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Abstract—A method, using boundary elements, is presented as a solution to plane transient heat conduction. The
proposed method considers the governing equation to be a Helmholtz’s equation and solves the problem of time
variation using step by step integration. A numerical procedure is developed and its effectiveness verified. Several
examples are provided and their results compared with the theoretical ones.

1. INTRODUCTION
The application of Boundary Integral Equation Method

(B.I.LE.M.) to problems of transient heat conduction

started 1n 1969 with a paper by Rizzo and Shippy|[l] 1n
which the properties of Laplace transform were applied;
later, 1n 1970, Shaw[2] and, 1n 1972, Chang et al.[3]
solved the problem by using a time-dependent solution.
In 1977 Combescure and Lachat[4] repeated the use of
integral transforms and in 1979 Wrobel and Brebbia[35]
used a time-dependent fundamental solution and a
weighted residual formulation.

This paper presents the formulation for two-dimen-
sional 1sotropic continuous solid using the Helmholtz’s
equation as well as the Green’s theorem, with step by
step computation in the time domain.

In the context of boundary technique, the idea was
proposed by Brebbia and Walker[8] but they did not

present any resulit.
As there appears a domain term 1n the formulation it is

necessary to evaluate some integrals inside the volume
by establishing an internal cell subdivision. However
only known quantitites are involved in these integrals
with the unknown values hmited at the boundary, and
the cell system does not increment the size of the system
of equations to be solved.

A procedure to eliminate the domain integration In
connection with the method described in (5) has been
recently published [9].

2. FORMULATION

The equation that governs the transient heat conduc-
tion phenomena in a domain D with boundary 4D 1s

kV’d = pc %‘?
Or
KVig =22 (1)

where ¢ 1s the temperature; ¢ i1s the time; k is the
thermal conductivity; p is the density; ¢ is the specific

heat; and K is the thermometric conductivity K = k/pc.
The boundary conditions are known in every moment

on 4D, (2)

and so are the initial conditions inside the domain

¢ = ¢

q 1s the heat flux; n is the normal to the boundary; and
5D — 6D1 + 8D2

The basic equation 1s obtained from (1) through a finite
difference approach in the time domain so that the equa-
tion

in D (3)

can be solved at every time step.

The boundary formulation can be obtained looking for
a  such that

szl;,—E"LﬁA:o (5)

where A is the Dirac function presenting a singularity at
the point where (4) 1s being applied.

The eqn (5) can be compared with the Helmholtz's
equation in the form of a modified Bessel equation. The
solution of (5), called fundamental solution, 1S—In two
dimensions—the following.
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where K, i1s the modified Bessel function of second kind
and zero order; K, i1s the modified Bessel function of
second kind and first order; r 1s the distance between
two points; and d 1s the distance between the point under
study and the observed boundary element.

Applying the 2nd Green’s theorem 1t is possible to
write.

6()- | o WH, Do HAV(H)
W

f K$(G) 5(G, 1)AS(G)

[ K(G.]) w(G)dS(G)

JJHED GeED. (9)

When the point J 1s on 4D there appears a singularity
(r—>0) which can be elucidated by the usual procedure

of 1solation of the point under study by a circle—two
dimensions—of radius - 0.

If the point J 1s on the boundary and 4D 1s the
boundary of the circle, (9) can be written as

6= | A7 WH, Do HYAV(H)
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but for smooth boundaries
. L =1
11_1310 b cb(G) (G J)dS(G) = -~ ¢U)
. P _
lim Y(G, J)—=(G)dS(G) =0. (11)
e—>0 J3aD, 5"

If a sharp corner exists in the boundary the first
integral will have a value T*(J) and putting
I'(J)=1-T%(J) (12)

it 1s possible to write the fundamental equation to be
discretized as below.
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f K¥(G N%(G)ds(6)
HeD J GeadD (13)

(13) and (9) are the basic pair of equations that allows the

solution of the problem on the boundary and inside the
domain respectively.

