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Abstract: The characterisation of shear modulus degradation is essential for understanding
the dynamic response of geomaterials. This article presents a modified hyperbolic model
that evaluates the shear modulus for various angular strains and effective confining stresses.
The model has been calibrated and validated using data from 108 resonant-column tests
conducted on three different types of tailings from the Riotinto mines in Huelva, Spain.
These tests were conducted on saturated samples that were consolidated at effective stresses
of 50, 100, 150, 200, 250, and 300 kPa, accompanied by various combinations of torsional
excitations to induce distinct angular strains. The results show that the hyperbolic model
effectively predicts the shear modulus degradation in unconventional geomaterials, char-
acterising the shear modulus under the testing conditions for the three types of Riotinto
tailings. Additionally, the model can identify and confirm both the initial (or maximum)
shear modulus and the reference angular strain as functions of the effective confining stress.
The findings and model presented in this article contribute to enhancing the stability and
resilience of geotechnical structures, including tailings storage facilities, that are subjected
to dynamic loading, leading to safer designs and improved infrastructure performance.

Keywords: dynamics; tailings; laboratory tests; modelling; resonant-column

1. Introduction
The evaluation of shear modulus (G) for different levels of angular strain (γ) is fun-

damental for the dynamic analysis of the ground response and geotechnical structures,
such as retaining walls, foundations, and tailings storage facilities (TSFs). The stress–strain
behaviour of geomaterials tends to be non-linear since their stiffness may decay with
strain [1–3]. However, assessing the relationship between G and γ experimentally is chal-
lenging since the dynamic response varies for different soils and is influenced by various
factors [4,5].

The refined model considering the degradation of G at different γ levels holds con-
siderable promise for geotechnical and earthquake engineering applications. It enhances
the reliability of site response analyses and the soil–structure interaction, facilitates more
accurate seismic design of infrastructure on or near TSFs, and contributes to improved
performance-based assessments of geotechnical structures subjected to dynamic loading [6].
This is particularly vital in light of several recent TSF failures worldwide, which have
highlighted the pressing need for more robust and material-specific modelling of tailings
behaviour [7]. Additionally, the proposed formulation supports advanced numerical simu-
lations (e.g., finite element or finite difference methods) by providing a material-specific,
strain-dependent modulus degradation function that can be directly incorporated into
dynamic analyses [8].
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In the laboratory, the resonant-column (RC) test is the standard method to assess
the dynamic behaviour of geomaterials at small to medium strains [9]. The results can
be described using non-linear equations, which provide a comprehensive understanding
of the degradation of G. Researchers worldwide have developed and proposed various
equations in this context, particularly emphasising hyperbolic functions to obtain the curve
describing the degradation of G. The earliest hyperbolic function documented in the
literature is attributed to Davidenkov [10], which outlines a symmetric and non-linear
hysteresis loop. Subsequently, Kondner [11] introduced an empirical hyperbolic function
that predicts the stress–strain behaviour of soils. The G degradation curve follows the
following general form:

G =
G0

1 +
γ

γre f

(1)

In this expression, G0 represents the initial (small-strain) shear modulus, and γre f

denotes the reference strain at which G reduces to half of G0, which must be experimen-
tally estimated. Over the years, several researchers have proposed modifications and
extensions of this model to improve its applicability across various soil types and stress
conditions, including Hardin and Richart [12], Hardin and Drnevich [13], Iwasaki et al. [14],
Kokusho [15], Ishibashi and Zhang [16], Wichtmann and Triantafyllidis [17], and more
recently, Patiño et al. [18]. To simplify formulations for greater practicality and ease of
application, particularly in numerical simulation models, the hyperbolic equation requires
adaptations based on various factors, such as confinement, plasticity, particle size distribu-
tion, and the fabric and structure of the geomaterial under analysis [19–22]. Patiño et al. [23]
examined two cooper tailings, observing that a generalised hyperbolic equation (i.e., the
normalised functions proposed by Ishibashi and Zhang [16]) cannot accurately describe
the G degradation curve in tailings due to the specific characteristics of each material.

