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Abstract

This paper presents a visual active SLAM method considering measurement and state
uncertainty for space exploration in urban search and rescue environments. An uncertainty
evaluation method based on the Fisher Information Matrix (FIM) is studied from the
perspective of evaluating the localization uncertainty of SLAM systems. With the aid of the
Fisher Information Matrix, the Cramér–Rao Lower Bound (CRLB) of the pose uncertainty in
the stereo visual SLAM system is derived to describe the boundary of the pose uncertainty.
Optimality criteria are introduced to quantitatively evaluate the localization uncertainty.
The odometry information selection method and the local bundle adjustment information
selection method based on Fisher Information are proposed to find out the measurements
with low uncertainty for localization and mapping in the search and rescue process. By
adopting the method above, the computing efficiency of the system is improved while
the localization accuracy is equivalent to the classical ORB-SLAM2. Moreover, by the
quantified uncertainty of local poses and map points, the generalized unary node and
generalized unary edge are defined to improve the computational efficiency in computing
local state uncertainty. In addition, an active loop closing planner considering local state
uncertainty is proposed to make use of uncertainty in assisting the space exploration and
decision-making of MAV, which is beneficial to the improvement of MAV localization
performance in search and rescue environments. Simulations and field tests in different
challenging scenarios are conducted to verify the effectiveness of the proposed method.

Keywords: measurement and state uncertainty; Fisher Information Matrix; visual active
SLAM; information selection; active loop closing; space exploration

1. Introduction
In recent years, much attention has been paid to simultaneous localization and map-

ping (SLAM) and it has been applied in many different scenarios, such as indoor local-
ization [1], search and rescue [2], inspection [3], autonomous driving [4,5], environment
reconstruction [6], and underground exploration [7]. However, as the robot moves, the pose
uncertainty increases. In terms of visual SLAM, the localization accuracy will decrease over
time, especially when no loop is detected. Hence, for practical application considerations, it
is necessary for a robot, such as UAV [8,9] or UGV [10,11], to find a collision-free trajectory
that is beneficial both to decrease the uncertainty of pose estimation and to perform other
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tasks, such as coverage planning and exploration. This problem, which involves both
SLAM and path planning, is known as active SLAM, and is considered to be one of the
opening and challenging problems in mobile robotics.

In this work, we focus more on the uncertainty in visual active SLAM systems. A
visual active SLAM method considering measurement and state uncertainty for space
exploration is proposed. The novelty of the proposed method lies in that it realizes the
quantification of both measurement and state uncertainty, and the quantification results are
utilized in the design of perception-aware planning method. Compared with the existing
results, the computational efficiency and MAV localization accuracy are improved through
measurement and state uncertainty quantification while performing space exploration
tasks with stereo camera in urban search and rescue environments.

The main contributions of this work are as follows:

1. The perception-aware planning method makes full use of Fisher Information Matrix
(FIM) and the uncertainty quantification metric for measurement information selection
and path planning to improve MAV localization performance.

2. The Cramér–Rao Lower Bound (CRLB) of the pose uncertainty in the stereo SLAM
system is derived to describe the boundary of the pose uncertainty.

3. The visual odometry information selection method and local bundle adjustment
information selection method considering measurement uncertainty are proposed to
improve the computational efficiency in both the front-end and back-end of the system.

4. The generalized unary node and generalized unary edge are defined to quantify
local state uncertainty and to improve the computational efficiency in computing
local state uncertainty. Further, the perception-aware active loop closing planning
method considering local state uncertainty is proposed for MAV space exploration
and decision-making, which is beneficial to improving MAV localization performance.

The rest of this paper is structured as follows. Section 2 provides an overview of related
work in active SLAM. Section 3 explains the uncertainty in visual SLAM and derives the
CRLB of the pose uncertainty in stereo visual SLAM systems. In Section 4, we present the
system overview and explain the proposed method in detail. Section 5 provides qualitative
and quantitative results and analysis of the proposed method. Finally, we conclude the
paper in Section 6.

2. Related Work
The conception of active SLAM was first proposed in [12]. It aims at integrating active

perception into SLAM and can be defined as the problem of reducing the uncertainty of
localization and map representation while performing SLAM [13,14].

To deal with the uncertainty of localization, different kinds of active SLAM approaches
are proposed based on the uncertainty quantification [8,15–20]. In [15], the paramount
importance of representing and quantifying uncertainty is highlighted to correctly report
the associated confidence of the robot pose estimation. In [8], an active SLAM framework
for mobile robots to find a collision-free trajectory with good performance in SLAM un-
certainty reduction is presented. In [17], the Fisher Information Matrix and Cramér–Rao
Lower Bound are derived based on the assumption of isotropic Langevin noise for rota-
tion and block-isotropic Gaussian noise for translation and shown to be closely related
to the graph structure of pose-graph SLAM. In [18], an application of Kullback–Leibler
divergence is proposed for the purpose of evaluating the particle-based SLAM posterior
approximation, which allows the robot to autonomously decide between exploration and
place revisiting actions. In [19], the uncertainty evaluation is performed for the 3-D position
estimation of each map point obtained from the depth measurement of the RGB-D camera.
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In [20], the selection of the visual cues is guided by the visual-inertial system performance
quantification metric.

Moreover, to reduce the uncertainty of exploration and improve the accuracy of robot
localization, many perception-aware planning methods have been proposed [21–25]. In [21],
perception-aware planning methods for differentially flat robots are designed and discussed
in detail. In [22], a topology-guided perception-aware receding horizon trajectory gener-
ation method is proposed to keep more visual features in view and improve localization
accuracy. In [23], feature matchability is taken into account during trajectory planning.
In [24], a perception-aware trajectory planning strategy for quadrotors is proposed to
ensure the safety and localization accuracy. In [25], a perception-and-energy-aware motion
planning method is presented to realize energy-efficient and reliable flight.

Inspired by [17,20], in this work, we derive the CRLB of the pose uncertainty in
visual SLAM system with stereo camera. Differing from the previous work, in this work,
we propose an information selection method considering measurement uncertainty to
improve the efficiency of the algorithm. Further, we define the generalized unary node
and generalized unary edge, and design a perception-aware active loop closing planner
considering local state uncertainty to improve the localization accuracy when performing
autonomous space exploration in search and rescue environments.

