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By means of path integral Monte Carlo simulations based on a coarse-grained model parameterized by first-
principles calculations, we reproduce the large isotope effect observed in H-bonded KH2PO4 (KDP) and
deuterated DKDP, showing that the dramatic shift in the ferroelectric critical temperature Tc upon deuter-
ation is governed by the effective mass and local geometry of hydrogen bonds. We find clear evidence of
a quantum paraelectric (QPE) phase in KDP-type ferroelectrics at high pressures, characterized by a uni-
versal critical proton off-centering parameter (δc), independent of isotopic substitution. Remarkably, this
universality explains the experimentally observed collapse of the isotope effect under pressure, reinforcing
the essential role of geometrical effects. Our results suggest that the emergence of quantum paraelectricity
and the universal linear behavior of Tc with δ across chemically diverse systems share a common microscopic
origin associated with local proton delocalization within the hydrogen bond network.

PACS numbers: 77.84.Fa, 77.80.-e

I. INTRODUCTION

Quantum paraelectricity is an important topic in the
field of ferroelectricity, particularly in the study of quan-
tum phase transitions and critical phenomena. It is
central to understanding materials where quantum fluc-
tuations suppress ferroelectric (FE) order, stabilizing
the soft mode. A prime example is strontium titanate
(SrTiO3), which remains paraelectric (PE) down to the
lowest temperatures due to quantum fluctuations, de-
spite exhibiting a soft phonon mode indicative of a ferro-
electric instability1. This behavior has been extensively
studied since the 1960s and continues to be a bench-
mark for quantum paraelectricity2–7. Theoretical frame-
works, such as those developed by Rowley et al.8, and
experiments9 have shown that tuning parameters like
pressure or chemical composition can drive compounds
through a quantum phase transition between FE and
quantum paraelectric (QPE) states, with implications for
developing novel functional materials and devices. Re-
cent research has also demonstrated the ability to induce
ferroelectricity in SrTiO3 with terahertz fields, showcas-
ing the dynamic control over phase transitions in QPE
materials10.

Interestingly, growing evidence suggests that simi-
lar quantum paraelectric behavior may also emerge in
hydrogen-bonded ferroelectrics under specific conditions
such as high pressure or isotopic substitution11–15. A no-
table case is potassium dihydrogen phosphate (KH2PO4,
KDP), which is the prototypical members of a broad class
of hydrogen-bonded ferroelectrics, where ferroelectricity
arises from the off-center proton ordering along H-bonds

that link phosphate units16 (see Fig. 1a)). In the PE
phase at high temperature, the H atoms statistically oc-
cupy, with equal probability, two symmetric positions
along the H-bond, separated a distance δ which char-
acterizes the disordered phase11. Below Tc the protons
localize into one of the symmetric sites, leading to the
ordered FE phase17. The FE transition in KDP is char-
acterized as weakly first order18. The transition rapidly
becomes second order under pressure, with a tricritical
pressure of ≈ 2.7 kbar19,20.

Beyond its well-known applications in nonlinear op-
tics as a harmonic generator and parametric oscillator,
KDP is also used as an agricultural plant nutrient and
a buffering agent for pharmaceutical products. How-
ever, from the fundamental point of view, KDP has at-
tracted much attention due to its huge isotope effect,
where the ferroelectric critical temperature Tc shifts from
≈ 122K in KDP to ≈ 229K in its deuterated counter-
part (DKDP). Despite having been extensively studied,
the underlying origin of this remarkable isotope effect
remains a subject of ongoing debate21. Early attempts
to explain this phenomenon invoked a famous tunnel-
ing model in the 1960s22, while later neutron diffraction
studies in the 1990s emphasized the importance of geo-
metrical effects11,23, namely the modification of hydrogen
bonds by isotope substitution, known as the geometric
or Ubbelohde effect24, which manifests as larger δ and
O–O distances upon deuteration17,25. Specifically, neu-
tron diffraction studies further showed that Tc appears
linearly correlated with the mean H off-center displace-
ment x ≡ δ/2, and is predicted to vanish under high
pressure, suggesting the possible emergence of a quan-
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tum paraelectric state11,23.

That is indeed the case but, quite surprisingly, it ap-
pears to be independent of isotopic substitution. Neu-
tron diffraction experiments under pressure show that
the observed Tc vs. δ behaviors of KDP and DKDP co-
incide within error bars. As pressure increases both com-
pounds approach the same critical value δc ≈ 0.22 Å11,
below which Tc vanishes and the FE phase disappears.
Even more striking is that other H-bonded FE and anti-
FE compounds like lead hydrogen phosphate (LHP) and
squaric acid (H2SQ) also exhibit a similar pressure evolu-
tion and share with KDP and DKDP the same δc. This
critical magnitude therefore seems to be universal, in-
dependent of the chemical environment11 (see Fig. 6).
The H-bond networks in LHP, H2SQ, and KDP have, re-
spectively, one-, two-, and three-dimensional character,
so this universal behavior appears also to be indepen-
dent of dimensionality. Compton scattering, at the same
time, clearly shows the demise of deuteron tunneling in
DKDP26 as opposed to pronounced proton tunneling in
KDP.27 First-principles (FP) calculations further sug-
gested that the large isotope effect is driven by a complex
self-consistent interplay between tunneling and H-bond
geometric effects, (specifically H-bond length and the
related crystal volume), each amplifying the other16,17.
In spite of all the progress made in the past decades, a
detailed description and understanding of the quantum
phase transition, of related isotope and geometric effects,
as well as the possible existence of a QPE state under
pressure is still lacking. Here, we focus explicitly on the
pressure-induced emergence of quantum paraelectricity,
its microscopic origin, and its relationship to geometric
effects in the phase transitions of KDP and DKDP.

