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Abstract
We investigate the interaction between vibration modes coupled through nonlinear friction effects. Specifically, we consider
the case where the mode shapes differ significantly, resulting in distinct friction cycles at contact interfaces. This scenario is
common in mechanical systems such as bladed disks in turbomachinery, where friction, although localized to a few contact
nodes, plays a key role in energy dissipation and induces strong nonlinearities in the system response. Standard time integra-
tion methods are often inefficient due to the numerical stiffness introduced by the small effect of friction. Harmonic Balance
Methods offer a more efficient alternative and have recently been extended to handle nonlinear friction and two-frequency
forcing. In this work, we present an alternative asymptotic approach based on a multiple scales expansion, yielding a reduced-
order model that captures frictional effects on the slow timescale where they are developed. For the case of two simultaneously
excited modes, the method leads to two coupled amplitude equations, where the influence of nonlinear friction is encoded
through complex-valued functions that describe contact transitions and energy dissipation. The resulting model enables effi-
cient parametric studies and analytical computation of nonlinear resonance curves. Validation on a lumped parameter system
demonstrates good agreement with time-domain simulations and reveals that linear superposition significantly overestimates
the system response.

Keywords Mode interaction · Nonlinear friction · Asymptotic methods · Multiple scales

1 Introduction

The accurate prediction of vibrations in mechanical struc-
tures is important across many engineering fields. Nonlinear
effects, such as friction, complicate this analysis, invalidating
the description of the response as a simple linear superposi-
tion of natural modes. In this work, we analyze nonlinear
vibrations under simultaneous excitation of two different
modes, each with a distinct modal frequency.

Finite Element Method (FEM) models are widely used in
industry to compute structural dynamics. However, typical
FEMmodels containmillions of degrees of freedom (DOFs),
and the presence of nonlinear contact further increases com-
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putational cost. As a result, direct time integration becomes
impractical for analyzing realistic models of engineering
structures.

For this reason, Reduced Order Models (ROMs) are
also used to provide a low-dimensional representation of
a mechanical system while capturing the relevant dynam-
ics. Common ROM methods include Craig-Bampton and
Component-Mode Synthesis techniques [4, 6]. These appro-
aches compute the modal shapes of different structural com-
ponents and combine them to obtain a globally reduced
description of the full assembly.

Nevertheless, these reduced systems still are subject to the
nonlinearities of the problem. Dry friction, present at contact
interfaces, is a highly nonlinear phenomenon. Although the
relative displacements of the contacts are often small, their
influence on the system response through energy dissipation
by friction is very relevant. Even in the reduced problem, this
effect increases numerical stiffness. Therefore, time integra-
tion becomes more difficult due to this stiffness and also
requires solving the equations over many elastic cycles, as
frictional dissipation develops over a long timescale. To
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address this issue, practical formulations of friction elements
have been developed over the years [21, 26, 28] to model
these nonlinearities and obtain results consistent with exper-
iments.

Due to the limitations of time integration strategies for
computing the periodic response of structures under har-
monic loading, Harmonic Balance Methods (HBM) have
been widely adopted [13]. These methods assume a periodic
system response, and transform the differential equations
describing the motion of the system to a set nonlinear alge-
braic equations, where the unknowns are the Fourier coeffi-
cients. The main difficulty lies in computing the nonlinear
terms, which is typically handled using the Alternating-
Frequency-Time (AFT) technique [5]. This approach eval-
uates the nonlinear forces in the time domain and then
transforms them to the frequency domain. Using this frame-
work, HBM has been successfully applied to systems with
various nonlinear friction laws [14, 19, 24], obtaining the
forced response functions.

Standard HBMs typically consider a fundamental fre-
quency and its harmonics. In the presence of external forcing
at multiple frequencies, these methods have been extended
to account for a selected set of harmonics. By including geo-
metric nonlinearities and two known excitation frequencies,
HBM has been successfully used to compute the dynamic
response of various systems [7, 11, 12, 25, 27]. For non-
linear friction laws, recent investigations have introduced
different strategies to evaluate nonlinear forces in the fre-
quency domain [2]. With a priori knowledge of the relevant
harmonics, these extensions provide an effective tool to track
two-frequency solutions. Additionally, by analyzing the sta-
bility of the response curves, bifurcation studies have been
conducted [20].

Despite its widespread use, HBM has some limitations.
By assuming a specific form of the solution, it only captures
a particular response, which may be unstable and may fail to
reveal the stable states of the system, especially when addi-
tional effects are present. For instance, in [9], it is shown
that in the study of nonlinear interaction between flutter and
forced response in a bladed-disk system, states where the
flutter and forcing frequencies interact emerge from the syn-
chronous solution with the forcing, and they could not be
explored directly usingHBM.Moreover, themethod remains
computationally expensive, as it requires solving a large
nonlinear algebraic system for each value of the driving fre-
quency.

For these reasons, asymptotic techniques have received
attention in recent years, since they offer an alternative to
accurately describe the full systemdynamicswithin a specific
regime of interest at a very reduced cost. More importantly,
they highlight the relevant physical parameters that govern
the response of the system,making themverypractical during
design stages of mechanical systems.

The asymptotic model uses multiple scales techniques [3]
to derive an amplitude equation that captures the evolution
of the system’s slow envelope. These methods have been
validated against ROM models [15, 16] and successfully
applied to reproduce experimental results [22] in cyclic sys-
tems, where mode interaction was present but involved very
similar mode shapes due to the flatness of the modal family.
For nonlinear friction forces in themicroslip regime [18], this
approach enables the use of continuation techniques [1] to
characterize the solution space through bifurcation diagrams.
As a result, complex nonlinear dynamics can be captured
without being restricted to periodic solutions [8, 9].