To overcome the aforementioned limitations, this study presents a refined hyperbolic
function to characterise the G degradation curve. The model has been calibrated using
experimental results from 108 RC tests conducted on three different tailings from the Ri-
otinto mines (Spain). The key novelty of this model lies in its enhanced adaptability to
unconventional geomaterials, such as mine tailings, which often exhibit complex mechani-
cal behaviour that deviates from traditional soil and rock models. This method enhances
predictive modelling in geotechnical and earthquake engineering by providing a more
precise representation of the dynamic properties of tailings, thereby contributing to the
safety of TSFs. Hence, this study contributes to both the scientific understanding and
practical engineering tools required to improve the resilience and safety of infrastructure
built on unconventional geomaterials, under seismic and dynamic loading conditions.

2. Materials and Methods
2.1. Description of Investigated Geomaterials

The unconventional geomaterials used in this research correspond to three tailings,
which were collected from the TSFs of the Riotinto mines located in the Huelva region,
Spain (see Figure 1). The TSFs at Riotinto hold the largest deposits of copper, silver,
and gold in Spain, which have historically influenced the local population since ancient
times. Evidence indicates that such deposits attracted the area’s first settlers as early as
2000 B.C. [24]. Exploiting the Riotinto mines has resulted in the creation of numerous
tailings dams covering an area of approximately 1200 hectares. Currently, these structures
are of geotechnical interest, particularly regarding the dynamic behaviour of the dams
constructed in this region with moderate to high seismic activity.
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Figure 1. Riotinto TSF location [25].

The geomaterials were collected from the surface. The three materials were named
according to the mine site: “Cerro Salomón sand” (CSS), “high-density sludge” (HDS),
and “copper lamas” (CL). Table 1 presents the index properties of the three materials,
including the natural moisture (ωn), fines content (FC), liquid limit (LL), plastic limit (PL),
plastic index (PI), density of solid particles (ρs), and dry density (ρd). On the other hand,
X-ray fluorescence tests were performed in these geomaterials to identify the dominant
minerals, i.e., quartz, phyllosilicates, and metallic minerals (see Table 2). These analyses
also identified the oxides of various elements, resulting in diverse chemical components,
as detailed in Table 3.

Table 1. Properties of tested tailings.

Material ωn (%) FC (%) LL (%) PL (%) PI (%) ρs
(g/cm3)

ρd
(g/cm3)

CSS 8.1 32.7 - - - 3.02 1.60
HDS 14.3 48.5 - - - 2.99 1.65
CL 38.5 85.9 26.9 19.9 7 2.83 1.65

Table 2. Mineral content.

Mineral CSS HDS CL

Quartz (%) 92 82 23
Phyllosilicates (%) 8 6 67
Metallic minerals (%) 0 12 0

Table 3. Chemical components from XRD tests.

Constituents HDS (%) CSS (%) CL (%)

Al2O3 1.03 5.94 6.49
CaO 0.04 0.47 0.25
Fe2O3 13.06 10.41 15.78
K2O 0.12 1.74 0.49
MgO 0.01 0.29 2.97
Na2O 0.03 0.15 0.11
P2O5 0.04 0.07 0.053
SO3 19.48 4.71 0.04
SiO2 53.43 66.42 13.45
TiO2 0.09 0.29 51.97
Loss of ignition 12.67 9.51 7.80
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2.2. Description of Resonant-Column Apparatus

The resonant-column (RC) apparatus used herein features a bottom-fixed bottom and
top-free assembling, characteristic of an RC Stokoe-type configuration. The equipment
consists of two polycarbonate hollow cylindrical cells. The internal cell allows for con-
solidating the specimen by pressurised water while keeping the electronic components
above water. The external cell is designed to apply confining pressure to the fluid using a
pneumatically operated system. The RC apparatus includes two proximity sensors that
measure angular/shear displacements, two mini accelerometers, three pressure sensors
to take measurements of the chamber pressure (CP), the back pressure (BP), and the pore
water pressure (u), a volume gauge for monitoring volume changes, and an Linear Variable
Displacement Transducer to estimate axial deformations.

This apparatus applies torsional vibrations to a cylindrical specimen to characterise the
dynamic response of geomaterials. These vibrations are generated by an internal floating
structure connected to a series of coils, which are operated by a digital system installed
on a laptop for RC equipment control and data acquisition. This system covers both a
signal generator and an oscilloscope, capable of producing numerous signal combinations
at different frequencies and voltage amplitudes. It also controls two electric pneumatic
pressure regulators that allow for the automatic application of cell and back pressures
during testing while providing real-time visualisation of all sensors. Figure 2 displays the
RC apparatus.

