ON THE GROWTH RATE INEQUALITY FOR SELF-MAPS OF THE
SPHERE
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ABSTRACT. Let S™ = {23 +a3+4 - +a2, =1} and P = {zo = 21 = 0}NS™. Suppose that f is
a self-map of S such that f~'(P) = P and |deg(fip)| < |deg(f)|. Then, the number of fixed
points of f™ grows at least exponentially with base |d| > 1, where d = deg(f)/deg(fip) € Z.

1. INTRODUCTION

In [13], Shub raised the question on whether algebraic intersections numbers bound assymp-
totically from below geometrical intersection numbers for C'! maps. For a self-map f: M — M
on a manifold, a particular case of the previous question comes down to whether the number
#Fix(f™) of points fixed by f™ and the Lefschetz numbers L(f") satisfy

1 1
lim sup — log(#Fix(f")) > limsup — log |L(f")|
n n

This inequality is known as the growth rate inequality and bounds from below the base of
the exponential growth rate of periodic points. If the sequence of Lefschetz numbers L(f™)
is unbounded, Lefschetz-Dold theorem together with a result of Shub and Sullivan [15] (that
states that the index sequence of a fixed point for a C' map is bounded) imply that there are
infinitely many periodic points. The growth rate inequality appeared again as an open problem
in the Proceedings of the ICM 2006 [14]. It is wide open in dimensions greater than 1.

The Lefschetz number of a self-map on a sphere can be computed from the topological degree
as L(f) = 1£deg(f), so the growth rate inequality for self-maps of the sphere can be rewritten
in terms of the degree as follows:

(1 lisup log (#Fix( /")) = log |deg(/)
n—+oo M

Shub’s original paper [13] proved (1) for rational maps on S?. However, even for a C! map
of degree 2 on S?, it is not known whether the growth rate inequality holds. Note that the C*
assumption is crucial, a degree-2 north-south map on S? has only 2 fixed points and no other
periodic point.

Recently, the growth rate inequality has been proved in several instances for maps on the
sphere. In dimension 2, the sharp bound of log |deg(f)| was obtained when f preserves some
singular foliations [12, 10, 4] or under hypothesis of dynamical nature [5, 7, 6, 8]. In higher
dimensions the results are scarce. Weaker bounds for the growth rate of periodic points when
the map preserves some foliation and some mild hypotheses is satisfied were obtained in [2, 3].

In this article we prove a weak form of the growth rate inequality for maps on S™ = {3 +
22+ +22 =1} C R™L Suppose f: S™ — S™ leaves the codimension—2 sphere P = {x¢ =
x1 = 0} completely invariant, that is, f~1(P) = P. Then, the degree of f is equal to the product
of two factors: the degree of the restriction of f to P and a “transversal” degree denoted d € Z.
The latter can be interpreted in terms of the action induced by f on the homology group or the
fundamental group of S — P.
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Theorem 1. Let f: S™ — S™ be a map such that f~1(P) = P and deg(f) # 0 and let
d = deg(f)/deg(fip). Then, #Fix(f") + #Fix(fﬁa) > |d™ —1|. In particular,

1
lim inf — log(#Fix(f")) > log|d
lim inf = log(#Fix(f"*)) = log |d|

In dimension m = 2, P is a O-sphere and deg(f|p) can only take the values —1,0,1. We
deduce the following corollary from Theorem 1, that was previously stated in [6].

Corollary 2. Suppose f: S? — S? and there are two points {p,p'} such that f=*({p,p'}) =
{p,p'}. Then,

el .
— >
lim inf — log(#Fix(f")) 2 log |deg(f)|
In higher dimensions we obtain a weak bound for the growth rate:

Corollary 3. Under the hypothesis of Theorem 1, if m = 3 or, more generally, if the growth
rate inequality holds in S™ 2 then

P B, 1
il >
lim inf ~#Fix(f") > 5 log |deg(f)|
The result follows from the first inequality in Theorem 1 and the fact that max{|d|, |deg(fp)|} >
V/Ideg(f)].
Theorem 1 is deduced from Theorem 5, which is stated in the ensuing section. The proof is
contained in the last section of the article. It requires a detailed local analysis of the map in the

normal direction to P, presented in Section 4, and uses an argument from topological degree
theory, which is quickly reviewed in Section 3.

