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Featured Application: The methodology presented in this work is to be applied in
Robot-based Non-Planar Additive Manufacturing processes, with a particular interest in
material extrusion and directed energy deposition processes.

Abstract: Non-solid infill generation in Non-Planar Additive Manufacturing (NPAM) is
still an open problem. This is due to mathematical complexities from curvature distortion,
as well as bridging limitations inherent in some NPAM processes. Providing solutions
to this problem may result in significant energy, build cycle time, and cost savings. In
this context, the goal of this paper is to define a workflow for the generation of non-solid
infill paths with quasi-uniform density within the layer. This was performed by defining
the build geometry through an axisymmetric embedded map methodology, and the infill
points were distributed via a geodesic repulsion energy-based algorithm. In addition to
these core algorithms, several numeric optimizations were implemented to reduce runtime.
The algorithm has been tested on several build platform geometries and slice polygons.
The results were satisfactory, achieving a homogeneous kernel density distribution for
all cases and reductions in geodesic distance standard deviations of around 70%. A first
iteration of a path planning algorithm was also implemented to showcase the intended final
results. This methodology is to be combined with other Design for Non-Planar Additive
Manufacturing techniques to enable applications in the biomedical field, automotive and
aerospace industry, or rapid mold manufacturing.

Keywords: Non-Planar Additive Manufacturing; non-solid infills; infill strategy; path
planning; curved layer deposition

1. Introduction
Additive manufacturing (AM) has emerged as a transformative technology for pro-

ducing complex geometries with high precision [1,2]. Nevertheless, traditional planar AM
processes introduce inherent anisotropies in mechanical properties and limit geometric
versatility. These planar layers limit the range of manufacturable parts, as they introduce
significant anisotropy between the mechanical strength along the layer direction and the
strength in the perpendicular direction. This effect is particularly pronounced in material
extrusion (MEX) and directed energy deposition (DED) processes [3–5]. In response, Non-
Planar Additive Manufacturing (NPAM) has gained increasing attention as a methodology
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for forming structures from additively deposited curved layers [6,7]. Once stacked, non-
planar layers enhance structural integrity, surface quality, and material efficiency. NPAM
allows for local variations in layer deposition direction, optimizing mechanical properties,
increasing fatigue life, and reducing the stair-stepping effect studied for planar slicing
techniques [8–10].

The development of NPAM led to the rise of robotic systems that, by adding degrees
of freedom to the end effector, enable material deposition in multiple directions. This is
a technique known as Robot-based Non-Planar Additive Manufacturing (RbNPAM) [11].
This approach addresses the limitations of traditional additive manufacturing machines,
and opens new possibilities for complex geometries, enhanced surface finishes, and op-
timized part performance in multiple applications [12,13]. Despite these advantages,
systematic methodologies for non-planar slicing and infill generation remain an open
research problem [14,15].

The first challenge in the field of non-planar layer path generation is the definition of
non-planar layers. Various research studies aim to define non-planar layers by varying the
z-coordinate in traditional additive manufacturing machines [16,17]. Additionally, building
on planes with a small angular offset is used to produce geometries with planar layers
in different orientations [18]. Alternatively, curved x–y grids have been proved to work
for some specific cases [19]. Other authors have explored the use of isothermal curves
and maximum local stress-oriented surfaces [20,21]. However, the use of non-Cartesian
coordinate systems like polar or spherical coordinates [22–24], as well as helicoidal [25],
can be observed to facilitate the generation of such surfaces. These methods, which may be
called embedded map methods, become more complex when attempting to generalize the
problem to parametrically defined layers while becoming more versatile.

Curving the build surfaces introduces a distortion of the Cartesian space in the embed-
ded map, making it challenging to handle using traditional methods found in commercial
slicers for Planar Additive Manufacturing [26]. Within an embedded map, the surface
curvature distorts the deposited material’s line thickness and alters the distance between
target points along the toolpath, significantly complicating the development of infill pat-
terns. Additionally, it exacerbates the issues already analyzed in the literature regarding
the occurrence of voids in infill patterns [27].