Figure 2. Resonant-column apparatus of UPM.

2.3. Testing Procedures and Experimental Program

A comprehensive experimental plan comprising 108 RC tests was performed in the
Geotechnical Laboratory of the Escuela de Caminos, Canales y Puertos at the Universidad
Politécnica de Madrid. Specimens were reconstituted in the laboratory to replicate the same
γd of the three tailings in the TSF. The dimensions of the specimens—diameter (D) and
height (H)—for RC testing were as follows: for the CSS and HDS tailings, H and D were
100 mm and D = 50 mm, respectively, while for the CL tailings, H and D were 110 mm and
50 mm. The specimen preparation required the design and fabrication of novel accessories
that guaranteed the vertical positioning of the active free-top and the cylindrical shape of
the specimens. Patiño et al. [25] deliver an in-depth and enlightening guide on specimen
preparation and equipment assembly.

All specimens were saturated with de-aired water by applying an automatic increment
of CP and BP under a positive difference of 20 kPa. The increment stopped when a BP of
400 kPa was achieved. This phase lasted for over 24 h to ensure complete dissolution of air
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in the water. Skempton’s B-values above 0.98 were obtained in this RC testing program,
validating the full saturation conditions. After confirming that full saturation was achieved,
the samples were isotropically consolidated under effective confining stress (σ′

c) of 50, 100,
150, 200, 250, and 300 kPa. Following this, resonant-column (RC) tests were conducted by
exciting the coils attached to the top cap with a sine sweep signal. This signal maintained a
constant voltage amplitude ranging from 0.025 to 0.8 V, with frequencies spanning from 20
to 130 Hz, in order to evaluate the G degradation.

3. Analysis of Results and Discussion
3.1. Shear Modulus Degradation

Table 4 presents the results of the RC tests, which include the resonant frequency (Fr),
shear wave velocity (VS =

√
G/ρ), shear modulus (G), and angular strain (γ). Figure 3

displays the relationship between shear modulus (G) and γ based on data obtained from
RC tests performed on three different types of tailings under σ′

c.
As expected from the dynamic response observed in various natural soils [2,26],

the Riotinto tailings exhibited a notable dependence of G on γ, with values ranging from
10−5 to 10−3. The results highlighted a significant influence of σ′

c on G across all three
types of tailings. Although these materials are non-plastic, the fines content (FC) impacts G
significantly. Specifically, for the same γ and σ′

c, the shear modulus values for high-density
tailings (HDS) were found to be double those of coarse sandy tailings (CSS). While both
HDS and CSS originate from the same source, their shear moduli differ due to variations
in FC. The experimental results revealed that HDS tailings exhibited the highest G values,
while CSS tailings exhibited the lowest. On the other hand, Figure 3 suggests that HDS
tailings experience a more significant degradation. These findings can also be attributed
to the mineral composition of the tailings studied, as HDS is comprised of 92% quartz,
a mineral known for its low compressibility and high elastic modulus [27].

Table 4. Results of the 108 RC tests.

Conditions CSS HDS CL

σ′
c

(kPa) Te (V) Fr
(Hz)

VS
(m/s)

G
(MPa) γ

Fr
(Hz)

VS
(m/s)

G
(MPa) γ

Fr
(Hz)

VS
(m/s)

G
(MPa) γ

50 0.025 50 114 22.4 0.00004 87 194 66.6 0.00004 55 117 28.5 0.00006
50 0.05 50 114 22.4 0.00008 85 189 63.2 0.00006 53 114 27 0.00010
50 0.1 47 107 19.8 0.00017 81 180 57.5 0.00009 49 104 22.4 0.00018
50 0.2 43 99 16.9 0.00033 78 173 52.7 0.00014 45 97 19.3 0.00031
50 0.4 38 87 13.2 0.00065 69 155 42.2 0.00023 39 83 14.4 0.00058
50 0.8 27 62 6.7 0.00150 57 127 28.3 0.00048 30 63 8.3 0.00140

