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This classification appeared, except for one paper, as preprints of the University of
Oslo, where moreover many proofs and implications are (necessarily, due to their
length) greatly abridged.
Given the relevance of these classifications, we think that an article on the origin,
context, methods and relevance of that classification is in order. This is precisely
the aim of the present paper. We intend to fill the gaps in the exposition of the
ideas that structure these proofs.
On the other hand, motivated by the physical applications, we studied in [3] which
of Lorentzian symmetric pairs furnish connected simply-connected Einstein-Yang-
Mills spaces, obtaining 10 spaces. Since the calculations are rather long (some one
hundred fifty pages, only for these cases), we confine ourselves in the present paper
to carefully check the arguments for those 10 cases.
© 2026 The Authors. Published by Elsevier B.V. This is an open access article
under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

As a continuation of some classifications by S. Lie, [12] obtained the local classification of real four-
dimensional pseudo-Riemannian pairs with connected nontrivial isotropy groups pairs. Two-dimensional
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homogeneous spaces were classified locally in [16] and globally by G. D. Mostow in [18]; see also the preprint
[14], where two-dimensional homogeneous spaces, both local and global, are classified. S. Lie also obtained
some results on the classification of three-dimensional homogeneous spaces and described, in terms of vector
fields, all subalgebras of the Lie algebra so(4,C). A detailed account of these classifications can be found
in [17]. The local classification of three-dimensional isotropically-faithful homogeneous spaces was obtained
in [15], and two- and three-dimensional pseudo-Riemannian isotropically-faithful homogeneous spaces, both
local and global, were classified in [4].

The importance of these classifications goes beyond Geometry. In Physics, the description and classifica-
tion of models with many symmetries plays a central role. This is the case, in particular, of 4-dimensional
spaces in General Relativity. In this vein, the present authors have classified in [3] the connected simply-
connected four-dimensional Lorentzian symmetric spaces that are Einstein-Yang-Mills with respect to
certain invariant metric connections, with the identity metric on the holonomy algebra. The interest of
the applications of the pseudo-Riemannian pairs was already present in [13], where the coupling of elec-
tromagnetic (Abelian gauge theory) and gravitational fields is analyzed. The contribution of [3] moves to
non-Abelian gauge theories. We recall that, as is well known, spacetimes were classified by Petrov [19] and
Stephani et al. [22], among other authors. Spacetime groups have been recently classified by Anderson and
Torre [1].

Now, those classifications [11,12] appeared, except for [13], as preprints of the University of Oslo. Fur-
thermore, some of the proofs and implications are greatly abridged. This is done for the sake of keeping a
reasonable length of the papers, which even so are quite long, but sometimes this makes the use and the
comprobation of the results rather ellaborate. In this direction we have to mention the Ph.D. Thesis by
Hicks [8], where he classifies spacetimes with symmetry and confirms results from [11-13]. However, as far
as we know, Hicks’s work is relatively unknown and it relies on a software based algorithm which, again,
does not shed much light on the details of the mathematical steps of the classification.

We think that an article on the origin, context, methods and relevance of Komrakov’s classification is in
order. This is precisely the aim of the present paper: to fill some of the gaps in the exposition of the ideas
that structure his proofs.

This article is organized as follows. In Section 1 we account for the context and relevance of Komrakov’s
classification. In Section 2, we explain with some detail the corresponding methods. We want to note that,
even though we confine ourselves to the cases needed in [3] (cases motivated by the physical applications
and the Einstein-Yang-Mills context), they comprise all the details covering the rest of the cases. Finally,
in Subsection 2.10 we briefly recall Hicks’s method and results in the Lorentzian case.

The reader may find the last details for the cases under study: 1.1*(7), 1.1%(9) and 1.1%(10) in pages 20
and 20; from 2.1%(1) to 2.1%(5) in pages 20 to 24; and 3.5%(2), 3.5%(3) in pages 25 to 28.

2. The method

Let M be a homogeneous manifold, H = H), the isotropy group of an arbitrary point p € M, and (£, h) the
pair of Lie algebras corresponding to the pair (K, H) of Lie groups. According to [13, p. 34], the pair (¢, §)
locally uniquely defines the homogeneous manifold (see also Mostow [18, p. 614]). In order to classify the real
reductive pairs (€, 5), with ¢ = h + m, it was first proved [12, p. 5, Lemma] that if a homogeneous manifold
M = K/H admits an invariant pseudo-Riemannian metric then the isotropy representation p,: h — gl(m)
of the pair (¢, 6) is faithful; and, moreover, there exists a basis of m such that p.(h) lies in one of the
real forms of s0(4,C): s0(4), so(1,3) or s0(2,2). These subalgebras admit, up to conjugacy, 6, 14 and 28
distinct Lie subalgebras (some of them depending on certain parameters), respectively. One then considers
the complexifications of the pairs (£, h) and splits the solution into the following steps:

(i) To find (up to conjugation) all possible forms of the subalgebra (p,(h))C = p€(h), which is equivalent
to classify (up to conjugation with respect to GL(4,C)) the subalgebras p of so(4, C);
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(ii) For each such p, to find (up to equivalence of pairs) all complex pairs (£€, hC) such that p€(hC) is
conjugate to p;

(iii) For each such pair (¢¢,5%), to find (up to equivalence of pairs) all its real forms (, ).

The three steps above give rise to corresponding numberings. Following the notation in [11], each type is
denoted by a triple n.m¥, where n denotes the dimension of the subalgebra p of s0(4, C), m the number of
the complex pair (¢¢,5€) and k the number of the real form of (¢©, §C).

Let h be such a subalgebra and suppose that it acts naturally on R*. Then (g, R*) is a faithful generalized
module (for this concept, see §§2.1 below), and there is a one-to-one correspondence between the faithful
generalized modules (h, R*) and the corresponding subalgebras of s0(p, ¢). There are 187 distinct models of
four-dimensional homogeneous pseudo-Riemannian manifolds with non-trivial isotropy. That figure lows to
76 in the Lorentzian case. The different cases are explicitly described in [12].

2.1. The method of classification of complex pairs

A detailed description of Komrakov’s techniques for constructing pairs with a given faithful isotropy
representation can be found in [15]. We shall use some definitions and results from [15] as presented in [11,
pp. 14-17].

A generalized module is a pair (g,U), where g is a Lie algebra and U is a g-module. A generalized module
(g,U) is said to be faithful if the g-module U is faithful. The dimension of a generalized module (g,U) is
the dimension of the vector space U.

Let V be a vector space and g a subspace of V. The pair (V, g) endowed with a bilinear map b: gxV — V|
(z,v) — z.v, is called a virtual pair if:

(1) gacCy
(2) The restriction b|gxg equips g with a structure of Lie algebra, ([z,y] = z.y);
(3) (g,V) is a generalized module with respect to b.

To any virtual pair (V,g) one can naturally assign the generalized module (g,V/g), which is said to
be associated to the virtual pair (V,g). The isotropy representation of a virtual pair (V,g) is the map
p: g — gl(V/g) defined by

px)(v+g)=zwv+g forall veV, zeg.

The virtual pair (V, g) is called isotropically faithful if the homomorphism p is injective. Obviously, a virtual
pair (V,g) is isotropically faithful if and only if the associated generalized module (g, V/g) is faithful.

Suppose now that g is a finite-dimensional Lie algebra and b a subalgebra of g. Any pair (g,h) can
be regarded as a virtual pair with respect to the ordinary commutation restricted to h x g. The isotropy
representation of a pair (g,b) is the isotropy representation of the corresponding virtual pair. A pair (g,b)
is called isotropically faithful if its isotropy representation is an injection. Two pairs (g1, b1) and (ga, h2) are
said to be equivalent if there exists an isomorphism of Lie algebras 7: g; — g2 such that 7(h1) = ha.

Given a generalized module (g, U), let L(U, g) be the vector space of linear maps from U to g. Since (g, U)
is a generalized module, we can consider expressions of the form z.u, for x € g, u € U. In turn, g itself is
a natural generalized g-module with the bracket, so (g,L(U, g)) is also naturally a generalized module with
x.fru— [z, f(u)] — f(zu).

Let q: g — L(U, g) denote [15, p. 1] a linear map such that

q([z,y]) = z.q(y) —y.q(z) forall =z,ye€g. (2.1)
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Then the map q is called a virtual structure on the generalized module (g,U). In [11, Prop. 1, p. 15] it was
proved that given a virtual structure g on a generalized module (g,U) and putting V, = g x U, the bilinear
map g X Vg = Vg given by

z.(y,u) = ([z,y] + q(z)(u),z.u) forall z,yeg, uel, (2.2)

defines the virtual pair (Vg, g).

So, to any virtual structure on a generalized module (g, U) one assigns the virtual pair (g x U, g) defined
by the formula (2.2). Moreover, any virtual pair (V,g) with associated generalized module (g,U) can be
constructed in this way.

Two virtual structures ¢; and g2 on a generalized module (g, U) are said to be equivalent if the virtual
pairs (Vg , g) and (V,,, g) are isomorphic, that is, if there exists an isomorphism of vector spaces H: V,, — V,
such that:

(a) H(g) = g;

(b) H(z.v) = H(z).H(v) for all z € g, v € V,.

Suppose that g1 and g2 are virtual structures on a generalized module (g, U) and that there exists a map
h € L(U,g) such that ¢;(z) — g2(x) = «.h for all x € g. Then [11, Prop. 2, p. 16|, the virtual structures
¢1 and ¢ are equivalent. Thus, the classification (up to isomorphism) of all virtual pairs (V, g) for a given
generalized module (g, U) reduces to the classification (up to equivalence) of all virtual structures on the
generalized module (g, U).

Now, in [15, Prop. 4, p. 23] it was proved that two virtual structures q1 and gz on a generalized module
(g,U) are equivalent if and only if there exist an automorphism (f,p) of the generalized module (g,U) and
a linear map h: U — g such that

@@)=foq(fY(x)op ™t —a.h forall zcg. (2.3)

A corollary follows [15, Cor. 1, p. 23], stating: suppose that g1 and qa are virtual structures on a generalized
module (g,U) and that there exists a map h € L(U, g) such that q1(x) — q2(x) = x.h for all x € g. Then the
virtual structures q1 and qo are equivalent.

