I0/2. The fluence is defined by energy per unit area, thus

is found by integrating the irradiance over time:

F (r) =
∫ ∞

−∞
I(r, t)dt =

∫ ∞

−∞
I0e

−2 r2
ω2

0 e− 4ln(2)(t−t0)2

τ2 dt = F0e
−2 r2

ω2
0 (1.5)

Where the peak fluence is F0 = τI0
√

π
4ln(2) . Finally, the total energy of the laser pulse is

calculated by integrating the fluence over the area:
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0

∫ ∞

0
F0e

−2 r2
ω2

0 rdrdϕ = F0πω2
0
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Usually, the energy per pulse Ep is the quantity that is directly deduced in a pulsed laser, for
example by measuring the mean power delivered by the laser over a very long period of time
compared to the pulse duration, and dividing it by the repetition frequency. Therefore, it is
useful to rewrite the peak fluence, power and irradiance as a function of the energy per pulse:

F0 = 2
πω2

0
Ep

P0 =
√

ln(2)
π

2
τ

Ep

I0 =
√

4ln(2)
π

2
πτω2

0
Ep

(1.7)

1.4 Heat transfer model in ns regime
If the pulse duration of the laser source is on the order of nanoseconds or longer, the
temperature evolution of the material can be described by the classical Fourier heat conduction
equation [30]:

ρCp
∂T

∂t
= ∇⃗

(
k∇⃗T

)
+ Q(r, z, t) (1.8)

Where ρ is the density of the material, Cp its heat capacity at constant pressure and k is its
thermal conductivity. The laser source term Q(r, z, t) should consider the Gaussian irradiance
distribution (1.3) described in the previous section, as well as the reflectivity and absorption
of the material. If the later can be described by the Beer–Lambert extinction law (usually
the case for metals), this term will be:

Q(r, z, t) = I0 (1 − R) αe−αze
−2 r2

ω2
0 e− 4ln(2)(t−t0)2

τ2 (1.9)
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Where R is the reflectivity and α is the absorption coefficient of the material, the rest of
variables were described in equations (1.1)-(1.3). For numerical simulations, sometimes the
laser source is also modelled as a boundary heat flux, this will be explained in detail in
chapter 3. It should also be noted that, in order to obtain a unique solution, the partial
differential equation (1.8) requires initial and boundary conditions. The former will be simply
the temperature distribution of the piece before laser irradiation, in single pulse scenarios, all
the piece will be initially at room temperature. Regarding the boundary conditions, if the
dimensions of the piece are much bigger than the beam radius ω0, which is usually the case,
it is reasonable to assume that there is no heat flux at the outer edges of the piece:

(
k∇⃗T

)
· n⃗ = 0 (1.10)

Where n⃗ is the normal vector to the surface at the outer edges.

1.5 Heat transfer in fs regime: the Two-Temperature
Model

In USP laser ablation, the pulse duration is significantly shorter than the times required for
the electron-lattice heat exchange. This means that the classical Fourier heat conduction
equation (1.8) can no longer be used. When a material is irradiated by an ultrashort pulse,
three physical processes will take place. Firstly, free electrons will absorb the energy from
the beam during the pulse. This causes the electron temperature to reach very high values,
typically in the order of tens of thousands of Kelvin for fs pulses. In the particular case of
metals, because their electronic heat capacity is low, this temperature increase will occur
without delay with respect to the laser pulse. During this stage, the lattice will remain cold.
Then, energy will be diffused to the lattice subsystem, due to electron-phonon collisions,
which means that the ion temperature will increase until electron and lattice subsystem reach
thermal equilibrium, the time when this occurs is called the thermalization time, for metals is
usually on the order of a few to tens of picoseconds. And finally, ion-ion collisions result to
heat diffusion in the lattice and subsequent cooling. The electron and lattice temperature
evolution has been schematically shown in figure 1.5.

To model the process described above, the Two-Temperature Model (TTM) is widely used. It
was proposed by Kaganov et. al. [31], and first developed to model USP laser heating by
Anisimov et. al. [32], its governing equations are:

Ce
∂Te

∂t
= ∇⃗ · (ke∇⃗Te) − g(Te − Tl) + Q(r, z, t)

Cl
∂Tl

∂t
= ∇⃗ · (kl∇⃗Tl) + g(Te − Tl)

(1.11)

Where Te and Tl are the electron and lattice temperatures, Ce and Cl are the electron and
lattice heat capacities, respectively, ke and kl are the electron and lattice thermal conductivities,

7



Sergio Vela Liñán

g is the electron-phonon coupling factor and Q(r, z, t) is the laser source term, described
already in equation (1.9). For many metals, the lattice thermal conductivity kl is too small
compared to the electron thermal conductivity, and it is usually ignored (for example, for
copper ke at room temperature is 388 W/(m · K) [33] and kl is around 5 W/(m · K) [34]). In
principle, all the four thermal parameters of the model can be temperature-dependent.

Figure 1.5: Electron and lattice temperature evolution during USP laser irradiation. The dashed
line represents the laser pulse. Firstly, the electrons absorb the energy delivered by
the laser and reach very high temperatures, this usually takes place without delay
with respect to the pulse in fs regime. During this initial stage, the lattice remains
cold. Then, the energy is diffused to the lattice due to electron-phonon collisions.
In this phase, the lattice temperature increases until both subsystems reach thermal
equilibrium. And finally, for significantly longer timescales (note the axis break),
ion-ion collisions result to heat diffusion in the lattice and subsequent cooling.

The transition from the classical Fourier heat conduction equation (1.8) to the TTM occurs
when the pulse duration approaches the electron phonon equilibration time, which can be
approximated as τep = Ce/g [20]. τep is usually in the range of ps, for example, it situates
around 20 ps for gold [35] and around 1 ps for stainless steel [36]. It should also be noted that
the standard TTM is only valid if the electron relaxation time τe of the material is significantly
shorter than the pulse duration [37]. If that is not the case, the Two-Temperature Model needs
to be improved, to account for this Qiu and Tien have derived the hyperbolic two-step model
(HTS) [38], which adds an extra term to the electron heat conduction equation. Nevertheless,
all lasers modelled though this thesis will have significantly longer pulse durations than the
electron relaxation time (which for metals usually situates at a few fs) , therefore the standard
TTM will be enough for our purposes.

1.6 Melting and ablation thresholds
The heat conduction equation (either (1.8) or (1.11), depending on the pulse duration) will
determine a temperature evolution of the irradiated piece. If at any given time its surface
temperature reaches the melting temperature, part of the material will undergo melting.
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Several models exist to account for the liquid phase of the material [39, 40]. If the irradiance
is high enough, the vaporisation temperature can also be reached, which will result in part of
the material being ejected [41]. Apart from normal vaporisation and boiling, other physical
processes can produce ablation, specially for short pulses and/or high fluences, as it will be
explained in the next section.

This separation between heating, melting and vaporisation can also be analysed by considering
the energy distribution of the beam, as shown in figure 1.6. Each material will present a
characteristic fluence threshold for melting, Fm, and a higher one for vaporisation, Fv. The
radial fluence distribution of the laser beam is given by equation (1.5), if the peak fluence
F0 is below Fm (figure 1.6 (a)), the piece will only heat up and no phase change will occur.
However, if F0 > Fm a region of the material will melt, which has been marked in light gray
in figure 1.6 (b). The F0 > Fv case has been shown in figure 1.6 (c), an ablated region (darker
gray) will be present. Notice that for this case the molten region (light gray) still exists
at the edges of the beam, the extent of which is normally desirable to reduce for precision
manufacturing. This can be achieved by reducing the beam radius ω0, which will result in a
sharper decrease of the fluence close to the threshold for vaporisation Fv.

Figure 1.6: Radial fluence distribution for three different scenarios. (a) peak fluence below melting
threshold, no phase change will take place. (b) Fm < F0 < Fv, part of the material
will undergo melting (light gray region). (c) peak fluence above vaporisation threshold,
an ablated region (dark gray) will coexist with a molten region (light gray).

1.7 Physical mechanisms involved in ablation
Figure 1.7 schematically shows the dominant physical processes that the target material will
undergo as a function of pulse duration and absorbed fluence. Below the melting threshold, no
phase change will take place and the absorbed heat will be dissipated. The melting threshold
fluence decreases for shorter pulse durations, as the time scales will reduce the effect of heat
dissipation, and therefore energy will be more efficiently absorbed. For long pulses in the order
of microseconds or longer, if the fluence is high enough ablation will take place via normal
vaporisation and/or usual boiling. However, if we decrease the pulse duration, there will not be
enough time for the conventional phase changes to take place. Under those conditions, phase
explosion will be the dominant ablation process at high fluences with spallation appearing
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at lower fluences only under ultra-short pulses. Those two phenomena will be explained in
more detail in the next subsection. At very high fluences, high temperature plasmas can be
generated, a topic which has been the subject of intensive research in the last decades [42,
43], due to its importance for exploring the fundamental physics of relativistic particle beams
[44] as well as its usability in recreating extreme stellar phenomena [45].

The actual quantitative values at which the boundaries described above situate depend
strongly on the optical and thermal properties of the material, with the melting and ablation
threshold for metals usually being lower than for dielectrics [46]. As the irradiance of the pulse
follows a (usually Gaussian) temporal distribution, some of the physical processes described
above can occur sequentially. For example, if a metal is irradiated with a ns pulse, at the
beginning the irradiance is low, producing heating and subsequent melting. As the delivered
power increases, melting will be followed by vaporisation of the surface’s material. If the
peak fluence is high enough, phase explosion can also take place at the end of the pulse. This
sequence of events has been illustrated by the vertical arrow in figure 1.7.

Figure 1.7: Responsible mechanisms for ablation as a function of the pulse duration and the
absorbed laser fluence. The vertical arrow shows the succession of changes that a
sample target material will suffer when the irradiance increases over time. Figure
reproduced from [46].

1.7.1 Spallation and phase explosion
As we have seen in figure 1.7, for ultrashort pulses two main mechanisms dominate ablation:
spallation and phase explosion. Spallation dominates for ps and sub-ps pulses at intensities
slightly above the ablation threshold, while phase explosion requires higher intensities. These
phenomena are explained in more detail below.

The first mechanism to be considered is spallation. If the laser irradiates a volume of the
target, each material will exhibit a characteristic time τs, which is defined as the time required
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to initiate the motion of atoms within the heated volume. Lets call the pulse duration τp and
the characteristic time for the energy transfer from electrons to lattice τe−ph, if the following
condition is fulfilled

max
{
τp, τe−ph

}
≤ τs (1.12)

the heating and melting of the metal will take place at constant volume, as there will be
no time for the material to expand. The consequence will be a high compressive stress,
therefore the condition (1.12) is referred to as the stress confinement condition. (Note that in
femtosecond regime the left hand side of (1.12) will take the value of τe−ph, which normally is
in the order of a few to tens of picoseconds). The compressive stress will interact with the
free surface of the target, creating a tensile stress. Above a certain threshold fluence, this
tensile stress will be enough to cause mechanical fracture of the target if the surface remains
in solid state, or otherwise the sputtering of liquid droplets, in either case it will result in the
ejection of a layer of material via spallation [47].

If we increase the energy of the pulse, phase explosion will appear. After melting, the metal
can be heated well over the boiling point, because the time scale is too short for heterogeneous
bubble nucleation (the phenomenon which produces normal boiling) to take place. This state
is referred to as superheating. However, when the lattice temperature reaches approximately
90% of the critical temperature of the material, the kinetic energy of atoms or molecules is so
high that they form tiny clusters or "nuclei" of vapor. These clusters form homogeneously
throughout all the liquid volume, as opposed to just at specific points such as impurities or
surfaces (which would be the case for heterogeneous nucleation). That is why this process is
called homogeneous nucleation. Once these vapour bubbles are formed, they grow rapidly
due to the high energy input, which results in a sudden explosion, that ultimately results in
the ejection of liquid droplets from the surface of the material [48, 49, 50].

The stress confinement condition (1.12) limits the pulse duration of the laser to a few ps
at most in order for spallation to be present, and indeed simulations based on molecular
dynamics (MD) have found that this phenomenon is already absent for pulse durations of 50
ps [51]. On the other hand, phase explosion can be observed even for pulse durations in the
nanosecond or slightly longer range, as shown in figure 1.7. Nevertheless, ablation by this
mechanism is more efficient for pulse durations in the short ps or fs range.

1.7.2 Coulomb explosion
Another physical process which can cause ablation in dielectric materials is called Coulomb
explosion. During the laser pulse, excited electrons on large clusters of atoms will leave the
structure. This results in an excess of positive charge in the atoms of the cluster, which will
cause strong electrostatic repulsion between them. Under certain conditions, these repulsive
forces can lead to the destruction of the cluster.

Bulgakova et. al. [52] studied the possibility of this mechanisms leading to ablation in metals,
semiconductors and dielectrics. As representations of these material classes, gold, silicon and
sapphire (Al2O3) were chosen. It was assumed that each material was irradiated with a 100
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fs laser pulse, with the fluence chosen to be slightly above the ion emission threshold for each
case. In figure 1.8, the temporal evolution of the electric field predicted in a thin surface layer
is plotted. In addition, the authors estimated the critical electric field necessary to break
the inter-atomic bonds, which is also shown in figure 1.8. In metals and semiconductors, the
electric fields are not enough to produce ablation via Coulomb explosion (note that in figure
1.8, the fields strengths of gold and sapphire have been exaggerated by factors of 100 and
50, respectively). However, in Sapphire, the electric field can exceed the critical value for
a short period of time. Therefore, Coulomb explosion is possible in dielectrics. Note that
the significantly smaller electric field predicted for Au and Si are due to the availability of
high-mobility charge carriers in these materials, which neutralise the initial positive charge
excess.

Experimental studies have also observed Coulomb explosion in sapphire [53, 54]. However, even
though the phenomenon is present, it is not the main mechanism responsible for ablation at
fluences above the threshold (the majority of material removal is still due to phase explosion).

Figure 1.8: Temporal evolution of the electric field amplitude predicted in a thin surface layer of
Au, Si and Al2O3, irradiated by a 100 fs laser pulse. The critical electric field necessary
to break the inter-atomic bonds in Al2O3 is also shown. Note that the amplitudes for
Au and for Si have been exaggerated by factors of 100 and 50, respectively. Figure
reproduced from ref. [52].

1.8 Hydrodynamics and molecular dynamics models
To model the physical processes responsible for ablation in the context of ultra-short pulses,
two main approaches have been widely used: hydrodynamics (HD) and molecular dynamics
(MD).

1.8.1 Hydrodynamics
In USP ablation, the initial heating of the material can be, in good approximation, considered
to occur at constant volume (isochoric heating), due to the fact that the expansion resulting
from atomic motion takes much longer that the lattice heating (the latter usually occurs
within ps). The consequence is that the expansion of the material takes place after the laser
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pulse, which implies that it is an adiabatic process. The simplest model to quantitatively
describe this expansion was presented by Anisimov et. al. [55, 56]. It considers a semi-infinite
thin layer (thickness ∼ 100 nm) of target material, the flow of expanding matter will be
described by the equation of gas dynamics:

∂ρ

∂t
+ ∂

∂z
(ρu) = 0

∂u

∂t
+ u

∂u

∂z
= −1

ρ

∂P

∂z

(1.13)

Where u is the velocity field and P is the pressure. As the expansion is adiabatic, the set
of equations (1.13) is completed by the equation of the isentrope S(ρ, P ) = const., in other
words, the pressure will depend directly on the density P = P (ρ). The flow of matter will
depend only on the self similar coordinate z/t, and will be given by [55]:

z

t
(ρ) = −cs(ρ) +

∫ ρ0

ρ
cs(ρ′)dρ′

ρ′ (1.14)

where ρ0 is the initial, normal solid density of the material and cs is the local sound velocity,
given by:

cs(ρ) =

√√√√(∂P

∂ρ

)
S

(1.15)

Figure 1.9, reproduced from ref. [57], shows the phase diagram for the case of Al. The initial
isochoric heating produced by laser irradiation is marked by the vertical dashed line, after this
process the material will be in the state marked by A. The adiabatic expansion is determined
by the equation of the isentrope S(ρ, P ) = const., however, the constant value of the entropy
S will depend on the irradiation strength and other laser parameters. Four isentropes have
been shown in figure 1.9. At the beginning the sound velocity, which is the square root of the
slope of the graph according to equation (1.15), will have a large value. However, when the
isentrope enters the two-phase (liquid and gas) region, the sound velocity decreases sharply
by several orders of magnitude. The two-phase region has been shaded in figure 1.9, and the
point at which this abrupt transition takes place has been marked by B. This will result in a
plateau in the P vs ρ plot. As a consequence, the self-similar coordinate z/t will stay nearly
constant (see equation (1.15)) during this stage.

The process described above is valid to model the expansion of a uniformly heated semi-infinite
thing film into vacuum. If we consider that a substrate is present, the rarefraction wave
from the expansion will hit the substrate and then be reflected. This will happen at a
time tr = dTF/cs(ρ0) where dTF is the thickness of the thin-film. The reflected wave will be
travelling with a velocity given by cs(ρ). This process has been studied in detail by Rethfeld
et. al. [58].
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Figure 1.9: Phase diagram of Aluminium with initial solid density ρ0. The initial laser isochoric
heating is shown by the vertical line, after which the metal is in the state marked by
A. The expansion occurs after the laser pulse, therefore it is adiabatic and takes places
along an isentrope, four isentropes have been shown in the diagram. The shaded area
marks the two-phase (liquid and gas) region, the point at which the isentrope enters
this region has been marked by B. Note the logarithmic scale on the pressure axis.
Figure reproduced from ref. [57].

Beyond the simple model to simulate the expansion of a thin film explained above, to date,
several studies have simulated the complete ablation process using a HD approach. Colombier
et. al. [59] implemented the TTM equations (1.11) into a hydrodynamics code to simulate
ablation of aluminium and copper. The authors generalised the code by assuming that
the electron-lattice heat exchange could proceed more slowly than the expansion of matter.
Therefore, now the heating from the laser is not necessarily isochoric. This also implied that
the pressure from the electronic subsystem needed to be accounted through an additional
term in the HD equations. The authors obtained good agreement with experimental data
for both copper and aluminium, specially for fluences well above the ablation threshold. On
the other hand, Povarnitsyn et. al. [60] developed another HD code to simulate femtosecond
ablation of aluminium. They combined the TTM with a multiphase equation of state (EOS),
with separate descriptions for the electron and lattice subsystems. The authors obtained the
temperature, density and pressure evolution for fluences well above the ablation threshold
of Al, which allowed them to evaluate which mechanism would be responsible for ablation
(they found that phase explosion was, which is in agreement with what was discussed in the
previous section of this chapter).

1.8.2 Molecular dynamics
The molecular dynamics (MD) approach is based on the study of the motion of the individual
atoms of the target material. MD methods rely on classical mechanics, therefore, the motion
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of each individual atom can be found by simply applying Newton’s second law:

mi
d2r⃗i

dt2 = F⃗i (1.16)

mi is the mass of the atom i at position r⃗i and the force acting on it, F⃗i will depend on the
interaction potential between atoms. One of the two complexities of this approach based on
classical mechanics is precisely the choice of this inter-atomic potential (the other one is the
computational resources needed to solve a large number of simultaneous equations).

The simplest potential used in MD simulations is the Lennard-Jones (LJ) potential:

U(rij) = 4ϵ

( σ

rij

)12

−
(

σ

rij

)6
 (1.17)

where rij = |r⃗i − r⃗j| is the distance between atoms at the respective positions r⃗i and r⃗j. The
parameters ϵ and σ are material-dependent, a detailed study on its calculation for different
substances was presented in ref. [61]. The force between atoms is repulsive at short distances
(first term of equation (1.17)), and becomes attractive at longer distances (second term of
equation (1.17)).

The physical quantities like the density, temperature or pressure are deduced directly from
the motion of the atoms. Let us consider a small volume VN , if at a given moment N atoms
are present in this volume, the local density will be simply given by:

n = N

VN

(1.18)

The local temperature of this same cluster of atoms is usually determined by assuming an
ideal gas approximation:

3
2nkBTN =

N∑
j=1

m

2
(
v⃗T

j

)2
(1.19)

We have considered that all the atoms inside the cluster will have the same mass m (usually
the case), and the velocity of each simulated atom is considered relative to the velocity of the
cluster’s centre of mass:

v⃗T
j = dr⃗j/dt − v⃗c (1.20)

The local pressure at the volume VN is computed as a sum of the ideal gas contribution and
the virial term [62]:

PN = nkBTN + n

6

N∑
j=1

F⃗j · r⃗j,N (1.21)
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Where F⃗j is the force acting on the particle j (determined by the inter atomic potential) and
r⃗j,N is the position of the particle j with respect to the position of the centre of mass of the
cluster of atoms.

The main advantage of MD simulations over HD approaches is that phase transitions and
nucleation kinetics do not need to be assumed beforehand, on the contrary, they are a
priori included from the motion of atoms. In fact, important information about the physical
mechanisms that dominate USP laser ablation has been obtained from MD simulations.

Agranat et. al. [63] simulated the dynamics of 10-100 millions of atoms using a LJ potential.
To model the laser heating, they set the initial temperature of the piece with an exponential
profile. The authors could observe in the simulations the melting and expansion of the
material, as well as the formation of vapour bubbles in the liquid phase, which coalesce at
latter stages of the simulation. A similar procedure was used by Inogamova et. al. [64],
where they simulated the evolution of a Lennard-Jones solid with an initial depth of 238 nm.
Their findings are in qualitative agreement with HD approaches. Moreover, Upadhyay et.
al. [65] studied the thermodynamic pathways of aluminium using MD simulations. Their
plots (reproduced in figure 1.10 of this thesis) could determine the conditions under which
melting, expansion and further contraction of the liquid phase took place for fluences below
the ablation threshold (top and centre graphs in figure 1.10). Above the ablation threshold,
expansion into the gas phase was found (bottom graph in figure 1.10).

Finally, it should be mentioned that the choice of the inter-atomic potential is a crucial
factor in the reliability of MD simulation’s predictions. While the simple LJ potential can
already generate sensible predictions, more sophisticated approaches exist. For example, for
metals, the embedded-atom method (EAM) [67, 68] is commonly used to find the potential
more accurately. In general, each potential is optimized for a specific region of temperatures,
pressures or densities. It should also be noted that the description of atomic motion in MD is
done using a classical potential, which should be made to approximately reproduce quantum
effects via the Born-Oppenheimer approximation. Full quantum mechanical methods do exist
and are very powerful and accurate, however, they are computationally expensive and rarely
necessary for laser ablation simulations. Nevertheless, combinations of quantum and classical
descriptions have been developed in other fields of research. In those methods, a small part of
the system is treated quantum-mechanically while the rest is treated classically, and therefore,
computed much faster. In ref. [69] this approach was used for the calculation of hydride
transfer in the enzyme liver alcohol dehydrogenase.

1.8.3 Hybrid approaches
In the MD simulations described in the previous section, the laser-induced heating itself
was not modelled, instead, it was simply assumed to have produced an initial temperature
distribution on the target. To include the laser pulses, Ivanov, Wu and Zhigilei developed a
combined TTM-MD approach [50, 70]. The heating of the electrons by the laser pulse and the
energy dissipation from electron-lattice coupling is modelled by the TTM, while the lattice
temperature, density and pressure is obtained from MD. This means that the second equation
in (1.11) is substituted by the equation of motion for the lattice atoms:
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Figure 1.10: Results from MD simulations implementing a LJ potential for Al. Phase space
trajectories are plotted together with isentropes obtained from Al equation of state
(EOS), based on ref. [66]. In the trajectories, consecutive points are separated 0.2 ps
in time. Top: for an energy of 0.6 eV/atom, the material expands along an isentrope,
then compresses again while relaxing to a near-zero pressure and ends with acoustic
oscillations with an smaller density than the initial state. No ablation is present in
this case. Centre: for an energy of 0.7 eV/atom, after the initial trajectory along an
isentrope, the material continues to expand while relaxing to a near-zero pressure,
then compresses to a final density similar to the previous case. Also, no ablation is
present for this energy. Bottom: for an energy of 0.8 eV/atom, the material continues
expanding after relaxing to a minimum pressure, and it is finally transformed to the
gas phase. Therefore, ablation is present in this case. Figure reproduced from ref.
[65].

Ce
∂Te

∂t
= ∂

∂z

(
ke

∂Te

∂z

)
− g(Te − Tl) + Q(z, t)

mj
d2r⃗j

dt2 = F⃗j + F⃗ e−l
j

(1.22)

On the second equation, the force F⃗j comes from the chosen inter-atomic potential, as explained
in the previous subsection. On the other hand, the force F⃗ e−l

j is due to electron-lattice heating,
ant it has been found to be directly proportional to the momentum of the particle j:
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F⃗ e−l
j = ξmj v⃗

T
j (1.23)

Where v⃗T
j is the velocity of the particle j with respect to the centre of mass of the cluster,

same as in equation (1.20). The factor ξ has been deduced in ref. [50] to ensure energy
conservation. Note that in the first equation of (1.22), the nabla operator has been substituted
by ∂/∂z because the simulation is 1D, similarly the heating from the laser only varies in the
z−direction (the x and y dimensions of the simulated piece are much smaller than the beam
radius of the laser).

Figure 1.11 reproduces the results obtained by Wu and Zhigilei [70] in simulations of USP
ablation of aluminium using the combined TTM-HD approach described above. The left hand
side corresponds to an absorbed fluence (on the surface of the material) of 0.09 J/cm2, using
an ultrashort laser with a pulse duration of 100 fs. Around 100 ps after the laser pulse, the
formation of voids under the surface starts. Later on, these voids grow in size and coalescence,
leading to the eventual separation of thin layers of liquid material. Therefore, at this fluence,
spallation is the dominant process producing ablation. The right hand side contains these
snapshots corresponding to a higher fluence of 0.2 J/cm2. In this case, homogeneous nucleation
can be observed, leading to the ejection of material via phase explosion. Due to the high
computational cost of molecular dynamics simulations, only the first 150 − 300 nm of material
(where phase changes are expected to occur) were simulated using the TTM-MD approach,
the lattice temperatures of the rest of the bulk aluminium was calculated using the standard
TTM (see figure 1 of ref. [70]).

The TTM-MD approach has proven to be crucial for the fundamental investigation of the
physical mechanisms responsible for ultra-short pulse ablation. However, they require vast
computational resources and each simulation is 1D limited, making it difficult to obtain
predictions for full crater profiles. Therefore, in this thesis, after obtaining the electron and
lattice temperatures using the TTM, a much simpler and faster approach has been used to
model ablation using a normal mesh velocity, as it will be explained in later chapters.

1.9 Models for the absorption of laser pulses
The modelling of laser pulse absorption varies depending on the type of material used.

