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A three species one-dimensional kinetic model is presented for a spatially homogeneous weakly

ionized plasma subjected to the action of a time varying electric field. Planar geometry is assumed,

which means that the plasma evolves in the privileged direction of the field. The energy transmitted

to the electric charges is channelized to the neutrals thanks to collisions, a mechanism that influen-

ces the plasma dynamics. Charge-charge interactions have been designed as a one-dimensional col-

lision term equivalent to the Landau operator used for fully ionized plasmas. Charge-neutral

collisions are modelled by a conservative drift-diffusion operator in the Dougherty’s form. The

resulting set of coupled integro-differential equations is solved with the stable and robust propaga-

tor integral method. This semi–analytical method feasibility accounts for non–linear effects without

appealing to linearisation or simplifications, providing conservative physically meaningful solu-

tions even for initial or emerging sharp velocity distribution function profiles. It is found that

charge-neutral collisions exert a significant effect since a quite different plasma evolution arises if

compared to the collisionless limit. In addition, substantial differences in the system motion are

found for constant and temperature dependent collision frequencies cases. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4953901]

I. INTRODUCTION, MOTIVATION, AND CONTEXT

Weakly ionized plasmas (WIPs) are ubiquitous in both

nature and laboratory, and they configure a topic of continu-

ous research as a multidisciplinary scientific task. With the

physical modelling as the key starting point, the comprehen-

sion of plasma phenomena involves a great variety of related

areas such as numerical computation, the knowledge of

chemical reaction processes, and plasma space and industrial

applications.1–3 Quite usually, these physical descriptions

are supported by multi-fluid models, theoretically derived

from simple kinetic equations by assuming local thermody-

namic equilibrium for plasma species described by

Maxwellian distribution functions. These models normally

do not account for collisional effects among plasma species

even though collisions, paradoxically, must have played its

role to drive the system to this Maxwellian state. On the

other hand, hybrid kinetic-fluid models are frequently used,

where the role played by collisional processes is also gener-

ally neglected assuming a kinetic collision-free model. On

the other hand, if collisional terms are included in a kinetic

description, they can be drastically simplified by including

simple collision operators taken from similar properly estab-

lished problems for plasmas or neutral gases kinetic theories,

as the so-called BGK term.3–5 However, these approaches,

although justified in many cases if the system is described

within certain time and spatial scales, can lead to misleading

results. In this sense, special mention should be devoted to

the fact that some usual collision operators are established to

yield the system to a Maxwellian state, a fact sometimes

used as a strong argument to theoretically warrant the model.

In contrast, the plasma could naturally evolve to a quite

different steady state, as it can be seen in laboratory striated

filamentary plasmas or in those ones observed in some astro-

physical contexts with suprathermal populations, as in the

solar wind.6,7 In many cases, the steady plasma holds aniso-

tropic temperatures with plasma species distribution func-

tions having tails satisfying a velocity power-law

behaviour.6 Therefore, kinetic models involving collisional

effects are required to accounting for the intrinsic mecha-

nisms able to drive the plasma to possible non-Maxwellian

steady states. This fact could also reveal some hidden mech-

anisms responsible of local momentum and heat transfers.

The very hard task of thoroughly establishing a well-posed

kinetic collisional model sometimes justifies the aforemen-

tioned approaches, but at the same time, the search of new

models should be stimulated. Consequently, kinetic colli-

sional models are substantial for a better understanding of

the basic dynamics leading to important consequences, apart

from the departure from Maxwellian equilibrium that could

also modify fluid models through transport coefficients com-

putation. An interesting and clarifying discussion about the

importance and relevance of accounting for kinetic colli-

sional effects to describe some fundamental plasma features

can be found in Ref. 7.

Typical cold plasmas are weakly ionized, i.e., the ratio

between electrons or ions and neutrals densities lies in the

range of ð10�8–10�4Þ. These plasmas cannot be always com-

pletely described in the non–collisional regime under the

approximation of an immobile high density neutral popula-

tion. It is quite usual to disregard the charge-neutral interac-

tion for a local kinetic analysis due to the small collision

cross-section and the null action of electric fields on the neu-

trals, but the collective behaviour of the weakly ionized

plasma may strongly depend on the charge-neutral interaction.a)Electronic mail: jorge.gonzalez@upm.es
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Energy transfer processes give rise to a significant impact on

the electrons and ions dynamics which are not precisely

described by the sole action of an external electric field

included in a collisionless Vlasov kinetic description.8–10

These interactions can be significant because the energy trans-

ferred to the charged species by the electric field can be chan-

nelled to the neutrals due to collisional processes, modifying

the distribution functions with respect to the typical

Maxwellian.

