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Abstract—In this work, a hybridized 2D Finite Element
Method (FEM) with modal analysis is used to study a flat
3D Gradient-Index (GRIN) dielectric lens with a diameter of
10)o. The use of this memory-efficient and fast method allows
parametric studies or even optimization of the lens, which is
generally not feasible using commercial full-wave simulators.
Thanks to this tool, in a first study, the effect of the number of
rings constituting the lens on its performance is analyzed whilst in
a second step, a genetic algorithm is used to optimize the width of
each ring to obtain a higher gain at three frequencies within the
frequency band. Finally, the focal distance, lens thickness, and
maximum permittivity are optimized to maximize the realized
gain, while imposing constraints on the Sidelobe Levels (SLL)
and reflection coefficient levels.

Index Terms—GRIN lens, FEM 2D, concentric rings lens,
dielectric lens antennas, genetic algorithm.

I. INTRODUCTION

Lens antennas are emerging as a powerful option for the
next generations of wireless communications networks [1].
Among the various types available, notable examples include
geodesic lens antennas [2]-[4], dielectric or metallic meta-
lens antennas embedded in a parallel plate structure [S]-[7] or
three-dimensional dielectric lens [8]-[10]. Historically, dielec-
tric lenses have been considered bulky, heavy, and exhibited
high losses [11]. These issues can be addressed with tools
such as transformation optics [12] or by designing planar
lenses [13]. Additionally, dielectric lenses with reduced weight
can be produced using 3D-printing with dielectric filaments
mixed with air [14]-[16]. Moreover, it has been demonstrated
that currently available filaments in the industry exhibit low
losses, even when used at high-frequency bands, enabling their
use in fabricating various dielectric planar lenses [15].

Regarding GRIN lenses, one commonly used type com-
prises dielectric rings that compensate for the optical paths
to achieve a plane wavefront at the lens output. These lenses
are designed using principles of optical physics [17], [18],
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and there have been various studies investigating such lenses.
These include applications for the K, -band [17], [19], K and
K,-bands [18], [20]-[23], and even the W-band [24]. Of
particular interest is the study presented in [20], where the feed
antenna and its radiation characteristics are considered in the
lens design, allowing for the calculation of the optimal lens
position relative to the feed to achieve the highest possible
aperture efficiency. In previous work from the authors, one
of these lenses has been implemented using 3D-printing as a
prototyping method [25]. For this lens, the center frequency
was 34 GHz and its operational bandwidth covered the entire
K,-band.

In the design of lens antennas, it is common practice to
discretize the lens using concentric rings of equal width based
on well-established equations. However, exploring variations
in ring widths, as well as other parameters such as lens
thickness and focal distance, can potentially enhance lens
performance. Optimizing these variables is challenging due to
the heavy computational demands associated with simulating
hundreds or thousands of electrically large devices.

This work focuses on the application of a hybridized 2D
full-wave FEM method, combined with modal analysis, to
analyze and design lens antennas that exhibit rotational sym-
metry and field excitation with sinusoidal dependence [26].
The method provides a generalized scattering matrix for cir-
cular waveguide propagation modes in the feeding waveguide
and spherical modes as a radiation boundary condition. The
advantage of this approach lies in its efficient handling of
electrically large lenses by leveraging the symmetry of the
lens and feed antenna system, which significantly reduces
computational resource requirements allowing unprecedented
studies. The study begins by presenting the original lens design
and the results obtained using the proposed 2D-FEM method.
The emphasis is placed on how this approach allows for
efficient exploration of various lens parameters, including the
impact of concentric ring widths, lens thickness, and focal
distance on performance. The study also explores non-intuitive
results such as the effect of varying ring widths on gain
at specific frequencies and the impact of ring discretization
on performance. Finally, the optimization of lens parameters
using a genetic algorithm is demonstrated, illustrating how
considering the mutual interactions between the feed and
lens enables the reduction of focal length and lens thickness
compared to the theoretical optimum, resulting in a more
compact and efficient lens design.

II. METHOD OF ANALYSIS

Let’s consider as example the lens presented in [25].
As shown in Fig. 1 (namely “Case 07), the lens exhibits
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physical rotational symmetry, along with its feed, where the
z axis serves as the axis of revolution, and ¢ represents the
cylindrical azimuthal variable. Therefore, this lens-feed system
could be analyzed using 3D FEM [27]. However, applying
3D FEM to such a study is computationally expensive due to
the large electrical size of the lens under analysis (10\) and
consequently the domain that needs to be discretized using
this method.