3. Uncertainty in Visual SLAM
In this paper, we followed the classical ORB-SLAM2 [26] algorithm framework, based

on which, the algorithm is improved and optimized for the evaluation of pose uncertainty,
which further facilitates the progress of MAV decision-making. Therefore, in this section,
we focus on deriving the propagation and representation of uncertainty for SLAM systems
using stereo camera based on graph optimization under this framework.

3.1. Graph Optimization Theory in Visual SLAM

The graph optimization theory-based SLAM method integrates graph theory with
nonlinear optimization and adopts a graph representation to solve the estimation problem
in SLAM, which mainly includes robot pose estimation and map point 3D position estima-
tion. A graph consists of a number of nodes and edges that connect the nodes. Nodes are
used to represent the states to be optimized and edges are used to represent measurement
information or measurement error items. The process of generating constraints between
nodes from the measured information is known as data association. A certain range of
measurement constraints is usually selected to form a relatively simple topological com-
plement structure so as to keep the complexity of data association as low as possible. In
this work, the nodes are the MAV poses and the positions of the map points, while the
edges are mainly the reprojection errors and the relative pose errors between image frames.
Specifically, the following optimization processes are involved in the algorithm.

(1) Camera pose optimization for single image frames. The node is the camera pose
corresponding to the current image frame, since only the pose is optimized and not the map
points, and the edges are the unary edges composed of reprojection errors corresponding
to a number of map points.

(2) Local Bundle Adjustment Optimization. The nodes are the camera pose correspond-
ing to the current keyframe and the covisibility keyframe, the camera pose corresponding
to the keyframe where the map points in the current keyframe and the covisibility keyframe
are observed, and the map points in the current keyframe and the covisibility keyframes.
The edges are the binary edges connecting the camera pose and the map points formed by
the reprojection error of the above map points in the image frame in which the map points
are observed.
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(3) Global pose optimization. Nodes are the camera poses corresponding to all
keyframes in the current map. The edges are binary edges composed of relative posi-
tional errors between camera poses.

(4) Local pose and map point optimization. Nodes are the position coordinates of
camera poses and map points corresponding to all keyframes in the map. The edges are
the binary edges consisting of the relative pose errors between the camera poses and the
reprojection errors of the map points in the corresponding image frames.

In summary, in any case, once the SLAM problem is considered as graph optimization,
the state to be optimized is associated with the observed information through data associa-
tion. With the assumption that the measurement noise is Gaussian white noise, the final
goal of the SLAM method based on graph optimization is to find the optimal estimate of
the state to be optimized such that the posterior probability is maximized in that state.

Generally, the state to be optimized is denoted as x. In SLAM algorithms, the state
estimation is to solve for the conditional probability distribution P(x|z) of the state x under
the condition that the measurement z is available. According to the definition of conditional
probability and Bayesian law,

P(x|z) = P(x, z)
P(z)

=
P(z|x)P(x)

P(z)
(1)

We can find that the denominator of Equation (1) is independent of the state x. The
posterior probability P(x|z) of P(z)−1 is the same for any state x. Thus, for the simplicity
of formulation, P(z)−1 can be expressed in terms of the normalized variable η. The above
equation turns into

P(x|z) = ηP(z|x)P(x) (2)

In the equation above, P(z|x) is the likelihood and P(x) is the prior probability. Solving
for x to maximize the posterior probability can be expressed as

x∗MAP = argmaxP(z|x)P(x) (3)

In an unknown environment with no prior information, the maximum likelihood estimate
of x can be solved. The equation is as follows.

x∗MLE = arg max P(z|x) (4)

The maximum likelihood estimate in the above equation can be intuitively understood
as the state under which the available measurements are most likely to be obtained. The
maximum likelihood estimation can be solved by least squares. For the visual SLAM
problem in this work, the poses of the camera are represented in the form of a Lie algebra.
The optimization problem for the poses can be formulated as finding the optimal camera
pose that minimizes the reprojection error, i.e.,

ξ∗ = arg min
ξ

1
2

n

∑
i=1

ρ

∥∥∥∥ui −
1
si

K exp
(
ξ∧
)

Pi

∥∥∥∥2

2
(5)

In the above equation, ξ is the Lie algebraic form of the camera pose. ui denotes the
pixel coordinates of the i-th spatial point in the image. si denotes the scale. K denotes
camera intrinsics. Pi denotes 3D coordinates of spatial points. ρ denotes robust kernel
functions. Similarly, the optimization of the poses and map points optimization can be
expressed as follows.
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(ξ, P)∗ = arg min
ξ,P

1
2

m

∑
i=1

n

∑
j=1

ρ

∥∥∥∥∥uj −
1
sj

K exp
(
ξ∧i
)

Pj

∥∥∥∥∥
2

2

(6)

As mentioned above, the parameters and error items to be optimized in the least-
squares expression of the SLAM problem correspond to the nodes and edges in the graph
optimization. Considering the complex nonlinear relationship between the reprojection
error of the pixel coordinates in the image and the camera pose and map points, the essence
and core of the problem is a nonlinear least-squares problem. The relationship between
reprojection and camera poses and map points will be described in detail in Section 3.3
during the derivation of the Cramér–Rao lower bound for the localization uncertainty.

3.2. Cramér–Rao Lower Bound and Fisher Information Matrix

Assuming that the probability density function p(z; θ) satisfies the regularity condition,
where z denotes the measurement and θ denotes the estimated parameter, i.e., ∀θ,

E
[

∂ ln p(z; θ)

∂θ

]
= 0 (7)

Then, the covariance for any unbiased estimation θ̂ will always satisfy the
following inequality.

Cov(θ̂) ⪰ I−1(θ) (8)

I−1(θ) in Equation (8) is Cramér–Rao Lower Bound, and it equals the inverse of the
Fisher Information Matrix. The equation above indicates that Cov(θ̂)− I−1(θ) is positive
semi-definite, where I(θ) is the Fisher Information Matrix, defined as follows.

I(θ) = −E
[

∂2 ln p(z; θ)

∂θ2

]
(9)

The lower bound determines the lower limit of the covariance of the unbiased estima-
tion. In the case that the measurements are independent of each other and obey the same
zero-mean Gaussian distribution N

(
0, σ2), the Fisher Information Matrix can be written in

the following form.

