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ABSTRACT 20 

This work presents a practical and general methodology for determining Jones–Wilkins–21 
Lee (JWL) Equation of State (EOS) parameters through numerical optimization, which 22 
is demonstrated here for the military explosive PG3 (similar to C4). The approach couples 23 
the Sequential with Domain Reduction strategy implemented in LS-OPT with a two-24 
dimensional axisymmetric LS-DYNA model used to simulate height-of-burst spherical 25 
air-blast detonations. Three charge weights (0.7, 1.0, and 1.4 kg) were tested, with 26 
pressure sensors placed radially at 2, 4, and 8 meters. Pressure–time histories from the 2 27 
m and 4 m sensors of the 0.7 kg and 1.4 kg tests were used for calibration, while the 1.0 28 
kg case and 8 m sensors were left for validation. 29 

The optimized JWL parameters reproduced the experimental overpressures in LS-DYNA 30 
with errors mostly below ± 10 %, accurately capturing both the shape and magnitude of 31 
the positive phase. These parameters were further validated using Viper::Blast software, 32 
achieving good agreement in peak pressures and impulses. 33 

Overall, the study demonstrates a simple and cost-effective alternative to traditional 34 
methods, such as the cylinder test, for determining EOS parameters. By relying only on 35 
basic air blast tests and numerical optimization, the proposed methodology significantly 36 
reduces experimental complexity while maintaining high predictive accuracy, making it 37 
well suited for a wide range of blast modelling applications. 38 
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1. Introduction 41 

An Equation of State (EOS) is a mathematical expression that describes the 42 
thermodynamic behaviour of a material by relating variables such as volume, 43 
temperature, pressure, density, or internal energy. A wide variety of EOS formulations are 44 
currently available for explosives (e.g., Ignition and Growth, Mie–Grüneisen, 45 
Polynomial, Ideal Gas, among others), many of which are based on empirical or semi-46 
empirical relationships tailored to specific material behaviours. In the context of 47 
explosion engineering, accurately defining the EOS of gaseous detonation products is 48 
critical for predicting the effects of explosions on various targets in both civilian and 49 
military applications. These equations can be implemented in advanced numerical 50 
simulation tools such as AUTODYN [1] or LS-DYNA [2], enabling high-fidelity 51 
modelling of explosive phenomena across a broad range of scenarios. Among the 52 
available EOS models, the Jones–Wilkins–Lee (JWL) equation [3] is particularly 53 
prominent due to its well-established performance in representing the expansion of 54 
detonation gases, and its widespread use in the scientific literature [4,5,6]. In parallel, the 55 
Ignition and Growth (I&G) model has been used for simulating the complete detonation 56 
process in high explosives, especially where initiation and reaction kinetics are of interest 57 
[7,8]. The I&G model captures the transition from ignition to sustained detonation 58 
through a set of rate laws that govern the evolution of pressure and energy release, making 59 
it especially suitable for reactive flow simulations involving heterogeneous explosives or 60 
complex initiation mechanisms. However, its implementation is considerably more 61 
demanding, as it requires detailed calibration of kinetic parameters and a deep 62 
understanding of the materials reaction behaviour under varying conditions. 63 

The conventional method for determining JWL EOS typically involves conducting the 64 
cylinder test [9], followed by manual calibration of the equation parameters until the 65 
discrepancy between numerical and experimental results falls below a predefined 66 
threshold [10,11]. However, this process is often time-consuming, expensive, 67 
experimentally complex, and poses safety risks, prompting the development of alternative 68 
methods such as empirical fitting functions [12], computational techniques [13], 69 
analytical models [14,15], and optimisation algorithms [16]. For instance, Itoh et al. [17] 70 
and Li et al. [18] successfully derived the JWL parameters by analysing the shock wave 71 
generated in underwater explosive charge tests. Similarly, Bornstein et al. [5] employed 72 
an inverse modelling approach, combining field cylinder tests with numerical simulations 73 
in LS-DYNA to estimate the JWL parameters. These parameters significantly influence 74 
shock wave characteristics, including peak pressure, impulse, and time of arrival [19]. 75 

When the explosive EOS is unknown or difficult to determine, its behaviour can be 76 
approximated by using mass equivalence relative to a reference explosive with a well-77 
characterized EOS. TNT is commonly used due to its extensive study and well-78 
documented performance [20,21]. This approach allows simulating detonation effects 79 
without detailed EOS parameters of the specific explosive; however, it introduces 80 
additional uncertainty, as the equivalence depends on factors such as scaled distance, 81 
explosive geometry, experimental conditions, and observation point [22]. 82 

The aim of this study is twofold. First, a general and reproducible methodology is 83 
developed and demonstrated for the identification of JWL EOS parameters directly from 84 
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height of burst blast tests using an LS OPT/LS DYNA optimization framework. This 85 
methodology constitutes an alternative to the traditional cylinder test and is intended to 86 
reduce experimental complexity, cost, and safety risks while enabling systematic 87 
calibration based on field measured positive phase blast parameters. Second, the proposed 88 
methodology is applied to the military explosive PG3, for which no validated JWL EOS 89 
has been reported in the literature. PG3 is selected as a representative case study due to 90 
its compositional similarity to C4 type formulations and its operational relevance. The 91 
resulting optimized JWL parameters are subsequently implemented in the Viper::Blast 92 
CFD code to validate the methodology against experimental peak pressure and impulse 93 
measurements across different charge weights and sensor locations. 94 