3. DISCRETIZATION

The 1soparametric formulation described elsewhere [6]
1s used when discretizing the boundary as well as the field

variables.
That 1s, the geometry 1s interpolated by

X(£) = Ng(£) X,

Y(¢)= Ng(H)Y, (14

while the potential and flux are assumed to vary accord-
Ing to

#(&) = Ng(€)o,

a(8) = Ng(d)4, (1)
inside each element: where, as usual,
1
Nl(f) — ‘_2_(5"' 1)
Na(§) =5 (6 +1) (16
and
ds. = 175’ d¢ (17)

where 1g 1s the length of the g element.
Inside the domain the integral 1s evaluated assuming
quadrilateral cells.

X(& n) = Mu(§ 1) X,

Y(& n) = Mu(&, 1) Y, (18)

where the interpolation functions are the bilinear ones.
|
M,(¢ ) =71~ &1 —n)
l
Maé ) =7 (1+ H(1~n)

M6 m) = (1+ &)1 + )

]
My(& m)=7(1- 81+ ) (19
and
_ 1 X, Y, 1
dV, = 3| x. Y, | dédn (20)
X4_X2 Y4"‘ Y20

On the contrary the function ¢, is assumed to have a
constant value inside each cell @5, S0 that the system of

equations can be put in the form.

TN~ 3, C+ 3 (i) ¢"E&éﬁ)l))

(21)
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The computation of A,A,B,B,C can be done either In
closed form or by numerical procedures. This paper uses

the second type except when an element 1s viewed from
itself. The expressions are the following.

Numerically
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In closed form
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where K_, is the modified Bessel function of second
Kind and order — 1; L, is the modified Struve function of
zero order: and L_, 1s the modified Struve function of
order — 1.

4. EXAMPLES

In order to show some of the properties of the method
several examples have been run. The first 1s (Fig. 1) a
square plate with zero initial temperature inside and
unity at the boundary for every instant.

The problem has been solved on a quarter of the plate
because of the symmetries in which case we had a mixed

type problem.

Considering K = 1., the discretization has 20 elements
at the boundary and 25 cells inside the domain.

The results have been compared with the theoretical
ones presented for instance by Carslaw and Jaeger[7],
and 1t 1s important to note the clear influence of the
discretization time interval. In order to improve the
results we have considered three zones; the first from
t =0.0 to t=0.1 includes the initial rising of the tem-
perature while the second reaches t =0.75 and the third
t =3.0; the considered time intervals have been 0.009,
0.05 and 0.25 respectively. The accuracy has been good
except 1n the first zone where 1t was finally necessary
to use a time interval At =0.002 in order to model the
temperature variation.

Another classical example is a disc (Fig. 2) with the
same boundary conditions as before. The discretization
contains 18 boundary elements and 23 cells. The results
shown correspond to K = 1. and A¢ = 0.03.

A more complex domain 1s shown in Fig. 3 where the
data are the boundary temperatures at the beginning of
the process. Again the figure has an axis of symmetry
which has been used to reduce the area to be discretized
and solved, to a mixed type problem. Discretization has
42 boundary elements and 49 cells. K =1 and At =0.5.

Finally a turbine-like shape has been analysed (Fig. 4)
using 68 boundary elements and 114 cells and with the
same step as before.

5. GENERAL COMMENTS

As has been seen, the procedure 1s simple and efhicient
and there 1s the possibility of introducing several im-
provements.
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[n problems with symmetric geometry subjected to
symmetric or antisymmetric actions, 1t 1s_in general pos-
sible to compute and group the corresponding
coefficients in an automatic fashion and then elements
are not required on the lines of symmetry. Whether or
not this technique i1s advantageous is a matter of the
user’s taste (see, for instance[10]) although in some cases
it produces more accurate results[13].

The most expensive part of the method is the numeri-
cal integration. We have not intended to use an adaptive
procedure such as explained by Doblare et al.[13] or
Lachat et al.[12]. In general the integration in the boun-
dary is made using a standard Gauss rule with 4 points,
except in neighbour elements where the results have
been found analytically.

The domain integration has always been done
numerically using a rule of 36 or 16 points inside each
quadrilateral cell, depending on whether or not the cell is
in contact with the boundary. The enclosed computer
program only uses the first type of integration.

The integration constants have to be computed for
each different At. When a unique Af 1s chosen the
integration constants are computed only once during the
first iteration, and then stored for subsequent use. The
problem then is the election of the interval size 1n order
to maintain an acceptable accuracy without increasing
the computation cost by too much.

We have not found any mathematical rule establishing
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a rigorously founded criterion, but our experience with
the method suggests that a good choice 1s usually

A
At—0.0]25?

