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Background: Information from differential nuclear-physics experiments and theory is often too uncertain to
accurately define nuclear-physics observables such as cross sections or energy spectra. Integral experimental data,
representing the applications of these observables, are often more precise but depend simultaneously on too many
of them to unambiguously identify issues in the observable with human expert analysis alone.

Purpose: We explore how we can leverage physics knowledge gained from differential experimental data, nuclear
theory, integral experiments, and neutron-transport calculations to better understand nuclear-physics observables
in the context of the application area represented by integral experiments. We support this task with machine-
learning methods to discern trends in a large amount of convoluted data.

Methods: Differential and integral information was used in an analysis augmented by the random forest and
the SHAP metric. We chose as an application area one that is represented by criticality measurements and
pulsed-sphere neutron-leakage spectra.

Results: We show one representative example (241Pu fission observables) where the combination of differential
and integral information allowed to resolve issues in data representing these observables. As a starting point, the
ML algorithms highlighted several observables as leading potentially to bias in simulating integral experiments.
Differential information, paired with sensitivity to integral quantities, allowed us then to pinpoint one specific
observable (241Pu fission cross section) as the main driver of bias. The comparison to integral experiments, on the
other hand, allowed us to indicate a likely reliable experiment among several discrepant ones for this observables.
In other cases (e.g., 239Pu observables), we were not able to resolve the confounding introduced by integral
experiments but instead highlighted the need for targeted new experiments and theory developments to better
constrain the nuclear-physics space for the application area represented by integral experiments.

Conclusions: We were able to combine information from differential experimental data, nuclear-physics theory,
integral experiments and neutron-transport simulations of the latter experiments with the help of the random
forest algorithm and expert judgment. This combination of knowledge allows to improve our description of
nuclear-physics observables as applied to a particular application area.
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I. INTRODUCTION

Experimental data of nuclear-reaction processes are typically obtained for a particular target isotope at a given
incident energy E of a projectile. Examples of such observables are reaction cross sections (σ(E)), energy or angular
distributions of secondary particles (dσ/dΩ, dσ/dE), etc. Theoretical model calculations for these reaction processes
provide the same type of information: nuclear-reaction probabilities at a fixed energy. More explicitly, nuclear
models describe the same quantity over a more complete energy range. In this sense, these physical quantities, both
experimental and theoretical, are commonly termed “differential” information. This definition is often contrasted
with the term “integral”. In integral experiments, data are obtained as an average over a spectrum, and often include
the effects of several isotopes and materials. These data are in general representative of a particular application area
of nuclear physics covering fundamental science, nuclear astrophysics, and other applications in nuclear technology,
such as reactor physics, criticality safety, neutron dosimetry, etc.

The simplest example illustrating these two concepts of differential and integral data is the spectrum-averaged cross
section, σ, measured in a well-defined neutron spectrum, w(E),

σ =

∫
σ(E)w(E)dE. (1)

The data resulting from differential information, termed nuclear data, appear in this equation as σ(E) as a represen-
tative example; σ(E) is a particular observable (for instance, the 239Pu inelastic cross section) at a certain incident
or outgoing energy or angle. They serve as input for various calculations of σ in the application areas mentioned
above. When experimental integral data of a specific application area are available, e.g., experimental data on σ,
these experimental data provide further information on validating the differential data by simulating the experiment
with Eq. (1) and comparing to the associated experimental value [1]. However, one could not obtain σ(E) by only
optimizing Eq. (1) to measured data of σ as σ(E) has many degrees of freedom due to the dependence of σ on E.
Hence, while the reliability of numerical data can be tested through simulating integral experiments and comparing
to their experimental values, the numerical data are only validated for the application domain represented by integral
experiments.

This differential and integral information is rarely brought together in a systematic manner to inform nuclear physics.
However, combining them could alleviate issues encountered in both, differential and integral, data. Differential
information is often too uncertain to accurately define nuclear-physics observables. Most angle-integrated cross
sections cannot be measured to more than 1% given the corrections necessary to obtain them from actually measured
data [2, 3]. Measurements of the average prompt-fission neutron multiplicity, which are arguably among the most
precise ones providing input for nuclear data, report a precision as low as 0.5%, but these low uncertainty values are
extremely difficult to achieve [2, 4, 5]. Knowledge gained from nuclear theories complements differential data where
experiments are inaccessible. However, this theory knowledge cannot define nuclear-physics observables with lower
uncertainties than precise experimental data given the possible variations in parameter space and approximations
made in the models. These physical variations in parameter space are often so large that the model is unable to
clearly identify which differential experimental data set is closest to nature if several of them differ systematically by
a few percent.

In contrast, some integral experiments can be measured to a much higher precision. For instance, some criticality
experiments [6], that provide the effective neutron multiplication factor, keff , are reported with realistic uncertainties
as low as 0.05%. However, these integral experiments only provide convolved information on many differential data.
This confounding lies in the fact that the integral data cannot identify a set of differential data uniquely as shown
with the example in Eq. (1). If one aims to identify issues in the differential data by taking advantage of integral
information, one has to explore an extremely large parameter space that includes all materials and reactions taking
place in the experiment to simulate it. In the simulation of keff , all neutron-scattering and fission nuclear data
enter—adding easily up to several hundreds of nuclear-data values being used for the simulations. To give a particular
example, in Ref. [7], 875 integral experiments were simulated as a whole set with approximately 20,000 nuclear-data
values, i.e., a 875 × 20,000≈ 18 million dimensional sensitivity space. It is challenging for a human mind on its own
to find a trend in such a high-dimensional space. Therefore our aim is to apply a machine-learning (ML) technique
to excavate issues and inconsistencies that reside between the differential and integral information, which should be
more efficient than conventional methods.