Over the years, numerous phenomenological models
have been proposed to explore isotope effects in H-
bonded ferroelectric materials28–31, mostly parameter-
ized with experimental data. Some of us proposed a
simple self-consistent model parameterized on the basis
of reliable FP calculations that shed light into the micro-
scopic behavior of KDP and DKDP16. This model, which
contained a single degree of freedom (x, defined above)
with an effective mass, allowed for the incorporation of
quantum nuclear effects and for scrutinizing the interplay
between tunneling and geometric effects. In its simplic-
ity, the model lacked interactions with neighboring de-
grees of freedom and thus it could not be used to study
phase transitions. In addition, it did not include coupling
to strain, essential to study the behavior under pressure.
Further FP calculations using more advanced functionals
in DFT, served to refine the various model parameters32.
In parallel, thermal and quantum nuclear effects were
taken into account via first-principles path-integral (FP-
PI) simulations that described both the ferroelectric and
paraelectric phases33–36. Despite these advances, to the
best of our knowledge, at present there is neither a fully
FP-PI simulation nor an FP-derived model description of
the transition to the quantum paraelectric phase under
pressure in KDP or DKDP.

FP calculations demonstrated that, due to strong cor-
relations, tunneling in these systems is only allowed
through the coherent motion of clusters involving sev-
eral protons (deuterons) and heavy atoms, with effec-
tive masses determined by the contribution of the var-
ious atoms to the local tunneling modes16,17. Thus,
the observed proton double occupancy in the PE phase
of KDP should be explained by the tunneling of large
and heavy clusters, in addition to thermal fluctuations17.
This conclusion is supported by the double-site distribu-
tion experimentally observed at high pressure and very
low T also for the phosphorus atoms37. The absence
of tunneling in DKDP has been explained in terms of
the reduction of the quantum coherence length with in-
creasing mass26, in turn related to the correlated cluster
motion16,17. Therefore, the early experimental evidence
from neutron diffraction11,37 suggests the possible onset
of a QPE state originating from a pressure-induced delo-
calization of the correlated cluster17,26. This possibility
has not yet been demonstrated theoretically, and we will
address it here.
We shall develop an effective coarse-grained (CG)

model fitted to FP calculations including nonlocal dis-
persion corrections, vdW-DFT32. We then use it to in-
vestigate phase transitions under pressure and the associ-
ated isotope effects in KDP and DKDP, via path integral
Monte Carlo (PIMC) simulations with FP-determined
effective masses for H and D, corresponding to the lo-
cal tunneling modes mentioned above. Our study will
address several long-standing issues regarding KDP: (1)
the emergence of a quantum paraelectric phase at low
temperatures and high pressures; (2) the universal lin-
ear correlation between Tc and δ, in connection with the
relevance of geometrical effects; (3) the role of the self-
consistent mechanism between tunneling and geometric
effects in producing the large isotope shift in the FE tran-
sition Tc.

II. MODEL AND FIRST-PRINCIPLES CALCULATION
DETAILS

A. Local instabilities and FE clusters

The starting point of our description is, as shown by
FP calculations, that instabilities in the host PE ma-
trix of KDP-type crystals (modeled with protons fixed
at the centers of the O–H· · ·O bonds) originate from
the correlated motion of several H/D ions along these
bonds, accompanied by coherent displacements of K and
P atoms16,17. In contrast, isolated proton motions are
stable and do not lead to distortions. This naturally in-
troduces the concept of ferroelectric clusters, defined as
minimal structural units of the PE lattice that display
local FE-like instabilities when embedded in it. A FE
cluster corresponds to a group of H/D and heavy ions
that undergo correlated motion through a local double-
well potential. One of the smallest such entities involves
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Figure 1. Cluster distortions in the KDP structure and their
correspondence to the CG model. a) Schematic representa-
tion of a 7 H/D FE cluster (delimited in a rectangular box)
embedded in a PE host lattice in KDP. The cluster lies in a
chain of H-bonds shown with a yellow bold line. The displace-
ments of the 7 H/D atoms along the FE mode are indicated
with black arrows and the collective coordinate Ql with a red
arrow. b) Schematic representation of the CG model in the
PE phase composed of concatenated unit cells, one of which
is delimited by a rectangle. The unit cell comprises an O ion
(red circle) and an effective particle H/D atom (white circle),
which interact via VOO, VOH , and VHH , shown as green, or-
ange and gray lines, respectively. We show the 1Heff/1Deff

distortion (see text) corresponding to the H off-center dis-
placement in the i-th unit cell, xi (red arrow). This effective
distortion in the model is equivalent to the 7 H/D cluster dis-
placement Ql. c) Same as a) for a 13 H/D cluster. d) Same
as b) for two consecutive cells (2Heff/2Deff distortion).