Komrakov proved two propositions. The first one [11, Prop. 3, p. 16] states that a necessary and sufficient
condition for a map q: g — L(U, g) to be a virtual structure on the generalized module (g,U) is:

C([z,y]) = A(x)C(y) — Cy)B(z) — A(y)C(z) + C(x)B(y), =,y €9, (2.4)
where C'(x) can be viewed as the matrix of the map ¢(z) with respect to the basis B = {ey,...,en,u1,...,us}
of g, being € = {ey,...,e,} a basis of the n-dimensional subalgebra b and U = {uq,...,us} a basis of the

vector space U.

The second proposition [11, Prop. 4, p. 16] states: Suppose that ¢1 and qo are virtual structures on the
generalized module (g,U) with matrices C1 and Co with respect to the basis B and that a matriz H €
M(n x 4,C) exists such that

Cy(z) — Cy(z) = A(x)H — HB(z), Va € g. (2.5)

Then q1 and g2 are equivalent.
These two facts are nothing but the vanishing of the Lie algebra cohomology H'(g, L(U, g)) (for example,
see [5], [10]) although we keep below the procedure as shown in [11] for the benefit of the reader.
Komrakov’s notes that the expressions (2.4) and (2.5) are linear in z,y € g. Therefore, in order to ensure
that these conditions are satisfied for all z,y € g, one must only check that they hold for xz,y € £.
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In the present paper we consider that dim b € {1,2,3}. In Komrakov’s construction, to completely know
the structure of the Lie algebras involved, one needs many times a nilpotent subalgebra n C h. When
dimbh = 1, one considers the nilpotent subalgebra n spanned by e;; that is, n = h. For dimbh > 1, one
can consider, depending on each pair, the nilpotent subalgebra n C § generated by one or more among the
vectors {eq, ez, e3}.

Suppose now that n is a nilpotent real Lie algebra and V a finite-dimensional real n-module. Then the
vector space VC is a nC-module. Since the field C is algebraically closed, the n®-module VC is a direct sum
of primary components. A linear function a € (n©)* such that (V¢)*(n®) # {0} is called a weight of the
nC-module V€. Denote by AC the set of all weights of VC. Then VC = @ cac(VE)*(nC). Given X € AT,
denote by V*(n) the subspace of V defined by

VAm) =V 0 (VO 0E) + (V) (). (2:6)

Note that if A € AC and X\ = )\, then \ € n* and (W(n))‘C = (VE)2(n®) (see Bourbaki [2, Ch. VII, §1]).
So the new definition (2.6) of V*(n) coincides with the old one whenever A = \.

Remark 2.1. Komrakov et al. [15, p. 30] use V*(h), whose natural definition is
VAh) ={veV:(on—Ah)N(v)=0 forall hebh and N large enough},

where p, denotes the action of h. On the other hand, given an h-module V', with both h and V real, the
authors of [15, p. 30] consider the complexification VC = V @R C, and given a complex number X they
proceed as before, but for the complefixied Lie algebra (VC)’\(F)C). That is, they consider the subspace of
VC defined by

VO H©) = {ve VC (o —AR)N(v) =0 forall e h® and N large enough }.

Now, if A € R, this has sense only in the complexified space. Later, they define [15, p. 30] the space V*(h) as
the intersection of V' with the sum of (V¢)*(hC) and the corresponding subspace for A. Thus, if A € R, we
have two definitions for V*(h), but both coincide. This is different from the usual treatment for semisimple
Lie algebras. Actually, such a subspace is defined only for nilpotent . For instance, for a Cartan subalgebra
of a semisimple Lie algebra.

Suppose that A is a subset of AC such that for every A € AC the set AN {\, \} contains exactly one
element. Then the decomposition V' = @ycaV*(n) is called a generalized primary decomposition of V and
its terms are the primary components. Note that, generally speaking, the set A is not defined uniquely.
However, the summands of the generalized primary decomposition are independent of A.

Suppose now that (V,g) is a virtual pair and (g,U = V/g) is the generalized module associated with
(V,g). One then has the following result [11, Prop. 5, p. 17]: Let n be a nilpotent subalgebra of g. Then:

(1) A necessary and sufficient condition for the n-module V' to be a direct sum of primary components is
that the n-modules g and U be direct sums of primary components.

(2) There exists a section s: U — V' of the canonical surjection w: V' — U such that for every o € n* the
following condition holds:

s(U%m)) C V(). (2.7)

Suppose now that s is a section of the canonical surjection 7w: V' — U. The section s is said to be
consistent with the subalgebra b if
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s(U%(h)) c V() forall ae€bh”. (2.8)

From (2) above it follows that such a section always exists.

One has furthermore the next result [11, Prop. 6, p. 17]: Suppose that s is a section of the canonical
surjection w: V. — U consistent with the subalgebra by. Then the corresponding virtual structure qs: g —
L(U,g) on the generalized module (g,U) satisfies:

as(g*())(UP(h)) C g*™P(h) forall o,B€b. (2.9)

A virtual structure ¢ on the generalized module (g, U) is said to be primary (with respect to b) if ¢ satisfies
(2.9). From the results above related to [11, Props. 5, (2) and 6] it follows that every virtual structure is
equivalent to a certain primary virtual structure.

One more result [11, Prop. 7, p. 17] states: Suppose that q is a primary virtual structure (with respect to
h) on the generalized module (g,U) and that (Vy,g) is the corresponding virtual pair. Then:

Vaen) =g*h) x U(H) forall «e€bh”. (2.10)

A virtual pair (V, g) is said to be trivial (see [15, p. 29]) if there exists a submodule U of the generalized
module (g,V) such that V' = U @ g. Note that a trivial virtual pair (V,g) is uniquely defined (up to
isomorphism) by the corresponding generalized module (g, V/g).

One more proposition [11, Prop. 8, p. 17], states: Let q be a virtual structure on the generalized module
(9,U). Then a necessary and sufficient condition for the virtual pair (Vy, g) to be trivial is that q be equivalent
to the zero map.

Moreover, in [15, Prop. 12, p. 29] it was proved the following result: Suppose that q: g — L(U,g) is a
virtual structure on the generalized module (g,U) and s is a semisimple subalgebra of g. Then there exists
a virtual structure § equivalent to q such that §(s) = {0}.

As a corollary [15, p. 29], if g is a semisimple Lie algebra, then every virtual pair (V,g) is trivial (this is
also a consequence of Whitehead Lemma [10, p.77, 95]).

A pair (g,bh) is called trivial if an abelian ideal a in the Lie algebra g exists such that h @ a = g. If
(g, h) is a trivial pair, the corresponding virtual pair (g, ) is also trivial, but not conversely. A trivial pair
is uniquely defined (up to equivalence) by the corresponding generalized module (b, g/h).

Let g be one of the subalgebras of so(4, C) listed in [11, Th. 1, p. 6] (see also (2.11) below). Assume that
the Lie algebra g acts naturally on C*%; then (g,C%) is a faithful generalized module. The enumeration of
the modules obtained in this way coincides with that of the corresponding subalgebras of so(4,C) in [11,
Th. 1.

A pair (g,b) (respectively, virtual pair (V,g)) is said to be of type n.m if the corresponding generalized
module (b, g/h) (respectively, generalized module (g, V/g)) is isomorphic to the module n.m, that is, to the
generalized module (g, C*), where g is the subalgebra of so(4, C) labeled as n.m in [11, Th. 1].

Let (V, g) be a virtual pair of type n.m. Then one can, without loss of generality, identify the Lie algebra
g with the subalgebra n.m of the Lie algebra so(4,C).

The ten real pairs listed in Table 3 in [3] come from four complex pairs, namely, 1.1.7, 2.1.1, 2.1.2 and
3.2.5. We recall, in the following Subsections 2.2 to 2.5, the results in [11] involving those four complex
pairs.

2.2. Complex pairs for n =1,2,3

Komrakov [12, Th. 1, pp. 7, 8] (see also [20]) proved that forn = 1,2 or 3, any non-zero subalgebra of the
Lie algebra so(4, C) is conjugate (with respect to GL(4,C)) to one and only one of the following subalgebras:
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dimh =1
z 0 0 0 z x 0
0 X O 0 0 = O
Loto 0 =2 0 1210 0 -2
0 O 0 -z 0 0 —ux
A <1, —7/2 <argA <7/2 or
00 =z O 0 x 0 O
0 0 0 =x 0 0 =z O
I3 10 0 0 0 410 0 0 0
00 0 O 0 0 0 O
dimbh =2
z 0 O 0 Ty 0
0 y O 0 0 X O
2L 1o 0 -2 o 22 1o 0 -z
00 0 -—y 0 0 -y
A <1, or
r oy 0 =z z y 0 O
0 —x —xz O 0 0 vy O
2.3 0 0 —=z 0 2.4 0 0 —z 0 2.5
0 0 -y = 0 0 0 O
dimbh =3
z z 0 0 Ty 0
0y O 0 0 Az -z
31 1o 0 —2 0 32 1o 0 -z
0 0 —z —y 0 0 -y
ReA>0 or
0y 0 z T Yy 0 0 2z
0 —z O z —xz 0 0 2z
3.3 00 0 0 3.4 0 0 —z —=z 3.5 0
00 —y —z 0 0 -y =z 0

oo O

z
0
0

-

x

)
0

—Zz

0

0
—2y
—2x

0

(NN Na)

[Al=1, 0 <arg\ < 7/2

ReA=0,ImA >0

(2.11)

For convenience, instead of the classical expression of s0(4,C) as the skew-symmetric matrices, one uses

the expression

z z 0 t

v oy —t 0 |

0 v -z —u sy, 2z, tu,v € C 3
v 0 -z —y

which is obtained, as we have checked, by conjugation with

€ GL(4,C).