Recently, an extensionof the asymptoticmethodologywas
proposed to derive the amplitude equation directly from a
high-fidelity FEM model including Coulomb friction [23],
demonstrating the potential of these tools for application
to realistic models. The nonlinear vibration of a structure
near a resonance crossing was reduced to a one dimensional
complex differential equation. The frictional contact behav-
ior (including nonlinear transitions between stick, slip, and
gap conditions) was encoded into a single complex friction
function. The shape of this function provided physical insight
into the contact transitions as a function of the excitedmode’s
amplitude.

The goal of this paper is to extend the asymptotic method-
ology to study the simultaneous harmonic excitation of two
different modes in the presence of nonlinear friction. The
system response is expected to differ significantly from the
linear superposition of modes, as nonlinear friction induces
non-trivial interactions between them. We provide a system-
atic procedure to obtain amplitude equations that describe
the evolution of both modal amplitudes.

The paper is structured as follows: first, we develop the
asymptotic method for a generic structure derived from a
FEM model, extending the analysis of the previously intro-
duced single-mode asymptotic model. Then, the method-
ology is validated on a mass-spring model, representing
mode interaction through a nonlinear friction element. The
accuracy of the asymptotic model is assessed against time
integration results, and the nonlinear interaction is compared
to the linear superposition of modes.

2 Methodology

2.1 Problem description

The equations of motion describing the vibrations of a struc-
ture obtained from a FEM model are typically written as

Mẍ + Cẋ + Kx + G(x, ẋ) = F(t), (1)
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where x is the displacement vector,M is the mass matrix, C
the linear damping matrix, and K the stiffness matrix. The
nonlinear forces are contained inG(x, ẋ), andF(t) represents
the external forcing.

The nonlinear forcesG(x, ẋ) typically arise from dry fric-
tion at the contact interfaces of the structure. These forces act
on a small subset of nodes, where the motion is usually much
smaller than the displacements associated with the directly
excited modes. In this regime, an asymptotic methodology
can be applied to analyze the system’s dynamic response,
which consists of elastic harmonic oscillations modulated
slowly by the nonlinear friction forces.

The interaction of modes through the nonlinearity intro-
duced by friction is analyzed by applying an external forcing
of the form

F(t) = FA cos(ω f A t) + FB cos(ω fB t), (2)

where ω f A and ω fB are the forcing frequencies, and FA, FB

are the corresponding forcing vectors. The case of interest
considers both frequencies near two distinct resonances of
the system, each associated with a different mode shape.

2.2 Asymptotic model

To derive the asymptotic description, we first partition the
system in Eq. (1) into elastic and contact degrees of freedom
(DOFs)

(
Mee Mec

Mce Mcc

)(
ẍe
ẍc

)
+

(
Cee Cec

Cce Ccc

) (
ẋe
ẋc

)

+
(
Kee Kec

Kce Kcc

)(
xe
xc

)
+

(
0

g(xc, ẋc)

)
=

(
f(t)
0

)
,

(3)

where xe and xc are the elastic and contact DOF displace-
ments, respectively. The contact DOFs represent the relative
motion at the contact interfaces, as the nonlinear forces are
more naturally expressed in this form. Inmost practical cases,
the number of elastic DOFs Ne is much larger than the
number of contact DOFs Nc, i.e., Ne � Nc. The damp-
ing matrix is assumed to be small and proportional to the
stiffness matrix, C = βK, and is included only for numeri-
cal stability. The dominant energy dissipation arises from the
nonlinear contact forces.

In the asymptotic method [10], the displacements are
expanded as

xe = x(0)
e + Ψ x(1)

c + x(1)
e + · · · ,

xc = x(0)
c + x(1)

c + · · · ,
(4)

where Ψ = −K−1
ee Kec represents the constraint modes. This

expansion, which deviates from a straightforward asymptotic

approach, is adopted because the influence of the contact dis-
placements on the elastic field through this term is essential
and is associated with motions close to rigid-body. Neglect-
ing this effect leads to a systematic underestimation of the
contact forces, even in linear analyses, as discussed in more
detail in Chapter 4 of [10].

At zeroth order, the contacts are assumed to be fully stuck
(i.e., bonded), so that

x(0)
c = 0, (5)

as the motion at the contact interfaces is much smaller than
that of the overall structure. The elastic displacements then
follow from the first block of equations

Meeẍ(0)
e + Keex(0)

e = 0, (6)

where proportional damping andexternal forcing are assumed
to be small and will appear at the subsequent order in the
perturbation expansion. Equation (6) describes the free oscil-
lations of the structure with bonded contacts. Its general
solution takes the form

x(0)
e = φeiωt (7)

where the mode shapes φ and associated frequencies ω are
obtained from the eigenvalue problem

(−ω2Mee + Kee)φ = 0. (8)

Two eigenpairs, (ωA, φA) and (ωB, φB), are selected to
describe the twomodes being forced in order to analyze their
nonlinear interaction (without loss of generality, we assume
ωA < ωB). These bonded modes are mass matrix normal-
ized, i.e., φ�

AMeeφA = 1 and φ�
BMeeφB = 1. Additionally,

an assumption of the asymptotic model is that the frequen-
cies ωA and ωB are separated, with no neighboring modes
in close proximity. The leading-order elastic displacements
can then be written as

x(0)
e = A(τ )eiωAtφA + B(τ )eiωB tφB + c.c., (9)

where c.c. denotes the complex conjugate and the slow
timescale τ has been introduced, which is much slower than
the oscillation of the modes τ � 1/ωA, 1/ωB .