100 0.025 65 148 38.1 0.00003 91 206 75.3 0.00003 67 144 42.8 0.00003
100 0.05 61 141 34.3 0.00006 91 205 74.7 0.00005 66 141 41.2 0.00006
100 0.1 59 135 31.5 0.00011 88 199 70 0.00009 64 137 38.9 0.00011
100 0.2 53 121 25.4 0.00024 84 188 62.8 0.00014 60 128 34.2 0.00021
100 0.4 48 110 20.9 0.00048 77 174 53.9 0.00022 54 116 28 0.00038
100 0.8 41 95 15.5 0.00096 68 152 41.2 0.00039 47 100 20.7 0.00076

150 0.025 72 166 47.8 0.00004 100 227 91.8 0.00003 83 177 65 0.00003
150 0.05 70 161 45.1 0.00008 98 222 87.9 0.00005 81 173 62.1 0.00006
150 0.1 67 155 41.9 0.00013 97 219 85.6 0.00008 80 170 60 0.00010
150 0.2 64 148 37.8 0.00022 92 210 78.2 0.00013 76 163 54.7 0.00016
150 0.4 60 138 32.8 0.00038 86 195 67.8 0.00021 70 150 46.7 0.00025
150 0.8 52 120 25 0.00064 78 176 55.4 0.00035 61 131 35.5 0.00056
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Table 4. Cont.

Conditions CSS HDS CL

σ′
c

(kPa) Te (V) Fr
(Hz)

VS
(m/s)

G
(MPa) γ

Fr
(Hz)

VS
(m/s)

G
(MPa) γ

Fr
(Hz)

VS
(m/s)

G
(MPa) γ

200 0.025 77 178 55 0.00004 108 247 109 0.00003 92 197 79.9 0.00003
200 0.05 77 178 55.1 0.00008 106 243 105 0.00005 90 193 76.8 0.00006
200 0.1 75 173 52.1 0.00013 105 240 102 0.00008 88 188 72.7 0.00009
200 0.2 72 166 47.8 0.00022 100 230 94 0.00013 86 184 69.6 0.00016
200 0.4 67 156 42.1 0.00037 94 215 82.7 0.00020 81 173 61.4 0.00026
200 0.8 62 143 35.7 0.00062 86 197 68.9 0.00033 74 157 51 0.00043

250 0.025 84 196 66.4 0.00004 113 259 120 0.00003 100 214 94.7 0.00003
250 0.05 82 191 63.5 0.00007 112 258 119 0.00005 97 209 89.9 0.00005
250 0.1 81 189 61.8 0.00013 110 253 114 0.00008 95 203 85.2 0.00009
250 0.2 78 182 57.5 0.00022 106 243 106 0.00012 93 199 82.1 0.00015
250 0.4 75 173 52 0.00036 100 230 94.1 0.00019 88 189 73.5 0.00025
250 0.8 69 160 44.6 0.00058 92 212 79.9 0.00031 81 174 62.5 0.00041

300 0.025 88 206 73.5 0.00004 118 272 132 0.00003 108 231 110 0.00003
300 0.05 90 209 75.5 0.00007 117 268 128 0.00005 107 229 108 0.00005
300 0.1 88 204 72 0.00012 115 265 125 0.00007 104 223 103 0.00009
300 0.2 86 200 69.6 0.00021 112 256 117 0.00011 102 219 99.4 0.00015
300 0.4 82 191 63.2 0.00034 106 244 106 0.00018 97 209 89.9 0.00024
300 0.8 76 177 54.4 0.00050 98 226 91 0.00028 90 194 77.7 0.00035

(a)

(b)

Figure 3. Cont.
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(c)

Figure 3. Shear modulus variation for various angular strains and effective confining stresses: (a) HDS
tailings; (b) CSS tailings; (c) CL tailings.

3.2. Proposed Function

Based on the results from the resonance comparison (RC), a function can be estab-
lished to describe how the shear modulus (G) varies with the parameter γ under different
conditions of effective confining stress (σ′

c). This function incorporates essential elements,
including the equation proposed by Hardin and Black [12], which calculates the shear
wave velocity (VS) based on the system’s resonance frequency (Fr). The value of Fr is
controlled by the polar moment of inertia of the excitation mechanism (I0) with respect
to the symmetry axis, the polar moment of inertia of the sample (I), and the height of the
specimen (H). The relationship is given by

2πFrH
VS

tan
(

2πFrH
VS

)
=

I
I0

(2)

Equation (2) can be solved using various methods, including numerical iterations [18],
as illustrated in the graphical representation in Figure 4.