2. SETTING

Let S = S™ = {(x0,...,%m) : 23 + .-+ + 22, = 1} be the standard m-sphere in R™*!
and P = {zg = 1 = 0} NS be an m — 2-dimensional sphere which we will refer to as the
polar sphere. The complement S — P is diffeomorphic to S' x D™~! where D™ ! denotes the
(m — 1)—dimensional open unit disk, via the map

(2) (20, - -, Tm) —> (M(@xm)>

(an I’l)
On the other hand, P’ = {z9 = --- = 2, = 0} N S is a 1-sphere such that S is the join of P
and P’. The set S — P’ is diffeomorphic to D? x S™~2 by

(T2, .y Tim)
(3) (T, s Tm) — ((xg,xl),
" (22, zm)]
Equations (2) and (3) define coordinate charts for S — P and S — P’, respectively. If we
replace (z2,...,2m) by (0,0,2z2,...,2m,) in (3), we obtain a diffeomorphism between S — P’

and D? x P. This description will be used extensively throughout this note, as it provides a
product structure for the system of neighborhoods of P defined by the inequalities 3 + 23 < r
for 0 < r < 1: they are diffeomorphic to D?(r) x P.

Similarly, the inequalities 23 + 23 > 1 — 1/, 0 < r’ < 1, define neighborhoods of P’ in S — P
diffeomorphic by (2) to S x D™~ 1(y'). Note that the radial coordinates of D? and D™ ! are
related by r + 7' = 1. For any 0 < r < 1,

(4) S = DXr)xP U S*xD" '(1-r)

Evidently, the fundamental group of S — P is isomorphic to Z. Using the coordinates from
(3), for any r € (0,1) and p € P, it is easy to see that 71 (S — P) is generated by a loop 7 that
makes a positive turn around the origin in the 2-disk D?(r) x {p}. Let us consider the lift of

S — P that trivializes [y], pr: S—PS—P.
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In our results, f is a self-map of S for which P is completely invariant, f~*(P) = P. Since

S — P is invariant under f, f can be lifted to 5/:73 Let 7 be a generator of the group of deck
transformations of the cover. Any lift F' of f satisfies

(5) Fr=r'F

where d € Z is the transversal degree defined by fi[y] = d-[y] in m1(S — P) (see (12) later). As
we will prove in Subsection 3.1, deg(f) = d - deg(f|p)-

A fixed point of F projects onto a fixed point of f in S — P. The following lemma is
a consequence of (5) and establishes a relation between fixed points of different lifts. It is
standard in Nielsen theory (cf. [9, Lemma 4.1.10]).

Lemma 4. If two different lifts F,G = 7™F of f satisfy pr(Fix(F)) N pr(Fix(G)) # 0, then
d# 1 and |d — 1| divides m.

By the previous lemma, we can bound from below #{Fix(f) N (S — P)} by the number of
lifts of f among {F,7F,...,7/% U=1F} that have fixed points.

Theorem 5. Suppose that d # 0,1. There are at most 24 Fix(f|p) fized point free maps among
{F,7F,... 7ld=1-1p},

Theorem 5 and Lemma 4 immediately imply that

#HFix(f) N (S = P)} > |d — 1| = 24{Fix(fip)}

Replace f by f™ in this inequality to deduce Theorem 1. Note that the transversal degree
associated to f™ is d".