The motion of the system consists of oscillations around
twonaturalmodes,modulatedby the slowlyvarying envelopes
A(τ ) and B(τ ). This follows a standard multiple scales
methodology, where these envelopes capture the effects of
higher-order terms, such as friction, linear damping, and
external forcing. For a general review of perturbative tech-
niques, see [3], and for the single-mode case, see [10, 23].
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The next-order contribution, using the expansion in
Eq. (4), and focusing on the equations associated with the
contact DOFs, is governed by

(Kcc − KceK−1
ee Kec)x(1)

c + g(x(1)
c , ẋ(1)

c )

= −Kce(2|A|cos(ωAt + ϕA)φA

+ 2|B|cos(ωBt + ϕB)φB), (10)

where the inertial terms have been neglected. In oscillatory
problems, stiffness terms are typically dominant over inertial
terms, and both become comparable only near a natural fre-
quency. In this contact problem, the frequencies ωA and ωB

correspond to two natural frequencies of the elastic struc-
ture. However, since the contact stiffness (associated with
Kcc and Mcc) is much higher than the modal stiffness, iner-
tial effects at the contactDOFs remainnegligible compared to
stiffness contributions (and this has also been verified numer-
ically). Additionally, it is important to again highlight the
significance of the term KceK−1

ee Kec, which represents the
coupling induced by the motion of the contact DOFs on the
elastic field, which then feeds back into the contact interface.
This reduction in effective stiffness is essential for accurately
capturing the contact forces. This term is the one related to
the constraint modes, since it can be identically rewritten as
KceK−1

ee Kec = Ψ �KeeΨ , although we choose to write it in
terms of the original FEM matrices for clarity in the imple-
mentation of the method.

This system of equations is analogous to the one obtained
in [23] or [10] (Chapter 4) for a single mode, but here two
distinct frequencies, amplitudes, and initial phases are con-
sidered. To solve it, we introduce two time variables

tA = ωAt + ϕA, tB = ωBt + ϕB, (11)

resulting in

(Kcc − KceK−1
ee Kec)x(1)

c + g(x(1)
c , ẋ(1)

c )

= −Kce(2|A|cos(tA)φA + 2|B|cos(tB)φB). (12)

The objective is to solve for the function x(1)
c (tA, tB),

which is 2π -periodic in both variables tA and tB , and depends
on the modal amplitudes |A| and |B|. As will be shown later,
this step is central to the asymptotic process, as it enables the
complex nonlinear dissipation behavior at the contacts to be
encoded into two complex-valued functions. This approach
extends what has previously been demonstrated for single-
frequency reduced-order models [8, 9, 15, 16].

In addition, it is worth noting that this step bears some
resemblance to the HBM approach for two-frequency forc-
ing [2], but there is a fundamental difference between the
two methods. In HBM, the contact displacements are known
when evaluating the nonlinear forces. In contrast, in the

asymptotic approach, the nonlinear friction forces are not
evaluated using a technique such asAFT (Alternating Fourier
Time); instead, they are included directly in the equilibrium
and used to solve for the displacements in Eq. (12) for each
fixed value of |A| and |B|.

This process is more involved, as it requires solving an
implicit partial differential equation

Kxxx(1)
c + g

(
x(1)
c , ωA

∂x(1)
c

∂tA
+ ωB

∂x(1)
c

∂tB

)
=

−Kce(2|A|cos(tA)φA + 2|B|cos(tB)φB),

(13)

whereKxx ≡ Kcc−KceK−1
ee Kec, and the time derivative has

been rewritten in terms of the two fast timescales as

∂

∂t
→ ωA

∂

∂tA
+ ωB

∂

∂tB
.

Nevertheless, unlike in HBM, this equation only needs
to be solved once for various combinations of amplitudes
|A| and |B|. The |A| and |B| grid is generated by using
some representative values of the maximum amplitude of
the system, taken for example from the linear system, which
constitutes an upper bound for the response when there is
no friction. Then, as we show below, the nonlinear friction
is then encoded into two complex functions, which can be
used to compute the system response and perform parametric
studies.

The general strategy to solve Eq. (13) is to start from a zero
initial condition and compute the contact displacements until
convergence is reached in both time scales, as illustrated in
Fig. 1. Previous studies have shown that, for frictional con-
tacts, convergence typically occurs after a fewperiods [17]. In
this work, two periods were sufficient for the nonlinear fric-
tion effects to reach a periodic cycle in both time variables.
The converged periodic solution is shown in blue, while the
actual trajectories of the system are plotted in black. These
trajectories evolve along a line with a slope equal to the ratio
of the frequencies, reflecting the relationship between tA and
tB .

The resulting solution, which is periodic in both variables,
can be expressed as a two dimensional Fourier series

x(1)
c (tA, tB) =

∞∑
n=−∞

∞∑
m=−∞

Pnm(|A|, |B|)eintAeimtB , (14)

where the Fourier coefficients Pnm(|A|, |B|) depend on the
twomodal amplitudes. The coefficients that capture the lead-
ing nonlinear effects are the first harmonics in each direction,
namely P10 and P01, as will be discussed below. An inter-
polation of these coefficients over the amplitude space is
performed to obtain continuous functions P10(|A|, |B|) and
P01(|A|, |B|).
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Fig. 1 Sketch of the periodic solution in two variables for the contact
displacements

With the first correction of the contact displacement, com-
ing back to the elastic equations we obtain

Meex(1)
ett + Keex(1)

e = −2Meex(0)
etτ + MeeK−1

ee Kecx(1)
ctt

− βKeex(0)
et

+
(
fA
2
ei(ωAt+ΔωAτ) + fB

2
ei(ωB t+ΔωBτ) + c.c.

),(15)

where the subscript t denotes differentiation with respect to
the fast time, and τ with respect to the slow time. The inertial
term Mecx

(1)
ctt is neglected, as the effect of contact displace-

ments on the full-stuck modes through the inertia is small.
As mentioned before, the damping and forcing terms were
assumed to be small parameters, and they are retained at this
order in the expansion.

The forcing frequencies are written as small deviations
from the natural frequencies, controlled by ΔωA and ΔωB ,
since the goal of the asymptotic derivation is to describe the
behavior near resonance crossings.

