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 a b s t r a c t

Centrifugal impellers are subjected to periodic loads during operation, which can excite modes 
with localized tip motion, leading to high cycle fatigue and structural failure. Small mistuning, 
typically caused by wear or manufacturing variations, can significantly amplify the forced re-
sponse. In this work, we use the Asymptotic Mistuning Model (AMM) to investigate intentional 
mistuning strategies to reduce this amplification. The AMM assumes that mistuning and damping 
are small perturbations of the tuned problem, and provides a reduced-order model involving only 
the active modes contributing to the response. We apply it to a detailed finite element model of 
an industrial centrifugal impeller, obtaining high accuracy with a drastically simplified system. 
For this structure, a random mistuning of 0.5% of the sector mass can lead to a 50% increase in 
response amplitude. The design of an effective intentional mistuning pattern to reduce this ampli-
fication is guided by the information of the relevant features in the problem given by the AMM: 
the modal coupling occurs through particular Fourier coefficients of the sector-to-sector mistun-
ing distribution. With this insight, we show that alternating patterns, effective in bladed-disks, 
are not suitable here due to the different modal distribution of the impeller. Instead, sinusoidal 
mistuning patterns targeting the modes present in the response are more effective, reducing both 
amplification and sensitivity to random mistuning. This is achieved without the need to run costly 
optimization procedures over an exponentially large number of configurations, as the asymptotic 
model already identifies the relevant physical mechanisms.

1.  Introduction

During operation, turbomachinery systems are subjected to external periodic loads, which can induce high vibration levels when 
the excitation approaches a structural resonance. This forced response amplification is a critical issue, as it can lead to high cycle 
fatigue and structural failure.

Many turbomachinery components, such as bladed-disks or centrifugal impellers, are composed of identical sectors arranged in a 
cyclic configuration (tuned). However, small geometric imperfections introduced during manufacturing break this cyclic symmetry. 
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\begin {equation}\left [\hat {\vb {K}}^k - \omega ^2 \hat {\vb {M}}^k\right ]\vb {Z}_k = \vb {0}, \label {Xeqn6-6}\end {equation}
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Mistuning, although small, can cause significant amplification of the forced response. This phenomenon has received considerable 
attention in the turbomachinery community and has been extensively studied (see, for example, the review by Castanier and Pierre 
[1]).

The problem of forced response in mistuned systems using realistic finite element models (FEM) is challenging due to the random 
nature of mistuning. These structures typically contain millions of degrees of freedom (DOFs), making forced response analyses 
computationally expensive, even in the absence of nonlinear effects. To reduce this cost while retaining accuracy, several reduced-
order models (ROMs) have been developed. A Component Mode Synthesis (CMS) approach for bladed-disks was introduced in [2,3], 
where the system is reduced using separate disk and blade modes. A CMS variant was introduced in the Component Mode Mistuning 
Reduction (CMM) model [4]. An alternative ROM can be built using a Subset of Nominal Modes (SNM), projecting the equations of 
motion onto a much lower-dimensional space [5]. These nominal modes are obtained from the tuned system, which can be computed 
more easily by exploiting the cyclic symmetry. Other strategies include the use of a proper orthogonal decomposition (POD) to perturb 
the tuned modes with geometric mistuning information, and construct alternative reduction bases [6,7].

The Fundamental Mistuning Model (FMM) was introduced in [8] to analyze the forced response of a single modal family in a 
bladed-disk configuration. This approach reduces the system by projecting the equations of motion onto the tuned modes of that 
family, which is typically well separated in frequency from the others in this type of assembly. The FMM was subsequently applied 
to mistuning identification from experimental data, exploiting the reduced number of governing equations [9,10].

A refinement of the FMM, the Asymptotic Mistuning Model (AMM), was introduced in [11]. In this framework, only the subset 
of modes that actively participates in the response is retained; these are referred to as active modes. The number of active modes 
depends on the relative magnitude of the mistuning level and the frequency spacing between neighboring modes. The AMM has 
been used to compute the forced response of mistuned systems and has been validated against detailed FEM models of bladed disks 
[12,13], demonstrating high accuracy at a substantially reduced computational cost. Moreover, this asymptotic approach provides 
physical insight into the modal coupling mechanisms induced by mistuning and yields an improved upper bound for the maximum 
mistuning amplification compared to the classical result by Whitehead [14,15].

For bladed disks, the mistuned response is usually analyzed in two main scenarios: (i) isolated modes within a modal family, and 
(ii) clustered modes within the same family, which typically occur in configurations with a very stiff disk. While the FMM retains 
the entire family, the AMM focuses either on a single isolated mode or on the flat portion of a clustered family. In the latter case, an 
additional assumption is commonly introduced, namely that the in-sector mode shapes of the clustered modes are identical [11].

The maximum forced response amplification due to mistuning has also been investigated using simplified single-degree-of-freedom 
(1-DOF) models [16] and more detailed reduced-order models [17–19], once the corresponding model coefficients are properly 
calibrated. Such simplified models provide a good approximation for a single modal family in a bladed disk, where the in-sector 
mode shapes associated with different nodal diameters are similar. This framework has also been adopted in single-DOF-per-sector 
models [20,21] to analyze the effect of purely harmonic mistuning and the resulting modal coupling. In particular, for small mistuning 
levels such that only the counter-rotating TWs 𝑘 and −𝑘 with identical frequency are coupled, it has been shown that a harmonic 
mistuning with circumferential wavenumber 2𝑘 is required to couple these modes and split their frequencies [22,23].

For centrifugal impellers such as the one considered in this work, a different approach is required. These structures do not typically 
exhibit well-separated modal families, and neighboring modes in frequency can display significantly different in-sector mode shapes 
[24]. Moreover, the frequency spacing between modes with localized tip motion, critical due to fatigue damage, is often of the same 
order as the mistuning levels present in the structure. Consequently, coupling between modes with distinct in-sector mode shapes is 
expected, and it becomes necessary to investigate how to design effective intentional mistuning patterns under these conditions.

In the context of bladed disks, various intentional mistuning strategies have been proposed to mitigate forced response amplifica-
tion induced by random mistuning. In [25], a prescribed mistuning pattern was shown to reduce mistuning sensitivity. Configurations 
employing two different blade types were investigated in [26,27], achieving a substantial reduction in vibration amplitude. Using 
the AMM, several studies have: clarified the mechanisms governing intentional mistuning [28]; designed simple alternating patterns 
with tip masses to suppress flutter [29,30]; and coupled modes with different aerodynamic characteristics to increase the overall 
damping for excitations with a given wavenumber [31]. The latter strategy relies on coupling the excited mode with another mode 
exhibiting higher aerodynamic damping, which can reduce the response below that of the tuned configuration. Similar objectives 
have also been achieved using other reduction techniques [32].