In this work, we present a self-consistent non-linear ki-

netic collisional model for multi-species weakly ionized

plasma (WIP) description. In particular, we focus attention

to plasma scenarios relatively large enough to consider that

a privileged direction of velocity space marks the system

evolution. A physical realisation of this model could be

related, for instance, to the description of a plasma between

two planar metal walls, where an electric field exists.11,12 In

fact, this work is set in the context of a plasma plume

description for electric propulsion thrusters. The presence

of neutralizing grids and planar emitting cathode, by a time

varying electric field, makes the system to evolve accom-

plishing the hypotheses of a planar space velocity geometry.

However, the present approach in not restricted to these lab-

oratory plasmas and a natural extension of the model can be

performed in other contexts. For instance, the analysis of

the interaction between plasma and emissive or collecting

walls is a problem studied under the fluid description13,14 and

seldom dealt under a kinetic point of view,12,15–17 but propos-

ing pre–defined velocity distribution functions in the

Maxwellian form. In this important issue, many works do not

account for collisions or other effects that may become rele-

vant for the plasma dynamics, although some approaches such

as the one presented in Ref. 18 offers Boltzmann and Vlasov

related models to derive the distribution functions of the

plasma species. Other methods can be employed to obtain the

distribution function, as the one presented in Ref. 19, which is

slightly related to the numerical method proposed in this

work, but where a split between convective and collisional dy-

namics is still required, which may introduce non–physical

behaviours, as oscillations or artificial viscosities, to obtain a

stable solution.

Here, special attention is therefore paid to constructing

a one dimensional velocity space collision operator in the

convection-diffusion form, accounting for elastic collisional

effects among all plasma species. The collision term is able

to address how momentum and energy are transfer among

plasma species, in presence of an electric field. A three

species (neutrals, ions, and electrons) 1D kinetic model is

proposed to study the dynamics of a weakly ionized plasma

when spatially homogeneous densities are assumed. The

collision term responsible of the interaction among charged

particles is modeled by a non-linear Fokker-Planck term

that resembles the properties of the Landau collision opera-

tor appearing in fully ionized plasmas. This term is con-

structed upon the basis of considering average Coulombian

dry friction as a dynamical force, which is in connection

with a non–linear diffusion coefficient, responsible of

stochastic fluctuations. Otherwise, the contribution of colli-

sional effects with neutrals is described by a Dougherty

operator based upon the assumption of the extremely high

density neutral population remains distributed close to a

Maxwellian distribution function. The resulting operator is

coherent with the planar geometry imposed by the exis-

tence of a preferred direction. This geometry is, in practice,

a natural constraint implicitly included in the collision term

itself, which shapes the plasma evolution. This non-linear

collision operator obeys conservative properties to feasibly

extract information about particles energization processes

that cannot be explained by collisionless operators.

Aside this contribution, another fundamental subject is

carefully dealt in this work, which is the problem of solving

the resulting highly non–linear equations by an appropriate

numerical computational method. This is another arduous

task for any non-linear model that sometimes leads, again, to

further additional simplification or linearisation procedures

that could produce misleading results. Some standard solu-

tion methods can result in non–physical or inaccurate

descriptions for those systems involving sharp phase space

profiles of initial or boundary conditions. Among these con-

ditions, the existence of localized charge structures in a

plasma, as in plasma-wall interaction, or peaked velocity dis-

tribution functions, as those describing particle beams injec-

tion, can produce spurious numerical instabilities and

physicalness inaccuracies. The capture of the possible non-

local effects of this local discontinuities or sharp velocity

space structures is of capital importance for a better under-

standing of some plasma phenomena,7 but this description,

however, should not be distorted by inappropriate numerical

algorithms.

Hence, the search for an efficient resolution method for

the resulting non-linear kinetic equations also motivates this

work. To numerically solve these equations, the use is made

of the Propagator Integral Method (PIM), a procedure previ-

ously applied in several problems of plasma physics.20–22

This method takes advantages of the fact that an approximate

solution working as a propagator, understood as a Green’s

function, for the distribution can be found. The explicit inte-

gral advancing scheme results in a robust semi-analytical

methodology suitable for this kind of equations. This method

is able to deal with conservation and entropic properties as

well as to manage the evolution of sharp and abrupt condi-

tions, such as initial histogram-like distributions, large gra-

dients in velocity space, or piecewise defined drift and

diffusion coefficients.21,22 Hence, the PIM method appre-

hends the essential nature of smoothing effects of diffusion

by supplying a physically meaningful advancing scheme

which operates as if the short-time propagator were the

unknown analytical one. It is important here to advert

another relevant property which justifies the use of the PIM

in this work. This method allows to naturally describing all

non–linear effects without using linearisation or further sim-

plifications of the collision terms. Another relevant feature

of this method related to the actual problem is that the same

time step can be used to advance the fast (electrons) and

slow species (ions and neutrals) without impacting the con-

vergence or stability of the scheme. The time step simultane-

ously valid for several time scale dynamics can be relatively

large, up to a tenth of the characteristic relaxation time of the
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fastest species. In addition, no boundary conditions in veloc-

ity space are required, even in the numerical domain, which

can be extended up to the size leading to vanishingly small

propagator, analytically defined for all velocity values. The

results may be relevant for further analysis to kinetically

describing some typical problems in WIP contexts as, for

example, the description of plasma sheaths in front infinite

flat emissive walls,11,13 where the merging of peaked species

velocity values may contribute to effective collisional effects

usually neglected.