3. TOPOLOGICAL DEGREE

The topological degree of a map g: M — L between closed connected and oriented manifolds
of dimension n > 1 roughly counts with multiplicity the number of preimages of a point. For
a complete account on degree theory we refer to [11]. We give below a precise definition of the
degree in algebraic topological terms. Recall that the orientation of a closed connected manifold
M is given by a fundamental class [M], i.e. a generator of the reduced homology group H,,(M).
Reduced and unreduced homology groups only differ at dimension 0, the reason to choose here
the reduced groups shall become clear later. The image [M], of the fundamental class [M]
under the projection H, (M) — H, (M, M — {z}) is the local orientation at = € M, and it is a
generator of H,(M, M — {z}).

Definition 6. Let g: M — L be a map between n—dimensional closed orientable manifolds such
that Hy, (M) = H,(L) =2 Z and [M], [L] be fundamental classes of M, L, respectively. The degree
of g, denoted deg(g), is the integer that satisfies

(6) 9-([M]) = deg(g) - [L],

The reason to choose the hypothesis H, (M) = Z in the definition is that it is satisfied by
closed connected oriented manifolds of dimension n > 1 (spaces that appear in the standard
definition of topological degree) and also by O-spheres (such as the polar sphere in S?, that is
relevant in this paper). Incidentally, note that the degree of a map between 0—spheres can only
take the values —1,0, 1.

By duality, the degree can be alternatively defined using reduced cohomology groups. If
war,wr, are generators of the reduced n-th cohomology group of M, L, we have that ¢*(wr) =

deg(g) was-
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3.1. Decomposition of the degree. Suppose now that f: M — M is a self-map and N is a
completely invariant submanifold (i.e. f~!(N) = N). Under some topological hypothesis, the
degree of f is equal to the product of two factors: the degree of the restriction of f to N and
an integer d that accounts for the winding around NV in the transversal direction, which we call
transversal degree.

(7) deg(f) = d - deg(fin)

Lemma 7. Let M be a closed connected and orientable n-dimensional manifold and f : M — M
a continuous map with deg(f) # 0. Suppose that N C M is a closed orientable submanifold
of codimension k > 2 that is completely invariant, i.e. f~1'(N) = N, and ﬁ"‘k(N) = 7.
Then deg(f|n) divides deg(f). Moreover, if Hi(M) =0 or if k = n there is a non trivial class
B € Hy 1(M — N) such that f«(8) = d - B, where d = deg(f) / deg(fin)-

Proof. Observe that, since N is completely invariant, the map f can be considered as a map
of pairs f : (M,M — N) — (M,M — N). Let [M] € H,(M) a fundamental class in M. The
homomorphism
(8) ~ [M]: H"5(N) = H(M, M — N)
consisting in capping each (unreduced) cohomology class in H"*(N) with the fundamental
class [M] is an isomorphism (see [1, Theorem 8.3, pg. 351]).

Let w be a generator of the reduced cohomology group H" ¥(N) (note that w also generates

H"%(N) unless k = n). Then, by naturality of the cap product [I, Theorem 5.2, pg. 336] it
follows

(9) felfin(w) ~ [M]) = w ~ fu([M]).

If we examine the left-hand side of (9) we get

(10) f(fin(@) ~ [M]) = fu((deg(fin) - w) ~ [M]) = deg(fin) - fulw —~ [M]).
On the other hand,

(11) w ~ fo([M]) = w ~ (deg(f) - [M]) = deg(f) - (w ~ [M]).

Hence, from (9), (10) and (11) it follows that deg(f|x) | deg(f) and the quotient is an integer
d that satisfies fi(w —~ [M])=d- (w —~ [M]) in Hy(M,M — N).