To compute the evolution equations for A(τ ) and B(τ ), a
solvability condition is applied to the right-hand side (r.h.s) of
Eq. (15) to ensure bounded solutions. Using the inner product

〈f, g〉 = lim
T→∞

1

T

∫ T

0
f̄�(t)g(t)dt, (16)

the solvability conditions are given by

〈φAe
iωAt ,R.H.S〉 = 0, 〈φBe

iωB t ,R.H.S〉 = 0, (17)

which enforce that the r.h.s is orthogonal to the nullspace of
the self-adjoint operator on the left-hand side. These condi-
tions yield the amplitude equations for A(τ ) and B(τ ) (details
of their derivation are included in the Appendix A), which
are given by

dA

dτ
+ ξA A = − i

2ωA
QA(|A|, |B|)A − i

2ωA
fAe

iΔωAτ ,

(18)
dB

dτ
+ ξB B = − i

2ωB
QB(|A|, |B|)B − i

2ωB
fBe

iΔωBτ ,

(19)

where ξA = βω2
A/2 and f A = φ�

A fA/2, with analogous
definitions for ξB and fB . These two complex differential
equations govern the evolution of themodal amplitudes A(τ )

and B(τ ) near their respective natural frequencies. The effect
of nonlinear friction is encoded in the complex functions QA

and QB , defined by the expressions

QA(|A|, |B|) = −φ�
AKecP10(|A|, |B|)

|A| ,

QB(|A|, |B|) = −φ�
BKecP01(|A|, |B|)

|B| .

(20)

These expressions correspond to the projection of the contact
displacement solution in Eq. (14) onto the first harmonic in
each direction. Only the first harmonics P10 and P01 appear,
as they correspond to the resonant terms eliminated by the
solvability condition.

In contrast to geometric nonlinearities, these functions
are not the result of truncating a Taylor expansion at higher
orders. Instead, they capture complex features of the contact
behavior, including transitions and non-smooth effects, and
must be retained in full within the asymptotic equations to
preserve their influence at this order.

As previously mentioned, this asymptotic description is
not limited to periodic solutions. It can also characterize
more complex behavior when additional effects are included
in the model, as demonstrated in [9] where quasi-periodic
states where analyzed for the interaction of flutter and forced
response in the presence of nonlinear friction.

Nevertheless, the system response at the forcing frequency
is also a solution of the amplitude equations. This can be
shown by assuming A(τ ) = |A|eiϕAeiΔωAτ and substitut-
ing into Eq. (18). (the derivation for B(τ ) = |B|eiϕB eiΔωBτ

is analogous and omitted for brevity). To compute the reso-
nance curve, we impose d|A|/dt = 0, yielding

ξA + iΔωA = − i

2ωA
QA(|A|, |B|) − i

2ωA|A| f Ae
−iϕA .

(21)
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Solving for the phase and amplitude leads to

tan ϕA = ξA − Im[QA]

2ωAΔωA + Re[QA]
, (22)

ΔωA = −Re[QA]

2ωA
±

√(
f A

2|A|ωA

)2
−

(
Im[QA]

2ωA
− ξA

)2
,

(23)

and similarly for mode B

tan ϕB = ξB − Im[QB ]

2ωBΔωB + Re[QB ]
, (24)

ΔωB = −Re[QB ]

2ωB
±

√(
fB

2|B|ωB

)2
−

(
Im[QB ]

2ωB
− ξB

)2
,

(25)

Equations (22) and (24) give the phase shift of the com-
plex amplitudes, while Eqs. (23) and (25). implicitly define
the amplitudes |A| and |B| for each value of the detuning
parameters ΔωA and ΔωB .

Therefore, the asymptotic procedure, once the nonlinear
friction effects are characterized by the complex functions
QA and QB , allows direct evaluation of the resonance curves
ΔωA(|A|, |B|) and ΔωB(|A|, |B|) using simple analytical
expressions. The main advantage of this approach is that the
computational cost of evaluating the resonance curves for dif-
ferent forcing levels or damping values is very low, enabling
efficient parametric studies.

In addition, if richer dynamics are present in the system
(such as those induced by linear aerodynamic instabilities
in turbomachinery) these solutions are still captured by the
asymptotic equations and can be analyzed using continuation
techniques, as demonstrated in [8, 9].

To summarize the asymptotic model, the procedure to
derive the amplitude equations consists of the following
steps:

1. Compute the linear bondedmodes and natural frequencies
(ωA, φA) and (ωB, φB).

2. Solve Eq. (13), perform a Fourier transform, and obtain
the complex friction functions QA(|A|, |B|) and QB(|A|,
|B|) using Eq. (20). This step involves selecting a grid
of amplitude values (|A|, |B|) and solving, for each
pair, a system of equations of the size of the con-
tact DOFs. The amplitude range can be estimated from
the linear response of the system at resonance without
friction, which provides an upper bound. The resulting
data are then interpolated to evaluate QA(|A|, |B|) and
QB(|A|, |B|) over the desired domain.

3. Once the friction functions have been computed, the
analysis of mode interaction reduces to the asymptotic
amplitude equations (18) and (19).

Table 1 Values of the parameters used in the lumped model of Fig. 2.

m1 m2 mc k1 k2 kc1 kc2 kp μN fA fB

1.0 1.0 0.01 1.0 1.72 20 40 5 2.0 0.15 0.25

Fig. 2 Lumpedmodel to study the interaction ofmodes. Twomassesm1
and m2 that represent two modal displacements are interacting through
a friction element

4. The resonance curves are obtained directly fromEqs. (23)
and (25), reducing the nonlinear forced response problem
to the evaluation of simple analytical expressions. This
enables parametric studies with respect to system param-
eters such as f A, fB , and damping coefficients ξA and
ξB .

The most computationally intensive step in generating the
asymptotic model is the evaluation of the nonlinear friction
functions in step 2, which requires repeatedly solving a sys-
tem of equations of the size of the contact DOFs. However,
this step needs to be performed only once for a given nonlin-
ear friction law, and in a mechanical structure the number of
contact DOFs is typically much smaller than the total DOFs,
since dry friction is present at the contact interfaces. After
that, the remaining analysis is entirely based on the amplitude
equations, which, as noted above, involves only the eval-
uation of simple analytical expressions, making this other
part of the analysis computationally inexpensive. Moreover,
one of the key advantages of the asymptotic model is that
the influence of various system parameters on the response
appears explicitly in the amplitude equations.