two linked PO4 groups plus their K ions and seven pro-
tons/deuterons. We refer to this as the 7 H/D cluster, il-
lustrated in Fig. 1a), which in the coarse-grained descrip-
tion corresponds to an effective one-particle displacement
(denoted 1Heff for protons or 1Deff for deuterons) as
shown in Fig. 1b). The cooperative displacement of the

cluster follows the symmetry of the global FE soft mode.
This correlated pattern is represented by a single collec-
tive coordinate Ql (for cluster l) whose value coincides
with the H/D off-center displacement x (see the red ar-
row in Fig. 1a)). For clarity, in the schematic figures of
FE clusters we only show H/D displacements, while the
coherent motion of the heavy ions is omitted.
Because the heavy ions relax coherently with the

H/D displacements, each proton/deuteron behaves as a
“dressed particle” with an effective mass larger than the
bare proton/deuteron mass. This dressing is crucial,
since tunneling of collective clusters is only possible if
the effective mass and the local barrier allow quantized
levels below the barrier16,17.
Larger FE clusters can also be considered. A par-

ticularly relevant case for the CG model developed be-
low is the 13 H/D cluster, composed of four linked PO4

groups plus the corresponding K ions and thirteen pro-
tons/deuterons (see Fig. 1c)). Although 13 hydrogens
plus corresponding heavy ions are displaced in the FP
calculations, the correlated pattern reduces effectively to
the motion of only two neighboring hydrogens in the
coarse-grained description as shown in Fig. 1d). Thus,
while the 7 H/D cluster maps to a single effective de-
gree of freedom (1Heff or 1Deff), the 13 H/D cluster cor-
responds to an effective two-particle displacement (de-
noted 2Heff for protons or 2Deff for deuterons) (see Figs.
1a-d)). These mappings provide the bridge between the
microscopic cluster instabilities and the effective degrees
of freedom used in our coarse-grained model.

B. First-principles calculations

To quantify the local energy barriers and effective
masses of these clusters, we performed FP calculations
using the VASP code38,39. The clusters were embedded
in a PE supercell (2 × 2 × 2 primitive cells) containing
16 formula units (128 atoms). We start from the aver-
age experimental structure of the PE phase of KDP and
DKDP at T = Tc+5 K40 (space group I42d), with the H
atoms at the midpoint of the O–H· · ·O bonds17,32. Af-
ter ionic relaxation in the PE supercell, we displaced the
hydrogen atoms of the 7 or 13 H/D clusters according to
the FE soft mode symmetry (see Figs. 1 a) and c)), while
allowing relaxation of the P and K ions in the clusters.
The chosen supercell size was sufficient to avoid interac-
tions between periodic images of the clusters. We used
projector-augmented wave (PAW) all-electron potentials,
and the plane-wave basis was expanded to an energy cut-
off of 750 eV. An automatic Monkhorst-Pack 5 × 5 × 5
grid sampling of the electronic Brillouin zone proved suffi-
cient to achieve converged results. All atomic relaxations
were continued until the forces on every mobile atom
were smaller than 5 meV/Å. The exchange-correlation
functional used was vdW-DFT, which includes a nonlo-
cal correlation contribution accounting for van der Waals
interactions41–43. This proved important for a correct de-
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scription of the H-bond geometry and energy barriers in
KDP32. This approach led to a revised, more accurate
set of local energy barriers to test our model, and effec-
tive masses for use in the PIMC simulations. For the 7
H/D cluster, the revised effective masses of H and D are
µH = 2.7mp and µD = 3.7mp, respectively, where mp is
the bare proton mass.

C. Coarse-grained model

Our coarse grained model is composed of concatenated,
effective unit cells, one of which is shown by a rectangle
in Fig. 1b), comprising an oxygen ion, and a dressed
particle named H/D, characterized by an effective mass
(µH for protons or µD for deuterons), representing the 7
H/D heavy clusters (see Fig. 1a)).

The model includes three types of interactions (Fig.
1b)): O-O, O-H, and H-H interactions. The O-O and
O-H interactions are described by the Morse potentials

VOO(R) = DOO

(
1− e−aOO(R−R0)

)2−DOO and VOH(q) =

DOH

(
1− e−a(q−r0)

)2 −DOH , respectively
25,32. The H-H

interaction is taken of the form VHH = − 1
2

∑
<ij> Jxixj ,

where xi ≡ δi/2 is the H off-center displacement in the
i-th unit cell. Due to this term, the ice rules arise natu-
rally in the CG model, since correlated neighboring con-
figurations with one proton per oxygen are energetically
favored, while those with zero and two protons carry an
energy penalty of order J . At finite temperature (or in-
cluding quantum fluctuations), such higher–energy states
may still occur with finite probability, so that thermal
and quantum disorder are preserved in the model.