For centrifugal impellers, recent studies [33–35] have employed reduced-order models to analyze the forced response and design 
intentional mistuning patterns. In these works, an optimization procedure is used to identify the optimal mistuning configuration, 
leading to a number of evaluations that grows exponentially with the number of sectors. For example, 212 = 4096 configurations were 
analyzed in [35] using only two blade types in a 12-sector system. Such rapid growth of the design space can render the procedure 
computationally expensive when more complex mistuning patterns are considered. Additionally, Pettinato et al. [36] reported an 
experimental study using an SNM approach to identify mistuning characteristics for isolated modes within a single modal family. In 
[37], a CMM-based reduced-order model was developed to analyze the nonlinear forced response of mistuned centrifugal impellers 
with crack damage. More recently, Zhao et al. [38] combined experimental measurements and numerical simulations within a CMS 
framework to investigate blade vibrations in a mistuned industrial impeller of a single-stage centrifugal compressor.

In this work, for the first time we apply the AMM to study the forced response of a mistuned centrifugal impeller, rather than 
using more conventional reduced-order modeling strategies as described above. This approach provides a drastically reduced yet 
quantitatively accurate description of the problem. We employ this framework to analyze the amplification of the response and to 
design effective intentional mistuning patterns, emphasizing the differences with respect to other components such as bladed disks.
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Fig. 1. Industrial centrifugal impeller (See Ref. [39]).

Fig. 2. Finite element model of one sector of the centrifugal impeller. The model contains 220, 000 DOFs and the complete impeller has 𝑁 = 13
sectors. The front face (highlighted in red) is constrained only in the axial direction, while the rear face (highlighted in blue) is constrained in the 
plane orthogonal to the axial direction. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version 
of this article.)

We consider an industrial centrifugal impeller similar to the configuration shown in Fig. 1a. Due to the stronger mechanical 
coupling between sectors, this type of impeller exhibits significantly higher natural frequencies than a typical bladed disk. Assessing 
mistuning sensitivity in this configuration is therefore of practical relevance, as damage has been observed in these structures for 
modes with localized motion near the blade tip (see Fig. 1b). Therefore, in contrast to bladed disks, the typical assumption that 
frequency-clustered modes share identical in-sector mode shapes is no longer valid, and the distinct mode shapes must be explicitly 
considered. We validate the AMM predictions against detailed FEM simulations of the full centrifugal impeller. The asymptotic 
model provides clear insight into the coupling mechanisms induced by mistuning, even when significantly different modes interact 
at a given mistuning level. The relevant components of the sector-to-sector mistuning distribution become apparent in the AMM 
equations, enabling the design of effective intentional mistuning patterns without resorting to computationally expensive optimization 
procedures, which constitutes one of the main advantages of the present approach.

The paper is structured as follows. We first introduce the centrifugal impeller that is analyzed, highlighting its differences from 
the more commonly studied bladed-disks configurations. Afterward, we review the mathematical formulation of the AMM. Next, we 
study the amplification in the response due to small random mistuning, and use the information of the asymptotic model to discuss 
and explain the most effective intentional mistuning strategies.

2.  Model description

Centrifugal impellers are turbomachinery components used in pumps and compressors. They operate by accelerating the fluid 
radially outward, resulting in a pressure increase. The impeller typically consists of a set of blades attached to a central hub, with a 
shroud enclosing the outer diameter, as illustrated in Fig. 1a.

In operation conditions, the impeller is subjected to periodic loads. These excitations can induce high vibration levels, particularly 
when the forcing frequency is close to a structural resonance. To study the forced response problem, we consider a detailed FEM of 
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Fig. 3. Modal frequencies as a function of the harmonic index.

Fig. 4. Centrifugal impeller mode shape with HI 1 and localized motion at the tip (corresponding to the mode highlighted in red in Fig. 3a). (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

a single sector of the impeller, shown in Fig. 2. The model contains approximately 220, 000 DOFs and the complete impeller is made 
of 𝑁 = 13 sectors.

A common way to represent the vibrational characteristics of turbomachinery structures is by plotting the natural frequencies 
as a function of the harmonic index (HI), or number of nodal diameters. For a tuned configuration (identical sectors), the natural 
frequencies of the centrifugal impeller are plotted in Fig. 3a (the negative HI are omitted since the frequencies are symmetric). 
Frequencies are normalized to protect proprietary data. For comparison, the frequencies of a bladed-disk are shown in Fig. 3b. The 
bladed-disk shows a clear separation between modal families, which are typically flat at high nodal diameters due to the small disk 
interaction between blades. In contrast, distinct families are not clearly visible in the centrifugal impeller; its frequencies are more 
densely clustered. This clustering has motivated recent efforts to develop modal tracking algorithms to identify similar mode shapes 
in such diagrams [24]. The impeller’s natural frequencies are also higher than those of the bladed-disk, due to stronger inter-sector 
coupling.

For the reasons outlined in the previous paragraph, and given that flat modal families in bladed disks are typically analyzed under 
the assumption of identical in-sector mode shapes [11], we expect that common intentional mistuning strategies, such as alternating 
patterns [31], will not be effective for the centrifugal impeller. This will be demonstrated in the following sections.

The mode highlighted in red in Fig. 3a corresponds to a crossing in the interference diagram, also known as the SAFE (Singh’s 
Advanced Frequency Evaluation) diagram [40] (speed lines not shown), and represents the main focus of the mistuning amplification 
analysis carried out in this work. This mode corresponds to a traveling wave (TW) with wavenumber 1, and its associated mode shape 
is shown in Fig. 4. The motion is localized at the tip of the sectors, and is critical for the forced response problem as it can lead to high 
cycle fatigue and failure of the structure (as illustrated in Fig. 1b). The external forcing analyzed throughout this work is a traveling 
wave with engine order 1 and a frequency close to this mode resonance.
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3.  Asymptotic mistuning model

To study the forced response of a mistuned centrifugal impeller, we use the Asymptotic Mistuning Model (AMM). This model 
assumes that mistuning and damping produce only small deviations from the tuned system, and it employs perturbation techniques 
to obtain a significantly reduced set of equations. In this section, we summarize the main aspects of the AMM to keep the paper 
self-contained; a more detailed derivation can be found in [11,13].