1.9.1 Metals
As it has been seen in equation (1.9), linear absorption can usually be assumed in metals,
which leads to the pulse energy absorption being described by the Lambert-Beer law:

Q(r, z, t) = αe−αz(1 − R)ILS(r, t) (1.24)

Where α is the absorption coefficient, R is the reflectivity of the material and ILS is the
irradiance distribution produced by the laser source. To find the reflectivity and the absorption
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Figure 1.11: Snapshots of atomic movement predicted by TTM-MD simulations, corresponding
to a bulk aluminium target irradiated by a 100 fs laser. From top to bottom, the
pictures represent the configurations at 50, 150, 250, 350 and 450 ps after the laser
pulse. On the left hand side, the absorbed fluence was 0.09 J/cm2, at this regime
spallation is responsible for ablation. On the right hand side, the absorbed fluence
was 0.2 J/cm2, at this regime phase explosion is responsible for ablation. Reproduced
from ref. [70].

coefficient, we first need to model the relative electric permittivity of the material. The Drude
model can be used for this purpose [71]:

ϵ = ϵ∞ − ω2
D

ω2 + iγω
(1.25)

Where ϵ∞ is the relative electric permittivity of the unperturbed material, ωD is the plasma
frequency, ω is the angular frequency of the laser, i.e., ω = 2πc/λ, and γ is the inverse of
the electron relaxation time. To better model the optical properties of the material, several
approaches exist. One of them is the Drude + critical points (CP) model [72], which adds one
or more additional frequency dependent terms to equation (1.25). The Drude + CP model is
the model that will be employed throughout this thesis to model the optical properties of
metals, and will be explained in more detail in the following chapters. On the other hand,
several studies have assumed a constant γ, however, better models are available to consider
the dependency of the electron collision frequency with temperature or density [73, 74], this
parameter has also been recently measured experimentally during a laser pulse [75]. The
models to quantify the temperature dependency of γ will also be employed and explained in
detail in the following chapters.

Once the relative electrical permittivity is known, the complex refractive index of the metal
is given by:

n̂ =
√

ϵ = n + ik (1.26)

n is the usual real refractive index and k is the extinction coefficient. And finally, the
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reflectivity and absorption coefficient are given by

R =
∣∣∣∣∣ n̂ − 1
n̂ + 1

∣∣∣∣∣
2

α = 2kω

c

(1.27)

It should also be mentioned that, in some metals, interband absorption mechanisms can also
play a significant role. For example, in the case of aluminium, this phenomenon leads to an
increased absorption at certain laser frequencies [74]. To account for this, an additional term
can be added to the effective penetration depth, resulting in an effective absorption coefficient
given by (1/α + λball)−1, where λball accounts for the movement of ballistic electrons (which
travel long distances through the material without scattering) [76]. This approach has been
used in TTM simulations, showing good agreement with experimental depths [77].

1.9.2 Semiconductors
In semiconductors, the conduction band is separated from the valence band by a bandgap
which is typically in the range of the photon energy of visible light. The absorption of the
laser energy by free electrons in the conduction band can be described by the Drude model,
as described in the case for metals. However, for semiconductors additional terms may need
to be added to the expression for the electric permittivity [78]. Frequently, single photon as
well as two photon absorption across the bandgap have to be considered. In some cases, three
photon absorption can also be relevant. Considering free carrier absorption in the conduction
band, as well as single and two photon interband absorption, the attenuation of the laser
intensity can be described by [79]:

∂Q

∂z
= −(a0 + α)Q + b0Q

2 (1.28)

Where a0 is the single photon absorption coefficient, b0 is the two photon absorption coefficient
and α accounts for free carrier absorption. In the case that two photon absorption can
be ignored, we return to the Beer-Lambert law (equation (1.24)) with a total absorption
coefficient given by (a0 + α). On the other hand, in semiconductors the plasma frequency
ωD depends on the density of free carriers, which at the same time increases due to the
laser-induced excitation processes. An equation to describe the temporal evolution of the free
carrier density can be found in ref. [80].

1.9.3 Dielectrics
In dielectrics, the band gap is significantly bigger than in semiconductors. Therefore, absorp-
tion of visible or near IR light is only possible when high intensities are applied. Most studies
investigating laser ablation of dielectrics focus on the time evolution of the free electron
density ne. When this quantity increases, the real part of the electrical permittivity ϵ can
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vanish and become negative, producing a strong absorption similar to the case of metals (note
that the plasma frequency, ωD in equation (1.25) is given by ω2

D = nee
2/(ϵ0me)). Assuming

ω/γ ≫ 1 in equation (1.25), the critical density at which this happens is given by [81]:

ne,crit = ϵ0ϵ
meω

2

e2 (1.29)

If the condition ω/γ ≫ 1 is not fulfilled, this transition to a significant increase in absorption
is smooth, instead of a threshold behaviour (see, for example, figure 2 of ref. [82]).

As the free electron density determines absorption, we need to find its temporal evolution.
The increase in free electron density due to the laser pulse is mainly due to two phenomena.
Initially, the conduction band its empty, and when the laser pulse starts, it will receive
electrons from lower bands, which will obtain the necessary energy by photoionisation. Once
electrons are already present in the conduction band, they may overcome the band gap, given
that their energy is enough. This process is known as impact ionisation. Considering that
the rate of photoionisation is ṅpi and the probability of impact ionisation is δimp, the time
evolution of the free electron density will be [83]:

∂ne

∂t
= ṅpi + δimpne (1.30)

Both ṅpi and δimp depend on the electric field inside the material.

However, theoretical investigations have raised fundamental doubts regarding the validity of
equation (1.30) in the femtosecond regime [84]. It has been assumed that the rate of impact
ionisation is proportional to the free electron density. Nevertheless, impact ionisation requires
the electron to have an energy above a certain level, which is on the order of the band gap.
This energy is obtained from the laser light via intraband absorption. If this later process
requires times comparable to the pulse duration, equation (1.30) will not be accurate, a fact
also shown by experimental studies applying equation (1.30) in subpicosecond regime [85, 86].

An approach to overcome this challenge is the multiple rate equation (MRE) [87], which
introduces virtual levels at the conduction band and counts the density of electrons at those
levels. The lowest level is initially empty, and will start to be filled during the laser pulse by
photoionisation. If we call the critical energy required for impact ionisation ϵcrit, the number
of virtual levels k will be given by the integer above ϵcrit/(ℏω) + 1, and the MRE equation
will be:

ṅ0 = ṅpi + 2δ̃imp nk − W1ptn0

ṅ1 = W1ptn0 − W1ptn1
...

ṅk−1 = W1ptnk−2 − W1ptnk−1

ṅk = W1ptnk−1 − δ̃imp nk

(1.31)
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Where W1pt is the intraband absorption rate and δ̃imp is the probability of impact ionisation
given that the electron has an energy ϵ > ϵcrit (δimp was the general probability without this
prerequisite). Note that under this description, nk will be the density of electrons with their
energy above the impact ionisation threshold ϵcrit. Adding up all equations in (1.31), we
obtain:

∂ne

∂t
= ṅpi + δ̃impnk (1.32)

For time-scales significantly longer than the time required for absorption the fraction nk/ne

will be constant during the absorption process, which means that equation (1.32) will reduce
to equation (1.30). Englert et. al. [88, 89] have successfully applied the MRE equation
(1.32) to interpret experimental observations on femtosecond laser ablation of fused silica and
sapphire.

1.10 Applications of USP laser ablation

1.10.1 Biomedical applications
One of the most extended biomedical applications of USP laser ablation is in ophthalmic
surgery, due to its high accuracy and safety operation it has dramatically improved the
operation techniques in the past decades. In particular, refractive surgeries are the most
extended, such as fs-LASIK surgery to correct myopia, with the advantage of higher mechanical
stability in the corneal flap (due to the avoidance of a mechanical microkeratome blade), as well
reduced complications such as dry eye. Figure 1.12, reproduced from ref. [90], illustrates the
advantages of the fs-LASIK surgery over the traditional LASIK procedure. Other ophthalmic
treatments where USP lasers offer significant improvements are corneal, presbyopic correction
and cataract surgeries [91].

Femtosecond lasers also offer advantages in other surgical procedures beyond ophthalmology
[92]. In dental surgery, they are used for precise ablation of enamel and dentin, essential in
procedures like cavity preparation. The reduced thermal diffusion of USP lasers prevent pulp
damage and surface cracking. Furthermore, in orthopedic surgery, the high precisions makes
this technology suitable for delicate procedures where preserving healthy tissues is critical.
And finally, laser ablation combined with real-time imaging aids in precise tumor removal,
where the later guides the surgeon to distinguish between healthy and cancerous tissues.

1.10.2 Micromachining
Micromachining is a manufacturing process that involves the shaping (via removal of material)
on a microscopic scale to create fine and precise components. The size of the objects fabricated
or the structures created by this processes usually ranges from 100 nm to 100 µm. Short
and ultrashort pulsed laser have been widely used in the last decades for this purpose, in
particular, fs pulses are specially suitable for precision micromachining [93, 94], as it presents
reduced thermal damage to the surroundings and/or substrate compared to longer pulses
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Figure 1.12: Comparison of LASIK and fs-LASIK surgical procedures. (a) & (b) The conventional
LASIK requires the creation and lifting of a corneal flap, which is done using mechan-
ical microkeratome blade. (c) On the other hand, in FS-LASIK, small bubbles are
created at specific depths in the cornea by the femtosecond laser. This reduces the
risk of complications, while enhances overall precision. Figure reproduced from ref.
[90].

[20], as well as improved ablation efficiency [95] (defined as volume of material removed per
unit of energy). Figure 1.13, reproduced from ref. [96], shows an example of a vascular stent,
fabricated using a combination of 3D printing and fs laser.

Figure 1.13: Vascular stent fabricated using a cambination of 3D printing and a fs laser. The width
of the structure is 200 µm, while the outer diameter is 4 mm. Figure reproduced
from ref. [96]

1.10.3 Surface structuring
USP lasers can be used to create periodic ripple nanostructures in several materials. The
most influential parameters in the characteristics of those structures are the polarization of
the incident light, the atmosphere in which the sample is processed and the overlap between
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consecutive pulses. One of the applications of surface structuring is found in biotechnology,
with devices for directed cell-growth [97] or biocompatibility of artificial materials [98]. Another
interesting application is the creation of hydrophobic surfaces in different materials [99, 100].
Figure 1.14 reproduced from ref. [100] shows a highly hydrophobic surface on an aluminium
alloy, obtained with a ns laser.

Figure 1.14: Highly hydrophobic surface obtained on an Al alloy using a nanosecond fiber laser
(IPG, USA), with a pulse duration of 30 ns, scanning velocity of 3 m/s, 20 kHz
repetition rate and peak fluence around 5 J/cm2. Figure reproduced from ref. [100].

1.10.4 Laser surface cleaning
Another interesting application of USP laser ablation was found for wafer clean. In ref. [101],
a 130 fs laser was used to remove nanoparticles from a silicon wafer, by using the plasma
filament generated by the laser pulse. The authors reported that the cleaning efficiency
depended strongly on the gap between the wafer and the filament. A maximum removal
efficiency of 96% was found when this gap was 150 µm.

1.10.5 Solar cell fabrication
For the last for decades, most thin-film photovoltaic modules have been produced using laser
scribing. Pulsed lasers have also been used for a variety of applications in solar cells, which
are described below.

Laser scribing of thin film solar cells

Thin film solar cell manufacturing starts with the deposition of multiple films in a glass
substrate. Then, laser scribing is used to define cells and to connect them in series in order
to obtain the desired voltage. The scribing is divided in three steps, which are shown in
figure 1.15 of this thesis, which has been reproduced from ref. [102]. Firstly, a complete cut is
performed on the first contact film on the substrate, in order to obtain electrical isolation
which will be necessary for cell separation [103]. This process has been marked as P1 in figure
1.15. Then (P2), a strip of the absorber layer is completely removed. This is process is made
to create electrical contact between the back and front conductive layers (which have been
marked as "contact film 1" and "contact film 2" in figure 1.15) [104]. The purpose of the last
process (P3) is to ablate a strip of the front contact layer to complete isolation between cells,
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sometimes the adjacent part absorber layer is also ablated [105], which the case shown in
figure 1.15.

Figure 1.15: Schematic illustration of PV cells fabrication. Figure reproduced from ref. [102]

Laser edge isolation of crystalline silicon solar cells

Edge isolation is a crucial step to prevent electrical shunting between the front and back
contacts of the solar cell after emitter diffusion. Traditional plasma etching is commonly used
but has limitations, such as the need for chemicals and lack of in line processing capability.
Ref. [106] evaluated seven alternative techniques, including laser trenching, sawing, grinding,
and plasma etching, in terms of their impact on solar cell performance, such as fill factor,
efficiency, and shunt resistance. Laser trenching offered some advantages, such as good shunt
resistance.

Laser fired contacts

Pulsed lasers have also been used to produce localized p+ contacts by ablating an Al rear
contact on a solar cell through a dielectric passivation layer [107]. This technique, labelled as
LFC (laser-fired contact) could achieve efficiencies of 21.7% in certain types of cells made
using p-type Si and with dielectric passivation lasers made from a-Si:H/SiOx [108]. In those
cases, a q-switched Nd-YAG ns laser emitting in the IR range (λ = 1064 nm) was employed.

Laser textured surfaces to minimize reflection

USP laser have been used for surface texturing in various industries [109]. In the field of solar
cell fabrication, Nayak et. al. [110] have used femtosecond pulses to texture silicon surfaces,
with the aim of reducing the overall reflectivity by trapping the incident light. In figure 1
their paper, SEM images of the micro structures formed can be found. Those structures were
able to drop the reflectivity to values below 3% integrated over the whole solar spectrum.

Other photovoltaic applications

Other applications of laser ablation in the solar cell industry can be found in the following
review article: [111]. Among them are ablation of dielectric layers to form localized contacts
[112], laser transferred contacts [113] and laser drilled holes in metal-wrap though (MWT)
and emitter-wrap-through (EWT) solar cells [114, 115].
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Chapter 2

Materials and methods.

2.1 Description of the experimental equipment

2.1.1 Femtosecond laser: FemtoLux30 (Ekspla)
The main equipment used to perform the experimental studies has been a femtosecond pulsed
laser device (FemtoLux30 (Ekspla)). The pulse duration ranged from τ = 320 fs to τ = 1700 fs.
Its main parameters are presented in the table 2.1:

Pulse duration (τ) range [fs] 320 − 1700
Wavelength [nm] 1030
Internal pulse repetition rate (PRR) range [kHz] 203 − 3871
Maximum power → at maximum PRR [W] 33.4

Table 2.1: Main parameters of the FemtoLux30 (Ekspla)

The system is equipped with an integrated attenuator, which will allow us to control the
pulse energy at each specific PRR. The laser beam is redirected through an optical circuit,
shown in figure 2.1. At the end of the circuit, the beam arrives to a galvanometric scanner
(Raylase Superscan-III), which controls its position within the target area (pictured in figure
2.2). The beam is also focused using an f-theta lens (Ronar-Smith, f = 163 mm) down to a
beam radius of approximately 11 µm 1 defined at 1/e2. The power loss due to the circuit is
approximately 20 %, resulting in a maximum measured power at the target area of 26.7 W.
On the other hand, the maximum pulse energy is obtained at minimum PRR, and it has been
measured to be of 105 µJ, also at the target area.

Three laser modes have been used in our experiments. Firstly, the Laser PRR Divider mode
will shoot pulses continuously as long as the shutter is open. This mode is used to find the
pulse energy, by simply dividing the measured power by the repetition rate. Laser PRR
Divider is also useful to locate where this beam is hitting on the sample, as the beam is clearly

1The beam radius varied slightly during the thesis due to modifications on the device. For each set of
experiments, ω0 was measured beforehand.
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Figure 2.1: Optical circuit of the FemtoLux30 (Ekspla). In this device, the attenuator is integrated
within the source. After exiting the source the laser is redirected by a system of
mirrors and lenses, until it enters the galvanometric scanner Raylase Superscan-III
(red component). The path that the laser pulse follows has been drawn with red lines.

Figure 2.2: Galvanometric scanner Raylase Superscan-III, f-theta lens (Ronar-Smith, f = 163 mm)
and target area. The area can also be moved in the x, y and z directions by means of
a movable axis device, pictured below.

visible with a low attenuation, avoiding pre-damage to the sample. Secondly, the Gate Level
mode will shoot as long as an external signal from a function generator is being received.
This mode is particularly useful to draw lines or shapes in the sample, as well as for texturing
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or polishing. Finally, the Burst Rise mode will fire a single pulse when it gets a signal from
the external generator. If the signal finishes and later receives a second signal it will fire a
second pulse, and so on. This mode is used to control the exact number of pulses hitting the
sample. The modes described above have been schematically shown in figure 2.3.

Figure 2.3: Modes of the fs laser device which have been used in the experiments. The mode
"Laser PRR divider" will fire pulses continuously, the mode "Gate level" will fire pulses
while an external signal is provided, while the mode "Burst rise" will fire a single pulse
triggered by the external signal.

2.1.2 Nanosecond laser: HIPPO (Spectra-Physics)
Some the ablation experiments were also carried out in the ns regime. In those scenarios, a
Q-switched laser HIPPO (Spectra-Physics) was employed. Analogously to the description of
the fs laser, the laser beam is redirected by an optical circuit, pictured in figure 2.4, and then
enters a scanner (Scanlab HurryScan II 14 Scan). The main parameters of the laser and of
the optical circuit are given in table 2.2.

Hippo
Wavelength 355 nm
Beam radius ω0

2 19 µm
Average power 5 W (50 kHZ)
Internal pulse repetition rate (PRR) 15 − 300 kHz
Pulse duration (FWHM) 12 ns
Maximum Measured Pulse Energy 2 92.06 µJ

Table 2.2: Specifications of the Hippo laser system.

2.1.3 Confocal microscope
In general, confocal microscopy is an optical imaging technique that enhances resolution and
contrast by using a spatial pinhole to block out-of-focus light during image formation. The

2At the target area, those parameters also depend on the optical circuit.
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Figure 2.4: Optical circuit of the ns laserHIPPO (Spectra-Physics). The laser beam source (grey
box) includes the attenuator. The beam is then redirected until it reaches the scanner
(Scanlab HurryScan II 14 Scan), visible in the centre-front of the picture. The target
area is also visible below the scanner.

confocal microscope device is made to capture a series of two-dimensional images at various
depths within a sample, which allows the reconstruction of three-dimensional structures [116].
This process is known as optical sectioning.

Throughout this thesis, to observe the ablation craters, the confocal microscope Leica DCM
3D has been used. The system allows magnifications of 5×, 10×, 20×, 50× and 100×. The
last two were the mostly used ones to measure the craters’ topography. The resolution in the
xy plane using either the 50× or the 100× magnification is 0.17 µm. On the vertical axis,
the resolution goes down to the nm range. Full topographies can also be used to measure the
crater volumes or sample average roughness, by processing the measurements with Gwyddion
software [117]. Figure 2.6 shows an example of a topography obtained with this device on
copper oxide thin film ablation. The corresponding crater profile along the x-axis is also
shown.

2.1.4 Scanning electron microscope (SEM)
A scanning electron microscope (SEM) is used to generate high-resolution images by scanning
the surface of a sample with a focused beam of electrons. The electrons interact with atoms
in the sample, producing signals that provide information about the surface’s topography
and composition. The beam moves in a raster pattern, and the final image is formed by
correlating the beam’s position with the intensity of the detected signal [118].

Throughout this thesis, the Hitachi S-3000 N SEM (pictured in figure 2.7) has been employed.
It operates at variable pressures, however, high vacuum mode was consistently employed for
all imagining in this thesis. The technical specifications of this device are shown in table 2.3.
In figure 2.8, a sample of an image obtained with this device is shown.
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Figure 2.5: Setup of the confocal microscope Leica DCM 3D.

Figure 2.6: Example of a topography obtained with the confocal microscope Leica DCM 3D, in
this case we can observe an ablation crater on a copper oxide thin film. The picture
was obtained using the 50× magnification lens. Profile along the x-axis is also shown.

Accelerating Voltage [kV] 0.3 − 30
Electron image resolution 3 [nm] 3.5
Magnification range 15 × − 300000×
Specimen tilt / rotation [degrees] 60 / 360
Maximum specimen displacement [cm] 10 (X), 5(Y), 4(Z)

Table 2.3: Technical specifications of the Hitachi S-3000 N SEM.
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Figure 2.7: Setup of the Hitachi S-3000 N SEM.

Figure 2.8: Example of pictures obtained with the Hitachi S-3000 N (SEM). In this case, the pictures
correspond to an spot on a bilayer thin film sample (vanadium oxide + aluminium
zinc oxide), deposited on silicon substrate. The picture on the left corresponds to the
full spot, while the picture on the right has a higher magnification, in order to show
the bottom edge of the spot with more detail. Acceleration voltage, magnification and
scale are also shown.

2.2 Experimental procedures

2.2.1 Finding the focal point
The focusing of the laser beam has been shown schematically in figure 2.9. Due to energy
conservation, the power measured at any cross section of the beam will remain constant.
Therefore the energy will be more concentrated where the area of the cross section is minimal,

3At 25 kV acceleration voltage, in high-vacuum mode.
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that is, at the focal point. At the focus, the shape of the beam will be circular, while away from
the focus it will have an elliptical shape. We will now describe the experimental procedure to
locate the focal point.

Figure 2.9: Scheme of the laser beam.

We will use silicon wafers, which are placed on the target at a z-axis height z0. Then, the
galvanometric scanner is employed to shoot a line of pulses. After that, the z-axis is moved
upwards a distance of ∆z and second line of pulses is drawn below the first one, as shown in
figure 2.10. That procedure is repeated until the whole range of desired heights is covered.

The sample will then be observed using the confocal microscope. We will obtain a matrix
like the one sketched in figure 2.10. Each row will correspond to an specific height along the
vertical axis. If the focal point is contained within our range of heights, we will observe ellipses
with decreasing eccentricity, until we have reached the focal point, where the eccentricity of
the spot should be close to zero (spots marked in red in figure 2.10). Then, the eccentricity
will start to increase again.

We will measure the semi-minor and semi-major axes (a and b, respectively) of a few spots
on the same row, and from there we will calculate the average eccentricity (for an ellipse,
the eccentricity is given by ϵ =

√
1 − (a/b)2 ). If zfs is the height of the axis at the row

corresponding to the lowest eccentricity, the focal point zf will be given by:

zf = zfs + ∆H (2.1)

Where ∆H is the thickness of the Si wafer. It is common not to have a clear single row with
minimal eccentricity, but instead having a few rows with almost circular spots, which will
define a focal range (also illustrated in figure 2.9). For our laser system, we have found a focal
range of approximately 200 µm.

2.2.2 Liu method
Once we have found the focal point, we will find the beam radius and characterize each
material by using the Liu method, which was first proposed by J.M. Liu [119]. In our case,
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Figure 2.10: Scheme of the shapes of the spots expected to be present in an experiment designed
to find the focal point of the laser. Each row corresponds to a specific height in the z
axis.

the irradiance follows a Gaussian spatial distribution, and so will do the fluence:

F (r) = F0e
−2
(

r
ω0

)2

(2.2)

Where ω0 is the beam radius and F0 is the peak fluence. Let us imagine a spot whose radius
is rc. This means that at a rc distance from the centre of the laser beam, the energy density
will correspond to the threshold fluence, Fthr (the minimum required to ablate a material).
Therefore, by substituting we get:

Fthr = F0e
−2
(

rc
ω0

)2

r2
c = 1

2ω2
0ln

(
F0

Fthr

) (2.3)

The spot diameter D is 2rc, leading to:

D2 = 2ω2
0ln (F0) − 2ω2

0ln (Fthr)
D2 = 2ω2

0ln (Ep) − 2ω2
0ln (Ep,thr)

(2.4)

Where we have substituted fluences by pulse energies because the two quantities are directly
proportional (see Chapter 1 of this thesis). Equation (2.4) will allow us to find both the
beam radius and the threshold fluence, by using the fact that if we consider the plot of D2

against ln(Ep) we will obtain a straight line whose slope is 2ω2
0 and whose intercept will be

−2ω2
0ln(Ep,thr). Therefore, for the same pulse duration, we will vary the pulse energy and
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then measure the diameter of each spot using the confocal microscope. This method will be
systematically used to find the ablation thresholds of different materials. Figure 2.11 shows an
example of this procedure for Aluminium, using the femtosecond laser FemtoLux30 (Ekspla)
described in this chapter.

Figure 2.11: Example of a Liu plot, in this case the ablation took place on an aluminium target with
a pulse duration of 320 fs. Equation (2.4) was fitted to the experimental diameters,
obtained beam waist ω0 and threshold fluence Fthr are also shown.

2.2.3 Threshold fluence by depth fitting
Another experimental method to determine the threshold fluence is by measuring the maximum
depth of the spots [120]. If we assume that the absorption of light is linear (usually the case
for metals), the absorbed intensity inside the material will be given by:

dI = −αIdz (2.5)

Where α is the attenuation coefficient. After integration, equation (2.5) leads us to the
well-know Lambert-Beer extinction law:

I(z) = I0e
−αz (2.6)

Where I0 is the intensity absorbed at the material’s surface. For each material, there will be
a threshold intensity Ithr marking the onset of ablation, which from equation (2.6) will be
given at a depth of:

zabl = 1
α︸︷︷︸

deff

ln
(

I0

Ithr

)
(2.7)

Where the effective penetration depth deff is defined as the depth at which the light intensity
is attenuated by a factor of 1/e. For a specific laser, intensity and fluence are directly
proportional, therefore, we can rewrite the ablation depth prediction as:

zabl = deff · ln
(

F0

Fthr

)
(2.8)
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Equation (2.8) has been widely used in experimental studies during the last two decades [121,
122]. Note that to derive equation (2.8) we also needed to assume that heat conduction is
not significant at the time scales involved, and that ablation takes place after the pulse (in
this case, we do not need to take into account the shielding of pulse energy by the generated
ablation plume).

Figure 2.12 shows an example where equation (2.8) has been fitted to experimental depths
obtained in aluminium, also using the using the femtosecond laser FemtoLux30 (Ekspla)
described in this chapter.

Figure 2.12: Example of a depth evaluation procedure, in this case the experimental depths were
obtained from irradiations on an aluminium target with a pulse duration of 1 ps.
Equation (2.8) was fitted to experimental depths, values obtained for the effective
penetration depth and threshold fluence are also shown.

Historically, the threshold fluence obtained from this method, equation (2.8), has been
assumed to be the same as the threshold fluence obtained from Liu method, equation (2.4)
[123]. However, recent experimental studies indicate that for USP ablation this assumption
does not hold [124, 125], with depth thresholds being usually lower than diameter thresholds.
In Chapter 6 of this thesis, we propose a modification of equation (2.8) to account for this
difference.