3 Results and discussion

The asymptotic procedure derived in the previous section
is now applied to a specific case to investigate the effect of
nonlinear friction under simultaneous excitation of different
modes.

The model, shown in Fig. 2, consists of two masses, m1

andm2, representing themodal displacements of two distinct
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modes. These are coupled through a contact element that
exerts nonlinear friction forces denoted by g(ẋc).

Using the notation introduced in Eq. (3), the systemmatri-
ces and forcing vector for this particular case are given by

Mee =
(
m1 0
0 m2

)
, Mec =

(
0 0
0 0

)
, Mcc =

(
mc 0
0 mc

)
,

Kee =
(
k1 0
0 k2

)
, Kec =

(−k1 0
0 −k2

)
,

Kcc =
(
k1 + kc1 kp

kp k2 + kc2

)
,

(26)

and the forcing vector takes the form

f(t) =
(
f A sin(ωAt)
fB sin(ωBt)

)
. (27)

The values of the system parameters are listed in Table 1.
They are chosen to reflect the conditions assumed in the
derivation of the asymptotic model: the contact motion is
much smaller than the modal displacements, and its iner-
tial effects are negligible. Additionally, the two modes are
orthogonal and carry most of the system’s mass. Under these
conditions, the motion of the contact DOFs is expected to
follow the quasi-static equilibrium described by Eq. (12),
consistent with the assumptions of the asymptotic model.
(This behavior of the contacts has been validated in realistic
engineering models from turbomachinery, although involv-
ing a single mode, as shown in [10, 23]).

A smoothed Coulomb friction law is used for the contact
forces, given by

g(ẋt ) = μN tanh

(
ẋt
α

)
, (28)

where μ is the friction coefficient, N is the normal load,
ẋt is the relative sliding velocity at the contact interface,
and α is the regularization parameter. For small values of
α, this expression approaches the Coulomb limit, g(ẋt ) ∼
μNsgn(ẋt ).

The contact force is modeled using two independent one
dimensional friction elements, acting in the xc1 and xc2 direc-
tions. Thismodeling choice follows [28], which reported that
the response obtained using two one dimensional elements
closely approximates that of a full two dimensional friction
element.

For this system, the fully stuck natural frequencies are
ωA = 1 and ωB = 1.7, with the corresponding mode shapes
φA = (1, 0)� and φB = (0, 1)�. These were chosen to
represent two distinct modes that interact through nonlinear
friction.

The lumped system is first integrated in time using two
forcing frequencies, each close to one of the modal frequen-

cies, to examine the dynamics that the asymptotic description
aims to capture. In these simulations, we consider both forc-
ing vectors applied simultaneously, and the cases where only
one forcing is applied at a time in each direction. This allows
us to clearly distinguish the individual and coupled responses.

Figure 3a shows the modal displacement associated with
the xe1 DOF, where elastic oscillations with a slow envelope
are observed–this is the typical behavior that the asymptotic
procedure is designed to capture.

Figure 3b presents the evolution of the nonlinear contact
force along xc1 over five periods of the smallest frequency
ωA. The blue curve corresponds to the case where only the
first mode φA is excited, resulting in a periodic response. In
contrast, the red curve shows the response when both modes
are excited simultaneously; in this case, the nonlinear force
is no longer perfectly periodic.

Moreover, Figs. 3c and 3d show the evolution of the con-
tact displacements over time, again comparing the case of
single mode excitation to the case of modal interaction. The
red line represents the contact motion when both modes are
excited simultaneously. The blue and green lines correspond
to the responses when only φA or φB is excited, respectively.

To verify that the modes interact through the nonlin-
ear term (such that a linear superposition of the individual
responses is not valid) the trajectory of the contact element
is shown in Fig. 4. The trajectories corresponding to indepen-
dent excitation of each mode are shown in blue and green;
both are straight lines, indicating that the modes remain
decoupled in those cases. However, when both modes are
excited simultaneously, the trajectory (shown in red) deviates
significantly froma straight line, clearly revealing a nonlinear
interaction between the modes.

It is also useful to plot the friction cycles over several peri-
ods. Fig. 5 shows the friction cycle for the contact in the xc1
direction over five periods. The blue curve corresponds to
excitation only along the xe1 direction. In this case, the fric-
tion cycle forms a stable rectangle, and the energy dissipated,
given by the enclosed area, remains constant in time, as the
response is purely periodic.

In contrast, the red curve represents the evolution of the
friction cycle when both modes are active. The shape and
position of the cycle continuously shift over time, highlight-
ing the presence of nonlinear interaction between the modes
through the frictional contact.

The asymptotic derivation from the previous section is
now applied, where the key step was the quasi-static equilib-
rium given in Eq. (12). This equation enables the character-
ization of the nonlinear effects that appear in the amplitude
equations. The remainder of the derivation involves straight-
forward projections along the relevant modal directions. For
the friction law considered here, the quasi-static correction
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Fig. 3 Time integration of the lumped model with nonlinear friction

takes the form

(Kcc − KceK−1
ee Kec)x(1)

c + μN tanh(ẋ(1)
c /α) =

−Kce(2|A|cos(tA)φA + 2|B|cos(tB)φB).
(29)

Recall that, by expanding the time derivative using the time
variables tA and tB , the quasi-static correction can be written
as an implicit partial differential equation in both variables

(Kcc − KceK−1
ee Kec)x(1)

c

+μN tanh

(
1

α

[
ωA

∂x(1)
c

∂tA
+ ωB

∂x(1)
c

∂tB

])
=

−Kce(2|A|cos(tA)φA + 2|B|cos(tB)φB).