This paper is structured as follows. In Sec. II, the whole

kinetic model is presented, a derivation of the charge-charge

collision term is provided. The charge-neutral collision con-

tribution is justified and established also in the same section.

Sec. III contains the benchmark problems used to test

conservative and operational properties of the model. The

explored cases are displayed in Subsections III A–III C:

conservation properties of one species system with only

self–collisions, influence of collisions in WIP, and evolution

of the three species system under the action of an abruptly

time varying electric field. Finally, the conclusions of this

work are summarized. The Appendix with the dimensionless

problem as a sort review of the applied semi-analytical

method is also included.

II. THREE SPECIES KINETIC MODEL

In plasmas where the ratio between charge and neutrals

number densities is small, the dynamics may depend on the

charge-neutral interaction. This interaction becomes impor-

tant due to the high density of neutrals, which receives part

of the energy transmitted to the charged species by the elec-

tric field. Moreover, the interplay of several transfer phe-

nomena, governed by quite disparate time scales, demands a

kinetic description where collisions have to be properly

accounted. In this section, it is derived a set of collision

terms having the form of the so-called Fokker–Planck form.

In these terms, dynamic friction and diffusion in velocity

space are self–consistently included. The plasma is assumed

to remain spatially homogeneous, which means that the dy-

namics is ultimately controlled by an external uniform elec-

tric field, which strongly dominates the plasma motion in the

privileged direction. This suggests that a one–dimensional

velocity space kinetic model suffices to analyse the motion

of any distribution function along the preferred direction.

This planar geometry, a constraint in practice, is thus pre-

scribed by the field.

Although in weakly ionized plasmas collisions between

electrons and neutrals play the fundamental role, all collision

terms are included here. These contributions are constructed

under the binary collision approximation but with peculiar

descriptions for both dynamical friction and diffusion proc-

esses for each type of interaction. Hence, each resulting ki-

netic equation describes the time evolution of the velocity

distribution function fcðv; tÞ, where c ¼ 0; i; e (neutrals, ions,

and electrons, respectively). Therefore, the presented kinetic

model consists of a system of three non–linear coupled 1D

convection-diffusion equations. The collision operators

are constructed to satisfy the standards of conservative

properties accounting for elastic collisions. Inelastic collision

terms, as ionization or recombination processes could be

included in a straightforward manner as non–homogeneous

source-sink terms.20,21 The kinetic equation for a time evolv-

ing distribution function for a charged species a ¼ e; i has

the form

@fa
@t
þ qaE tð Þ

ma

@fa
@v
¼
X

c

@fa
@t

� �
ac
; (1)

where ma and qa are the mass and charge of the species a,
respectively, and E(t) is the electric field. The same form

also stands for neutrals by setting qa ¼ 0. The term

ð@fa=@tÞac symbolizes the rate of change of the distribution

function due to collisional effects between species of kinds a
and c. Each of these exchanges are modelled by a drift-

diffusion operator, similar to the usual Fokker–Planck colli-

sional one, as

@fa
@t

� �
ac
¼ � @

@v
Aac �

@

@v
Dac

� �
fa: (2)

The parameters Aac ¼ Aacðfa; fc; v; tÞ and Dac ¼ Dacðfa;
fc; v; tÞ are referred to the non–linear convection and diffu-

sion coefficients, respectively. As a first stage, the charge-

charge collision term is constructed for the one-dimension

velocity case by taking as a reference the complete well-

known Landau collisional operator23,24 in an spatially homo-

geneous plasma. In such a system, the planar geometry leads

to plasma species distribution functions depending only on

the velocity component v lying in the privileged direction

established by the electric field. Since a test particle of mass

ma and velocity v is scattered by particles of velocity v0 with

distribution function fbðv0; tÞ, a small change of the particle

velocity Dv in the preferred direction may be considered as a

result of an average Coulombian interaction force among

charges. Thence, the dynamical frictional effect experienced

by ma can be phenomenologically modelled as an effective

force of uniform intensity opposite to the relative velocity

v� v0. This contribution can be understood as a Coulomb’s

like law for dry friction, a case also studied in the theoretical

frame of Brownian motion.25 The cumulative effect of many

interactions gives rise to the drift coefficient Aab which is

related to the change of the expectation value of Dv per unit

of time (hDvi=Dt) as

Aab ¼
hDvi
Dt
¼ �lab 1þ ma

mb

� � ð1
�1

sgn v� v0ð Þf 0bd v0: (3)