I(θ) = JT(θ)Cov−1(z)J(θ) (10)

In the above equation, Cov(z) is the covariance matrix of the measurements and J(θ)
is the Jacobian matrix consisting of the partial derivatives of the measurements with respect
to the estimated parameters, i.e.,

J(θ) =
∂z
∂θ

(11)

Due to the assumption of independent identical distribution, Equation (10) can be further
simplified as

I(θ) =
1
σ2 JT(θ)J(θ) (12)

It is notable that the nonlinear maximum likelihood estimation is usually biased, but
as the amount of Fisher Information increases, the bias also tends to decrease. Due to
the rich theoretical implications of the Fisher Information Matrix, it is widely used in
different applications, such as the Theory of Optimal Experimental Design (TOED) [27],
Active SLAM [28], and information selection [20], etc. In [17], due to the different noise
assumptions, the noise for the rotation part is different from the Gaussian noise, and
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Equation (12) may not be suitable. Thus, the rigorous CRLB is derived based on the
assumption of zero-mean isotropic Langevin noise for orientation and block-isotropic
Gaussian noise. In this work, we assume that the measurements (reprojection errors) are
independent of each other and follow a Gaussian distribution, so that the Fisher Information
Matrix takes the form of Equation (12). Given the variance of measurements, it is sufficient
to calculate the Jacobian matrix of the reprojection error of pixel coordinates with respect to
the poses and map points. The detailed derivation is presented in Section 3.3.

3.3. Cramér–Rao Lower Bound of Uncertainty for Visual SLAM with Stereo Camera

In the SLAM algorithm of this work, the uncertainty of the algorithm mainly lies
in two aspects; one is the uncertainty of camera poses and the other is the uncertainty
of map points. This section focuses on deriving the Jacobian matrix of the stereo visual
SLAM reprojection error with respect to the poses and map points and then deriving the
Cramér–Rao lower bound on the uncertainty of stereo visual SLAM with the help of the
Fisher Information Matrix. The sensor mainly used in this system is a stereo camera.

Consider the coordinate of the spatial point in the world coordinate system as
Pw(Xw, Yw, Zw). Then, transform the point to the camera coordinate system with the
coordinate Pc(Xc, Yc, Zc). The following relationships can be derived from the camera
projection model.

u = fx
Xc

Zc
+ cx (13)

v = fy
Yc

Zc
+ cy (14)

ur = fx
Xc

Zc
+ cx −

b f
Zc

(15)

In the equations above, u and v are the coordinates of the pixel points corresponding to
the left camera. ur indicates the horizontal coordinate of the pixel point corresponding to the
right camera. Denote the reprojection error of (u, v, ur) as e. Multiplying a perturbation δξ

left for ξ∧ and considering the partial derivative of the error with respect to the perturbation,
using the chain law, we can obtain

∂e
∂δξ

=
∂e

∂Pc

∂Pc

∂δξ
= J(ξ) (16)

The equation above is the Jacobian matrix for the pose optimization, where

∂e
∂Pc

= −


∂u

∂Xc
∂u
∂Yc

∂u
∂Zc

∂v
∂Xc

∂v
∂Yc

∂v
∂Zc

∂ur
∂Xc

∂ur
∂Yc

∂ur
∂Zc

 = −


fx
Zc

0 − fxXc
Z2

c

0 fy
Zc

− fyYc

Z2
c

fx
Zc

0 − fxXc−b f
Z2

c

 (17)

∂Pc

∂δξ
=
[
I3×3,−P∧

c
]

(18)

The projection model of (u, v, ur) in Equations (16)–(18) can be found in Equations (13)–(15),
respectively.

To optimize the map points, the partial derivative of the error item with respect to the
map points is calculated, i.e.,

∂e
∂Pw

=
∂e

∂Pc

∂Pc

∂Pw
= J(Pw) (19)

The equation above is the Jacobian matrix for map point optimization, where
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∂Pc

∂Pw
=

∂(RPw + t)
∂Pw

= R (20)

At this point, two Jacobian matrices, which are extremely essential for the optimization
of stereo visual SLAM poses and map points, are derived. Meanwhile, the above Jacobian
matrix is crucial for the derivation of the Cramér–Rao Lower Bound on the uncertainty of
stereo visual SLAM as well.

Let the covariance matrix of the pixel reprojection error be Σuvr. Then, the Fisher
Information Matrix regarding the pose optimization is as follows.

I(ξ) = JT(ξ)Σ−1
vvr J(ξ) (21)

Similarly, Equation (22) denotes the Fisher Information Matrix regarding the map points
optimization.

I(Pw) = JT(Pw)Σ−1
wv J(Pw) (22)

Under the definition of the Cramér–Rao Lower Bound, the Cramér–Rao Lower Bound
for poses uncertainty is I−1(ξ), and the Cramér–Rao Lower Bound for map points uncer-
tainty is I−1(Pw). By utilizing the relationship between the Cramér–Rao Lower Bound and
the Fisher Information Matrix, the Fisher Information Matrix can be calculated based on the
relationship between the measurement and the variable to be optimized during the SLAM
uncertainty evaluation, and the uncertainty in the current state can be evaluated using
appropriate metric criteria. Several optimality criteria are introduced in the next section.

3.4. Optimality Criteria

In terms of quantifying uncertainty, Kiefer found, on the basis of TOED, that there
exists a series of mappings [29], i.e.,

∥Σ∥p → R (23)

The mapping depends mainly on the parameters p.

∥Σ∥p ≜
(

1
l

trace(Σp)

) 1
p

(24)

where l denotes the dimension of the state to be estimated and Σ ∈ Rl×l the covariance ma-
trix that measures the uncertainty of the system, which is a symmetric positive semi-definite
matrix. As mentioned before, the Cramér–Rao Lower Bound of this matrix is the inverse of
the corresponding Fisher Information Matrix. In the quantitative analysis of uncertainty in
this work, we focus on quantifying the Cramér–Rao Lower Bound of uncertainty.

Equation (24) can be transformed according to the value of p, as shown in the follow-
ing equation.

∥Σ∥p =

 p
√

1
l trace(Σp) 0 < |p| < ∞

det(Σ)
1
l p = 0

(25)

Using the matrix power property, the above equation can also be expressed as

∥Σ∥p =


(

1
l ∑l

k=1 λ
p
k

) 1
p 0 < |p| < ∞

exp
(

1
l ∑l

k=1 log(λk)
)

p = 0
(26)

where λk is the eigenvalues of the matrix.