The total potential energy for the CG model, where
the VHH interaction is treated in mean field25, is given
by:

VCGm =
∑
i

{
VOH

(
xi +

Ri

2

)
+ VOH

(
Ri

2
− xi

)}
+
∑
i

VOO (Ri)− J⟨x⟩
∑
i

xi +
1

2
NJ⟨x⟩2, (1)

where Ri is the distance between oxygens in unit cells i
and i+1, ⟨x⟩ ≡ 1/N

∑
i xi represents the time and lattice

average of the H off-centered positions taken at each MC
step in the simulation, and N is the total number of unit
cells. Treated in mean field, this model exhibits a second-
order phase transition at finite T 44.
A key issue is how the model captures the essence of the

geometrical effect arising from the real structure. First-
principles calculations show that protons centered in the
O–H–O bonds in the FE phase act as strong attraction
centers that pull the bridging oxygens closer, contract-
ing the lattice16,17. Conversely, when atoms relax along
the FE mode starting from the PE average structure, the
O–O distance and the lattice expands. This behavior re-
flects the experimentally observed coupling between the
FE unstable mode and strain45,46, also confirmed in FP

Figure 2. Correlations associated with geometric efects. a)
Schematic representation of the FE KDP lattice. A 7 H/D
cluster delimited in a rectangular box is shown. The displace-
ments of the 7 H/D atoms along the FE mode are shown with
black arrows and the collective coordinate Ql is shown with a
red arrow. Green arrows represent the lattice shrinking when
Ql → 0 (see explanation in text). Blue arrows represent the
local PO4 rotations that couple to the FE mode. b) CG model
in the FE phase. Cyan arrows indicate the contraction of Ri

as the effective particle H/D moves toward the bond center
(xi → 0, red arrow).

studies of linear · · ·F–H· · ·F– chains, where it leads to
an isotope dependence of the lattice constant47. In KDP
clusters, the same mechanism appears. For instance, in
the FE phase, as Ql → 0 (see Fig.2a)), protons approach
the bond center inducing both a local O–O contraction
and cooperative lattice strain (green arrows in Fig.2a)).
FP calculations further show that the FE mode strongly
couples to a phonon of A1 symmetry at 543 cm−1 (out-
of-phase PO4 librations)32. Locally, as Ql → 0, the FE
cluster motion interacts with opposite phosphate rota-
tions in the xy plane (blue curved arrows in Fig.2a)),
leading to the O-O distance and lattice contractions.

These couplings are effectively incorporated in the CG
model (Fig. 2b)), where the O–O distance Ri acts as a
local strain variable coupled to the effective H/D dis-
placement xi (the 1Heff distortion). The anharmonic
Morse potentials VOO and VOH ensure the key correla-
tion: decreasing x reduces R, while increasing x enlarges
R, which is at the root of the geometrical effect25,32. As
shown below by PIMC simulations, quantum fluctuations
(tunneling) act self-consistently with this correlation16,17,
ultimately producing the observed geometric or Ubbelo-
hde effect17,47.

In order to study phase transitions in KDP and DKDP,
we performed PIMC simulations with the CG potential
of Eq. (1), which has seven adjustable parameters. Six of
them, i.e. those associated to the O-H and O-O interac-
tions, were fitted using global energy barriers, distances,
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and mode frequency data obtained from FP calculations
with the vdW-DF functional, as explained in Ref.32. The
H-H interaction parameter J was adjusted so that the
critical temperature of the model with classical nuclei,

T
(cl)
c , (see Fig. 4) matches that obtained by FP molec-

ular dynamics simulations with the vdW-DF functional
for DKDP48, yielding Tc ≈ 350 K. Details of the fitting
procedure can be found in Refs.25,32. Model parameters
are reported in Table I below.

Table I. Parameters of the CG model

DOH[eV] a[Å−1] r0[Å] DOO[eV] aOO[Å
−1] R0[Å] J [eV/Å2]

8.838 3.027 0.966 10.542 0.831 2.917 0.55

D. Validation of the local behavior against FP results
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Figure 3. Energy profiles as a function of x for different local
cluster distortions embedded in a PE matrix (see text). CG
model: solid lines, FP: symbols and dashed lines. In the case
of FP, x corresponds to the local coordinate Q for the cluster
motion, as defined in text.

Since the model was fitted to global FP energy land-
scapes, it is important to test its local behavior, which
plays a key role in phase transitions. With this aim, we
calculated the FP energy profiles of cluster distortions in
a PE DKDP matrix and compared them with their CG
counterparts. The 7 D cluster distortion corresponds to
the 1Deff motion while the 13 D cluster distortion corre-
sponds to the 2Deff motion in the CG model, as explained
in Sec. II.A. The energy profiles for these distortions are
shown in Fig. 3. The FP energy barrier and minimum
for the 7 H/D cluster are well reproduced by the 1Deff

motion. For the 13 H/D cluster, the corresponding CG
energy barrier for the 2Deff distortion is underestimated
by about 28%, although the position of the energy min-
imum is correctly reproduced. This shows that the CG
model captures the essential local physics.