Non-solid infill strategies have been extensively studied in the context of planar AM,
owing to their benefits in terms of material, build cycle time, cost, and energy savings [28].
Common approaches to non-solid infill generation include the use of contouring com-
bined with spiral or Hilbert curve techniques [29–32]. Other studies propose maze infill
strategies [33] or adaptive filling based on local density requirements [34]. Additionally,
there have been pixel-based approaches where pixel size is defined by the mesh point
distortion [35,36]. Even so, no algorithm has yet been developed to adapt way-points
density to non-planar surfaces. Achieving this would enable all current planar non-solid
infill strategies to be applied in the NPAM context, including the use of more advanced
infill techniques such as Triply Periodic Minimal Surfaces.

A Triply Periodic Minimal Surface is a type of non-intersecting surface, often embed-
ded in a base cell. TPMS base cells have symmetry properties akin to crystallographic
groups that make them ideal for pattern repetitions. TPMS have gained significant attention
as infill patterns in additive manufacturing due to their unique combination of mechanical
performance and material efficiency [37]. TPMS structures, characterized by their smooth,
continuous surfaces and minimal surface area for a given volume, provide exceptional
strength-to-weight ratios and isotropic mechanical properties [38,39]. Additionally, their
complex geometries improve heat dissipation and fluid flow, making them particularly ad-
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vantageous in applications such as lightweight structural components, biomedical implants,
and heat exchangers [40–42].

Despite their potential, these surfaces have not yet been adapted to NPAM due to the
distortion of the Cartesian space. This limitation presents an open research opportunity
to integrate the advantages of TPMS (and generally, non-solid infills) into this advanced
manufacturing methodology [43]. The continued development of additive manufacturing
technologies creates an inherent need for a generalized slicing and layer infill methodology.
This approach should extend the principles of design for additive manufacturing—meaning
the integration of material properties with specific geometries and build directions—to
NPAM, unlocking all its potential advantages [44].

In this context, the objective of this paper is to define and optimize a procedure for the
generation of non-solid infill paths with quasi-uniform density within the layer. The main
contributions of this paper lie in the development and optimization of a repulsion force-
based algorithm for geodesically uniform mesh generation, as well as infill path planning
on axisymmetric build platforms. These contributions are enabled by the generalized
definition of embedded maps for axisymmetric build platforms previously provided by
the authors [45], which rely on parameterized curves serving as generatrices for build
platforms. Additionally, this work aims to advance the generalization of non-solid infill
strategies for non-planar fillings with deformation associated with curvature.

This methodology is intended to be used in MEX and DED processes to reduce
feedstock and energy consumption, as well as cycle time and cost. Such improvements are
highly valued in industrial sectors that manufacture high added value components, such
as biomedical, aerospace, automotive, robotics, energy, and consumer electronics [46–50].

2. Methodology
The methodology aims to create non-solid infill paths of homogeneous density for

NPAM, employing an axisymmetric slicing approach with an embedded map. Figure 1
schematically depicts the workflow. First, a sufficiently smooth axisymmetric build plat-
form is defined (Section 2.1), ensuring that the resulting surface is a Riemannian manifold
with differentiable curvature. Next, a geodesic repulsion energy algorithm distributes
points uniformly across each slice (Section 2.2). The number of points is based on man-
ufacturing parameters that can be adjusted by the user, namely, command infill density,
infill pattern, and line width. Additionally, this repulsion energy algorithm requires the
introduction of several numerical optimizations to achieve practical runtimes (Section 2.3).
Once the points are positioned, a path planning routine (Section 2.4) generates continuous
trajectories that can be executed by a robot-based NPAM machine. Finally, the uniform
density hypothesis is verified using kernel density estimations and distance histograms
(Section 2.5). Three case studies on two different build platforms are used to demonstrate
the method versatility (Section 2.6).
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Figure 1. Schematic diagram of the methodology presented in this work.