Aerospace 2025, 12, 642 8 of 25

The above quantitative representation of uncertainty is essentially a function of the
eigenvalues of the covariance matrix. From Equation (26), several commonly used optimal-
ity criteria for evaluating uncertainty can be deduced.

(1) T-opt criterion (p = 1): Calculate the mean of the covariance, denoted by the trace
of the normalized covariance matrix. The metric is easy to compute and the computational
burden is small, but large eigenvalues may have a large impact on the whole metric, so it
provides similar results to evaluating only the largest eigenvalues.

T − opt ≜
1
l

l

∑
k=1

λk (27)

(2) A-opt criterion (p = −1): Calculate the summed mean of the covariance. The
criterion is sensitive to outliers whose values are much smaller than the rest of the data,
different from the T-opt criteria, which ignores these outliers, but the A-opt criterion is
insensitive to extremely large outliers.

A − opt ≜

(
1
l

l

∑
k=1

λ−1
k

)−1

(28)

(3) D-opt criterion (p = 0): Calculate the volume of the whole variance (hyper) ellip-
soid. The name of the criterion is derived from its covariance determinant formulation.
Moreover, this criterion is the only one with monotonicity under both absolute and differ-
ential representations.

D − opt ≜ exp

(
1
l

l

∑
k=1

log(λk)

)
= exp

(
1
l

log(det(Σ))
)

(29)

In this work, the Cramér–Rao Lower Bound for the Fisher Information Matrix and the
covariance matrix can be derived based on the relationship between the measurement and
the state to be estimated. Moreover, the uncertainty can be measured with the above crite-
rion. However, as the number of variables and measurements to be optimized increases, i.e.,
the graph optimization structure becomes more complex, the computational burden of the
Fisher Information Matrix increases. Therefore, a Fisher Information-based measurement
information selection method and a local beam leveling optimization method are proposed
in this work to pick out the map point measurement with greater contribution and to ensure
the localization performance of the system while improving the computational efficiency.

4. Method
4.1. System Overview

The framework of the system can be seen in Figure 1. First, the measurement uncer-
tainty based information selection is proposed in both front-end and back-end of the SLAM
pipeline to find out measurements with high contribution, which improves computational
efficiency. Second, the local state uncertainty based perception-aware active loop closing
planning method is proposed to plan a trajectory that facilitates the improvement of lo-
calization accuracy. Different to our previous in [30], in this work, optimality criteria are
introduced to quantify the uncertainty of the local state. Moreover, we define a general-
ized unary node to consider the poses and map points in the local BA as a whole state.
Additionally, the binary edge connecting the states in the local BA becomes a generalized
unary edge. The purpose is to fix the dimension of the state when calculating uncertainty
and to avoid a sharp increase in the dimension of the Fisher Information Matrix due to the
increase in nodes, which significantly improves the computational efficiency of the system.
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Figure 1. Framework of system.

4.2. Information Selection Considering Measurement Uncertainty
4.2.1. Odometry Information Selection Considering Measurement Uncertainty

In the front-end visual odometry, feature point matching is first carried out between
the current image frame and the key frame. After the corresponding feature points are
obtained, the least-squares problem shown in Equation (5) is constructed by taking the pose
between two image frames as the state to be optimized, and the camera pose corresponding
to the current image frame is optimized by the graph optimization method. As described
in Section 3.1, in this optimization process, the node is the camera pose corresponding to
the current image frame, and the edge is the unary edge composed of reprojection errors
corresponding to a number of map points. In a MAV search and rescue scenario, the current
image may match several features. The practice of constructing measurement based on the
reprojection error of each feature point affects the computational efficiency of the front-end
visual odometry in the case of many feature points. Therefore, an odometry information
selection method considering measurement uncertainty is designed in this section. Firstly,
based on the edges composed of the measurements from the matched feature points, the
Fisher Information Matrix corresponding to that edge and the Cramér–Rao Lower Bound of
uncertainty are calculated, and the uncertainty of that measurement is quantified according
to the metric criterion in Section 3.4. Secondly, since the feature points are extracted from
the ORB features with an image pyramid; the pyramid is divided into seven layers, and
each layer corresponds to a different variance of the feature point positions. Considering
that the image coordinates u and v of each feature point position are independent of each
other, the uncertainty of the feature point position can be represented by the covariance
matrix. The covariance is generally determined based on the pyramid level where the
feature points are extracted. Specifically, when extracting ORB features, each level of the
image pyramid is reduced to a scale of s. Following the framework of ORB-SLAM2 [26],
we assume that the standard deviation of the 0th level is p pixels. Then, the covariance
matrix of the reprojection error of a feature extracted at the nth level of the pyramid can be
expressed as follows.

ΣM = (sn × p)2

[
1 0
0 1

]
(30)
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The D-opt criterion is used to quantify the measurement uncertainty. Measurements
with uncertainty greater than a certain threshold are filtered out in each layer based on
Fisher Information and are not included in the process of pose optimization, because
such measurements do not contribute much to the current pose estimation. The Fisher
Information Matrix corresponding to this process is as follows.

I(ξ) =
(

∂ei
∂ξ

)T
Σ−1
(ui ,vi)

∂ei
∂ξ

(31)

where ξ denotes camera pose.
By adopting the method above, the efficiency of front-end odometry pose estimation

can be improved while ensuring localization accuracy. The process of odometry information
selection algorithm considering measurement uncertainty is shown in Algorithm 1.