We begin by considering the tuned configuration of a centrifugal impeller with 𝑁 sectors and 𝑚 DOFs per sector. The full FEM 
equations for the forced oscillations are given by

𝐌𝑠𝐱̈ +𝐊𝑠𝐱 = 𝐟 (𝑡), (1)

where 𝐌𝑠 and 𝐊𝑠 are the mass and stiffness matrices of the entire assembly, respectively, 𝐱(𝑡) is the vector of DOFs of the structure, 
and 𝐟 (𝑡) is the external forcing. The natural modes of vibration are obtained by setting 𝐟 (𝑡) = 𝟎, and assuming harmonic motion

𝐱(𝑡) = 𝐗𝑒𝑖𝜔𝑡 +  c.c., (2)

where c.c. denotes the complex conjugate. The vibration mode shape 𝐗 and frequency 𝜔 are obtained by solving the generalized 
symmetric eigenvalue problem

(

𝐊𝑠 − 𝜔2𝐌𝑠
)

𝐗 = 𝟎, (3)

that can be expressed in terms of the in-sector matrices as
⎡

⎢

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎜

⎜

⎝

𝐊 𝐊𝑐 𝟎 ⋯ 𝐊⊤
𝑐

𝐊⊤
𝑐 𝐊 𝐊𝑐 ⋯ 𝟎
⋮ ⋮ ⋮ ⋱ ⋮
𝐊𝑐 𝟎 ⋯ 𝐊⊤

𝑐 𝐊

⎞

⎟

⎟

⎟

⎟

⎠

− 𝜔2

⎛

⎜

⎜

⎜

⎜

⎝

𝐌 𝐌𝑐 𝟎 ⋯ 𝐌⊤
𝑐

𝐌⊤
𝑐 𝐌 𝐌𝑐 ⋯ 𝟎
⋮ ⋮ ⋮ ⋱ ⋮
𝐌𝑐 𝟎 ⋯ 𝐌⊤

𝑐 𝐌

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

⎛

⎜

⎜

⎜

⎜

⎝

𝐗1
𝐗2
⋮
𝐗𝑁

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

𝟎
𝟎
⋮
𝟎

⎞

⎟

⎟

⎟

⎟

⎠

. (4)

The vector 𝐗𝑗 contains the displacements of the 𝑗th sector, the matrices 𝐊 and 𝐌 are the 𝑚 × 𝑚 in-sector stiffness and mass matrices, 
respectively, while 𝐊𝑐 and 𝐌𝑐 are the 𝑚 × 𝑚 coupling blocks between adjacent sectors. The cyclic symmetry is evident from Eq. (4), 
where the global matrices have a block circulant structure. This symmetry allows the eigenvectors to be expressed as

⎛

⎜

⎜

⎜

⎜

⎝

𝐗1
𝐗2
⋮
𝐗𝑁

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝐙𝑘𝑒
𝑖
(

2𝜋𝑘
𝑁

)

0

𝐙𝑘𝑒
𝑖
(

2𝜋𝑘
𝑁

)

1

⋮

𝐙𝑘𝑒
𝑖
(

2𝜋𝑘
𝑁

)

(𝑁−1)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

for 𝑘 = 0,… , 𝑁 − 1, (5)

which is just the sector-to-sector Discrete Fourier Transform (DFT) in the circumferential direction. The vector 𝐙𝑘 contains the in-
sector mode shape for the 𝑘th harmonic index, and the displacements of the different sectors are just related by multiples of the 
interblade phase angle 2𝜋∕𝑁 . The eigenvectors from Eq. (5) represent complex traveling wave modes with wavenumber 𝑘. Note 
that the mode with 𝑁 − 𝑘 ≡ −𝑘 (mod 𝑁) is the traveling wave propagating in the opposite direction. A combination of these mode 
shapes can be used to represent the system in the so-called standing wave modes, although the traveling wave formulation is more 
convenient for the mistuning analysis.

Inserting Eq. (5) into Eq. (4) leads to 𝑁 uncoupled eigenvalue problems of the size of one sector, 𝑚, given by
[

𝐊̂𝑘 − 𝜔2𝐌̂𝑘
]

𝐙𝑘 = 𝟎, (6)

for 𝑘 = 0,… , 𝑁 − 1. The matrices 𝐊̂𝑘 and 𝐌̂𝑘 are defined as

𝐊̂𝑘 = 𝐊⊤
𝑐 𝑒

−𝑖
(

2𝜋𝑘
𝑁

)

+𝐊 +𝐊𝑐𝑒
𝑖
(

2𝜋𝑘
𝑁

)

,

𝐌̂𝑘 = 𝐌⊤
𝑐 𝑒

−𝑖
(

2𝜋𝑘
𝑁

)

+𝐌 +𝐌𝑐𝑒
𝑖
(

2𝜋𝑘
𝑁

)

.
(7)

For each 𝑘, there are 𝑚 natural frequencies, 𝜔𝑘1,… , 𝜔𝑘𝑚, and complex eigenvectors, 𝐙𝑘1,… ,𝐙𝑘𝑚. The mode shapes can be arranged 
as columns in a matrix

𝐏𝑘 =
(

𝐙𝑘1 𝐙𝑘2 ⋯ 𝐙𝑘𝑚
)

, (8)

which is normalized to satisfy
𝐏𝐻
𝑘 𝐌̂𝑘𝐏𝑘 = 𝐈,

𝐏𝐻
𝑘 𝐊̂𝑘𝐏𝑘 = 𝛀2

𝑘 = diag(𝜔2
𝑘1,… , 𝜔2

𝑘𝑚),
(9)

for 𝑘 = 0,… , 𝑁 − 1, and the superscript 𝐻 denotes the Hermitian transpose. With these matrices, a change of basis from physical 
displacements, 𝐗, to the TW amplitudes, 𝐀, can be defined

𝐗 = 𝐏𝐀, (10)
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where the matrix 𝐏 is defined as

𝐏 = 1
√

𝑁

⎛

⎜

⎜

⎜

⎝

𝐏0𝑒
𝑖
(

2𝜋0
𝑁

)

0
⋯ 𝐏𝑁−1𝑒

𝑖
(

2𝜋(𝑁−1)
𝑁

)

0

⋮ ⋱ ⋮

𝐏0𝑒
𝑖
(

2𝜋0
𝑁

)

(𝑁−1)
⋯ 𝐏𝑁−1𝑒

𝑖
(

2𝜋(𝑁−1)
𝑁

)

(𝑁−1)

⎞

⎟

⎟

⎟

⎠

, (11)

and

𝐀 =
√

𝑁
⎛

⎜

⎜

⎝

𝐀0
⋮

𝐀𝑁−1

⎞

⎟

⎟

⎠

(12)

contains the amplitudes of all TW modes with wavenumber 𝑘 = 0,… , 𝑁 − 1.
Going back to the forced response problem (1), we consider that the external forcing has the form of a traveling wave with engine 

order 𝑟 and frequency 𝜔

𝐟 (𝑡) = 𝐅𝑠𝑒
𝑖𝜔𝑡 +  c.c. =

⎛

⎜

⎜

⎜

⎝

𝐅𝑒𝑖
(

2𝜋𝑟
𝑁

)

0

⋮

𝐅𝑒𝑖
(

2𝜋𝑟
𝑁

)

(𝑁−1)

⎞

⎟

⎟

⎟

⎠

𝑒𝑖𝜔𝑡 +  c.c. (13)

Assuming that the response is also harmonic, the forced response problem of the tuned system is reduced to the linear system
(

𝐊𝑠 − 𝜔2𝐌𝑠
)

𝐗 = 𝐅𝑠. (14)

This problem takes a diagonal form in the traveling wave basis, obtained by using (10) and premultiplying by 𝐏𝐻 , resulting in

⎛

⎜

⎜

⎝

𝛀2
0 − 𝜔2𝐈 ⋯ 𝟎
⋮ ⋱ ⋮
𝟎 ⋯ 𝛀2

𝑁−1 − 𝜔2𝐈

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝐀0
⋮

𝐀𝑁−1

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝟎
⋮

𝐏𝐻
𝑟 𝐅
⋮
𝟎

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (15)

Therefore, in the tuned system, only the TW components 𝐀𝑟 are different from zero, since the forcing is only present in the 𝑟th block 
in the TW basis.