Figure 4. Representation of the implicit function.
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From the wave propagation theory, the stiffness of the soil can be estimated by corre-
lating G with VS and the mass density (ρ) through

VS =

√
G
ρ

(3)

Estimating the maximum shear modulus (G0) in geotechnical engineering presents
significant challenges due to the non-linear stress–strain behaviour of geomaterials. Labo-
ratory methods like RC testing are often complemented with bender element (BE) tests [28].
This combination provides experimental insights into soil stiffness at small-strain levels
but requires robust mathematical frameworks to interpret the results accurately. In this
research, BE tests were unfortunately not performed. Therefore, the mathematical approach
proposed by Hardin and Drnevich [13] is utilised to estimate G0 as follows:

1
G

=
1

G0

(
1 +

γ

γre f

)
(4)

where γre f is the elastic threshold of the geomaterial. Figure 5 presents the results of
Equation (4). Results in Figure 5 show a series of linear tendencies, which shift up with
the increment in σ′

c. Following these findings, the intersections of the representative linear
regression lines correspond to the different values of the parameter 1/G0 in the Hardin
and Drnevich model [13]. In contrast, the slopes of these lines correspond to the inverse of
the maximum shear stress (i.e., 1/τmax). This relationship enables the determination of the
parameter 1/γre f , characterising the strain at which the modulus decreases by about half
of G0. The computed values of these parameters, along with the determination coefficient
(R2) values, can be seen in Table 5.

Table 5. Results of the mathematical approach proposed by Hardin and Drnevich [13] for the
investigated tailings.

σ′
c (MPa) 1/τmax (MPa−1) 1/γre f ( - ) G0 (MPa) R2

CCS

0.05 73.702 2296 31.15 0.98
0.10 40.008 1465.5 36.63 0.99
0.15 31.223 1593 51.02 0.99
0.20 17.586 1028.4 58.48 0.99
0.25 13.343 920.2 68.97 0.99
0.30 10.562 838.3 79.37 0.95

HDS

0.05 46.833 3602.5 76.92 0.99
0.10 31.945 2730.3 85.47 0.99
0.15 22.949 2294.9 100 0.99
0.20 18.285 2151.2 117.65 0.99
0.25 15.411 2001.4 129.87 0.99
0.30 13.261 1867.7 140.85 0.99

CL

0.05 63.235 1969.9 31.15 0.99
0.10 34.177 1532.6 44.84 0.99
0.15 24.765 1696.2 68.49 0.99
0.20 17.471 1468.2 84.03 0.99
0.25 13.699 1330 97.09 0.99
0.30 11.16 1282.8 114.94 0.98
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Based on the curve fitting results in Figure 5, a power stress-dependency equation for
G0 has been derived. This equation effectively represents the effect of skeletal shear stiffness
on the applied effective confining stresses due to the nature of inter-particle contacts [21].
Figure 6 illustrates the relationship between G0 and σ′

c. The curve fitting in this figure
indicates that the contacts between the particles in CSS and CL behave similarly to granular
soil, while the contacts in HDS are more representative of fine soils. This conclusion can
be validated by comparing these results with the database compiled by Cha et al. [29].
Additionally, it is noteworthy that CL tailings exhibit the highest stiffness compared to the
other types of tailings.

(a)

(b)

(c)

Figure 5. Variation trends of the inverse shear modulus (1/G) for various angular strains and effective
confining stresses: (a) HDS tailings; (b) CSS tailings; (c) CL tailings.
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(a)

(b)

(c)

Figure 6. Variation of the maximum shear modulus for various angular strains and effective confining
stresses: (a) HDS tailings; (b) CSS tailings; (c) CL tailings.

Based on the values of the correlation coefficients R2, presented in Table 5, it can be
concluded that the variation trend of 1/γre f also changes with sigma′c, following a potential
type trend, as indicated in Figure 7.

By using power equations indicated in Figures 5 and 7, the G degradation curve can
be described by the following function:

G =
A(σ′

c)
B

1 + Cγ(σ′
c)

D (5)

In this context, A, B, C, and D represent the fitting coefficients, which can be found in
Table 6.
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(a)

(b)

(c)

Figure 7. Variation of the parameter 1/γre f for various angular strains and effective confining stresses:
(a) HDS tailings; (b) CSS tailings; (c) CL tailings.