In the formulation of 3D FEM, considering the previously
described rotational symmetry and excitation, the magnetic
field to be approximated within the volume can be expressed
as [27]:

~ - 1

H = Z {hT(r, z) sin (me) + ¢—hy(r, z) cos (me)| (1)
m=0 "

while the tangential electric field at the ports will be given by

the contribution of the different modes in which this field is

expanded. In this case, each excitation mode j in each port p

can be represented by:

Cipj = Crpj (1, 2) sin (M) + Pegp; (1, z) cos (mp) — (2)

By introducing these equations into the formulation of 3D
FEM and integrating over ¢, we can analytically remove the
dependence on this variable, as long as a rotational symmetry
exists. Consequently, it is reduced to a 2D FEM problem for
each value of m [26]. In our design, the feed is excited by the
fundamental mode of the circular waveguide, thus requiring
the solution of a 2D FEM problem with m = 1 only.

To achieve accurate results, second-order curved triangular
finite elements are employed to approximate the magnetic field
in the (r, z) plane. The azimuthal component is approximated
using second-order Lagrange polynomials, while the trans-
verse component uses second-order tangential functions [28].

The solution of the 2D-FEM problem yields the gener-
alized admittance matrix, from which it is straightforward
to obtain the generalized scattering matrix of the lens-feed
system. As explained in [29], this matrix directly provides
the S;; parameter and the radiated field can be analytically
obtained by summing all the spherical modes weighted by
their transmission coefficients. These coefficients are the Soq
parameters between the circular waveguide mode and every
spherical mode. In addition, the radiated power is given by the
sum of the square of the absolute value of the transmission
parameters, as detailed in [29]. From the radiated field and the
radiated power, the directivity is directly computed.

Fig. 2 illustrates an explanatory diagram of the 2D model
applied to the lens and its feed.

III. CONCENTRIC RINGS GRIN LENS ANTENNA

The design of the concentric ring GRIN lens is based on
compensating for the different optical paths from the focal
point F' to the lens surface by assigning decreasing radial
permittivities. The equation describing this compensation is
shown in (3) [18]. The details of this compensation are shown
below:
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Fig. 2. 2D computational model of the lens antenna and its feed.

o Define the design parameters, such as the central opera-
tional frequency fo, the total diameter D, lens thickness
t, and focal distance F'.

o Determine the total number of rings. Ideally, this lens
has an infinite number of rings, exhibiting a continuous
change in permittivity. However, since this is not achiev-
able in practice, it is necessary to discretize the design
by defining a total number of rings n, resulting in a ring
thickness w,, equal to D/(2n).

¢ Define the maximum (minimum) permittivity &1 (&)
located in the central (outermost) ring available for the
prototyping of this lens.

o Calculate the permittivity of each ring &,,:

2

t

where [,, corresponds to the distance between the focal
point F' and the midpoint of each ring. If the minimum
permittivity is chosen, in (3), replace /; with /,, and €;
with &,.

The lens antenna shown in [25] was designed, simulated,
manufactured and measured and has the following parameters:
an operating frequency foy of 34 GHz, a total diameter D of
10\ (88.24 mm), a thickness ¢ of D/8 (11.03 mm), a focal
distance F' of D/3 (29.41 mm) and a total number of rings
n equal to 10. Fig. 3 shows the realized gain simulated using
CST Microwave Studio with two symmetry planes, along with
a comparison to the results obtained with the method described
in the previous section, both at 34 GHz. It is important to note
that CST Studio was run on a dedicated server with 2x12 cores
@3.5GHz and 256 GB of RAM to obtain these results, while
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Fig. 3. E- and H- plane far-field radiation patterns of the lens at 34 GHz
simulated using CST Studio and 2D FEM for ¢ = 0° and ¢ = 90°.

a laptop was used for the 2D FEM calculations. CST Studio
took approximately 6 minutes to complete, while the 2D FEM
calculation method provided results in less than 10 seconds.

Given that the results obtained with the 2D FEM align
perfectly with those obtained with CST, we proceed to lever-
age this method to conduct a series of studies. These include
analyzing the effects of the number of rings composing the
lens, the width of each ring, the lens thickness, and focal
distance on its performance.