2.1. Defining a Sufficiently Smooth Build Platform

The first requirement for generating quasi-uniform infill is the definition of a
smooth, axisymmetric build platform via the revolution of a suitable generatrix curve.
Following [45], the Cartesian coordinates {x, y, z} of the platform are expressed by an
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embedded map rM(u, θ), where u parameterizes the generatrix spline and θ is the angle
of revolution. In this work, each generatrix is constructed by degree-six Bézier spline
compositions. These curves are chosen owing to their C3 continuity at the knots, while
meeting perpendicularity requirements at the revolution axis without loss of generality.
Lastly, to ensure that the resulting surface is as a Riemannian manifold, generatrices should
be absent of cusps or self-intersections. These conditions are central for supporting the
geodesic-based approach used for infill generation, since they equip the build platforms
with sufficiently differentiable metric tensor components and Christoffel symbols.

2.2. Uniformly Meshing a Riemannian Manifold

To generate uniform density non-solid infills, it is necessary to create a uniform
distribution of points that account for build platform curvature. Additionally, the number
of points N to distribute must be determined based on process parameters selected by the
user, namely, command infill density, infill pattern, and line width. Both challenges may be
addressed utilizing Riemannian geometry concepts.

First, uniformly distributing points on a Riemannian manifold requires a metric that
accommodates local curvature. In this work, each slice is uniformly populated by means
of a geodesic repulsion energy algorithm (GRE). Every pair of points (i, j) is associated
with a potential Eij =

(
dgeo

ij
)−m, where dgeo

ij is the geodesic distance between points i
and j, and m > 1 is a penalizing coefficient (in this work, m = 5 to highly penalize close
pairs of points). Summing over all non-repeating pairs yields a total mesh energy E. The
algorithm iteratively adjusts point positions to minimize E by displacing each point along
the direction defined by the repulsion force Fi = −Σ∇Eij.

Since the pair-wise geodesic distance must be determined, the manifold metric tensor
g and Christoffel symbols of the second kind Γi

jk are required. Points {ui, θi} and {uj, θj}
in the embedded map are connected by the shortest path governed by a second-order
ordinary differential Equation (1), with boundary conditions (2). Solving this equation
and integrating along a parameter, τ in (3), yields the geodesic distance, which replaces
Euclidean measures in the repulsion potential. Although this approach is computationally
more complex, it adapts the distribution to the manifold intrinsic curvature and avoids
clustering in regions of negative curvature.

{ü = −Γu
uu(u̇)2 − Γu

θθ(θ̇)
2

θ̈ = −2Γθ
uθ u̇θ̇

(1)

{Gij(τ = 0) = {u0, θ0} = {ui, θi}
Gij(τ = 1) = {u1, θ1} = {uj, θj}

(2)

dgeo
ij =

∫ 1

0

√
guuĠu

ij(τ) + gθθ Ġθ
ij(τ)dτ (3)

Second, the number of points N for each slice is determined by the area AΣ of the
domain in the embedded map, the command infill density ρc, the Cartesian nominal line
width e, and the number of equi-angled lines n that pass through each point. This n
parameter depends on the infill pattern. This number of points may be simplified to (4),
considering the worst-case infilling scenario, where each of the equi-angled n rasters
traversing a point covers the least area around it. This relationship provides a direct means
to estimate the mesh number of points in the infill by adjusting ρc, while also considering
the desired line width and complexity of the path pattern.

N =
AΣρ2

c
n2e2 (4)
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The meshing procedure begins by scattering N points within the parameter domain Ω,
which corresponds to the slice polygon. These initial placements can come from random
sampling or more refined strategies. A subsequent repulsion–minimization stage updates
each point’s location by applying the forces Fi derived from −∇E. When changes in
point positions or overall energy become negligible, the algorithm terminates, leaving a
near-uniform distribution that reflects the manifold curvature.