 95 

2. Jones–Wilkins–Lee (JWL) Equation Of State (EOS) 96 

An EOS enables accurate characterisation of an explosive’s behaviour by modelling the 97 
response of its detonation products immediately after the explosion. 98 

The JWL–EOS was first described by Lee et al. [3] as a means to accurately describe the 99 
behaviour of detonation products from high explosives. Developed at Los Alamos 100 
National Laboratory (USA), the JWL–EOS provided a practical and robust model to 101 
capture the pressure and volume relationships during the initial shock compression and 102 
subsequent expansion phases of explosive gases. Since its inception, the JWL–EOS has 103 
become a fundamental tool in numerical simulations of explosive events within defence 104 
and engineering applications [24]. 105 

The JWL-EOS, as defined in Eq. (1), is widely used across a broad range of applications, 106 
offering reliable and accurate predictions. In this study, optimisation techniques are used 107 
to identify its unknown parameters. 108 

 𝑃𝑃 = 𝐴𝐴 �1 −
𝜔𝜔
𝑅𝑅1𝑉𝑉

� 𝑒𝑒−𝑅𝑅1𝑉𝑉 + 𝐵𝐵 �1 −
𝜔𝜔
𝑅𝑅2𝑉𝑉

� 𝑒𝑒−𝑅𝑅2𝑉𝑉 +
𝜔𝜔𝜔𝜔
𝑉𝑉

 (1) 

Where 𝑃𝑃 is the pressure of the system, 𝑉𝑉 corresponds to the relative volume, defined as 109 
𝑉𝑉 = 𝑣𝑣/𝑣𝑣0 , the energy term 𝐸𝐸 includes both the chemical bond energy, and the kinetic 110 
energy associated with the momentum aspect of the flow. 𝐴𝐴,𝐵𝐵,𝑅𝑅1, and 𝑅𝑅2 are constants, 111 
where 𝐴𝐴 and 𝐵𝐵 are related to the initial pressure of the detonation gases, and 𝑅𝑅1 and 𝑅𝑅2 112 
govern the decay rate of the exponential terms as a function of the relative volume of the 113 
detonation products. 𝜔𝜔 represents the volumetric expansion associated with the adiabatic 114 
coefficient (𝛾𝛾) of ideal gases, such that 𝜔𝜔 = 𝛾𝛾 − 1. This parameter describes how the 115 
pressure and internal energy of the gas are related during the expansion of the detonation 116 
products.  117 

Despite its widespread use and robustness, the JWL also has limitations that must be 118 
considered. One key assumption of the JWL formulation is that the explosive undergoes 119 
an ideal detonation, where a steady Chapman-Jouguet (CJ) state is reached immediately 120 
behind the detonation front [24]. This assumption makes it particularly well-suited for 121 
high-performance military explosives, which typically conform to ideal detonation 122 
theory. However, it may not accurately capture the behaviour of non-ideal or low-velocity 123 
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explosives, such as ammonium nitrate/fuel oil (ANFO) or emulsion-based charges, which 124 
are widely used in civil engineering and mining applications. 125 

In such cases, alternative EOS, such as the Ignition and Growth (I&G) model [25], may 126 
provide better predictions. The I&G model accounts for non-ideal behaviour by 127 
introducing empirical terms that model the ignition, growth, and completion phases of the 128 
reaction zone, enabling a more realistic description of the pressure-time evolution. 129 
However, this model is significantly more complex, requires a greater number of 130 
parameters, often difficult to obtain without extensive experimental data. 131 

A commonly used experimental technique to validate EOS models, in particular the JWL, 132 
is the cylinder test [3]. In this test, a cylindrical explosive charge is confined within a 133 
metal tube, and upon detonation, the radial expansion of the tube is measured using high-134 
speed diagnostics. From this, pressure-volume (P–V) data of the detonation products can 135 
be determined. The expansion curve obtained from the cylinder wall motion is typically 136 
used to fit the JWL parameters, especially the constants 𝐴𝐴, 𝐵𝐵, 𝑅𝑅1, 𝑅𝑅2, and 𝜔𝜔, which 137 
describe the pressure decay and energy release of the explosive gases. However, this test 138 
requires a complex experimental setup and involves a high economical cost. 139 

 140 

3. Tests Description 141 

In 2022, a series of height-of-burst detonation tests were carried out at the Palancar 142 
Firing Range, Hoyo de Manzanares, using the military explosive PG3, developed by the 143 
Spanish company EXPAL. This product is composed of 89 % 144 
cyclotrimethylenetrinitramine (RDX), a compound widely used in the military industry, 145 
and 11 % hydroxyl-terminated polybutadiene (HTPB), a plastic additive. The resulting 146 
compound has a density of 1580 kg/m³. 147 

A total of ten blast tests were conducted: four with a 1.4 kg charge, three using a 1 kg 148 
charge and three with a 0.7 kg charge (as presented in Table 1). An additional test was 149 
performed with the 1.4 kg charge to compensate for a malfunction in one of the pressure 150 
sensors during one of the trials. This repetition ensured the accuracy and completeness of 151 
the experimental dataset. 152 

Table 1. Explosive charges used in the tests. 153 
Test Explosive Mass PG3 (kg) Charge Radius (cm) 
T1, T2, T3 and T4 1.4 5.96 
T5, T6 and T7 1 5.33 
T8, T9 and T10 0.7 4.73 