Algorithm 1 odometry information selection algorithm considering measurement uncertainty

Input: initial pose ξ, set of edges UE, coordinates of feature point positions (ui, vi), variance
of feature points σ2

j , uncertainty quantification threshold ThD−opt

Output: set of selected edges UEs
1: Initialize UEs = ∅
2: for all ei ∈ UE do
3: Determine the variance σ2

j according to the coordinates (ui, vi) of the position of the
feature point corresponding to ei

4: Calculate the Fisher Information Matrix I(ξ) and the Cramér-Rao Lower Bound
I−1(ξ) for uncertainty following Equation (31)

5: The D-opt criterion is used to calculate the uncertainty quantitative metric mD−opt of
the measurement ei following Equation (29)

6: if mD−opt < ThD−opt then
7: UEs = UEs ∪ {ei}
8: end if
9: end for

4.2.2. Local BA Information Selection Considering Measurement Uncertainty

The front-end odometry estimates the relative poses between the two image frames
based on the feature points matched between the current image frame and the key frame,
together with the reprojection error of the feature points. Further, the estimation of the
current pose is achieved by means of dead reckoning. However, the localization error
of this approach will inevitably accumulate gradually over time due to the presence of
measurement noise. Therefore, when new keyframes appear, the bundle adjustment
method is first adopted to optimize the local poses and map points so as to obtain more
accurate poses and map information. As mentioned in Section 3.1, the optimization
process optimizes both the map points and the camera poses. Considering that there are
more measurements in the local BA, a local BA information selection method considering
measurement uncertainty is proposed in this section. Among the numerous measurements,
similar to Section 4.2.1, measurements with uncertainty greater than a certain threshold are
filtered out based on the Fisher Information Matrix and the optimality criteria. Different to
the situation in Section 4.2.1, a number of poses and map points are optimized at the same
time; the uncertainties caused by the measurements for both the poses and the map points
need to be considered simultaneously. The Fisher Information Matrix is as follows.

I
(
ξ j, Pk

)
=


(

∂ei
∂ξ j

)T
Σ−1
(uk ,vk)

∂ei
∂ξ j

(
∂ei
∂ξ j

)T
Σ−1
(uk ,vk)

∂ei
∂Pk(

∂ei
∂Pk

)T
Σ−1
(uk ,vk)

∂ei
∂ξ j

(
∂ei
∂Pk

)T
Σ−1
(uk ,vk)

∂ei
∂Pk


9×9

(32)
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where, ξ j denotes camera pose, and Pk denotes the spatial position of feature points. The
above measurement information selection method can improve the efficiency of the calcu-
lation of camera poses and map point optimization in the process of local BA optimization.
The process of local BA information selection algorithm considering measurement uncer-
tainty is shown in Algorithm 2.

Algorithm 2 local BA information selection algorithm considering measurement uncertainty

Input: initial pose and map point ξ j Pk, set of edges BE, coordinates of feature point in
key frames (uk, vk), variance of feature points σ2

l , uncertainty quantification threshold
ThD−opt

Output: set of selected edges BEs
1: Initialize BEs = ∅
2: for all ei ∈ UE do
3: Determine the variance σ2

l according to the coordinates (uk, vk) of the position of the
feature point corresponding to ei

4: Calculate the Fisher Information Matrix I(ξ j, Pk) and the Cramér-Rao Lower Bound
I−1(ξ j, Pk) for uncertainty following Equation (32)

5: The D-opt criterion is used to calculate the uncertainty quantitative metric mD−opt of
the measurement ei following Equation (29)

6: if mD−opt < ThD−opt then
7: BEs = BEs ∪ {ei}
8: end if
9: end for

4.3. Perception-Aware Active Loop Closing Planning Considering Local State Uncertainty

The method proposed in the previous section highlights the importance of Fisher
Information in measurement information selection, and in this section, we explore the
application of Fisher Information in planning and decision-making from the perspective of
search and rescue MAV exploration and planning. The active loop closing planning method
considering local state uncertainty (U-ALCP) is proposed in this section by utilizing Fisher
Information and optimality criteria for the representation and quantification of uncertainty
in local BA optimization, which is an active SLAM method further combining the SLAM
algorithm and planning algorithm.

4.3.1. Definition of Generalized Unary Node and Generalized Unary Edge in Local BA

As can be seen from the description above, in the local BA optimization, the edge
connecting the camera poses and the map feature points is a binary edge since the camera
poses and map feature points are optimized simultaneously. With the continuous addition
of key frames, there are more and more pose nodes and map points in the local map.
When representing uncertainties with the Fisher Information Matrix, classifying poses and
map points separately as states will cause the dimensionality of the Fisher Information
Matrix to increase rapidly, resulting in an exponential increase in the computational burden.
Therefore, in order to reduce the computational burden, in this section, all the states (i.e.,
camera pose, map feature points) in the local BA optimization are regarded as a whole,
which is defined as a generalized node, and the binary edge connecting the camera pose
and map feature points becomes a unary edge connecting the interior of the states, which
is defined as a generalized unary edge in this work. The schematic diagram of generalized
nodes and generalized unary edges is shown in Figure 2. In this way, the dimensionality
of the Fisher Information Matrix, which represents the SLAM uncertainty, is fixed and is
equal to the dimensionality of the camera poses together with the dimensionality of the
map points. In this work, all the states in local BA optimization are considered as a whole
when quantifying the uncertainty to decrease the computational burden. The local BA
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optimization process is not simplified when estimating pose; thus, the accuracy of the pose
estimation can be guaranteed.

Figure 2. Schematic diagram of generalized nodes and generalized unary edges.The orange circles
are nodes that indicate position of map points, the blue triangles are nodes that indicate camera poses,
the dotted lines are generalized unary edges that indicate relative pose error, and the dashed lines are
generalized unary edges that indicate reprojection error.

4.3.2. Uncertainty Representation of Local States

According to the definition of the generalized unary edge above, the Fisher Information
Matrix is divided into the following two parts.

(1) Camera pose uncertainty

I(ξ)BA =
N

∑
i=1

(
∂ei
∂ξ j

)T

Σ−1
(uk ,vk)

∂ei
∂ξ j

(33)

(2) Map point uncertainty

I(P)BA =
N

∑
i=1

(
∂ei
∂Pk

)T
Σ−1
(uk ,vk)

∂ei
∂Pk

(34)

From Equations (33) and (34), the complete Fisher Information Matrix representing
the local state uncertainty can be obtained as shown in Equation (35).

I(ξ, P)BA = I(ξ)BA ∑N
i=1

(
∂ei
∂ξ j

)T
Σ−1
(uk ,vk)

∂ei
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∑N
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(
∂ei
∂Pk

)T
Σ−1
(uk ,vk)

∂ei
∂ξ j

I(P)BA


9×9

(35)
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4.3.3. Active Loop Closing Strategy Considering Local State Uncertainty

The D-opt criterion is adopted to quantify the uncertainty of camera poses, map points,
and the whole local state in local BA optimization, respectively. Also, the uncertainty of
local maps can be analyzed. When the local state uncertainty at a certain moment is greater
than a certain threshold, an active loop closing strategy is performed to further reduce the
state uncertainty. The flow of the active loop closing planning algorithm considering local
state uncertainty is shown in Algorithm 3. More detail about active loop closing, best node,
and key way point selection can be found in our previous work [30].