Here, sgnð�Þ is the sign function with sgn(0)¼ 0, primes over

a distribution function mean f 0c ¼ fcðv0; tÞ and lab is a param-

eter related to plasma properties. Besides the friction force,

the test charge is subjected to random fluctuating forces of

stochastic nature, responsible for the fa spreading in velocity

space. This diffusive behaviour is computed by the coeffi-

cient Dab, related to the average value of ðDvÞ2=2 per unit of

time (hðDvÞ2i=2Dt). Assuming that Dv is of order v� v0

meanwhile Dv=Dt is proportional to the friction term
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sgnðv� v0Þ, a diffusion coefficient proportional to the aver-

age value of ðv� v0Þsgnðv� v0Þ ¼ jv� v0j is proposed

Dab ¼
h Dvð Þ2i

2Dt
¼ lab

ð1
�1

jv� v0jf 0bdv0; (4)

assuming that
Ð
jvjfbdv remains finite for any v. With this

selection, the resulting 1D collisional term for charge–charge

interaction behaves as the complete plasma physics

Fokker–Planck–Landau operator, in fact, it can be easily

checked that it provides a well–posed conservative collision

operator for a one dimensional plasma. Moreover, similar

differential relations for the drift and diffusion coefficients

fulfilled by the Fokker–Planck–Landau operator are also satis-

fied. In particular, making use of the relation @vsgnðv� v0Þ
¼ 2dðv� v0Þ the properties

Aab ¼ � 1þ ma

mb

� �
@

@v
Dab; (5)

@

@v
Aab ¼ �2lab 1þ ma

mb

� �
fb; (6)

are obtained. These are equivalent to the relations held by

the divergences of the diffusion tensor and the drift vector

for the Fokker–Planck–Landau operator.3,21 The parameter

lab does not alter the conservation properties of the operator,

and its value has been deduced from the equivalent one

appearing in the complete Landau operator for fully ionized

plasmas. Particularly, lab ¼ 4pkabq2
aq2

b=m2
aV2

tha
which is a

parameter related to collision frequencies and energy and

momentum rate transfers. Thus, kab is the Coulomb loga-

rithm, Vthb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kTb=mb

p
is the thermal velocity of the species

b, and k is the Boltzmann constant. The conservation of

norm, momentum, and energy of the whole system is satis-

fied since the complementary collision parameter verifies

lba ¼ labðma=mbÞ2.

Along the theoretical lines established to describe the

interaction between charges, the charge-neutral and neutral-

neutral contributions to the collisional rates are also con-

structed in the form of conservative drift-diffusion operators.

The effects of collisions with neutral particles should be,

again, described by both dynamical friction and velocity

space diffusion in a self–consistent way as a whole. Due to

the fact that in the mixture, the neutrals distribution does not

deviate drastically from a Maxwellian, a multi-species

Dougherty collision operator26,27 in the Fokker–Planck form

is proposed. The drift and diffusion coefficients are implic-

itly defined in the final expression

@fc
@t

� �
c0

¼ � �c0

n0

@

@v
�
ð1
�1

v� v0ð Þf 00dv0

8<
:

� 1

nc

@

@v

ð1
�1

ð1
�1

v00 � v0ð Þ2

2
f 00f 00cdv0 dv00

9=
;fc; (7)

for the rate of change of fc due to the interaction of species c
with neutrals. Now, the parameter �c0 ¼ n0rc0Vthc is related to

typical frequencies of each collisional process between species

c and neutrals.28 Hence, rc0 is a cross-section measure for

charge-neutral and neutral-neutral interaction. It is important,

however, to mention here that under a microscopic point of

view the real collision frequency is velocity dependent, as in

the case of charge-charge interaction. In view of Eq. (7), it is

clear that the convective contribution stands for an average vis-

cosity force, which is the result of the cumulative effects of a

microscopic friction force proportional to the relative velocity

v� v0, between a test particle with velocity v and a neutral par-

ticle of velocity v0. The ensemble of neutrals conforms a me-

dium characterized by a velocity distribution f0ðv0; tÞ, close to

a Maxwellian distribution, with density n0 much higher than ne

and ni. This fact justifies why the charges, and neutrals as well,

experience a viscous friction force stated by Eq. (7). On the

other hand, the diffusion coefficients only depend on macro-

scopic magnitudes due to the double integral over primed vari-

ables stated above. The drift and diffusion coefficients

included in Eq. (7) ensure energy, momentum, and norm con-

servation thanks to the reciprocity relations �0c ¼ �c0mc=m0.