 154 

Each test involved a spherical explosive charge initiated in its centre and suspended 0.5 155 
meters above the ground. Pressure sensors (PCB Piezotronics®), with a measurement 156 
range of 3.45×105 to 3.45×106 Pa, were positioned at radial distances of 2 meters (S1 and 157 
S2), 4 meters (S3 and S4) and 8 meters (S5 and S6) from the charge. Fig. 1 shows a 158 
schematic of the experimental setup. The pressure sensors were factory-calibrated and 159 
periodically recalibrated according to the manufacturer recommendations. A calibration 160 
check was performed before the test campaign to ensure consistency among sensors. Fig. 161 
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2 presents photographs taken before the detonation, while Fig. 3 shows the expansion of 162 
the shockwave. 163 

 164 

Fig. 1. Test configuration. The distance of the bunker is not to scale, as it is located at 65 165 
from the charge. 166 

 167 

Fig. 2. Photographs of the explosive charge. Initiation and location. 168 
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 169 

Fig. 3. Photographs of the expanding shockwave (test T5). 170 

The pressure signals recorded by the sensors were first processed to remove noise using 171 
a fourth-order Butterworth low-pass filter. When necessary, an offset correction was also 172 
applied, as done by Chiquito et al. [23]. As example, the original and filtered signal for 173 
sensor S1 in test T8 (0.7 kg charge) are shown in Fig. 4.  174 
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 175 

Fig. 4. Original and filtered pressure–time signals for sensor S1 in test T8, 176 
corresponding to 0.7 kg charge. 177 

The filtered signals were then fitted to the Friedlander equation (see Eq. (2)) [26,27], in 178 
order to extract the key parameters of the positive phase of each test. 179 

 𝑝𝑝(𝑡𝑡) = 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 ∙ (1 −
𝑡𝑡
𝑡𝑡𝑑𝑑

) ∙ 𝑒𝑒−𝑏𝑏∙𝑡𝑡 𝑡𝑡𝑑𝑑⁄  (2) 

Where 𝑝𝑝(𝑡𝑡) is the pressure as a function of elapsed time, 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum pressure, 180 
𝑡𝑡𝑑𝑑 is the positive phase duration and 𝑏𝑏  is the coefficient that describes the rate of decay 181 
of the pressure-time curve, known as the waveform or decay parameter. A graphical 182 
example of the fit to the Friedlander equation is shown in the Fig. 5 for Test 1 (1.4 kg), 183 
sensor S1. These approximations were carried out to improve the robustness of the 184 
optimisation process by reducing the influence of experimental noise and enabling the 185 
extraction of physically meaningful parameters, thus allowing more consistent 186 
comparisons with the simulated results [28]. 187 
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 188 

Fig. 5. Fitting of the pressure signal to the Friedlander equation for Sensor S1 in Test 1 189 
(1.4 kg). 190 

 191 

4. Numerical Modelling 192 

A two-dimensional axisymmetric model was developed using the Arbitrary Lagrangian-193 
Eulerian Multimaterial (MM-ALE) technique in LS-DYNA, as this method is particularly 194 
well-suited for simulating problems involving both fluids and solids under highly 195 
dynamic conditions. The MM-ALE approach effectively combines the advantages of 196 
Lagrangian and Eulerian formulations, allowing for accurate tracking of fluid motion, 197 
such as air movement, while avoiding excessive mesh distortion typical of purely 198 
Lagrangian analyses [29]. Moreover, it offers greater computational efficiency, which is 199 
essential for iterative processes requiring multiple simulations [30]. This LS-DYNA 200 
model serves as the foundation for the optimization process performed in LS-OPT, where 201 
selected parameters are calibrated based on the numerical results obtained from the 202 
simulations. 203 

The geometry of the model used to represent the field test is shown in Fig. 6(A). A 204 
structured mesh of square elements with a side length of 1.25 cm was employed, offering 205 
an appropriate compromise between numerical accuracy and computational cost. The 206 
mesh size was selected based on the criteria established in [29], where a grid sensitivity 207 
analysis based on the Grid Convergence Index (GCI) methodology is defined and applied. 208 
In that study, three different refined meshes with a constant refinement ratio were 209 
analysed, allowing the order of convergence to be estimated and the numerical solution 210 
to be verified as lying within the asymptotic convergence range. The resulting GCI values 211 
demonstrated that the selected mesh resolution provides mesh-independent pressure–time 212 
responses within a 95 % confidence bound for the near- and mid-field blast regime 213 
considered in the present work. 214 

In the area surrounding the detonation (Fig. 6(B)), two distinct mesh geometries were 215 
implemented. In the region closest to the explosive, square elements of 0.277 cm were 216 
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used to achieve greater resolution in this critical zone. This high-resolution area is aligned 217 
with the centre of the explosive. Moving outward from this central region, a “butterfly” 218 
meshing pattern was applied, as it has proven highly effective for modelling the 219 
detonation of spherical explosive charges [27,31]. Furthermore, mesh refinement was 220 
applied at the sensor positions to improve accuracy, as shown in Fig. 6 (C) for sensors S3 221 
and S4. 222 