Including now the effect of mistuning and damping, the forced response problem takes the form
(

(1 + 𝑖𝛿)𝐊𝑠 + Δ𝐊𝑠 − 𝜔2(𝐌𝑠 + Δ𝐌𝑠)
)

𝐗 = 𝐅𝑠, (16)

where the damping is modeled as proportional to the stiffness matrix. The parameter 𝛿 is small (𝛿 ≪ 1), representing a realistic value. 
The mistuning matrices are defined as

Δ𝐊𝑠 =

⎛

⎜

⎜

⎜

⎜

⎝

Δ𝐊1 𝟎 ⋯ 𝟎
𝟎 Δ𝐊2 ⋯ 𝟎
⋮ ⋮ ⋱ ⋮
𝟎 𝟎 ⋯ Δ𝐊𝑁

⎞

⎟

⎟

⎟

⎟

⎠

, Δ𝐌𝑠 =

⎛

⎜

⎜

⎜

⎜

⎝

Δ𝐌1 𝟎 ⋯ 𝟎
𝟎 Δ𝐌2 ⋯ 𝟎
⋮ ⋮ ⋱ ⋮
𝟎 𝟎 ⋯ Δ𝐌𝑁

⎞

⎟

⎟

⎟

⎟

⎠

, (17)

where no mistuning is introduced in the coupling between sectors, as these DOFs represent a much smaller subset compared to the 
in-sector DOFs. The in-sector matrices are symmetric, and satisfy

𝑁
∑

𝑗=1
Δ𝐊𝑗 = 0,

𝑁
∑

𝑗=1
Δ𝐌𝑗 = 0, (18)

which implies that the average mistuning across all sectors is zero. This is equivalent to assuming that the mean component of the 
mistuning is included in the tuned system without loss of generality.

The forced response problem of the structure with mistuning (16) expressed in the TW basis takes the form

⎡

⎢

⎢

⎣

⎛

⎜

⎜

⎝

(1 + 𝑖𝛿)𝛀2
0 − 𝜔2𝐈 ⋯ 𝟎

⋮ ⋱ ⋮
𝟎 ⋯ (1 + 𝑖𝛿)𝛀2

𝑁−1 − 𝜔2𝐈

⎞

⎟

⎟

⎠

+ 𝚫
⎤

⎥

⎥

⎦

⎛

⎜

⎜

⎝

𝐀0
⋮

𝐀𝑁−1

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝟎
⋮

𝐏𝐻
𝑟 𝐅
⋮
𝟎

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (19)

and the matrix 𝚫 is given by
𝚫 = 𝐏𝐻(

Δ𝐊𝑠 − 𝜔2Δ𝐌𝑠
)

𝐏, (20)

where 𝐏 is the transformation matrix that relates the displacement basis to the TW basis defined in Eq. (11). The matrix 𝚫 can be 
simplified using the orthogonality properties of the DFT. First, the in-sector mistuning matrices are expressed in terms of their spatial 
Fourier coefficients as

Δ𝐊𝑗 =
𝑁−1
∑

𝑘=0
Δ𝐊𝐹

𝑘 𝑒
𝑖
(

2𝜋𝑘
𝑁

)

𝑗 , Δ𝐌𝑗 =
𝑁−1
∑

𝑘=0
Δ𝐌𝐹

𝑘 𝑒
𝑖
(

2𝜋𝑘
𝑁

)

𝑗 , (21)

Journal of Sound and Vibration 642 (2026) 119945 

6 



G. Deiana et al.

for 𝑗 = 1,… , 𝑁 . Inserting these expressions into the definition of 𝚫 and using Eq. (5), the mistuning matrix in the TW basis takes the 
form

𝚫 =

⎛

⎜

⎜

⎜

⎜

⎝

𝟎 𝚫0,1 ⋯ 𝚫0,𝑁−1
𝚫1,0 𝟎 ⋯ 𝚫1,𝑁−1
⋮ ⋮ ⋱ ⋮

𝚫𝑁−1,0 𝚫𝑁−1,1 ⋯ 𝟎

⎞

⎟

⎟

⎟

⎟

⎠

, (22)

where each block 𝚫𝑘,𝑛 is given by
𝚫𝑘,𝑛 = 𝐏𝐻

𝑘 (Δ𝐊𝐹
𝑘−𝑛 − 𝜔2Δ𝐌𝐹

𝑘−𝑛)𝐏𝑛. (23)

The coupling between different TW modes is only produced by the mistuning matrix, which is non-diagonal in this basis. Moreover, 
the coupling between modes 𝑘 and 𝑛 occurs through the 𝑘 − 𝑛 Fourier coefficient of the mistuning matrices.

We now introduce the AMM equations to study the response in the vicinity of a tuned resonant frequency of interest, 𝜔tun. The 
external forcing has the shape of a TW with the same wavenumber as the mode associated to this frequency. For small damping and 
mistuning, a drastic reduction can be performed, retaining only a small set of active modes-those expected to contribute significantly 
to the response. Under this assumption, the AMM equations take the form

⎛

⎜

⎜

⎜

⎜

⎝

𝑑𝑘 𝐷𝑘,𝑘−1 ⋯ 𝐷𝑘,−𝑘
𝐷̄𝑘,𝑘−1 𝑑𝑘−1 ⋯ 𝐷𝑘−1,−𝑘

⋮ ⋮ ⋱ ⋮
𝐷̄𝑘,−𝑘 𝐷̄𝑘−1,−𝑘 ⋯ 𝑑−𝑘

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝐴𝑘
𝐴𝑘−1
⋮

𝐴−(𝑘−1)
𝐴−𝑘

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0
⋮

𝑖𝛿𝜔tun∕2
⋮
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (24)

where 𝐴𝑘,… , 𝐴−𝑘 are the amplitudes of the active TW modes, ordered to distinguish between forward and backward TWs. The 
diagonal elements 𝑑𝑘 are defined as

𝑑𝑘 = Δ𝜔𝑘 − Δ𝜔 + 𝑖𝛿𝜔tun∕2, (25)

where Δ𝜔𝑘 = 𝜔𝑘 − 𝜔tun is the difference between the tuned frequency 𝜔𝑘 of mode 𝐴𝑘 and the reference resonant frequency 𝜔tun. The 
term Δ𝜔 = 𝜔 − 𝜔tun represents the offset between the forcing frequency and tuned resonance.