Thence, this operator is also fully conservative and it leads to a

Maxwellian distribution function when it acts as a self–colli-

sion term for a one species system in absence of external forces

and inelastic terms. The characteristic evolution frequencies of

this Dougherty operator do no differ so much from the corre-

sponding ones for a complete Fokker–Planck–Landau operator,

as it was analysed in Ref. 24.

As for Eq. (1) with qa ¼ 0, the velocity distribution

function for the neutrals obeys a convection-diffusion equa-

tion of the form

@f0
@t
¼
X

c

@f0

@t

� �
0c
; (8)

which accounts for the energy transferred from the charged

species to neutrals. The collision terms follow Eq. (7) with

the indexes c and 0 interchanged. It can be seen that although

the neutrals do not directly experience the action of electro-

magnetic forces, the velocity distribution f0 may evolve due

to collisional effects with charged species. As a conse-

quence, the neutrals acquire a small amount of the electrical

energy transferred to the charges.29 This means that all the

species feel directly or indirectly the perturbation induced by

an electric field. It is important to mention that the collision

parameters lab and �c0 depend on the temperature through

the thermal velocity, the cross-sections and the Coulomb log-

arithm, introducing a new source of non–linearities. In the

numerical solution, these parameters must be computed at

each time step to take into account the different exchanges

among the particles when their temperatures vary.

III. NUMERICAL RESULTS

In this section, three benchmark problems are solved

using the PIM to test the established kinetic model. The proce-

dure to apply this method can be found in previous

works,20–22,29,30 and it is not largely presented here, although

a short review is presented in the Appendix for a self–consis-

tent reading of this work. To this propose, only self–collisions
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are first reported to study how the terms described in Section

II behave individually, i.e., when they act alone on a distribu-

tion function. To analyze the effect of collisions, a comparison

between the evolution of a non–collisional plasma and the

three species model is also shown. Second, the complete ki-

netic model presented in Sec. II is computed with a time vari-

able electric field. In addition, a comparison between the

previous case with constant and temperature dependent colli-

sion parameters lab and �c0 is performed.

A. One species conservative collision term

The collision terms described in this paper are analytically

conservative, preserving in time the system number density,

momentum and energy. To properly include these terms in

more exhaustive simulations, the numerical solution of simple

dimensionless problems only accounting for self–collisions

should conserve these macroscopic variables. Therefore, for

the charge-charge self-interaction, i.e., if a ¼ b, the collision

term reads

@f

@t

� �
aa
¼� @

@v
�2

ð1
�1

sgn v�v0ð Þf 0dv0� @
@v

ð1
�1

jv�v0jf 0dv0

8<
:

9=
;f ;

(9)

where the parameter laa has been set to 1. The initial condi-

tion is a Maxwellian distribution function with dimensionless

density, mass and temperature equal to unity. The main

results of this test problem are shown in Fig. 1. When this

collision term acts alone, the solution evolves to a distribu-

tion function with power-law tails20 (Fig. 1(a)), but preserv-

ing the initial temperature, density, and mean velocity (Fig.

1(b)). The moments of the distribution function are com-

puted through the relations

N
U
T

0
@

1
A ¼ ð1

�1

1

v
1

2
v� uð Þ2

0
B@

1
CAf v; tð Þd v; (10)

where u ¼ U=N. If the difference of these macroscopic

quantities respect to the initial condition are analysed (Fig.

1(c)), a very small difference in the numerical results

appears. The order of these errors (�10�14) is small enough

to consider the numerical solution unperturbed, even for a

large number of iterations.

The same procedure is applied for the collision term of

Eq. (7). If only collisions between the neutral particles are

accounted (c¼ 0), the mutual collision term becomes

@f

@t

� �
00

¼ � @

@v
�
ð1
�1

v� v0ð Þf 0dv0

8<
:

�� @

@v

ð1
�1

ð1
�1

v00 � v0ð Þ2

2
f 0f 00dv0dv00

9=
;f ; (11)

where, again, the collision frequency �00, density, mass, and

temperature equal 1. Figures 2(a) and 2(b) show how the ini-

tial Maxwellian distribution remains constant in practice,

since only small numerical errors (presented in Fig. 2(c))

appear. These tests evidence that the PIM is conservative

and only numerical errors related to the machine’s precision

and the mesh finiteness appear in the simulations.

B. Influence of collisions

To test the effect and relevance of the energy and mo-

mentum transfers due to collisions in a weakly ionized

plasma, a comparison between a non–collisional and the

three species kinetic model is presented here. The system of

equations that describe the evolution of a non–collisional

plasma derives from Eqs. (1) and (8) without collision terms.