The second statement follows immediately from the naturality of the long exact sequence
of homology of (M, M — N) in the case Hp(M) is trivial. We can take  to be the image of
w —~ [M] by the boundary morphism Hy(M, M —N) — Hy_1(M — N). In fact, by exactness the
existence of § is guaranteed as long as w —~ [M] does not belong to the image of p: Hi(M) —
Hiy(M,M — N). In the case k = n, N = {z,y} is a O-sphere, Hy(M) is generated by the
fundamental class [M] and p([M]) = [M], + [M],. Then, the preimage of p([M]) under the
duality isomorphism (8) is the (unreduced) 0—cohomology class represented by the constant
map on N equal to 1 and, in particular, is different from w. Then, w —~ [M] ¢ im(p) and the

result follows.
O

Heuristically, the transversal degree d counts how many times the image of the boundary of
a small neighborhood of N wraps around N. The interpretation is much clearer in the case
M =S = 5" and N = P, the polar sphere of codimension k = 2. Note that Hy(5) is trivial
for all m > 2 and if m = 2 = k, P is a O-sphere and the lemma still applies. From (2) we get
that H;(S — P) = Z and we deduce that

(fis—p)s: Hi(S = P) = Hi(S5 — P)

is conjugate to the multiplication by d in Z. Evidently, the same description applies to the action
induced in the fundamental group of S — P as well: if 7 is a loop that generates m1 (S — P) then

(12) fibl=d- Dl
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3.2. Vector fields and fixed points. The final step in the proof of Theorem 5 uses an argu-
ment from topological degree theory. In order to keep the article self-contained, we formulate
and prove the elementary results which are needed.

Let U be an open subset of R” and B C U be diffeomorphic to D"". Any non-singular vector
field v on OB defines a map j: B — S™ ! by j,(z) = v(z)/||v(x)]].

Lemma 8. (i) If v points inwards B then j, is not nulhomotopic (i.e., not homotopic to
the constant map).
(ii) If v,w never point to the same direction (that is, j,(x) # juw(x) for all x) and j, is not
nulhomotopic then j,, is not nulhomotopic.

Further, suppose that OB is decomposed as the union of two hemispheres EL, E_, that is
(B4, E_) is diffeomorphic to (Hy, H_), where Hy and H_ denote the uppper and lower hemi-
sphere of S™1.

(iii) If v points inwards on Ex NE_, j,(E;+) C Hy and j,(E_) C H_ then j, is not nulho-

motopic.

Proof. (i) Clearly, j, is conjugate to a self-map of S™ ! that is homotopic to the antipodal map.
The conclusion follows from the fact that the antipodal map on S™ ! is not nulhomotopic
(otherwise, we could construct an homotopy from the identity map to a constant map by
composing with the antipodal map).

(ii) ju is homotopic to j_,. We can now use an argument as in (i) to conclude.

(iii) If o is the reflection through the equator on S™~ 1, o o j, is conjugate to the antipodal
map. Again, we conclude that it is not nulhomotopic. O

Given a map h: U — R™, we define a vector field vy(x) = h(x) — x. Singularities of vy
correspond to fixed points of h, so when we work with j,, we tacitly assume h has no fixed
points on the boundary of B. One of the central ideas of topological degree theory is that it
is possible to detect fixed points of h inside B just by studying v, on dB or, more precisely,
the homotopy class of j,,. Indeed, if Fix(h) N B = () then v;, has no singularities in B and,
using a foliation of B by spheres that converge to an interior point, it is possible to construct
an homotopy from j,, to a constant map. In other words,

Lemma 9. If j,, is not nulhomotopic, there exists a fized point of h in B.

Let us point out that one of the first results in topological degree theory is that the reverse
implication is true up to homotopy. If j,, is nulhomotopic, it is possible to construct an
homotopy between h and h’ relative to OB such that h’ has no fixed points in B.

4. LOCAL ANALYSIS AT FIXED POINTS IN P

Recall the setting from Section 2. P has a basis of neighborhoods diffeomorphic by (3) to
D?(r) x S™~2. The map f induces, by projection onto the first factor, a dynamics in the
2-dimensional normal direction around P. We obtain a family of C' maps f,: D*(s) — D2,
p € P, for some fixed small s > 0.