We note that, while the coarse-grained model success-
fully captures the essential features of the geometrical ef-
fect, the local energetics, and the key correlation trends
revealed by FP calculations, it has inherent limitations.
By construction, it reduces the complex dynamics of pro-
tons/deuterons and phosphate groups to effective vari-
ables, necessarily neglecting some atomistic details and
local fluctuations (e.g., three-dimensional high-energy
configurations such as Slater/Takagi defects). The model
relies on potential parameters fitted to FP results and fo-
cuses on the dominant FE mode coupled to strain and
phosphate librations, but it does not explicitly include
interactions with other vibrational modes32,49 or clus-
ter configurations beyond those considered16,17. Quan-
tum fluctuations are treated at the level of the effective
particle, which reproduces the main isotope effects but
cannot capture all subtle correlations present in the full
atomic system. Long-range correlations and fluctuations
are only approximately accounted for within a mean-field
treatment.
The simplicity of the model, however, allows us to un-

dertake a complex calculation of the phase transitions
in KDP and DKDP, including both thermal and quan-
tum fluctuations under pressure, which would otherwise
be prohibitively expensive if all degrees of freedom were
treated at the FP level (i.e., an all-atom full quantum FP
simulation of the phase transition). We will show below
that the simple CG model developed here is capable of
describing the isotope effects on Tc and the order param-
eter, the pressure effects, the linear correlation between
Tc and δ, and, moreover, the emergence of a QPE phase
at high pressure and low temperature.

E. Path Integral Monte Carlo simulations

In the PIMC simulations, the effective short-time
propagator is evaluated to fourth-order accuracy with
the Takahashi-Imada approximation, allowing us to
reduce the Trotter number M to 128 beads for the
quantum polymer of each atom, yielding converged
results. For D at 18.7 kbar and T ≤ 60K, we needed 256
beads for convergence. A normal-mode representation
of the quantum polymers was used to ensure ergodicity
in the MC sampling50. We performed 3 × 104 thermal-
ization steps followed by 105 MC steps for computing
averages. Each result was obtained from an average of
20 runs with different random number generator seeds.
During the simulations all xi and Ri were allowed to
vary in each unit cell i. The simulations were conducted
in an NPT ensemble where the supercell size L was
relaxed at constant stress σ, except for the fixed cell
simulations where the oxygens were fixed. The supercell
was subjected to periodic boundary conditions and
contained N= 200 unit cells, which proved sufficient
for the convergence of phase-transition properties. To
compare with experiments, the applied stress σ in the
model was related to an equivalent hydrostatic pressure
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p in the lattice, using an equivalence of 1 eV/Å ≈
62.3 kbar, an estimate based on the pressure-dependent
density of H-bond chains per unit area in the KDP
lattice.

The quantum behavior of each particle was studied
by analyzing the centroid XCM and the radius of gy-
ration Rg of the quantum polymer34,51. The centroid
is defined as the center of mass (CM) of the polymer

XCM ≡ M−1
∑M

s=1 xs, giving the average position of the
quantum particle. The index s runs over time slices in
the polymer and xs is the particle position for the corre-
sponding bead. On the other hand, the radius of gyration

is defined as Rg ≡
(
M−1

∑M
s=1 |xs −XCM |2

)1/2

, and

represents the spread of the quantum path. It measures
how far the beads or monomers are from the polymer
center, providing information on the quantum delocal-
ization of the particle, a quantity that increases during
tunneling34,51. For a free particle, for instance, its value
is proportional to the thermal wavelength.

III. RESULTS AND DISCUSSION

A. Isotope effects on Tc and the order parameter
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T [K]
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Figure 4. PIMC off-centering order parameter ⟨x⟩ as a func-
tion of T . Classical nuclei (solid black squares and line); quan-
tum D (solid blue triangles and line); quantum H (solid red
circles and line). Corresponding open symbols are the results
for fixed cell simulations. Estimated transition temperatures
are marked by vertical dashed lines. The smearing is due to
finite size.

The PIMC results for the averaged order parameter
⟨x⟩ (H off-centering) as a function of T are plotted in
Fig. 4. Beyond the smearing, caused by our finite size,
one can infer second-order phase transitions in all cases,
where ⟨x⟩ decreases from a saturated value at low T to
negligible values at high T . Arbitrarily, but reasonably,
we define Tc as the temperature corresponding to the

semisum of both limiting values. We note here that the
uncertainties introduced by limited size impede possible
inquiries about critical behaviour and quantum/classical
crossover. The classical nuclei case (M = 1 in the PIMC
calculations, which is equivalent to classical Monte Carlo)
shows a T cl

c ≈ 350 K, which drops dramatically when
quantum corrections are included to TD

c ≈ 170 K and
TH
c ≈ 130 K for DKDP and KDP, respectively, as shown

in Fig. 4. TH
c is in very good agreement with experi-

ments, while TD
c is underestimated by a 25% which is

reasonable in view of the simplicity of the model. Specif-
ically, the larger energy and length scales of DKDP17,
combined with the omission of interactions between the
FE and other modes32,49, may explain the underestima-
tion of effective interactions (see Fig. 3) and hence the
discrepancy in TD