Thus, the Vlasov equations under space homogeneity are

@fe

@t
� jqejE

me

@fe

@v
¼ 0;

@fi

@t
þ jqijE

mi

@fi
@v
¼ 0: (12)

The fluid velocities for the charged species can be analyti-

cally calculated, if the electric field is given as a time varying

function, as

ua tð Þ ¼ 7
jqaj
ma

ðt
t0

E t0ð Þdt0 þ ua t0ð Þ; (13)

FIG. 1. Solution for the charge-charge self–interaction. The time step is s ¼ 0:01. (a) Distribution function for initial condition (red squares) and at the end of

the simulation (blue circles). (b) Macroscopic moments time evolution. (c) Errors, with respect to the initial conditions.
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where t0 is the initial time, sign (–) corresponds to electrons

and (þ) to ions. The species norm and temperature do not

change for this non–collisional homogeneous plasma.

Neither the macroscopic momentum nor the distribution

function of neutrals change (@f0=@t ¼ 0) because no interac-

tion with the electric field or with any other species appear.

To check the influence of collisions, a simple test-case is

solved for the electric field

EðtÞ ¼
E0 if t < 2:5 ms

�E0 if t � 2:5 ms;

�
(14)

where E0 ¼ 0:1 V=m, which is within the order of magnitude

of the signals used for plasma diagnostic in the laboratory

plasma of Ref. 14. In order to emulate this experimental

Argon plasma, the following parameters are employed with

Maxwellian distribution functions as initial conditions

m0 ¼ me þ mi; T0 ¼ 0:03� Te; n0 ¼ 1013 cm�3

mi ¼ 72819:6� me; Ti ¼ 0:05� Te; ni ¼ ri � n0

Te ¼ 1 eV; ne ¼ ri � n0;

(15)

where mc; Tc, and nc are the mass, temperature, and density of

the species c, respectively; and the ionization ratio (ri) is 10�6.

In addition, the fluid velocities are zero (uc ¼ 0) and single

charge ions are assumed (Z¼ 1). The cross-sections for the

charge-neutral and neutral-neutral interactions are constant, par-

ticularly r00 ¼ ri0 ¼ 10�14 cm�2; re0 ¼ 10�16 cm�2 although

these parameters should change with the species energy.2 The

remaining parameters required to compute lab and �c0 are

extracted from the literature.2,28 To properly depict the evolu-

tion of the system, collision parameters lab and �c0 are updated

at each time step in the simulation. It can be seen in Eq. (15)

that very disparate time scales appear naturally in the problem

due to the huge ratios of temperature, density, and mass among

the species. Classical numerical methods may become unstable,

leading to non–physical solutions when these ratios or

non–linearities appear in the numerical problem, a fact that

poses no difficulty for the PIM.

In Fig. 3, the mass fluxes (jc ¼ mcncuc) for the non–col-

lisional plasma (Fig. 3(a)) and the model described in this

work (Fig. 3(b)) are presented. Complete different dynamics

appears when collisions are taken into account. In one hand,

dynamics without collisions follows Eq. (13) for the charged

species and no change for the neutrals. On the other hand,

when collisions are accounted, electron mass flux reaches a

fast maximum and then remains constant until the electric

field changes (t ¼ 2:5 ms). Ions and neutrals also reach a

steady velocity, but a longer time is required due to their

larger mass. One interesting result is that neutrals are accel-

erated even when this species does not directly feel the elec-

tric field. This evolution is a result of the energy exchanged

to the neutrals by the charged species, which implies that the

charge-neutral interaction is important to study the dynamics

of WIP. Even when the total energy introduced to the system

is the same in both, collisional and non–collisional cases,

this energy is redistributed in a different way. Mass fluxes

reached for charged species are orders of magnitude below

the obtained for the non–collisional case. This occurs

because when collisions are introduced, part of the energy

transferred by the electric field is finally channelled to the

neutrals, which act as a background that slowdown the

charged species.

It is interesting to note that the different time scales

introduced by the disparate referred ratios are irrelevant to

the non–collisional model, where the mass fluxes for elec-

trons and ions evolve symmetrically. If collisions are

accounted, each species shows quite more realistic different

dynamics. This means that, in weakly ionized plasmas, colli-

sions should not be neglected for large time scales. Also, the

distribution function evolution of the neutrals is conditioned

by the exchange of energy and momentum with the charged

species.

FIG. 2. Solution for the neutral-neutral interaction problem, with s ¼ 0:01. (a) Distribution function for initial condition (red squares) and at the end of the sim-

ulation (blue circles). (b) Macroscopic moments time evolution. (c) Errors, with respect to the initial conditions.