(25)
where A is the area enclosed by the domain; K = k/pc.
With this rule the initial results are a bit polluted but they
stabilize after a time of about

A
t =~0.028 78

(26)
If more precision is needed it is possible to define three

ranges of Integration as in example 1. The examples we

have run seem to agree well with the following rules:

§i
A
0<t<0.025 T
take
At = 0.00SO% (a)
[f
A A
0.025 E < t<<0.20 E
take
A
At —0.0125—K“‘ (b)
If
A
t=(0.20 E
take
A
At =0.0600 " (c)

(27)

The first two rules imply 19 intervals. We have found
that one more, of the (c) type, is usually enough to reach
93% of the stationary conditions. Then a good rule with
which to start the study is to fix the step number in, say,
21 and to compare the values of the last two steps. These
rules are, of course, intended for the transient situation
after a sudden application of thermal loads. If the tem-
perature varies it should be necessary to study the prob-
lem under consideration. A possible way of attack could
be the Fourler analysis of the load and the deter-

mination of the step through the velocity of the tem-
perature wave

v =+ 2kw)

where w 1s the characteristic frequency. The comparison
of the wave lengths with the size of the domain will give

us an 1dea of the necessary time step.

6. CONCLUSIONS

The examples show the capability of the B.I.LE.M. to
treat transient potential problems with a discretization of
the boundary and the use of integration cells 1nside the

domain.
The time step to be used 1s problem dependent and a
judicious choice has to be made in order to get sound

results.
Although the problems analysed present steady-state

boundary temperatures, the computer program prepared
has the possibility of treating time dependent boundary-

conditions with a very sitmple instruction.
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APPENDIX

& L
1l: SQUARE PLATE
2: 8 10 1l 4 0 1.0 0.05 O.1
3: 1 O. 0.
q: 3 1. 0.
5: 5 1. 1.
6 7 0. 1.
7: g 0. O.
8: 1 1l O. C.
9: 3 31. 0.
10: 5 4] .
11: 7 21. 0.
12: 9 1 0. 0.
13: 10 0.5 0.5
14 11 0.7 0.7
15: 1 1 2 10 8 0.
16: 2 2 3 a4 10 0.
17: 3 10 q 5 6 O.
18: a 8 10 6 7 0.
19: O 0 0l

Fig. Al.

FPROGRAM MECCA

OOy O

- i i . & a »

CIMENSTON X(151)+YC1851)4XTDCRO)YTID(BO) ' V1(B80)V2(80)V3(BQ).
lV4(dO)1NCOUf5l)1FII(51)1DFII(5112)tFI(53130)qDFI(5Ot2*3O)i
2FINT(20130)1FUI(8O)1FPCF(GO!3U)1[PIVO(DU)1ZZ(6)~ZO(6)'5[(36)1
3Yl(3b)1ZI(36)1VI(36)1AMEG(36)1DFF(5012)1COEF(5015O)1CARGO(50)*
QCAHGA(5U)1V(2)1Q(2)15(2)QTA(801501¢)1DA(2Q150ﬁ4)!D(inso)%
5E(30150)1F(5C150)1[TIT(QO)nTlME(BO)

INTEGER V1+VZeV34va4G4sD1+D24D3,04

-
O & ~Jd U &N

11: DATA'ZZ/O.23861?181—0.23861918~0.66120938--0.6612093810.932469511-
12. 10.93246951/113/0.46791393,0.46791393.0.36076157.0.3507615710.17132
13.% 244940,1713244G/

14. DISIXL oY1 o X24Y2)=SQRTCIX1~Y2)#%#2+(Y1=Y2)##2)

15:C

16:C ASSIGN DATA SET NUMBERS FOR INPUTWLEC AND CUTFUT, [MP
17:C

1R, LEC=5

19: | MP =§

20 NPMAX=50

21.C

22+C READ PROBLEM TITLE

23:C

24 . READCLEC100Q)ITIT

25: 1000 FORMAT(40A2)

26, WRITECIMP«I001D)ITIT

27+ 1001 FORMAT(1Xs+40A2)