This mesh configuration provides reliable results for sensor locations at 2 m and 4 m, 223 
where the blast wave is still relatively strong and well resolved by the numerical 224 
discretisation. At 8 m, however, the propagated shock wave is significantly weaker, with 225 
reduced pressure gradients and increased sensitivity to numerical diffusion. Under these 226 
conditions, numerical errors and discretisation limits associated with the selected mesh 227 
accumulate, making the pressure signal unusable. While the mesh could in principle be 228 
refined to improve accuracy at this distance, doing so would substantially increase 229 
computational time and compromise the accuracy at closer sensor locations, deviating 230 
from the mesh resolution validated through the GCI analysis. For this reason, the 8 m 231 
sensor was excluded from the LS-DYNA simulations and used instead for validation with 232 
the Viper::Blast software. 233 

 234 

Fig. 6. Schematic of the 2D numerical model employed (A) with mesh detail in (B) and 235 
(C). 236 

Boundary conditions were applied to the bottom face, representing the ground, 237 
constraining both its translation and rotation to fully fix the model in space. The ground 238 
reflects the pressure wave, while the remaining boundaries are treated as non-reflecting. 239 
The top and right boundaries (see Fig. 6) were positioned sufficiently far from the charge 240 
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to avoid undesired reflections, which can still occur even when non-reflecting boundary 241 
conditions are employed. 242 

Only two materials are involved in the model: air and the explosive (PG3). Air was 243 
modelled as an ideal gas using the *Mat_Null material card, with a density of 1.29 kg/m³ 244 
and all other parameters set to zero. Its EOS was defined using the *Linear_Polynomial 245 
card, as expressed in Eq. (3). 246 

 𝑃𝑃 =  𝐶𝐶0 + 𝐶𝐶1𝜇𝜇 + 𝐶𝐶2𝜇𝜇2 + 𝐶𝐶3𝜇𝜇3 + (𝐶𝐶4 + 𝐶𝐶5𝜇𝜇 + 𝐶𝐶6𝜇𝜇2)𝐸𝐸 (3) 
Where P is the pressure, C₀, C₁, C₂, C₃, C₄, C₅, and C₆ are constants, μ is defined as 247 
𝜌𝜌
𝜌𝜌0� − 1 (with 𝜌𝜌 being the density previously specified in *Mat_Null), and E is the 248 

internal energy per unit volume. The parameters C₄ and C₅ are set to 0.4, E is defined 249 
as 0.25 MPa, the specific volume (𝑉𝑉0) is taken as 1, and all remaining parameters are 250 
left as default [7,32]. 251 

To define the explosive PG3, the input cards and data presented in Table 2 were used. 252 
Parameters marked with an asterisk indicate those to be identified through the 253 
optimisation process. The parameters selected for optimisation were incorporated 254 
using the *Parameter_Parameter card, enabling their calibration. 255 

Table 2. Input cards and corresponding data used for the definition of explosive PG3. 256 
*EOS_JWL parameters correspond to those in Eq. (1). 257 

*Mat_High_Explosive_Burn 
Density (kg/m3) Detonation velocity (m/s) Chapman-Jouguet pressure 

(GPa) 
1580 8238 25.68 

*EOS_JWL 
𝐴𝐴 (Pa) 𝐵𝐵 (Pa) 𝑅𝑅1 𝑅𝑅2 𝜔𝜔 𝐸𝐸0 (GPa) 
* * * * 0.37 8.611 

 258 

The density value corresponds to that provided in the technical data sheet of the explosive. 259 
In the case of the detonation velocity, the value of 8238 m/s was obtained through 260 
thermodynamic calculations using the W-DETCOM code [32]. This approach was chosen 261 
as it is considered the most accurate under the specific conditions of this study, providing 262 
a detonation velocity consistent with the explosive's actual properties, and ensuring 263 
coherence with the thermodynamic parameters used in the simulations. The Chapman-264 
Jouguet pressure (𝑃𝑃𝐶𝐶𝐶𝐶) was also calculated using the same thermodynamic code. 265 

The parameter E0 has been calculated using the heat of explosion (Q = 5,450 kJ/kg) and 266 
the density of the PG3 (see Eq. (4)). 267 

 𝐸𝐸0𝑚𝑚𝑚𝑚𝑚𝑚 =  𝑄𝑄 ∙  𝜌𝜌 (4) 
This calculation yields the value of 𝐸𝐸0𝑚𝑚𝑚𝑚𝑚𝑚 = 8.611 𝐺𝐺𝐺𝐺𝐺𝐺. 268 

In the case of 𝜔𝜔, a curve is fitted to the pairs of values 𝑉𝑉 (specific volume) and 𝛾𝛾 269 
(volumetric expansion coefficient), see Fig. 7. These data are obtained from the isentropic 270 
expansion calculated with W-Detcom. The fitting follows the form of Eq. (5).  271 
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 𝑓𝑓(𝑥𝑥) = 𝑎𝑎 ∙ 𝑒𝑒−𝑏𝑏𝑏𝑏 + 𝑐𝑐 (5) 
From this equation, the constant term is extracted, which allows the calculation of the 272 
parameter 𝜔𝜔, following the expression: 𝜔𝜔 =  𝑐𝑐 −  1. The fit can be seen graphically in 273 
Fig. 7, from which a value of 𝜔𝜔 = 1.37 – 1 = 0.37 is obtained. 274 

 275 

Fig. 7. Graph of the curve fitted to the 𝑉𝑉 − 𝛾𝛾 data points, with variables expressed in SI 276 
units. 277 