A variety of ML techniques have been applied recently to solve open issues in nuclear physics. Gaussian processes
have been used to estimate theory-truncation errors for nuclear forces [8], to systematically improve theory calculations
compared to experimental data [9], and as efficient emulators for complex, computationally-expensive physics models
[10]. Support vector regression, elastic net and random forest have been used to extract potential physics causes
for experimental data being outliers based on measurement information [11]. Artificial neural networks have been
successfully applied to parameterize nuclear wave functions for A ≤ 4 nuclei [12, 13]. Bayesian neural networks were
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applied to mass models [9], astrophysical applications [14, 15], and to determining the limits of the neutron and
proton driplines [16]. Both, Bayesian neural networks and the probabilistic mixture density networks, have been
used to provide insight on fission yields [17, 18]. In Ref. [7], we applied the random forest and SHAP (SHapley
Additive exPlanations) metric to identify groups of correlated nuclear data that are likely describing a nuclear-physics
observable imperfectly. We also discussed that one cannot unambiguously disentangle which of the several nuclear-
physics observables is biased just with integral input as explained at the beginning of the introduction. Information
from differential experiments was already highlighted as potentially being able to aid in solving this confounding.

Here, we demonstrate how one can combine knowledge from differential and integral regimes to partially disentangle
this convolved information, and inform more clearly nuclear physics as applied to a specific application area. The
resulting information can also provide valuable input on what future measurements and theory developments could
unravel the confounding between different nuclear-physics observables as well as theoretical predictions. In addition,
we emphasize that the techniques explored are so general that they not only reconcile differential data with integral
information, but may also be applicable to nuclear-physics problems where entangled model parameters concentrate
into a few degrees of freedom. An example could be the prompt-fission neutron multiplicity, νp, or the delayed one,
νd, which can be calculated by a variety of nuclear-reaction and structure models [19–22]. We could achieve a much
higher accuracy on predicting ν with these models through the ML techniques presented here; and, we envisage ML
will become a common tool used in extracting physics information out of heterogenous data.

Section II describes the differential and integral input data used for this analysis along with the analysis methods
employed. Sec. III shows some examples on how this analysis can be applied to resolve issues in understanding
differential data or highlight the need for future measurements and theory developments. Such recommendations
are briefly summarized for Pu-isotope nuclear data in Sec. III as applied to the application areas represented by
criticality and pulsed-sphere neutron-spectra experiments. While we focus on the application area of criticality safety
and shielding in this particular paper, it is highlighted in the conclusions and outlook, Sec. IV, that this technique
can be applied to other areas of nuclear physics.

II. METHODS AND DATA

Figure 1 illustrates how the analysis was undertaken to bring together integral and differential information for
improving our description of nuclear-physics observables represented by nuclear data. The following steps were
undertaken in this analysis:

1. In a first step, integral experiments are selected that will be used to investigate the reliability of nuclear data
in step 2. The input, sensitivities of integral quantities to nuclear data, that allows to link integral experiments
to these data is described in Sec. II A.

2. In the second step, the validity of nuclear data is studied with respect to integral experiments selected in step
1 (experiments providing criticality and pulsed-sphere neutron-leakage spectra) employing the random forest
algorithm and SHAP metric described in Sec. II B. The output of these machine-learning algorithms is shown
in Fig. 2; namely, listings of the most important nuclear data related to bias between simulated values and
experimental data of integral measurements. The higher a SHAP value is for a particular observable, the more
it is likely to contribute to bias. We studied here those Pu-isotope nuclear data that appear with SHAP values
among the highest 3000 ones (out of approximately 20,000).

3. The nuclear data thus identified as potentially inaccurate are then compared to differential experimental data
and assessed by means of theoretical considerations as showcased in Sec. III. If one cannot unambiguously define
a more accurate description of a nuclear-physics observable with differential information on its own, the feedback
loop shown in Fig. 1 is executed. This loop explores the potential space of solutions. Such a situation could
arise, for instance, if there are several discrepant differential data sets, and one cannot decide which one is closer
to truth. To this end, several nuclear-data curves are established that span the space of possible nuclear data
given differential experimental data and theory considerations. These curves are then used to simulate integral
experiments. In some cases, the agreement between simulated values and experimental data can help decide on
the curve closest to nature.

4. The results of this analysis are in the best case a better understanding of the observable by differential and/ or
integral information. If no decisive information can be gleaned from step 3, recommendations can be formulated
on which nuclear-physics observables should be further investigated, either experimentally or with better mod-
eling. These recommended experiments and theory developments would not only improve our understanding of
differential data but would also better constrain the nuclear-physics space for the application area represented
by the integral experiments.
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FIG. 1. Schematic figure of the analysis pathway that informs nuclear physics with differential and integral information.

A. Input data

a. Integral experiments Two types of integral experiments are considered: 875 criticality benchmarks of ICSBEP
(International Handbook of Evaluated Criticality Safety Benchmark Experiments) [6] and 15 Lawrence Livermore
National Laboratory (LLNL) pulsed-sphere measurements [23], the latter consisting of a total of 2343 data points.

Criticality benchmarks provide the effective multiplication factor, keff , i.e., the ratio of the number of neutrons
in a system in one generation1 to the number of neutrons in the next one. One keff value is given per assembly
configuration and can be determined to a precision as low as 0.05%; although keff uncertainties in the range of 0.1–
0.4% are reported for many assemblies. Thousands of these experiments are assembled, after a stringent review,
in the ICSBEP handbook [6]. In these experiments, there is always a fuel present, consisting of major and minor
actinides, while light elements (e.g., 1H, 14N) and structural materials (e.g., 56Fe, 208Pb) may appear within the fuel,
moderator, or reflector material. Here, we use keff values of 875 ICSBEP critical assemblies as detailed in Table I of
Ref. [7] and shown in Fig. 3.

In LLNL pulsed-sphere experiments [23], neutron-leakage spectra are measured, i.e., the time-of-flight spectra of
all neutrons emitted from the investigated material; these neutrons are mainly produced through scattering or fission
reactions (if an actinide is present). Simple spheres of various materials containing only few distinct isotopes are
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FIG. 2. The ten most important nuclear-physics observables related to bias in predicting 875 keff values and 15 LLNL pulsed-
sphere neutron-leakage spectra are shown using ENDF/B-VIII.0 nuclear data. The SHAP values shown here are aggregated
by observable [7], i.e., no dependence on energy is shown.