The smoothness of f poses a restriction on the behavior of f,, for a fixed point p € P because
of the following reason: a C! map is injective in a neighborhood of a repelling fixed point.
This fact follows from the inverse function theorem and the fact that the repelling condition
implies that the eigenvalues of the jacobian matrix at the fixed point lie outside the unit disk
and, in particular, away from zero. We shall prove later that if any f, is injective then the
transversal degree satisfies |d| < 1 and Theorem 1 becomes trivial. Accordingly, we focus on the
case |d| > 1 in which f, is not injective for any p € P and, in particular, the Jacobian matrix
Ap of f, at the origin in the 2-dimensional normal direction is singular. Therefore, there are
only two dynamically different cases stated in terms of the spectral radius of A, either it is
smaller than 1 and the origin is an attractor for f, or it is greater or equal than 1 and there is
an attracting cone region.

We proceed now to study the dynamics of planar maps such as f,,. Later, we apply the local
picture to describe the behavior of f in the normal direction to P.
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4.1. Planar results. Suppose g € R? — R? is a C'! map that fixes the origin, g(0) = 0. Denote
by A the Jacobian matrix of g at 0. By the definition of differentiability at the origin, for every
€ > 0 there exists ¢ > 0 such that

(13) <€, for all u such that 0 < |Ju|| <9

where we have used the identification TyR* = R? and || - || is a norm in R?. Recall that all
the norms in a finite dimensional vector space are equivalent. The spectral radius of A, p(A),
largely determines the behavior of g in a neighborhood of 0.

Lemma 10. For every ¢ > p(A) there exists a norm || - || in R? such that

||Au|| < c||u|| for every u € R? — {0}.

Proof. If A is diagonalizable over R, we can take the /! -norm associated to a basis B composed
of eigenvectors, that is, ||u|| = ||(u1,u2)B]|| := |u1|+|uz|. If the eigenvalues of A are not real, the
¢?>-norm associated to an orthogonal basis satisfies the conclusion. Finally, if the eigenvalues of
A are equal but A is not diagonalizable, let ey be an eigenvector and e; # 0 not collinear to eg.
Then, we can take the /!-norm associated to the basis {Keq, e1} for large enough K > 0. [

An immediate consequence of the previous lemma and (13) is that if p(A) < 1 then the origin
is a local attractor for g.

Corollary 11. Suppose p(A) < 1 and let € € (0,1 — p(A)), then there exists § > 0 and a norm
in R? such that ||g(u)|| < (1 — €)||u|| whenever 0 < |u|| < 4.

In the case there is an eigenvalue A with |A\| > 1, we can locate the region where the inequality
[lg(w)|| < ||u|| does not hold.

Lemma 12. Suppose the eigenvalues of A are {0, \} with |A\| > 1. Denote B = {eg,e\} a basis
composed of eigenvectors, || - || the £*-norm associated to B and

Ca) = {u = (ug,ur)s € R — {0} : |up/uy| < a}.
For every e € (0,1/2) there exists § > 0 such that if 0 < ||u|| < 0 and
() ifug C (PEEZL) then llg(w)l| < (1 = o)lfull
(i) ifue C (‘)‘536) then |(g(uw))a| > €l|u|| and, in particular, g(u) ¢ {(eop). ((v) denotes the

subspace spanned by v)

Proof. Apply (13) to || - || and e. For (i), if u = (uo,ux)p with ||u|| < ¢

(1 = )full = (1 = &)fuo| + (1 — €)|ux| = €fuo| + (|l + €)|ux| = [[Aul[ + €lul| > [lg(w)]]
To deduce (ii) we use that ||g(u)|| + €||u|| > ||Aul|:

[(g(u))al = llg(@)] = [(g(w))o| = [Alfur] = 2¢[|ul| = (]A] = 2€)|ux| = 2€[uo| > €[|ul| > 0.
O

4.2. Analysis in the normal direction. Since f(P) = P, f restricts to a continuous map
f:D*(s)x P— D?*x P

for some s > 0, where we extensively use the coordinates introduced in (3). The Jacobian

matrix of f in a point p € P has the following form:

o= (ip (Jf?p>p>

where the basis for the tangent space at p is ordered according to the local product structure
around P: first the (2-dimensional) normal space to P and then the ((m — 2)-dimensional)
6



tangent space to P. Alternatively, A, can be defined as the Jacobian at 0 of the following
composition

(14) fo: D2(s) = D(s) x {p} = D2(s) x P -1 D? x p 2%, p2
Lemma 13. If |d| > 1 then A, is singular for every p € P.