O == O
_—0 O -
O == O
O o+
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With this new expression, one writes s0(4,C) = {xe; + yea + ze3 + teg + ues + veg}, where ey, ..., eg are
the corresponding matrices with 0’s and 1’s.

The proof splits the study [11, p. 8] into solvable and non-solvable subalgebras. In the former case, any
Borel subalgebra is conjugate to

z z 0 t
—t
g= 8 g . 8 = xey + yes + zes + tey, z,y,2,t € C.
0 0 —z —y
Indeed, it is clear that we can choose Ce; + Cey as a Cartan subalgebra, and Ce;, ¢ = 3,...,6, are the

root spaces of s0(4,C). The canonical Borel subalgebra is the sum of the Cartan subalgebra and a choice
of positive root spaces. The others are always conjugate to this one [9, p. 84]. It is then immediate that the
algebra structure of g is

[7]| €1 €2 €3 €4

el 0 0 €3 €4
€2 0 0 —€3 €4 (2 12)
es | —es e3 0 0
€4 —€4 —€4 0 0

from which it follows that the group of automorphisms of g is

1 0 0 0 1 0 0 0
0 1 00 0 -1 0 0. .

A: a —a ¢ O ? a a 0 d . aﬂbe(c7 Cvde(c 5 (213)
b b 0 d b —b ¢ O

with respect to the basis {e1,...,eq4}.
To get all the subalgebras of g, one takes the composition series [10, §7] of g,

{0} Ca1Co2Co,
and uses the following algorithm [11, p. 9]:

(1) One describes all subalgebras h; of the ideal g; (up to automorphisms of A4) and construct for each hy:
(a) N(b1) N ge;
(b) the subgroup Aut(g, b1) of A of all automorphisms of g preserving the subalgebra b;.

(2) One describes all subalgebras hy of the Lie algebra N(h1)Nge (up to automorphisms of Aut(g, 1)) such
that ha N g1 = b1 and construct for each hs:
(a) N(b2)Ng;
(b) the subgroup Aut(g, hs) of A of all automorphisms of g preserving the subalgebra bhs.

(3) One proceeds similarly for higher dimensions.

One composition series of g is
{0} C Cez € Cez+Cey C Ceq + Cez + Cey.

Since the second term is an abelian ideal and with the purpose of saving one step in the algorithm, we can
abridge the series to
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g1 =Ce3+Cey, g2=Ce;+ Cez+ Cey.

The subalgebras we are searching for are constructed in three steps along the series above, starting from
g1, as it follows.
First. The subalgebras h; of g, are

(C(Oé€3+,8€4), Oé,,BEC, 663@664,
which reduce to
{O}, C(€3 +€4), Ces, Cez® Cey,

up to transformations belonging to A with: a = b= 0,¢ = 1/a,d = 1/ (the first type of matrices in (2.13))
fora£0#8;a=b=0,c=1/a,d=1fora#0,8=0;and a=b=0,c=1/8,d =1 (the second type of
matrices) for « = 0, 8 # 0. Since [gz, h1] C by for all of them, then go C N(b1) so that N(h1) Ngs equals go.

Second. We now seek for the subalgebras hy of go (modulo automorphisms in .A) such that ha Ng; = hy.

o For h; = {0}, we have hy = {0} and C(e; + aes + Seq), the latter being equivalent to Ce; modulo A.

o For h; = C(e3 + e4), we have ha = C(e3 + e4) and C(e; + aez + bey) + C(ez + e4), a,b € C, and the
latter is equivalent to Ce; + C(e3 + e4) modulo A.

e For h; = Ces, we have hy = Cez and C(ey + aez + bey) + C(es), a,b € C, and the latter is equivalent
to Cey; + Ces modulo A.

e For h; = Cez + Cey, we have hy = Cez + Ceyq and Ce; + Ceg + Cey.

Collecting all these subalgebras ha, together with the intersection N(h2) N g (which is readily obtained
from the table (2.12)), we have

({0}79)7 (CelaC61+C€2)v (C(eB+e4)7Cel+C€3+Ce4)v
((C€1+(C(63+64),(C61 +C<€3+€4>), (C@37g), (Ce1 + Ces, Cey +C€2+(C€3)7
((C€3+C€4,g), ((Cel+(Ce3+Ce4,g).

Third. We now find the subalgebras b of N(h2) N g such that h N gy = ho.

o For hy = {0}, we have either h = {0} or h = C(ae; + Aea + pes + veq), with A # 0. The possibilities for
the second subalgebra can be reduced under automorphisms of A. There are different cases. If @ = 0,
the subalgebra is equivalent to Ceq with a =, b = —v, c =d =1 in (2.12). For a # 0 the subalgebra
is of the type h = C(e1 + Aea + pes + vey) so that: when X # +1, it is equivalent to C(e; 4+ Aeg) with
a=p/A=1),b=—-v/(1+A),c=1,d=1; when A = 1, # 0, it is equivalent to C(e; + e2 + e3)
with b= —v/2, ¢ = 1/u, a = d = 1; when A = 1, p = 0, it is equivalent to C(e; + e2) with b = —v/2,
a=c=d=1; when A = —1, v # 0, it is equivalent to C(e; + ez + e3) with b = —p/2, d = 1/v,
a = ¢ =1 (the second type of matrices in (2.12)); and when A = —1, v = 0, it is equivalent to C (e +e2)
with b = —p/2, a = ¢ = d = 1. The second type of matrices in (2.12) can be used to restrict the range
of the parameter A to {ReA > 0} U{ReA =0,Im\ > 0}.

e For hy = Cey, we have h = Ceq and h = Ceq + Ces.

o For hy = C(e3 + e4) we have h = C(e3 + e4).

o For hy = Cey + C(ez + e4), we have h = Cey + C(ez + e4).

o For hy = Ces, we have either h = Cez or h = Ces + C(ae; + Aea + pes + vey), A # 0. In a very similar
way to the case hy = {0}, the possibilities of the second subalgebra modulo A reduce to hh = Ceg + Ces,
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h=Ces+ C(er + Ne2), h = Ces + C(eg — ex + e4) and Ceg + C(e3 — e3). We cannot use the second
type of matrices in (2.12) to restrict the range of the parameter A since they do not preserve .

e For hy = Ce; + Cez we have h = Ce; + Cez and Cey + Cey + Ces.

e For hy = Ces + Cey, we have h = Cez + Ceyq and h = Cesz + Ceq + C(ae; + Aea) A # 0. The
second subalgebra is ) = Cey + Ces + Cey for a = 0 and h = C(eg + Aea) + Cez + Cey for o # 0.
The second type of matrices in (2.12) can also be used to restrict the range of the parameter A to
{ReA>0}U{ReA=0,Im X > 0}.

e For hy = Cey + Cez + Cey we have h = Ce; + Cez + Ceq and h = Cey + Cey + Cez + Cey.

Collecting all these subalgebras h we have the following solvable subalgebras of s0(4, C):

{0}; Cez; Ces; Cey+Cey; Cler + Aea), {ReA >0} U{ReX=0,Im A > 0};
Ceg 4+ Cez; Cez+ Cey; C(es+e4); Cep +Ceg+ Ces; C(eg + €2 +e3);
C(e1 4+ Xe2) + Cez; Cep 4+ Cles+eq); Ceg+ Cez + Cey;

Ce; +Cey + Ceg + Cey; C(eg — ez +e4) + Ces;

C(e1 + Ae2) + Ceg + Cey, {Re X > 0} U{ReA =0,Im X > 0}.

We can further reduce this list to the fourteen cases of the statement, from 1.1 to 3.5, under conjugation
with respect to GL(4,C), as it follows.

o The one-dimensional algebras are initially

C(er + Ae2), {ReA >0} U{ReA =0,Im X > 0};
Cler +ez+e3); Cles); Cles+es); Clea).

The last one is conjugate to the first one (A = 0) by

01 0 0
-1 0 00
00 01
00 -1 0

The non-trivial elements of the second (resp. third, fourth) algebra are non-diagonalizable and its
eigenvalues never vanish (resp. are 2-nilpotent and have trivial eigenvalues, are 3-nilpotent and have
trivial eigenvalues). The elements of the first Lie algebra are diagonalized. Hence, the first, second,
third and fourth algebras are not conjugate. With respect to the parameter A\ in the first algebra,
given a conjugation between C(e; + Ajes) and C(e; + Ageq), the matrix diag(1, A1, —1,—\1) goes to
diag(o,0Xa, —0,—0\2), 0 € C, with the same eigenvalues. That is, either 0 = 1, \; = A9, or 0 = Ay,
oMg = 1. Therefore, A and A~! are the only possible cases where conjugation may occur. Indeed, the
conjugation is obtained by

oS O = O
O O O =
= o O O
O = O O
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Then the range of the parameter can be restricted to either |A\| < 1, —7/2 <argA < 7/2o0r |A|=1,0<
arg A < /2. Finally note that the third and the fourth algebras are conjugate to the cases 1.3 and 1.4
in (2.11) by the matrices

01 00 -1 0 0 0
10 0 0 -1/2 0 —1/2
0 1 o’ 0 o 1 o0 |’
00 —1 0 0 1/2 0 —1/2

respectively.
e The two-dimensional algebras are initially

Cey; + Ceg; C(eg + Xea) + Ces; Cleg — e+ e4q) + Ces;
Ce; + C(es+e4); Ces+ Cey; Ceq+ Ces.