1 A neutron generation relates to the progeny of proceeding neutrons in a fission chain.



5

studied in this measurement series; the spheres are pulsed by a 14-MeV neutron source produced by a deuteron
beam hitting a tritiated target in the center of the sphere. The resulting neutron-leakage spectra are measured at a
specific angle and in some cases for different thicknesses of the same material. An example of such a neutron-leakage
spectra is shown in Fig. 4 for a 238U sphere. Contrary to criticality measurements, this class of experiments studies
fuel materials independently from combinations of light and structural materials. Here, we use 15 pulsed spheres as
detailed in Table 2 of Ref. [24].

b. Differential experiments For the current study, we retrieved differential experimental data from the EXFOR
database [25] for 238−242Pu neutron-induced total (n,tot), elastic (n,el), inelastic (n,inl), capture (n,γ), fission (n,f),
and (n,2n) cross sections along with prompt-fission neutron spectra (PFNS) and average prompt-fission neutron
multiplicities (νp). The main difference between differential and integral experiments is that usually one studies in
the former case one specific observable of one reaction per experiment using small amounts of materials consisting of
few isotopes, e.g., the (n,f) cross section of 241Pu.

c. Linking integral experiments to nuclear data While it is clear that differential experimental and theoretical
information enter nuclear data as direct input for their evaluation of the same observable and energy range, the
connection of a specific nuclear-data value to simulations of integral experiments is more complicated.

For instance, one simulates keff of a criticality experiment by solving the time-independent Boltzmann forward
neutron-transport equation,

Ω̂ · 5ψ(~r,E, Ω̂) + Σt(~r,E)ψ(~r,E, Ω̂)

=

∫ ∞
0

dE′
∫

4π

dΩ̂′Σs(~r,E
′ → E, Ω̂′ · Ω̂)ψ(~r,E′, Ω̂′)+

1

k

1

4π

∫ ∞
0

dE′
∫

4π

dΩ̂′νtotΣf (~r,E′)χtot(~r,E
′, E)ψ(~r,E′, Ω̂′), (2)

for the largest eigenvalue of k. One then compares the simulated keff value to the experimental one. The variable
ψ(~r,E, Ω̂) is the angular flux in the assembly as a function of location in the assembly, ~r, outgoing energy, E, and

outgoing direction, Ω̂. The equation balances neutrons lost through the streaming and collision terms on the left-hand
side versus the neutrons produced via in-scatter and fission on the right-hand side. Probabilities of nuclear processes
(e.g., fission and scattering) are represented by nuclear data in this equation. For instance, neutrons produced by
fission are described by the average total-fission neutron multiplicity, νtot, the total-fission neutron spectrum, χtot,
and the macroscopic total fission cross section, Σf . Σs and Σt are the macroscopic scattering and total cross sections.
All of these observables consider the isotopes present in and included in the simulation of the assembly, e.g., they
are the cross sections, χtot, etc., for a material that may contain 239Pu but also at the same time 240Pu and 241Pu.
The Monte Carlo technique is often employed to numerically solve the Boltzmann equation and such simulations are
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FIG. 3. Simulated keff values (C) are shown in ratio to experimental data (E) for all criticality benchmarks used as part of
the current analysis. The different colors distinguish between different sub-classes of experiments identified by their fuel type
following an abbreviated ICSBEP nomenclature.
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usually undertaken with neutron-transport codes; we employed here MCNP-6.2 [26].
One way to understand how various nuclear data influence the simulation of, for instance, keff of a particular

integral experiment is by calculating sensitivity profiles. To be more specific, first-order sensitivity coefficients Sij are
numerically approximated by [24],

Sij =
∆Ci/Ci
∆σj/σj

, (3)

with the relative change of a simulated value, ∆Ci/Ci, induced by a relative change, ∆σj/σj , of the nuclear data
for energy group j of 50 groups spanning from thermal to 20 MeV. The calculated values, Ci, could correspond to a
single keff value for one ICSBEP assembly, leading to Sij turning into the vector Sj for one criticality experiment or
can be a function of time-of-flight bins i and nuclear-data energy bins j.

When one studies the sensitivity of keff of the “Dirty Jezebel” critical assembly (listed with the identifier PU-MET-
FAST-002 in Ref. [6]) to various 241Pu nuclear data in Fig. 5, one can clearly understand that the one simulated keff

value is sensitive to several hundreds of nuclear-data values—especially considering that many more isotopes than
241Pu are present and the sensitivity to 241Pu nuclear data is by a factor of 50 smaller than to 239Pu data. The same
is true for simulating pulsed-sphere neutron-leakage spectra. In addition to that, the relative sensitivity of keff to ν
versus the (n,f) cross section as a function of incident-neutron energy is very similar across all critical assemblies (tied
to Eq. (2)) leading to the fact that one cannot disentangle bias coming, e.g., from the (n,f) cross section or ν only
via critical assemblies. To this end, one would need an integral observable with different sensitivities to those two
nuclear-data observables in the same energy range. While sensitivities of pulsed-sphere neutron-leakage to (n,f) cross
sections and, e.g., (n,el) cross sections are different compared to those for keff , the pulsed spheres conclusively query
nuclear data from 15 down to 5 MeV, while keff is mostly sensitive to nuclear data up to 5 MeV.

Hence, one cannot uniquely trace back a shortcoming in simulating keff or pulsed-sphere neutron-leakage spectra to
one specific nuclear-data value. On the contrary, there is a one-to-one correspondence between differential information
and nuclear data allowing for a more unique identification of biased nuclear data.

B. Analysis methods

As mentioned above, several hundreds to thousands of nuclear data may enter the simulation of one integral
experiment, dependent on the make-up of the assembly. Here, we simulate 890 experiments with approximately
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experimental values, C/E, are shown in the lower panel.
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20,000 nuclear data from ENDF/B-VIII.0. About a fourth of these experiments have plutonium in their core which
we study in detail.