2.3 Mathematical and numerical methods

2.3.1 Finite difference methods
In this thesis, most of the simulations have been carried out employing a MATLAB code,
which uses finite difference methods (FDM) to numerically solve either the classical Fourier
heat conduction differential equation or the TTM equations. A finite difference quotient
of a differentiable function f around the point x is used to approximate f ′(x), and it is an
expression of the form:

f(x + b) − f(x − a)
a + b

(2.9)

where a and b are small, non-negative real numbers verifying a + b ≠ 0. The derivative of f
can be approximated by forward, backward or central difference, depending on the values of
a and b:
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Forward difference ⇒ b = h and a = 0 ⇒ f ′(x) ≈ f(x + h) − f(x)
h

Backward difference ⇒ b = 0 and a = h ⇒ f ′(x) ≈ f(x) − f(x − h)
h

Central difference ⇒ b = h and a = h ⇒ f ′(x) ≈ f(x + h) − f(x − h)
2h

(2.10)

Analogously, the second derivatives can be approximated by the following expressions

Forward ⇒f ′′(x) ≈ f ′(x + h) − f ′(x)
h

≈
f(x+2h)−f(x+h)

h
− f(x+h)−f(x)

h

h
=

f(x + 2h) − 2f(x + h) + f(x)
h2

Backward ⇒f ′′(x) ≈ f ′(x) − f ′(x − h)
h

≈
f(x)−f(x−h)

h
− f(x−h)−f(x−2h)

h

h
=

f(x) − 2f(x − h) + f(x − 2h)
h2

Central ⇒f ′′(x) ≈ f ′(x + h) − f ′(x − h)
2h

≈
f(x+2h)−f(x)

2h
− f(x)−f(x−2h)

2h

h
=

f(x + 2h) − 2f(x) + f(x − 2h)
4h2

(2.11)

The errors in the above approximations can be derived from Taylor’s theorem. The two-point
first derivatives approximated by both backward and forward differences are accurate to
O(h), and so are their three-point second derivatives approximations. On the other hand,
the central differences presented above are accurate to O(h2). To obtain higher accuracies,
more points on the differences need to be considered. Table 2.4 contains the coefficients for
the approximations of the first and second derivative using central differences, depending on
the accuracy desired. Similar tables for backward and forward differences can be found on
reference [126].

Example: 1D heat conduction equation

Let us illustrate the above methods with an example. Consider a 1D piece of length L, to
find the temperature evolution of the piece we will solve the classical Fourier heat conduction
equation, which is a parabolic partial differential equation:

∂T

∂t
= α

∂2T

∂x2 (2.12)

Where α is the diffusion coefficient. In our example, the initial and boundary conditions can
given by:
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Derivative Accuracy −4 −3 −2 −1 0 1 2 3 4

1

2 −1/2 0 1/2
4 1/12 −2/3 0 2/3 −1/12
6 −1/60 3/20 −3/4 0 3/4 −3/20 1/60
8 1/280 −4/105 1/5 −4/5 0 4/5 −1/5 4/105 −1/280

2

2 1 −2 1
4 −1/12 4/3 −5/2 4/3 −1/12
6 1/90 −3/20 3/2 −49/18 3/2 −3/20 1/90
8 −1/560 8/315 −1/5 8/5 −205/72 8/5 −1/5 8/315 −1/560

Table 2.4: Coefficients for the approximations of first and second derivatives using central differ-
ences, depending on the degree of accuracy desired. The top row indicates the term
corresponding to each coefficient, for example the first derivative accurate to O(h2) is
approximated by (1/2 · f(x + h) − 1/2 · f(x − h))/h, this same result was obtained in
equation (2.10). Note that the result for the second derivative approximation accurate
to O(h2) is also the same as equation (2.11) with the scaling h → h/2. Similar tables
for forward and backward differences can be found in reference [126].

T (0, t) = T (L, t) = T0 → Boundary condition
T (x, 0) = g(x) → Initial condition

(2.13)

We now divide the piece in finite differences, considering J points, as shown in figure 2.13.
The distance between two consecutive points ∆x will be given by ∆x = L/(J − 1).

Figure 2.13: Schematic diagram of the 1D piece considered in this example. We evaluate the
temperature field at each point marked by a circle, corresponding to spatial indexes
j = {1, 2, ..., J − 1, J}. The distance between two consecutive points is given by
∆x = L/(J − 1).

We now introduce the notation T ((j − 1)∆x, n∆t) = T n
j . Approximating the first time

derivative by a two-point forward difference (see equation (2.10)) and the second spatial
derivative by a three-point central difference (see table 2.4), the recursive equation will be:

T n+1
j − T n

j

∆t
= α

T n
j+1 − 2T n

j + T n
j−1

(∆x)2 (2.14)

Note that T 0
j will be given by the initial condition, while T n

1 and T n
J will be given by the
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boundary condition. The rest of the temperature field evolution is completely determined by
equation (2.14).

Through this thesis, a similar problem will be addressed to determine the temperature
evolution of a piece under a laser pulse. The 3D heat conduction equations will be solved
in cylindrical coordinates, the time derivative will be approximated by a two-point forward
difference, accurate to O(∆t), the first spatial derivatives will be approximated by a two-point
central difference, accurate to O(∆x2), and the second spatial derivatives will be approximated
by a five-point central difference, accurate to O(∆x4) (see table 2.4).

2.3.2 Finite element methods
A few of the initial simulations in this thesis were done using COMSOL Multyphisics, which
employs the finite element method (FEM) approach. The basic idea of this technique is to
divide a large (and usually complicated) domain into smaller, simpler pieces called finite
elements, which are connected at nodes [127]. Take the example of the previous subsection.
In figure 2.13, the positions j∆x would be the nodes, while each element would be the length
between two consecutive nodes. Within each element, the temperature field is approximated
by simple functions, usually polynomials (note that in the FDM approach the solution would
only be evaluated at fixed points).

FEM offer some advantages over FDM. The most important one is its ability to handle complex
geometries with relative ease. On the other hand, FDM is restricted to handle rectangular
shapes, and more complex geometries need to be approximated via simple combinations of
rectangles. Moreover, FEM usually allows for more mesh adaptivity during the iterations than
FDM. That is why FEM is the preferred approach in fields such as structural mechanics, where
complex geometries undergoing stresses and deformations play an important role. However,
FDM is more straight forward to implement, and it is significantly more computationally
efficient for regular domains. As the geometries we are dealing with in this thesis are relatively
simple, we have found FDM to be optimal for our purposes.

2.3.3 Polylogarithms
For the solution for the chemical potential and electron heat capacity of some metals, that
will be presented in Chapter 4 of this thesis, we have used an special type of function,
called polylogarithms. In this section, we will provide the mathematical description of these
functions.

Fermi-Dirac complete integral

The Fermi-Dirac complete integral appears in some problems within the frame of quantum
mechanics and solid-state physics. It is defined as follows for an index s [128]:

Fs(t) = 1
Γ(s + 1)

∫ ∞

0

xs

1 + ex−t
dx (2.15)
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Where t is a real constant, and Γ denotes the gamma function. This integral can be solved as
follows (defining B = e−t):

1
Γ(s + 1)

∫ ∞

0

xs

1 + Bex
dx = −Li1+s

(
− 1

B

)
(2.16)

Where Lis is the polylogarithm of order s (s can be, in principle, any complex number).

What is a Polylogarithm?

Polylogarithms were first presented (for the general case) by Alfred Jonquière in 1889. Their
analytical expression for |z| < 1 is given by [129]:

Lis(z) =
∞∑

k=1

zk

ks
(2.17)

A general and more complicated analytical expression, valid for all z, is given in ref. [130]. From
equation (2.16), it can be checked that the polylogarithm of first order is Li1(z) = −ln(1 − z),
hence their name.

Properties

• Their derivatives have the following property [129]:

z
dLis(z)

dz
= Lis−1(z) (2.18)

This property is valid for all complex z, for the particular case |z| < 1 it can be easily
seen from (2.17).

• Polylogarithms have the following asymptotic behaviour:

Lis(−ew) = −2
∞∑

k=0
η(2k) ws−2k

Γ(s − 2k + 1) + O(e−w), for Re(w) >> 1 (2.19)

Where η is the Dirichlet eta function.

• An immediate consequence of (2.17) is that for small values of the argument polyloga-
rithms can be approximated by the argument itself:

Lis(z) = z + O(z2) (2.20)

• For real argument z and real order s, the polylogogarithm is real for z < 1 (this is the
case that we will always encounter through this thesis). On the other hand, for z ≥ 1,
the imaginary part is given by [129, 131]:
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Im (Lis(z)) = −π (Ln(z))s−1

Γ(s) (2.21)

Here, Ln(z) denotes the principal branch of the complex logarithm.

• As polylogarithms are functions of class C∞, by comparing the expansion (2.17) with a
Taylor expansion, all of their derivatives at z = 0 can be found:

dk

dzk
Lis(z)

∣∣∣∣∣
z=0

= k!
ks

(2.22)

This property is particularly useful when our goal is to find limiting cases of a solution
implying polylogarithms, for example in solid state physics for very high or very low
temperatures.

Incomplete Fermi-Dirac integral

Analogously to the complete Fermi-Dirac integral (2.15), the Fermi-Dirac incomplete integral
is defined as follows:

Fs(t, b) = 1
Γ(s + 1)

∫ ∞

b

xs

1 + ex−t
dx (2.23)

Using the same B = e−t defined before, the solution of this integral is:

1
Γ(s + 1)

∫ ∞

b

xs

1 + Bex
dx = −Li1+s

(
b, − 1

B

)
(2.24)

Where Lis(b, z) is the incomplete polylogarithm. Note that the polylogarithm is a particular
case of the incomplete polylogarithm, Lis(z) = Lis(0, z).

Incomplete polylogarithms

Their analytical expression is given by:

Lis(b, z) =
∞∑

k=1

zk

ks

Γ(s, kb)
Γ(s) (2.25)

For |z| < 1. Γ(s, kb) is the upper incomplete gamma function (it simply changes the lower
limit of integration from 0 to the second entry in the definition of the gamma function).
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Chapter 3

Simulations of nanosecond laser
ablation processes.

3.1 Simulations of nanosecond ablation using COMSOL
Multiphysics

We started the simulation part of this thesis with the creation of a model in COMSOL
Multiphysics, which calculates the temperature evolution of a copper piece irradiated by a
nanosecond pulse.

3.1.1 Model geometry
The piece has been considered as 2D axissymetric, as the lasers modelled have symmetry
in the azimuthal angle. The dimensions of the piece have been set to be a function of the
beam radius of the laser ω0. A triangular mesh has been used, with a refined region defined
in the upper boundary and in a segment located between the beam center and a distance of
2.5ω0 away from it, as shown in figure 3.1. The purpose of this is to capture the temperature
gradient in the impact zone while reducing the overall computation time and storage required.

3.1.2 Thermal problem
We will use the classical Fourier heat conduction equation in cylindrical coordinates to
calculate the temperature evolution of the piece:

ρCp(T )∂T

∂t
= ∇⃗ · (k∇⃗T ) (3.1)

Where ρ is the density of copper, we have taken the constant value of 8960 kg/m3 and for
the thermal conductivity we have taken k = 378.75W/m2. We have taken into account the
variation of the heat capacity of copper Cp with temperature, the model used will be explained
in the following sections.
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Figure 3.1: COMSOL Multiphysics simulations. Dimensions of the piece as a function of the beam
radius ω0, triangular mesh used in simulations is also shown.

As done previously by other groups [132], we have approximated the laser heat source as a
surface heat source. This means that the following boundary condition will be applied at the
top edge of the piece:

n⃗ ·
(
k∇⃗

)
T = A(T )I0e

− r2
2w2

0 g(t) (3.2)

Where n⃗ is the normal vector to the surface, A(T ) is the absorptivity of copper, which is
temperature dependent, and the function g(t) accounts for the multi-pulse scenario, for N
pulses we have defined it as:

g(t) =
N∑

j=1
2− 4

τ2 (t− j
ν

)2 (3.3)

Where τ is the pulse duration and ν is the repetition rate of the laser. As the dimensions of
the piece are much bigger than ω0, it is reasonable to assume that no heat flux will be present
at the other edges. Therefore, the boundary condition at those other edges will be:

n⃗ ·
(
k∇⃗

)
T = 0 (3.4)

3.1.3 Heat capacity of copper

For the heat capacity of copper at constant pressure, we have taken the following variation
with temperature [133]:
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CP (T ) =



0.000416T 3 − 0.027T 2 + 6.21T − 142.6
for T ∈ [0,270) K

0.1009T + 358.4
for T ∈ [270,1700] K

(3.5)

The units of the coefficients that appear are those required given than input temperature and
output specific heat are both in SI units.

3.1.4 Absorptivity of copper
As we are modelling irradiation of a thick piece, the transmissivity will be zero, and therefore
the absorptivity of copper which appears in equation (3.2) will be given by A(T ) = 1 − R(T ).
To find the reflectivity R, we will employ the Drude+critical points (CPs) model, which was
first presented in ref [72]. This model adds one or more terms to the Drude model for the
complex electric relative permittivity of the material:

ϵ = ϵ∞ − ω2
D

ω2 + iγω
+

N∑
p=1

ApΩp

(
eiϕp

Ωp − ω − iΓp

+ e−iϕp

Ωp + ω + iΓp

)
(3.6)

Where ϵ∞ = 3.686 for Cu, ω is the angular frequency of the laser (i.e. ω = 2πc/λ, where λ
is the wavelength of the laser), ωD is the plasma frequency which for Cu is 1.34 · 1016 rad/s,
γ = τ−1

e is the inverse of the electron relaxation time and the rest are the critical model
parameters, which have been taken from ref. [73] and are shown in table 3.1 with N = 3.

p → 1 2 3
Ap 0.562 27.36 0.242

Ωp [·1015rad/s] 3.20 3.43 7.33
Γp [·1015rad/s] 0.404 7.7 1.12

ϕp −8.185 0.226 −0.516

Table 3.1: Critical points model parameters for copper, data taken from [73]

The electron relaxation time for copper is dependant on both electron and lattice temperature,
and can be approximated by the following expression:

τe = 1
BlTl + AeT 2

e

(3.7)

Where Ae was determined in [73] to be 1.2 · 105 K−2s−1 and to find Bl, we used the fact
that the copper relaxation time is 10 fs at room temperature, which results in a value of
Bl = 3.35 ·1011 K−1s−1. Note that we are in the nanoseconds case, therefore we do not need to
distinguish between electron and lattice temperatures, i.e., Tl = Te = T . The models for the
electron relaxation time will be explained in more detail in the chapter dedicated to ultrahort
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pulsed laser ablation, where the difference between electron and lattice temperatures becomes
relevant.

Once the complex electric permittivity has been fully determined, the complex refractive
index will be given by its square root:

n̂ =
√

ϵ = n + ik (3.8)

n is the usual real refractive index and k is the extinction coefficient. And finally, the
reflectivity is given by the Fresnel law:

R =
∣∣∣∣∣ n̂ − 1
n̂ + 1

∣∣∣∣∣
2

(3.9)

The reflectivity has been plotted against a single temperature in figure 3.2. We can observe
that the reflectivity decreases with temperature, an effect which is specially relevant for the
red or infrared range. This is in concordance with experimental findings, for example in
figure 2 of ref. [134], they found a decrease in the integrated reflectivity over a pulse when
the pulse energy increases (naturally, higher temperatures will be reached when increasing
the pulse energy). Those findings were for a pulse duration of 20 ps, slightly above the
electron-phonon equilibration time in copper [135]. This variation of R with T is general for
all metals according to the Drude+CPs model.

Figure 3.2: Reflectivity of copper obtained from equation (3.9) and from an electrical permittivity
calculated via Drude+Critical points model, equation (3.6).

3.1.5 Ablation modelling
Firstly, only the solid phase will be modelled, which means that ablated material will simply
dissapear from the piece. We will use the same ablation criterion presented in ref. [136]. It is
based on an energy balance at the top surface of the piece. We will assume that ablation will
take place if the temperature at the surface exceeds the vaporisation temperature of the metal
Tvap. Therefore we define at the top surface of the material the following convective flux:
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Φvap = h0(T (r) − Tvap) (3.10)

Where T (r) is the surface temperature at a distance r from the centre of the beam and h0
is a constant numerical parameter. Equation (3.10) only holds for T (r) > Tvap, the flux is
zero otherwise. This is a first order approximation, valid if the surface temperature does not
exceed significantly the ablation temperature (which is expected in reality, since material is
being removed at a high rate). By assuming an energy balance at the ablation front, we have:

ρLvvn = Φvap (3.11)

Where ρ is the density, Lv is the latent heat of vaporisation and vn is the velocity of the
matter leaving the interface, which combining the previous equations will be given by:

vn(r) = h0(T (r) − Tvap)
ρLv

(3.12)

In our simulations, this will be the normal mesh velocity, which will deform the geometry of
the piece. For copper, ρ = 8960 kg/m3 and Lv = 4.721 · 106 J/kg. The parameter h0 should
be big enough to obtain rapid elimination of the material, but at the same time it needs to
assure the convergence of the solutions. Various methods exist to tune this parameter, we
have taken a value of h0 = 109 J/(m2sK), which was adjusted in ref. [137] to model ablation
of stainless steel.

3.1.6 Solver
The Fourier heat transfer equation (3.1) with boundary conditions (3.2) and (3.4) is numerically
solved by finite element methods (FEM), in particular using a Backward Differentiation
Formula (BDF) solver available in COMSOL MULTIPHYSICS. Once the ablation temperature
is reached, the piece starts to deform according to the normal velocity defined in (3.12).

3.1.7 Results
We have simulated a laser with beam radius ω0 = 14.9 µm, τ = 12 ns, wavelength λ = 355 nm
and a repetition rate of 100 kHz. In figure 3.3, the final shape of the ablation zone is shown
for 1,3,7 and 11 pulses, the energy per pulse was set at 12 µJ.

3.1.8 Fluid modelling
Depths shown in figure 3.3 are reasonable for the material and laser type, however, as the fluid
phase is not simulated, simulations cannot predict the redeposition of molten material. In this
subsection, we will take the molten phase into account. This is particularly relevant for long
pulses in the range of ns, at the edge of the ablation zone, or when the laser peak power is not
very high. We need to consider both thermal and fluid problems at the same time. In order
to do that, we will use an specific tool which COMSOL software has for combining physical
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Figure 3.3: Final shapes after ablation for 1,3,7 and 11 pulses, the energy per pulse was 12 µJ.

problems of different nature, called Multiphysics. As matter is now begin transported, we
need to add a new term to account for energy conservation in equation (3.1):

∇⃗ · (k∇⃗T ) = ρCp(T )
(

∂T

∂t
+ (u⃗ · ∇⃗)T

)
(3.13)

With u⃗ being the velocity field of the fluid. The dynamics of the fluid will be solved using the
Navier-Stokes equations:

ρ

(
∂u⃗

∂t
+ (u⃗ · ∇⃗)u⃗

)
− µ∇2u⃗ = −∇⃗P + g⃗ (3.14)

Where P is the pressure field and µ is the viscosity of the fluid. The viscosity is a function of
temperature, below the melting temperature the viscosity, µsol is very high, as we are in the
solid phase. Literature provides [138] values for the viscosity of some molten metals, and all
of them are around 10−3 Pa · s. Therefore, the chosen values for the viscosity have been:

µ(T ) =
µsol = 100 Pa · s if T < Tmelt

µliq = 10−3 Pa · s if T > Tmelt

(3.15)

However, the change needs to be smooth in order for the simulation to work around the
melting point. Therefore, an error function has been chosen to fit this task.

On the other hand, to take into account the latent heat of fusion, Lmelt, we will add a
Lorentzian-shaped term to the specific heat CP (T ) from (3.5):

C∗
P (T ) = CP (T ) + Lmelt

πTesc

· 1
1 + (T −Tmelt)2

(Tesc)2

(3.16)
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The parameter Tesc should be big enough to allow the simulation to detect the actual change
yet small enough to allow the energy change to take place only around the melting point. In
our simulations, it was set to 10 K.

Preexisting literature has taken various approaches to model the recoil pressure from the
metal gas [139, 140]. Here we will use a simplified Gaussian approximation:

P (r) = P0e
− 2r2

ω2
0 (3.17)

The peak pressure, P0 was numerically determined to be around 107 Pa. We will also use a
moving mesh to model ablation, however instead of the normal mesh velocity we will use a
mass flux in the upper boundary. That allows us to use the same interface within COMSOL
for both fluid dynamics and ablation. If we call Mf the amount of mass which is converted to
gas per unit area and per unit of time, it can be easily checked that this quantity is related
with the velocity from (3.12) by simply multiplying it by the density of the material:

Mf = vnρ (3.18)

In figure 3.4, we represent the shape of the ablation zone after one pulse with energy 5 µJ.
Now a peak appears at the end of the crater, due to the resolidification of molten copper in
that area.

Figure 3.4: Shape of the upper boundary of the piece after one pulse, Ep = 5 µJ.

3.2 Simulations of nanosecond ablation using MATLAB
After performing the simulations in COMSOL multyphysics described above, we created a new
code in MATLAB which numerically solves the heat transfer equation in (3.1) and also models
ablation according to the same normal mesh velocity from equation (3.12). This approach is
significantly faster than COMSOL multiphysics (around 8 − 10 times less simulation time for
the same problem).
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Applying the product rule to the right hand side of the Fourier heat transfer equation (3.1)
we obtain:

ρCp
∂T

∂t
=
(
∇⃗ · k

)
· ∇⃗T + k∇2T (3.19)

Now, we will assume that the heat conductivity is either constant or varies slowly with the space
coordinates (which is expected if it varies slowly with temperature, usually the case). This
approximation will allow us to ignore the first term on the right hand side in (3.19). As the laser
has cylindrical symmetry, we will choose cylindrical coordinates, in this system of coordinates
the Laplacian of a smooth function f(r, ϕ, z) is given by ∇2f = ∂2f

∂r2 + 1
r

∂f
∂r

+ 1
r2

∂2f
∂ϕ2 + ∂2f

∂z2 . The
temperature field will not vary in the ϕ direction, so our diffusion equation to solve will be:

ρCP
∂T

∂t
= k

(
∂2T

∂r2 + 1
r

∂T

∂r
+ ∂2T

∂z2

)
(3.20)

3.2.1 Finite difference method
To solve numerically (3.20), we define the following diffusion coefficient:

α = k

ρCP

(3.21)

If all k, ρ, CP are constant, the parameter α will be set at the start of the simulation. If at
least one of them varies with temperature, it will need to be updated during the simulation.
We will approximate the time derivative by a two- point forward difference (accurate to
O(∆t)), the first derivative in r by a two-point central difference (accurate to O(∆r2)), and
the second derivatives in r and z by a five-point central difference (fourth order accurate), see
chapter 2 of this thesis. This translates to the following iterative equation:

T n+1
k,i − T n

k,i

∆t
= α

(
−T n

k,i−2 + 16T n
k,i−1 − 30T n

k,i + 16T n
k,i+1 − T n

k,i+2

12 (∆r)2

+ 1
ri

T n
k,i+1 − T n

k,i−1

2∆r
+

−T n
k−2,i + 16T n

k−1,i − 30T n
k,i + 16T n

k+1,i − T n
k+2,i

12 (∆z)2

) (3.22)

To describe the temperature field we have used the tensor T n
k,i, where the upper index accounts

for time and the two lower indexes are for z and r coordinates, respectively. The above
equation allows us to obtain the temperature field at a time (n + 1)∆t as a function of the
temperature field at n∆t. Note that there is a term which has a 1/ri factor, this means
that we need to avoid evaluating the temperature at a zero (or too small) radius. We have
explicitly included this in our code. It can be seen that, in the spatial coordinates, for each
element of the iteration we will need to use the previous two and the next two elements. That
means that, if we have nr and nz points in r− and z− directions, respectively, we will perform
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the iterative process for values of k ranging from 3 to nz − 2 and for values of i ranging from 3
to nr − 2. The first, second, penultimate and last elements are calculated from the boundary
conditions, as shown in figure 3.5.

Figure 3.5: Sketch showing how the temperature field corresponding to each element is calculated.
This sketch is for illustrative purposes, the actual number of elements in the r and z
directions was between 150 and 200 in simulations.

3.2.2 Boundary conditions
As it was explained in the case of the COMSOL simulations, the boundary conditions at the
left, right and bottom edges will be n⃗ · (k∇⃗)T = 0, where n⃗ is the normal vector to each
boundary. If our piece has a radius R, this will translate to:

∂T

∂r

∣∣∣∣∣
r=−R

= ∂T

∂r

∣∣∣∣∣
r=R

= 0

∂T

∂z

∣∣∣∣∣
z=0

= 0
(3.23)

As we need to apply the boundary condition to the first two elements from each edge, after
calculating the temperature field for k ∈ [3, nz − 2] and i ∈ [3, nr − 2] (marked in green in
figure 3.5), we will apply the following identities to find the remaining values (marked in red
in figure 3.5):

T n+1
2,i = T n+1

3,i ; T n+1
1,i = T n+1

2,i ; T n+1
k,2 = T n+1

k,3 ; T n+1
k,1 = T n+1

k,2 ; T n+1
k,nr−1 = T n+1

k,nr−2; T n+1
k,nr

= T n+1
k,nr−1

(3.24)

The top edge is where the laser is irradiating, and there we will apply the same boundary
condition as in (3.2)
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n⃗ ·
(
k∇⃗

)
T = (1 − R(T )) I0e

− r2
2w2

0 2−4 (t−t0)2

τ2 (3.25)

Naturally, in the multi-pulse scenario, the temporal dependence would be substituted by the
function g(t) from (3.3). If our piece has a height L, this will translate to:

∂T

∂z

∣∣∣∣∣
z=L

= 1
k(T ) (1 − R(T )) I0e

− r2
2w2

0 2−4 (t−t0)2

τ2 (3.26)

We have considered the general scenario, where the thermal conductivity k can also depend
on temperature. At the n-th temporal iteration, our two recursive equations at the upper
edge of the piece will be:

T n+1
nz−1,i = T n+1

nz−2,i + ∆z · ♦; T n+1
nz ,i = T n+1

nz−1,i + ∆z · ♦

♦ = 1
k(T n

nz ,i)
(
1 − R(T n

nz ,i)
)

I0e
−

2r2
i

ω2
0 2−4 (n∆t−t0)2

τ2
(3.27)

3.2.3 Ablation modelling
To model ablation, we will employ the same normal mesh velocity used in COMSOL simula-
tions:

vn(r) = h0
(T (r) − Tvap)

ρLv

(3.28)

The parameter h0 will also remain the same, 109 J/(m2sK). We have created a (1,2) tensor
which will tell us the shape of the piece at each simulation time. The matrix corresponding to
the 2 lower spatial indexes is organized in the following way: each column is the corresponding
z-array for each ri. The number of entries at each column need to remain constant, while
the last row of the matrix will give the actual ablation curve. We will illustrate this with an
example. If we have the following r array: [−2, −1, 0, 1, 2], the following matrix will produce
the shape from figure 3.6:


0 0 0 0 0
1 0.875 0.75 0.875 1
2 1.75 1.5 1.75 2
3 2.625 2.25 2.625 3
4 3.5 3 3.5 4

 (3.29)

The ablation curve will be given by the asterisks on figure 3.6, which corresponds to the last
row from matrix (3.29). Notice that now, the z-array will depend on time and will also vary
with the radial position, the same applies for the finite difference ∆z, which will also depend
on r and will be dynamical.
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Figure 3.6: Example of a shape from matrix (3.29). The ablation curve is given by the asterisks.

The ablation and remeshing is done the following way: at each time step, and for each ri, we
check if the temperature at the boundary of the piece satisfies the condition T n+1

nz ,i > Tvap. If it
does, we calculate the normal mesh velocity according to (3.28). Then, the new ablation depth
will be calculated by subtracting vn∆t to the previous ablation depth at that ri. The lower
edge of the piece will remain the same, as we assume we will never make a hole. Knowing
that we need to keep the number of points in z the same (nz), we can calculate the new ∆z
by simply dividing the new height of the piece at this ri by nz. As we know the new upper
and lower boundaries as well as ∆z, the new z-array is completely determined.