 278 

5. Optimization Procedure 279 

The optimisation process was carried out using the LS-OPT software, a standalone 280 
graphical optimisation tool specifically designed for use with LS-DYNA. In this study, 281 
LS-OPT was employed to identify the unknown parameters of the JWL-EOS, which are 282 
critical for accurately simulating explosive behaviour, as detailed in Table 2. Note that, 283 
since no published and validated JWL-EOS exists for PG3, the optimization does not start 284 
from any predefined or “baseline” parameter set. Instead, it directly identifies the 285 
coefficients 𝐴𝐴, 𝐵𝐵, 𝑅𝑅1, and 𝑅𝑅2 that minimize (under explicit weighting) the discrepancies 286 
in peak overpressure and in the morphology of the positive phase, as estimated through a 287 
Friedlander fit applied to the filtered experimental pressure records. This choice is fully 288 
consistent with the objective of proposing a methodology that is both reproducible and 289 
extensible to other explosive formulations, rather than merely performing an incremental 290 
update of existing parameter sets. 291 

Similar approaches can be found in the literature. For example, in Yi et al. [8], LS-OPT 292 
was combined with LS-DYNA to calibrate the parameters of the I&G model for 293 
aluminized emulsion explosives, based on data from confined detonation tests to measure 294 
front curvature and velocity. Likewise, Bergh et al. [34] presented a procedure for 295 
calibrating the I&G model for PBXN-109, using hydrocode simulations in conjunction 296 
with LS-OPT. Their work included cylinder expansion tests, a new automatic routine for 297 
EOS calibration, and rate stick and gap tests for burn model parameter estimation. 298 
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In this work, a maximum of 20 iterations was specified, employing the Sequential 299 
Response Surface Method (SRSM) strategy within LS-OPT. While other optimization 300 
algorithms exist within LS-OPT, SRSM and Efficient Global Optimization (EGO) are the 301 
most robust. However, EGO is limited to scalar objectives and cannot accommodate the 302 
set of points defining the positive phase of the pressure wave, which are required as target 303 
values in this study. SRSM was therefore selected for its robustness and compatibility 304 
with the objectives of this study. The SRSM approach utilises metamodel-based 305 
optimisation, which constructs an approximate surrogate model based on a limited set of 306 
computationally expensive, high-fidelity simulations. The optimisation is performed on 307 
this surrogate to efficiently explore the parameter space. At each iteration, new sample 308 
points are adaptively added within a progressively reduced subregion, improving the 309 
surrogate model's accuracy and focusing the search for the global optimum [35]. This 310 
iterative refinement not only accelerates convergence but also significantly reduces the 311 
computational cost compared to direct optimisation methods. 312 

Two separate LS-DYNA models were incorporated into the optimisation framework, 313 
representing explosive charges of 0.7 kg and 1.4 kg. These models recorded pressure–314 
time histories at sensor locations positioned 2 m and 4 m from the blast centre. 315 
Importantly, the 1 kg charge was reserved solely for validation purposes. Likewise, the 316 
pressure sensors located 8 m from the blast centre were used for validation in Viper::Blast. 317 
This decision was motivated by the computational challenges of obtaining reliable 318 
pressure results at such large distances in LS-DYNA, given the mesh size and 319 
configuration employed in this study. 320 

In Fig. 8, the four variables of the JWL-EOS to be determined are defined within the 321 
“Sampling 1” box. The two models are then executed, and their outputs are evaluated in 322 
the “Composites” box, which corresponds to the peak pressure and the nine values of the 323 
positive phase (explained below) measured at 2 m and 4 m for each simulation, resulting 324 
in a total of eight definitions. 325 

 326 

Fig. 8. General scheme of the optimisation process carried out using LS-OPT. “0.7” and 327 
“1.4” refer to the 0.7 kg and 1.4 kg PG3 models, respectively. 328 

The optimisation procedure seeks to minimise the discrepancy between simulated and 329 
experimental results, quantified through the Mean Squared Error (MSE). Generally, the 330 
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MSE for a set of predictions 𝑦𝑦�𝑖𝑖 compared against observed values 𝑦𝑦𝑖𝑖 over 𝑁𝑁 data points 331 
is defined as in Eq. (6): 332 

 𝑀𝑀𝑀𝑀𝑀𝑀 =
1
𝑁𝑁
∙�(𝑦𝑦𝑖𝑖 − 𝑦𝑦�𝑖𝑖

𝑁𝑁

𝑖𝑖=1

)2 (6)1 

In this study, the MSE formulation is adapted to simultaneously account for two key 333 
output variables: the peak pressure and the shape of the positive phase of the pressure-334 
time curve, sampled at 10 time points: the first point corresponds to the peak pressure, 335 
while the remaining nine points are equally spaced in time over the duration of the 336 
positive phase. These values were obtained from the average Friedlander equation, 337 
derived using the three valid tests performed for each explosive charge. To emphasize 338 
peak pressure during the optimization process, 50 % of the weight is assigned to the first 339 
point (the pressure peak), while the remaining 50 % is equally distributed among the other 340 
nine points, which form the shape of the positive phase. Since two pressure sensors are 341 
available at each distance, the average of the corresponding time series is used for model 342 
calibration. The objective function 𝐽𝐽(𝑝𝑝), dependent on the vector of JWL parameters 𝑝𝑝, 343 
is defined as shown in Eq. (7): 344 

 𝐽𝐽(𝑝𝑝) =
1
𝑁𝑁𝑠𝑠
��𝑤𝑤1 ∙ �

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖(𝑝𝑝) − 𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖

𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖
�
2

+ 𝑤𝑤2 ∙ �
𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖(𝑝𝑝) − 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖

𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖
�
2

�
𝑁𝑁𝑠𝑠

𝑖𝑖=1

 (7) 

where: 345 

• 𝑁𝑁𝑠𝑠 is the number of sensor measurements considered. 346 

• 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖(𝑝𝑝) and 𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠,𝑖𝑖(𝑝𝑝) represent the simulated peak pressure and pressure points 347 
from the positive phase at sensor 𝑖𝑖. 348 

• 𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖 and 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖 are the corresponding experimental values. 349 

• 𝑤𝑤1 and 𝑤𝑤2 are weighting factors assigned to peak pressure and average positive 350 
phase errors, respectively (equal weights are used in this work). 351 

 352 

6. Optimization Results 353 

The JWL parameters were established through an optimisation process comprising eleven 354 
iterative steps. During this procedure, the optimisation algorithm progressively refined 355 
the key coefficients 𝐴𝐴, 𝐵𝐵, 𝑅𝑅1, and 𝑅𝑅2, adjusting their values at each iteration to improve 356 
the fit between the model predictions and the experimental data. This iterative refinement 357 
continued until convergence criteria were met. The final calibrated values, which 358 
underpin the JWL-EOS utilised in this study, are compiled in Table 3. Examples of 359 
experimental and optimised pressure–time curves are presented in Fig. 9. 360 

Table 3. Optimised JWL parameters obtained for PG3. 361 

𝜌𝜌0 
(kg/m3) 

P 
(GPa) 

D 
(m/s) 

E0 
(GPa) 

A (Pa) B (Pa) R1 R2 𝜔𝜔 

1580 25.68 8238 8.611 1.004×1012 5.440×109 5.173 1.860 0.37 
 362 



14 
 

 363 

Fig. 9. Optimised pressure–time graph for sensors located at 2 m and the objective 364 
points from experimental data. 365 

Using the calibrated JWL parameters, approximations of both the peak pressure and the 366 
average positive phase were calculated. While this average positive phase is related to the 367 
impulse, it does not represent the impulse exactly, as it is computed from only nine points 368 
along the positive phase and does not account for the entire area under the pressure curve. 369 
Table 4 summarises the findings and comparison with experimental data, with most 370 
values deviating by less than ± 10 % from those measured in field tests, regardless of the 371 
specific test conditions or sensor locations used for comparison. The largest differences 372 
are observed in the average positive phase for the 0.7 kg charge, where predicted values 373 
are approximately 10 % lower than the experimental data. This increased deviation is 374 
primarily attributed to the larger variability observed among the pressure sensors in the 375 
0.7 kg tests compared to the 1.4 kg configuration. For smaller charges, the positive phase 376 
duration is shorter and closer to the temporal resolution and noise floor of the 377 
measurement system, making it more sensitive to inter-sensor scatter and post-processing 378 
criteria used to define the end of the positive phase. As a result, quantities such as the 379 
average positive phase exhibit greater experimental dispersion, which partially explains 380 
the larger discrepancy observed in this case. Overall, the level of agreement remains 381 
within acceptable bounds for blast modelling applications. 382 

 383 

 384 

 385 
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Table 4. Peak pressure and average relative differences of the JWL optimisation. 386 
Differences are calculated in relation to the experimental measurements, and average 387 
differences correspond to those of the positive phase in the pressure-time graph. 388 

 0.7 kg 1.4 kg 
Differences S1 and S2 (2 

m) 
S3 and S4 (4 
m) 

S1 and S2 (2 
m) 

S3 and S4 (4 
m) 

Peak Pressure -6.57 % 6.19 % -1.42 % 2.49 % 
Average positive 
phase 

-9.73 % -10.43 % -4.92 % -4.40 % 

 389 

A validation simulation was conducted using the same two-dimensional model employed 390 
during the optimisation phase. In this case, the optimised JWL parameters were kept fixed 391 
and applied to a test scenario that included the 1 kg charge, which had not been included 392 
in the parameter fitting process. The results demonstrate good predictive capability: peak 393 
pressure estimated at sensors positioned 2 and 4 meters from the charge exhibit relative 394 
differences of -5.57 % and 10.81 %, respectively. In addition, the average error across the 395 
nine points of the positive phase shows relative differences of 6.21 % and -3.70 %, 396 
confirming that the optimised parameters generalise well to independent test conditions. 397 
The pressure–time histories from both the experimental tests and the simulations for the 398 
1 kg charge are presented in Fig. 10. The R2 values for the fit between the simulations 399 
and the Friedlander fit to the experimental results at the sensors located 2 m and 4 m from 400 
the charge are 0.953 and 0.823, respectively. These R2 values were calculated over the 401 
positive phase. The lower R2 observed at the more distant sensor is attributed to the 402 
reduced accuracy of the simulation at greater distances, which is why the 8 m sensor was 403 
not evaluated with LS-DYNA. 404 

 405 

Fig. 10. Pressure–time graph for the 1 kg test – comparison of experimental and 406 
simulation results using the optimised JWL EOS. 407 
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The optimized JWL model effectively reproduces both peak pressure and the average 408 
positive phase across scaled distances ranging approximately from 1.8 to 4.5 m/kg1/3. In 409 
the next section, the Viper software is used to validate the optimized JWL-EOS by 410 
calculating peak pressures and impulses for all tests and sensors, thereby extending the 411 
upper scaled distance range up to 9 m/kg1/3. 412 