Proof. Suppose that A, is regular. Then, f, restricts to a diffeomorphism between D?(r) and
V = f,(D?*(r)), for small r > 0. In particular, if v is a generator of 71 (D?(r) — {0}), then f,(7)
is a generator of 71(V — {0}). Think of  as a loop in (D?(r) — {0}) x {p} and choose it small
so that f(y) € D? x Ug(p), where Uy is contractible in P. It follows that both v and f(v)
generate m (S — P) and, by (12), we deduce that d = £1, a contradiction. O

Therefore, either Corollary 11 or Lemma 12 apply to f, when |d| > 1. For a given p € P, we
extend the results by continuity to f, for ¢ close to p.

Proposition 14. Suppose that |d| > 1. For every p € P, there exists a neighborhood D?(8) x U,
of pin S and a norm || - || in R? such that:
(1) If p(Ap) < 1, for all ¢ € U, and all u € D*(6),
[ fq(w)[| < [l
(ii) Otherwise, there is a basis {ep,e1} of R? and a € RY such that for every q € U,
~ ifu ¢ Cla) andue D) then ||f,(w)]] < |Jull.
— f,(C(a) N D2(8)) N {eg) = 0.

Proof. Let || - || be the norm from Corollary 11 or Lemma 12 depending on which alternative,
(i) or (ii), applies.

For (i), apply Corollary 11 to any € € (0,1 — p(A)) to obtain || || and ¢ such that || f,(u)|| <
(1 — €)||u|| holds whenever [|u|| < §. In order to extend the conclusion to f,, for ¢ close to p,
we use the smoothness of f.

Since fy(u) = (fol D foltu dt) u, we have that

1
(15) ummnwms<AHDmmDMMwQWM<%wn

where vy = max,ep2(g)||Dfglo — Dfplo||. Since fis C', vy — 0 as ¢ — p. Let U, be a
neighborhood of p in P such that |y,| < € for all ¢ € U,. Then we conclude that || f4(u)|| < ||ul|
for all ¢ € Uy, and [|u|| < 6.

For (ii), denote X be the non-zero eigenvalue of A,. Firstly, take e > 0 small enough so that

A 42e-1 _ |A[—3e
1-2¢ < 3e
and set o = |’\‘1+_226€_1. Apply Lemma 12 to obtain ||-||, § and {eq, e1}. The conclusions for ¢ = p

follow immediately from the lemma. To extend the results to a neighborhood U, of p we use
(15) and proceed exactly as in (i). The argument above can be used verbatim to prove the first
item. For the second item, |(fy(u))a] > |[(fp(w))a] —€l|u|| > 0. Finally, note that the norm from
Lemma 12 may not be the £2-norm so we might need to shrink § to ¢’ so that the standard
2-disk D?(9’) fits inside the disk defined by ||u|| < 4. O

Below, in the proof of Theorem 5, only the fixed points p of P for which the second alterna-
tive in Proposition 14 applies require special attention. The local description obtained above
provides a cone C(«) above each ¢ close to p that contains the repelling sector (if any) and
whose image misses the attracting direction spanned by eg.

5. PROOF OF THEOREM 5

Recall (see (2)) that S — P is diffeomorphic to S x D™~ Consider the cover
7



(16) S—P=RxD" ! S xpnlxg_p
defined as the standard cover R — S, t — €2™ in the first factor and as the identity in the
second factor. o

Our aim is to prove that except for a few cases, every lift of f to S — P has a fixed point
in By = [-M, M] x D™ (1 — §) for large M and small § > 0. The argument is based on
topological degree theory. The key observation is that, for most of the lifts F', the vector field
vp(x) = F(x) — 2 in R x D™~! never points to the same direction as the coordinate vector field
0/0r(z), whose definition will be recalled next, on the boundary of R x D™~ 1(1 —§). Then, we
can apply Lemmas 8 and 9 to conclude that F' has a fixed point inside Bjs for large M > 0.