Algorithm 3 Active loop closing planning algorithm considering local state uncertainty

Input: best node nbest, initial pose and map point ξ j Pk, set of selected edges BEs, coordi-
nates of feature point in key frames (uk, vk), variance of feature points σ2

l , uncertainty
quantification threshold ThD−opt

Output: active loop closing flag bFlaglc, planned path ϵ
1: Select key waypoint according to nbest
2: Save key waypoint as wpkey
3: List wpkey as candidate active loop closing waypoints
4: if wpkey ̸= ∅ then
5: bFlaglc = true
6: end if
7: for all ei ∈ BEs do
8: Determine the variance σ2

l according to the coordinates (uk, vk) of the position of the
feature point corresponding to ei

9: Calculate the Fisher Information Matrix I(ξ, P)BA and the Cramér-Rao Lower Bound
I−1(ξ, P)BA for uncertainty following Equation (35)

10: The D-opt criterion is used to calculate the local state uncertainty quantitative metric
MD−opt following Equation (29)

11: end for
12: if (mD−opt > ThD−opt and bFlaglc = true) then
13: Perform active loop closing planning to find the path ϵ
14: end if

5. Results and Analysis
5.1. Experimental Settings and Sensors Configuration

In this section, the information selection method considering measurement uncertainty
proposed in this work are evaluated. Moreover, the effects of camera pose uncertainty,
map point uncertainty, and complete local state uncertainty on active loop closing planning
are compared and analyzed in detail. For simulation environments, a flight simulation in
different scales and environments is performed based on the Gazebo simulator [31] to test
the real-time performance and localization accuracy of the proposed method. The RotorS
simulator [32] equipped with the sensors of IMU and stereo camera is used to provide the
parameters of the MAV. Both indoor and outdoor scenarios are shown in Figure 3, where
the medium-scale scenario is part of the large-scale scenario. Moreover, DJI-M600 (DJI,
Shenzhen, China) and the equipped sensor ZED2 stereo camera (StereoLabs, San Francisco,
CA, USA) (Figure 4) are used for data collection in field tests. Algorithms in different
scenarios were tested and verified on a computer with an Inter Core i7-10750H CPU at
2.6 GHz, a GTX1660Ti GPU, and 16 GB of RAM.
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Figure 3. Small-scale (top), middle-scale (middle), and large-scale (bottom) scenarios.

Figure 4. DJI-M600 for field tests.
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5.2. Results for Information Selection Considering Measurement Uncertainty
5.2.1. Visual Odometry Measurement Information Selection

In this section, validation of the visual odometry measurement information selec-
tion method is carried out with simulation data collected from Next-Best-View Planner
(NBVP) [33] and Active Loop Closing Planner (ALCP) [30] planning methods. The methods
proposed in this work that consider measurement and state uncertainty are denoted as
U-NBVP and U-ALCP, respectively.

According to the uncertainty quantification metric, the appropriate threshold value can
be determined, and the measurement over the threshold value will be discarded, which can
improve the computing efficiency of the visual odometry tracking module. The threshold
can be adjusted depending on the scenario. In this work, we first test NBVP and ALCP
methods in different scenarios and then quantify the measurement uncertainty. Taking the
small-scale scenario, for instance, the uncertainty quantification curves of the measurement
information with NBVP and ALCP algorithms before information selection are shown in
Figures 5 and 6. The horizontal coordinates of the figure are the number of measurement
information (number of edges) and the vertical coordinates are the quantitative metrics
of the D-opt criterion. Subsequently, thresholds are selected based on the performance
of existing algorithms for the proposed method in this work. Five times the mean value
of the uncertainty metric was selected as the threshold value. Such a threshold selection
strategy is able to eliminate some of the measurement information with high uncertainty
without eliminating too many measurements, which could affect the accuracy of the
pose estimation. Specifically, in scenarios with a priori information, the properties of the
uncertainty quantitative metric can be selected according to the peak and mean value.
In unknown scenarios without a priori information, the uncertainty quantitative metric
can be determined based on the mean value of measurements during the initial stage of
tracking process. Generally, the threshold value is chosen to be 5–8 times the mean value.
The visual odometry measurement uncertainty quantification thresholds for measurement
information selection in different scenarios are shown in Table 1. The time consumption of
the tracking module before and after adopting the odometry information selection method
in different scenarios is compared with the above thresholds, which is shown in Table 2. A
comparison of the absolute trajectory root mean square error (RMSE) and mean error in
different scenarios can be seen in Table 3.

0 2 4 6 8 10 12

Number of Measurement 10
6

0

1

2

3

4

5
10

7

D-opt criterion

Figure 5. Visual odometry measurement uncertainty quantification curve (small-scale, NBVP).
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Figure 6. Visual odometry measurement uncertainty quantification curve (small-scale, ALCP).

From the graphs above, we can find that after the adoption of the odometry measure-
ment information selection method in different scenarios, the computing efficiency of the
front-end odometry tracking module is improved. Meanwhile, the localization accuracy is
equivalent to that before the information selection, as the contribution of the measurement
information removed after the selection is relatively small.

Table 1. Uncertainty quantification thresholds for odometry measurement information selection in
different scenarios.

Scenarios
U-NBVP U-ALCP

Uncertainty Threshold Uncertainty Threshold

small-scale 1.5 × 107 1 × 107

middle-scale 4 × 107 4 × 107

large-scale 1 × 108 1 × 108

Table 2. Comparison of tracking time-consuming performance before and after the adoption of
odometry informaiton selection method in different scenarios.