The latter is conjugate to the second one (A = 0) by

_ o o O
S = O O
o O = O
o O O

This same matrix defines a conjugation of the algebras with A and A~! in the second family. A similar
argument to the one given in the previous paragraph shows that the two parameters A; and Ay # )\1_1
cannot be conjugate. The first, second, third, fourth and fifth algebras are not conjugate. Indeed,
the eigenvalues of a generic element of each of them are of the type {z,y, —z,—y}, {z, \z, —x, Az},
{z,—z,—z,z}, {x,0,—x,0} and {0,0,0,0}, respectively. The only ambiguous cases happen when A =
0,+1, in the second algebra. For A = —1, the second and the third algebras share the same type
{z,z,—x,—x} of eigenvalues, but the square of the matrices of the second algebra are diagonalizable
whereas the matrices of the third algebra are not. For A = 1, the situation with the eigenvalues is the
same, but the second algebra is abelian whereas the third algebra is not. Finally, for A = 0, the second
algebra share the same type {z, —z,0,0} of eigenvalues, but the former has 2-nilpotent elements (that
is, eg), whereas the latter does not have 2-nilpotent elements. Finally note that the fourth algebra is
conjugate by

-1 0 0 0
0 —1/2 0 —1/2
0 0 1 0
0 1/2 0 —1/2

to the algebra 2.4 in (2.11).
e The three-dimensional algebras are initially

(C61 + CGQ + (Ceg;
C(er + Ae2) + Ceg + Cey, {ReX > 0} U{Re A =0,Im A > 0};
Ceg + Ces + Cey.
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The set of eigenvalues of the elements of these algebras are of the type {z,y, —x, —y}, {z, \x, —x, — Az}
and {0,x,0, —z}, respectively. Hence, for A # 0, there are no possible conjugations among any pair
of them. For A\ = 0, the second and the third algebras have the same eigenvalue structure. However,
the vector (0,0, 1,0) is in the kernel of every matrix in the third algebra, whereas there are no vectors
simultaneously belonging to the kernel of every matrix in the second algebra. With respect to the first
algebra, the different values of A are not conjugate. Indeed, assume that C(e; + Ajes) + Ceg + Cey
is conjugated to C(e; + Agez) + Ceg + Cey, and e; + Ajes is sent to x(e; + Ases) + yes + zeq. The
eigenspaces of the adjoint transformation ade, 1., are Ces (with eigenvalue 1 — A1) and Cey (with
eigenvalue 1+ A2), and must be sent to the eigenspaces of x(e; + Aaea) + yes + zeq, which are the same,
with eigenvalues z(1 — A2) and x(1 + A2). That is, 1 £ A\ = (1 £ Ag) or 1 £ A1 = (1 F A2). In both
cases, * = 1. Since e; + A\je2 and z(e; + A2ea) + yes + zey share the same eigenvalues as matrices in
GL(4,C), we conclude that A; = Aa.

Finally, as for non-solvable subalgebras, one considers the semisimple Levi subalgebra. But any semisimple

subalgebra of so(4,C) is [11, Prop. 2, p. 14] either conjugate to one of the complex pairs 3.4 or 3.5, or it
has higher dimension. This completes the proof of [12, Th. 1, pp. 7, 8].

The corresponding complex subcases are sixteen: ten subcases for 1.1 (see his pages eleven and twelve);

three subcases for 2.1 (see his page twenty-two); and three subcases for 3.5 (see his pages thirty and thirty-
one). The steps for obtaining the corresponding complex subcases are given in [11, pp. 18 ff.].

2.83. The complex pair 1.1

Komrakov [11, Prop. 1.1, p. 20] proved that any complezx pair (g,5) of type 1.1 is equivalent to one and

only one of the following pairs.

For A = 0:
[L]] e Uy U9 Uz Ug L] en w U9 us  Ug
e1 0 Ul 0 —uz 0 e1 0 Uy 0 —usg 0
1 up | —u1 0 0 Uo 0 9 ur | —u; 0 0 0 0
Uo 0 0 0 0 Ug Ug 0 0 0 0 pus
us us —Uu2 0 0 us us us 0 0 0 us
Uy 0 0 —us —usz 0 Uy 0 0 —pus —us 0
[,]| e Uy Ug U3 Uy [L]| e ;U U3 U4
el 0 U1 0 —us 0 e1 0 Ul 0 —ug O
3 up | —up 0 0 e+ux O 4 up | —up 0 0 U9 0
U 0 0 0 0 0 Ug 0 0 0 0 0
ug | ug —ep—uz 0 0 0 ug | ug —us 0 0 0
un 0 0 0 0 0 Uy 0 0 0 0 0
[, ] €1 U1 u2 us Uy [, } €1 Ui (D] u3  Ugq
€1 0 (V51 0 —us 0 €1 0 (5% 0 0 0
5 Ul —U1 0 0 €1 0 6 Ul —U1 0 0 0 0
u9 0 0 0 0 U9 u9 0 0 0 0 U9
us us —€1 0 0 0 us us 0 0 0 0
Uy 0 0 —U2 0 0 Uy 0 0 —UuU2 0 0
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[7 ] €1 Uy U2 U3 Uy
€1 0 U1l 0 —Uus 0
— 0 0
7 T 0 @ (2.14)
U2 0 0 0 0 0
us ug —e; 0 0 0
Uy 0 0 0 0 0
For A =1/2:
[, ] €1 U1 U2 us Uy [, ] €1 U1 u2 us Uy
el 0 Uq %U2 —Uus —%U4 el 0 Uq %u —us —%U4
8 U7 —U1 0 0 —261 u9 9 U7 —U1 0 0 0 u9
uy | —suz 0 0wy 0 uy | —suz 0 0 0 0
us us 261 —U4g 0 0 us us 0 0 0 0
Uy %U4 —U2 0 0 0 Uy %U4 —U2 0 0 0
[, ] €1 U1 U2 us Uy
€1 0 U7 %UQ —us —%U4
10 U1 —1u1 0 0 0 0
u9 —§UQ 0 0 0 0
us us 0 0 0 0
ug | sug 00 0 0

For either |A| < 1 with —7/2 < arg A < 7/2 or |A] = 1 with 0 < arg A < 7/2:

[ y ] el U1 u2 us U4
€1 0 Uq )\UQ —Uus 7/\U4
11 (51 —UuU1 0 0 0 0
us *)\Ug 0 0 0 0
us us 0 0 0 0
Ug )\u4 0 0 0 0

We are interested only in the complex pair 1.1.7 whose table is (2.14).

He proved his Proposition 1.1 (see [11, pp. 22 ff.]) as follows. Let £ = {e;} be a basis of b, where
e = diag(1,\, =1, —X). Then A(e;) = 0, and for z € b the matrix B(z) can be identified with x.

Denote by n the nilpotent subalgebra of h spanned by the vector ey, that is, n = §. Then, he proved
[11, p. 22] a lemma stating that any virtual structure q on the module 1.1 with A\ = 0 is equivalent to
Ci(e1) = (0 p 0 r) and with X\ # 0 is equivalent to Ca(e1) = (0 0 0 0). The proof is as follows: Any virtual
structure ¢ can be written as C'(e1) = (¢1 ¢2 ¢3 ¢4). Since ¢ = 0, putting H = (¢1 0 — ¢3 0) we have for

x € g that C1(z) = C(x) + A(z)H — HB(z), hence
Ci(e1) = (c1 ¢2 ¢ ca) — (c1 0 —cg 0)(diag(1,0,—1,0)) = (0 c2 0 cq).

Then, by [11, Ch. I, Prop. 4] (see also the context of (2.5) above), the virtual structures C; and C' are
equivalent. Proceeding analogously for A # 0, the proof of the lemma is completed.

Let (g, h) be a complex pair of type 1.1. Then it can be assumed that the corresponding virtual pair (g, h)
is defined by one of the virtual structures determined in the aforementioned lemma. Supposing A = 0, we

have

ler,ut] = w1, [er,u] =per, [er,us] = —us, [e1,us] =rey.
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Since by [11, Ch. I, Prop. 7, p. 17] (see also the context of (2.10) above) the map ¢: g — L(U, g) is primary,
one has

g%(h) = h*(h) x U%(h) forall «ebh”.

Thus
g (h) = V() x UV (h) = Cus,
9 (5) =50 () x U (h) = Cey ® Cuy @ Cuy, (2.15)
g (h) = 6P () x U (h) = Cuy.

Then, since
[uz, ug), [ug, us] € g7V (), [ur, ug], [ug, ua] € g0 (), [ur, uz], [ur,ua] € gV (h),
one has from (2.15) that

[ur, ug] = cur, [u1,us) = aer + frug + Paua,  [u1, ua] = yus,

[ug, us] = dus, [uz,us] = bey +nrug 4+ noua, [u3,us] = cus.

Komrakov considered the different possibilities, and the one corresponding to the complex pair 1.1.7 is
labeled as 1.2.2.2.1° in his page twenty-seven. It is obtained taking ¢ = 0 (his page twenty-five), 51 = 2 =0
(his page twenty-six), 1 = 72 = 0 (his page twenty-seven) and a # 0, by means of the map 7: g; — g given
by

1 1
mw(er) = e, w(uy) = EUh m(ug) = a(ael +ug), m(uz)=uz, w(us)="yer + uy.
So the remaining nonzero brackets are [e1,u1] = w1, [e1,us] = —ug, [u1,us] = e1, thus obtaining the
multiplication table of g7, that is, (2.14).
For A # 0, we have

ler,ur] = w1, [er,uz] = Aug, [er,us] = —usz, [e1,usa] = —Aua.

Since the map ¢q: g — L(U, g) is primary, one has g*(h) = h*(h) x U*(h) for all a € h* (see (2.10)). Thus,
for A =1,

g (h) = Cer, gV (h) = Cuy & Cuy, g1 (h) = Cuz @ Cuy.
Then,
[ulqu] S 9(72)([’))? [Ui,U,g], [ui7u4] S g(O)(h)v 1= 17 2a [U3,U4] S 9(2)(h)

By using the Jacobi identity, one obtains that the pair (g, h) is equivalent to the trivial complex pair 1.1.10.
Finally, for A ¢ {0,1}:

g9 (h) = Cer, M (h) = Cuy, g™ (h) = Cug, g7V (h) = Cuz, gV (h) = Cua.

Then,
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[Ul,’U/Q] S g(1+)\)(h)7 [ulau?)}v [Ug,’u,4] S 9(0)(h>7 [’U/37 U4] S g(_l_A)(h)a
[u17u4] € g(li)\)(h)v [Ug,Ug] € g()\il)(h)

This situation splits into two subcases: A = % and \ # % In the first subcase, imposing the Jacobi identity
leads to several possibilities, which correspond to the complex pairs 1.1.8, 1.1.9, and 1.1.10. In the second
subcase, it is shown that the pair is equivalent to the trivial complex pair 1.1.11.