Finally, we will find the corresponding temperatures for the new shape by linear interpolation
from the previous temperature field before ablation, as now there will be more points within
the same z range.

3.2.4 Von Neumann stability condition

For the case with constant thermal parameters only (which results in a constant diffusion
coefficient α), the von Neumann stability analysis can be performed for the thermal problem.
This will provide us with the maximum time step which still assures the convergence of the
solution.

We begin by defining the following quantities:

C1 = α

12 (∆r)2 ; C2 = 4α

3 (∆r)2 − α

2ri∆r
; C3 = 5α

2 (∆r)2 + 5α

2 (∆z)2

C4 = 4α

3 (∆r)2 + α

2ri∆r
; C5 = α

12 (∆z)2 ; C6 = 4α

3 (∆z)2

(3.30)

This will allow us to write the iterative equation for our numerical method, equation (3.22) as:
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T n+1
k,i = T n

k,i − ∆t
[
C1T

n
k,i−2 + C1T

n
k,i+2 − C2T

n
k,i−1 + C3

−C4T
n
k,i+1 + C5T

n
k−2,i + C5T

n
k+2,i − C6T

n
k−1,i − C6T

n
k+1,i

] (3.31)

A generic spatial and temporal point will be given by (a∆r, b∆z, n∆t), where a, b, n are
integers. According to this analysis method, we replace the temperature field by [141]:

T n+1
a,b = Aeiaλ1∆reibλ2∆zeβn∆t (3.32)

Where i is the imaginary unit, not to be confused with the subscript index for the radial
coordinate. ξ = eβ∆t is the amplification factor, which must fulfil the condition |ξ| ≤ 1 in
order to assure the stability of the solutions. By substituting (3.32) into (3.31), we obtain:

ξ = 1 − ∆t
[
C1e

−2iλ1∆r + C1e
2iλ1∆r − C2e

−iλ1∆r + C3 − C4e
iλ1∆r

C5e
−2iλ2∆z + C5e

2iλ2∆z − C6e
−iλ2∆z − C6e

iλ2∆z
] (3.33)

Using eiθ = cos(θ) + isin(θ) we get:

ξ = 1 − ∆t [2C1cos(2λ1∆r) − C2cos(λ1∆r) + iC2sin(λ1∆r) + C3

−C4cos(λ1∆r) − iC4sin(λ1∆r) + 2C5cos(2λ2∆z) − 2C6cos(λ2∆z)]
(3.34)

Analogously to the analysis done ref. [142] (which was for the case of an irregular Cartesian
mesh) the worst case scenario will be for λ1∆r = λ2∆z = (2m + 1)π, where m is an integer.
This case will result in:

ξ = 1 − ∆t[2C1 + C2 + C3 + C4 + 2C5 + 2C6] (3.35)

Now note that the sum C2 + C4 is always positive, and the rest of the constants CR are also
positive. This means that the factor multiplying ∆t is always positive, which means that for
|ξ| ≤ 1 the time step must fulfil the following condition:

∆t ≤ 2
2C1 + C2 + C3 + C4 + 2C5 + 2C6

(3.36)

This is the condition which assures the convergence of the solution. It should also be noted
that, in our case, the sum of C2 + C4 eliminates the dependence with the radial coordinate ri.
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3.3 Comparison with experimental results for Copper
Oxide

We have run our experiments on copper (II) oxide thin films using a nanosecond laser, and
then we compared the experimental diameters with the predictions from our MATLAB code.
Copper oxide is a p-type semiconductor which attracted interest in the last decades due to its
various applications. Those include solar cell fabrication [143], fabrication of transistors and
diodes [144], catalysis [145], and in ceramics and glass industries it is used as a pigment to
impart colors [146]. The advantages of employing this material are mainly non-toxicity and
low production cost.

The laser Explorer, from Spectra-Physics was used for the experiments. It emits at λ = 532
nm, and has a pulse duration of τ = 15 ns at FWHM.

3.3.1 Thermal and optical parameters for CuO
Regarding the optical parameters, the code was designed in principle for a thick metal piece,
where the transmissivity is zero. However, we are now in the thin film scenario, where
some percentage of the incident light can be transmitted through the film. Nevertheless, for
our wavelength, the transmissivity is expected to be low, between 5 − 10% (see ref. [147]).
Cosidering this, and using the experimental findings from refs. [147, 148], an approximate
constant value of A = 0.85 was used in the simulations.

The density of CuO is ρ = 6315 kg/m3 and it has a boiling point of 2273 K, which has been
set as the ablation temperature. A constant value of 78 W/(m · K) was taken for the thermal
conductivity k [149]. Regarding the heat capacity it can either be assumed constant or, for
more precise calculations, we can use the variation of CP with temperature presented in ref.
[150]. In figure 3.7, we have represented the shapes of craters obtained after ablation for both
constant and varying CP . There is a slight difference in the predicted depth of the spots,
however, the difference in diameters is insignificant. As it will be seen later, the thin films
used in experiments had a thickness of only 100 nm and all the oxide was removed within the
ablation radius. Therefore, the predicted depths from simulations cannot be validated against
experimental data. For the prediction of diameters, the approach with constant heat capacity
seems to sufficiently accurate, and it takes considerably shorter computational time.

3.3.2 Experimental results
Single pulse ablation experiments were performed with the laser Explorer, from Spectra-
Physics, mentioned a the beginning of this section. It emits at λ = 532 nm and has a pulse
duration of 15 ns defined at FWHM. The beam waist defined at 1/e2 is approximately ω0 = 32
µm. Three CuO thin films (TFs) samples were employed, marked as D17, D51 and D52.
The D17 sample was grown in an Ar/H2 medium at a 5 mTorr pressure, while the D51 and
D52 samples were grown in an Ar medium at 25 and 35 mTorr, respectively. In general, TF
deposition processes have three main steps, which are production of the species, transport
through a medium and condensation on the substrate. More details about this can be found
on ref. [151].
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Figure 3.7: Ablation shapes obtained at the end of the simulations for CuO, for four different pulse
energies, for a constant heat capacity and for a heat capacity varying with temperature
according to ref. [150].

The thickness of the TF layers was of approximately 100 nm in all cases, which implied that
all the oxide was eliminated within the ablation radius. Spots were observed using a Leica
DCM 3D confocal microscope, and example of a topography of a spot is shown in figure
3.8. The diameters were measured and they were adjusted using Liu´s method, which, for a
Gaussian beam, predicts the following dependence of the diameters of spots with the peak
fluence [119]:

D2 = 2ω2
0ln(F0) − 2ω2

0ln(F0,th) (3.37)

Where F0,th is the threshold fluence, i.e., the minimum fluence required to ablate an specific
material. As we have seen in the first chapter of this thesis, the peak fluence is directly
proportional to the pulse energy, therefore we can also rewrite this equation as:

D2 = 2ω2
0ln(Ep) − 2ω2

0ln(Ep,th) (3.38)

Where Ep,th = πω2
0

2 F0,th. Equation (3.38) was fitted to the experimental diameters of spots,
results are shown in figure 3.9, where the close-to-one values of R2 show that the experimental
data follows accurately the prediction for all three cases. Due to the minimum pump current
required to obtain an stable beam with the laser device used here, the energies per pulse used
in the irradiation experiments were always significantly above the threshold value.

Parameters from Liu fitting are shown in table 3.2. The threshold fluence is similar in both
D17 and D51 samples, however, there is a significant difference of almost 50% with respect to
the D52 sample. This may be due to the fact that this later sample was grown under the
highest deposition pressures, and for high deposition pressures the growth rate can decrease,
therefore the samples may become more porous because the atoms have less movement when
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Figure 3.8: Example of a topography of a spot on CuO thin film observed with a Leica DCM 3D
confocal microscope. In this case, the measurement was done in the D17 sample and
the pulse energy was 5.49 µJ. All the thin film was eliminated within the ablation
radius.

they reach the substrate surface [152]. For a sample with small pores the absorption of laser
irradiation generally increases, however, bigger pores can result in a less efficient absorption
(see figs. 3 and 4 of ref. [153]), which is the case observed here.

Figure 3.9: Diameters of spots for the three samples against pulse energy (in logarithmic scale),
for those irradiations the laser device Explorer, from Spectra-Physics was used, which
emits at λ = 532 nm and has a pulse duration of 15 ns (FWHM).

3.3.3 Comparison between simulations and experiments
The minimum and maximum values for the beam waist ω0 given in table 3.2 are 30.70 and
32.11 µm, respectively. Therefore we have run two sets of simulations using both values for ω0,
and values for the pulse energies within the same range as in the experiments. Comparison is
shown in figure 3.10, where the two lines correspond to an interpolation from the diameters
predictions obtained from several simulations. For the D17 and D52 samples, there is a
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SAMPLE ω0 [µm] R2 Ep,th [µJ ] F0,th [J/cm2]
D17 32.11 0.976 1.64 0.101
D51 30.70 0.986 1.50 0.101
D52 31.98 0.996 2.30 0.143

Table 3.2: Parameters from Liu fittings of CuO ablation.

good agreement between experiments and simulations, for the D52 case there is greater
discrepancy, but even in this case the difference between observed diameters and predictions
from simulations is always below 18%.

To test the hypothesis from the previous subsection regarding the D52 sample, we have run
again the simulations lowering the absorptivity. The red dotted line on figure 3.10 corresponds
to a value of A = 0.6 and ω0 = 31.41 µm. The good concordance with experimental diameters
suggests than the real absorptivity of this sample might be around that value.

Figure 3.10: Comparison between experimental diameters of spots and values obtained from
simulations. The red dotted line corresponds to ω0 = 31.41 µm and an absorptivity
of A = 0.6, in contrast to the value of A = 0.85 used in the rest of simulations.

3.4 Conclusions
In this chapter, we have simulated nanosecond pulses in metals by using two different
approaches. Firstly, COMSOL Multiphysics simulations used finite element methods to solve
the classical Fourier heat conduction equation for a copper piece irradiated by a nanoseconds
pulse. Ablation was modelled by a normal mesh velocity, and the final shapes of the ablation
zone showed a reasonable depth considering the pulse energies and material properties.
COMSOL Multiphysics software also allowed us to model the dynamics of the fluid phase, the
peak at the edge of the crater due to redeposition of molten material was correctly predicted.

MATLAB simulations using finite difference methods were considerably more efficient in
computational terms. This approach highlighted the potential for scalable and rapid simulation
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of laser-material interactions, which can be particularly useful for iterative design and testing.
Our MATLAB code allows all thermal and optical parameters of the material to vary with
temperature, however, it has been shown in this chapter that for the case of constant
parameters the stability of the solutions for the thermal problem can be assured by a von
Neumann stability condition.

The experimental validation was done using Copper(II) oxide thin films. Good agreement
was found between experimental data and simulations for two of the three samples used, for
the third one the minor discrepancies could be attributed to the higher growth pressure of
the material, which is hypothesized to result in a lower absorptivity.

It should also be noted that the MATLAB code developed in this chapter can only be used for
pulse durations significantly longer than the electron-phonon relaxation time of the material.
In Chapter 5 of this thesis, the code has been modified to model ultrashort pulsed laser
ablation by solving the two-temperature model equations, in order to provide a broader
understanding of laser-matter interactions and increase the applicability of our models.
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Chapter 4

New analytical solution for the
electronic heat capacity in metals.

We have published most of the results contained in this chapter in the following article:

[154] S. Vela, C. Molpeceres, and M. Morales. “Development of a new analytical solution for
electronic heat capacity for higher electron temperatures”. In: Results in Physics 59 (Apr.
2024), p. 107565. doi: 10.1016/j.rinp.2024.107565.

4.1 New analytical solution for the electronic heat ca-
pacity in s-band metals

The growth of femtosecond laser ablation applications has increased the demand for precise
modelling of ultrashort laser ablation process. As explained in Chapter 1, for those cases
where the pulse duration is still significantly larger than the electron relaxation time, the
Two-Temperature Model (TTM) can be used to model the energy transport [31, 32]:

Ce
∂Te

∂t
= ∇⃗ · (ke∇⃗Te) − g(Te − Tl) + Q(r, z, t)

Cl
∂Tl

∂t
= g(Te − Tl)

(4.1)

Where Ce is the electronic heat capacity (per unit volume), Cl is the lattice heat capacity, ke

is the electron thermal conductivity and g is the electron-phonon coupling factor. Each of
those parameters admits various degrees of approximation as a function of the temperatures
Te or Tl [155, 156].

We will focus on the electron heat capacity which is given by [157]:
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Ce = ∂Ue

∂Te

(4.2)

Where Ue is the total internal energy of the electron subsystem (per unit volume in our case),
given by:

Ue =
∫ ∞

0
f(E, µ, Te)g(E)EdE (4.3)

g(E) is the density of states and f(E, µ, Te) is the Fermi distribution which gives s the
probability of occupancy for an electron energy state at energy E:

f(E, µ, Te) = 1
1 + e

E−µ
kBTe

(4.4)

Where µ is the chemical potential, which is temperature dependent. To find the density of
states (DOS) of metals and alloys (which is what ultimately determines the electron heat
capacity), approaches based on density functional theory (DFT) have been widely used [158,
159], as well as other methods based on machine learning in order to reduce to reduce the
heavy computational cost of DFT calculations [160, 161]. In this chapter, the DOS of s-band
metals will be approximated using the free electron gas model (FEG) [162], this simplified
model can be used with some limitations to describe the properties of s-band metals such as
aluminium [163]:

g(E) = 4π
(2me

h2

) 3
2 √

E (4.5)

4.1.1 Analytical solution for the chemical potential
To find an expression for the total internal electron energy from (4.3), we first need to find the
temperature dependence of the chemical potential which appears in the Fermi distribution
(4.4). This can be done using the electron number conservation, since g(E) gives number of
states per unit energy range (and per unit volume), and the Fermi-Dirac distribution gives
the average number of fermions in a single-particle state, we have:

ne =
∫ ∞

0
g(E)f(E, µ, Te)dE (4.6)

Where ne is the electron density, values for some metals are provided in table 4.3 at the end
of this section. This integral has been typically approximated using a Sommerfeld expansion,
which results in the following quadratic chemical potential (the derivation can be found on
various literature sources [155, 164]):
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µ = µF − π2 (kBTe)2

12µF

(4.7)

µF is the Fermi energy given by:

µF = ℏ2

2me

(3π2ne)
2
3 (4.8)

However, approximation (4.7) is only valid at relatively low electron temperatures (a few
thousand of Kelvin at most), and in USP laser ablation electron temperatures of tens of
thousands of Kelvin are commonly reached. Therefore, we will find an exact solution to the
integral that appears in (4.6). Substituting the functions (4.4) and (4.5) in (4.6), we get:

ne = 4π
(2me

h2

) 3
2
∫ ∞

0

√
E

1 + e
E−µ
kBTe

dE (4.9)

We make the substitution x = E
kBTe

, which transforms our integral in:

ne

4π
(

2me

h2

) 3
2 (kBTe)

3
2

=
∫ ∞

0

√
x

1 + A0ex
dx (4.10)

We have defined A0 as e
− µ

kBTe . The integral on the right hand side can be solved using the
following the formula of the complete Fermi-Dirac integral:

∫ ∞

0

xs

Bex + 1dx = −Γ(1 + s)Li1+s

(
− 1

B

)
(4.11)

Where Lis is the polylogarithm of order s (in principle, s can be any complex number), which
is given by [130]:

Lis(z) =
∞∑

k=1

zk

ks
(4.12)

For |z| < 1. A general analytic continuation for the polylogarithmic function valid for all z

is also given in [130]. In our case, s = 1
2 and Γ(3

2) =
√

π
2 , therefore by substituting (4.11) in

(4.10) we have:

−2ne

√
π4π

(
2me

h2

) 3
2 (kBTe)

3
2

= Li 3
2

(
−e

µ
kBTe

)
(4.13)

To find µ = µ(Te) we need to invert the polylogarithm. In our range of interest (real and
negative argument), Li 3

2
(z) is invertible (figure 4.1), and the inverse is also a continuous

function. Therefore, we arrive to an exact, analytical solution for the chemical potential:
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µ(Te) = kBTeln

−Li−1
3
2

 −4µ
3
2
F

3
√

π(kBTe)
3
2

 (4.14)

Where we have used the expression (4.8) for the Fermi energy µF

Figure 4.1: Polylogarithm of order 3
2 for real, negative argument.

In figure 4.2, for the case of aluminium we have compared this exact solution with the widely
used quadratic approximation (4.7) and with two other expansions from the exact solution
which will be explained now. It can be seen that the quadratic approximation starts loosing
accuracy after approximately 10000 K.

Now we will perform an expansion for low electron temperatures. If Te → 0, the argument
of the polylogarithm from (4.13) will trend to −∞, as the chemical potential will be finite
at a zero temperature (it will be the Fermi energy). The fact that polylogarithms have the
following behaviour [129] will be used:

Lis(−ew) = −2
∞∑

k=0
η(2k) ws−2k

Γ(s − 2k + 1) + O(e−w), for Re(w) >> 1 (4.15)

Where η is the Dirichlet eta function In our case, w can only be real. It can be easily seen
that the leading term will be:

− ws

Γ(s + 1) (4.16)

By substituting this approximation in (4.13), we get a solution for µ which does not vary with
temperature, µ = (3neπ

2)
2
3 ℏ2

2me
, which is the Fermi energy. Although this approximation is

non polynomial, the situation is analogous to a polynomial expansion where a term vanishes,
such as the low temperature approximation commonly used; a quadratic where the linear
term vanishes. We will, therefore, add the next term from the series (4.15) in order to get an
actual variation with Te:
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Li 3
2
(−ew) ≈ − w

3
2

Γ(5
2) − 2η(2) w− 1

2

Γ(1
2)

(4.17)

Γ(1
2) =

√
π; Γ(5

2) = 3
√

π
4 ; and η(2) = π2

12 , so, by substituting in (4.13) and rearranging terms,
we obtain the electron temperature as a function of the chemical potential:

Te = 2
πkB

√
2µ

1
2

(
µ

3
2
F − µ

3
2

)
(4.18)

Obtaining an analytical expression µ(Te) from this equation is possible (it can be converted
to a quartic equation, which can always be solved analytically), but very long and tedious.
For this approximation we will, therefore, obtain µ(Te) from Te(µ) by data inversion.

In figure 4.2, we have also plotted approximation (4.18) for the case of Al. This approximation
is more precise than the widely used quadratic approximation (4.7) for temperatures in the
range of tens of kK.

We will also search for a polynomial expansion of the solution (4.14), that can be done by
finding the Taylor series of the solution for µ (4.14) around Te = 0. For doing that, we write
the solution as:

µ = kBT0xln
[
−Li−1

3
2

(
− 1

x
3
2

)]

x = Te

T0
; T0 =

(
4

3
√

π

) 2
3 µF

kB

=
(

4
3
√

π

) 2
3

TF

(4.19)

where TF is the Fermi temperature (values for some metals of the reduced temperature T0
are provided in table 4.3 at the end of this section). The main advantage is that now, we can
compute the adimensional mathematical function

F (x) = xln
[
−Li−1

3
2

(
− 1

x
3
2

)]
(4.20)

once for all metals, in order calculate all the required derivatives of µ. Therefore, we need to
derive F (x), and it can be easily seen that the nth derivative of the chemical potential will
be given by:

dnµ(Te)
d (Te)n = kB

(T0)n−1
dn

dxn
F (x) (4.21)

At first, we have expanded up to the quadratic term by numerically finding F (0), F ′(0)
and F ′′(0) (table 4.1). As expected, the first derivative is zero, and we have found that our
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polynomial coincides with the results from (4.7). Therefore, we have a different derivation of
the widely used quadratic approximation from the chemical potential in metals.

In order to obtain higher accuracy we will add the next term from the expansion. As third
derivative also vanishes at zero (table 4.1), we add the fourth order term:

µ(Te) ≈ kBT0F (0)︸ ︷︷ ︸
µF

+1
2

kB

T0
F ′′(0)T 2

e + 1
24

kB

T 3
0

F iv(0)T 4
e (4.22)

This fourth order approximation has been also represented in figure 4.2. It can be seen that
with the addition of the quartic term, we can now predict accurately the behaviour of the
chemical potential up to 50 kK at least.

F (0) F ′(0) F ′′(0) F ′′′(0) F iv(0)
1.209 0 −1.361 0 −16.56

Table 4.1: Numerically computed derivatives of the function F(x) at 0.

Figure 4.2: Chemical potential of aluminium as a function of the electron temperature. Comparison
between the exact analytical solution (4.14), our approximation for low temperatures
(4.18), widely used quadratic approximation (4.7) and fourth order Taylor expansion
(4.22).

4.1.2 Analytical solution for the electron heat capacity
Once we have found a solution for the chemical potential µ, we can calculate the electron
heat capacity Ce. We start by substituting the Fermi distribution function and the density of
states in equation (4.3) to find the total internal electron energy:
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Ue =
∫ ∞

0

1
1 + e

E−µ
kBTe

4π
(2me

h2

) 3
2

E
3
2 dE (4.23)

We make now the substitution y = E
kBTe

(we called it now y in order to not be confused with
the x defined in (4.19)):

Ue = 4π
(2me

h2

) 3
2

(kBTe)
5
2

∫ ∞

0

1
1 + A0ey

y
3
2 dy (4.24)

With the same A0 = e
− µ

kBTe defined previously. Using the complete Fermi-Dirac integral
(4.11) with s = 3

2 and Γ(5
2) = 3

√
π

4 , we get:

Ue = 4π
(2me

h2

) 3
2

(kBTe)
5
2

[
−3

√
π

4 Li 5
2

(
−e

µ
kBTe

)]
(4.25)

And we substitute our solution for the chemical potential (4.14) to obtain:

Ue(Te) = −3π
√

π
(2me

h2

) 3
2

(kBTe)
5
2 Li 5

2

Li−1
3
2

−T
3
2

0

T
3
2

e

 (4.26)

Where we have used the same temperature T0 =
(

4
3
√

π

) 2
3 µF

kB
defined in (4.19). Finally, the

electron heat capacity will be given given by Ce = ∂Ue

∂Te
. To differentiate in (4.26), apart from

the inverse function rule, we will use the fact that polylogarithms have the following property
[129]:

z
dLis(z)

dz
= Lis−1(z) (4.27)

Applying this, we finally obtain:

Ce(Te) = 3π
√

π
(2me

h2

) 3
2

k
5
2
B

3
2

T 3
0

T
3
2

e

1

Li 1
2

(
Li−1

3
2

(
−T

3
2

0

T
3
2

e

)) − 5
2T

3
2

e Li 5
2

Li−1
3
2

−T
3
2

0

T
3
2

e


 (4.28)

At this point, it should be noted that the following linear approximation has been widely
used:

Ce = γTe (4.29)
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Where γ = π2k2
Bne

2µF
. This derivation can be found in various literature sources [164, 155], it uses

the quadratic approximation for the chemical potential from (4.7) as well as a Sommerfeld
expansion.

In figure 4.3, we have plotted our complete analytical solution (4.28) as well as the linear
approximation (4.29) for the case of aluminium. The linear approximation looses accuracy
after approximately 10000 K. We have also plotted the numerical tables obtained by Lin et.
al. [165] for the electron heat capacity of Aluminium. Our analytical solution (4.28) shows
reasonable agreement with this data; the minor discrepancies are due to the fact that Lin et.
al. did not use the free electron gas model for the DOS, instead they obtained the DOS from
DFT calculations using the Vienna ab initio simulation package [166]. In figure 1 of their
paper [165], both curves for the DOS of Al can be found. The DFT calculations add some
corrections to the FEG DOS for high energies, however, the later seems to be a reasonable
approximation for the particular case of aluminium, specially if we take into account that most
discrepancies are found for energies higher than the chemical potential µ at our temperature
range, and the Fermi distribution function (4.4) will rapidly go to zero for E > µ (to calculate
the heat capacity, the DOS will be multiplied by the Fermi distribution function).

Now, to find a more accurate approximation than equation (4.29) while keeping the sim-
plicity of a polynomial expression, we will perform a Taylor expansion on the solution
for the total internal electron energy (4.26). We can write equation (4.26), as Ue =
4π
(

2me

h2

) 3
2 (kBT0)

5
2
(
−3

√
π

4

)
M(x), where we define the function M(x) as:

M(x) = x
5
2 Li 5

2

(
Li−1

3
2

(
− 1

x
3
2

))
(4.30)

Using the same x = Te/T0 from (4.19). Analogous to the case of F (x), the nth derivative of
Ue with respect to Te will be given by:

dnUe

dT n
e

= 4π
(2me

h2

) 3
2

k
5
2
BT

5
2 −n

0

(
−3

√
π

4

)
dnM(x)

dxn
(4.31)

We perform a Taylor expansion around Te = 0. As the first and third derivatives vanish at
x = 0 (table 4.2) we obtain:

Ue = 4π
(2me

h2

) 3
2

k
5
2
B

(
−3

√
π

4

) [
T

5
2

0 M(0) + 1
2!T

1
2

0 M ′′(0)T 2
e + 1

4!T
− 3

2
0 M iv(0)T 4

e + ...
]

(4.32)

M(0) M ′(0) M ′′(0) M ′′′(0) M iv(0)
−0.4836 0 −2.721 0 33.11

Table 4.2: Numerically computed derivatives of the function M(x) at 0.

And to find Ce, we again apply Ce = ∂Ue

∂Te
:
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Ce = π
(2me

h2

) 3
2

k
5
2
B

(
−3

√
π
)

T
1
2

0 M ′′(0)Te + π
(2me

h2

) 3
2

k
5
2
B

(
−

√
π

2

)
T

− 3
2

0 M iv(0)T 3
e + ... (4.33)

We have found that the linear term coincides with the widely used linear approximation γTe

from (4.29). In order to obtain higher accuracy, we add the next term to the expansion.
Defining β = π

(
2me

h2

) 3
2 k

5
2
B

(
−

√
π

2

)
T

− 3
2

0 M iv(0), and the same γ = π2k2
Bne

2µF
, (values of γ and β

for some metals are given in table 4.3) this expression is rewritten as:

Ce = γTe + βT 3
e (4.34)

In figure 4.3, we have also plotted this cubic approximation for the case of Aluminium,
where we can see that it is valid up to around 50000 K. As the coefficient β in (4.34) is
always negative, this function will have a maximum, which is located at

√
− γ

3β
, and after

this maximum the function will be decreasing, contrary to the complete solution from (4.28),
which is always increasing. This means that if electron temperatures significantly exceeding
this maximum are reached, the cubic approximation is no longer valid and either the complete
analytical solution (4.28) or numerical tables from [165] should be used to model the heat
capacity. For the particular case of aluminium, this maximum is located at Te =45460 K.