284 C

29:C rREAD BAS]IC PARAMETERS

30.C NPC =NUMBER OF 30UNDARY NODES

31:C NPD =MAX, NUMBER OF [NTERNAL POINTS FOR DISCRETISATION
32:C NP =MAX, NUMBER OF INTERNAL POINTS WHERE THE FUNCTION
33.:C WiLL bBE CALCULATED



34:C NTD =NUMRER OF INTERNAL CELLS

35:C NCOA=SUPPORT CONDITION FOR NEUMANN PROBLEM
36:C CTER=TERMOMETRIC CONDUCTIVITY

37:C TINC=TIME INTERVAL

38:C TFIN=FINAL TIME

39.C

40: READCLEC+1005)INPC o NPD WINPT s NTDNCOA«CTERSTINCTFIN
417 1005 FORMAT(S5I5¢5X+3F10.0) -
42 WRITECIMPyI0GEINPCINPD e NPT W NTOWNCOAYCTERITINCSTFIN
43: 1006 FORMAT(2A+5]1543F10.5)

4 4 . DO 10 I=1+NPC

45, F11C1)=0,

46 DFTTI(CL1)=0,

47 . 10 DFEITI(]I2)0=0,

43 L=C

49.C

50 :C READ BOUNDARY HODES COORDIMATES
51 ¢ C

D2 15 READ(LECs1G1I0)T o« X(T) YD)

53 1010 FORMAT(IS+5X42F10,0)

D4, IF(LL)Z20+25420

551 2) NINT=]=-I_

b6 . AX=(XCI)=ACL))/NINT

27« AY=(YCT)=Y(L))/ZNINT

58 . 25 L=L+1 |

56, IFCI=L)500+35,4,350

60, 30 X(L)=X(L=1)+AX

61, Y(L)=Y(L=1)+AY

6. GO TO 25

63. 35 TF(NPC=1)45¢40415
64 . 40 X(NPC+1)=x(1)

LR Y(NPC+1)=Y (1)
66: 45 L=0
67.C

68:C READ BOUNDARY CONDITIONS
69:C NCOD(])=CODE OF THE NODE | ACCORUING TO THE NEIGHBOURG CONDITIONS
70:C CODE 1 =THE VALUES OF THE FUNCTICN DERIVATIVE BEFORE AND AFTER OF

71:C THE NODE ARE KNOWNM

72:C CODE 2 =THE VALUJES OF THE FUNCTION AND

73:C THE FUNCTION DERIVATIVE AFTER ARE KNOWN

74:C CODE 3 =THE VALUES OF THE FUNCTION DERIVATIVE BEFORE AND
75:C THE FUNCTION. ARE KNOWN

74:C CODE 4 =THE VALUES OF THE FUNCTION IN

77:C A SHARP CORNER ARE KNOWN

74:C CODE 5 =US 5 BUT IN CONTINUOUS BCUNDARY

79:C FI11¢1) =THE VALUE OF THE FUNCTION IN THE NODE 1 IF IT IS KNOWN
Q01C DFITCIWI)WDFII(142) =THE VALUES OF THE FUNCTION DERIVATIVES
81:C BEFORE AND AFTER IF THEY ARE KNOWN
821 C

§3: 85 READ(LECYL020G)TWNCODCIY oFITCI) sDFITICTI L) oDFIICI42)
§4% 1020 FORMAT(21543F10,0)

85 . [F(I=L=1)525¢55¢50

86 50 NINT=1=L

57 . AX=2CFITCI)=FTTICL))Y/ZNINT

8. AY=(DFT1CI1)=OF 1 TCLs2))Y/NINT

9. 55 LL=L+]

9C ¢ [F(I=L)525470,4,60

91 . 6O TFINCONDCI ) JLE I3 ANDSNCOD(CL)Y NEL2) GO TO 65

92 . NCOO(L)=5

93 FIICLYI=F]](L=1)+AX

Y4 . GO 10 95

95 . 69 NCUD(L)=1

36 DF T 1T (L«2)=DF ]I (L=1+2)+AY

97 DF T 1 (L«2)=DF[TCL1)

98 . GO 1C 55

9G., 70 [F(NPC=T)I80+75485
1003 5 FITANPC+1)=F]](1)
10 ¢ DETL(NPC+Y «1)=DF 1 C(141)
102 DFITC(ANPC+142)=DF1[(14c)
1031 NCOD(NPC+1)=yvCODC(1)
104, sV ARITECIMPW10Z25)
10%¢ 1025 FORMATCIHI +5x+ 'ROUNDARY NODES=BCUNDARY CONDITIONS
106 1V /73XGPNODEY 412X "COOR X' 99X '"COOR Y' 410X "CODE'" w11 Xo'POTENTIAL' 8
107 2X s PFLUX BEFOREY +9Xo'FLUX AFTER?Y)
los WRITECITMP L1030 CT o XCIX YOI t!CODCIDWFITCIY O CDFITICTI oK) K=142)41I=1 N
107G, 1PPC)