From (3), we deduce that S — P — P’ is diffeomorphic to D3 x P, where the subscript in D3
indicates that the disk is punctured at the origin. The lift of S — P — P’ to the cover (16) is
therefore diffeomorphic to R x (0,1) x P, where the second factor, (0, 1), corresponds to the
radial coordinate r of D3 and also to 1 — 7/, where 7’ is the radial coordinate of D™~! in (16)
(cf. the discussion before (4)). The coordinate r and, more precisely, the vector field 9/0r that
it defines in the cover play a central role in the discussion. On the lateral face of the cylinder
By, 0/0r points inwards. Note that, alternatively, if we use the coordinates from (2) instead
of those of (3), we see that the lift of S — P — P’ is diffeomorphic to R x Dj*!.

The lift of the partition (4) of S — P for r = § still displays a product structure:

S—P=Rx(0,0)x PURx D™ 1(1-9)

The factor R corresponds to the angular coordinate in the normal bundle of P in the first term
and to the lift of S! (that parametrizes P’) in the second instance. The projection onto the

first factor pr: S — P — R conjugates a generator 7 of the group of deck transformations of the
cover and the translation by 1 in R.

Recall from the statement of Theorem 5 that d # 0, 1. For an arbitrary lift F' of f, by (5) we
have that Fr = 7%F so

@ =pry)+1 = pr(F(z)) =pr(F(y)) +d.
for all x,y € S — P. Therefore, for a fixed 6 > 0, if M is sufficiently large and if d > 1 then

pr(F(z)) < =M —1 for every x € {~M} x D™ (1 —§) and
pr(F(z)) > M +1 for every z € {M} x D™ 1(1 - §)
whereas if d < —1 then

(17)

pr(F(z)) > M +1 for every 2 € {—M} x D™ (1 — §) and
pr(F(z)) < M —1 for every z € {M} x D™ (1 —§)

These inequalities imply that on the left and right faces (as in Figure 1) of the solid cylinder
By the vector field vg points outwards when d > 1 and inwards when d < —1.

Let us focus now on the lateral face of Bjs and suppose further that d # —1. Let p € Fix(f|p)
and consider the neighborhood D?(8) x U, of p and the norm || - || from Proposition 14. Denote
V,, the lift of D3(8) x U, to the cover (note that the disk is punctured) and suppose v and
0/0r point to the same direction at x € V),. This implies that the projection of  and F(x) to
D? x P, have the form (u,q) and (au, q) for some a > 1 and ¢ € U,. In particular, f,(u) = au,
which automatically implies ||fy(u)|| > ||u||. Thus, the second alternative of Proposition 14
applies to p, so there exists a basis {eg,e1} and a € R* such that u € C(a) N D?(§) and
f4(C(a) N D2(8)) N (eg) = 0 for every g € Uy,. The last property can be stated equivalently as

(18)

(19) F((C(e) N D2(6)) x Up) N ({eg) x Uy) = 0

We now lift these elements to the cover. The cone region C(«) x U, lifts to a sequence
of domains O, = (I + §) x (0,1) x Uy, indexed by n € Z, where we are now employing the
8



FiGURE 1. Picture of a piece of Bjs for d = 2. The darker pieces and thicker

segments in the horizontal strip are the intersection of the domains O,, and the
strips E, with the lateral face of By, defined by » = §. Arrows illustrate vg at

T_laz,x,T:c.

coordinates of R x (0,1) x P, the lift of D3 x P, and I is an interval in R of length < 1/2. See
Figure 1. Similarly, the strip (eg) x U, lifts to a sequence of strips E,, = {eg + 5} x (0,1) x U,
for some ¢y € R. Restricted to V), the strips E,, and the domains O,, are pairwise disjoint and
are placed alternately. Evidently, 7(E,) = E,t2 and 7(0,,) = Op4o.