2.4. The complex pairs 2.1.1 and 2.1.2

Komrakov [11, Prop. 2.1, p. 55 ff.] proved that any complex pair (g,h) of type 2.1 is equivalent to one
and only one of the following pairs:

L] ern ea wr  up  uz  uy ]| er ea  wi up uz  uy
el 0 0 Uq 0 —ug 0 el 0 0 Uq 0 —usg 0
€9 0 0 0 u 0 —U4 €9 0 0 0 U9 0 —U4g
1 u | —ug 0 0 0 el 0 2 u; | —u 0 0 0 el 0
Us 0 —ugy 0 0 0 es Us 0 —ug 0 0 0 0
us us 0 —e€1 0 0 0 us us 0 —e 0 0 0
Uy 0 Uy 0 —ey 0 0 Uy 0 Uy 0 0 0 0

[L]] e1r  ea wi up uz uy

el 0 0 up 0 —us 0

€9 0 0 0 u 0 —Uq

3 up | —ug 0 0 0 0 0

Ug 0 —us 0 0 0 0

us us 0 0 0 0 0

m 0 ug 0 0 0 0

The proof starts taking the basis £ = {e; = diag(1,0,—1,0),es = diag(0,1,0,—1)} of h. Then A(e;) =
A(ez) = 0 and for = € b the matrix B(x) can be identified with z. Then a lemma states that any virtual
structure q on the complex module 2.1 is equivalent to the trivial one. Indeed, put

oy iy &
11 Cl2 Ci3 Ciy .
Ci(ei) = ( . . . , i=1,2.

Co1  Chy Ch3 Ciy
Then the condition (3) in [11, Ch. 1] (see also (2.4) above) for e, e2 reduces to

0= —01(62)3(61) + Cy (61)3(62). (216)

0 —# 0 5 0 N 0 cfy 0 —ciy
3 0 33 0 0 e 0 —cyy 7

hence ¢, = ¢23 = 3, = ¢33 = 0, ¢}y = ¢}, = cly = ¢}, = 0. So, any virtual structure ¢ on the complex

That is, one has

module 2.1 is given by

el 0 ¢y 0 0 2, 0 ¢
Ci(er) = ( 11 . 13 NE Ci(es) = . ;2 . ;4 )
21 €23 Ca2 Coq
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Taking then the matrix

A3y —cly =
2 - ( 11 Ci2 13 14) € M(2x 4,C),

1 2 1 2
Ca1 €2 —Ca3 —Cy

the equation C4(x) — Co(z) = A(x)H — HB(x) reads, for z = e, es:

¢y 0 ez 0 Co(er) ¢y 0 ez 0 0 ¢y 0 oy Ch(es) 0 ¢y 0 oy
—Lale1) = — Calé2) =
¢k 0 ¢y 0 cd, 0 ks 0)] 0 ¢ 0 3 0 2 0 &)
respectively. Hence Cy(e1) = Ca(e2) = 0, so in particular the virtual structures C and Cy are equivalent,
thus finishing the proof of the Lemma.
Let now (g, h) be a complex pair of type 2.1. Then it can be assumed that the corresponding virtual pair

(g,b) is defined by the trivial virtual structure, so the only nonzero brackets [e;,u;]| are those furnished by
the tables 1, 2, 3 in page 15, that is,

ler,u1] = w1, [er,us] = —usz, [e2,u] =ua, [e2,us] = —uy.
Put
2 4
u17u2 Za161+za3u37 [u17u3] :Zbiei“i’Zﬂjuja
i=1 j=1
2 4
[u1, ua] Zczez+ZVJuJ7 [u2, ug] = Zdiei+26juja
i=1 j=1
2 4
[u2, u4] Zfzez+znju]a lug, us) = D kiei + Y eju;.
i=1 j=1

From the Jacobi identity one obtains the pair (g, b):

[L]| e e Uy U Us Us
€1 0 0 U1 0 —Uus 0
€9 0 0 0 u2 0 —U4g
uyp | —ux 0 0 0 bireq 0
U2 0 —U2 0 0 0 f2€2
us us 0 7b1 €1 0 0 0
Uy 0 Uy 0 *f262 0 0

Then four subcases arise and we must consider the first three. In the first subcase (by fa # 0), the pair (g, h)
is equivalent to (g1,h1) by means of the map m: g3 — g which is the identity on all the basis elements
except for m(uz) = (1/b1)us, m(uq) = (1/f2)us. One thus recovers the multiplication table 1 in page 15. In
the second case (by # 0, fo = 0), the pair (g, ) is equivalent to (gz, h2) by means of the map 7 which is the
identity on the basis elements except for mw(ug) = (1/b1)us. One thus recovers the multiplication table 2 in
page 15. In the third case (by = 0, fo # 0), the pair (g,h) is equivalent to (g2, h2) by means of the map

mw(er) = —eq, m(ea) = —eq, w(uy) = (1/f2)uq, w(uz) = us, 7(ug) = ug, m(ug) = us.
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2.5. The complex pair 3.5.2

Komrakov [11, Prop. 3.5, p. 99] proved that any complex pair (g,h) of type 3.5 is equivalent to one and
only one of the following pairs:

[,] el e e3 Uy U U3 Ua
€1 0 262 —263 2u1 0 —2’LL3 0
€9 —262 0 €1 0 (751 —2’LL2 0
1 es 2e3 —eq 0 2uy  —ug 0 0
(5% —2U1 0 —2U2 0 0 0 (751
(%) 0 —Uuy us 0 0 0 U
us 2U3 2U2 0 0 0 0 us
U4 0 0 0 —Uu; —Ug —Uus 0
[, ] €1 €2 €3 Al Uz us Uq
€1 0 262 7263 2U1 0 72U3 0
€9 —262 0 €1 0 U1 —QUQ 0
2 €3 263 —€1 0 2U2 —Uus 0 0
uy —2u1 0 —2UQ 0 () €1 0
U 0 —u;  uz —ey O e3 0
us ZU3 2’[,62 0 —€1 —€3 0 0
Uy 0 0 0 0 0 0 0
LI en ea e3  wr us  uz g
€1 0 262 —263 2U1 0 —2U3 0
€9 —262 0 €1 0 (5% —211,2 0
3 €3 263 —e1 0 2U2 —us 0 0
(751 —2U1 0 —QUQ 0 0 0 0
U2 0 —u; U3 0 0 0 0
us 2’LL3 2’LL2 0 0 0 0 0
Ug 0 0 0 0 0 0 0

Let £ = {e1,e2,e3} be a basis of fj, where

20 0 0 01 0 0 0 0 0 0
(o0 0 0 (00 —2 0 (2 0 00
““=f{o 0o -2 0] 27100 0 o) =10 -1 0 0

00 0 0 00 0 0 0 0 0 0

Then

0 0 O 0 0 1 0 -1 0
Aler)=(0 2 0 ), A(ea)=|-2 0 0], Ales) =0 0 0],
0 0 -2 0 0 0 2 0 0
and for z € b the matrix B(x) is identified with z.

Let now denote by n the nilpotent subalgebra of the Lie algebra h spanned by the vector e;. Then one
has [11, Lemma, p. 100] that any virtual structure q on the module 3.5 is equivalent to the trivial one. This
follows noting that b is a semisimple Lie algebra, so that by [11, Ch. I, Prop. 9], one can assume, without
loss of generality, that ¢(f) = {0}.
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Let (g, h) be a complex pair of type 3.5. Then it can be assumed that the corresponding virtual pair (g, h)
is defined by the trivial virtual structure, so the only nonzero brackets [e;, u;] are those in the matrices 1,
2, 3 in page 17, that is,

[61,62] = 2eg, [61,63] = —2e3, [32,63] = €1,

le1, u1] = 2[ea, ug] = 2uy, [e2,us] = —[e3,u1] = —2uz, [e1,u3] = 2[e3, ua] = —2us.
Since by [11, Ch. I, Prop. 7, p. 17] the map ¢: g — L(U, g) is primary, one has

g%(h) =p%(h) x U*(h) forall aech”

Thus,
g (m) =hP(n) x U2 (n) = Ces ® Cus.
gD m) =) x UO(n) = Cey & Cuy @ Cuy, (2.17)
gd@ ) =hP ) x U (n) = Cey & Cuy.
Hence

[u, us], [uz, wa) € 672 (), [ur,us), [uz, ua) € g (), [ur, us), [ur, ua) € g (),
and thus we have from (2.17) that
[ur, ug] = aez + auy, [uy,uz] = bey + Brug + Poug, [u1,us] = cea + yus,
[uz,us] = des + dug, [uz,us] = fer +miua +moug, [us,us] = keg + eus.
Using the Jacobi identity one obtains that
ﬂ2:772:0, a:b:da §:a7 B1:*2Ot,
m=e=v c=k=—-av/2, f=oay/4, ay+a’y/4=0.

It follows that the pair (g,b) is

[,] e1 e es3 Uy U U3 m
el 0 2e9 —2eg 2uq 0 —2us 0
ey | —2eo 0 el 0 Ul —2Uo 0
es 2e3 —eq 0 2uo —Us 0 0
ur | —2uq 0 —2uo 0 aes + auq ae; — 2auo —%62 + yuq
U2 0 —U7 U3 —aey — QU 0 aes + ausg %el — Yug
us 2us  2ug 0 —aej + 2aue —aes — ausg 0 —%eg + yus
Uy 0 0 0 Srea —yur  —Fer+yus Fles —yus 0

with ay + (a?v)/4 = 0.
To find the subcases of the complex pair 3.5.2, it is convenient to use another suitable complex pair
(¢',b’) equivalent to (g, h). This is obtained by means of the map 7: g’ — g given by

mler) = e, w(e2) =ea, m(es)=e3, m(u1)=—(a/2)es+ uy,

m(ug) = (a/4)er +u2, w(us) = —(a/2)esz + uz, 7(ug) = ug.
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The pair (g’,b’) is then

[ 5 ] €1 €9 €3 Ul U9 us Uy
€1 0 262 —263 2u1 0 —211,3 0
€9 —262 0 €1 0 Ul —2U2 0
€3 263 —€1 0 2U2 —Uus 0 0
up | —2uz 0 —2us9 0 aes aer  Yyup
Uo 0 —Uq us —aes 0 aes  Yus
U3 2ug 2uo 0 —aep —aes 0 Yus
Uy 0 0 0 —yu; —yuz —yus 0

with ay = 0.