110 1030 FORMAT(2R s 15 43X 4 2F15,4+48Xe1041Xv3F20,3)
111 >00 COMTINUE
1120 525 CONTINJE




113:1C

114:C XEAD [NTERNAL POINTS(OISCRESITATICNYCOORDINATES

115:C ~

l116. READ(LEC1026) (XCIPD)YYCIPD)yIPD=NPC+2+NPD)

117 1026 FORMAT(10X+2F10,0)

1183 WRITE(CIMP4+1011)

119 1011 FORMAT(1H1 45X ' INTERNAL POINTS « DISCRETISATION'/3X4*NODE*" 12X
120 1'COOR X" +9X+'COOR Y')

121 WRITECIMP+1012)CIPDWXCIPO)ZWYCIPD) W IPD=NPC+2+NPD)

122 1012 FORMAT(2X+s1543Xe2F15.4)

1231 [IFICNPI,EQ,NPD)YGO TO 1032

124:C

125:C READ INTERNAL POINTS(WHERE THE FUNCTION WILL BE CALCULATED)COORDINATES
126.:C

l27: READ(LEC 10286 )X (XC(IPI)sYC(CIPI)IPImNPD+1sNP])

128 WRITE(IMFP+1031)

129: 1031 FORMAT(CIHL1+5Xs ' INTERNAL POINTS = POTENTIAL CALCULATION'/3X4'NODE",
130:¢ 112X+ *CO0OR X' 49X 'COOR Y!')

131 WRITECIMP«1012)CIPL o XCIPI)WYCIPI)WIPI=NPD+1WNPI)

132:C

133:C READ INTERNAL CFLLS INCIDENCES AND INITIAL POTENTIAL

134:C

1357 1032 READ(CLEC1040)CVICTITOD)YWWV2C1ITD)oVACTITDYWVECITD)«FUICITD) ITD=1NTD)
136 1040 FORMAT(5X41415¢5X+1F10,0)

137, WRITEC(CIMP+1050)

1387 1050 FORMAT(1H1 55X "CELLS=INCIDENCES " /TX+*'CELLYv16Xe'VER 1
139, 1eFXs"WVER 2" ¢IXs'VER 3'"40Xs'VER 4 49X INITIAL POTENTIAL')
140 WRITECIME 1060 CITDWVICITD) W V2CITOYWVICLITO)Y WWA4CITD)YWFUICITD) ITD=1
141: 1+NTD)

142¢ 1060 FORMAT(EX e 15 414X s 1549Xe1549Xe1509X415013X41F10.5)

la3j. DO 90 [TD=1+NTD

144 D1=vV1C(ITD)

145, D2=V2C1TD)

146 D3=Vv3(]ITD)

147 D4=V4 (]I TD)

14%. XTOCTTOD)I=(XC(OL)+X(D2)Y+X(D3)Y+x(D4)Y#0,25

14G,; 90 YTIDCITDI=(Y(LU1)+Y(D2)+Y{D3)+Y(DA))I*0 .25

150« WRITECI™P +1CT70)

1530 1070 FORMAT (1ML +5X s "CELLS CENTER POINTS'/3X+a*NCDE"412X4'COOK X
152 149X+ COOR Y1)

153, WRITECIMPs1IO0TD)ICITR«XTOCITRYZSYTO(CITRIZWITR=1L4NTD)

1547 1075 FORMAT(2KA41543Xv2F15.4)

155:C

156:.C READ CODES

157:C

158« REAL(LEC+1090INCODT «NCCODWNCOTTCC

159: 1090 FORMAT(31541F5.0)

160, [FINCODT2924+92491

lé61: 91 WRITE(I'MP41091)

162 1091 FORMAT(OX s 'NOT [MPRESION PCTENTIAL OF CENTER POINTS OF CLLLS!
163¢ 1)