FIG. 3. Mass fluxes jc for the three species in cases (a) non-collisional and

(b) 1D kinetic collisional plasma.
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C. Three species evolution under an abrupt electric
field

Finally, to stress the role played by collisions and the

non-linearities, the previous case is extended to describe a

system forced by different electric field magnitudes, as hose

used in plasma diagnosis experiments.14 Here, the whole

three species kinetic model is tested with the electric field of

Eq. (14) for different values of E0 showing a comparison

between the evolution of the system with constant and tem-

perature dependent collision parameters. In Fig. 4, a magni-

fied view of the mass fluxes when the electric field changes

(t ¼ 2:5 ms) for E0 ¼ 0:1; 0:2; and 0:3 V=m is shown.

Thanks to these results, nondistorted by numerical discretiza-

tion, different dynamics for fast (electrons) and slow (ions

and neutrals) species can be appreciated. First of all, elec-

trons only require fractions of millisecond to recover a con-

stant velocity. On the other hand, ions and neutrals naturally

require several milliseconds to reach a steady state. These

different behaviours are directly related to the exchange rate

of energy with neutrals.

As it was indicated in Eq. (15), the relation Vthe
� Vthi

between electron and ion thermal velocities holds. At the

same time, the charge-neutral collision frequency �c0 is

directly proportional to the thermal velocity, so that, the rate

of electron-neutral exchange is higher than the ion-neutral

one. This results in a faster relaxation time, even when

re0 < ri0. Here, relaxation time refers to the time required

by one species to recover a constant velocity after the elec-

tric field changes its magnitude. Besides, if increasingly

higher values of E0 are applied, substantial differences in the

overshoots and relaxation times appear, especially for elec-

trons. The overshoot in the mass flux of electrons (Fig. 4(a))

grows with the electric field, but electrons recover quickly

the constant velocity. This means that a higher temperature

for the charged species is reached, which results in a higher

charge-neutral collision frequency. It can be seen in Fig. 5,

how temperature increases with the electric field. As it was

explained above, the temperature modifies the collision fre-

quencies through the thermal velocity, resulting in more

encounters with neutrals. As a consequence, the value of

electric field influences not only the velocity of the charges

but also their temperature, which ends up modifying the col-

lision parameters and the dynamics of the whole system. On

the contrary, when the electric field changes, temperature

decreases until the electrons reach again a constant velocity,

which produces a lower electron-neutral interaction effects.

This allows electrons to reach a fast velocity, until tempera-

ture increases again and the excess of energy is finally trans-

ferred to neutrals. This behaviour can only be obtained if the

plasma is modeled in a self–consistently way.

To test the influence of the non–constant collision pa-

rameters, the same test cases are performed keeping the ini-

tial values of these parameters through all the simulations.

The mass flux of electrons is studied in Fig. 6 for different

values of E0 for both cases. A difference in the relaxation

times can be appreciated due to the use of constant collision

frequencies. When collision parameters depend on the spe-

cies temperature, an overshoot in the electrons mass flux

appear due to the decrement in temperature. With constant

collision frequencies, no change or overshoot in the dynam-

ics of the species appear because, even at low temperature,

electrons interact with neutrals at a higher rate than the one

corresponding to their temperature.

These results indicate that keeping collision parameters

as their initial (or any other constant) value could produce

inaccurate results when species temperatures change sub-

stantially during the simulations, which can occur, for exam-

ple, when abrupt changes in the electric field appear.

Regarding the question if the obtained solutions show a

physical time evolution, the system entropy S has been also

analysed. With the Boltzmann entropy computed as

SðtÞ ¼ �k
X

c

ð
fcðv; tÞ log fcðv; tÞdv: (16)

The SðtÞ time derivative, shown in Fig. 7, is obtained by a

simple first order central numerical derivative scheme. As it

FIG. 4. Mass fluxes for (a) electrons, (b) ions, and (c) neutrals. Electrons have a fast relaxation time due to the high thermal velocity. Meanwhile, heavy and

cold species require more time to recover a constant velocity.

FIG. 5. Temperatures for (a) electrons and (b) ions. The species recover

faster a steady state when high electric field is applied.
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can be seen, this value is always positive, even when an ab-

rupt change in the electric field occurs and different evolu-

tion rates appear. This fact essentially means that the

numerical solution agrees with the expected thermodynami-

cal evolution of increasing entropy.