The following question is asked as part of the second step in the pathway in Fig. 1: What specific nuclear-data
values, σj , are related to a difference between simulated integral values, C, and the associated experimental data, E?

To cast this into a machine-learning algorithm, one builds a prediction model for the bias ∆ = (E −C)/
√
δE2 + δC2

as a non-linear function of all potentially informative features (Si,j and 1000 measurement features described below):

∆ =
E − C√
δE2 + δC2

= f(X1, ..., X21,000). (4)

Contrary to Ref. [7], C and E do not only encompass keff values but also pulsed-sphere neutron-leakage-spectra values.
The bias is weighted with the experimental variances, δE2, and the calculated ones, δC2; the latter account for only
Monte Carlo statistics uncertainties from the neutron-transport code. This weighting was undertaken as pulsed-sphere
neutron-leakage spectra are distinctly (by a factor of 5–200) more uncertain than experimental criticality values. All
of them are assumed to be independent given the lack of information on possible correlations. The features that
should be explored here are those nuclear data that lead to bias between C and E of integral experiments. Hence,
one has to use for feature, X, values that encompass the information on how C depends on nuclear data, σ; that
information is represented by a total of 20,000 sensitivities, Sij , of Eq. (3). Another class of features that is added,
in addition to Sij , are about 1000 measurement features describing the experiments (see Ref. [7]) to account for the
fact that some biases might have a trend related to appearing with a specific measurement feature. Measurement
features could be, for instance, the core geometry (sphere, cylinder, etc.), number of fission units, or percent weight
of actinides.

The function f(X1, ..., X21,000) is modeled with the random forest [27]. As integral input (step 1 in Fig. 1), one uses
E of the integral experiments described in Section II A, C calculated with the neutron-transport code MCNP-6.2 [26]
and ENDF/B-VIII.0 [28], and Sij calculated with the codes MCNP-6.2, FRENDY and SANDY [26, 29, 30] for both
criticality and pulsed spheres responses [24].

The random forest algorithm then randomizes decision trees, as its name suggests, by entering in a set of trees
each a sub-set of biases ∆ and a sub-set of features X. Each tree partitions ∆ then in several subsequent splits such
that one part of the data has the feature Xi present while the other part does not depend on Xi. One could imagine
that one part of the experiment depends on the 241Pu(n,f) cross section from 0.4–0.9 MeV while the other part does
not (i.e., experiments with and without this isotope present). The first split is selected by the algorithm such that
it maximally reduces the spread in ∆ by splitting with respect to a particular X. Subsequent splits apply the same
principle with diminishing returns on reducing the spread in ∆. Randomizing over several decision trees guarantees
that not one feature X dominates as the main reason to split but that one can explore several important factors.

An importance metric, here the SHAP metric [31, 32], is applied to the resulting random forest to extract which
features were most important in predicting ∆. The SHAP metric measures importance of a feature by comparing
the incremental predictive improvement obtained by adding the feature to a subset of all other predictive features.
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SHAP averages these incremental improvements over all subsets of other features and over all observed data points,
resulting in an aggregate measure of importance for a given feature. Figure 2 shows SHAP values of only the top 10
most important reactions from approximately 400 in the study (all 20,000 nuclear-data features were aggregated by
reaction), but also SHAP values for individual energy groups of specific reactions are used for the analysis below. The
SHAP metric as applied to this problem was described in more detail in Ref. [7, 33]. It is important to know that the
higher a SHAP value is for a particular feature X, the more X is indicated to be related to bias. Such results are for
instance shown in Fig. 2. The results serve then as input for step 2 of Fig. 1, namely to identify which nuclear data
are possibly incorrect. These particular nuclear data are then plotted in step 3 of Fig. 1 with respect to differential
data and analyzed including theory understanding to discern if there is truly a shortcoming in the nuclear data.

It is worth noting that the ML algorithms are not being used to solve an inverse problem here, in the sense that
they do not change input nuclear data to make the resulting simulations of integral experiments consistent with
their experimental counter-parts. Instead, the bias between simulated and experimental values is observed given
ENDF/B-VIII.0 nuclear data; the ML algorithms then identify systematic relationships between the observed bias
and nuclear data sensitivities, which serves as input for experts to identify nuclear data for potential adjustment. We
manually explore possible changes in nuclear data rather than blindly following ML results because these data-driven
algorithms cannot pinpoint individual predictors of bias due to correlation between nuclear-data sensitivities resulting
from physics.

III. RESULTS AND DISCUSSION

A. 241Pu(n,f) cross section from 0.1–2 MeV

Several 241Pu nuclear data appear as strongly related to bias from 0.1–2.354 MeV. That is several 241Pu nuclear data
in that particular energy range were assigned SHAP values that place them among the first 0.1% of most important
values related to ∆ across all isotopes, reactions and energy ranges. Among them were the (n,f) cross section, the
PFNS and νtot. The (n,f) cross section and νtot appear even among the seven most important observables in Fig. 2
despite the fact that 241Pu appears to only low percentages in critical assemblies. All these three fission observables
contribute to the fission-source term of keff in Eq. (2). Given that, one cannot disentangle the effect those three
observables have on simulating keff by only studying these integral experiments. In addition to that, there seem to
be issues in ENDF/B-VIII.0 nuclear data representing the PFNS, νtot, and the fission cross section of 241Pu. These
issues are discussed below in the context of theory considerations and by comparing existing differential experimental
data to nuclear data in the energy range highlighted by the random forest and SHAP as related to ∆.

The PFNS, χ(Eout), is often described by a Maxwellian-like shape

χ(Eout) ∼
√
Eout exp

(
−Eout

T

)
, (5)

at low outgoing-neutron energies, Eout, in the laboratory frame, using the parameter T conventionally termed the
Maxwellian temperature. This was inferred by transforming the spectrum of neutrons evaporating from moving
fission fragments into the laboratory system [34–36]. The ENDF/B-VIII.0 241Pu file contains only three values of T
to represent PFNS for three different incident-neutron energy ranges, E. However, as noted by Watt [37], the PFNS
behaves like an evaporation spectrum, Eout exp(−Eout/T ), at higher Eout; hence, the Maxwellian representation
chosen for ENDF/B-VIII.0 241Pu PFNS poorly approximates the true shape of a PFNS [38].