c . Nevertheless, a large isotope effect
of ≈ 40 K is found, in fair agreement with experiments.
Moreover, the nearly saturated value of the order pa-
rameter ⟨x⟩ at low T ≈ 40 K shows an isotope effect of
≈ 33% (see Fig. 4), which agrees reasonably well with
experiment40 (≈ 23%) Furthermore, the isotope effect in
the O-O distance at low T is ≈ 1.04% in fair agreement
with experiment40 (≈ 1.44%). Hence, the geometric ef-
fect is reproduced to a good extent by our simulations.
This contrasts with the fixed cell results, where the iso-
tope effects in Tc and the order parameter ⟨x⟩ are negli-
gible (see open triangles and circles in Fig. 4), thus con-
firming that the interplay between FE mode and strain is
crucial. Tunneling alone in a fixed lattice potential (fixed
oxygens) is not able to account for the large isotope effect
in the system. However, by relaxing the oxygens in the
simulations, the selfconsistent mechanism between tun-
neling and H-bond geometry16,17 is turned on, leading to
the large isotope effect observed.
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Figure 5. Off-centering order parameter ⟨x⟩ as a function of
T for DKDP at increasing pressure p marked near each curve
(units are kbar). Open diamonds denote the values of Tc.
The inset shows Tc as a function of the normalized pressure
p/pc for the model (solid circles) and the experiments of Ref.52

(open triangles) and Refs.53,54 (open circles), for KDP (black)
and DKDP (red).
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B. Pressure effects and the Tc-δ linear correlation

Now we turn to pressure effects. In Fig. 5, we plot
⟨x⟩ as a function of T for different p. The results show
that ⟨x⟩ and Tc decrease as p increases. Moreover, in
Fig. 7, the calculated particle probability distributions
(PPD) for the coordinates R and x at T = 50 K in-
dicate that these distributions become more symmetric
around x = 0 as p increases for both H and D. This be-
havior reflects the suppression of ferroelectric order with
increasing pressure, consistent with the observed drop in
Tc shown in Fig. 5. In the inset to the latter we show that
the decreasing rate of Tc with p for the model agrees with
experiments for KDP and is underestimated for DKDP.
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T
c [

K
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Figure 6. Tc as a function of δ. Red solid circles (blue solid
squares) show model results for KDP (DKDP), while red open
circles and dashed lines (blue open squares and dashed lines)
show experimental data from Ref.11. Red (blue) solid lines:
linear regressions of the model results for KDP (DKDP).
Also shown are experimental data11 for LHP/LDP [H2SQ]
(green [magenta] open triangles [diamonds] and dotted lines),
and theoretical (statistical) and experimental error bars for δ.
Dashed and dotted lines are linear extrapolations reproduced
from Ref.11. Additional experimental data at ambient pres-
sure for LDP and H2SQ, not displayed for clarity since they
fall outside the chosen scale, also support the linear scaling of
Tc with δ11.

Encouraged by these results, we analyzed the specific
importance of geometric effects due to quantum fluctu-
ations in the model. To this end, we related, for each
p, the calculated Tc with the value δ corresponding to
the distance between peaks, or 2xp, in the probability
distribution at Tc . In Fig. 6 we plot Tc vs. δ for
both H and D and compare the results with the experi-
mental data of Ref.11. In agreement with experiments
and recent all-atom path integral molecular dynamics
(PIMD) calculations36, we find a linear correlation be-
tween Tc and δ. In particular, the slope of the linear
curve agrees remarkably well with that from experiments
in the KDP case, although it is underestimated in the
deuterated case. Also in agreement with the experiment

Figure 7. Particle probability distributions (PPD) of the H-
bond variables R and x at T = 50K and different pressures
for H and D.

is the critical value δHc ≈ 0.22Å, at which Tc vanishes
for KDP, signaling a ”quantum” PE (QPE) state, as will
be shown below. The critical p that leads to the QPE
phase is pHc ≈ 9.3 kbar, which compares not indecently
with experiments (≈ 17 kbar), taking into account the
simplicity of our model. For DKDP, we find quantum
paraelectricity at pDc ≈ 18.7 kbar with δDc ≈ 0.2Å, ac-
tually in agreement with the critical value extrapolated
from the experimental linear curve shown in Fig. 6. It
is worth noting that theoretical H and D linear curves
can be rearranged to almost coincide in one line for both
cases within statistical error bars, similarly to what oc-
curs experimentally (see Fig. 6). This is an important
feature, which was also highlighted in Ref.11, indicating
that the relevant geometrical parameter that defines Tc

is δ, independently of the mass of the tunneling parti-
cle. Moreover, as shown in the PPD results of Fig. 7,
the bimodal distributions for H at 9.3 kbar and for D at
18.7 kbar are almost identical. In other words, the ef-
fect of deuteration can be reverted by applying pressure,
demonstrating once more the significance of geometric
effects.