Scenarios Method Information Median Tracking Mean Tracking
Selection Time (ms) Time (ms)

small-scale

NBVP × 48.68 50.33
U-NBVP(ours) ✓ 45.74 47.43

ALCP × 44.93 46.32
U-ALCP(ours) ✓ 44.08 45.72

medium-scale

NBVP × 50.72 53.79
U-NBVP(ours) ✓ 48.80 50.90

ALCP × 49.34 52.15
U-ALCP(ours) ✓ 47.72 50.31

large-scale

NBVP × 53.21 56.13
U-NBVP(ours) ✓ 50.76 54.01

ALCP × 52.28 55.83
U-ALCP(ours) ✓ 50.37 53.15
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Table 3. Comparison of absolute trajectory RMSE and mean error before and after odometry mea-
surement information selection in different scenarios (v = 0.2 m/s).

Scenarios Method Information RMSE (m) Mean (m)Selection

small-scale

NBVP × 3.25 2.56
U-NBVP(ours) ✓ 3.29 2.51

ALCP × 3.21 2.87
U-ALCP(ours) ✓ 3.21 2.88

medium-scale

NBVP × 2.32 1.78
U-NBVP(ours) ✓ 2.35 1.76

ALCP × 1.00 0.91
U-ALCP(ours) ✓ 0.94 0.95

large-scale

NBVP × 4.89 3.66
U-NBVP(ours) ✓ 4.86 3.70

ALCP × 3.45 3.49
U-ALCP(ours) ✓ 3.45 3.50

5.2.2. Local BA Measurement Information Selection

Similar to Section 5.2.1, validation of the local BA measurement information selection
method is carried out with simulation data collected from NBVP and ALCP planning
methods. Taking a small-scale scenario for instance, the uncertainty quantification curves
of the measurement information with NBVP and ALCP algorithms before information
selection are shown in Figures 7 and 8. The horizontal coordinates of the figure are the
number of measurement information (number of edges) and the vertical coordinates are
the quantitative metrics of the D-opt criterion.
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Figure 7. Local BA measurement uncertainty quantification curve (small-scale, NBVP).
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Figure 8. Local BA measurement uncertainty quantification curve (small-scale, ALCP).

The selection strategy of the uncertainty threshold is consistent with Section 5.2.1. In
this work, the local BA measurement uncertainty quantification thresholds for measurement
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information selection in different scenarios are shown in Table 4. The time-consuming
performance of the tracking module before and after the adoption the local BA informaiton
selection method in different scenarios is compared with the above thresholds, which is
shown in Table 5. A comparison of the absolute trajectory RMSE and mean error in different
scenarios can be seen in Table 6.

Table 4. Uncertainty quantification thresholds for local BA measurement information selection in
different scenarios.

Scenarios
U-NBVP U-ALCP

Uncertainty Threshold Uncertainty Threshold

small-scale 0.1 0.1

middle-scale 2 2

large-scale 4.5 4.5

Table 5. Comparison of tracking time-consuming performance before and after the adoption of local
BA information selection method in different scenarios.

Scenarios Method Information Median Tracking Mean Tracking
Selection Time (ms) Time (ms)

small-scale

NBVP × 105.78 157.65
U-NBVP(ours) ✓ 99.26 148.23

ALCP × 91.56 139.59
U-ALCP(ours) ✓ 80.26 120.02

medium-scale

NBVP × 199.85 279.61
U-NBVP(ours) ✓ 184.20 270.62

ALCP × 159.82 227.05
U-ALCP(ours) ✓ 123.97 175.09

large-scale

NBVP × 191.45 257.11
U-NBVP(ours) ✓ 169.49 201.20

ALCP × 186.92 203.04
U-ALCP(ours) ✓ 163.28 190.77

Table 6. Comparison of absolute trajectory RMSE and mean error before and after local BA measure-
ment information selection in different scenarios (v = 0.2 m/s).

Scenarios Method Information RMSE (m) Mean (m)Selection

small-scale

NBVP × 3.25 2.56
U-NBVP(ours) ✓ 3.26 2.56

ALCP × 3.21 2.87
U-ALCP(ours) ✓ 3.27 2.90

medium-scale

NBVP × 2.32 1.78
U-NBVP(ours) ✓ 2.19 1.76

ALCP × 1.00 0.91
U-ALCP(ours) ✓ 0.79 0.85

large-scale

NBVP × 4.89 3.66
U-NBVP(ours) ✓ 4.82 3.70

ALCP × 3.45 3.49
U-ALCP(ours) ✓ 3.43 3.55
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The comparison of the time-consuming performance and localization accuracy of the
local BA optimization before and after the measurement information selection method in
the graphs above indicates that after the adoption of the local BA optimization measurement
information selection method in different scenarios, the computing efficiency of the back-
end local BA optimization is improved. Meanwhile, the localization accuracy is equivalent
to that before information selection.

5.3. Results for Active Loop Closing Planning Considering Local State Uncertainty

In this section, the local state uncertainty of the collected data is first quantified and
analyzed. On the basis of the analysis results, the uncertainty threshold for performing
active loop closing planning is determined. The active loop closing planning method
considering local state uncertainty proposed in Section 4.3 is validated in the same scenario,
and the effects of pose uncertainty and map point uncertainty on the active loop closing
strategy and localization results are analyzed in detail.

Figures 9–11 show the quantification curves of the pose uncertainty, map point un-
certainty, and state uncertainty considering both pose and map feature points, for small-
scale scenarios with the NBVP method. Similarly, Figures 12–14 show the curves with
ALCP method.
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Figure 9. Local pose uncertainty quantification curve (small-scale, NBVP).
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Figure 10. Local map point uncertainty quantification curve (small-scale, NBVP).
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Figure 11. Local pose and map point uncertainty quantification curve (small-scale, NBVP).
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Figure 12. Local pose uncertainty quantification curve (small-scale, ALCP).
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Figure 13. Local map point uncertainty quantification curve (small-scale, ALCP).
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Figure 14. Local pose and map point uncertainty quantification curve (small-scale, ALCP).

5.4. Field Tests

To further analyze the spread of localization error when the active loop closing is not
available, data collection and localization error analysis were conducted in the corridor
of the building using DJI-M600 and stereo visual sensor ZED2. Due to the specificity of
the building corridor structure, the algorithm is verified by performing active loop closing
and not performing active loop closing at the turnoffs of the building corridor, respectively.
The curves for the two sets of tests are shown in Figure 15 below. The green curve in the
figure indicates the localization trajectory without active loop closing, and the blue one
indicates the localization trajectory with active loop closing. The details of the test method
are as follows.