Equation (5) corresponds to the modified hyperbolic function proposed to evaluate the
G degradation curve, as a function of γ, for various σ′

c. This formulation aims to provide
a more accurate representation of the non-linear stress–strain behaviour of geomaterials,
incorporating key factors influencing soil stiffness degradation. To validate the accuracy
and representativeness of Equation (5), Figure 8 compares the computed results with the
experimental data. Such a comparison demonstrates a strong agreement between the
predicted and measured results, capturing the characteristic trend of G degradation with
increasing γ. The model effectively describes the strain-dependent softening behaviour
observed in the laboratory tests, reinforcing its applicability for geotechnical analyses.
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Table 6. Fitting coefficients of Equation (5).

Tailings A B C D

CSS 159.79 0.61 496.39 −0.48
HDS 206.3 0.35 1194.50 −0.36
CL 274.74 0.74 1006.60 −0.22

(a)

(b)

(c)

Figure 8. Comparison between the experimental results and the values obtained using the modified
function (model fitting in continuous lines): (a) HDS tailings; (b) CSS tailings; (c) CL tailings.

4. Conclusions and Outlook
This research investigated the dynamic behaviour of three materials derived from

the TSFs of the Riotinto in Huelva (Spain): “Cerro Salomón” sands (CSS), high-density
sludge (HDS), and copper “Lamas” (CL). These materials have different physical properties
and chemical components. The study comprised an experimental plan based on several
resonant-column tests. The main conclusions drawn from the analysis are as follows:
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• The CSS and HDS geomaterials are predominantly granular, with a high content of
non-plastic fines, while the CL material is classified as low-plasticity clay based on
consistency limits and plasticity chart positioning. The presence of heavy minerals
resulted in unusually high specific gravities for all three materials, deviating from
standard reference values.

• Despite the non-plastic nature of the fines in CSS (32%) and HDS (48%), their content
significantly influenced the shear modulus (G) as a function of confining stress (σ′

c).
Under the same conditions of σ′

c and angular strain (γ), the G values for HDS were
nearly twice those of CSS, despite both being granular materials originating from the
same mining process.

• The dynamic stiffness modulus (G) exhibited a substantial reduction with decreasing
confining stress (σ′

c), reinforcing its dependency on stress conditions. The variation
of G as a function of angular strain (γ) for different σ′

c followed a clear trend, which
follows a hyperbolic function. Moreover, the maximum shear modulus (G0) varied
with σ′

c following a power–law relationship, with high correlation coefficients (R2).
• The inverse of G (i.e., 1/G) demonstrated a linear variation with angular strain (γ) for

different effective confining stresses (σ′
c), also exhibiting correlation coefficients (R2)

close to unity. However, the inverse of the reference strain parameter (γref) from the
Hardin and Drnevich model varied with effective σ′

c according to a power–law trend,
with correlation coefficients (R2) between 0.84 and 0.99.

• A new simplified mathematical model is proposed to evaluate G based solely on
angular strain (γ), effective confining stress (σ′

c), and four empirical constants. This
model allows for the determination of G with a low amount of tests by using three
torsional excitations and various σ′

c, requiring only nine tests.
• To enhance practicality in numerical simulations and simplify the application of com-

plex formulations, this research introduces a generalisation of the hyperbolic model.
This novel formulation depends on only two factors and four empirical constants,
making it adaptable for a wide range of soil types with minimal testing requirements.

These findings provide valuable insights into the mechanical behaviour of mining
tailings and offer a practical framework for evaluating soil stiffness in applications con-
cerning the dynamic response and stability of TSFs, while significantly reducing testing
demands without compromising accuracy. By addressing the challenges associated with
modelling the non-linear dynamic behaviour of unconventional geomaterials, this study
provides engineers with a simplified yet reliable tool for predicting shear stiffness degrada-
tion. This directly contributes to solving real-world engineering problems, such as seismic
risk assessment, TSF stability design, and the development of predictive models for site-
specific conditions, ultimately enhancing the resilience and safety of geotechnical systems
in challenging environments.
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