(30)

To solve this system of equations, we discretize the time
variables using tAn = nΔt , tBm = mΔt , and denote the
numerical solution of the PDE at the time instants (tAn , tBm )

by x(1)
cnm , yielding

(Kcc − KceK−1
ee Kec)x(1)

cnm

+ μN tanh

(
1

α

[
ωA

x(1)
cnm −x(1)

cn−1m

Δt
+ωB

x(1)
cnm − x(1)

cnm−1

Δt

])

= −Kce(2|A|cos(nΔt)φA + 2|B|cos(mΔt)φB), (31)

which results in a nonlinear system of equations. Starting
from the initial condition x(1)

cnm = 0 for n = 0, m = 0,
the two-dimensional periodic solution is obtained by solving
over two periods in each timescale. The first period allows
the frictional response to evolve, so that a periodic state is
reached in the second cycle, as illustrated in Fig. 1.

Fig. 4 Trajectoryof the contact element of the lumpedmodel: excitation
with only φA (blue), only φB (green), and both modes interacting (red)

The described numerical procedure is carried out for the
range of values |A|, |B| ∈ [0, 3], using 50 points for each of
the amplitudes. To illustrate this process, for the first contact,
using |A| = 1.3 and |B| = 1.5, the resulting displacement
as a function of both time variables is shown in Fig. 6. On
the left, the displacements are plotted as a two-dimensional
surface over a single period in each direction, after the friction
effects have converged to a periodic state.

This solution is periodic in both directions and can there-
fore be visualized on a torus, as shown in Fig. 6(b). The torus
is parametrized by two angles, each corresponding to one of
the time scales, as highlighted in the figure. However, the sys-
tem does not evolve arbitrarily over the torus surface, since
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Fig. 5 Friction cycle for one mode (blue) and two modes (red)

the two time variables are related by

tB = ωB

ωA
(tA − ϕA) + ϕB, (32)

which defines a straight line in the (tA, tB) plane. Conse-
quently, the actual system trajectory follows the black line
shown on the torus, which will densely cover the surface if
the ratio ωB/ωA is irrational (i.e., the frequencies are incom-
mensurable).

Validations have been conducted to assess the accuracy of
the asymptotic approach. First, the relative contributions of
the terms in Eq. (29) were compared against results from full
time-domain integration. In Fig. 7, the temporal evolution of
the elastic and friction forces from Eq. (29) is shown. Their
combined effect exhibits a nearly sinusoidal behavior, con-

sistent with the r.h.s of the equation. For reference, the result
from full time integration is plotted with a dashed line, show-
ing excellent agreement, with only minor deviations near the
peaks.

An additional comparison was performed with increased
forcing amplitudes, specifically f A = 0.5 and fB = 0.75.
The results, shown in Fig. 8, indicate that even at these higher
forcing levels, the asymptotic solution closely matches the
time integration results. Since one assumption in the asymp-
totic model is that the forcing amplitudes are small (of the
same order as the damping), the errors increase with higher
forcing levels, especially near the peak, but the results remain
within the accuracy expected from the method.

In addition, the contact displacements were also exam-
ined. In the asymptotic formulation, these displacements are
obtained by traversing the torus shown in Fig. 6, following
the straight-line trajectory dictated by the slope in Eq. (32).
The corresponding comparison is presented in Fig. 9, where
subfigures (a) and (b) show the evolution of the two contact
directions. In both cases, the response exhibits two dominant
frequencies, and the asymptotic predictions show excellent
agreement with the full time-domain solution.

The process is done for the range of values for |A| and |B|
stated above, with the objective to characterize the complex
friction functions QA(|A|, |B|) and QB(|A|, |B|) within the
region of interest. These functions are computed from the
first-order Fourier harmonics via the projection defined in
Eq. (20), and are interpolated over the amplitudes range.

The resulting two-variable functions are plotted in Fig. 10,
where the real and imaginary parts are displayed separately.
Fig. 10a shows the real part of the complex friction function
associated with mode A, i.e., QA. This component corre-
sponds to the nonlinear frequency shift of the resonance.

Fig. 6 Periodic solution of the contact displacements in the two timescales corresponding to each mode. The black line on the torus highlights the
quasiperiodic solution, which evolves along both timescales with a slope equal to the ratio of the natural frequencies
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Fig. 7 Comparison of the different terms in the asymptotic equation
against direct time integration results

The plot clearly shows that increasing the amplitude |B|
significantly alters the frequency shift, producing a stronger
deviation from the linear resonance compared to the case
where |B| = 0.

Similarly, Fig. 10b shows the imaginary part of QA, rep-
resenting the nonlinear damping introduced by Coulomb
friction. The more negative this value, the greater the energy
dissipation. As observed, the damping increases for nonzero
values of |B|, though the surface is not strictly monotonic.
This indicates the existence of certain amplitude combina-
tions where the contact dissipates more energy, revealing a
complex, nonlinear interaction between the modes.

Turning our attention to QB , the nonlinear frequency shift
is also clearly influenced by the amplitude of mode A, as
shown in Fig. 10c . Likewise, the imaginary part of QB ,
plotted in Fig. 10d , reveals increased damping levels for
nonzero values of |A|.

Furthermore, both functions QA and QB exhibit negligi-
ble frequency shift and damping for small modal amplitudes.
This behavior is expected, as the nonlinear friction is not
active when the contact displacements remain below certain
thresholds.

For clarity, Fig. 11 shows 2D slices of the complex friction
functions to illustrate how the response evolveswith different
modal amplitudes. In particular, Figs. 11a and 11b highlight
the influence of mode B on QA. When mode B becomes
active, evident at |B| = 0.5 and |B| = 1.0, the frictional
effects associated with mode A become present earlier, and
the damping increases significantly. For example, at |A| ∼
1.0, the damping is substantially higher compared to the case
when only mode A is excited.

A similar trend is observed in the real part of QA, which
governs the nonlinear frequency shift. The presence of mode
B produces a greater shift in the resonance peak, indicating

Fig. 8 Comparison of the different terms in the asymptotic equation
against direct time integration results for an increased value of the forc-
ings, f A = 0.5, fB = 0.75

Fig. 9 Validation of the two-frequency solutions computed with the
asymptotic process against direct time integration results

stronger coupling between the modes through the friction
interface.