2.3. Numerically Optimizing the Algorithm

Implementing the repulsion energy method on a curved manifold is computationally
demanding because each energy evaluation involves solving for geodesic distances and
repulsion forces. Several measures are introduced to mitigate this cost while preserving
the algorithm’s reliability. The first approach is the explicit approximation of the repulsion
forces. Rather than numerically calculating gradients by evaluating the potential in the
vicinity of each point, a chord-length discretization (5) is employed to approximate geodesic
curves and estimate the gradient. This approximation substantially reduces the frequency
with which the geodesic equation is solved, improving runtimes.

(
∂dij
∂u

∂dij
∂θ

)
≈

n−1

∑
k=1

G(u(τk+1), θ(τk+1))− G(u(τk), θ(τk))

∥G(u(τk+1), θ(τk+1))− G(u(τk), θ(τk))∥
∇{c}S(τk) (5)

The second approach is the non-dimensionalization of both the total energy and
the forces by their initial values, denoted as E0 and F0. This normalization alleviates
the stiffness of the potential function and aids convergence. Without such scaling, small
point displacements can trigger disproportionately large variations in the energy gradient,
potentially halting the optimization.

The third and last approach is the selection of a close-to-solution initial seed distribu-
tion. While a random seed may suffice in principle, three alternative methods may provide
more favorable starting configurations that typically converge more rapidly. A geodesic
blue noise sampling approach (GBNS) filters randomly generated points by imposing
minimum geodesic distances, thereby yielding a distribution already aligned with the
manifold curvature [51,52]. A second possibility treats the manifold as approximately flat
by using Euclidean repulsion energy (ERE) to position points. Although this imposes a
degree of geometric simplification, it is often faster to compute, and allows for non-linear
mesh restrictions such as non-rectangular slice polygons. A third option employs Eu-
clidean blue noise sampling (EBNS), which similarly maintains minimum distances using
a Euclidean metric rather than the full geodesic one. These refined initializations help
the subsequent geodesic repulsion algorithm initialize closer to the solution, providing
significant time savings.

Collectively, these optimizations ensure that point placement converges more reliably
and in practical runtimes, even for build platforms characterized by complex curvature.

2.4. Generating Infill Paths

After a uniform point distribution is achieved, a path planning algorithm connects
these points to form sets of continuous Hamiltonian paths. This study applies a simple
nearest neighbor heuristic combined with a 2-opt procedure to remove self-intersections
and reduce path length [53]. The geodesic equation is then solved segment by segment to
respect the manifold’s curvature, resulting in conformal paths that may be performed by
the robot-based NPAM machine. Although more sophisticated algorithms can be employed
to address dynamic performance or machine-specific constraints [54], this approach aims
to illustrate the viability of geodesic non-solid infill path generation.
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2.5. Validating the Uniform Density Hypothesis

To verify that the final distribution achieves a quasi-uniform density, two indicators
are used: the kernel density function (KDF) and the mean distance histograms.

The KDF metric [55,56] assigns each point i a local density ρi = ∑j ̸=i Wij, with Wij

defined via a smooth kernel of radius h = 4(ne/ρc) as per (6). This h value may be
approximated to four times the mean distance between points. A well-distributed mesh
exhibits consistent ρi values, differing only at vertices or boundaries.

Wij =
15

πh6

{(h − dgeo
ij )3, 0 ≤ dgeo

ij ≤ h

0, dgeo
ij > h

(6)

On the other hand, the mean distance histogram metric aims to further characterize the
density uniformity. For each point, the distances to its 2n nearest neighbors are compiled,
yielding a distribution whose standard deviation reflects how evenly spaced the points are
depending on the infill pattern.