In [11, p. 102 -103] are studied the three different possibilities, corresponding to v # 0; a # 0; and
a = v = 0, respectively. We should consider the two last cases. In the second case, one has v = 0 and the
pair (g, ') is equivalent to the pair (g2, h2) by means of the map 7: g2 — g’ given by 7(e;) =e;, 7 =1,2,3,
and 7(u;) = (1/v/a)uj, j =1,...,4. In the third case, one has o = 0 and the pair (g, h’) is equivalent to the
trivial pair (g, h3) by means of the map 7: g3 — g’ given by 7(e;) = e;, i = 1,2,3 and 7(u;) = (1//7)uy,
j=1,...,4.

2.6. Real forms of the complex pairs

Komrakov [12, pp. 50, 75, 79, 145] considered the real pairs corresponding to the complex cases 1.1.7,
2.1.1, 2.1.2 and 3.5.2, and proved Theorem 1.1 (see his page thirty-nine), which states that there are twenty-
two subcases for n = 1: ten for 1.1! and twelve for 1.12. Our three real pairs 1.11(7), 1.1%(9), 1.1%(10) come
from the same complex pair: 1.1.7 in [12, p. 50].

Let (g,h) be a complex isotropically faithful pseudo-Riemannian pair. An anti-involution o of g is said
to be an anti-involution of the pair (g, ) if o(h) = b.

According, e.g., to [6, p. 180], every real form of the pair (g,h) coincides with the set of fixed points
(g%, h9) of some anti-involution o of the pair (g,h) (note that Helgason uses the term conjugation instead
of anti-involution).

Two real forms (g7',h7*) and (g2, H72) are said to be equivalent if and only if the corresponding anti-
involutions o7 and o9 are conjugate, that is, if there exists an automorphism f of the pair (g, h) such that
oy = for f1.

Let B={e1,...,en,u1,...,us} be a basis of g, and let A, I, I be the matrices of f, 01,09 with respect
to this basis. Then the condition for (g°*,§*) and (g°2,h?2) to be equivalent is I, = AI; A1,

For each pair (g,h) one fixes a basis B = {e1,...,en,u1,...,us}. Then we can identify the group of
automorphisms of (g, ) with the subgroup A of GL(n + 4, C) such that each element of A is the matrix of
some automorphism of (g, ) with respect to B. Similarly, we can identify the set of anti-involutions of the
pair (g,h) with the set Z of matrices of anti-involutions of (g, h) with respect to the basis B.

Then, A is called the group of automorphisms and T the set of anti-involutions of (g, b).

Let v € g. Denote by X the row of coordinates of the vector v with respect to the basis B. The expression
X =(a1,...,an,,y, 2,t) means that

v =aie; + -+ apney + U + Yyus + zus + tuy.

If the anti-involution I of the pair (g, h) is equal to the identity I,,44, then the real form of (g, h) corresponding
to the anti-involution I has the same structure constants as (g, h). Indeed, let X be corresponding to v € g.
Then I(X) = X = X implies that X € R"™*. Thus, we can choose as basis of the set (C"*4)! of fixed
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points the basis B’ = B = {ej,...,en, u1,...,us}. It follows that the multiplication table of the real form
corresponding to the anti-involution I coincides with the multiplication table of (g, h). In particular, let b
be a linear Lie algebra having only one anti-involution, I (up to the operation Al /_1*1). Then there exists
a basis of h which consists of real elements and which is also a basis of the real form.

2.7. The real pairs 1.1*(7), 1.12(9) and 1.1%(10)

Komrakov proved [12, Prop. 1.1.7, p. 50] that any real form of the complex pair 1.1.7 is equivalent to one

and only one of the following real pairs: 1.1*(7), 1.1%2(9), 1.12(10). The proof is as follows. The group A and
the set Z of the complex pair 1.1.7 are

1 0 O 0 0 -1 0 0 0 0 cC*
00a 0 0 0 0 0 0 1/a 0] ¢ ,
A= 0 0 b 0 |, 0 0 b 0 Cc1 : bl,bQ,Cl,CQ c C7 ,
00 0 1/a 0 0 a 0 0 O
0 0 by 0 c 0 0 by 0 o bicoy — bacy #0
1 0 O 0 0 -1 0 0 0 0 . .
0 o 0 0 0 0 0 0 1/@ 0 II = E7 aeC y
1= I'= 00 51 (/) N or 0 0 Bl 0 7 :Bhﬂ27’717’)/2€(c7 )
00 0 1/a 0 0O a 0 0 0
0 0 B2 0 m 0 0 B 0 B1y2 — Bay1 #0

respectively.

Taking now A € A, I € 7, and using the operation I — ATA~! one obtains that any anti-involution of
the complex pair 1.1.7 is conjugate to one and only one of the following:

10 0 00 -1 0 0 0 0 -1 0 0 0 0
01 0 0O 0o 0 0 -1 0 0 0 0 1 0
L=]0 01 0O0(, I=|0 0 -1 0 0}, Is3=|1 0 0 -1 0 O
00010 0 -1 0 0 0 0 1 0 00
0 0 0 01 0 0 O 0 1 0 0 0 01

It is obvious that the set of fixed points (C®)!t coincides with C?, hence taking the same basis again, we
have that the nonzero brackets are

[ell’ull] = ullv [ellvug] = _uév [u/17u3] = €15

that is, one recovers the real pair 1.11(7) (see [3, §§4.1]).
In turn, since given X = (a,z,y, 2,t), one has I5(X) = (—a, —z, —y, —, ), the set of fixed points of the

map I, is (C°)2 = {(a,z,y, —7,t) € C°: 2 € C,t € R,a,y € Ri}. Then the nonzero brackets with respect
to the basis of (C®)’2 given by

/ . . / . !
€1 =161, U = TI(Ul —uz), up=—luz, wuz= 7(”1 +uz), uy = ug,

are

[ell’ull] = _ué’ [ellﬁué] = ullv [u/hué] = €13

that is, one recovers those for the real pair 1.1%(9) (see [3, §§4.2]).
Moreover, since given X = (a,z,y, 2,t), one has I3(X) = (—a, z, —¥, Z,1), the set of fixed points of I3 is

(C%Is ={X = (a,r,y,7,t) € C°: z € C,t € R,a,y € Ri}. The nonzero brackets with respect to the basis
of (C®)%s given by
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/ . / / . ’ : /
el =iey, uy=-—(u1+us), uhH=—iug, u;=-—i(u1 —ug), uy=ua,

2 2

are

[ell’ull] = _ué’ [6/1’ ué’)} = ullv [u/17 ué] = _ell;

that is, one recovers those for the real pair 1.12(10) (see [3, §§4.2]).
2.8. The real pairs 2.12(1) to 2.1%(5)

For n = 2, the complex pair 2.1 splits into two complex subcases: 2.1.1 and 2.1.2. According to [12, Th.
2.1, p. 72], the complex pair 2.1 furnishes in particular the set of real pairs 2.1.1 and 2.1.2, which include
the pairs 2.1%(1,2) and 2.12(3, 4, 5) studied in [3].

The aforementioned Theorem 2.1 in [12, p. 72], states that any real form of the algebra 2.1 is conjugate
to one and only one of the following linear Lie algebras: algebras:

z 0 0 0 z 0 O 0

1 0y 0 0 2 00 0 -—y
2100 =2 o 2" oo == o)

00 0 -y 0y 0 0

0 0 —x O z —y 0 0

3 00 0 -—y 4 Yy 0 0
25t 0 0 o] 2V o o0 -z
0y O 0 0 0 —y -z

Any real form of the complex pair 2.1.1 is equivalent to one and only one of the pairs 2.1*(1),2.12(1),
2.12(2),2.13(1),2.13(2),2.13(3),2.14(1). And any real form of the complex pair 2.1.2 is equivalent to one and
only one of the following pairs: 2.11(2),2.1%(3), 2.1%(4),2.12(5), 2.13(4),2.13(5). The complex subcase 2.1.1
so originates the subcases 2.1%2(1) (his page seventy-seven) and 2.12(2) (his page seventy-eight) studied in
[3] and the complex subcase 2.1.2 so originates the subcases 2.12(3), 2.1%(4), and 2.1%(5) (his pages eighty
and eighty-one) studied in [3].

The proof of Proposition 2.1.1 is as follows. The group A and the set Z of the complex pair 2.1.1 are

1000 0 O 1 0 00 0 0 1000 0 0

0100 0 0 0 -1 00 0 0 0 100 0 0
a_dooao0 o o0 00 a0 0 0 0 000 1/a 0
“Ylooows o of o o oo o 1['lo o0oo0ob 0 ol

0000 1/a 0 0 0 00 1/a 0 0 0a 0 0 0

0000 0 1/b 00 0b 0 0 0 000 0 1/b

-1 0 00 0 0 0100 0 0 0 -1 00 0 0

0 -1 00 0 0 1000 0 0 1 0 00 0 O

0 0 00 1/a 0 0000b 0 0 00 00 0 1/b

0o 0 00 0 1/b|°looao0o o o l0o 0 a0 0o 0]

0 0 a0 0 0 0000 0 1/b 00 0b 0 0

0 0 0b 0 0 0000 1/a 0 0 0 00 1/a 0

0100 0 0 0 -1 00 0 0

1000 0 0 1 0 00 0 O

0 005b 0 O 0.0 00 0 1| .