The ENDF/B-VIII.0 fission cross section, σf , goes through the cloud of differential experimental data and approx-
imates it as best as it can. However, it is obvious from Fig. 6 that these differential data are highly discrepant. Note
that the 241Pu(n,f) σf is determined from absolute measurements of the cross section (Butler, Simpson, and Szabo
data [39–41] ), and also by ratio data to other reactions [42] such as 235U(n,f) (Carlson, Fursov, Kaeppeler, White,
and Smith data [43–47] in Fig. 6). The ratio data of Tovesson et al. data [48] were not included in the analysis
underlying ENDF/B-VIII.0 given that the reason for its difference to other data were not understood.

Theoretical prediction of the 241Pu(n,f) cross section is one powerful tool to estimate variations of σf as a function
of incident-neutron energy. However, it is known that the predicted absolute magnitude as well as the exact shape may
be too uncertain, or too sensitive to model parameters such as the fission barriers, to eliminate any of the inconsistent
data sets. In fact, current modeling of the fission channel in the statistical Hauser-Feshbach theory often employs a
very crude WKB approximation to calculate the penetration probability through the fission barriers, together with
phenomenological models for fission level-density enhancement. It can be seen from Fig. 7 that a variation of only
150 keV in the 242Pu fission barrier, well within the uncertainties of this parameter, encloses most differential data.
Therefore, one cannot exclude most of the discrepant 241Pu(n,f) σf differential data solely by theory considerations;
that also means that the 241Pu σf remains as a possible source of bias given differential information.
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FIG. 6. Experimental 241Pu(n,f) cross sections [39–41, 43–47] are shown in comparison to ENDF/B-VIII.0 (black line) and
the new curve tested here (red line). This plot shows the considerable spread between the differently-colored data set—that is
distinctly more than their reported total uncertainties.

However, one can exclude the PFNS and νtot as the main driver of bias, ∆, in simulations of integral experiments
by exploring different shapes of the observable that are supported by both differential experiments and theory. While
the 241Pu PFNS clearly needs to be improved by using a more physical shape, using such a PFNS (taken from the
JENDL-4.0 [49] nuclear-data library, which is based on the Madland-Nix model [36]) changes C very little. The
reason for that can be seen from Fig. 5. The Dirty Jezebel assembly is among the most sensitive to 241Pu data but is
little sensitive to the 241Pu total-fission neutron spectrum, χtot, which mainly consists of the PFNS. The mean energy
of the PFNS changes by 1% from ENDF/B-VIII.0 to the physical shape of JENDL-4.0—a much too small change
to strongly improve ∆ of criticality measurements. For instance, keff of Dirty Jezebel changes only by negligible 18
pcm (per cent mille) if one simulates keff with JENDL-4.0 241Pu PFNS versus ENDF/B-VIII.0. To give a qualitative
measure of pcm, the keff of Dirty Jezebel is reported with 200 pcm uncertainty, with approximately 200 pcm being
also the difference between a controlled assembly and a criticality accident for this particular configuration.

The same argument applies to νtot. While Dirty Jezebel’s keff is distinctly more sensitive to νtot, one cannot
change it significantly without disagreeing systematically from existing differential experiments given that ENDF/B-
VIII.0 νtot already agrees well with them except for the fact that the energy grid was chosen too coarse to capture
experiments fully. Hence, only fission cross sections remain as possibly related to ∆.

If one changes the fission cross section such that it corresponds to the experimental data of Tovesson et al. [48] (red
line in Fig. 6) and simulates keff with it, the simulated C changes significantly, by 143 pcm. Moreover, E−C changes
from a bias of 147 pcm to 4 pcm with the 241Pu(n,f) σf following Tovesson et al.

Of course, one critical assembly is not a good measure to test whether new evaluated data improve ∆ as keff is
a severely under-determined system and by introducing a mistake in one observable, one might mask it for another
observable. Hence, we tested the effect of changing 241Pu nuclear data to be closer to Tovesson et al. data [48] on
∆ for many assemblies containing 241Pu. To this end, the change in σf was linearly propagated to keff to 50 critical
assemblies where a change in the 241Pu σf leads to a change in keff by more than 10 pcm. Linearity holds as the
total change in simulated criticality is expected to be small despite the large change in 241Pu σf given the overall
low sensitivity. Lowering 241Pu σf decreases the calculated keff for all these benchmarks; i.e., our proposed change
will improve the C/E for over-calculated benchmarks and make it worse for under-calculated ones. The former are in
majority so there is a slight overall improvement: The bias averaged over all the benchmarks studied, 〈∆〉 = 〈E −C〉
is 181 pcm with ENDF/B-VIII.0 241Pu(n,f) σ while it is 150 pcm for the new nuclear data. This improvement is
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FIG. 7. The same experimental data as shown in Fig. 6 for the 241Pu(n,f) cross section are compared to ENDF/B-VIII.0
(black line) and model curves. The mean model curve (red, solid line) was obtained with model parameters optimized to
reproduce ENDF/B-VIII.0 data. It is also shown that only a small change in the fission barrier of 150 keV suffices to enclose
most discrepant experimental data.

statistically insignificant given measurement uncertainties typically in the range of 50–500 pcm. Out of all these
benchmarks, Dirty Jezebel is the one most sensitive to 241Pu nuclear data. Hence, while we significantly improve keff

simulations of Dirty Jezebel by using a σf closer to Tovesson et al. data, we preserve (actually slightly improve) good
performance of simulating most other critical assemblies, some of which are among the primary test cases for any new
239Pu nuclear data.