IV. ANALYSIS OF THE NUMBER OF RINGS

The first proposed study is to analyze the effect of the
number of rings used for discretizing the lens, while the other
lens variables such as diameter D, thickness ¢, and focal
distance F' are kept constant. The permittivity values of each
ring are recalculated for each case using (3).

Theoretically, it is necessary to achieve a continuous varia-
tion in phase compensation across the radius, ensuring that
each point along the lens compensates its corresponding
optical path with a different permittivity value. At first glance,
it is easy to expect that by discretizing the lens into a larger
number of rings, a better performance will be achieved.

To study the effect of this variable, several dielectric lenses
with a number of rings in the range of 5 to 17 were analyzed.
As shown in Fig. 4, for this example, increasing the number of
rings beyond 8 does not lead to any noticeable improvement.
With this number of rings, the maximum gain, reflection co-
efficient and SLL converge for the three analyzed frequencies
within the K,-band: 28, 34, and 40 GHz. This will be the
number of rings used in the following optimized lenses. The
figure also shows the reflection coefficient obtained with CST
and 2D-FEM for comparison purposes. It can be observed that
this parameter also converges with the same number of rings.

V. OPTIMIZATION METHOD

Once the number of rings is fixed, lens optimization will
be explored first by allowing variations in a variable that
is not typically studied, corresponding to the width of each
ring wy,, while maintaining the same focal length F' and lens
thickness ¢. The optimization method employed in this work is
a genetic algorithm since it allows global optimization without
making large assumptions about the type of solution. The

numbers of rings. a) Maximum gain, b) reflection coefficient and SLL.

chosen implementation [30], [31] is computationally efficient
and suitable for multi-objective optimization problems.

Given the high computational speed of the method, a
multifrequency optimization was conducted at 33, 34, and 35
GHz to maximize the antenna gain. Following the optimization
process, the lens with the highest realized gain at the design
frequencies exhibited the far-field radiation pattern shown in
Fig. 5a. This resulted in a maximum realized gain of 25.2dB, a
SLL of -20.9 dB, and a magnitude of the reflection coefficient
equal to -10.5dB, at 34 GHz.

The physical parameters of the lens are shown in Table I,
labeled as “Case 1”. The red curve in Fig. 6 shows the
maximum gain for frequencies between 28 and 40 GHz. An
improvement in gain between 0.5 and 1 dB has been achieved
for the three optimized frequencies. However, this does not
imply that the behavior is the same for the entire K,-band, as
can be seen by comparing it with the blue curve corresponding
to “Case 0”. This approach can be applied to enhance the gain
within a specific frequency range if desired.

The design process of the GRIN lens antenna shown in
Section III is based on the assumption that the feed antenna
produces an ideal spherical wave, without considering the
effects of a real feed antenna. The discrepancy between the
ideal feed and the actual feed antenna can result in low
aperture efficiency. Therefore, as a comparison, a new lens
was designed using a cylindrical waveguide with corrugations
as feed. When this waveguide is used as the lens feed, the
maximum aperture efficiency achieved is 81%, occurring when
the angle subtended by the lens and the feed is 70 degrees,
i.e., for a different focal distance.

For comparison purposes, a lens with the same diameter
(10Xg) and 8 rings of constant width was designed, with the
new focal length F' of 62.96 mm corresponding to the sub-
tended angle of 70 degrees. This lens is referred to as “Case 2.”
The lens parameters are presented in Table I, including the lens
thickness ¢, which is now 17.1 mm, as well as the permittivities
of each ring ¢,,. Fig.5b shows the far-field radiation pattern in
both planes at 34 GHz, and the yellow curve in Fig.6 shows
the maximum gain for frequencies between 28 and 40 GHz. As
can be seen, the maximum realized gain achieved is between
1 and 5.3 dB greater than that of the original lens (“Case 07).

Starting with the comparison lens (“Case 2”), we proceeded
to further optimization by varying the focal length F' and the
lens thickness ¢. The primary objectives are to reduce the focal
length to achieve a more compact feed-lens antenna system
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Fig. 5. Simulated E- and H-plane far-field radiation pattern at 34 GHz of the
designed lens antennas: “Case 17, “Case 2” and “Case 3.
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Fig. 6. Maximum realized gain for frequencies between 28 GHz and 40 GHz
for the three analyzed cases, including original lens “Case 0.

and also to decrease the lens thickness. Both goals aim to be
accomplished while maintaining the same level of gain.