The influence of mode A on the real and imaginary parts
of QB is also analyzed in Figs. 11 (c) and (d), yielding results
analogous to those discussed in the previous paragraph. As
|A| increases, both the nonlinear frequency shift and damping
associated with mode B are significantly affected, further
confirming the strong coupling introduced by friction.

In summary, at this stage of the asymptotic procedure, the
complete effect of the nonlinear friction is encapsulated in the
two complex functions QA and QB . These are the only non-
linear terms appearing in the amplitude equations, Eqs. (18)
and (19).Consequently, onceQA(|A|, |B|) andQB(|A|, |B|)
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Fig. 10 Complex friction functions QA and QB

have been computed, the resonance curves can be obtained
directly from simple evaluations of analytic expressions.

The resonance curves for the lumped system are now com-
puted using the complex friction functions previously shown
in Fig. 10, and by evaluating Eqs. (23) and (25).

These resonance curves are plotted in Fig. 12. The solu-
tion is traced over a range of forcing frequencies ΔωA

and ΔωB , corresponding to values near each modal reso-
nance. To quantify the system’s overall response when both
modes are interacting, the vertical axis displays the quantity√|A|2 + |B|2, representing themaximum total displacement
amplitude across time.

For a fixed value of ΔωB , a slice along ΔωA corresponds
to the resonance crossing associated with the first mode. The
curve in blue, plotted for ΔωB = −0.2, which lies far from
the resonance peak of mode B, recovers the response when
only mode A is significantly excited. As shown, the system

exhibits a typical softening behavior in the resonance region,
induced by the nonlinear friction effects.

Conversely, by fixing ΔωA = 0.2, which is sufficiently
far from the resonance of mode A, the green curve highlights
the frequency response dominated by mode B. Although the
resonance peak is lower compared to that of mode A, the
amplitudes of both modes are of similar magnitude. This
curve also reveals a nonlinear frequency response shape due
to frictional effects.

Additional slices of the resonance curves are plotted in
Fig. 12, showing how the response evolves as the sys-
tem approaches both resonance frequencies simultaneously.
These slices progress from the blue and green curves toward
the red ones, which correspond to traversing each resonance
while the other mode is near its peak response.

If the system response were governed solely by linear
superposition, the shape of the blue curve (associated with
mode A) would remain unchanged across all slices, simply
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Fig. 11 Slices of the two dimensional complex friction functions QA and QB

Fig. 12 Resonance curve at the resonance crossingwithΔωA andΔωB .
The z-axis shows the maximum Euclidean norm of the displacements
over time. The blue and green curves correspond to the resonances
of modes A and B, respectively, while the red curve represents the
interaction of both modes

shifting vertically by the amplitude of the mode B response.
However, this is not observed. Instead, the red curves demon-
strate that the resonance peak alongΔωA is actually reduced
compared to the case where mode A is excited in isolation.

This reduction is a direct result of increased nonlinear
damping when both modes are simultaneously active, as pre-
viously illustrated in the complex friction functions QA and
QB (see Fig. 11). The interaction between themodes through
nonlinear friction fundamentally alters the energy dissipation
and overall system dynamics.

To better illustrate the effect of nonlinear friction onmodal
interaction, a specific slice of the resonance surface corre-

sponding to the resonance of both modes is shown in Fig. 13.
On the left panel, the resonance curve across the first resonant
frequency is presented.

In blue, the curve forΔωB = −0.2 is shown, correspond-
ing to a regime where mode A dominates the response. For
comparison, the linear superposition of bothmodal responses
is shown in black. This case assumes that mode B is at res-
onance, with ΔωB = −0.046, and simply adds the peak
amplitudes from the individual responses. As expected from
linear theory, the peak amplitude increases significantly–
from approximately 2.5 to almost 4.

However, the actual nonlinear response of the system
is plotted in red and results in a very different response.
Despite both modes being near resonance, the peak ampli-
tude remains similar to that of mode A excited alone. As the
frequency moves away from the resonance of mode A, the
amplitude asymptotically approaches the peak value ofmode
B.

This behavior highlights the non-trivial interaction caused
by the nonlinear friction, which suppresses the overall ampli-
tude due to increased damping, contradicting what would be
predicted by a simple linear superposition of the modes.

A similar phenomenon is observed for mode B, as shown
in Fig. 13(b). In this case, the green curve represents the
response when mode B dominates the dynamics. For com-
parison, the linear superposition of both modes is plotted in
black, obtained by simply adding the amplitude of the reso-
nance peak of mode A to every point of mode B’s response
curve.

However, the actual system response, shown in red, devi-
ates significantly from the linear prediction. Due to the
nonlinear friction coupling, the damping of the system
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Fig. 13 Comparisonof the resonance curves for bothmodes, including the effect of nonlinear frictional interaction and the simple linear superposition
of both responses

increases, which leads to a reduced overall amplification.
In fact, the amplitude at resonance is smaller than at nearby
detuning values of ΔωB .

This counterintuitive behavior is explainedby the enhanced
dissipation from friction when both modes are simultane-
ously excited. As one moves away from the resonance in
ΔωB , the influence of mode A becomes dominant again.
Since mode A’s individual resonance peak is higher than the
coupled response at mode B’s resonance, the system ampli-
tude increases slightly–recovering the response that would
occur without modal interaction.

4 Conclusions

This paper introduces a novel asymptotic modeling frame-
work for analyzing mode interactions in the presence of
nonlinear friction effects. Unlike traditional Harmonic Bal-
ance Methods (HBM), which rely on the assumption of
periodicity with a fixed number of harmonics, the proposed
asymptotic method captures the full dynamics of the system
within a specified regime of interest, such as the steady-state
response to resonant two-frequency forcing. The asymptotic
methodology is based on amultiple-scales approach, exploit-
ing a separation of timescales: one associated with the elastic
oscillations at the system’s natural frequencies, and a much
slower one corresponding to the timescale on which friction
effects become relevant. In addition to the dimensionality
reduction, a key feature of asymptotic methods is that the
resulting amplitude equations offer physical insight into the
mechanisms governing the nonlinear behavior.