It should be emphasized that random forest and SHAP informed by integral experiments and simulations was only
able to identify a group of nuclear data as related to bias, namely, the 241Pu fission cross section, PFNS and νtot.
The reason for this correlation lies in the fact that the fission-source term in Eq. (2) combines these three observables
always in the same way; that renders it impossible to disentangle their individual contribution to bias. One needs
additional information, such as provided by differential experiments and theory, to find out which of them is likely
incorrect. This information, combined with the sensitivities Si,j , allow to estimate whether a change of an observable
within differential uncertainties is likely to yield a substantial improvement in C/E. In the case of 241Pu, examination
of the differential data for the fission cross section, PFNS and νtot led us to the conclusion that the 241Pu(n,f) cross
section is most likely the major source of bias among the three. Integral information, on the other hand, allowed us
to select from several discrepant differential measurements the one yielding improved C/E values which would not be
possible given only differential experimental and theoretical information. Hence, the combination of both differential
and integral information, supported by ML and constrained by theory was the key to improving our understanding
of nuclear-physics observables.

B. 239Pu(n,f) cross section from 10–15 MeV

The 239Pu σf , χ, νtot, and (n,el) cross section, σel, from 10–15 MeV are all identified by the random forest and
SHAP metric as among the 5–10% most important observables related to bias. 239Pu σf and ν appear even as the
top two most important observables related to bias in Fig. 2. Simulated keff values are sensitive to nuclear data up to
maximally 6 MeV. Hence, nuclear data above 6 MeV are validated here only by LLNL pulsed-sphere neutron-leakage
spectra.

Similar to the example above, one cannot disentangle shortcomings in scattering (σel, discrete and continuum
inelastic scattering cross sections, σinl, and angular distributions) and fission observables (σf , χ, νtot) from each other
solely by comparing E and C of LLNL pulsed-sphere experiments. Differential information, either from theory or
experiment, is needed to identify which nuclear data are likely incorrect.

Unfortunately, resolving this confounding is more difficult than for the 241Pu case. For instance, no 239Pu σel and
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σinl were found in EXFOR for E =10–15 MeV. The total cross section, a sum of all open reaction channels, cannot
provide conclusive information as too many of its components are experimentally undefined (σel, discrete level and
continuum σinl) or discrepancies are observed for others. Hence, 239Pu σel and discrete and continuum σinl are purely
defined by model calculations that themselves are uncertain. While optical or coupled-channels models are expected
to grasp adequately essential physics of nucleon scattering, they depend on phenomenological optical model potentials
that are derived from fitting to experimental data. If those are missing, global parametrization or extrapolation of
potentials for other nuclei must be used. In such a case, the reliability of model calculations is considerably reduced.
Even if the, often existing, experimental total cross sections allow to constrain optical model parameters, the lack of
other reaction cross sections and angular distributions prevents proper partition of the total cross section between
shape elastic and absorption. This limits the model’s predictive power when calculating individual reactions.

Also, sizable discrepancies are again observed between differential 239Pu σf . The data of Tovesson et al. and
Shcherbakov et al. [48, 50] differ by up to 5%, and span between them the space of possible values for the 239Pu σf .
Several other differential data sets exist [51–53] that go through the middle between those two data sets but are not
shown in Fig 8 for the sake of better visibility. Uncertainties in theoretically predicted σf are often larger than the
differences observed between Tovesson et al. and Shcherbakov et al. data. To demonstrate this, we employ statistical
Hauser-Feshbach model calculations to model the 239Pu(n,f) reaction, and investigate how much the calculated σf
vary based on empirical uncertainties on the fission-barrier parameters.

The fission cross section calculation was carried out with the statistical Hauser-Feshbach model code CoH3 [54].
First we fitted the calculation to the evaluated 239Pu σf in ENDF/B-VIII.0 [28]. ENDF/B-VIII.0 values were obtained
from a statistical analysis of many measured fission cross sections, either measured absolutely or as a ratio to other
isotopes, e.g., 235U [55]. The obtained fission-barrier heights are comparable with other fission cross section studies,
such as by Iwamoto [49, 56], where the fission barriers for each isotopes reside in the 4.5–6 MeV range. It should be
noted that fission-barrier heights extracted in this way strongly depend on other nuclear structure properties, such as
level densities, in both a naturally deformed shape and an elongated shape toward nuclear fission.

The CoH3-calculated σf is shown in Fig. 8 by the solid curve, which roughly goes through the data between
Shcherbakov and Tovesson. Although the calculated σf in this energy range is sensitive to not only the fission barriers
but also to the level densities on top of the fission barriers, here we just show how the calculations are modified by the
fission barriers. Hence, the curves show only a lower bound of σf uncertainties due to model parameters. The most
sensitive fission barriers in the energy range of interest are those of 239Pu (second chance fission), and 238Pu (third
chance fission). The dot-dashed and dashed curves in Fig. 8 are roughly estimated to reproduce both Shcherbakov’s
and Tovesson’s data, and found that changes in the fission-barrier heights for both 238Pu and 239Pu of ±150 keV
reasonably cover the data points.

Since typical fission barrier heights of the Pu isotopes are around 5.5 MeV, the deviation of 150 keV is only 2.7%.
The present predictive capability of fission barriers, regardless of the modeling employed nowadays, based either on
a phenomenological or microscopic point of view, is not that accurate. Hence, a purely theoretical investigation is
not able to resolve which of these two discrepant experimental data sets is more realistic, as the uncertainties in the
model calculation are about the same size.

239Pu νtot and χ were also highlighted as possible sources of bias in simulating 239Pu LLNL pulse-sphere neutron-
leakage spectra. Significant bias in ENDF/B-VIII.0 239Pu νtot can be excluded by a recent measurement [57] which
confirms the trend of past experimental data [58] that ENDF/B-VIII.0 data are based upon. Nuclear theory does
not yield tighter bounds on 239Pu νtot as codes that predict it, such as CGMF or BeoH [19, 20, 59–61], depend on
tuning their parameters to such high-precision experimental data and are thus less accurate than experimental νtot.
However, these codes might be able to constrain PFNS and ν simultaneously bringing in diverse physical data, e.g.,
neutron, gamma, and fission-product yields.