2.6. Case Study Definition

The methodology is demonstrated on a barrel-shaped platform (with two domains,
Ω1 and Ω2) and an hourglass-shaped platform (domain Ω3). The infilling parameters for
each domain, as well as the initial seed method used, are summarized in Table 1. The barrel
geometry is representative of a non-negative curvature along {u, θ}, while the hourglass
platform involves both positive and negative curvatures. The control polygons for each
platform are presented in Tables 2 and 3. Each domain is examined by computing the
platform generatrix continuity, metric tensor, and Christoffel symbols, and then applying
the geodesic repulsion energy algorithm. Lastly, a path planning example is provided
to illustrate how the final point distributions can be turned into feasible infill trajecto-
ries for robot-based NPAM processes. Figures 2 and 3 depict these platforms and their
respective domains.

Table 1. Infilling parameters utilized for each case study presented.

Domain Build
Platform u-Range [ ] θ-Range [rad] Command Infill

Density [%]
Rasters Traversing

Each Point
Initial Seed

Method

Ω1 Barrel [0.8, 1.2] [0, 1] ρc = 50% n = 1 EBNS

Ω2 Barrel Actual slice polygon,
from [57] ρc = 25% n = 1 ERE

Ω3 Hourglass [1, 3] [0, 1] ρc = 10% n = 1 EBNS, ERE,
GBNS

Table 2. Barrel-shaped build platform control polygon.

Barrel Control Polygon
Segment 1 Segment 2

x [mm] z [mm] x [mm] z [mm]

0 50 25 25
5 50 25 20
10 50 25 15
25 50 25 0
25 35 10 0
25 30 5 0
25 25 0 0
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Table 3. Hourglass-shaped build platform control polygon.

Hourglass Control Polygon
Segment 1 Segment 2 Segment 3 Segment 4

x [mm] z [mm] x [mm] z [mm] x [mm] z [mm] x [mm] z [mm]

0 100 50 85 25 50 50 15
5 100 50 80 25 45 50 10
10 100 50 75 25 40 50 5
75 100 25 70 25 30 75 0
50 95 25 60 50 25 10 0
50 90 25 55 50 20 5 0
50 85 25 50 50 15 0 0

Figure 2. (a) Barrel-shaped generatrix used for the first two case studies: (b) domain Ω1, in red;
(c) domain Ω2, in blue; and (d) top view of the slice polygon used for Ω2 [57].

Figure 3. (a) Hourglass-shaped generatrix; (b) domain Ω3.
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3. Results and Discussion
Below are the results of applying the present methodology onto the three case studies

presented. This section includes a collection of insights regarding generatrix continuity and
its effects on geodesic magnitudes, the resulting distribution of points after applying the
GRE algorithm and a discussion of the metrics previously outlined, a runtime comparison
of the three initial seed methods on Ω3, and lastly, an example of infill raster generation for
all three case studies.

3.1. Generatrix Definition, Continuity, and Geodesics

The continuity requirements proposed in Section 2.1 are satisfied by all build platform
geometries through the use of degree-six Bézier spline compositions for their generatrices.
Both generatrices, together with their first three derivatives Ṡ , S̈ ,

...
S and curvature κ,

present sufficient continuity at the spline knots. This fact confirms that the curvature is
differentiable and demonstrates that the build platforms are Riemannian manifolds. In
turn, this enables the differentiability required for feasible and efficient geodesic path
computations in NPAM trajectory planning.

This is further substantiated through the analysis of the curvature κ, the metric tensor
components gij, and the Christoffel symbols Γi

jk. Figure 4 presents these three magnitudes

for the hourglass build platform, the more complex of the two. The C3 nature of the
spline composition is verified by the smoothness of the curvature and all non-zero symbols.
Of note, the curvature is non-constant, with both positive and negative regions. This
implicitly validates the methodology for a wide range of curvature values of any given
build platform. Additionally, this smoothness allows for a stable resolution of the geodesic
equation throughout the domain except near the poles, where gθθ → 0 and Γθ

uθ → ∞.
This is caused by the loss of invertibility of the metric tensor around the poles. Therefore,
these polar regions should be avoided for stable geodesic path calculations, and result in a
suitable area for the mechanical interface of the end effector with the robotic manipulator.