The off-diagonal elements 𝐷𝑘,𝑛 are computed from the projection of the Fourier coefficients of the mistuning matrices onto the 
corresponding tuned modes

𝐷𝑘,𝑛 = 𝐙𝐻
𝑘
(

Δ𝐊𝐹
𝑘−𝑛 − 𝜔2

tunΔ𝐌
𝐹
𝑘−𝑛

)

𝐙𝑛∕(2𝜔tun), (26)

and 𝐷̄𝑘,𝑛 denotes the complex conjugate. These off-diagonal terms govern the coupling between modes. They are independent of 
the forcing frequency due to the approximation in the AMM 𝜔 = 𝜔tun + Δ𝜔 (where Δ𝜔 ≪ 1), which is valid close to the resonance 
crossing.

Therefore, given the mistuning distribution and the tuned modes and frequencies, the AMM system can be fully assembled and 
solved. The value of the forcing in the right-hand side, 𝑖𝛿𝜔tun∕2, is chosen such that the tuned response for a forcing with engine 
order 𝑟 is normalized: 𝐴𝑟 = 1 and 𝐴𝑘 = 0 for 𝑘 ≠ 𝑟.

The number of active modes required in the AMM depends on the relative magnitude of mistuning and damping compared to 
the spacing of the modal frequencies. For very small mistuning, only modes 𝑘 and −𝑘 are coupled (since their tuned frequencies are 
exactly the same), and the response can be accurately captured by a 2 × 2 system. As mistuning increases, additional modes must be 
included. Typically, the number of retained modes for a fixed level of mistuning is increased until the solution converges.

A final remark concerning the AMM is that, apart from computing the forced response, the mistuned frequencies and mode shapes 
can be obtained by formulating the left-hand side of Eq. (24) as an eigenvalue problem, where the eigenvalue is Δ𝜔, as defined 
through the diagonal terms 𝑑𝑘 in Eq. (25). The corresponding mistuned mode shapes are given, to the order of approximation of the 
AMM, by the linear combination of tuned active TW modes determined by the mistuning distribution.

4.  Forced response analysis

We now use the AMM to compute the forced response of the centrifugal impeller with mistuning. While we focus on the centrifugal 
impeller presented in Fig. 2, the AMM methodology can also be applied to other turbomachinery components by following the 
procedure described in Section 3.

The damping is set to 𝛿 = 0.1%, consistent with typical values observed in such structures. To validate the asymptotic approach 
for this industrial case, we consider an additional mass placed at the tip of each sector, as shown in Fig. 5. For the 𝑗th sector, this 
mass defines the term Δ𝐌𝑗 in the mistuning matrix, and stiffness mistuning is neglected Δ𝐊𝑠 = 𝟎. In general, stiffness mistuning can 
be incorporated as described in Eq. (26), which would introduce an additional contribution to the elements of the mistuning matrix.

The mistuning of the different sectors is parametrized with a single matrix, Δ𝐌, corresponding to the DOFs highlighted in red in 
Fig. 5. Then, the sector-to-sector mistuning distribution is described by the parameter 𝜀𝑗 ,

Δ𝐌𝑗 = 𝜀𝑗Δ𝐌,  for 𝑗 = 1,… , 𝑁. (27)

To construct the AMM equations, we define three frequency bands around the mode of interest, which is highlighted in red in 
Fig. 3a. A zoomed-in view of the surrounding frequencies is shown in Fig. 6. The first band contains five active modes (only three are 
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Fig. 5. Definition of the size and placement of the intentional mistuning mass in each sector.

Fig. 6. Frequency bands containing the different active modes used in the asymptotic model.

visible in the plot, but the symmetric counterparts of 𝑘 = 1, 2, 𝑘 = −1,−2, are also included, since they have the same frequency). An 
intermediate band includes 9 active modes, and a larger band comprises 19 active modes, covering up to ±10% relative frequency 
deviation from the forced mode.

These three AMM models are used to validate the asymptotic approach against the full-order system. To facilitate understanding 
in the construction of the AMM, the system with five active modes is explicitly shown below
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, (28)

where the lower triangular part is the Hermitian conjugate of the upper part. Among the five modes involved in the response, only 
TW0 lacks a counterrotating counterpart, as its associated mode shape is purely real with all sectors moving in phase. The external 
forcing appears only in the TW1 equation, since this is the mode excited that is related to dangerous localized tip motion.

4.1.  Validation of the AMM

To validate the AMM model, we consider three mistuning patterns with 2% amplitude:

(i) 𝜀𝑗 = 0.02 ⋅  rand(𝑗)
(ii) 𝜀𝑗 = 0.02 ⋅ cos ((2𝜋∕𝑁 ⋅ 1)(𝑗 − 1))
(iii) 𝜀𝑗 = 0.02 ⋅ cos ((2𝜋∕𝑁 ⋅ 3)(𝑗 − 1))

The three AMM systems described above are solved and compared with the full-order FEM solution of Eq. (16). The complete model 
consists of approximately 3 million complex linear equations and is solved directly using the Pardiso library [41]. On a workstation 
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Fig. 7. Frequency response curve of the maximum displacement over all the sectors. Comparison between the AMM with different levels of approx-
imation (blue line and dashed colored lines) and the full-order FEM solution (dots). The tuned response is included as a reference (black thin line), 
with the frequencies of the tuned modes 𝜔0, 𝜔1 and 𝜔2 indicated by the vertical dashed lines. Top left: mistuning pattern in physical space (𝜀𝑗 ), and 
in Fourier space (𝜀𝐹𝑘 ). Top right: Modal amplitudes of the traveling waves −2,−1, 0, 1, 2. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)
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Fig. 8. Representation of the in-sector random mistuning.

equipped with an Intel® Core™i9-13900K (3.00GHz, 24 cores, 32 threads) and 128 GB of RAM, each linear system requires about 
15 min of CPU time. The computational cost of solving the AMM is negligible.

The results are shown in Fig. 7, where frequency response curves are plotted using the maximum displacement across all sectors. 
In Fig. 7a, the response for the random mistuning pattern in (i) is presented. The tuned response is included as a reference (thin 
black line), and the tuned frequencies of modes 0, 1, and 2 from the first frequency band in Fig. 6 are marked with vertical dashed 
lines and labeled 𝜔0, 𝜔1, and 𝜔2. The mistuning distribution 𝜀𝑗 is shown in the top left, along with its spatial Fourier transform 𝜀𝐹𝑘 , 
which is important to understand the coupling in the AMM framework. The 5-mode AMM solution is plotted in blue, while the 9- 
and 19-mode approximations are shown with dashed black and red lines, respectively. The full FEM response is marked with white 
dots. As shown, the AMM captures the forced response accurately even with only 5 active modes. The maximum deviation from the 
FEM solution occurs near the resonance peak, with a discrepancy of less than 3%.