Recent 239Pu PFNS meausrements [62, 63] clearly highlighted shortcomings in END/B-VIII.0 nuclear data as can
be seen from Fig 9. These nuclear data were evaluated based on an extended Los Alamos model [36, 64, 65] that was
described in Ref. [7]. One part of the extension was for the physics-expected pre-equilibrium neutron component that
was described with the exciton model [64, 65] encoded in CoH3. The major issue for the ENDF/B-VIII.0 evaluation
was that both the space of physically justifiable model parameters (fission barriers and heights, average total-kinetic
energy of fission fragments, etc.) and experimental data available at the time [66] (i.e., the data by Chatillon et
al.) were both too uncertain to significantly constrain χ. New experimental data [62, 63] verified the general trend
predicted by nuclear models for END/B-VIII.0, but defined a distinctly different evaluated curve in Fig 9. However, if
this updated PFNS curve is used for simulating LLNL pulsed-sphere experiments, the bias reduces only very slightly
by an average of 0.3% showing that 239Pu PFNS issues are only a small part of the bias in pulsed spheres.

In addition to that, we tested whether changing the 239Pu σf within credible limits, i.e., to span the space between
Tovesson and Shcherbakov data, would clearly improve the simulation of pulsed-sphere neutron-leakage spectra.
However, again, only small differences in pulsed-sphere simulations are observed. Using a σf agreeing with Tovesson
et al. data for the neutron-leakage spectra’s simulation increases the bias by about 0.5%, while using a σf closer



12

to Shcherbakov data leads to an improvement of about 0.5% which is small given that the C/E for the Pu sphere
considered here ranges from 0.8 to 1.2. While LLNL pulsed-sphere bias seems to favor a σf trend supported by
Shcherbakov data, it is unfortunately, not conclusive enough. That indicates that the remaining nuclear data that
could be leading to significant bias in simulating pulsed-sphere neutron-leakage spectra are (n,el), (n,inl) discrete
and continuum cross sections along with their angular distributions that counter-balance each other with σf and
(n,2n) within the unitarity constraint of the total cross section. Also, angular distributions related to fission [67]
should be explored as a possible source of bias. As mentioned above, given the lack of differential data and uncertain
models, the resulting nuclear data can vary widely and their physics space is poorly constrained. While one can
change the cross sections such that the bias in LLNL pulsed-sphere neutron-leakage spectra is reduced, there are too
many moving pieces (angular distributions, cross sections, etc.) to clearly define nuclear data by this information.
Hence, an (n,inl) measurement with a precision of a few percent would be of high importance to better constrain the
currently unconstrained physics space spanned between (n,tot), (n,el), (n,inl) discrete and continuum cross sections
and their angular distributions. Given that only scarce experimental data are found for the (n,inl) cross section, this
measurement should cover the energy range from 10 keV to 20 MeV. Such an experiment is recommended in Table I
along with a high-precision measurement of less than 1% of the total cross section to derive σel. A high-precision
absolute measurement of σf at the 0.8% level from 10–15 MeV is also needed that at the same time explains the
biases in Shcherbakov and Tovesson data.

While differential experimental data allowed us to clearly rule out some issues (νtot, χ) in nuclear data highlighted
originally by ML, pulsed-sphere LLNL neutron-leakage spectra did not allow to conclusively provide input what
differential data were more reliable. However, ML paired with differential information gave us hints towards where
the largest shortcomings in nuclear data could be hidden, namely in elastic and inelastic 239Pu nuclear data that in
turn motivates new experimental campaigns and theory developments. It also highlights the need of more sensitive
(and maybe less uncertain) integral experiments if we want to conclusively validate PFNS and σf in the energy range
of 10–15 MeV.

C. Recommendations for Future 238−242Pu Developments

We applied the procedure shown in Fig. 1 to identify potential issues in 238−242Pu ENDF/B-VIII.0 nuclear data using
differential and integral experimental data as described in Sec. II. Similar to the example of 239Pu from 10–15 MeV,

FIG. 8. The discrepancies between Shcherbakov[50] and Tovesson [48] 239Pu σf are highlighted. The data are also compared
to ENDF/B-VIII.0 (black line) and model curves. The mean model curve (red, solid line) was obtained with model parameters
optimized to reproduce ENDF/B-VIII.0 data. It is also shown that only a small change in the 239Pu (blue, dash-dotted line)
and 238Pu (orange, dashed line) fission barriers of ±150 keV suffices to enclose most discrepant experimental data from 6–20
MeV.
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we found issues in nuclear data for particular observables and energy ranges that could not be resolved given current
differential experimental data or nuclear-theory understanding. More explicitly, we identified unconstrained or poorly
constrained nuclear-physics spaces given differential and integral information. These observables and energy ranges are
listed in Table I; we distinguish between cases where predicting nuclear-physics observables by models and guided by
integral information is unconstrained either due to lack of conclusive differential experiments (italic and underlined), or
by a significant enough spread across existing measured data (normal font). Performing new differential experiments or
improving theory for the observables listed could potentially improve simulations of critical assemblies, pulsed-sphere
neutron-leakage spectra, or for application areas represented by these integral experiments. If a discrepant differential
experimental database exists for a particular observables in this table, a new experiment should aim to achieve lower
uncertainties than the spread in the data and explore potential issues leading to systematic discrepancies across data
sets. It should be noted that one should not translate each single entry in Table I into a request for a new experiment;
a combination of theory developments and new experiments might be more effective. For instance, one could measure
PFNS for 240Pu and 242Pu and then pair this information with existing 239Pu PFNS experiments and a PFNS model
across isotopes to derive reliable 238−242Pu PFNS nuclear data. For a similar reason, no recommendations were made
to investigate (n,el) cross sections as these can be derived by nuclear models if conclusive experimental cross sections
for all other open channels (e.g., (n,γ) and (n,f) at thermal and in the resonance range) and the total cross section
are available.