The optimization results yielded a lens with the parameters
shown in Table I, labeled “Case 3”. Fig. 5c shows the far-field
radiation pattern in both planes at 34 GHz, and the light-green
curve in Fig. 6 shows the realized gain for frequencies between
28 and 40 GHz. As can be seen, the gain is practically the same
as the one obtained in “Case 2”, but with a focal length that
is 13.33 mm shorter and a lens thickness that is 1.65 mm less,
resulting in a more compact antenna as desired. Additionally,
an aperture efficiency of 76% was achieved, as shown in
Table I. The full optimization process, including frequency
sweeps, was completed in approximately 10 days using a 10-
year-old dual Intel Xeon E5-2670 CPU system. In contrast,
performing the same optimization in CST Studio Suite would
have taken around 3 years, highlighting the efficiency of the
2D FEM approach used in this work.

VI. CONCLUSION

This paper demonstrates the efficacy of the 2D FEM method
as a powerful and time-efficient tool for analyzing electrically

TABLE I
PARAMETERS FOR EACH CASE PRESENTED, INCLUDING THE WIDTH wn,
AND PERMITTIVITY OF EACH RING €y, AS WELL AS THE FOCAL DISTANCE
F', THICKNESS OF THE LENSES ¢, AND APERTURE EFFICIENCY €ap- THE
DIMENSIONS OF wy,, F' AND t ARE IN MILLIMETERS.

w1 wo w3 wyq ws we w7 wsg wg w10
Case 0 441 4.41 441 441 441 441 441 441 441 441
Case I 456 9.16 423 496 250 474 531 8.63 - -
Case 2 5.51 5.51 551 551 551 551 551 551 - -
Case 3 5.51 551 551 551 551 551 551 551 - -
€1 €2 £3 £4 €5 €6 504 €8 €9 €10
Case 0 12.0 11.5 108 9.7 8.5 72 5.8 45 33 22
Case 1 120 11.14 9.62 832 7.8 6.06 456 271 - -
Case 2 4.0 393 380 3.63 328 280 231 172 - -
Case 3 494 483 464 435 381 314 242 1.67 - -
Focal distance F’ Thickness ¢ Aperture eff. eqp
Case 0 29.41 11.03 29.5%
Case 1 29.41 11.03 33.3%
Case 2 62.96 17.11 75.5%
Case 3 49.69 15.46 76.1%
TABLE I

COMPARATIVE TABLE OF FLAT GRIN LENS DESIGNS FROM EXISTING
LITERATURE ALONGSIDE THE RESULTS OF THE PRESENT WORK.

Optimized
fo (GHz) D (mm) Gain (dB) €ap Focal distance ~ Thickness
R1 28 75 253 70.1% no no
R2 15 120 214 38.9% no no
R3 30 63.5 15.2 8.3% no no
R4 15 120 20.5 31.6% no no
R5 35 350 20 60.8% yes no
R6 26 77 24 57.2% no no
R7 28 64.3 16 11.2% no no
R8 85 20 20.5 35.4% no no
Case 3 34 88.23 28.8 76.1% yes yes

large structures with rotational symmetry, such as concentric
ring lens antennas. The method proves invaluable for advanc-
ing the design of these structures, facilitating both simulation
and optimization processes.

The ability to reduce the number of rings from 10 to
8 without compromising performance showcases how the
method simplifies lens design, facilitating both analysis and
manufacturing. Furthermore, integrating 2D FEM with a ge-
netic algorithm enabled significant improvements in lens gain
by optimizing ring widths, a rarely explored variable.

Additionally, the successful design of a lens antenna with
reduced focal length and thickness while maintaining perfor-
mance highlights the potential of the method for achieving
compact designs that use less material. In Table II, a com-
parative analysis with other works available in the literature
demonstrates the higher aperture efficiency achieved compared
to other designs. It is also clear that parameters such as thick-
ness and focal length are rarely optimized in these types of
lenses, further underscoring the novelty of this approach. The
capacity to simulate and optimize large lenses in a short time
frame, including the simulation of thousands of configurations,
underscores the impact of the method on practical applications.

In conclusion, the 2D FEM method is a robust, fast and
memory-efficient tool that not only advances the study and
optimization of lens antennas but also holds promise for
broader applications in electrically large structures and com-
plex optimization challenges.
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