Figure 4.3: Electron heat capacity of Aluminium. Black solid line corresponds to the complete
analytical solution derived in this chapter, equation (4.28), dashed line corresponds
to the widely used linear approximation, equation (4.29), squares correspond to our
third order Taylor expansion derived from the exact solution, equation (4.34), and
dotted line corresponds to the results published by Lin et. al. [165], obtained from
DFT calculations.
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Metal Li Na K Cu Ag Au Al Fe
ne [·1028 m−3] 4.70 2.65 1.40 8.45 5.85 5.90 18.10 17.00

µF [eV] 4.75 3.24 2.12 7.03 5.50 5.53 11.70 11.20
T0[·103 K] 45.58 31.11 20.33 67.40 52.75 53.05 112.00 107.41

γ [Jm−3K−2] 58.10 48.00 38.80 70.65 62.50 62.68 91.07 89.19
β [·10−8 Jm−3K−4] -5.67 -10.06 -19.04 -3.15 -4.56 -4.52 -1.47 -1.57

Table 4.3: Atom density for some metals, as well as Fermi Energy and temperature T0, as defined
in the text, equation (4.19). Note that only s-band electrons have been taken into
account. Numeric values of γ and β from equation (4.34) have also been included.

4.2 d-band metals. Semi-analytical solution for copper
In figure 4.4, we have compared our results for Ce from (4.28) with published data from
Lin et. al. [165] for two typical d-band metals: Ag ([Kr] 4d10 5s1) and Cu ([Ar] 3d10 4s1).
We can see that our solution agrees reasonably well with the data below ∼ 5000K. Above
this temperature, there is an strong disagreement. This is because at high temperatures
electrons from d-band can be excited to higher energies in the conduction s-band. For Au
([Xe] 4f 14 5d10 6s1) and W ([Xe] 4f 14 5d4 6s2), the disagreement starts at lower temperatures,
around 3000K for the case of gold and around 1000K for the case of tungsten. This might be
due to the fact that, in both metals, an f-band is also present.

Figure 4.4: Comparison between our s-band analytical solution for the electron heat capacity (4.28)
and published data from Lin et. al. [165] for various d-band metals.

We will take into account the d-band contribution to find a more precise solution for the
particular case of copper. In order to do that, we will use the so-called two parabolic
approximation [167, 168]. It adds a term to the density of states (4.5) in order to consider
the d-band contribution: gtot(E) = gs(E) + gd(E), where the s-band term, gs(E) will be
the same as described in (4.5). The d-band term will be another parabolic function (square
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root function from the point of view of DOS as dependent variable), however, it only exists
between the lower and upper limit of the d-band:

gd(E) = 10 · 3
2

ne

EF,d

(
E − E1

EF,d

) 1
2

H(E − E2) (4.35)

Where EF,d is the Fermi energy for the d-band, E1 and E2 are the lower and upper limit
of the d-band, respectively, and H here denotes the Heaviside step function. The factor 10
appears because copper has 10 electrons in the d-band. In figure 1 of ref. [168], the two
parabolic approximation is compared to the DOS obtained from DFT calculations, the former
seems to be a reasonable approach. We will take the parameters of copper from ref. [169],
with E1 = 3.93 eV, E2 = 7.87 eV and EF,d = 3.94 eV. We again apply electron number
conservation:

11ne =
∫ ∞

0
gs(E)f(E, µ, Te)dE +

∫ ∞

0
gd(E)f(E, µ, Te)dE (4.36)

The 11 in the left hand side comes from the fact that copper has 10 electrons in the d-band
and one in the s-band. The first integral was the same calculated previously; therefore, we
already know its result:

−2π
(2me

h2

) 3
2

(kBTe)
3
2
√

πLi 3
2

(
−e

µ
kBTe

)
= −3

√
π

4 ne
(kBTe)

3
2

µ
3
2
F

Li 3
2

(
−e

µ
kBTe

)
(4.37)

We now proceed with the second term:

∫ ∞

0

3
2

ne

EF,d

(
E − 3.93[eV ]

EF,d

) 1
2

H(E − 7.87[eV ]) 1(
1 + e

E−µ
kBTe

)dE (4.38)

We now make the variable change L = E − 3.93 [eV ], and from there, we define y = L
kBTe

, so
our integral becomes:

3
2

ne

E
3
2
F,d

(kBTe)
3
2

∫ 3.94[eV ]
kBTe

0
y

1
2

1
1 + K0ey

dy (4.39)

Where K0 = e
3.93[eV ]−µ

kBTe . We can write this integral in the following form:

3
2

ne

E
3
2
F,d

(kBTe)
3
2

∫ ξ

0
x

1
2

1
1 + K0ex

dx = 3
2

ne

E
3
2
F,d

(kBTe)
3
2

(∫ ∞

0
x

1
2

1
1 + K0ex

dx −
∫ ∞

ξ
x

1
2

1
1 + K0ex

dx
)

(4.40)
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We have called ξ = 3.94[eV ]
kBTe

. The first integral can be solved again using the Fermi-Dirac
complete integral (4.11), giving as result −Γ(3

2)Li 3
2

(
− 1

K0

)
. For the second term between

brackets, we can use Fermi-Dirac incomplete integral formula, given by [170]:

∫ ∞

b

xs

Bex + 1dx = −Γ(1 + s)Li1+s

(
b, − 1

B

)
(4.41)

Li1+s

(
b, − 1

B

)
is defined as the incomplete polylogarithm, whose analytical expression is given

by:

Lis(b, z) =
∞∑

k=1

zk

ks

Γ(s, kb)
Γ(s) (4.42)

For |z| < 1. Γ(s, kb) is the upper incomplete gamma function (it simply changes the lower
limit of integration from 0 to the second entry in the definition of the gamma function).
Note that the usual polylogarithm is a particular case of the incomplete polylogarithm, ie,
Lis(z) = Lis(0, z). Taking all this into account, our result from the integral (4.38) will be:

3
√

π

4 ne
(kBTe)

3
2

E
3
2
F,d

(
Li 3

2

(
ξ, − 1

K0

)
− Li 3

2

(
− 1

K0

))
(4.43)

And, substituting this result in (4.36), we have the equation which solution is the chemical
potential as a function of temperature:

11 = 3
4

√
π

(
kBTe

EF,d

) 3
2
10 · Li 3

2

(
ξ, −e

µ−3.93[eV ]
kBTe

)
− 10 · Li 3

2

(
−e

µ−3.93[eV ]
kBTe

)
−
(

EF,d

µF

) 3
2

Li 3
2

(
−e

µ
kBTe

)
(4.44)

Solving equation (4.44) will give us the chemical potential µ for the s+d-band case. However,
we could not solve this equation analytically. This is mainly due to the fact that µ and Te

now cannot be compacted in a single variable when they appear inside the polylogarithms.

We have solved this equation numerically (figure 4.5). It can be seen that now the solution
agrees reasonably well with published data from Lin et. al. for the chemical potential of
copper, again the small discrepancies are because in ref. [165], they used numeric tables for
the DOS resulting from DFT calculations, instead of using the two-parabolic approximation.
On the other hand, the s-band solution is valid only below ∼ 5000 K.

In order to find Ce for this new case, we can find an analytical expression for the total internal
energy Ue =

∫∞
0 f(E, µ, Te)(gs(E) + gd(E))EdE as a function of µ:
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Figure 4.5: Chemical potential of copper. Comparison between our analytical solution for the
s band (4.14), numerical solution to equation (4.44) (which takes into account the
d-band electrons), and data published by Lin et. al. [165].
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+

+45
2 (kBTe)
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+
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2

(
E1

kBTe

, −e
µ−E1
kBTe

)
− Li 3

2

(
−e

µ−E1
kBTe

))]
(4.45)

We now substitute our numerical solution for µ and then we apply Ce = ∂Ue

∂Te
. In figure 4.6,

we have compared our solution with the numerical tables for the Cu electron heat capacity
from Lin et. al. [165]. There is reasonable agreement, which confirms that the two parabolic
approximation method for the DOS is reasonably accurate. On the other hand, the s-band
analytical solution (4.28) is only valid for temperatures below 5000 K in the case of Cu, for
that low temperature regime the linear approximation Ce = γTe is equally valid.

4.3 Conclusions
Using the free electron gas model (FEG) for the density of states (DOS) of s-band metals, we
have arrived to a new analytical solution for both the chemical potential and the electron heat
capacity. Regarding the chemical potential, two new approximations have been found from
the exact solution which are more precise at high electron temperatures of tens of thousands
of Kelvin than the widely used quadratic approximation based on a Sommerfeld expansion.

Regarding the electron heat capacity, the new analytical solution for s-band metals offers
a significant improvement over the linear approximation Ce = γTe for USP laser ablation
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Figure 4.6: Electron heat capacity of copper. Comparison between our solution including d-band
electrons, numerical tables from Lin et. al. [165] based on DFT calculations for the
DOS, our analytical solution (4.28) which only takes into account the s-band electrons
and the linear approximation for low temperatures Ce = γTe.

scenarios, since electron temperatures of tens of thousands of Kelvin (and even higher, as it
will be seen in the next chapter of this thesis) are commonly reached. By performing a Taylor
expansion on the exact solution, the linear approximation could be improvement by adding a
cubic term, Ce = γTe + βT 3

e , this improved approximation is valid up to ∼50 thousand Kelvin
for the case of aluminium. For simulations with fluences near the ablation threshold, it may
be the case that temperatures over 50 kK are not reached, however, for higher fluences, the
exact solution or numerical tables based on DFT calculations need to be used.

For the case of copper as an example of a d-band metal, the DOS has been approximated
using the two-parabolic approximation. This has resulted in a semi-analytical solution for the
electronic heat capacity, which is in agreement with published data from DFT calculations.
It should also be noted that obtaining the DOS from DFT calculations requires considerable
computational resources and time. On the other hand, for the two metals studied in this
chapter (Al and Cu), our approach based on the FEG or the two parabolic approximation
has proven to be sufficiently precise to be used in USP laser ablation simulations.

It should also be mentioned that neither of the approaches have considered the variation of
the DOS with temperature, however, for the case of aluminium, this variation has been found
to be insignificant [171]. On the other hand, in some d-band metals there can be a slight
variation of the DOS with temperature, which for very high electron temperatures of tens of
kK can translate into a small discrepancy in the predicted electron heat capacity with the
results found in this work or by Lin et. al. [165]. This discrepancy is usually in the range of
∼ 15% for very high electron temperatures [172, 173].
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Chapter 5

Numerical simulation of femtosecond
laser ablation of Aluminium.

Most of the information contained in this chapter has been published in the following article:

[174] S. Vela, M. Morales, D. Munoz-Martin, and C. Molpeceres. “Numerical simulation of
femtosecond laser ablation of Aluminium”. In: Results in Physics 75 (Aug. 2025), p. 108313.
doi: 10.1016/j.rinp.2025.108313.

5.1 Introduction
In Chapter 3 we have presented a new MATLAB code which simulates nanosecond pulsed
laser ablation by solving the classical Fourier heat conduction equation. Analogously, in this
chapter, we will present another MATLAB code which simulates USP laser ablation on metals,
and we will present the results obtained for the case of aluminium. fs ans sub-ps pulses offer
advantages over their longer counterparts, for example, the energy from the pulse is absorbed
quickly by the material and ablation takes place within picoseconds, avoiding undesired
thermal phenomena [175]. Moreover, ultra-short pulses (USP) offer better ablation efficiencies
(that is, ablated volume relative to pulse energy) than longer pulses [176]. Some relevant
applications of USP laser ablation include thin film fabrication [177], surface modification
[178] or micromachining [179].

As mentioned in Chapter 1, in USP ablation, the pulse duration is significantly shorter than
the time required for electron-lattice thermal equilibration. Therefore, we need to separate the
electron temperature from the lattice temperature. The laser material interaction is divided
in three steps: firstly, the electron subsystem will absorb the energy from the beam during
the pulse, as a consequence the electron temperature will reach very high values, typically of
tens of kK. During this stage, the lattice will remain cold. Then, energy will be transferred
to the lattice subsystem via electron-phonon collisions until both subsystems reach thermal
equilibrium (usually after tens of ps in metals). Finally, ion-ion collisions produce heat
diffusion and subsequent cooling. To model this process, we will use the Two-Temperature
Model (TTM), whose governing equations are given by [31, 32]:
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Ce
∂Te

∂t
= ∇⃗ · (ke∇⃗Te) − g(Te − Tl) + Q(r, z, t)

Cl
∂Tl

∂t
= g(Te − Tl)

(5.1)

Where Te and Tl are the electron and lattice temperatures, Ce and Cl are the electron and
lattice heat capacities, respectively, ke is the electron thermal conductivity, g is the electron-
phonon coupling factor. The lattice thermal conductivity kl is too small compared to the
electron thermal conductivity and is usually ignored, for the particular case of aluminium
(the metal studied in this chapter), we have ke = 246 W/(m · k) and kl = 6 W/(m · k) [180].
Q(r, z, t) is the laser source term, which is given by:

Q(r, z, t) = I0Aα · e
−2( r

w0
)2−αz · 2−4( t−tc

τ )2

(5.2)

Where I0 is the peak irradiance of the laser (the formulae relating the peak irraciance I0 to
peak fluence F0 and to the pulse energy Ep were given in chapter 1), A denotes the absorptivity,
α is the absorption coefficient, ω0 is the beam radius (defined at 1/e2) and τ is the pulse
duration (the pulse is centred at t = tc). This definition of τ coincides with the full-width at
half maximum (FWHM). The optical parameters A and α are temperature-dependent, and
so are the thermal parameters Ce, Cl, ke and g. In the following sections we will explain the
models used for them.

5.2 Thermal parameters of aluminium

5.2.1 Electron heat capacity Ce

For electron temperatures below 50 kK, the electron heat capacity has been modelled by this
cubic approximation derived from the analytical solution presented in the previous chapter:

Ce(Te) = γTe + βT 3
e (5.3)

For Al, γ = 91.05 J/ (m3K2) and β = −1.47 · 10−8 J/ (m3K4). If higher electron temperatures
are reached, we would need to use the complete solution from the previous chapter (equation
(4.28)), also published in ref. [154] (in our simulations, sometimes that was the case for the
highest fluences). We have represented both functions in figure 5.1 (a).

5.2.2 Electron thermal conductivity ke

For the electron thermal conductivity, we need to consider both the electron-electron and
electron-ion contribution, the total electron thermal conductivity is then calculated via the
Matthiessen rule:

76



Chapter 5. Numerical simulation of femtosecond laser ablation of Aluminium.

1
ke

= 1
kee

+ 1
kei

(5.4)

For the electron-electron contribution we have used the fitting given in the supplementary
material of [181]:

kee = 1 − 0.91906t
1
2 + 0.79564t + 0.13456t2

4 · 10−4t
(5.5)

Where t = 6kBTe/µF , with kB being the Boltzmann constant and µF is the Fermi Energy
(for Aluminium, 11.7 eV). The electron-ion contribution is calculated using the following
expression [182]:

kei = 1
3Ce(Te)vs(Te)λei(Tl) (5.6)

We have used the same electron heat capacity Ce(Te) described in the previous subsection. vs

is the mean velocity of s (or p) electrons, given by:

vs(Te) =
√

v2
F + 3kBTe

ms

(5.7)

Where vF is the Fermi velocity. For Al, ms is 1.05 times the standard electron mass. Finally,
λei(Tl) is the mean free path between successive electron-ion collisions, which is in general
inversely proportional to the lattice temperature. We have taken the value of kei at room
temperature (Trt = 298K) of krt = 237 W/(m · K) [183], which, together with equation (5.6),
allows us to compute the this contribution for any electron temperature:

kei = krt
Ce(Te)vs(Te)Trt

Ce(Trt)vs(Trt)Tl

(5.8)

In figure 5.1 (b) we have represented the total electron thermal conductivity ke for three
different lattice temperatures. As expected, ke will be lower for higher lattice temperatures.

5.2.3 Electron-lattice coupling factor g
For this parameter, various models exist. We have also chosen the fitting presented in [181]:

g(Te) = a0 + a1
t3.0
r

1 + t0.5
r + 0.9t1.9

r + 0.0224t3.7
r

(5.9)

Where the reduced temperature tr is given by tr = (Te/Tsc); and the scaling temperature is
Tsc = 11605 K (converts K to eV). a0 = 3.5 · 1017 W

m3K and a1 = 1.0 · 1016 W
m3K . This parameter

has been represented in figure 5.1 (c).
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5.2.4 Lattice heat capacity Cl

From the Debye theory, this parameter is given by [156] :

Cl(Tl) = 9nakB

(
Tl

TD

)3 ∫ TD
Tl

0

x4ex

(ex − 1)2 dx (5.10)

Where na is the atom density and TD the Debye temperature (for Aluminium, na = 1.81 ·
1029m−3 and TD = 428K). For lattice temperatures significantly higher than TD, the lattice
heat capacity takes a constant value of 3nakB. Below this limit, we can either integrate
numerically in (5.10) for each Tl, or we can also use the following Fourier series (the derivation
can be found in ref. [174]):

Cl(Tl) =


9nakB

(
a0
2 +∑8

n=1 ancos
(

nπTl

2TD

))
for Tl < 2TD

3nakB for Tl ≥ 2TD

(5.11)

With the corresponding Fourier coefficients shown in table 5.1. In figure 5.1 (d) it can be
observed that the constant value approximately works for temperatures above twice the Debye
temperature. Both (numerical integration and Fourier series) approaches have been used for
this parameter in simulations.

a0 0.5499 a3 -0.0447 a6 -0.0138
a1 -0.0905 a4 -0.0307 a7 -0.0089
a2 -0.0632 a5 -0.0210 a8 -0.0054

Table 5.1: Fourier coefficients to be used in equation (5.11).

5.3 Optical parameters of aluminium
We will also use the Drude+Critical points (CPs) model (which was already used in Chapter
3 of this thesis). This model adds extra terms to the Drude model for the complex electric
relative permittivity of the material [72]:

ϵ = ϵ∞ − ω2
D

ω2 + iγω
+

N∑
p=1

ApΩp

(
eiϕp

Ωp − ω − iΓp

+ e−iϕp

Ωp + ω + iΓp

)
(5.12)

The high-frequency limit dielectric constant ϵ∞ can be taken as one for aluminium [184]. ω
is the angular frequency of the laser radiation, i.e. ω = 2πc

λ
with λ being the wavelength

of the laser beam, and ωD is the plasma frequency (for Al, 2.06 · 1016 rad/s). The critical
points parameters have been taken from table 2 of ref. [185], with N = 2, and are reproduced
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Figure 5.1: Two-Temperature-Model parameters for Al. (a) Electron heat capacity Ce(Te) both
cubic approximation (5.3) and complete solution from [154] are represented. (b)
Electron thermal conductivity for three different lattice temperatures, eqns. (5.4)-(5.8).
(c) Electron-phonon coupling factor, model described in [181]. (d) Lattice heat capacity,
both solutions obtained from numerically integrating in eqn. (5.10) and Fourier series
(5.11) have been represented.

in table 5.2 of this chapter. γ is the electron collision frequency, which is by definition the
inverse of the electron relaxation time, γ = τ−1

e , for this parameter we have taken the model
presented in the supplementary material of [181], with constant density for our case (x = 1).
The collision frequency is given by the sum of two contributions, due to electron-electron (ee)
and electron-ion (ei) interactions:

γ =γee + γei

γee =ηeea0t
2(1 + a1t

p1)
1 + a2tp2

γei =γrts + ηsγrts
Tl

Trt

(5.13)

With t defined as in equation (5.5), t = 6kBTe/µF , and the room temperature has been set at
Trt = 293 K. The rest of the parameters taken from [181] are shown in table 5.3.

As it was explained in chapter 1 of this thesis, the complex refractive index is the square root
of the complex electric permittivity:

n̂ =
√

ϵ = n + ik (5.14)
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Ap ϕp Ωp [rad/s] Γp [rad/s]
p = 1 5.2306 −0.51202 2.2694 · 1015 3.2867 · 1014

p = 2 5.2704 0.42503 2.4668 · 1015 1.7731 · 1015

Table 5.2: Critical points parameters for Al, data taken from [185]

γrts [1/s] ηs ηee a0 [1/s] a1 p1 a2 p2
1.167 · 1014 0.5175 0.75 4.9188 · 1014 1.2 0.75 0.8 2.25

Table 5.3: Parameters for equation (5.13) data taken from [181]

n is the usual real refractive index and k is the extinction coefficient. The reflectivity is then
given by the Fresnel law:

R =
∣∣∣∣∣ n̂ − 1
n̂ + 1

∣∣∣∣∣
2

(5.15)

And the absorption coefficient will be:

α = 2kω

c
(5.16)

In figure 5.2 we have plotted both R and α as a function of electron temperature for both
room temperature and a temperature of 933 K. The lasers modelled on this work will have
their wavelengths in the infrared range, the λ = 1056 nm curves shows that there can be
a considerable variation of the reflectivity when increasing electron temperature to tens of
thousands of Kelvin.

5.4 Numerical algorithms
In Chapter 3 we have presented a MATLAB code which solves the classical Fourier heat
conduction equation using finite difference methods and models ablation for a laser pulse.
Using that code as a base, we have modified it in order to solve the TTM equations. The
Laplacian which appears in (5.1) will be given by ∇2Te = ∂2Te

∂r2 + 1
r

∂Te

∂r
+ ∂2Te

∂z2 in cylindrical
coordinates (the laser beam in the Gaussian mode has symmetry in the azimuthal angle ϕ).
Similarly to what was done in Chapter 3, we have created a (1, 2) tensor for both the electron
and lattice temperatures:

T(e,l) = T n
(e,l) k,i (5.17)

i is the corresponding index for the r coordinate, k is for z coordinate and n stands for
time. The time derivative is approximated by a two-point forward difference (accurate to
O(∆t), see chapter 2 of this thesis), the first derivative with respect to r in the Laplacian
is approximated by two point central difference (accurate to O((∆r)2)) and the second
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Figure 5.2: Reflectivity R and absorption coefficient α at room temperature (left) and at the
melting point of Al, which is 933 K.

derivatives are approximated by five-point central difference (accurate to O((∆r, ∆z)4)),
which results in the following expressions:

∂2Te

∂r2 ≈
−T n

e,k,i−2 + 16T n
e,k,i−1 − 30T n

e,k,i + 16T n
e,k,i+1 − T n

e,k,i+2

12 (∆r)2

∂2Te

∂z2 ≈
−T n

e,k−2,i + 16T n
e,k−1,i − 30T n

e,k,i + 16T n
e,k+1,i − T n

e,k+2,i

12 (∆z)2

∂Te

∂r
≈

T n
e,k,i+1 − T n

e,k,i−1

2∆r

∂T(e,l)

∂t
≈

T n+1
(e,l),k,i − T n

(e,l),k,i

∆t

(5.18)

Substituting these approximations for the derivatives in the TTM equations (5.1) and rear-
ranging, we arrive to the recursive equation which has been implemented in our code:
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T n+1
e, k,i = − Γ∆t

12(∆r)2 T n
e,k,i−2 +

(
4Γ∆t

3(∆r)2 − Γ∆t

2ri∆r

)
T n

e,k,i−1 +
(

1 − 5Γ∆t

2(∆r)2 − 5Γ∆t

2(∆z)2

)
T n

e,k,i

+
(

4Γ∆t

3(∆r)2 + Γ∆t

2ri∆r

)
T n

e,k,i+1 − Γ∆t

12(∆r)2 T n
e,k,i+2 − Γ∆t

12(∆z)2 T n
e,k−2,i + 4Γ∆t

3(∆z)2 T n
e,k−1,i

+ 4Γ∆t

3(∆z)2 T n
e,k+1,i − Γ∆t

12(∆z)2 T n
e,k+2,i −

gΓ∆t(T n
e,k,i − T n

l,k,i)
ke

+ ΓQ(ri, zi, ti)∆t

ke

T n+1
l, k,i = T n

l, k,i +
g∆t(T n

e,k,i − T n
l,k,i)

Cl

(5.19)

Where Γ = ke

Ce
and the heat source term Q(ri, zi, ti) was given in equation (5.2). Note that

in this case, the laser is irradiating at z = 0, corresponding to the bottom of the piece. All
thermal (and optical) parameters are updated for each element with the electron and lattice
temperatures registered in the previous time step. As we mentioned in Chapter 3, we have
modified the code to avoid a zero (or too small) entry in the r-array ri, because we have
∝ 1/ri terms.

5.4.1 Boundary conditions
In this case, the laser heat source is modelled by a separate term in the TTM equations instead
of by the boundary heat flux approximation used in Chapter 3 for the ns case. Therefore, the
boundary conditions in all edges of the piece are given by:

(∇⃗Te) · n⃗ = (∇⃗Tl) · n⃗ = 0 (5.20)

Our piece is modelled as a cylinder of radius R and height L, therefore, this translates to:

∂T

∂r

∣∣∣∣∣
r=−R

= ∂T

∂r

∣∣∣∣∣
r=R

= 0

∂T

∂z

∣∣∣∣∣
z=0

= ∂T

∂z

∣∣∣∣∣
z=L

= 0
(5.21)

Those conditions will determine the first, second, penultimate and last entries in both the r
and z arrays, while the iterative equation (5.19) will determine the rest of the entries (see
Chapter 3 of this thesis for a more detailed explanation).

Note that in principle, at the bottom edge of the piece we would need to consider thermal
radiation via the Stefan-Boltzmann law. That would imply changing the boundary condition
by:

∂T

∂z

∣∣∣∣∣
z=0

= σϵ
(
Tl(r)4 − T 4

room

)
(5.22)
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The emissivity is ϵ = 0.04 for polished aluminium [186]. However, we have found that the
effect of considering this is negligible, a fact which was also stated in a previous numerical
study on USP ablation of aluminium [187].

5.4.2 Ablation modelling

We will use the same normal mesh velocity described in Chapter 3, if the lattice temperature
exceeds an ablation temperature Ta material will be removed:

vn(r) = h0 ·
(

Tl(r) − Ta

ρLv

)
(5.23)

where ρ is the density and Lv the latent heat of vaporisation. The numerical parameter h0
has been set in our case at h0 = 5 · 1013 m4J/(s · K).

However, the ablation temperature Ta will not be the vaporization temperature of Aluminium.
This is because phase explosion will dominate at this time scales and fluences [188, 189, 50].
As mentioned in Chapter 1 of this thesis, for metals going through ultrashort laser pulses, the
material can be heated well over the boiling point. This is due to the fact that the time is
too short for heterogeneous bubble nucleation (what produces normal boiling) to occur [190].
Nevertheless, when the temperature of the metal reaches ∼ 0.9TC , where TC is the critical
thermodynamic temperature, homogeneous bubble nucleation will take place, which provoke
a sudden expulsion of both vapour and equilibrium liquid droplets (phase explosion). The
critical thermodynamic temperature of Al is TC = 6700 K [191], therefore, in our simulations,
we have set the ablation temperature at Ta = 6030 K.

The same calculations explained in Chapter 3 will be used in this case to find the shape of the
piece after ablation: at a time step tn, if the lattice temperature at a coordinate ri exceeds the
ablation temperature, equation (5.23) will determine an ablation velocity, vn(tn, ri). Therefore,
the new height of the piece at this r coordinate is calculated by subtracting vn(tn, ri) · ∆t
to the previous height of the piece. Then, ∆z is updated by dividing the new height of the
piece by the number of z-elements, which is always kept constant during the simulation. The
consequence is that the finite difference ∆z changes, and it is a function of both time and
radial coordinate. After ablation, the temperature fields Te and Tl are calculated by linear
interpolation from the previous temperature fields.