Denote 0% = O, N (R x (0,8) x U,), the subset of O,, defined by 0 < r < §. The condition
(19) implies that F(O3) does not meet E,, for any m € Z. This imposes a serious restriction
on the number of lifts for which the image of O intersects itself.

Lemma 15. There are at most two elements G of {F,TF, ... ,T|d_1|_1F} such that
G(O2)NO, #0 for somen € Z.

Proof. Recall that for any lift G, G(Ony2) = GT(0,) = 7%G(0,,) so if G(O?) lies in between
Ej and Ej4q then G(Og+2) lies in between Ej9q and Eiio0441. Suppose that G,G’ = 7"G are
two lifts of f such that G(O%) N O, # 0 and G'(035,) N Opyas # O for some s # 0. It follows
that n 4+ 2s = m + n + 2sd, so |d — 1| divides m.

In sum, there is at most one lift in {F,7F,... ,T‘d*”*lF} such that the intersection in the
statement is non-empty for some even n and at most one lift such that the intersection is
non-empty for some odd n. O

Incidentally, note that the previous lemma trivially holds when d = —1. As a consequence of
the discussion above we deduce:

Lemma 16. Let p € Fix(f|p) and d # 0,1. There exists 6, > 0, U, neighborhood of p in P

such that there are at most two lifts G among {F,TF, ... ,T‘d*”*lF} for which the vector field
vg(x) = G(z) — x points to the same direction as 0/0r at some point of Vj,.

In the second part of the proof, we show that the lifts for which vg and 9/9r do not point
to the same direction at V), for any p € Fix( Ji p), always have a fixed point on Bjy;. In view of
the previous corollary this assertion concludes the proof.

We have already described what happens in a neighborhood UU), of the set of fixed points in
P. Since f|p has no fixed point on P —UU,, by continuity, there exists 6; such that every point
in D?(81) x (P —UU,) is displaced tangentially to P by f, that is, if f((v,q)) = (f;(v),q’) then
q # ¢'. As a consequence, for any lift G of f, vg and 9/9r do not point to the same direction
on R x (0,(51) X (P - UUp).

Take ¢ > 0 smaller than all §,, and d1. The results from the previous paragraph and Lemma
16 imply that there are at least |d — 1| — 2#Fix(f|p) lifts among {F,7F,... ,71=1U=1 Y such
that vg and 9/9r do not point to the same direction on the region {r = §} =R x {§} x P. Say
G is one of them.

Take M large enough so that (17) holds for G and ¢. Smooth out a small neighborhood of
the edges of the cylinder By to obtain a convex domain B, diffeomorphic to a closed ball. We
now define a vector field w on 9B}, to apply the results from Section 3.

Case d > 1. Let w be the normal unitary vector on 9B}, that point inwards. Note that w
coincides with 0/0r on the lateral face of B},. In the rest of 0B/, the inequalities (17) hold
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provided the smoothing region is small enough. By the choice of G we conclude that w never
points to the same direction as vg.

Since B, is diffeomorphic to a ball and w points inwards on its boundary, we can apply
Lemma 8 (i) and (ii) to deduce that j,, is not nulhomotopic. Then, Lemma 9 concludes that
G has a fixed point inside B, as desired.

Case d < —1. Define w as the unitary vector that points inwards on the lateral face of
B, and as the unitary vector that points outwards on the pieces of 0B/, that are part of the
left and right faces of By. Complete the definition of w on 0Bj, by an interpolation that
guarantees that in the smoothing region and close to the left face, {—M} x D™ (1 —§), w
never points in the positive direction (increasing first coordinate), while close to the right face,
{M} x D™ (1 — §), w never points in the negative direction (decreasing first coordinate).
Again, by the choice of G, w and vg never point to the same direction and, by Lemma 8 (iii)
and (ii) and Lemma 9 we conclude that G has a fixed point in Bj,.
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