IV. CONCLUSIONS AND OUTLOOK

We explored how we can improve our description of nuclear-physics observables by bringing together three types of
information:

• Differential experimental data of the observable itself,

• Nuclear-theory information, and

• Integral experiments that are simulated by integration over many thousands of nuclear-physics observables as a
function of energy and angle.

To this end, we employed the random forest algorithm and SHAP metric to identify groups of nuclear data representing
nuclear-physics observables that could potentially cause biases in the simulation of criticality experiments and LLNL
pulsed-sphere neutron-leakage spectra. Only combinations of physics observables can be identified by the machine-
learning algorithms. The reason for that lies in these data being correlated with one another through being jointly
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TABLE I. Unconstrained or poorly constrained physics spaces for 238−242Pu nuclear data are highlighted for particular energy
ranges and observables. These were identified by a combination of (a) random forest and SHAP hinting at potential shortcoming
in the data when simulating criticality and pulsed-sphere neutron-leakage spectra, and (b) limitations in differential experimental
data or theory information to unambiguously defining individual observables. Either new differential experiments, theory
developments, or a combination of both are needed to better describe nuclear data. Italic and underlined energy ranges are
those where no conclusive experimental information is available to guide theory, in normal font those are given where no clear
conclusions can be drawn from existing theory and experiments. Energy ranges are specified with “th” for thermal (10−11–
1.77×10−6 MeV), “r” for resonance (1.77×10−6–0.4 MeV), “f” for fast (0.4–20 MeV) and “all” from thermal to 20 MeV.

Observable 238Pu 239Pu 240Pu 241Pu 242Pu
PFNS all th all all all
(n,f) cs > 6 MeV t; f f
(n,f) ν f 0.3–100 keV f all r, f
(n,γ) cs < 1 MeV < 1 MeV t
(n,inl) cs f f f f
(n,2n) cs f
(n,tot) cs all r, f f f f

used for simulating integral experiments. We show as one example—241Pu fission observables from 0.1–2.354 MeV—
how the combination of differential experimental information, theory, and simulated criticality experiments allows us
to isolate a likely root cause of the bias in criticality calculations from a group of potentially biased nuclear-physics
observables. To do this, we first investigated in how far one can change the description of nuclear-physics observables
given the spread in differential experimental data and constraints from theory. Then we tested whether one can
significantly improve agreement with integral experiments given physically justifiable changes in the numerical data.
This process allowed us to identify the most-likely cause of bias, the 241Pu(n,f) cross section. Moreover, we were
able to select the experimental-data set that leads to improved simulations of integral experiments out of several,
discrepant data sets. Another example, for 239Pu nuclear data from 10–15 MeV, was shown where the combination of
differential and integral information was unable to yield conclusive information on what specific 239Pu nuclear data
led to bias in simulating integral experiments. In this case, we were still able to down-select to a smaller group of data
that could be biased by comparing to differential data and exploring the impact of different theory-based curves on
simulations of integral experiments. We then highlighted which future differential experiments or theory developments
could potentially resolve the remaining confounding and better constrain the nuclear-physics space.

While this work focused on exploring how to resolve issues in 238−242Pu nuclear data that impact the simulation of
criticality and 14-MeV pulsed-sphere neutron-leakage spectra, there are several ways to extend the present approach or
use it for similar applications. Obviously, one can extend this work by including broader classes of integral-experiment
responses. The benefit of this extension is twofold: On the one hand one explores the descriptive power of nuclear
data for physics observables with respect to a broad range of application areas represented by these integral responses,
and thus gives a more balanced assessment of nuclear data. Also, by carefully selecting the integral responses to have
different relative sensitivity to various nuclear-physics observables, ML algorithms have more distinct trends at their
disposal to aid in resolving the confounding between them. One challenge for this extension is that tools to calculate
sensitivity profiles—that tie the nuclear-data observables to the integral responses—are missing for many integral
quantities beyond criticality. These missing tools represent a barrier to include various integral responses into ML.

Another way to extend the current approach is by explicitly including differential experimental data in Eq. (4).
While conceptually straightforward, there are some major obstacles: First of all, one has to pre-select differential
experimental data to exclude sets that are known to be biased and quantify realistic uncertainties in order not to
skew ML results. While this task is routinely done by nuclear-data evaluators for each observable they provide, this
information is not openly available. Hence, if one plans to use all differential information for observables used in
criticality experiments, this task would amount to judging and estimating uncertainties for thousands of data sets
again. The second challenge is that one has to extend the importance analysis with random forests to account for
correlations in uncertainties of differential data; something the approach cannot currently handle.

Lastly, one can apply the methods used here for problems similar in character, i.e., where one is faced with
calculating a well-known observables with many parameters that are only loosely defined by less accurate data. For
instance, the CGMF and BeoH models calculate the average prompt-neutron multiplicity, which is known to less than
1%, by several hundreds of parameters that are defined by fission-yield data, level-densities, total-kinetic energy, etc.,
that have often uncertainties on the level of several per-cent. One can apply the same procedure as described here and
shown schematically in Fig. 1 to understand which groups of model parameters are associated with bias in calculating
νp and then filter them down with experimental information on the parameters of CGMF and BeoH. One could then
constrain the less well-known parameters with respect to νp [68]. Another potential area where this methodology
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could be applied is, for instance, nuclear network simulations of the r-process of nucleosynthesis. In this particular
case, our “integral” observable would correspond to the abundances of the elements, and the “differential” ones would
correspond to nuclear properties such as masses, β-decay half-lives, neutron-capture rates, fission probabilities, etc.,
for those nuclei on the neutron-rich side of the nuclear chart. Sensitivity studies have been performed, for instance, in
Refs. [69, 70], on which nuclear properties are the most important ones (specific masses, β-delayed neutron-emission
probabilities, β-decay and neutron-capture rates) to describe the final abundances of elements observed in nature;
these studies aid in gauging which observables should be used to correspond to what we term “differential input”
here. However, one might need to extend the random forest algorithm to account for correlations in the input since
many nuclear data used are calculated by models and, hence, strongly correlated.
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