5.5 Results and comparison with experimental data

At first, we have compared our predictions for the spot diameters from simulations with
results previously published by other groups. Then, we have performed our own ablation
experiments on a polished aluminium sample.
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5.5.1 Comparison with other literature data
280 fs laser

Firstly, we ran simulations using a τ = 280 fs laser described in ref. [192] (ω0 = 9.75 µm and
λ = 1032 nm). As explained in the previous section, the ablation temperature in (5.23) was
set to 0.9TC where TC is the critical temperature of Aluminium. Nevertheless, to make a
verification, we have run a few simulations setting the ablation temperature as the vaporisation
temperature of aluminium, which is 2743 K. Results are shown in figure 5.3 (a), we have
checked that in this case the simulations overestimate the experimental diameters in around
2 − 4 µm.

We have then changed the ablation temperature to 0.9TC . In figure 5.3 (b) it can be seen
that now there is a significantly stronger agreement between experiments and simulations,
with the discrepancy between both diameters remaining below 4% for all fluences. Therefore,
as expected, setting the ablation temperature at 0.9Tc gives better results than fixing it at
the boiling temperature of Al.

As we have already explained in Chapters 2 and 3, Liu method [193] predicts the following
dependence on the diameters of spots with the peak fluence

D2 = 2ω2
0ln(F0) − 2ω2

0ln(F0,th) (5.24)

By fitting experimental data, we have found a threshold fluence of F0,th = 0.509 J/cm2, which
corresponds to a threshold pulse energy of Ep,th = 0.761 µJ. This is in agreement with the
thresholds obtained by adjusting the results from our simulations, which gave a value of
Ep,th = 0.748 µJ.

For this case, we have also represented (figure 5.4) the evolution of the electron and lattice
temperatures registered for each time step at r = 0, z = 0; which is where the maximum
temperatures are registered as the laser is irradiating from the bottom of the piece. There is
a discontinuity in the derivatives ∂Te

∂t
when ablation starts, this is due to the fact that the

ablation criterion starts deforming the geometry of the piece, therefore adding another effect
to consider in the temperature evolution. This same mesh deformation forces the lattice
temperature to not significantly exceed the ablation temperature. Before ablation starts, our
temperatures evolution is in good agreement with results shown in figure 2 of ref. [192]. Once
material is being removed, the temperature evolutions differ because in [192] they did not
model the ablation process itself.

525 fs laser

We have also compared our predictions with experimental diameters of spots from ref. [194],
the laser used in that case has a pulse duration of τ = 525 fs and a wavelength of λ = 1056
nm. Experimental diameters were fitted using Liu method, we obtained a beam radius of
ω0 = 13.03 µm, which has an input in simulations. From now on, we will always use an
ablation temperature of 0.9TC .

In figure 5.5, it can be seen that simulations overestimate the beam diameters, near the
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Figure 5.3: Comparison between the spot diameters from simulations and experimental results
from [192]. (a): ablation temperature taken as vaporisation temperature of aluminium;
(b): ablation temperature taken as 0.9 times the critical temperature of TC = 6700K.
For this case, the parameters of the laser were, τ = 280 fs; λ = 1032 nm.

Figure 5.4: Maximum temperature registered in the metal piece against time for different laser
pulse energies, laser modelled from ref. [192] with τ = 280 fs; λ = 1032 nm.

threshold fluence by ∼ 2.5 µm, and for higher fluences the disagreement is below 2 µm. By
observing figure 5.5, it seems that there can be some difference in the threshold fluence
between experiment and simulations. And indeed, we have adjusted the data obtained
from simulations using Liu method and the threshold pulse energy was 1.42 µJ; while the
experimentally obtained one was 1.82 µJ. The disagreement can be explained because we
have set the ablation criteria as the phase explosion condition, and other phenomena such as
spallation can also be present specially at low fluences near the ablation threshold. We will
comment this in more detail on the following subsection.
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Figure 5.5: 525 fs laser; comparison between diameters predicted by simulations and experimental
ones from [194].

5.5.2 Experimental procedure and results
Materials and methods

Single pulse ablation experiments were conducted using a diode-pumped solid state laser
FemtoLux30 (Ekspla), which was described in Chapter 2. The repetition rate can range
between 203 and 3871 kHz, in our case it was set to 699 kHz. The pulse duration was also
variable, we have performed experiments at 320, 1000 and 1700 fs (values at FWHM). The
laser emits at λ = 1030 nm with a beam radius of approximately 11 µm defined at 1/e2. The
system is equipped with a galvanometric scanner for beam control (Raylase Superscan-III).

A 6061-T6 sample with an aluminium content over 96 % was used for the experiments. To
achieve a flat surface, it was sanded and subsequently polished with polycrystalline diamond
suspension, the grain size was 3 µm. Spots were observed using both a 20× Mitutoyo Plan
Apo NIR B Infinity Corrected Objective, and a Leica DCM 3D confocal microscope, an
example of a spot observed with the former device is shown in figure 5.6.

Figure 5.6: Example of a spot on bulk Al. In this case, the pulse duration was τ = 320 fs; the pulse
energy was EP = 18.7 µJ and a 20× Mitutoyo Plan Apo NIR B Infinity Corrected
Objective was used to obtain the picture (scale is also shown).
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Results

The pulse duration of our device is variable between 320 and 1700 fs. Single pulse irradiations
were conducted at three different pulse durations of τ = {320, 1000, 1700} fs. In figure 5.7
experimental diameters are compared with results from simulations. For each pulse duration
and for each fluence, five spots were measured. The points shown in figure 5.7 are the mean
values, while the error bars correspond to the standard deviations. The threshold pulse energy
obtained via Liu fitting of the experimental data was 1.03(4) µJ for the 320 fs case, 0.94(4)
µJ for the 1000 fs case, and 1.07(3) µJ for the 1700 fs case, the beam waist ω0 resulting from
the fittings was around 11 µm, in agreement with the laser specifications.

In general, it can be observed that good concordance exists between experimental diameters
and predictions from simulations for all three pulse durations, with the differences between
them remaining below 2 µm for all cases, the average discrepancy between experiments and
simulations is under 1 µm, except for the τ = 1000 fs case, where it situates slightly above this
value (1.1 µm). We have also calculated the predicted ablation threshold from the simulations
(via Liu fitting of the corresponding data), the values obtained were 1.03, 1.01 and 1.02 µJ for
pulse durations 320, 1000 and 1700 fs, respectively. Compared to the experimental thresholds
reported in the previous paragraph, the difference is at most around ∼ 7%.

The change in ablation thresholds when varying the pulse duration is rather small, which
can be due to the fact that the difference between the shortest and longest pulse duration
that our device can generate is only around fivefold. Other groups researching sub-ps and fs
laser ablation of Al have found greater differences for this value when the variation in pulse
duration was larger, for example in ref. [194] they found a difference over 30% in the ablation
threshold when comparing 525 fs pulses to 20 ps pulses.

It should also be mentioned that for all three pulse durations, the discrepancy between
experiments and simulations is even smaller for high pulse energies. This is particularly visible
in the case of 320 fs, where there are more data points above Ep = 17 µJ, above this value
there is an excellent match between both sets of data. Nevertheless, this effect is also present
for the 1000 and 1700 fs cases. This can be explained because phase explosion is specially
prevalent at high fluences [195], and in our simulations we have set the ablation temperature
considering the phase explosion condition. On the other hand, for low fluences, the presence
of an initial spallation layer [196] can slightly change the dynamics of ablation, in figure 5.7,
for low pulse energies simulations consistently underestimate the spot radii.

5.6 Conclusions
In this chapter, we have presented a novel MATLAB code which models ultrashort laser
ablation of metals by solving the Two-Temperature Model (TTM) equations. We have
implemented it for the case of aluminium, where it has shown reliability to predict the
diameters of spots for three different lasers, with pulse durations situating in the fs or sub-ps
range.

Those results reaffirm the convenience of using the standard TTM for pulse duration in the
range used in this work, where the electron phonon equilibration time is longer than the pulse
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Figure 5.7: Experimental diameters of spots and comparison with predictions from simulations for
three different pulse durations of 320, 1000 and 1700 fs. The error bars on the y axis
correspond to the standard deviation of five measurements.

duration (for aluminium, advanced DFT calculations situated the former at a few ps [197],
in our work it was found at approximately 11 ps, see figure 5.4 of this chapter). As it was
mentioned in the introduction of this thesis, the standard TTM is only valid if the pulse
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duration τ is still significantly longer than the electron relaxation time [198], which was the
case through this chapter as τ situated at hundreds of fs and the Drude model gives a value of
approximately 7 fs for the electron relaxation time of Al. In other scenarios modelling lasers
with significantly shorter pulses, we would need to use improvements and corrections of the
standard TTM, which were summarized in ref. [199].

In some previous works modelling USP ablation of aluminium, the dependence of thermal
and optical parameters with temperature has been omitted, for example by taking their value
at room temperature. However, considering all those dependences allows to better predict
the temperature evolution, which will finally determine the ablation profiles. This is specially
relevant for USP ablation, where electron temperatures reach values of tens of thousands of
kelvin.

The recursive finite-difference method used to solve the TTM equations proved computationally
efficient, even with the inclusion of evolving material geometry during ablation. The ablation
criterion based on a normal mesh velocity has been used previously by other groups modelling
laser ablation [200] and in other scenarios, for example in the spacial mission Artemis I, this
same approach was used to calculate the ablation in the steel plates of the rocket due to
the extreme temperatures reached during the launch [201]. While this approach does not
model the physical processes governing ablation in ultrashort pulses (such as spallation or
phase explosion), it is significantly quicker than molecular dynamics [202] or hydrodynamic
simulations and requires less computational resources. Through this chapter we have checked
that this simple approach can predict with accuracy the diameters of ablation spots, given
that the ablation temperature is set at 0.9 times the critical temperature, which is the phase
explosion condition.
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Chapter 6

Threshold refined ablation model for
the ablation efficiency

We have published most of the information contained in this Chapter in the following article:

[203] David Redka, Sergio Vela, Maximilian Spellauge, Ján Minár, et al. “Improved prediction
of ultrashort pulse laser ablation efficiency”. In: Optics and Laser Technology 189 (Nov.
2025), p. 113103. doi: 10.1016/j.optlastec.2025.113103.

6.1 Previous models for the ablation efficiency
The ablation efficiency is defined as the volume ablated relative to the energy employed. Two
main models for predicting this quantity exist: the Furmanski-Neuenschwander model (which
we will abbreviate as FNM) and the two-threshold model. In this chapter, we improve the
FNM by indroducing a constant minimum ablation depth at the ablation threshold.

6.1.1 Furmanski-Neuenschwander model (FNM)
The FNM was presented in two separate papers by Furmanski et. al. [123] and Neuenschwander
et. al. [204] and was generalised to scanning experiments. Here, we will derive the single
pulse (SP) version as we will focus in SP scenarios in this chapter.

To date, several methods employed to elucidate the underlying physical process in USP laser
ablation predict the following dependence of the ablation depth as a function of fluence, a
behaviour which has also been observed experimentally [120, 205, 206]:

d = deffln

(
ϕ

ϕthr

)
(6.1)

Where deff is the effective penetration depth, ϕ is the fluence and ϕthr is the threshold fluence
for the material (in this chapter, we have changed the notation for the fluence to ϕ because F
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can be used later to designate other variables). For a Gaussian beam, the fluence distribution
is the following:

ϕ = ϕ0e
−2 r2

ω2
0 (6.2)

Where ϕ0 is the peak fluence and ω0 is the beam radius defined at 1/e2. Substituting (6.2) in
(6.1), a parabolic prediction of the crater shape is obtained:

d(r) = deff

(
ln

(
ϕ0

ϕthr

)
− 2 r2

ω2
0

)
(6.3)

This holds for r < ra, where ra is the radius of the spot (elsewhere, the predicted depth is
zero). The predicted volume of the crater is found by radial integration:

V =
∫ ra

0
d(r)2πrdr =

∫ ra

0
deff

(
ln

(
ϕ0

ϕthr

)
− 2 r2

ω2
0

)
2πrdr = πdeff

(
− r4

a

ω2
0

+ r2
aln

(
ϕ0

ϕthr

))
(6.4)

As we have explained in previous chapters of this thesis, Liu´s method [119] (also known as
D2-method) predicts the following dependence of the ablation diameter with peak fluence:

D2 = 4r2
a = 2ω2

0ln

(
ϕ0

ϕthr

)
(6.5)

At this point, it is important to note that Furmanski and Neuenschwander assumed an
equivalence between the threshold fluence which appears int the equation for diameters (6.5)
and the one which appears in the equation for the depths (6.1). Substituting this expression
for the spot radius in the result for the crater volume (6.4), we get:

V = 1
4πdeffω2

0

(
ln

(
ϕ0

ϕthr

))2

(6.6)

The ablation efficiency η is defined as the crater volume relative to pulse energy, and for
a Gaussian beam we have EP = (1/2)πω2

0ϕ0 (see, for example, Chapter 1 of this thesis),
therefore we arrive to the following prediction:

η = V

EP

= 1
2

deff

ϕ0

(
ln

(
ϕ0

ϕthr

))2

(6.7)

This function will be zero at ϕ0 = ϕthr and the limit for ϕ0 → ∞ will also be zero. Therefore,
we know that at least it has a maximum. To find the fluence position at which this maximum
ablation efficiency is reached, we differentiate the expression, which gives us the following
maxima fluence position:
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dη

dϕ0
= 0 ⇒ ϕmax,F = e2ϕthr (6.8)

The subscript F stands for the Furmanski-Neuenschwander model. To find the value of the
maximum ablation efficiency, we substitute in (6.7):

ηmax,F = deff

ϕthr
2e−2 (6.9)

The prediction that the optimal fluence is reached at e2 has been verified experimentally for
multi-pulse scanning experiments of bulk materials [207]. However, for single pulse ablation in
the ps (or shorter) range, this observation often does not hold, which justifies the development
of the new model for the ablation efficiency derived in the next section.

6.1.2 Two-threshold model
The two-threshold model was presented by Jaeggi et. al. [208]. It is based in the separation
of the logarithmic fluence dependence on the ablation depth (6.1) in two regimes with two
separate effective penetration depths (deff,1 and deff,2) and two separate threshold fluences
ϕthr,1 and ϕthr,2, with a transition fluence ϕs.

d =
deff,1 · ln

(
ϕ

ϕthr,1

)
if ϕ ≤ ϕs

deff,2 · ln
(

ϕ
ϕthr,2

)
if ϕ > ϕs

(6.10)

This behaviour has been observed experimentally in various cases. In figure 6.1, we show the
extracted experimental depth data of ref. [208] for the case of copper, with a pulse duration
of 10 ps and a wavelength of 532 nm. In this case a clear transition to a higher penetration
depth can be seen between 0.2 and 0.3 J/cm2. We have performed the fitting of equations
(6.10) to the extracted data, as expected, we obtained similar results to the ones presented in
table 3 of their paper. Fitting for low fluence regime is shown as a continuous line in figure
6.1, while the high fluence regime is shown as a dashed line.

If the peak fluence ϕ0 of the pulse is below the transition fluence ϕs, we will be in the same
scenario as the FNM, the ablation efficiency will therefore be:

η = 1
2

deff,1

ϕ0

(
ln

(
ϕ0

ϕthr,1

))2

(6.11)

However, for ϕ0 > ϕs, the ablation crater will present two different parabolic shapes, which
need to be integrated to find the crater volume. The result for the ablation efficiency is shown
in ref. [208]
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Figure 6.1: Extracted experimental depths for Copper from Jaeggi et. al. paper [208]. Two
threshold model equation for depths (6.10) fitiing to experimental data is also shown,
we have obtained similar parameters to the ones presented in table 3 of their paper
(deff,1 = 6.7 nm, deff,2 = 32.8 nm, ϕthr,1 = 0.11 J/cm2, ϕthr,2 = 0.21 J/cm2 and
ϕs = 0.25 J/cm2).

η = 1
ϕ0

[
ln

(
ϕ0

ϕs

)(
deff,2 · ln

(
ϕ0

ϕthr,2

)
− deff,1 · ln

(
ϕ0

ϕthr,1

))

+1
2

(
ln

(
ϕ0

ϕs

))2

(deff,1 − deff,2) + 1
2deff,1

(
ln

(
ϕ0

ϕthr,1

))2
 (6.12)

This model can present relevant improvements over the FNM in some cases where the depth
transition is present and the laser is operating above ϕs. In ref. [208], FNM and two threshold
model predictions are compared to experimental ablation efficiencies for copper, it can be seen
that the two-threshold model works better at high fluences. Nevertheless, as it will be seen
later through this chapter, for the majority of materials and pulse durations that we have
researched, either this transition is not present at all or it takes place at fluences significantly
higher than the ablation efficiency optimum (for applications, the lasers will be often expected
to operate near the maximum ablation efficiency).

6.2 Derivation of the TRM
In this section, we will explain the derivation of the threshold-refined ablation model (TRM).
As explained in the previous section, the FNM assumed an equivalence between the fluence
threshold from the depth equation (6.1) and the one from the diameter threshold equation
(6.5) (from now on, dabl and D2 ablation thresholds, respectively.) However, experimental
findings have shown that this assumption does not hold; dabl thresholds are generally lower
than D2 ones [125, 124]. In a previous study, Redka et. al. [209] already showed that this
discrepancy can be corrected by introducing a minimum ablation depth on the ablation depth
equation. If we call the dabl threshold ϕthr,d and the D2 threshold ϕthr,D, the ablation depth
equation will be:
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d = deffln

(
ϕ

ϕthr,d

)
= deffln

(
ϕ

ϕthr,d

ϕthr,D

ϕthr,D

)
= deffln

(
ϕ

ϕthr,D

)
+ deffln

(
ϕthr,D

ϕthr,d

)
︸ ︷︷ ︸

d0

(6.13)

Therefore, the addition of the minimum ablation depth d0 allows us to consider a unique
ablation threshold, which from now on, will be the diameter threshold ϕthr,D = ϕthr. Our
depth equation is now:

d = d0 + deffln

(
ϕ

ϕthr

)
(6.14)

This modified depth equation will be our starting point to find the ablation efficiency. The
fluence distribution for a Gaussian beam is given by ϕ(r) = ϕ0 · exp (−2r2/ω2

0), substituting
this in (6.14), we get:

d(r) = d0 + deff

(
ln

(
ϕ0

ϕthr

)
− 2 r2

ω2
0

)
(6.15)

This results in the addition of the minimum ablation depth d0 to the parabolic crater profile
predicted by the FNM, equation (6.3). Physically, the minimum depth accounts for an initial
spallation layer, which has also been predicted by molecular dynamics (MD) simulations [210].

Figure 6.2 shows the comparison between experimental crater shapes for AISI 304 stainless
steel, extracted from ref. [209] and predictions from the TRM (equation (6.15)) and from the
FNM (equation (6.3)), for peak fluences of 1.5 and 3 times the threshold fluence. The d0 value
for the TRM was found from fitting the maximum depths of craters with different fluences,
while in the FNM the unique threshold was taken as the D2 threshold. The FNM model
consistently underestimated depths, while the TRM showed significantly better accuracy.

Figure 6.2: Experimental profiles of ablation craters for AISI 304 stainless steel, extracted from
ref. [209]. Predictions from the FNM, equation (6.3) and from the TRM, equation
(6.15) are also shown.
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Similarly to the FNM derivation, the crater volume for our new model will be found by radial
integration of the depth equation:

V =
∫ ra

0
d(r)2πrdr =

∫ ra

0

(
d0 + deff

(
ln

(
ϕ0

ϕthr

)
− 2 r2

ω2
0

))
2πrdr

=πd0r
2
a + πdeff

(
− r4

a

ω2
0

+ r2
aln

(
ϕ0

ϕthr

)) (6.16)

The ablation radius from Liu´s method [119] is given by r2
a = (1/2)ω2

0ln(ϕ0/ϕthr), so substi-
tuting, we obtain:

V = π

2 deffω2
0ln

(
ϕ0

ϕthr

)[
d0

deff
+ 1

2 ln

(
ϕ0

ϕthr

)]
(6.17)

For Gaussian beam the pulse energy is EP = (1/2)πω2
0ϕ0, therefore we arrive at the following

prediction for the ablation efficiency:

η = V

EP

= deff

ϕ0
ln

(
ϕ0

ϕthr

)[
d0

deff
+ 1

2 ln

(
ϕ0

ϕthr

)]
(6.18)

This prediction has been compared to the one from the FNM in figure 6.3 (a), for the case
d0/deff = 1. Analogously to the reasoning done in the FNM derivation, this function will also
be zero at ϕ0 = ϕthr, and will go to zero for ϕ0 → ∞. Therefore, it will have at least one
maximum, differentiating the function it has been found to be located at:

ϕmax = ϕthr · e

(√(
d0

deff

)2
+1− d0

deff
+1

)
(6.19)

The dependency of ϕmax on the d0/deff ratio has been plotted in figure 6.3 (b). Note that
for the case d0 = 0, we would return to the optimum fluence position predicted by the
FNM ϕmax,F, equation (6.9). Substituting this into (6.18), we arrive to the prediction for the
maximum ablation efficiency:

ηmax = deff

ϕthr

1 +

√√√√( d0

deff

)2

+ 1

 · e
−

(√(
d0

deff

)2
+1− d0

deff
+1

)
(6.20)

The FNM (equation (6.9)) gave a maximum ablation efficiency of ηmax,F = (deff/ϕthr) 2e−2, to
better compare we define the following relative maximum efficiency:
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ξmax ≡ ηmax

ηmax,F
= 1

2


√√√√( d0

deff

)2

+ 1 + 1

 · e

(
d0

deff
+1−

√(
d0

deff

)2
+1

)
(6.21)

Now, ξmax is only a function of the ratio d0/deff. As equation (6.21) is rather complex, we will
find approximations of ξmax (d0/deff) for small and large d0/deff ratio. For small d0/deff ratio,
we perform the Taylor expansion around zero:

ξmax = ξmax(0) + ξ′
max(0)

(
d0

deff

)
+ 1

2!ξ
′′
max(0)

(
d0

deff

)2

+ ... (6.22)

Differentiating in (6.21), we have found that ξ′
max(0) = 1 and ξ′′

max(0) = 1/2, therefore, the
Taylor expansion up to the quadratic term will be:

ξmax = 1 + d0

deff
+ 1

4

(
d0

deff

)2

+ ... (6.23)

The second order approximation is already accurate up to one. On the other hand, for large
d0/deff, we have found the oblique asymptote of equation (6.21), given by:

ξmax = 1
2e · d0

deff
+ 1

4e =
(

1
2 + d0

deff

)
e

2 (6.24)

The relative relative maximum efficiency ξmax has been plotted in figure 6.3 (c), alongside the
two approximations presented here.

Finally, we will evaluate the thin film (TF) limit. In this scenario, all the TF is ablated within
the spot radius, which means that we should consider the limit deff → 0. Applying this limit
to the ablation efficiency equation (6.18), we obtain:

ηTF = d0

ϕ0
ln
(

ϕ0

ϕthr

)
(6.25)

As the craters will have cylindrical shape (assuming that there is no substrate damage), this
same result can also be obtained by simply considering the volume of a cylinder of depth d0
whose radius depends on the peak fluence via the D2 law [211]. Differentiating in (6.25), we
find that the maximum efficiency for this case will be given at a fluence position of e · ϕthr.
The TF case has also been plotted in figure 6.3 (a) and (b). It can also be noted that the
ablation efficiency prediction of the new TRM is a summation of the thin film model and the
FNM, where the thin-film part accounts for the minimum ablation depth.
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Figure 6.3: Threshold-refined ablation model (TRM) . (a) Ablation efficiency predicted by
the TRM, equation (6.18) for the case d0/deff = 1 and by the FNM, equation (6.7),
relative to the maximum efficiency given by the FNM, which is ηmax,F = (deff/ϕthr)2e−2.
The thin film limit from equation (6.25) is also shown. (b) Fluence at which the
maximum efficiency is reached according to the TRM. FNM gives a prediction of
e2 · ϕthr (equivalent to a zero initial depth), while for the thin film limit this value is
e · ϕthr. (c) Relative change factor between the maximum ablation efficiency given
by the TRM and the maximum predicted by the FNM, according to equation (6.21).
Second order Taylor expansion, see equation (6.23), valid for d0 ≪ deff, and oblique
asymptote, see equation (6.24), valid for d0 ≫ deff are also represented.

6.3 Comparison with experiments

6.3.1 Empirical validation of the TRM
Within the threshold refined ablation model (TRM) framework, the ablation efficiency (6.18)
will be fully determined once the following three parameters are known: ϕthr, deff, d0. In figure
6.4, we show examples of the TRM experimental verification for three different materials.

We start the test with a high-entropy alloy (HEA) CrMnFeCoNi (figure 6.4 (a-c)), which
was studied in reference [212]. This alloy is of interest in practical applications due to its
mechanical properties similar to those of austenitic stainless steels [209]; it also presents high
electron-phonon coupling [213, 214] and low phonon thermal conductivity [215], which result
in high confinement of the laser pulse energy in USP ablation scenarios. Moreover, the smooth
and well defined ablation craters allowed the authors of ref. [212] to measure the volumes
of the craters accurately. Firstly, the threshold fluence ϕthr is found by fitting experimental
diameters from ablation spots, using the D2 method, as shown in figure 6.4 (a). Then, this
value of ϕthr is used to find the initial penetration depth d0 and the effective penetration
depth deff by fitting equation (6.14) to the empirical depths of the craters presented in the
supplementary material of ref. [212], as shown in figure 6.4 (b). And finally, in figure 6.4
(c), we have plotted the ablation efficiency prediction from the TRM alongside the actual
experimental measurements from the paper. It can be observed that in this case, the FNM
underestimated the experimental ablation efficiency by approximately a factor of two near
the maximum, while the new TRM showed significantly better reliability, also regarding the
ϕmax position. On the other hand, equation (6.18) can also be directly fitted to experimental
points leaving ϕthr, deff and d0 as free parameters (red line). For this case, the pulse duration
was τ = 500 fs, and the wavelength was in the IR range (λ = 1056 nm).
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Figure 6.4 (d-f) shows the same three plots described in the previous paragraph for fused
silica (SiO2), studied in reference [216]. The pulse duration in this case was τ = 30 fs and
the wavelength was λ = 800 nm. This glass has numerous applications, one of the most
important ones is optical fiber manufacturing, due to its wide transparency range [217]. It has
also been used for optical components in astronomy [218], as a substrate for millimeter-wave
(mmWave) applications [219], and, because of its physical strength, it has also been employed
to fabricate the windows of spacecraft [220]. For this dielectric, the threshold fluence is an
order of magnitude higher compared to the CrMnFeCoNi alloy, which was expected since
in general the ablation threshold for dielectrics is higher than the one in metals because
multi-photon absorption is necessary in order to generate free electrons [221]. In figure 6.4,
it can be observed that for this material, the TRM is also significantly more precise than
the FNM. Our new model accurately predicts the initial sharp increase in ablation volumes
for fluences around 3 J/cm2, which the FNM fails to predict. For higher fluences, the FNM
underestimates ablation efficiencies by more than a factor of two, and it also gives an optimum
fluence position much higher than the experimental maximum (the TRM shows substantially
stronger agreement).