Jog s GO TC 943

165 92 WRITE(CIMP1092)

166! 1092 FORMAT(S5X*[MPRESION POTENTIAL OF CENTER POINTS OF CFLLS'")
l1¢7. 933 [FINCODD)GF4 494495

le8. G4 WRITECIMP+1093)

166G 1093 FORMAT(S5X«'NOT CALCULATION CELLS VERTEX FOTENTIAL ')

170. GO TO 99

171. 95 AWRITECIMP«1094)

172 1094 FORMAT(S5X+'"CALCULATION CELLS VERTEA PCTENTIAL")

173: 99 [F(NCOTT)>101+101+107

174: 101 WNRITECIMP+1095)

175 1095 FORMAT(SX'OOMAIN INITIAL POTENTIAL EQUAL ZFRO')

176 GO TC 103

177 102 WRITECI AP +1096)

178 1096 FORMAT(5X+'DOMAIN INITIAL POTENTIAL NOT EGUAL ZERO')
179:C

180:C LOAD FACTOR rOR UNIFORM VAK[ABLE BOUNDARY CONDITIONS

181:C

182 103 WRITEC(CIMFZ109T)CC

183: 1097 FOIMAT(ODA«'"I_LOAD FACTOR=?'41FH5,2)

184 WRITECIMP L 1200)ITIT |

1857 1200 FORMAT(CIHL1 10X+v4CA2710X 480 %))

186 NTIT=1+TFIN/TINC

187 i1l=1

188 :C

189:C CALCULAT]UON INTEKRPOLATION FUNCTIONS

190:C

191:¢

DO 900 J=14+0



192. LI 905 K=1y40o

193¢ SIC(I])=0425#(1l=Z27(J))+(1l=lL(K))
194 YICLT)=0205%(1+22CJ))*(1=L2(K))
135« LICIT)=0425#(Ll+22(J))%(1L+2L(K))
196, VICI])=0,5%#(1=22(J))*(1+22(K))
197. AMEGCL])=L0CU)#Z0(K)

1543, [l=1]+1

199: $05 CONTINUL
00 700 CONTINUF

201 rC=1.

202 :C

203:C [INITIALISATION TiMmMe IKTEGRATION
.04 C

0. DO 333 [T=1eNTIT

20h. OO Y6 J=1NPC

207 s FICJoiTI=FTT(J)*FC

<08, DELCIelIT)=0F 110 e1l)#FC
cC9. 96 DF 1 (Je2¢1TY=CF11(Js2)%FC
214L:C

2Y1:C INTEGKATICH ON THE BOUNDARY
21le s C

213, DO 200 NOLD=]1 NPC

2164 [FCIT=1)e0) 6601002

215. LO1L DLIAG=C.

216, PO 602 D=1 T

2117. Dl1=v1_(Iby)

2123 o2=V2(1IDLu)

21, V3=V3i(lul)

270, D =vVa(]0)

¢72.:C

223:C CALCULATION [IWTeGRATION CUNSTANT 0 FCR ROUNDARY NODES
224.C

275 CALL CuttodOX(nONLY o YENDD0) o X1 o YD) 9 X(D2) 4 Y(N2) o X (LAY 4 Y (D3) 4 X (0
226 . 142 Y (U)W FRO T CTERSTINCYSIA YT W/ eV s ARG G)

277, FCHRODCLTDD) =G

220+ KUY DDIAG=DDTAGHE

229+ DO 100 [=1+NPC

230 100 COEF(NODOWL1)=0,

231: CDIAG=0.,

237 . C=0,

233, CARGO(NOLOY =0,

234 ;C

235:C CALCULATION INTEGRATIOM CONSTANTS AsB FOR BOUNDARY NODES
£36.C

237 DO 190 ITELEM=1.NFC

228. IFCIELEMJEQ.NODOI)GO TO 152

239 IFCCTELEM+1) ,EQ.NOLOYGO TO 151

40+ I[FCIELEM.EQ,MPC.ANDNODOLEQ,1)GO TO 151

241 CALL ABNUMOX(NODO) « YAINODO) o XCIELEM) o YCTELEM) 4 X(TELEM+1)
242, IYCTELEM+L) WCTERSWTINCsACL) sAC2)4B(1)B(2))

243, GO TO 153

244. 152 CALL ABANACX(NODO)Y s+ Y(NODO) s XCIELEM+L) o YCIELEM+1) vCTERSTINCA(L) vA(
245, 12).8(¢1)+8(2))