Figure 4. Curvature κ, non-zero metric tensor components, and Christoffel symbols of the hourglass-
shaped build platform. Color relates to the variable magnitude.
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3.2. Results of the Repulsion Energy Minimization Algorithm and Validation of the Uniform
Density Hypothesis

The proposed geodesic repulsion energy algorithm demonstrated its capacity to dis-
tribute points uniformly on both barrel-shaped and hourglass-shaped surfaces. The case
Ω1, with u ∈ [0.8, 1.2], θ ∈ [0, 1], and ρc = 50% (n = 1, N = 538), was initialized via
EBNS owing to the large number of points N. Figure 5 represents the GRE-optimized
distribution of points on the left-hand side of the figure, whereas the right-hand side graphs
indicate the distribution in the embedded map, the KDF evaluation for each point, and
the values of KDF sorted in ascending order for both the EBNS initial seed and the GRE
optimized distribution.

Figure 5. Results for the Ω1 case study: distribution of points, KDF evaluation, and KDF sorted in
ascending order, for both the EBNS initial seed and the GRE distribution.

The embedded map distribution shows a noticeable improvement in point homogene-
ity, which is further supported by the KDF evaluation for each point. This implies that a
path generated through these points will retain a mean infill density close to command.
Additionally, this methodology enables the creation of quasi-uniform infill densities across
any given layer, introducing or removing points according to the slice total area AΣ. The
sorted KDF function also validates the quasi-uniform hypothesis, as it is possible to differ-
entiate three regions: the vertices, the domain boundary, and the interior. After applying
GRE, each of these regions is separated from each other by means of a noticeable increase
in kernel density function, a behavior not observed in the EBNS initial seed distribution.

The second case study Ω2 in the same barrel geometry featured ρc = 25% (n = 1,
N = 173) and a non-rectangular slice boundary, with concave and convex areas. To solve
this, the ERE initial seed algorithm was used, combined with a non-linear constraint to
force all points towards the interior of the slice polygon. Even with a less favorable initial
seed from the Euclidean repulsion energy method, the geodesic algorithm still converged
to a quasi-uniform distribution (Figure 6), though concave boundary regions (close to
u = 0.5) proved more challenging. In this case, the three regions in the sorted KDF cannot
be discerned from each other, as the polygon does not include defined vertices. For the
hourglass platform, a domain Ω3 with u ∈ [1, 3], θ ∈ [0, 1], and ρc = 10% (n = 1,
N = 204) was tested using multiple initial seeds. Figure 7 shows the geodesic blue noise
sampling and the corresponding final distribution, confirming the GRE algorithm ability to
compensate for concave curvatures at u ≈ 2 and achieve nearly uniform densities despite
the platform’s varying cross-sectional areas.
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Figure 6. Results for the Ω2 case study. The slice polygon is outlined in blue in the embedded
map graphs.

Figure 7. Results for the Ω3 case study.

Regarding the distance histograms, Figure 8 shows the distance with the 2n = 2
nearest neighbors. The resulting Gaussian distributions can be represented by the values
for mean and standard deviation depicted in Table 4. All three cases show a significant
decrease in standard deviation in all cases, with a 71.7% reduction for Ω1, a 71.6% reduction
for Ω2, and a 44% reduction for Ω3. This aligns with the expected result, where the GBNS
initial seed algorithm was estimated to provide the most close-to-solution distribution
before GRE optimization. The mean values confirm that the GRE methodology provides
distributions with densities close to the command. This can be estimated by means of
the ratio line width to mean distance (ratio = e/µ̂ [%]). This ratio is equal to 47.2% for
Ω1, 23.6% for Ω2, and 9.1% for Ω3 (compared with command densities of 50%, 25%, and
10%, respectively).
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Table 4. Mean and standard deviation values of the distance with the two nearest neighbors for all
three case studies presented.