Figure 6.4 (g-i) shows the same plots for the case of indium tin oxide (ITO), studied in ref.
[222]. ITO is one of the most widely used transparent conducting oxides, due to its electrical
conductivity and optical transparency as well as the ease with which it can be deposited as a
thin film [223]. Applications range from the production of optoelectronic devices such as solar
cells, electroluminescence and liquid crystal displays (LCDs) [224, 225] to strain gauges as
they can operate up to temperatures of 1400oC, making it suitable in jet and rocket engines
[226]. The pulse duration in this case was τ = 700 fs, and the wavelength λ = 1056 nm. The
threshold fluence (figure 6.4 (g)) is also an order of magnitude lower than the one for fused
silica, in fact SiO2 can be used as substrate for ITO thin flim depositions [227]. In figure 6.4
(i), it can be seen that the FNM underestimates the experimental ablation efficiency by a
factor of two, while the TRM presents better agreement with a slight overestimate (around
10%) near the ablation efficiency maximum. The position of the optimum fluence is also
better predicted by the TRM than by the FNM.

It has been shown that the TRM is able to predict experimental ablation efficiencies for
two fundamentally different materials: a metal and a dielectric, with substantially different
ablation mechanisms. For USP ablation of metals, if the stress confinement condition is
fulfilled (see, for example, Chapter 1 of this thesis), the relevant mechanism driving ablation is
spallation, and at higher fluences, phase explosion [228, 229]. On the other hand, if a dielectric
is irradiated by an ultrashort laser pulse, the electrons in the valence band can be excited to
the conduction band by multi-photon ionisation and then be excited to higher energy levels
by inverse Bremsstrahlung absorption. This produces a free electron density evolution which
will be ultimately responsible for ablation, via Coulomb explosion and bond breaking [230,
231]. Therefore, the TRM has proven to be suitable for different ablation mechanisms. In the
ITO case, pump-probe experiments have showed that spallation and phase explosion are also
the relevant mechanisms, with the particularity of second spallative regime appearing at high
fluences [222]. Furthermore, the experimental crater profiles in those three cases clearly show
a minimum ablation depth at the threshold fluence, which confirms the necessity of including
the d0 term in the depth equation (6.14) for ultra-short pulses (see figure 1 of ref. [212] for

99



Sergio Vela Liñán

the CrMnFeCoNi alloy, figure 7 of ref. [216] for fused silica and figure 1 of ref. [222] for ITO).

Figure 6.4: Comparison between experimental data and model predictions for the
ablation efficiency. (a) Determination of threshold fluence ϕthr for a high-entropy
CrMnFeCoNi alloy, studied in ref. [212], by fitting experimental diameters of craters
using the D2 method. (b) Fitting the ablation depth equation (6.14) to empirical
depth, to adjust d0 and deff. (c) Ablation efficiency predictions from the new TRM
(eqn. (6.18)) versus actual measured volumes relative to pulse energies, showing
significant improvement over the FNM (eqn. (6.7)). “TRM fit" means fitting the
ablation efficiency equation directly to the ablation efficiency data, leaving ϕthr, d0, deff
as free parameters. (d-e) Same plots for fused silica, studied in ref. [216]. (g-i) Same
plots for ITO, studied in ref. [222].

We have repeated the same procedure described above for several metals, dielectric and thin
film systems. All corresponding plots can be found in the appendix of this chapter. For
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most cases, the TRM showed improvement over the FNM. In table 6.1, fitting values for the
parameters of the model for all materials are shown. The TF limit from equation (6.25) has
also been tested for various cases with satisfactory results, by setting d0 as the depth of the
TF. Note that in the ITO case plotted in figure 6.4 (g-i), not all the thin film was ablated
at the fluences applied, and therefore the variation in depths could be evaluated. Therefore,
even though it was a TF, the TF limit of the TRM was not applied, instead the standard
ablation efficiency equation (6.18) was used.

From D2 fit From dabl fit From TRM fit
Material and Ref. τ λ ϕthr d0 deff d0 deff ϕthr

[ps] [nm] [J/cm2] [nm] [nm] [nm] [nm] [J/cm2]
AISI 304 [209] 0.5 1058 0.27(1) 9(2) 16(1) 8(3) 13(2) 0.28(2)
AISI 304 [125] 20 1058 0.44(3) 12.2(3) 3.2(2) 13.0(5) 0.17(20) 0.42(1)

Al [125] 0.5 1058 0.62(3) 43(4) 33(3) 47(6) 12(7) 0.70(3)
Al [125] 20 1058 0.47(3) 43(1) 22(1) 0 17(5) 0.24
Cu [125] 0.5 1058 1.80(1) 31(3) 58(2) 30(5) 31(5) 1.90(6)
Cu [125] 20 1058 3.4(2) 39(2) 48(2) 0 33(18) 2.60

SiO2 [216] 0.007 800 1.25(9) 44(6) 51(8) 42(13) 60(10) 1.34(9)
SiO2 [216] 0.03 800 2.6(1) 76(4) 69(7) 110(10) 17(14) 2.94(6)
SiO2 [216] 0.1 800 3.36(7) 68(6) 141(13) 71(33) 172(63) 3.37(19)
SiO2 [216] 0.3 800 4.3(2) 88(8) 130(10) 60(37) 189(32) 4.32(38)
SiO2 [216] 0.45 1025 7.1(4) 0 187(4) 153(68) 127(78) 9.32(85)

CrMnFeCoNi [212] 0.5 1056 0.24(1) 7.7(9) 15.2(5) 6(2) 13.9(7) 0.20(1)
CrMnFeCoNi [212] 1 1056 0.23(1) 11(2) 12(1) 7(2) 12.7(8) 0.20(1)
CrMnFeCoNi [212] 3 1056 0.228(8) 8.4(14) 12.9(6) 9(1) 9.6(9) 0.216(8)
CrMnFeCoNi [212] 5 1056 0.269(6) 9.4(14) 9.1(9) 4(2) 9.4(9) 0.18(2)
CrMnFeCoNi [212] 10 1056 0.243(9) 12.5(9) 5.5(7) 13(1) 3.2(9) 0.280(9)
CrMnFeCoNi [212] 15 1056 0.256 9.5(8) 4.4(5) 8.5(6) 0.583(6) 0.24(1)
CrMnFeCoNi [212] 20 1056 0.30(2) 9.8(16) 4.8(12) 8.5(5) 0.79(1) 0.24(1)

Indium Tin Oxide [222] 0.7 1056 0.171(7) 19(2) 22.0(9) 12(2) 21(1) 0.151(8)
Si [232] 0.22 1030 0.38(7) -7.14 107.6 0.1 125(13) 0.31(2)

Soft Tissue [233] 0.35 1053 0.31(3) 770(9) 1520(5) 366(150) 1137(97) 0.31(2)
Mo (TF) [234] 10 1064 0.106(3) 250 - - - -

Ta2O5 (TF) [235] 0.66 1053 0.079(4) 200 - - - -
MoOx (5mTorr TF) [236] 8 532 0.136 50 - - - -
MoOx (8mTorr TF) [236] 8 532 0.187 50 - - - -

VOx (TF) [236] 8 532 0.213 50 - - - -
WOx (TF) [236] 8 532 0.212 50 - - - -

Table 6.1: Parameters obtained from experimental verification of the TRM for several
materials and pulse durations. Next to each material, the reference from which
the experimental data was obtained is shown. Threshold fluence obtained from D2 fit
means fitting Liu’s method [119] equation (6.5) to the experimental diameters of craters.
“From dabl fit” means fitting the TRM equation for depths (6.14) to the experimental
depths of spots. “From TRM fit” means the TRM equation for the ablation efficiency
(6.18) was directly fitted to the empirical ablation efficiencies, leaving ϕthr, deff and d0
as free parameters. The thin film cases are indicated as (TF). Plots for all materials
appear in the appendix of this chapter.
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6.3.2 Comparison of ablation efficiency maxima for different mate-
rials and discussion.

After obtaining ϕthr, d0 and deff from D2 and depth fittings, we have extracted from the
experimental data the maxima values for the ablation efficiency ηmax as well as its corresponding
fluence position ϕmax, and compared this values with the theoretical predictions from the
TRM given by equations (6.20) and (6.19), respectively. Results are shown in figure 6.5. Each
colour represents one material, while different shapes represent different pulse durations (or
wavelengths), the same colour-shape code is used in plots from the appendix of this chapter.
All the materials studied were shown in table 6.1; they are AISI 304 stainless steel (black),
Al (grey) and Cu (navy blue) from reference [125], fused silica from reference [216] (red),
high-entropy CrMnFeCoNi alloy from reference [212] (lighter blue), indium tin oxide from
reference [222] (light green), Mo thin film from reference [234] (dark green), VOx, WOx and
MoOx thin films from reference [236] (orange), biological soft tissue from reference [233]
(pink), Ta2O5 thin film [235] (purple) and silicon from reference [232] (darker pink).

Firstly (figure 6.5 (a)), the experimental fluences at which the maximum ablation efficiency
is reached are compared with the theoretical TRM predicted values for ϕmax, which were
obtained by substituting ϕthr, d0, deff values for each material in equation (6.19). Due to
the different absorption and ablation mechanisms between materials, the range of fluences
obtained is very wide, with a two order of magnitude difference between the highest and the
lowest fluence. Nevertheless, the TRM could predict ϕmax in almost all cases, with an average
discrepancy between theory and experiments of around 15%. The only relevant outlier being
for fused silica for a pulse duration of 450 fs (red diamond), however, for this case the craters
presented a somewhat irregular shape (see figure 6 of reference [216]), which could compromise
the reliability of the volume measurements.

Then (figure 6.5(b)), we plot the optimum fluences relative to the corresponding threshold
fluence against the d0/deff ratio. The FNM would give a constant value of e2 for this quantity
(see equation (6.8)). It can be observed that the experimental values decrease as d0 takes
greater values relative to deff, a trend that is followed by predictions from equation (6.19) of
the TRM (red line). The accuracy of those predictions increases for short pulse durations (for
example, blue square for the high-entropy CrMnFeCoNi alloy with 500 fs pulse duration [212]
shown in figure 2, pink square for a soft biological tissue with 350 fs pulse [233] or red square
for fused silica with a 7 fs pulse duration [216]).

In figure 6.5 (c), the experimental maximum ablation efficiencies ηmax are compared with
TRM predictions from equation (6.20). Again, there is good agreement for most materials, the
relevant discrepancies are found for longer pulses in the ps range, for example, for aluminium
taken from ref. [125] and a pulse duration of 20 ps (grey circle). The average difference
between experiments and TRM predictions is around 15%.

Finally, in figure 6.5 (d), the relative maximum efficiency ξmax defined in equation (6.21) is
plotted against the d0/deff ratio. It can be observed that the TRM shows greater reliability
when it comes to predicting the maximum value of the ablation efficiency, again the predictions
are more precise for short pulses in the range of femtoseconds. Almost all experimental points
are found for d0/deff values greater than 1/2. For this ratio, which is equivalent to a D2
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threshold fluence around 65% bigger than the ablation depth threshold fluence, the difference
between the TRM and FNM predictions is already relevant.

We have observed that, in general, the new TRM is more accurate for fs pulses. This might
be explained because in the sub-ps range, the thermal damage is minimized, while for longer
pulses in the range of tens of ps, the longer interaction times makes thermal damage on
the material and radial energy transport more relevant [237], which makes the description
of the crater profile from equation (6.15) less precise (in reference [238] they studied the
case of copper, it was determined that thermal dissipation processes become dominant for
pulse durations longer than 5 ps). If we observe the trend of the CrMnFeCoNi alloy as
the pulse duration is increased over 10 ps (see figures 6.23 and 6.24 of the appendix of this
chapter), the model starts to overestimate the volumes of the ablation craters, which can also
be explained by the greater importance of plume absorption. When a laser pulse strikes a
material, it produces an ablation plume composed of vaporized material, small liquid droplets
and fractions of ionized atoms at even higher fluences [239]. If the pulse duration of the
laser is long enough (or in some multi-pulse scenarios like MHz and GHz burst processing
[240]), this plume can absorb or scatter parts of the laser irradiation, reducing the energy
that reaches the target surface. This effect can limit material removal rates and influence the
precision of the ablation process, which will ultimately result in less efficient material removal
[241]. This overestimation can also be seen in figure 6.5 (d) (blue cross for the CrMnFeCoNi
alloy with a pulse duration of 20 ps). Furthermore, for shorter pulse durations spallation
becomes more relevant [229], this phenomenom is ultimately the physical origin of the initial
depth d0 observed close to the ablation threshold fluence, which is the cornerstone of the
TRM.

In general, the TRM has shown improvement over the FNM for the metals, alloys and
dielectrics studied here. The relatively small discrepancies presented in some cases for those
materials can be explained because the TRM does not account for nanomorphology (neither
does any simple analytical model for the ablation efficiency). The fine surface features,
such as ridges and irregularities, can distort the true ablated volume. Some of these rough
nanostructures can be observed in the original studies. For the case of metals, in the SEM
crater images in figure 3 of reference [125], roughness can be observed in the copper and
aluminium craters for a pulse duration of 525 fs. The AISI 304 crater presents a much
more regular surface, and for this material the TRM has shown excellent agreement with
experimental data (black squares). The craters of the CrMnFeCoNi alloy also show significantly
less roughness than the Al and Cu cases (see figures 1 and 2 of ref. [212]), and for this material
the TRM has shown great reliability, specially for short pulse durations (see, for example,
figure 6.4 (c) or blue squares and circles in figure 6.5 for pulse durations of 500 fs and 1 ps,
respectively). Considering dielectric materials, in general fused silica craters presented regular
shape, except for a pulse duration of 450 fs (see figures 6 and 7 of ref. [216]) which was the
only case where some discrepancies with our new model were observed (red diamonds).

It should also be mentioned that for metals and alloys in some cases the TRM seems to
slightly overestimate the experimental ablation efficiencies for high fluences (see plots in the
appendix of this chapter; figure 6.8 for AISI 304 stainless steel with 20 ps pulse durations
and figures 6.20 and 6.21 for the high entropy CrMnFeCoNi alloy with 3 and 5 ps pulses,
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respectively). This can be explained because the reflectivity of metals decreases when the
fluence increases [125, 242] which would make the effective corresponding fluences higher,
shifting the experimental points to the right and, therefore, bringing them closer to the TRM
predictions.

Nevertheless, in all the scenarios described above, the TRM has shown improvement over the
FNM. On the other hand, for the case of silicon with a pulse duration of 220 fs studied in
ref. [232], the d0/deff is small, which implies that there will no significant differences between
our new model and the Furmanski-Neuenschwander approach. Both of them can reasonably
follow the experimental trend (see figure 6.26 in the appendix of this chapter). Note also that
this case does not appear in figure 6.5 (b) and (d) because its corresponding initial depth d0
is negative (see table 6.1). A negative d0 value is, in principle, possible. Physically, it would
mean a depth threshold bigger than the D2 threshold, which can be directly deduced from
the definition of d0 in equation (6.13).

For a soft biological tissue (pink squares), studied in ref. [233], the FNM seems to give even
better predictions than the TRM despite its short pulse duration of 350 fs (see figure 6.27 of
the appendix), however, there are some significant differences. When observing the crater
depth behaviour (figure 6.27 (b) of the appendix), there was a transition to a region with a
different effective penetration depth. This change took place for a fluence near the ablation
efficiency maximum. In all other cases, either this transition was not present or appeared
for a fluence greater than ϕmax (for example CrMnFeCoNi alloy with a pulse duration of
0.5 ps, figure 6.4 (b)). As it was explained at the beginning of this chapter, to account
for this transition, B. Jaeggi et al. have already proposed the two-threshold model [208],
which uses two different threshold fluences and two effective penetration depths. It should be
mentioned that, in principle, the TRM presented in this chapter could also be combined with
the two-threshold model, by adding the initial depth d0 to the depth equation (6.10) in the
two-threshold model derivation. Moreover, in ref. [233] they presented the ablation efficiency
per mass instead of per volume. The tissue consisted of a mixture between 10 g of gelatin
G2625 and 100 cm3 of water; the final density was not provided neither could it be found for
that specific mix on a literature review. After researching for data on the density of other
mixtures that used similar gelatines, we have set a value of 1.35 g/cm3 for the density, in
order to estimate the ablation efficiency expressed per volume. However, the actual density of
the mixture could be lower, which would mean higher crater volumes, and therefore, stronger
agreement with the TRM predictions (see figure 6.27 (c) of the appendix).

6.3.3 Prediction of ϕthr, d0 and deff from direct ablation efficiency
fitting

Now, we will check if the D2 threshold fluence ϕthr, as well as the initial depth d0 and
the effective penetration depth deff can be accurately predicted from a single measurement
(volumes of ablated spots versus peak fluences) by directly fitting equation (6.18) to the
experimental ablation efficiencies. Threshold fluences obtained from η fittings (figure 6.6
(a)) generally present good agreement with the values from D2 fittings, the most relevant
differences being for long pulse durations (grey circle Al, 20 ps studied in [125]). The effective
penetration depth deff (figure 6.6 (b)) shows stronger disagreement when compared with
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Figure 6.5: Comparison between new model predictions and empirical data for optimum
fluence position and maximum ablation efficiency. (a) Comparison between
maxima fluences position predictions from equation (6.19) and experimental values
(the red line represents the identity function). (b) Experimental fluences for ablation
efficiency maxima relative to threshold value against d0/deff ratio, predictions from
the new TRM model, equation (6.19), as well as constant value of e2 predicted by the
FNM, equation (6.8), are also plotted. (c) Comparison between TRM predictions for
ablation efficiency maxima, equation (6.20), and experimental values. (d) Relative
maximum ablation efficiency ξmax, defined in equation (6.21), against d0/deff ratio,
plotted alongside experimental values. By definition, in the FNM ξmax = 1. In
plots (a-d), the error bars in the experimental values were obtained by considering the
experimental points and defining regions where the maximum were reasonably expected
to be, while the error bars in the theoretical values were calculated by taking the
uncertainties from the fitting in the parameters d0, deff, ϕthr and applying propagation
of uncertainty. The same color-shape code from the legend of this figure has been used
in the plots of the appendix of this chapter.
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the value obtained via depth fitting, especially for low values of deff, such as stainless steel
AISI 304 from reference [125] with a pulse duration of 20 ps (black circle) or CrMnFeCoNi
alloy from reference [212] for 15 and 20 ps (blue sidewards triangle and cross, respectively).
However, for shorter sub-ps and fs pulses, there exists significantly greater similarity (for
example, all squared-shaped points correspond to pulse durations below 1 ps). The initial
depth d0 comparison (figure 6.6 (c)) generally yields better results for ps pulses, with the
most significant discrepancies being for some cases of the CrMnFeCoNi alloy, where the values
obtained for the initial spallation layer were small.

In this section, to explain the discrepancies between values obtained specially for deff but also
for d0, we should also consider the challenges when it comes to measuring the volumes of
craters. Let us consider the difference in volumes of two spots with different pulse energies, a
quantity that is crucial in the direct ablation efficiency fitting. Taking equation (6.17) for
the crater volume within the TRM framework, the predicted value for this quantity with
ϕ0,2 > ϕ0,1 will be:
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For both peak fluences ϕ0,2 and ϕ0,1 smaller than e · ϕthr, the difference in volumes ∆V is
positive and is expected to increase with both d0 and deff . Similarly, for ϕ0,2 and ϕ0,1 both
greater than e2 · ϕthr, the ∆V is negative and is expected to decrease with both d0 and deff .
In both cases, the absolute difference |∆V |, which is the relevant parameter for the fitting, is
strictly increasing with d0 and deff . The vast majority of the experimental points are found in
those two regions (see, for example, the CRMnFeCoNi alloy and the AISI 304 plots in the
appendix), which can ultimately explain the greater discrepancy in figure 6.6 (b) and (c) for
the cases with small values of deff and d0.

6.4 Conclusions
In this chapter, we have presented the new threshold-refined ablation model (TRM), which
significantly improves the Furmanski-Neuenschwander model (FNM) predictions for ultrashort
single pulse laser ablation. The introduction of the constant term d0 adresses the difference
between ablation thresholds determined by diameter (ϕthr,D) and depth evaluations (ϕthr,d),
and it also accounts for an initial spallation layer, which has been found experimentally in
multiple materials, as it has been mentioned through this chapter. The consideration of the
threshold fluence obtained by diameter evaluation (D2-Liu method [119]) as the true threshold
is justified since it represent the limit of actual observable changes in the material surface.

The previous FNM predicted that the maximum ablation efficiency occurs at a universal
multiple of the threshold fluence (in particular, at e2ϕthr). For ultra-shot single pulse ablation,
the TRM reveals that this is no longer the case. Instead, the optimum fluence depends on
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Figure 6.6: Prediction of TRM parameters ϕthr, d0 and deff from direct ablation efficiency
fitting. (a) Comparison between threshold fluence obtained from ablation efficiency
fitting (equation (6.18)) and value obtained from D2 Liu fitting. (b) Comparison
between effective penetration depth deff from ablation efficiency fitting and depth
fitting from equation (6.14) (c) Comparison between initial depth d0 from ablation
efficiency fitting and depth fitting from equation (6.14).

the d0/deff ratio (equation (6.19)), which varies with laser and materials parameters. For
most materials studied in this chapter, d0/deff has been found to be between 1/2 and 2, which
implies a prediction for the maximum ablation efficiency between three and five times the
threshold fluence, which has shown good agreement with experimental observations. Our
model states that for the range of d0/deff ratios present in most materials, the maximum
ablation efficiency is approximately twice than the value predicted by the FNM, a fact also
corroborated by experimental data.

For many materials, the d0/deff ratio was below one (see, for example, figure 6.5 (d) of
this chapter). For all those cases, the quadratic Taylor expansion from equation (6.23) is
accurate, and a much simpler expression to estimate the maximum ablation efficiency. On the
other hand, for big d0/deff ratios, another simple approximation was found for this quantity
(equation (6.24)). For one of the cases studied in this chapter (AISI 304 stainless steel with a
20 ps pulse duration), this approximation would be clearly applicable.

A interesting future research line could be to combine the TRM with the two-threshold model
explained in the introduction of this chapter. This could improve the ablation efficiency pre-
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dictions in some particular cases where there is a transition to a different effective penetration
depth at fluences that are still of interest. That was the case with one of the materials studied
in this chapter (biological tissue), nevertheless, literature has shown other scenarios where
this transition occurred at relatively low fluences (for example, the case of copper studied by
Jaeggi et. al. [208]). Another future research avenue would be to study the transition of the
TRM from single pulse to multipulse ablation scenarios. This transition would present some
challenges, such as measuring accurately the threshold fluences in scanning experiments and
accounting for effects like heat accumulation and incubation phenomena.
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6.5 Appendix: TRM experimental verification plots for
all materials

In this appendix, we include similar plots to the ones presented in figure 6.4 of the main text
of this chapter for all materials and pulse durations studied.

Figure 6.7: AISI 304 stainless steel, pulse duration τ = 500 fs and wavelength λ = 1058 nm,
extracted from ref. [209]. In this plot D2 fit is not shown since the threshold fluence
was already obtained in the original paper.

Figure 6.8: AISI 304 stainless steel, pulse duration τ = 20 ps and wavelength λ = 1058 nm,
extracted from ref. [125]. In this plot D2 fit is not shown since the threshold fluence
was already obtained in the original paper.

Figure 6.9: Aluminium, pulse duration τ = 500 fs and wavelength λ = 1058 nm, extracted from
ref. [125]. In this plot D2 fit is not shown since the threshold fluence was already
obtained in the original paper.
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Figure 6.10: Aluminium, pulse duration τ = 20 ps and wavelength λ = 1058 nm, extracted from
ref. [125]. In this plot D2 fit is not shown since the threshold fluence was already
obtained in the original paper.

Figure 6.11: Copper, pulse duration τ = 500 fs and wavelength λ = 1058 nm, extracted from
ref. [125]. In this plot D2 fit is not shown since the threshold fluence was already
obtained in the original paper.

Figure 6.12: Copper, pulse duration τ = 20 ps and wavelength λ = 1058 nm, extracted from ref.
[125]. In this plot D2 fit is not shown since the threshold fluence was already obtained
in the original paper.
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Figure 6.13: Fused silica (SiO2), pulse duration τ = 7 fs and wavelength λ = 800 nm, extracted
from ref. [216].

Figure 6.14: Fused silica (SiO2), pulse duration τ = 30 fs and wavelength λ = 800 nm, extracted
from ref. [216].

Figure 6.15: Fused silica (SiO2), pulse duration τ = 100 fs and wavelength λ = 800 nm, extracted
from ref. [216].

Figure 6.16: Fused silica (SiO2), pulse duration τ = 300 fs and wavelength λ = 800 nm, extracted
from ref. [216].
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Figure 6.17: Fused silica (SiO2), pulse duration τ = 450 fs and wavelength λ = 1025 nm, extracted
from ref. [216]. Note that for this case, since d0 = 0 nm, the TRM and the FNM
give the same predictions.

Figure 6.18: High entropy CrMnFeCoNi alloy, pulse duration τ = 500 fs and wavelength λ = 1056
nm, extracted from ref. [212].

Figure 6.19: High entropy CrMnFeCoNi alloy, pulse duration τ = 1 ps and wavelength λ = 1056
nm, extracted from ref. [212].

Figure 6.20: High entropy CrMnFeCoNi alloy, pulse duration τ = 3 ps and wavelength λ = 1056
nm, extracted from ref. [212].
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Figure 6.21: High entropy CrMnFeCoNi alloy, pulse duration τ = 5 ps and wavelength λ = 1056
nm, extracted from ref. [212].

Figure 6.22: High entropy CrMnFeCoNi alloy, pulse duration τ = 10 ps and wavelength λ = 1056
nm, extracted from ref. [212].

Figure 6.23: High entropy CrMnFeCoNi alloy, pulse duration τ = 15 ps and wavelength λ = 1056
nm, extracted from ref. [212].

Figure 6.24: High entropy CrMnFeCoNi alloy, pulse duration τ = 20 ps and wavelength λ = 1056
nm, extracted from ref. [212].

113



Sergio Vela Liñán

Figure 6.25: Indium tin oxide (ITO), pulse duration τ = 700 fs and wavelength λ = 1056 nm,
extracted from ref. [222].

Figure 6.26: p-doped silicon wafer with orientation (100), pulse duration τ = 220 fs and wavelength
λ = 1030 nm, extracted from ref. [232].

Figure 6.27: Soft biological tissue, pulse duration τ = 350 fs and wavelength λ = 1053 nm,
extracted from ref. [233].

Figure 6.28: Thin film (TF), molybdenum, pulse duration τ = 10 ps and wavelength λ = 1064
nm, extracted from ref. [234].
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Figure 6.29: Thin film (TF), Ta2O5, pulse duration τ = 660 fs and wavelength λ = 1053 nm,
extracted from ref. [235].

Figure 6.30: Thin film (TF), MoOx with 5 mTorr deposition pressure, pulse duration τ = 8 ps
and wavelength λ = 532 nm, extracted from ref. [236].