IV. CONCLUSIONS

In this work, a one-dimensional kinetic model has been

presented to describe the evolution of three species spatially

homogeneous weakly ionized plasma. The importance of

searching for kinetic collision term has been stressed by show-

ing some results. These test practical cases are related to mea-

surement processes in plasma diagnosis devices that use

electric potential signals. A planar geometry induced by the

existence of the preferred direction of a strong electric field

has been assumed to design all the 1D velocity-space elastic

collision terms. The proposed charge-charge collision contri-

bution has been established as an average of a dry friction

phenomenological force acting on a test particle. The resulting

collisional term behaves as the one-dimensional equivalent

Fokker-Planck-Landau operator. On the other hand, a non–lin-

ear Dougherty operator with viscous–like drift force has been

adopted for the collisional terms involving neutrals, because

this species, highly predominant in the plasma, remains close

to a Maxwellian state in a WIP. The semi-analytical propaga-

tor integral method is employed to solve the coupled equa-

tions using the same time step for fast and slow species

dynamics. This advancing scheme provides a conservative

evolution of the system regardless non–linearities or sharp

conditions involved in the drift-diffusion parameters. It is

found that if usual linearisation or simplification procedures

are applied, e.g., constant collision frequencies, some dynam-

ics could remain hidden, such as the overshoots that appear

for fast changes in the electric field. According to the proper-

ties of the collision operators, time evolving velocity distribu-

tions functions are obtained, independently of the species

mass, density, and temperature ratios. An entropic consistent

evolution of the system is also obtained for all values of the

applied electric field, even though this external force changes

abruptly with respect to time. Furthermore, these drastic

changes in the electric field do not affect the consistency of

the numerical method, which produces a smooth transition in

the time depending macroscopic variables.

We can conclude that the resolution of WIP from a ki-

netic point of view in a self–consistent way provides a physi-

cal transient solution for all the species that could be

extremely difficult to obtain with other solvers. In particular,

we stress that collisional effects, especially charge-neutral

interactions, can exert a significant influence in the dynamics

of weakly ionized plasmas. Thus, the high density of neutrals

produces a viscous-like effect on the charged species. This

effect transfers part of the energy transmitted by the electric

field to the charges to the neutral population. We remark that

such an effect is impossible to be detected with a non–colli-

sional plasma kinetic approximation. Additionally, the effect

of the temperature on the collision parameters influences the

dynamics of the system.

It is expected that further exploration of the 1D kinetic

collision model would explain significant departures from

Maxwellian equilibrium and local energization processes on

plasma species found in laboratory and natural plasmas. The

present approach can be applied to a better understanding of

results obtained by diagnosis procedures based upon the use

of fast sweep signals, a topic that will be dealt in a forthcom-

ing work.
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APPENDIX: DIMENSIONLESS NUMERICAL
SIMULATION

For the dimensionless problem presented in Sec. III A,

10 000 points are used with a grid that goes from –250 to

250 dimensionless velocities in the charge-charge case and

from –25 to 25 in the neutral-neutral problem. The long grid

for the charge-charge problem is required due to the behav-

iour of the tails, which require more space to decline up to a

value unable to perturb the problem. The time step for both

problems is s ¼ 0:01. To numerically solve the three species

kinetic model presented in Sec. II, the following characteris-

tic parameters are employed:

nc ¼ n0; mc ¼ me; qc ¼ qe; Tc ¼ Te;

rc ¼ re0 ¼ 10�16 cm�2; vc ¼ Vthe
;

lc ¼ rcvc; �c ¼ nclc; tc ¼ ��1
c ; Ec ¼ 1 V=m:

(A1)

The choice of the electron-neutral collision as a characteris-

tic parameter provides a good compromise between the high

density of neutral particles and high temperature of elec-

trons. The collision parameters are now rescaled with respect

to the characteristic values ~lab ¼ lab=lc and ~�c0 ¼ �c0=�c

where~represent dimensionless variables. The remaining mi-

croscopic and macroscopic variables are also rescaled in the

same way. To advance the distribution functions in time, a

simple integral scheme22,29,30 in the absence of source-sink

terms is used. This scheme essentially can be cast into

fcðv; tþ sÞ ¼
ð1
�1

Pscðv; v0Þfcðv0; tÞdv0; (A2)

where

Psc v; v0ð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4pD0cs

p exp �
v� v0 � sA0c
� �2

4D0cs

 !
(A3)

is a Gaussian probability density distribution, known as a

propagator, where Ac and Dc are the convection and diffu-

sion parameters that contain all the collision terms coeffi-

cients and external forces for the species c. A prime over the

convection-diffusion parameters means they are evaluated at

the source variables and s is the time step. This analytical

scheme is numerically integrated by using a simple rectangle

rule

f nþ1
cj
¼
Xvmax

j0¼0

Pn
cjj0

f n
cj0

Dvc; (A4)

where j and j0 are the array indexes, vmax is the maximum

number of points, n is the current iteration, and Dvc is the

grid step for the species c. The numerical integrals are eval-

uated from �Lvc=2 to Lvc=2, where Lvc is the mesh length in

the velocity space for the species c. For better representation

of the distribution function, different grid lengths are used

for each species: Le ¼ 100; Li ¼ 0:05, and L0 ¼ 0:03 with

5000 points for each species. The three distribution functions

are advanced with the same time step s ¼ 0:01.
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