C. The quantum paraelectric phase

In order to further analyze the quantum nature of the
PE states found at critical pressures pHc and pDc , in Fig.
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Figure 8. Probability distributions of the radius of gyration Rg for the quantum polymers as a function of the mass-center
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8 we plot the probability distribution of Rg for the quan-
tum polymers vs. the center-of-mass coordinate XCM

for different cases. First, we focus on the zero pressure
case (see the top panels in the Figure). At T=50K, the
deuteron (Fig. 8e)) shows a well defined peak at Rg ≈
0.05Å and XCM ≈ 0.2Å, indicating that here D behaves
classically (Rg < δ) and is localized in one of the energy
minima of the bond. This is consistent with the corre-
sponding single peak for the PPD of D in the FE phase,
as shown in Fig. 7. The situation changes for H (Fig.
8a)), which shows an asymmetric Rg distribution with re-

spect to XCM . It has a peak at XCM ≈ -0.2Å, which is
equivalent to that of D but centered in the opposite min-
imum of the symmetric well. However, it also displays a
significant weight around the H-bond center (XCM = 0)
and even some weight on the other side of the H-bond
(positive values of XCM ). At XCM = 0, Rg takes values

as high as 0.19Å signaling quantum delocalization over
the local energy barrier (Rg ≈ δ) and the strong effect of
quantum tunneling. This explains the asymmetric PPD
observed for H in the FE phase at T=50K and zero pres-
sure (see Fig. 7). Therefore, we can conclude that at zero
pressure in the FE case, tunneling is allowed for H but
is essentially absent for D. Similarly, an increase of Rg

as XCM → 0 was reported in first-principles PIMD sim-
ulations of squaric acid, where it was linked to collective
proton tunneling along the H-bond network34.

At zero pressure and T=250K, both H and D are in the
thermal PE phase with vanishing order parameter (see
Fig. 4). In these cases, we see in Figs. 8b) and f), double-
peak distributions for theXCM variables, consistent with
the proton/deuteron double-site distribution observed in

the disordered PE phase by neutron diffraction11, and
with the double-peak distribution found for D in all-atom
FP PIMD simulations33, although inconclusive results
were reported for H in the same study. Moreover, in
our effective model, and due to strong correlations in the
real system, the motion of the dressed particle (cluster
motion) represents also that of the heavy ions involved in
the local FE mode (see Fig. 1a)). Hence, our results of
double occupancy are in agreement with the experimen-
tal evidence of a double-site distribution of the P atoms in
the PE phase at room pressure37,55. In the deuteron case,
Rg remains practically below 0.07Å showing a classical
behavior (Rg < δ) with no clear sign of tunneling. Thus,
the double-occupancy for D in the PE phase is originated
mainly from thermal fluctuations. For H, however, Rg

increases to values as high as ≈ 0.13Å , indicating the
presence of tunneling, in addition to thermal disorder.
Overall, we find at zero pressure, for both phases, that D
behaves classically (no clear sign of tunneling) whereas H
shows indications of tunneling and particle delocalization
towards the middle of the H-bonds. This explains the be-
havior observed in Compton scattering experiments26,27.
On the other hand, Figs. 8b) and f) show an increase
with deuteration of the distance between peaks along the
XCM -axis, namely δ = 2xp = 2Xp

CM , where Xp
CM is the

corresponding peak-position coordinate. We find for H
at 250K and room pressure that δH ≈ 0.381Å which in-
creases to δD ≈ 0.435Å with deuteration. These values
are in good agreement with the corresponding experimen-
tal data for δ in the PE phase at Tc + 5K: 0.343Å for
KDP and 0.448Å for DKDP40. Thus, our calculations
show that the geometrical effect is also fulfilled at high
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temperature in the PE phase.

In the case of H at T=50K with an applied pressure
of 6.2 kbar, simulations reveal that tunneling is greatly
enhanced with respect to the zero pressure case (com-
pare Figs. 8a) and c)) The peak of the Rg-distribution
shifts to the middle of the H-bond and is spread around
0.14Å, indicating a large quantum delocalization of the
particles. Moreover, Rg reaches values as high as 0.20Å,
as shown in Fig. 8c). However, at p = 6.2 kbar, the PPD
for H shows a slight asymmetry (see Fig. 7), indicat-
ing that the system is still in the FE phase. Increasing
further the pressure to pHc = 9.3 kbar, tunneling fur-
ther dominates the scene as shown in Fig. 8d), but now
the PPD becomes completely symmetrical in x and the
system transitions to a QPE state with a double-peak
distribution in x (see Fig. 7). The quantum character
of the PE phase can additionally be visualized in the be-
havior of the Rg-distribution in Fig. 8d), which shows,
around the middle of the H-bond, a large weight of val-
ues of Rg between 0.10 and 0.17Å, reaching also higher
values of the order of δHc . This underlines how quantum
delocalization and tunneling prevail in this case.

For D at p = 9.3 kbar and T=50K (Fig. 8g)), the
Rg-distribution shows some weight spread to the mid-
dle of the H-bond, where Rg reaches values as high as

0.15Å, indicating quantum delocalization, as opposed to
the classical behavior of the zero pressure case –compare
Figs. 8e) and 8g). Thus, at p =9.3 kbar, the deuteron
too can tunnel and spend some time on the other side of
the bond, which is reflected in the asymmetric PPD (see
Fig. 7). The system still remains in the FE phase at this
pressure.