The method is suited for mechanical systems where con-
tact occurs at a small subset of the total degrees of freedom,
and where the relative motion at the contacts is small com-

pared to the displacements along the excited mode shapes.
Despite the small motion at the contact interface, the nonlin-
ear friction forces can still have a significant influence on the
overall response.

The asymptotic model reduces the mode interaction anal-
ysis to two amplitude equations, one for each mode, yielding
a highly reduced-order model that retains the essential non-
linear dynamics of the full system. The resonance curves
for each mode can then be efficiently computed by identify-
ing periodic solutions of the amplitude equations, reducing
the problem to the evaluation of simple analytical expres-
sions. This enables rapid parametric studies that would be
prohibitively costly using full time-domain simulations.

The characterization of nonlinear friction in the asymp-
totic model is achieved by solving a reduced system whose
size is limited to the number of contact DOFs. This involves
solving a periodic boundary value problem at the contact
level only once; the remaining analysis is carried out entirely
through the two amplitude equations. The influence of fric-
tion is then encoded in two complex-valued functions that
depend on the amplitudes of the interacting modes. Analy-
sis of these functions reveals that both nonlinear damping
and frequency shift vary significantly when both modes are
simultaneously excited.

The proposed methodology is validated on a representa-
tive lumped parameter model. Comparison with direct time
integration shows excellent agreement, confirming the accu-
racy of the asymptotic approach. Notably, the resonance
curves demonstrate that linear superposition fails to capture
the true system behavior: when both modes are excited near
their respective resonances, the increased nonlinear dissipa-
tion leads to a reduced peak amplitude, contrary to what a
linear combination of the individual responses would sug-
gest.
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Since the asymptotic method developed here provides
a low-dimensional and efficient framework for describing
nonlinear mode interactions in mechanical structures where
contact motion is small compared to the global modal dis-
placements, future workwill explore its applicability tomore
realistic cases, as well as to systems involving other types of
nonlinearities.

AppendixA: Details of the asymptotic deriva-
tion

In this Appendix we provide additional details on the appli-
cation of the solvability conditions

〈φAe
iωAt ,R.H.S〉 = 0, 〈φBe

iωB t ,R.H.S〉 = 0,

to the r.h.s of Eq. (15). We proceed by expanding each term
separately and isolating the resonant contributions, as only
those will appear in the amplitude equations. This follows
from the orthogonality of the exponential functions

ω

2π

∫ 2π/ω

0
e−inωt eimωtdt = δnm,

where δnm is the Kronecker delta. Using Eq. (9), we first
compute

−2Meex(0)
etτ = −2iMee(ωA Aτ e

iωAtφA

+ωB Bτ e
iωB tφB + c.c.). (33)

Since the bonded modes φA, φB are mass-normalized, the
inner products yield

〈φAe
iωAt ,−2Meex(0)

etτ 〉 = − 2iωA Aτ ,

〈φBe
iωB t ,−2Meex(0)

etτ 〉 = − 2iωB Bτ .
(34)

Next, using Eq. (14), we evaluate

MeeK−1
ee Kecx(1)

ctt

= MeeK−1
ee Kec(−ω2

AP10(|A|, |B|)eiωAt+ϕA

− ω2
BP01(|A|, |B|)eiωB t+ϕB + c.c. + N.R.T.),

(35)

where N.R.T. denotes non-resonant terms, which vanish
under the inner product. Noting that A = |A|eiϕA and
B = |B|eiϕB , we rewrite the previous expression as

MeeK−1
ee Kecx(1)

ctt

= MeeK−1
ee Kec

( − ω2
A
P10(|A|, |B|)

|A| AeiωAt

− ω2
B
P01(|A|, |B|)

|B| BeiωB t + c.c. + N.R.T.
)
.

(36)

Taking the inner products gives

〈φAe
iωAt ,MeeK−1

ee Kecx(1)
ctt 〉 = − φ�

AKecP10(|A|, |B|)
|A| A,

〈φBe
iωB t ,MeeK−1

ee Kecx(1)
ctt 〉 = − φ�

BKecP01(|A|, |B|)
|B| B,

(37)

where the identity φ�
AMeeK−1

ee = 1
ω2
A
φ�
A , has been used,

which follows directly from the eigenvalue problem and the
symmetry of thematrices.Using the definitionof the complex
friction functions in Eq. (20), we obtain

〈φAe
iωAt ,MeeK−1

ee Kecx(1)
ctt 〉 =QA(|A|, |B|)A,

〈φBe
iωB t ,MeeK−1

ee Kecx(1)
ctt 〉 =QB(|A|, |B|)B.

(38)

For the linear damping term, using Eq. (9), we compute

−βKeex(0)
et = −βKee(iωA Ae

iωAtφA

+iωB Be
iωB tφB + c.c.),

(39)

whose inner products yield

〈φAe
iωAt ,−βKeex(0)

et 〉 = − iβω3
A A,

〈φBe
iωB t ,−βKeex(0)

et 〉 = − iβω3
B B,

(40)

since φ�
AKee = ω2

Aφ�
AMee and φ�

BKee = ω2
Bφ�

BMee.
Finally, projecting the forcing terms gives

〈φAe
iωAt ,

fA
2
ei(ωAt+ΔωAτ) + fB

2
ei(ωB t+ΔωBτ)〉 =

φ�
A fA
2

eiΔωAτ ,

〈φBe
iωB t ,

fA
2
ei(ωAt+ΔωAτ) + fB

2
ei(ωB t+ΔωBτ)〉 =

φ�
B fB
2

eiΔωBτ .

(41)

Collecting Eqs. (37), (38), (40), and (41), we obtain the
amplitude equations (18) and (19).
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