In the first group of tests without active loop closing, the end point and the starting
point are separated by 55 square bricks with a side length of 60 cm, so the reference value
of the distance between the starting point and the end point is 33 meters. In the second set
of tests, the building turnoff was closer to the starting point, so it returned to the starting
point for an active loop closing, with a reference value of 0 m for the distance between
the starting point and the end point. The estimated value of the distance between the end
point and the starting point of the first group is 41.17 m, with an error of 8.17 m. The
distance of movement was about 177 m, and the percentage of error at the end point is
4.61%. Meanwhile, the estimated value of the distance between the end point and the
starting point of the first group is 3.31 m, with an error of 3.31 m. The distance of movement
was about 210 m, and the percentage of error at the end point is 1.58%. Therefore, this test
verifies that the adoption of active loop closing can effectively slow down the error spread,
which is good for the improvement of localization accuracy.

Figure 15. Trajectory with/without active loop closing in field test.
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5.5. Discussion

On the basis of the uncertainty quantification curves in Figures 9–14, the following
two aspects can be discussed in detail. On one hand, in terms of the estimated state,
there are several points with large values in the curve when considering part of the state
(camera poses or map points) separately or considering the state uncertainty of camera
poses and map points simultaneously, which means that the state uncertainty of the local
map is relatively large after local BA optimization. Thus, active loop closing planning
can be performed at this point. On the other hand, in terms of the planning strategy, the
uncertainty is not significantly reduced after the adoption of the ALCP method if only
the uncertainty quantification metrics of the camera or map feature points are considered.
However, the uncertainty of the camera poses and map points (Figure 14) is smaller when
compared to the NBVP method (Figure 11). Although there are still a small number of
curve points with high uncertainty, most of the uncertainty is relatively small. Moreover,
for the four uncertainty peaks that occur between the 150th and 200th optimizations in
Figure 14, the number of uncertainty peaks can be further reduced by using the local state
uncertainty-based active loop closing strategy presented in this work.

The above analysis shows that after the active loop closing planning, the uncertainty
of local poses and map feature points as a whole tends to decrease more obviously than
that of simply considering the camera or map feature points; the reason is that the local
BA optimization integrates all the states to be optimized and optimizes them as a whole.
Therefore, in the validation of the local state uncertainty based active loop closing planning
method proposed in this paper, both the pose and map point uncertainties will be consid-
ered, and the overall uncertainty quantification metric will be applied as the reference for
active loop closing planning.

Similar to our previous work in [30], when adopting local state uncertainty based active
loop closing strategy, it is necessary to determine the uncertainty quantification threshold
and then perform active loop closing planning when the uncertainty is greater than the
threshold. Different to [30], in this work, we include an uncertainty evaluation criterion in
deciding whether active loop closing is required. The D-opt criterion is used for uncertainty
evaluation in this work. Five times the mean value of the uncertainty metric was selected
as the threshold value. In unknown scenarios without a priori information, the uncertainty
quantitative metric can be determined based on the mean value of measurements during
the initial stage of exploration process. Generally, the threshold value is chosen to be
5–8 times the mean value. Such a threshold selection strategy enables active loop closing
planning when uncertainty is high, while not being too frequent to compromise exploration
efficiency. Hence, the uncertainty quantification thresholds used for active loop closing
planning are shown in Table 7. A comparison of the absolute trajectory RMSE and mean
error in different scenarios with the adoption of the active loop closing strategy is shown in
Table 8.

Table 7. Uncertainty quantification thresholds used for active loop closing planning in different scenarios.

Scenarios
U-NBVP U-ALCP

Uncertainty Threshold Uncertainty Threshold

small-scale 0.005 0.004

middle-scale 0.015 0.01

large-scale 0.18 0.15
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Table 8. Comparison of absolute trajectory RMSE and mean error before and after the adoption of
active loop closing strategy in different scenarios (v = 0.2 m/s).

Scenarios Method Active Uncertainty RMSE (m) Mean (m)Loop Closing Quantification

small-scale

NBVP × × 3.25 2.56
U-NBVP(ours) ✓ ✓ 3.23 2.51

ALCP ✓ × 3.21 2.87
U-ALCP(ours) ✓ ✓ 3.21 2.88

medium-scale

NBVP × × 2.32 1.78
U-NBVP(ours) ✓ ✓ 2.19 1.67

ALCP ✓ × 1.00 0.91
U-ALCP(ours) ✓ ✓ 0.79 0.85

large-scale

NBVP × × 4.89 3.66
U-NBVP(ours) ✓ ✓ 4.33 3.54

ALCP ✓ × 3.45 3.49
U-ALCP(ours) ✓ ✓ 3.18 3.36

From the above diagram, we can find that, on one hand, the uncertainty thresholds
vary in different scenarios, when adopting the local state uncertainty-based method for
active loop closing planning. Generally speaking, the larger the scale of the scenario,
the larger the state uncertainty, which needs to be selected adaptively according to the
practical application scenarios. On the other hand, the adoption of the uncertainty quantifi-
cation metric makes the uncertainty further reduced and the localization accuracy further
improved during the MAV search and rescue process.

6. Conclusions
A visual active SLAM method considering measurement and state uncertainty for

space exploration with a stereo camera is presented in this work. The Cramér–Rao Lower
Bound for the localization uncertainty of the stereo visual SLAM system is derived with
the benefit of the Fisher Information Matrix. The optimality criteria are introduced as
a quantification metric to evaluate the pose and map point uncertainty in our stereo
visual SLAM system. On this basis, to further improve the efficiency of the algorithm, an
odometry information selection method considering measurement uncertainty is designed
at the front end of the SLAM system, and a local BA optimization information selection
method is designed at the back end to pick out the measurements with small uncertainty for
localization and mapping, which improves the computational efficiency of the system while
ensuring the localization accuracy. Moreover, according to the uncertainty of quantified
local poses and map points, an active loop closing planning method considering local
state uncertainty is proposed to exploit the uncertainty in assisting the space exploration
and decision-making of search and rescue MAVs. Finally, the effectiveness of the method
proposed in this work is verified in several challenging scenarios, which provides a new
idea for the application of uncertainty evaluation in active SLAM. In future work, we could
derive the measurement uncertainty representation under different noise models. Moreover,
multi-MAVs active SLAM could be considered to further improve the performance of the
system in complex scenarios.
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