Figure 6.31: Thin film (TF), MoOx with 8 mTorr deposition pressure, pulse duration τ = 8 ps
and wavelength λ = 532 nm, extracted from ref. [236].

Figure 6.32: Thin film (TF), VOx, pulse duration τ = 8 ps and wavelength λ = 532 nm,
extracted from ref. [236].
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Figure 6.33: Thin film (TF), WOx, pulse duration τ = 8 ps and wavelength λ = 532 nm,
extracted from ref. [236].
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Chapter 7

Conclusions and future work lines

7.1 Conclusions

The purpose of this thesis has been to advance our knowledge of pulsed laser ablation
processes, specially in metals, as well as to provide us with effective computational models for
the simulation of laser pulses in different materials.

Regarding computational models, through this thesis we have made a distinction between ns
pulses, where the classical Fourier heat transfer equation can still be used, and ultra-short
fs pulses, where the two-temperature model (TTM) was employed. For the former case, we
have performed simulations using both COMSOL Multiphysics and MATLAB. COMSOL
Multyphysics offered us the advantage of being able to simulate the fluid phase of the material,
which can play an important role in applications, specially for long ns pulses [243]. On the
other hand, the finite difference method approach used in our MATLAB code was significantly
faster, with around eight times less computational time than COMSOL to simulate the same
laser pulse. In Chapter 3 of this thesis, the results of the code were experimentally validated
by performing ablation experiments on a copper oxide thin film, there was good agreement
between experimental diameters and predictions from the model. In the future, this code
can be used to simulate ns pulses for different materials, only the heat capacity, thermal
conductivity and reflectivity of the material need to be known. It should also be mentioned
that our code has also been prepared to simulate multi-pulse ablation.

For ultra-short pulse (USP) ablation, the classical Fourier equation can no longer be used,
and therefore, we needed to consider the two-temperature model. In order to improve the
accuracy of our predictions, reliable models were required to quantify the dependency of the
TTM parameters with temperature. This is what justified the developments presented in
Chapter 4 of this thesis, where a new model for the electron heat capacity of s-band metals
was presented. For the calculations, we took the free electron gas (FEG) model for the density
of states (DOS), which is a reasonable approximation in some s-band metals [163]. Firstly,
using polylogarithmic functions, an analytical solution for the chemical potential as a function
of electron temperature was found, which ultimately led to an analytical solution for the
electron heat capacity in s-band metals. Some approximations derived from the exact solution
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are of interest to be used in simulations, in particular the cubic approximation Ce = γTe +βT 3
e

is accurate for temperatures up to tens of thousands of Kelvin (approximately 50 kK for the
particular case of Aluminium), while being a much simpler expression than the exact solution,
and faster to compute in simulations, given that the range of accuracy of this approximation
is not expected to be surpassed. For the case of d-band metals, we found a semi-analytical
solution for the electron heat capacity by considering the two parabolic approximation for
the DOS. Both s-band solution for aluminium and d-band solution for copper have shown
agreement with the electron heat capacity of those metals published by Lin et. al. [165],
which used more complex density functional theory (DFT) calculations.

To model USP ablation, our MATLAB code was modified in order to solve the TTM equations
using finite difference methods, and then it was used to simulate fs pulses on bulk aluminium.
All dependencies of TTM thermal parameters with temperature were considered for this
metal; for the electron heat capacity we used our analytical solution described in the previous
paragraph while for the other three TTM parameters, various preexisting models from
literature were employed. For the reflectivity and absorption coefficient, the Drude + critical
points model [244] was employed, which is a precise approach to model optical properties
of metals during ultra-short pulses. In Chapter 5, the results of this code were empirically
validated by performing ablation experiments on an aluminium sample using a sub-ps laser.
We have also checked our predictions against previously published experimental data, in both
cases our code has shown reliability in predicting spot diameters. This code can also be used
in the future to simulate ultra-short pulses in other metals, given that reliable models are
available for their TTM parameters.

Finally, in Chapter 6, we have introduced the threshold refined ablation model (TRM) to
predict the ablation efficiency, which improves the Furmanski-Neuenschwander model (FNM)
in the case of single ultra-short pulses. The cornerstone of the TRM was the introduction of
a minimum ablation depth, which accounts for the experimentally observed [124] difference
between fluence thresholds obtained from diameter and depth evaluations. Physically, this
minimum ablation depth also mimics the dynamics of spallation, which is expected to take
place if the stress confinement condition is fulfilled. This modification ultimately results in
the addition of an extra term to the FNM prediction for the ablation efficiency. We have
experimentally validated the TRM model for several materials, including metals, dielectrics,
semiconductors and a soft biological tissue. For the vast majority of the cases, the TRM
showed significantly better agreement with experimental data than the FNM, which usually
underestimated the ablation efficiencies by approximately a factor of two. The TRM also
showed better accuracy in the prediction of the fluence at which the maximum ablation
efficiency occurs. Our findings have shown that in the case of USP ablation, this optimum
fluence is no longer situated at a universal multiple of the threshold fluence (the FNM
predicted it to be at e2ϕthr), but instead it depends on the ratio between the initial ablation
depth and the effective penetration depth. For many materials, the optimum fluence is found
between three and five times the threshold fluence.

This thesis has opened the path for various future research avenues, which are detailed below.
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7.2 Future work lines

7.2.1 Simulation of multi-pulse ablation
The MATLAB code to simulate ns pulses could also model multi-pulse scenarios. Recalling
from Chapter 3, it solved the classical Fourier heat conduction equation and the laser was
modelled as the following boundary condition at the top-edge of the piece:

n⃗ ·
(
k∇⃗

)
T = A(T )I0e

− r2
2w2

0 g(t) (7.1)

Where n⃗ is the normal vector to the top boundary, A(T ) is the absorptivity of the material,
and the function g(t) is what models the multi-pulse scenario, for N pulses s given by:
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2− 4

τ2 (t− j
ν

)2 (7.2)

Where τ is the pulse duration and ν is the repetition rate of the laser. We have simulated
multi-pulse ablation scenarios for various metals, in figure 7.1 we show an example for the
case of copper, with a pulse duration of 12 nanoseconds and a laser repetition rate of 100
kHz. The results are similar to those obtained in Chapter 3 using COMSOL Multiphysics,
however, the MATLAB code requires significantly less computational time. Future work lines
can include performing multi-pulse ablation experiments on copper to check the accuracy of
those predictions.

Figure 7.1: Ablation shapes prediction from our MATLAB code for copper and for 1,3,5 and 10
pulses, the energy per pulse was 12 µJ.

In the case of ultra-short pulses, the heat accumulation effect in multi-pulse scenarios can
be relevant, specially for high repetition rates [245]. However, transitioning to multi-pulse
ablation can be more challenging for fs pulses, due to the difference in time scales between
the laser pulse and the cooling phase, which would require strategies based in a combination
between single temperature and two-temperature models. The electron-lattice equilibration
time in metals is expected to be situated at tens of ps (see, for example, the temperature
evolution for USP ablation of aluminium presented in Chapter 5 of this thesis or ref. [246]
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for other metals). Therefore, it seems reasonably to use the TTM until this equilibration is
reached, which is feasible in terms of computational time (we have already reached electron-
phonon equilibration in the simulations presented in Chapter 5). Then, the temperature data
of the piece can be transferred to a single-temperature code to model the cooling phase via
the classical Fourier heat conduction equation, where a much longer time step ∆t (in the
order of hundreds of ps for high MHz or GHz bursts) will be sufficient. And then, the TTM
equations would be recovered to model the following pulse. We have already done a few tests
simulating the cooling phase, applying the following criteria after the laser pulse to transition
to a single temperature:

max
(

Te,k,i

Tl,k,i

)
< 1.05 (7.3)

That is, for each time step after the laser pulse, we check the difference between electron
and lattice temperatures for every element and we take the maximum value, and when the
maximum difference is under 5%, we transition to a single temperature. Transitioning to
multi-pulse scenarios should also consider the changing geometry before the successive pulses,
which can be done by implementing the Fresnel equations to quantify the changes on the
reflectivity of the surface. Moreover, if we simulate high repetition rates (on the order of
GHz), plume absorption can also play a role, which may compromise the precision of future
predictions.

7.2.2 Ablation efficiency calculation from the shapes obtained from
simulations

Another future research avenue can consist in using our TTM MATLAB code to estimate
the ablation efficiency. This can be done by radial integration of the ablation shape. The
ablation volume is given by:

V =
∫ ra

0
depth(r) · 2πrdr (7.4)

Where ra is the ablation radius, as defined in previous chapters of this thesis. As our code
gives the shape from −ra to ra, because of symmetry this integral is equivalent to:

V = 1
2

∫ ra

−ra

depth(r) · 2π|r|dr (7.5)

We have already done some tests evaluating numerically this integral using the trapezium rule
(an example of the cross-sectional area from a crater on aluminium is shown in figure 7.2).

The ablation efficiencies predicted from the code for the same 320 fs pulses on aluminium
simulated in Chapter 5 are shown in figure (7.3). For this case, the maximum predicted
ablation efficiency is found around 3 J/cm2 (the threshold fluence found from Liu fitting of
the predicted diameters is 0.55 J/cm2, a value in agreement with the experimental threshold
fluence). The TRM gives the following prediction for the ablation efficiency (see Chapter 6):
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η = V

EP

= deff

ϕ0
ln

(
ϕ0

ϕthr

)[
d0

deff
+ 1

2 ln

(
ϕ0

ϕthr

)]
(7.6)

We have fitted this equation to the ablation efficiencies predicted by our code, leaving
d0, deff, ϕthr as free parameters (dashed black line in figure 7.3). The FNM equation fitting,
which is equivalent to setting d0 = 0 in (7.6) has also been shown in figure 7.3 (red dotted
line). In both cases, the fittings adjust well to the data. Moreover, the threshold fluences
obtained from the fitting for both FNM and TRM are in agreement with the experimental
one.

In future works, crater volumes can be measured experimentally on aluminium, and the
results can be compared to the predictions from the code and also to the FNM and TRM
predictions. The same procedure can also be repeated for other metals given than their
thermal and optical parameters are known.

Nevertheless, a challenge arises when considering the ablation efficiencies predicted by our
code. As it was explained in Chapter 5, the ablation temperature was set at the phase
explosion condition. However, for ultra-short pulses fulfilling the stress confinement condition,
spallation is also expected to be present. Indeed, the consideration of an initial spallation
layer was the fundamental difference between the FNM and the TRM. That is why, in the
next section, we discuss how the code can be modified to account for spallation.

Figure 7.2: Example of a predicted crater on Aluminium from our MATLAB code. Cross-sectional
area using the trapezium rule is marked in grey, which has been used to estimate the
crater volume according to (7.5).

7.2.3 Consideration of spallation in our TTM code
As explained earlier and in the previous chapters, spallation is expected to take place if the
stress confinement condition is fulfilled. This condition has been previously given by [247]:

τp ≤ τs (7.7)
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Figure 7.3: Predicted ablation efficiencies for 320 fs pulses on aluminium, obtained from radial
integration of the resulting crater shapes from simulations. Fittings to the threshold-
refined ablation model (TRM) equation (7.6), and to the Furmanski-Neuenschwander
model (FNM) equation (equivalent to a zero initial depth d0 in equation (7.6)) are also
shown.

Where τp is the pulse duration and τs is the mechanical relaxation time. However, in USP
ablation of metals, molecular dynamics (MD) studies [47], point to the following more
restrictive condition for metals:

max
{
τp, τe−ph

}
≤ τs (7.8)

Where τe−ph is the electron-phonon relaxation time. The mechanical relaxation time is given
by τs = Lp/cs, where Lp is the laser penetration depth and cs is the speed of sound of the
material [248]. For the particular case of aluminium, ref. [249] gave a value for Lp of 8 nm
considering a λ = 800 nm wavelength, and the speed of sound in liquid aluminium is 3600 m/s
which would give a mechanical relaxation time of τs = 2.2 ps. For a λ = 1056 nm wavelength,
Winter et. al. [125] gave an estimate for τs of around 3 ps.

A MD study on aluminium by Wu and Zhigilei [249] provided valuable insights into the
physics of the process. In all MD simulations, the appearance of voids under the surface of the
material was observed. The growth and coalescence of these voids resulted in the formation
of complex structures, which ultimately lead to the separation (spallation) of thin layers
from the material. The time at which this separation occurs is expected to be around dabl/cs,
where dabl is the single-pulse ablation depth [250]. Simulations using the Povarnitsyn Two
Temperature-Hydrodynamics (TTM-HD) code [251] to model USP ablation of aluminium
predicted that spallation would take place at a few tens of ps after the laser pulse [252], this
finding is in agreement with the time scales given in the MD sudy from Wu and Zhigilei [249].

To add spallation, the code could check at the beggining if the stress confinement condition (7.8)
is fulfilled. If that is the case, various approaches can be taken to remove the corresponding
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layer. One approach to model the removal of the spallation layer could be the implementation
of a second normal mesh velocity, vn,s, in addition to the normal mesh velocity vn which
removes material considering the phase explosion condition, as explained in chapter 5. This
velocity could be added after a prefixed time, which can be set taking into consideration the
time scales mentioned in the previous paragraph. As a result of spallation, usually a layer
of constant depth is removed within the ablation radius, therefore, at each time step, this
velocity can be considered constant inside a radius rs. This velocity is expected to be present
only for a short time, to model the quick ejection of the layer. As a first approximation, the
radius rs can be fixed considering the same temperature criteria which activates the first mesh
velocity vn. Nevertheless, numerical and experimental verifications would still be required to
check the accuracy of the modelling.

7.2.4 Combination of the TRM with the two-threshold model
The TRM added an initial depth d0 to the typical logarithmic dependence of the ablation
depth with fluence. However, as it was mentioned already in Chapter 6, in some cases a
transition appears to a region with a higher effective penetration depth. To account for
this transition, Jaeggi et. al. [208] have already proposed the two-threshold model, which
considers two regimes with two separate effective penetration depths deff,1 and deff,2, and two
separate threshold fluences ϕthr,1 and ϕthr,2, with a transition fluence ϕs. Now, we will combine
the two-threshold model with the TRM, to derive the two-threshold refined ablation model
(2TRM) to predict the ablation efficiency.

The initial depth d0 from the TRM only needs to be considered in the first regime, because
the consideration of a different second threshold fluence ϕthr,2 is equivalent to the addition of
a second initial depth, therefore our new depth equation is given by:

d =
d0 + deff,1 · ln

(
ϕ

ϕthr,1

)
if ϕ ≤ ϕs

deff,2 · ln
(

ϕ
ϕthr,2

)
if ϕ > ϕs

(7.9)

For a Gaussian beam, the fluence distribution is:

ϕ(r) = ϕ0e
−2 r2

ω2
0 (7.10)

Substituting this in equation (7.9), we obtain the following prediction of the crater profile:

d(r) =
d0 + deff,1 · ln

(
ϕ0

ϕthr,1

)
− 2deff,1

r2

ω2
0

for r ≥ rs

deff,2 · ln
(

ϕ0
ϕthr,2

)
− 2deff,2

r2

ω2
0

for r < rs

(7.11)

This is equivalent to the addition of the initial depth d0 to the crater profile predicted by the
two-threshold model. The transition radius rs is the radius at which the transition fluence ϕs

is reached:
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rs = ω0

√√√√1
2 ln

(
ϕ0

ϕs

)
(7.12)

This predicted crater profile has been sketched in figure 7.4, for a peak fluence higher than
the transition fluence ϕs. For a peak fluence under the transition fluence ϕ0 < ϕs, we would
be in the same scenario as the standard TRM, with the ablation efficiency given by;

η = V

EP

= deff,1

ϕ0
ln

(
ϕ0

ϕthr,1

)[
d0

deff,1
+ 1

2 ln

(
ϕ0

ϕthr,1

)]
(7.13)

For ϕ0 > ϕs, to know the ablation efficiency we first need to find the crater volume by radial
integration:

V =
∫ ra

0
d(r)2πrdr =

∫ rs

0

(
deff,2 · ln

(
ϕ0

ϕthr,2

)
− 2deff,2

r2

ω2
0

)
2πrdr+

+
∫ ra

rs

(
d0 + deff,1 · ln

(
ϕ0

ϕthr,1

)
− 2deff,1

r2

ω2
0

)
2πrdr =

=πr2
s

[
deff,2 · ln

(
ϕ0

ϕthr,2

)
− deff,1 · ln

(
ϕ0

ϕthr,1

)
− d0

]
+ πr4

s

ω2
0

(deff,1 − deff,2) +

+πr2
a

(
deff,1 · ln

(
ϕ0

ϕthr,1

)
+ d0

)
− πdeff,1

r4
a

ω2
0

(7.14)

The ablation radius ra is given by Liu´s method [119] as:

r2
a = 1

2ω2
0ln

(
ϕ0

ϕthr,1

)
(7.15)

Substituting this and the expression for the transition radius rs from equation (7.12) in the
result for the crater volume, we obtain:

V = 1
2πω2

0ln

(
ϕ0

ϕs

)[
deff,2 · ln

(
ϕ0

ϕthr,2

)
− deff,1 · ln

(
ϕ0

ϕthr,1

)
− d0

]
+

+1
4πω2

0

(
ln

(
ϕ0

ϕs

))2

(deff,1 − deff,2) + 1
4πω2

0deff,1

(
ln

(
ϕ0

ϕthr,1

))2

+ 1
2πω2

0d0ln

(
ϕ0

ϕthr,1

) (7.16)

And finally, to obtain the ablation efficiency, we divide the crater volume by the pulse energy,
which for a Gaussian beam is EP = (1/2)πω2

0ϕ0:
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Figure 7.4: Predicted crater shape according to the two-threshold refined ablation model (2TRM)
for the ablation efficiency, equation (7.11). Cross-sectional area which will determine
the volume from equation (7.14) has been marked in grey.

η = V

EP

= 1
ϕ0

[
ln

(
ϕ0

ϕs

)(
deff,2 · ln

(
ϕ0

ϕthr,2

)
− deff,1 · ln

(
ϕ0

ϕthr,1

)
− d0

)

+1
2

(
ln

(
ϕ0

ϕs

))2

(deff,1 − deff,2) + 1
2deff,1

(
ln

(
ϕ0

ϕthr,1

))2

+ d0 · ln

(
ϕ0

ϕthr,1

) (7.17)

Revisiting this derivation, it can be noted that this ablation efficiency prediction is equivalent
to the addition of the extra term (1/ϕ0)d0ln (ϕ0/ϕthr,1) to the standard two-threshold model,
since the subtraction of d0 in the first term is a result of having included the initial depth
in the second threshold fluence ϕthr,2. On the other hand, to return to the single threshold
scenario we would need to consider the same effective penetration depths deff,1 = deff,2 = deff
and the following relationship between the two threshold fluences (to make them equivalent):

ϕthr,2 = e
− d0

deff ϕthr,1 (7.18)

Substituting these conditions in equation (7.17), we get back to the standard TRM.

We have experimentally verified this model for the published data for the same biological
tissue studied in Chapter 6, with the experimental data taken from reference [233]. Figure
7.5 shows fitting experimental depths to equation (7.9), the parameters obtained for the two
regimes are shown in table 7.1. After the fitting, the transition fluence ϕs can be determined
by finding the fluence at which the two regimes for the depths coincide:

ϕs = ϕu

(
ϕthr,1

ϕu

) deff,1
deff,1−deff,2

(
ϕthr,2

ϕu

)−
deff,2

deff,1−deff,2
e

− d0
deff,1−deff,2 (7.19)

Where ϕu can be any constant fluence (we have added it to keep dimensional consistency),
for simplification in all calculations we set it to 1 J/cm2.

In figure 7.6, we have shown the experimental ablation efficiencies for this tissue alongside
the predictions from the 2TRM, equation (7.17). Predictions from the standard TRM are
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deff,1[µm] d0[µm] ϕthr,1[J/cm2] deff,2[µm] ϕthr,2[J/cm2] ϕs[J/cm2]
3.53 0.887 0.358 1.37 0.0153 1.76

Table 7.1: Parameters from fitting the TRM equation for depths (7.9) to experimental depths on a
biological tissue presented in ref. [233].

Figure 7.5: Experimental depths from a biological tissue taken from Oraevsky et. al. [233]. Fitting
of the 2TRM prediction for depths with their two regimes, equation (7.9) is also shown.

also shown. Under the transition fluence ϕs (which for this case is found around five times
the ablation threshold), both models are equivalent. However, for high fluences it can be
observed that the 2TRM gives better predictions that the TRM, although there is still a slight
overestimation. As our purpose in this section is to check the improvements of the 2TRM over
the standard TRM, the possible discrepancy regarding the density of this biological tissue
(which was mentioned in Chapter 6), has been corrected.

The same procedure has been repeated to test the model against the experimental ablation
efficiencies reported by Jaeggi et. al. [208] for copper. Results are shown in figure 7.7,
in this case the 2TRM offers a significant improvement over the standard TRM (which
underestimates the experimental crater volumes in around a factor of three near the ablation
efficiency maximum). This is due to the fact that for this case the transition occurs at a low
fluence (ϕs = 0.248 J/cm2, around twice the threshold), which makes the consideration of the
second ablation regime crucial. The 2TRM prediction for the fluence at which the maximum
ablation efficiency is reached also offers stronger agreement with experimental data.

Future research avenues can focus on further and deeper analysis of the 2TRM. A complete
analysis may be performed to find the optimum fluence prediction from the 2TRM, which in
principle will be a function of the two effective penetration depths deff,1, deff,2, the two threshold
fluences ϕthr,1, ϕthr,2, the initial depth d0 and the transition fluence ϕs. Further experimental
verifications on cases where the transitions appear before or close to the ablation efficiency
maximum will be of special interest, in particular for sub-ps pulses (where improvements over
the standard two-threshold model are more expectable).

7.2.5 Hyperbolic Two-Temperature model to simulate shorter laser
pulses

The standard TTM is valid only if the pulse duration is significantly longer than the electron
relaxation time of the metal [253]. This was the case in all the laser pulses simulated through
this thesis, with pulse durations of at least a few hundreds of fs; while the electron relaxation
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Figure 7.6: Experimental ablation efficiencies for a biological tissue taken from Oraevsky et. al.
[233]. Predictions from the 2TRM and from the standard TRM are also shown. In
this case, the pulse duration was τ = 350 fs, and the wavelength was λ = 1053 nm.

Figure 7.7: Experimental ablation efficiencies for Copper taken from Jaeggi et. al. [208]. Predic-
tions from the 2TRM and from the standard TRM are also shown. In this case, the
pulse duration was τ = 10 ps, and the wavelength was λ = 532 nm.

time is around a few fs in common metals (see, for example, table 2 of ref. [254]). Nevertheless,
future works could consider modifications of our TTM MATLAB code to be able to simulate
shorter laser pulses. As it was mentioned in Chapter 1 of this thesis, Qiu and Tien [38]
derived the hyperbolic two-step model also known as the hyperbolic Two-Temperature Model
(HTTM); the standard TTM is also called the parabolic two-step model since is a system of
parabolic partial differential equations. The governing equations of the HTTM are:

Ce
∂Te

∂t
= −∇⃗ · q⃗e − g(Te − Tl) + Q(r, z, t)

q⃗e + τe
∂q⃗e

∂t
= −ke∇⃗Te

Cl
∂Tl

∂t
= g(Te − Tl)

(7.20)
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Where q⃗e is the heat flux vector of the electron subsystem and τe is the electron relaxation
time; the rest of the variables and parameters are the same from the standard TTM. The
difference with the standard TTM is the addition of the term τe

∂q⃗e

∂t
in the second equation, to

account for free electron collisions. Now, we will deduce the recursive equation to implement
in our code. As it was done in previous chapters, we will use cylindrical coordinates, and
the laser has symmetry in the azimuthal angle, which mean that in the heat flux vector q⃗e,
we will only need to consider the r− and z− components, q⃗e = (qe,r, qe,z)T . Applying the
divergence of a vector field in cylindrical coordinates, the first equation reads

Ce
∂Te

∂t
= −1

r
qe,r − ∂qe,r

∂r
− ∂qe,z

∂z
− g(Te − Tl) + Q(r, z, t) (7.21)

While the second equation reads:

(
∂qe,r

∂t
∂qe,z

∂t

)
= 1

τe

(
−ke

(
∂Te

∂r
∂Te

∂z

)
−
(

qe,r

qe,z

))
(7.22)

Similarly to what was done in Chapters 3 and 5, the temperature and heat flux fields will have
the following indexes An

k,i, where A is the variable in question, k is the index corresponding to
the z coordinate, i to the r coordinate and n stands for time. We will approximate the first
time derivative by a two-point forward difference (accurate to O(∆t)) and the first spatial
derivatives by a two-point central difference (accurate to O((∆r, z)2)). Now, the second
spatial derivatives do not appear explicitly as we need to consider separately the heat flux
vector. Substituting these finite differences in (7.20), (7.21) and (7.22) our recursive equation
for future implementations in the code will be:

Ce

T n+1
e,k,i − T n

e,k,i

∆t
= − 1

ri

qn
e,r,k,i −

qn
e,r,k,i+1 − qn

e,r,k,i−1

2∆r
−

qn
e,r,k+1,i − qn

e,r,k−1,i

2∆z
− g

(
T n

e,k,i − T n
l,k,i

)
+ Q(ri, zk, tn)

qn+1
e,r,k,i − qn

e,r,k,i

∆t
= −ke

τe

·
T n

e,k,i+1 − T n
e,k,i−1

2∆r
− 1

τe

qn
e,r,k,i

qn+1
e,z,k,i − qn

e,z,k,i

∆t
= −ke

τe

·
T n

e,k+1,i − T n
e,k−1,i

2∆z
− 1

τe

qn
e,z,k,i

Cl

T n+1
l,k,i − T n

l,k,i

∆t
= g

(
T n

e,k,i − T n
l,k,i

)
(7.23)

The boundary conditions would be the same used in the standard TTM code, i.e. n⃗·(∇⃗Te,l) = 0,
where n⃗ is the normal vector to each boundary. The same concept will be applied to the heat
flux vector of the electron subsystem q⃗e, which will imply that at each edge of the piece, the
component of the flux perpendicular to the edge will be zero. The initial condition for the
heat flux vector of the electron subsystem will be q⃗e = 0, since we always start the simulations
before the laser pulse, when no heat flux is expected to occur.
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In (7.23) the variation with temperature of the electron relaxation time τe can also be consid-
ered, which is relevant for some metals in USP ablation scenarios. A simple approximation
for τe was already used in Chapter 3 of this thesis:

τe = 1
AeT 2

e + BlTl

(7.24)

Figure 7.8 shows the electron relaxation time for Au, Al, Cu and Pb for three different lattice
temperatures and for electron temperatures up to 10 kK, with the coefficients Ae and Bl

taken from ref. [255]. As temperatures of tens of thousands of Kelvin are expected to be
reached, more precise models for the temperature dependence of τe may be used (for example,
for copper the model presented in ref. [256] and for aluminium the model presented in the
supplementary material of ref. [257]).

Figure 7.8: Electron relaxation time for Au, Al, Cu and Pb according to equation (7.24), with the
parameters Ae and Bl taken from ref. [255].
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