Case Mean [mm] Standard
Deviation [mm]

Ω1
EBNS initial seed
GRE optimization

0.740
0.848

0.106
0.030

Ω2
ERE initial seed

GRE optimization
0.937
1.693

0.560
0.159

Ω3
GBNS initial seed
GRE optimization

3.839
4.384

0.500
0.278

Figure 8. Distance with the 2n = 2 nearest neighbors: (a) Ω1, with EBNS initial seed; (b) Ω2, with
ERE initial seed; and (c) Ω3, with GBNS initial seed.

3.3. Comparison of Initial Seed Methods

Although the barrel-based domains mainly relied on one initial seed approach each
(EBNS for Ω1, ERE for Ω2), the hourglass domain Ω3 served to compare the three methods
in a controlled manner: Euclidean blue noise sampling, Euclidean repulsion energy, and
geodesic blue noise sampling, aiming to distribute N = 204 points. In all trials, 50 iterations
of GRE optimization were performed after the initial seed. Regarding runtimes, the proce-
dure utilizing EBNS elapsed 2425.2 [s], the ERE-based procedure elapsed 3407.9 [s], and the
GBNS-based procedure elapsed 6123.8 [s]. On the other hand, the final standard deviations
after GRE were σ

opt
Ω3EBNS = 0.340 [mm], σ

opt
Ω3ERE = 0.284 [mm], and σ

opt
Ω3GBNS = 0.278 [mm].

These results equip the user with the possibility of deciding with a more accurate result at
the cost of runtime in the form of GBNS, a compromise solution in the form of ERE, or a
fast solution at the expense of accuracy in the form of EBNS. Figure 9 further exemplifies
this, showcasing the initial seed and final distributions for all three subcases.

Figure 9. Top row: initial seed distributions in Ω3 for all three algorithms; bottom row: their
corresponding GRE distributions.
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These runtime results are valuable in the context of manufacturing offline process
set-up. One of the goals of this offline process setup is to asynchronize the offline setup tasks
from the operation proper, leaving no machine idle time. This allows for significant build
cycle time savings and efficient manufacturing job shop planning. This asynchronization
can be achieved through the present methodology, as the trajectory planning algorithm
runtimes are in the order of magnitude of the build cycle time of a layer, especially in
robot-based NPAM [58].

3.4. Path Planning Examples with the 2-Opt Nearest Neighbor Algorithm

Several final point distributions obtained by the above optimization were further
employed to illustrate infill path planning through the geodesic 2-opt nearest neighbor
heuristic. In Figures 10–12, the results show smoothly connected Hamiltonian paths across
all distributed points for Ω1, Ω2, and Ω3 (GBNS seed), respectively.

In all the examples presented, the trajectory starting point was a slice polygon vertex
(the bottom-right corner in Ω1 and Ω3 and the bottom vertex in Ω2). However, the starting
point can be chosen according to other criteria. The present infill algorithm is to be
embedded within a complete slicing algorithm, which includes walls and infill. Usually,
this implies that the infill phase is done after the wall phase. In this kind of situation, the
infill start point can be located close to the wall end point, shortening build cycle times.
Other situations may include slice polygons without vertices. In any case, the algorithm
can be initialized from any point, without the risk of generating an unsuitable trajectory.

Additionally, this path planning strategy could be extended and refined to address
functionality requirements such as optimizing fatigue performance [10,59], optimizing
internal support creation [25], reducing build cycle time [60], or increasing mechanical
strength [16]. Other research lines may include the definition of functionally graded struc-
tures through non-uniform infill densities [61] or incorporating machine dynamics onto the
path planning [54], optimizing the overall build efficiency for robot-based NPAM processes.

Figure 10. Geodesic path planning results on the barrel-shaped build platform, domain Ω1, both in
the embedded map (right-hand side) and on the platform.
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Figure 11. Geodesic path planning results on the barrel-shaped build platform, domain Ω2, both in
the embedded map (right-hand side) and on the platform.