0 000 1/a 01>l 0 0 00 1/a 0 | ®°€C ’

0 000 0 1/b 0 0 0b 0 0

0 0a0 0 O 0 0 a0 0 0
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1 0 0 0 O 0 1 0 0 0 O 0 -1 0 0 0 O 0
01 0 O 0 0 0 -1 0 O 0 0 0O 1 0 O 0 0
7-1¢ 00 o O 0 O 0O 0 o O 0 0 0 00 0 1/a O
0008 0 o0 /|'loo oo o 1/8['lo o0oo0opp 0o o]
000 0 1/a O 0 0 0 0 1l/aa O 0 0 a O O 0
0000 0 1/8 00 08 0 0 0 000 0 1/8
-1 0 0 0 0 0 01 0 0 O 0
0O -1 0 O 0 0 1 0 0 O 0 0
0 0 0 0 1/a O 00 0 B 0 0
0 0 00 0 1/861'10 0 a O 0 0 ’
0 0 a 0 O 0 000 0 0 1/8
0 0 0 B 0 0 000 0 1/aa O
0o -1 0 0 O 0
-1 0 0 O 0 0 _
0 0 0 0 0 1/8 IT=F,
0 0 a 0 1l/aa O *
O 0 08 0 0 apel
0 0 a 0 O 0
respectively.

Taking now A € A, I € 7, and using the operation I — AIA~" one obtains that any anti-involution of
the complex pair 2.1.1 is conjugate to one and only one of the following:

100000 1 0 0 0 0 0 1 0 0000
010000 0 -1 0 0 0 0 0 -1 00 0 0
;oo rooof _Jo o 1 00 0|, 00 1000
1=fooo100|"2 (0o 0o 0o 0o o -1|°"3=l0o 0 000 1]
0000T10 00 0 0 1 0 00 00 10
000001 0 0 0 -1 0 0 00 0100
-1 0 0 0 0 0
0 -1 0 0 0 0
|0 o 0o 0o -1 0
4=l 0o 0 0 0 0 -1]°
0 0 -1 0 0 0
0 0 0 -1 0 0
-1 0 0 0 0 0 ~1 0 00 0 0
0 -1 0 0 0 0 0 -1 000 0
r_lo o 00 -10], 0 0 00 1 0
5=lo o o o0 o 1[0 0 000 1]

0 0 -1 0 0 0 0 0 1000
0 0 0 1 0 0 0 0 0100
010000
100000
; 000100
=100 10 0 0
000001
000010

Given X = (a,b,x,v,2,t), one has Iy(X) = (a,—b,Z,—t, %, —y). Hence, the set of fixed points of I is
(C9z = {(a,b,z,y,2,—y) € C5:y € C,b € Ri,a,z,2 € R}. The nonzero brackets of the real form
corresponding to the anti-involution I, with respect to the basis of (C%)’2 given by

!/ / . / / / / .
el = ey, ey =leg, uy = Uy, Uy = ——(Ug — Ug), Uz = ug, Uy = —i(uz + uq),

2 2

are
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[ell’ull] = ullv [e/l’ug] - _ué’)’ [eIQ’U/Q] = Uip [eévuil] = _ul27 [ullvug] = 8/17 [U/27U£1] = 6/2;

that is, one recovers those for the real pair 2.1%(1) (see [3, §§4.6]).

In turn, given X = (a,b,z,v, z,t), one has I3(X) = (a, —b, 7,1, %, ¢); hence, the set of fixed points of
I3 is (C%'s = {(a,b,2,9,2,9) € CO:y € C,b € Ri, a,x,z € R}. The nonzero brackets of the real form
corresponding to the anti-involution I3, with respect to the basis of (C®)% given by

! !/ . !/
€1 = ¢€q, €y = 1€2, Uy = Uy,

V2,
uh = ——(uz +uq), uhy=ugz, uy= 71(1@ —uy),
are
[ell’ull] = ullv [ellvué] = _ué’ [6,2’1/2] = uﬁlv
[eé’uil] = _u/2’ [ullvug] = 6,17 [u/27 Ui;] = _6/2;

that is, one recovers those for the real pair 2.1%(2) (see [3, §§4.6]).

In turn, the complex case 2.1.2 furnishes the subcases 2.12(3) (his page eighty), 2.12(4), 2.1%(5) (his
page eighty-one) studied in [3]. More specifically, according to [12, Prop. 2.1.2, p. 79], any real form of the
complex pair 2.1.2 is equivalent to one and only one of the following pairs: 2.11(2),2.1%(3), 2.12(4),2.12(5),
2.13(4),2.13(5). The proof is as follows. The group A and the set Z of the complex pair 2.1.2 are

1000 0 O 1 0 00 0 0
0100 0 0 0 -1 00 0 0
A_)]00 a0 0 0 0 0 a0 0 0
“Yloo o b 0o of’fo 0o 00 0 ¢
0000 1/a 0] |0 0 00 1/a 0
0000 0 ¢ 00 0b 0 0
-1 000 0 0 1 0 00 0 0
0100 0 0 0 -1 00 0 0
0 000 1/a 0 0 0 0 0 1/a 0], i
o 0oo0ob 0 ol'lo o oo 0o el@eChbececCy,
0 0 a0 0 0 0 0 a0 0 0
0 000 0 c 0 0 0b 0 0
1000 0 0 1 0 00 0 0
0100 0 0 0 -1 00 0 0
00 a0 0 0 00 a0 0 0
I=y¢loo 05 0o offo 0o 00 0o ~|
0.0 0 0 1/a 0 0 0 0 0 1/a 0
0000 0 =~ 00 08 0 0
-100 0 0 0 1 0 00 0 0
0 100 0 0 0 -1.00 0 0 _
0 00 0 1/a 0 0 0 0 0 1/a 0| 1=E
0O 008 0 0’0 0 00 0 ~]° §
0 0a 0 0 0 0 0 a0 0 o] *€CHPArEC
0 000 0 v 0 0 08 0 0
respectively.

Taking now A € A, I € T, and using the operation I — AITA~!, one obtains that any anti-involution of
the complex pair 2.1.2 is conjugate to one and only one of the following:
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100000 1 0 0000 -10 0 0 0 0
010000 0 -1 00 0 0 01 0 0 0 0
;|00 1000 L_|0 0 1000 L0 0 0 0 -10
1=1looo0o1o0o0f 27]o 0o 0001 ®T]l0o 0 0 1 0 0]
000010 0 0 00 10 0 0 -1 0 0 0
000001 0 0 010 0 0 0 0 0 0 1
1000 0 0 -1 0 0 0 0 0 -1 0 00 0 0
0 10000 0 -1 0 0 0 0 0 -1 00 0 0
|0 00010 |0 0 0 0 -10 I 0 0 0010
“+=lo oo1oo|l "o o o o0 o0 1|>T]0o 0 0001
0 01000 0 0 -10 0 0 0 0 100 0
0 00001 0 0 0 1 0 0 0 0 0100

Then, since given X = (a,b, z,y, z,t) one has Iy(X) = (a,—b, z,1, 2, ), the set of fixed points of I is
(CT2 = {(a,b,2,y,2,7) : y € C, b € Ri, a,z, 2 € R}. The nonzero brackets of the real form corresponding
to the anti-involution I, with respect to the basis of (C%)!2 given by

U / : / / / / . .
€1 = €1, €y = 1€2, Uy = Uy, UQZ’LLQ+U4, Uz = us, Uy = U2 — 1Uy,
are

[e/l’ul] = ullv [ellvué] = _ué’ [6/2’1/2} = Uip [6/271‘21] = _ul27 [u/17u3] =€

that is, one recovers those for the real pair 2.1%(3) (see [3, §§4.6]).

Since given X = {a,b,x,y,z,t} one has I3(X) = (—a,b, —%,¥, —,1), the set of fixed points of I3 is
(C%s = {(a,b,x,y,—7,t) € C® : 2 € C,a € Ri, b,y,t € R}. The nonzero brackets of the real form
corresponding to the anti-involution I3, with respect to the basis of (C%)%s given by

2
!/ / : I !/ ! ! :
el = ey, e, =lieg, uy = ug, Uy = 7(711 —ug), uh = ug, uy = 71(u1 + u3),

are
[elhulﬂ = ullv [ellvué] = —Ug, [6127,&/2} = Uip [elbuﬁl] = _u/27 [ul27u£1] = 6/2;
that is, one recovers those for the real pair 2.1%(4) (see [3, §§4.7]).
Since given X = {a,b, x,y, z,t} one has I,(X) = (—a,b, 2,7, Z,t), the set of fixed points of I, is (C6)%s =

{(a,b,x,y,7,t) € C®: 2 € C, a € Ri, b,y,t € R}. The nonzero brackets of the real form corresponding to
the anti-involution I, with respect to the basis of (C®)/4 given by

2 2
!/ !/ . li ! ! ! .
€] = eq, e, =ley, U] = ug, uh = 7(111 +ug), uz = U4, Uy = 71(u1 — us),

are
[ellvull] = ullv [ellvug] = _uév [6/27“,2] = Ui;; [6/27'“21] = _u/27 [U/Qa Ui;] = _6,2;
that is, one recovers those for the real pair 2.12(5) (see [3, §§4.7]).

2.9. The real pairs 3.52(2) and 3.5 (3)

As for n = 3, according to [12, Th. 3.5, p. 145], the complex pair 3.5.2 furnishes in particular the set of real
pairs 3.5, with four subcases, which include the pairs 3.5%(2) and 3.5%(3) studied in [3]. In this case, (g, b) is
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a complex isotropically faithful pair, where § is a non-solvable subalgebra of g. In this case, the computation
of the automorphisms group and of the set of anti-involution for the pair (g, h) becomes more complicated.
To obtain these real pairs from the complex pair (g, ), one first studies the real forms h? of h and then the
isotropically faithful pairs (g, h7). From the set of conjugations Conj(h) = {A € GL(4,C) : AhA~! = b}
of b, acting as X + AXA~! X € b, anti-conjugations are obtained as the composition of the complex
conjugation X — X with an element in Conj(h). The set of anti-involutions is thus

P={PcGL(4C): PXPch, VX € h, PP =1d},

with P acting as X +— PXP. Equivalent anti-involutions are understood under the action of Conj(h), as
P +— APA~'. Then, the procedure to obtain the real forms consists of finding Pi,..., P, € P such that
AP A~ + P;, for all A € Conj(h), ¢ # j, and building h” for each of them. Finally, the method of finding
the real isotropically faithful pairs is similar to that used for finding complex pairs.