The modal content at resonance is shown in the top right of the figure. The TWs 1 and −1 dominate the response, with additional 
contributions from TWs 0, 2, and −2. Other components are omitted for clarity due to their negligible contribution. The strong 
presence of TWs 1 and −1 is expected, as they share the same tuned frequency and are easily coupled by mistuning.

Fig. 7b shows the frequency response for the cosine mistuning pattern with wavenumber one (case (ii)). As shown in the top left, 
this distribution contains only one non-zero Fourier coefficient. The AMM again closely matches the FEM solution. Near resonance, 
the response involves several modes that are coupled through mistuning.

The response for the cosine pattern with wavenumber three (case (iii)) is shown in Fig. 7c, again demonstrating good agreement 
with the FEM solution. In this case, the dominant contribution at the resonance peak comes from TWs 1 and −2. This behavior is 
consistent with the presence of the Fourier coefficient 𝜀𝐹3 , which, according to the AMM formulation, couples modes separated by 
three in harmonic index (see the definition of 𝐷𝑘,𝑛 in Eq. (26)).

Given the accuracy of the asymptotic approximation, we now restrict our analysis to the reduced AMM system to study the 
sensitivity of the centrifugal impeller to random mistuning and to explore effective strategies for intentional mistuning.

4.2.  Amplification by random mistuning

To model the random mistuning arising from geometric imperfections, we consider an in-sector distribution, as illustrated in 
Fig. 8. The mistuning amplitude is set to 0.5% of the sector mass.

The amplification caused by random mistuning is evaluated by generating 100 different random patterns. The corresponding 
resonance curves are plotted in Fig. 9, with each individual response shown in blue. The thick red line highlights the case with 
the maximum amplification, showing an increase of approximately 48% in the peak response compared to the tuned case. This is a 
considerable amplification given the small mistuning level.

On the left side of the figure, the mistuning distribution for this case is shown. Its Fourier decomposition indicates that the 
𝑘 = 1 component has the highest amplitude. According to the AMM formulation, this component couples neighboring modes (those 
separated by one in harmonic index). As expected, the modal amplitudes at the peak show contributions from modes 0, 1,−1, 2, and 
−2.

The displacements of the nodes of the centrifugal impeller at the peak of the resonance curve with the highest amplification are 
shown in Fig. 10. Their reconstruction using the AMM with only five active modes is presented in Fig. 10a, while the full FEM solution 
is given in Fig. 10b. This comparison provides an additional validation of the AMM, as the structural deformation is very similar, 
accurately reproducing the real displacement field.

4.3.  Intentional mistuning

The design of an effective mistuning pattern requires separating the frequencies between the dominant modes in the response, in 
order to reduce the peak amplitude. Intentional mistuning is applied, on top of the random in-sector pattern used in the response of 
Fig. 9, using the same tip masses described in Fig. 5.
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Fig. 9. Frequency response curve of the maximum displacement over all the sectors of 100 different random mistuning patterns with 0.5% amplitude. 
The mistuning pattern with the largest amplification is highlighted with thick red line. Top left: mistuning pattern producing the largest amplification 
in physical space (𝜀𝑗 ), and in Fourier space (𝜀𝐹𝑘 ). Top right: Modal amplitudes of the traveling waves −2,−1, 0, 1, 2 at the peak. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Comparison between the displacement field of the forced response reconstructed using the AMM and the full FEM solution at the resonance 
peak of the random mistuning case (Fig. 9).

Fig. 11. Detailed view of the effect of the different Fourier components of the mistuning matrix in the coupling of the active modes of the response.

From the TW components at the peak in the random pattern in Fig. 9, we know that the response is primarily composed of five 
modes within a narrow frequency band around the excited one. To determine which mistuning patterns are more effective and guide 
the design, we examine the relevant Fourier components of the mistuning matrices in the AMM equations, as depicted in Fig. 11.

The coupling between TW 1 and −1 is controlled by the term 𝐷1,−1, which depends only on the Fourier coefficient Δ𝐌𝐹
2 . Thus, 

a mistuning pattern containing only this component is expected to separate these two modes, reducing the response. Similarly, to 
decouple TWs 1 and −1 from modes 0, 2, and −2, a pattern with a strong Δ𝐌𝐹

1  component is effective, since this coefficient appears 
in the associated coupling terms. In contrast, a pattern with Δ𝐌𝐹

3  only weakly affects the interaction between modes 1, −1, and 2, 
−2 and does not interact with TW 0. The impact of Δ𝐌𝐹

4  is expected to be negligible, as it only affects the coupling between modes 2
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Fig. 12. Difference in placement of a specific mistuning pattern.

Fig. 13. Frequency response curve of the maximum displacement over all the sectors. Effect of the phase of the intentional mistuning pattern, 𝜀𝑗 =
0.02 ⋅ cos ((2𝜋∕𝑁 ⋅ 2)(𝑗 − 1) + (2𝜋∕𝑁)𝓁), for different 𝓁. The lowest response is obtained for 𝓁 = 7 (thick black line). Top left: intentional mistuning 
pattern with highest reduction in physical space (𝜀𝑗 ). Top right: intentional mistuning pattern with highest reduction in Fourier space (𝜀𝐹𝑘 ).

and −2. Additionally, the alternating mistuning pattern, commonly effective in bladed-disks due to their flat modal families, is also 
evaluated here.

Based on this analysis, the following intentional mistuning patterns are considered:

(a) Cosine pattern with wavenumber 2
(b) Cosine pattern with wavenumber 1
(c) Cosine pattern with wavenumber 3
(d) Cosine pattern with wavenumber 4
(e) Alternating pattern

The effect of each mistuning pattern is evaluated for different amplitudes and phase shifts along the impeller. This sensitivity 
to placement is illustrated in Fig. 12. Since the underlying mistuning of each blade is unique, shifting a given pattern can alter its 
interaction with the underlying imperfections. With only 13 sectors, this discrete effect becomes significant, and different phase shifts 
(corresponding to multiples of the interblade phase angle) are studied in terms of the amplification reduction they produce.

(a) Cosine pattern with wavenumber 2
The intentional mistuning pattern is given by

𝜀𝑗 ∼ cos ((2𝜋∕𝑁 ⋅ 2)(𝑗 − 1) + (2𝜋∕𝑁)𝓁), (29)

for 𝑗 = 1,… , 𝑁 , and 𝓁 is an integer parameter used to study the effect of shifting the mistuning pattern along the impeller. The 
amplitude of the intentional mistuning pattern is fixed at 2%, and is applied on top of the random mistuning distribution that 
produced nearly 50% amplification (see Fig. 9). The frequency response curves for different values of 𝓁 are shown in Fig. 13, with the 
response of the system without intentional mistuning included in red for reference. In all cases, the intentional mistuning leads to a 
significant reduction in amplification, reaching approximately 20% of the tuned response. The configuration with 𝓁 = 7, highlighted 
in black, provides the lowest peak amplitude (only 1% above the tuned case). Its corresponding mistuning distribution is shown in 
the top left, and the top right plot shows a single peak, since it is a pure wavenumber 2 cosine pattern.