 413 

7. Validation  414 

A numerical model was built using Viper::Blast [36] to validate the results obtained. 415 
Viper::Blast is a finite volume computational fluid dynamics code for the simulation of 416 
blast effects. The numerical scheme is based on the Advection Upstream Splitting Method 417 
(AUSMDV) method, and it has further been extended to allow for the simulation of blast 418 
physics on GPU’s. This leads to a significant increase in performance and scalability for 419 
problem types such as those described here.  420 

Viper offers different approaches to solving the problem, one of which is the possibility 421 
of manually entering the equation of state for the explosive to be used. The optimized 422 
JWL-EOS parameters (Table 3) were introduced in the software, performing simulations 423 
for the 0.7, 1 and 1.4 kg tests, and recording pressure signals at 2, 4 and 8 m sensors. Peak 424 
pressures were then calculated and compared with those obtained from LS-DYNA 425 
simulations to demonstrate the complementarity of multi-software verification. The 426 
relative differences in peak pressures between Viper::Blast and LS-DYNA simulations at 427 
the 2 m and 4 m sensors were 3.59 % and –7.50 % for the 0.7 kg charge, 7.09 % and –428 
12.46 % for 1 kg, and 12.29 % and –3.47 % for 1.4 kg, respectively. This corresponds to 429 
an average absolute difference of 7.73 % in peak pressures, which is considered a 430 
reasonably good agreement. 431 

The simulation was conducted using a 1D – 2D approach due to the symmetry conditions 432 
of the experimental set up. The 1D simulation is used at the first stage of detonation before 433 
the shock wave reaches the ground, then remapping it into a 2D simulation. This 434 
approximation is made to achieve greater refinement of the mesh at the start of detonation, 435 
thereby obtaining more accurate results. Since the load was suspended at a height of 0.5 436 
m, the domain of the 1D simulation is 0.49 m in radius with a cell size of 0.5 mm. The 437 
simulation is then remapped to 2D with a cell size of 0.01 m. As a visual example of the 438 
simulations, Fig. 11 presents the 2D domain with location of pressure sensors and 439 
explosive charge as well as the expansion of the blast wave. 440 
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 441 

Fig. 11. Viper 2D simulation. a) Location of sensors and load; b) arrival of the shock 442 
wave at sensors S1/S2 located 2m from the load. 443 

To select the appropriate mesh size for the 2D simulation, a mesh sensitivity study was 444 
carried out. Mesh sizes of 4, 2, 1, 0.5 and 0.2 cm were employed. The results of all tests 445 
performed with 1 kg of PG3 were used for the study and compared with the modelling 446 
results obtained. To evaluate the results, the parameter 𝜀𝜀 is defined as the difference in % 447 
between the simulated and experimental pressure mean values for a given scaled distance, 448 
according to the Eq. (8): 449 

 𝜀𝜀 = �
𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒

𝑚𝑚𝑚𝑚𝑚𝑚�𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠,𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒�
� ∙ 100 (8) 

Where 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 is the simulated peak pressure, and 𝑃𝑃𝑒𝑒𝑒𝑒𝑒𝑒 is the average of the peak pressures 450 
registered in the field tests. The mean values of 𝜀𝜀, for the three sensor positions with 451 
respect to the mesh size, are shown in the Fig. 12. A mesh size of 1cm leads to differences 452 
between experiment and simulation of 5 % and this value stabilizes, so a mesh size of 453 
1cm was selected for the study. 454 
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 455 

Fig. 12. Differences between experimental pressures and Viper 2D model according to 456 
mesh size (1 kg PG3 tests). 457 

Fig. 13 shows the pressure–time signals obtained from the Viper simulations and the 458 
experimental measurements, including results computed using both the optimised PG3 459 
JWL parameters and a standard C4 JWL parameter set (used for comparison purposes) 460 
provided by Viper::Blast [36]. Overall, both numerical models reproduce well the shape 461 
and magnitude of the measured pressure evolution. The responses obtained with the C4 462 
and PG3 parameterisations are similar, with only a slightly earlier time of arrival and 463 
minor differences in peak pressure and impulse (less than 5 %) for the C4 model. 464 

The close agreement between the independently calibrated PG3 model and the C4 465 
response, despite the absence of any C4-based assumptions during calibration, supports 466 
the physical consistency and robustness of the proposed identification methodology. The 467 
main contribution of this approach is to provide a general and transferable framework for 468 
deriving reliable JWL parameters for new explosives. 469 

Noticeable variations in arrival times were observed between different sensors, 470 
particularly for those at 2 m sensors, as well as between the sensors and the simulations. 471 
These discrepancies are attributed to experimental uncertainties, such as sensor placement 472 
and response times, together with modelling simplifications, including idealised 473 
geometry and material properties. Larger discrepancies are also observed for the second 474 
pressure wave. In height-of-burst tests, interaction of the detonation products with the 475 
surrounding air and reflecting surfaces promotes mixing and secondary combustion 476 
(afterburn), which can significantly modify the timing and magnitude of subsequent 477 
pressure waves, as reported in previous studies [37, 38]. Although the JWL-EOS does not 478 
explicitly resolve these processes, the experimental pressure histories used for calibration 479 
inherently include their influence. Consequently, the optimisation procedure does not 480 
physically model afterburn, but rather embeds its net effect in an implicit, lumped manner 481 
within the fitted JWL parameters. As a result, the calibrated parameters should be 482 
interpreted as effective, configuration-specific quantities and their applicability to other 483 
geometries, scales, or burst conditions may be limited. 484 