The aforementioned Theorem 3.5 in [12, p. 145], states that any real form of the algebra 3.5 is conjugate
to one and only one of the following linear algebras:

2z y 0 O 0 r y 0

1 220 -2y O 2 -z 0 2 0
3.5 0 —2 -2z 0| 3% |-y —2 0 o0
0 0 0 O 0 0 0 0

Furthermore, any isotropically faithful pair of type 3.5% is equivalent [12, pp. 146-147] to one and only
one of the following:

[, } €1 €2 €3 U1 (D] us Uy [, ] €1 €2 €3 U1 u2 U3  Ugq
€1 0 —es3 €9 —Uu9 Uq 0 0 €1 0 —€3 €9 ] (5% 0 0
€9 €3 0 —€1 —us 0 (5% 0 €9 €3 0 —€1 —us 0 Uq 0
1 €3 —€9 €1 0 0 —us (5 0 2 €3 —e€2 €1 0 0 —Usz U2 0
Ul (5 us 0 0 0 0 Uq Uq u9 us 0 0 (&3] €9 0
Ug | —Uy 0 us 0 0 0 U9 U2 | —Uy 0 us —e1 0 €3 0
us 0 —UuU1 —U2 0 0 0 us us 0 — U7 —Uu2 —€9 —€3 0 0
Uy 0 0 0 —Uu; —Uz —U3 0 Uy 0 0 0 0 0 0 0
Ll en es es wr  up uzg wy Ll en ea e3 w  up us wy
el 0 —e3 ey —UuUz Uj 0 0 e1 0 —e3 e —uz u; 0 O
€9 €3 0 —e1 —Uus 0 Uy 0 €9 €3 0 —€1 —us 0 U1 0
3 es | —ea € 0 0 —Uu3 U2 0 4 es | —ea e 0 0 —ug uz O
Ul | U2 us 0 0 —ep —ey 0 UL | U Uus 0 0 0 0 0
U | —Up 0 U3 el 0 —e3 0 U | —Uqp 0 U3 0 0 0 0
us 0 —u; —Uz  es es 0 0 U3 0 —U1  —Us 0 0 0 0
ug | 0 0 0 0 0 0 0 ug | 0 0 0 0 0 0 O

The proof is as follows. First, a computation gives that the Lie group Conj(h) has two connected com-
ponents. The connected component of the identity is

d2 —azgd —CL%3 0
—2a302d 2 2 0 Au€eC—{0},a; €C,
Conj(f))o A= a§2 22 a3 : K {0} ij
—a39 ag2 1 0 d = 2a22 — azzazz
0 0 0 7

whereas the other is .J - Conj(h)g = {JA : A € Conj(h)o} with
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O =R O O
O O = O
oS O O
= o O O

Similar computations give the expression of the matrices P of the set P of involutions, organized in the
next four different types

1B 0 0 O etBl pedBl _p20261
2redfl 2P 0 0 0 —e2b 2peft 0
—r2e2ft peft 1 0 |7 0 0 1 0|’
0 0 0 ev 0 0 0 e
cABi re3Bi 20280 2281 refi 1 0
43P 3621 gpefl Q) —2ref (r? £ 1) 2% £ 1 2re P 0
7%6261 7%661 1 0 ’ (7"2 £ 1)2 —refﬁi (TQ + 1) _7,2672& 0 )
0 0 0 e 0 0 0 et

with r # 0 for the third type. These matrices are equivalent under conjugation by A € Conj(h) to
P =id, P=J

More precisely, for each of the four types of matrices P, we choose A as

—4e~ 201 0 0 0 e W _Llef 1 g
—2rie=2P1 2P 0 0 0 ie=Bi i

I , A= re 1 :
—LeTW el 1 0 0 1 0
0 0 0 /2 0 0 0 e /2

—(2v2+3) 2e72 —(2v2+3) L (2v2+3) 0
4e720\/2/2 + 3i 0 222431 0

A= —%e‘gﬂi %e‘ﬂi 1 0 ’
0 0 0 e /2
—r2e2B pef 1 0
. —2reth 1 0 0 ’
1 0 0 0
0 0 0 e /2

respectively. Note that P, and P, are not conjugated, since the condition AJ = A is satisfied by neither
A € Conj(h)o nor A € J-Conj(h)o.

The set of a fixed points of h by the anti-involution X + Py XP; is obviously the algebra 3.5'. With
respect to the anti-involution defined by Ps, the set of fixed points is

ai oy 0 0
-2y 0 =2y O
Y Y taeR,yeC ),
0 y —ai O
0 0 0 0
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that is conjugated to 3.52 by the matrix

_ O =
o O = O
Lonr
— o O O

o
o

Any virtual structure on 3.52 is trivial since the algebra is semisimple as it is isomorphic to so(3). We
choose the basis

0 1 0 O 0 0 1 0 0O 0 0 O
-1 0 0 O 0 0 0 O 0 0 1 0
€1 = ) €2 = ) €3 =
0 0 0 O -1 0 0 O 0 -1 0 0
0 0 0 O 0 0 0 O 0O 0 0 0
Then any real pair (g7, h?) can be defined by the trivial structure
le1,e0] = —e3, [e1,e3] = e, [ez,e3] = —e1
ler,u1] = —ug, [e1,uz] =ui, [er,u3] =0, [e1,u4] =0,
lea, u1] = —us3, [ea,u2] =0, [ez,us] =wu1, [e2,us4] =0,
les,u1] =0, [es,ua] = —usz, [e3,u3] =uz, [e3,uq4]=0.

If we write

3 7
_ a r ..
[wi, u;] = E :a:1 C344,3+j€a T E g G334 U i,j=1,..4,

using the Jacobi identity, some computations give two possible solutions:

[ ) ] €1 €2 €3 Uy U2 us Uy
1 0 es —e2 —Usg Uy 0 0
€2 —€3 0 €1 —Uus 0 Ul
€3 €2 —€1 0 0 —Uus U 0
ur | u2 U3 0 0 s (%cgsel + u3) S5 (%02562 - 'LLQ) g, (%02563 + ul)
us | —ur 0 ug | —c§5 (3csen + us) 0 S5 (2chses +ur)  —clr (3csen — uo)
us3 0 up —ug | —cSy (%62562 - uz) —c§s (%62563 + ul) 0 8. (%c?mel + U3)
ug | 0 0 0 | —c& (3chses+ur)  cf7(5c8se2 —ua)  —cdr (5c85e1 + us) 0
and
[ 5 ] €1 €2 €3 U1 U2 us Uy
€1 0 €3 —€9 —U2 U1 0 0
ex | —e3 0 er —us3 0 Uy 0
€3 €9 —e1 0 0 —Uus u9 0
Uy Us u3 0 0 cgﬁel + cg5u3 62662 — cg5u2 0
Uy | —uq 0 uz | — (cgﬁel + 025113) 0 02663 + cg5u1 0
U3 0 up  —up | —cdgea + cSsus — (c%Geg + c?mul) 0 0
Uy 0 0 0 0 0 0 0
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With respect to the second solution, the case c§s # 0, with the change of basis

uj = éul + Les, uhy = éUQ — Teo,
, ) ) ) (2.18)
Uz = @Ug + 3er1, Uy = Uy,
gives
[, ]| e1 e e u) ubh uhouh
e1 0 es —ey | —ub u) 0 0
es | —es 0 e1 —uf 0 up 0
€3 €9 —e1 0 0 7’UJ{3 UIQ 0
uy | uh o ub 0 0 Ae;  Aex 0
uy | —uf 0 uy | —Aey 0 Aes 0
A 0 uy  —uh | —Aes —Aes 0 0
Uy 0 0 0 0 0 0 0
with

For A = 0, we get 3.5%(4). If A # 0, we get 3.5%(2) and 3.5%(3) depending on the sign of A. The case c$5 = 0
reduces to the previous case.

With respect to the first solution, the case cf; = 0 reduces to the second solution with ¢35 = § (625)2. If
Si ¢§s = 0 the case reduces to 3.5%(1).

If c§5c8, # 0 by considering the change of basis (2.18), we obtain

[,]] e1 ex e3 u) uh uh )
el 0 es —eg | —uh u) 0 0
es | —es 0 e1 —uf 0 u) 0
es3 es —e O 0 —uf uh 0
up | uh w0 0 0 0 & uy
uhy | —up 0 uh 0 0 0 S ul
uly 0w —ub 0 0 0 S ul
(M 0 0 0 | —cCuf —cSub —culy 0

that reduces to case 3.5%(1).
2.10. Hicks’s method

J.W. Hicks presents in [8, p. 70] a methodology for the classification of pairs. His work is based in
previous considerations of Schmidt [21] where one fixes a subalgebra of the Lorentz algebra and identify
the infinitesimal generators in the standard representation (see table 3.1), yielding a linear transformation
from R* to itself. These transformations are taken to define the adjoint of each basis element h € b in g.
The basis elements of g are taken according to the sum g = m + h. After impossing the Jacobi identities
to eliminate arbitrary parameters, one finds changes of basis on m which leave the adjoint action of the
isotropy undisturbed yet eliminate remaining inessential parameters from the structure equations.

Then, with the aid of a Lie algebra software, the following invariants are computed: algebra type, the
derived series dimensions, indecomposability, dimension of the nilradical, dimension of the Lie algebra of
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derivations D, dimension of the Lie algebra of derivations of D, dimensions of the decomposition of the
radical of D, dimensions of the decomposition of the Lie algebra. From these properties a comparison is
made to the internal database of pairs. This process is repeated for the derived algebras. After cumbersome
work, Hicks concludes [8, p. 164] that “the Komrakov classification of Lorentzian pairs and that of this
dissertation are in complete agreement.”
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