Figure 12. Geodesic path planning results on the hourglass-shaped build platform, domain Ω3,
and geodesic blue noise sampling initial seed, both in the embedded map (right-hand side) and on
the platform.

4. Conclusions
The present paper introduces a novel methodology to generate non-solid uniformly

dense infill patterns given a slice geometry. This slice geometry will be defined in an
embedded map for a given manifold. In this regard, a previous parameterization performed
by the authors was used to create both the build platform and the embedded map, utilizing
degree-six Bézier splines. The methodology performs better if the build platform fulfills
certain conditions on continuity and complexity, as it allows for the analytic calculation
of the metric tensor components and the Christoffel symbols of the second kind. To
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demonstrate this methodology, three increasingly complex domains and build platforms
were analyzed.

Using the topology concepts outlined above, an algorithm to create uniformly dense
point distributions was created, based on the geodesic repulsion force among points. The
algorithm shows good performance in terms of homogeneity of the kernel density function,
and it is further supported by the distance histograms for all the three case studies presented.
This uniformly dense mesh can be correlated with the maximum overhang and bridge
distance inherent to AM processes, and allows the user to select a command infill density
of their choice. This command infill density may be selected based on factors such as build
time, mechanical strength, and others.

In addition, a first iteration of a path planning algorithm was presented, generating
rasters among points in a non-self-intersecting, Hamiltonian fashion. This path planning
method serves as a means of visualization, and showcases the potential of the methodology.
The path planning outlined in this work is a basic implementation, and as such, there is
room for improvement. Among the identified improvements, there is implementation for
non-simple slice polygons (i.e., slices with holes), as well as optimizing and smoothing the
rasters for the best AM machine dynamic performance.

Another limitation found in this study is the overall runtime of the presented algo-
rithms. Although a great effort has been made to optimize the initial seeds to provide
the algorithm with close-to-solution distributions, the geodesic repulsion algorithm in-
evitably needs to compute many solutions for the geodesic differential equation. This
could be solved by utilizing other parameterizations of curves, which offer an analytical
solution for the geodesic equation, or exploring the benefits of Neural Operators to solve
the geodesic equation.

Despite these limitations, the methodology is versatile, and their concepts may be
extended to more sophisticated infill methods, such as volumetric lattice infills based on
TPMS [43]. This type of infill may also account for part anisotropy as a function of load
directions, and can also be combined with the present non-solid, uniform density conformal
infill generation method. Accommodating for these types of infill generation would imply
the generalization of the geodesics to the complete isomorphism between the embedded
map and the manifold in the ambient Cartesian space R3.

The methodology accommodates for all values of curvature, either positive or negative,
as long as some considerations are taken into account. For negative curvature regions, there
is an implicit limit in design freedom, as not all parts may have a bijective homeomorphism
through the embedded map. In addition, negative curvature regions pose a challenge
in terms of practical implementation on an NPAM robotized station. Wrongly adjusted
parameters such as nozzle diameter, nozzle angle, or station configuration may induce
clashes between the build platform and the station. In this regard, there is a lack of
knowledge in the context of embedded map NPAM slicing that needs to be addressed.

Overall, the procedure outlined in this work enables the possibility of quasi-
homogeneous density infills for NPAM, while retaining the uniform slicing characteristic
from embedded map methods. However, it is not constrained to this specific field of
manufacturing processes, since it may be extrapolable to other processes based on material
deposition such as micropatterning. This is considered to be relevant in the context of high
added value parts in the biomedical context, the automotive or aerospace industries, or
fast mold manufacturing. Lastly, this methodology is fully compatible with robot-based
workflows. The methodology also allows for mechanical properties design when working
conjointly with other designs for NPAM or general AM techniques, such as automatic
conformal slicing, multi-material manufacturing, or direct assemblies, among others.
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