The numerical relative differences between PG3 simulations and experimental data for 485 
both peak pressures and impulses are presented in Table 5 for all tests and sensors. 486 
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 487 

Fig. 13. Comparison of pressure–time histories between Viper simulations and adjusted 488 
field test data for 1 kg charge tests. 489 

Table 5. Relative differences in peak pressure and impulse between the PG3 Viper 490 
simulations and the experimental measurements for all tests and sensors. 491 

                    
 2 m 4 m 8 m 

Test Peak 
pressure 
(%) 

Impulse 
(%) 

Peak 
pressure 
(%) 

Impulse 
(%) 

Peak 
pressure 
(%) 

Impulse 
(%) 

0.7 kg -4.42 -1.26 -4.58 -11.45 -7.84 -12.59 
1 kg 1.42 4.57 -6.22 -5.53 -6.37 -10.46 
1.4 kg 13.30 3.43 -2.12 -4.78 -5.60 -8.36 

 492 

Table 5 shows the peak pressure results. Across all tests and sensors, the overall average 493 
relative difference was 5.76 %, with only one measurement exceeding 10 %. This outlier 494 
corresponds to the 2 m sensor in the 1.4 kg test, which recorded highly scattered peak 495 
pressure values across different sensors and test repetitions, ranging from 436 kPa to 496 
565 kPa. The simulation result falls within this range, close to the upper limit. For the 497 
0.7 kg, 1 kg, and 1.4 kg tests, the relative absolute differences were 5.61 %, 4.67 %, and 498 
7.01 %, respectively. Regarding sensor locations at 2 m, 4 m, and 8 m, the relative 499 
absolute differences were 6.38 %, 4.30 %, and 6.61 %, respectively. These results indicate 500 
that the numerical model with the optimized JWL-EOS reliably captures the peak 501 
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pressure behaviour across different charges and sensor locations, despite some variability 502 
in individual measurements. 503 

As for the impulse results, a global relative difference of 6.94 % was achieved, indicating 504 
good agreement between simulations and experimental data. The accuracy of the 505 
predictions improves for sensors located closer to the charge: the 2 m sensor shows a 506 
relative error of 3.09 %, while the 4 m and 8 m sensors exhibit higher errors of 7.25 % 507 
and 10.47 %, respectively. Similarly, the relative differences decrease with increasing 508 
charge mass, with values of 8.43 %, 6.86 %, and 5.52 % for the 0.7 kg, 1 kg, and 1.4 kg 509 
tests, respectively. These trends suggest that the optimised JWL-EOS is able to reliably 510 
capture the impulse distribution, particularly for larger charges and closer sensor 511 
locations, while slightly underestimating the impulse values at farther distances. 512 

 513 

8. Conclusions 514 

A JWL-EOS for the military explosive PG3 was obtained through an iterative process 515 
based on the Sequential with Domain Reduction method, implemented in the LS-OPT 516 
software. A two-dimensional model compatible with LS-OPT was developed in LS-517 
DYNA to simulate the air detonation of spherical explosive charges. The optimisation 518 
process used data from six air blast tests involving 0.7 and 1.4 kg charges of PG3, with 519 
three tests conducted per charge weight. Equal weighting was assigned within the positive 520 
phase, with 50 % of the weight given to the peak pressure and the remaining 50 % 521 
distributed across the other data points defining the positive phase. The optimisation 522 
aimed to adjust the JWL parameters A, B, R1, and R2 to best match the experimental results 523 
from the 0.7 kg and 1.4 kg tests. The results from the 1.0 kg tests and 8 m pressure sensors 524 
were reserved for validation purposes. 525 

Compared with the traditional way of determining the EOS through the cylinder test, this 526 
methodology offers several advantages, including reduced experimental effort, lower 527 
costs, shorter analysis times, and improved safety due to reduced handling of explosives. 528 
In addition, the iterative optimization combined with LS-DYNA and LS-OPT allows a 529 
systematic and reproducible calibration of the JWL parameters. 530 

Satisfactory results were obtained for both peak pressure and the average of the positive 531 
phase, with deviations below ± 10 % in most cases. In the validation with the 1.0 kg tests, 532 
peak pressure deviations of −5.57 % and 10.81 % were observed at sensors located 2 and 533 
4 meters from the charge, respectively. For the average positive phase, deviations of 534 
6.21% and −3.7% were recorded at the same sensor positions. 535 

The optimised JWL-EOS was then implemented in the Viper CFD software, where peak 536 
pressures and impulses were compared with experimental data across all tests and 537 
sensors, showing good agreement in both cases, with most relative errors below 10 %. 538 
However, this methodology has limitations in terms of validation. Future work should 539 
explore multi-geometric validation, multi-objective optimization, and uncertainty 540 
quantification. Additionally, alternative optimization strategies must be investigated to 541 
compare with the SRSM approach and establish a standardized methodology for 542 
explosive EOS calibration. Overall, the proposed methodology demonstrates a practical 543 
and accessible approach for EOS calibration, providing reliable results for PG3 under the 544 
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specific conditions studied in this work (spherical air detonations). At the same time, it 545 
lays the foundation for future research aimed at extending the methodology to more 546 
complex scenarios, such as non-spherical charges, surface-contact detonations, or 547 
confined explosions, through additional validation and model development. 548 
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