Next, we fix 𝓁 = 7 and vary the amplitude of the intentional mistuning from 0% to 5%. The resulting frequency responses are 
shown in Fig. 14. For small mistuning levels (0.5-1%), the frequency separation between TW 1 and −1 is minor, resulting in only a 
mild reduction. The minimum amplification occurs at 2%, and further increasing the amplitude leads to a rise in peak response. This 
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Fig. 14. Frequency response curve of the maximum displacements over all the sectors for different intentional mistuning amplitudes for the cosine 
pattern with wavenumber 2.

Fig. 15. Validation of the resonance curve with the intentional mistuning pattern comparing the AMM prediction (lines) against full-order FEM 
calculation (dots). Inset plots: Modal amplitudes of the traveling waves −2,−1, 0, 1, 2, at the two peaks.

Fig. 16. Maximum amplification of all the random mistuning patterns in Fig. 9 for an intentional mistuning pattern with a cosine distribution of 
wavenumber 2.
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Fig. 17. Frequency response curve of the maximum displacement over all the sectors. Effect of the phase of the intentional mistuning pattern, 𝜀𝑗 =
0.02 ⋅ cos ((2𝜋∕𝑁 ⋅ 1)(𝑗 − 1) + (2𝜋∕𝑁)𝓁), for different 𝓁. The lowest response is obtained for 𝓁 = 11 (thick black line). Top left: intentional mistuning 
pattern with the highest reduction in physical space (𝜀𝑗 ), and in Fourier space (𝜀𝐹𝑘 ).

is due to TW −1 shifting closer to TWs 0, 2, and −2, causing additional coupling and higher amplification. Although the peak remains 
significantly below the level observed without intentional mistuning, this effect highlights the importance of nearby mode placement. 
In centrifugal impellers, where the modal density is higher than in bladed-disks, large mistuning amplitudes may unintentionally 
introduce new couplings and limit the effectiveness of the strategy.

As an additional validation of the AMM, the resonance curves for the random pattern with high amplification and the intentional 
pattern with the lowest response are compared against full FEM simulations in Fig. 15. Excellent agreement is observed. The inset 
plots show the modal content of the two peaks after the separation induced by the mistuning. The right peak is dominated by TWs 1
and −1, with negligible contributions from other modes. Notably, the amplitude of TW 1 is smaller than in the random pattern case. 
The left peak shows participation of all five dominant modes, although with relatively low amplitude.

Up to this point, the analysis focused on the specific random pattern that produced the highest amplification. To assess the general 
effectiveness of the intentional mistuning pattern, we now apply it to all 100 random distributions used in Fig. 9. The maximum 
amplification for each case is shown in Fig. 16 as a function of the intentional mistuning amplitude. For low levels of mistuning, 
the amplification varies significantly, with a spread of 41% between the random cases. As the intentional mistuning increases, the 
peak amplification drops rapidly to around 1.2. However, at higher mistuning levels (around 5%), the variation remains large. This 
is consistent with earlier observations: increasing the amplitude too much brings the mistuned frequency of TW −1 closer to other 
modes, introducing additional interactions and limiting sensitivity reduction to random mistuning.

(b) Cosine pattern with wavenumber 1
In this case, the intentional mistuning is defined according to the distribution

𝜀𝑗 ∼ cos ((2𝜋∕𝑁 ⋅ 1)(𝑗 − 1) + (2𝜋∕𝑁)𝓁). (30)

We begin by setting the amplitude of the intentional mistuning to 2% and analyzing the effect of shifting the pattern through 
the parameter 𝓁. The corresponding resonance curves are shown in Fig. 17. As predicted by the AMM, a wavenumber 1 mistuning 
distribution promotes coupling that pushes the modes apart. As a result, the peak near the tuned frequency 𝜔1 splits into two distinct 
peaks that shift toward higher frequencies, while the resonances associated with modes 0 and 2 move left. The influence of 𝓁 is again 
noticeable: some shifts provide limited reduction in amplitude, while others are more effective. The best result is obtained for 𝓁 = 11, 
highlighted in black, which reduces the peak amplitude to 18% of the tuned case. The corresponding mistuning distribution is shown 
in the top left of the figure.

Keeping 𝓁 = 11 fixed, we explore the influence of the mistuning amplitude in Fig. 18. Unlike the wavenumber 2 pattern, this 
configuration benefits from higher mistuning levels. The peaks in the response move farther apart as the amplitude increases, with 
the right peaks shifting away from 𝜔1. At 5% mistuning, the amplification factor drops to 1.09. This trend is explained by the absence 
of nearby modes to the right of 𝜔1, reducing the potential for additional coupling.

This effect is also reflected in the sensitivity to random mistuning, shown in Fig. 19. At low intentional mistuning levels, the spread 
in peak amplitudes is about 38%, similar to the wavenumber 2 case. As the mistuning level increases, the maximum amplification 
decreases more gradually. Nevertheless, in contrast to the previous strategy, at 5% mistuning amplitude, the spread is significantly 
reduced to just 5%. Therefore, the wavenumber 1 strategy is particularly effective in minimizing sensitivity to random mistuning, as 
it shifts the dominant modes to a region with fewer neighboring modes and lower interaction potential.
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Fig. 18. Frequency response curve of the maximum displacements over all the sectors for different intentional mistuning amplitudes for the cosine 
pattern with wavenumber 1.

Fig. 19. Maximum amplification of all the random mistuning patterns in Fig. 9 for an intentional mistuning pattern with a cosine distribution of 
wavenumber 1.

Fig. 20. Frequency response curve of the maximum displacement over all the sectors. Effect of the phase of the intentional mistuning pattern, 𝜀𝑗 =
0.02 ⋅ cos ((2𝜋∕𝑁 ⋅ 3)(𝑗 − 1) + (2𝜋∕𝑁)𝓁), for different 𝓁. The lowest response is obtained for 𝓁 = 1 (thick black line). Top left: intentional mistuning 
pattern with the highest reduction in physical space (𝜀𝑗 ), and in Fourier space (𝜀𝐹𝑘 ).
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Fig. 21. Frequency response curve of the maximum displacement over all the sectors. Effect of the phase of the intentional mistuning pattern, 𝜀𝑗 =
0.02 ⋅ cos ((2𝜋∕𝑁 ⋅ 4)(𝑗 − 1) + (2𝜋∕𝑁)𝓁), for different 𝓁. The lowest response is obtained for 𝓁 = 1 (thick black line). Top left: intentional mistuning 
pattern with the highest reduction in physical space (𝜀𝑗 ), and in Fourier space (𝜀𝐹𝑘 ).