By increasing p for D, we observe at p = pDc =18.7
kbar and T=50K (Fig. 8h)) that the Rg-distribution be-
comes symmetric respect toXCM with most of the weight
towards the middle of the bond and with Rg reaching
values as high as ≈ δDc . This indicates quantum delocal-
ization and tunneling. Moreover, the corresponding PPD
(see Fig. 7) shows a symmetric distribution along x in-
dicating that the system is in the PE phase (the order
parameter vanishes, as shown in Fig. 5). As quantum
tunneling is predominant, we conclude that the system
achieves a QPE phase at this critical pressure, in contrast
to the classical PE phase at 250K, which exhibits a very
different, two-site distribution (see Fig. 8f)).

By comparing Figs. 8d) and h), which correspond
to the QPE phases found for H and D, respectively, we
see that the corresponding Rg-distributions are strikingly
similar. This is in remarkable correspondence with alike
PPDs obtained for H and D at 9.3 kbar and 18.7 kbar,
respectively, as shown in Fig. 7. Moreover, for these
distributions, we have found δHc ≈ δDc , which are indeed
very close to the experimental critical value δc ≈ 0.22 Å11

(see also Fig. 6). Overall, these observations enable us to
conclude that, in our simulations, quantum paraelectric-
ity emerges under pressure for both, H and D, albeit at
different pressures. The QPE states are remarkably sim-
ilar thus showing isotopic independence, which is also

reflected in a unique or universal value of δc, in agree-
ment with neutron diffraction experiments11. In our CG
model, the QPE states found are originated in the quan-
tum delocalization of correlated clusters for the H and
D motion which may explain the order-disorder behavior
observed for the P atoms at very low T and high p37.

IV. CONCLUSIONS

In summary, our PIMC simulations described isotope
and in particular high pressure effects on the KDP FE-
PE transition using a simple model fitted to FP calcu-
lations including nonlocal vdW corrections. The results
confirm that the large isotope effect in the Tc stems from
a strong nonlinear feedback between tunneling and off-
center H-bond geometric effects16,17. This amplification
mechanism leads to the dominance of geometric effects,
further supported by the linear correlation found between
Tc and δ, in agreement with experiments11,23. The ge-
ometric significance, as also reflected by volume, is also
demonstrated by analyzing PPDs at different pressures,
where we have shown that the effect of deuteration can be
reverted by applying pressure. The analysis of the radius
of gyration of the quantum polymers confirms that quan-
tum PE phases emerge above a critical pressure where
Rg-distributions and PPDs are remarkably similar (e.g.,
δHc ≈ δDc , see Fig. 7), regardless of tunneling masses.
This could explain the universality of δc observed in pro-
tonated and deuterated compounds11. Moreover, this
universality spans various chemical environments and H-
bond network dimensionalities11 (see Fig. 6) and, as δc
seems rooted in a local “dressed” H-bond feature, we pro-
pose that CG models adequately parameterized for other
H-bonded FE and Anti-FE compounds would reproduce
this universal behavior.

ACKNOWLEDGMENTS

We would like to dedicate this paper to Ricardo Migoni
who, in the early 80s, created the ferroelectricity research
group at Instituto de F́ısica Rosario (IFIR). Through Ri-
cardo’s guidance and generous mentoring, this group be-
came an important actor in the field and has blossomed
and branched into several directions. The present paper
rounds up a body of research in H-bonded ferroelectrics,
pioneered by Ricardo as an Associate member of ICTP, in
collaboration with four co-authors of this paper. We are
particularly indebted to Charusita Chakravarty, a bril-
liant researcher and fascinating human being, who sadly
left us too early. In this paper we used her PIMC sim-
ulation method as inspiration. ET would also like to
dedicate this paper to Annabella Selloni, who was his
first student, a lifelong friend and wonderful colleague,
on the occasion of her retirement from Princeton Univer-
sity. Last but not least, we thank Michele Parrinello for
his countless contributions to the field of computer sim-



10

ulation, many of which are, directly or indirectly, used in
this research.

DATA AVAILABILITY

The data that support the findings of this study are
available from the corresponding author upon reasonable
request.

REFERENCES

1K. A. Müller and H. Burkard, Phys. Rev. B 19, 3593 (1979).
2K. A. Müller, W. Berlinger, and E. Tosatti, Z. Phys. B 84, 277
(1991).

3S.Hameed, D. Pelc, Z. W. Anderson, A. Klein, R. J. Spieker,
L. Yue, B. Das, J. Ramberger, M. Lukas, Y. Liu, M. J. Krogstad,
R. Osborn, Y. Li, C. Leighton, R. M. Fernandes, and M. Greven,
Nat. Mater. 21, 54 (2022).

4A. Narayan, A. Cano, A. V. Balatsky, and N. A. Spaldin, Nat.
Mater. 18, 223 (2019).

5K. Dunnett, J.-X. Zhuand, N. A. Spaldin, V. Juričić, and A. V.
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