Fig. 22. Frequency response curve of the maximum displacement over all the sectors with an alternating mistuning pattern. The response is directly 
computed the full-order FEM model (dots). Top left: intentional mistuning pattern with the highest reduction in physical space (𝜀𝑗 ), and in Fourier 
space (𝜀𝐹𝑘 ). Top right: Modal amplitudes of the traveling waves −2,−1, 0, 1, 2 at the peak.

(c) Cosine pattern with wavenumber 3
In this case, we only evaluate the effect of the intentional mistuning pattern on the random configuration that produced the highest 

amplification, since the AMM predicts a limited impact compared to the previous strategies. The mistuning distribution is given by

𝜀𝑗 ∼ cos ((2𝜋∕𝑁 ⋅ 3)(𝑗 − 1) + (2𝜋∕𝑁)𝓁). (31)

Fig. 20 shows the resulting frequency response curves for a 2% intentional mistuning level. The smallest amplification factor obtained 
is 1.27. Compared to the results in Figs. 13 and 17, it is evident that this mistuning pattern has a weaker influence on the response, 
making it less suitable for reducing the forced response.

(d) Cosine pattern with wavenumber 4
The mistuning pattern is defined as

𝜀𝑗 ∼ cos ((2𝜋∕𝑁 ⋅ 4)(𝑗 − 1) + (2𝜋∕𝑁)𝓁). (32)

The frequency response curves for the different values of 𝓁 are shown in Fig. 21. As predicted by the AMM equations (Fig. 11), the 
Fourier component 𝜀𝐹4  has a limited effect, coupling only modes 2 and −2. Consequently, the maximum response remains nearly 
unchanged across all shifts of the mistuning distribution. Some variation is observed in the left part of the plot, where modes 2 and 
−2 exhibit slight separation. Based on the AMM framework, it is evident that this mistuning pattern is ineffective in reducing the 
response (an outcome that can be anticipated without performing full numerical analysis).

Journal of Sound and Vibration 642 (2026) 119945 

16 



G. Deiana et al.

(d) Alternating pattern
In the analysis of bladed-disks, alternating patterns have been widely used to reduce the forced response. For flat modal families, 

this type of mistuning splits the modes into two distinct groups, causing even and odd blades to vibrate at different frequencies, 
reducing their coupling and, thus, the amplification [28]. For the analysis of bladed-disks an additional assumption is typically made: 
the in-sector mode shapes for a flat family are identical, resulting in a simplification of the AMM Eq. (24).

Nevertheless, the situation for a centrifugal impeller differs substantially. The modes are not organized into a flat family, and 
the in-sector mode shapes of the active modes contributing to the response may differ significantly. The AMM equations derived for 
this case indicate that only Δ𝐌𝐹

1 ,… ,Δ𝐌𝐹
4  significantly influence the response (see Fig. 11). If the impeller had an even number of 

blades, such as 14, an alternating pattern would only produce a contribution at Δ𝐌𝐹
7 , which, according to the AMM, would have 

negligible impact on the forced response. In the present case, the blade count is odd (𝑁 = 13), and the alternating pattern does not 
exactly fit. The configuration considered assigns zero mistuning mass to one blade, as illustrated in the top left of Fig. 22. The Fourier 
decomposition of the mistuning pattern has a dominant component at 𝑘 = 6, with contributions from other harmonics. Although some 
relevant Fourier components are present, their effect is expected to be limited due to their small size.

To confirm this, the alternating pattern is evaluated directly using the full FEM model, and the resulting resonance curve is shown 
in Fig. 22. The response is nearly identical to that of the case without intentional mistuning, and the modal content at the peak (top 
right of the figure) closely resembles the response associated with the random mistuning pattern in Fig. 9.

5.  Conclusion

This study investigates the amplification of the forced response in a centrifugal impeller due to random mistuning and proposes 
practical strategies for mitigating this effect through intentional mistuning. The applied forcing excites a mode characterized by 
localized motion at the tips of the different sectors, corresponding to a crossing in the SAFE diagram, which is particularly dangerous 
due to high cycle fatigue.

We use the Asymptotic Mistuning Model (AMM), a drastically reduced but accurate description of the impeller forced response. 
This model captures the main physical mechanisms that govern the response, in particular the coupling mechanism of the modes 
through the Fourier coefficients of the sector-to-sector mistuning distribution. This insight guides the selection process of the effective 
intentional mistuning patterns, without necessarily requiring expensive optimization processes over an exponentially large number 
of configurations.

The AMM is validated against full FEM computations of a realistic centrifugal impeller. Subsequently, the amplification of the 
response of the system due to random mistuning is investigated in the simplified AMM setup, and intentional mistuning patterns are 
designed to reduce the amplification. The main contributions of this work can be summarized as follows:

1. For the frequency distribution of the centrifugal impeller analyzed in this study, an AMM model retaining only five active modes 
(five linear equations) accurately captures the forced response. The validations against full FEM simulations are done across 
several mistuning patterns, with a good prediction of the mistuned frequencies and differences less than 3% in the maximum 
amplitude.

2. A random mistuning distribution involving only 0.5% variation in sector mass can increase the response amplitude by up to 50% 
for localized tip modes in the configuration under analysis.

3. The AMM provides physical insight that guides the design of intentional mistuning patterns: modal coupling is governed by 
specific Fourier coefficients of the sector-to-sector mistuning distribution. Once the modes that actively participate in the mistuned 
response are identified, the corresponding intentional mistuning pattern can be designed directly from the structure of the AMM 
equations.

4. The mistuned frequencies and mode shapes can be accurately predicted by solving the reduced eigenvalue problem defined by 
the AMM equations, which involves only the active modes.

5. In particular, in the study of the mistuned forced response of a mode with tip-localized motion and wavenumber 1, the dominant 
response involves TWs 0,±1,±2. The most effective intentional mistuning patterns in this case are cosine distributions with 
wavenumber 2 (to separate TWs 1 and −1) or wavenumber 1 (to decouple neighboring modes), in agreement with the AMM 
predictions.

6. The arrangement of the intentional mistuning pattern along the impeller is relevant. For a configuration with 13 sectors, shifting 
the pattern by multiples of the interblade phase angle results in different forced response outcomes.

7. For the analyzed impeller, the amplification can be reduced to within 1% of the tuned response using an appropriately designed 
intentional mistuning pattern.

8. Sensitivity to random mistuning is reduced when intentional mistuning shifts the dominant modes in the response away from 
nearby frequencies.

9. Intentional mistuning patterns that contain no relevant Fourier components of the sector-to-sector mistuning distribution produce 
negligible changes in the response.

10. Alternating intentional mistuning patterns, typically used in bladed-disk configurations, are ineffective for centrifugal impellers 
with a modal distribution similar to the one presented in Fig. 3a. In the former case, this pattern is effective because the modal 
families are flat and well-separated from each other, splitting the modes into two distinct groups with much lower coupling. The 
mode distribution of the impeller is fundamentally different, and the alternating pattern does not result in a significant reduction 
in the response.
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