246 . GO TO 153

247, 151 CALL ABANACXCIELEMY sYCIELEM) s X(INODO) +sYINODO) +CTERSTINCsA(C1)+AC(2) B
248 . 1(1)8(2))

249, AX=8(1)

250 B(l)=8(2)

251 B(2)=AX

252 . 153 CDIAG=CLIAG+A(L)Y+A(2)
2531 DO 179 K=1+2

2543 KN=JELEM+K=~]

255. [FCKN«FQNPC+1)IKN=]
256.:C

257.C THE INTEGRATION PESULTS ARE PLACED IN THE COEFFICIENTS MATRIX
258:C OR IiN THE LOAD VECTOR ACCORDING TO THE CODE OF THE NODES

259.C

26C . GO TO(1+2434¢446) +NCOD(KN)

261. 1 CARGO(NODQC) =CARGO(NODO) +B(KI)#DF [ (KNs3=Ko][T)
26¢. COEF (NODO+KN)=COEF (NOVDO+KNI)+A(K)

265 GO TO 178G

264, 2 [F(K,eQ,2)G0 TO 160

265. 165 CARGO(NODO) =CARGO(NODO) +B(K) #DF I (KN« 3=K 4 I T)=A(K)I*FT(KN+IT)
265. GO TO 179

267, 3 IF(K,EQR.2)GC TO 165
268, 160 CARGOCNODG)Y=CARGO(NODO)=A(K)I#F I (KN«IT)
266 . COEF (NODO s KN)=COEF (NODO +KN) =8 (K)

270: GO TO 179



271 . 4 DEN=DISCXC(IELEM) WY (IELEM) +XCIELEM+1) s YCIELEM+1))

212 XNUE=(Y(IELEM+1))=-YC(IELEM))/DEN

273 YNUE=(X(IELEM)=-X(IELEM+1))/DEN

2714 KINMA=KN+]

215: KNME =KN~]

216. [F(KNWEG W 1)KNME=NPC

217. [FOKN<ERNPCYKNMA=]

218. DEN=(X(KMNMA)=X(KN))#(Y(XNME) =Y (KN))=~(X(KNME)=X(KN) )% (Y(KNMA) =Y (KN)
2 19: 1)

280 .C

281:C COMPUTE GRADIEINT COMPONENTS [N THE NQODE UNDER STUDY
282:.C

283 UFX=0(Y(RN)=Y(KNMAI I #F T CENME W I T)+ (Y CKNMAY =Y (KNME) Y #F T (KN4 I TY+ (Y (KN
S R& . IME)=Y(KN)I#F T (KNMALITI)/DEN

285. DFY=((X(KNMA =X (KN Y #F T CRNME s T TY+ (XCKNMEY =X (KNMADY Y #RF T (KNS TTY + (X CKIN
286 . 1)=X(KNME) )#F ] (KWNMAWIT))/VEN

<87, C05t=0i7071

2RE . [FIDFXNELO,230 70O 17C

289 [FIDFY s Ra 0,00 TO 175

290:¢ 170 COSE=(DFX#XNUL+DFY#YNUE)/SQRT(DFX##2+DF Y ##2)
<91+ 175 KK=3=K

€92 DFF (KINeXK)=COSE

293, COLF (INODCXN)=COEF (NQDO KN =3 (K) #COSE
294 ; CARGO(NOLUQ)Y=CARGO(NQDO)«A(K)#F [ (KN+[T)
&I5 GO TG 179

296 . 6 COSE=1

297, GO TG 175

298 179 CONTHUE

299 190 CONTINUE

300:C

301:C MODIFY ThHe ELeENTS OF THE 2RINCIFAL OIAGONAL [N
302:C THE COEFFICIENTS MATKRIX OF (Ho FUNCTIONS

303:C

304« TOIAG=CDIAG=DOTAG

305« JFCNCODCNODO)Y=1)18304¢1414130

306« 16 CARGOUNOUC)Y=CARGOUNQUII+TOTAGHFTIINODDI T)
307 GO TC 702

308: 181 CORF(NODINOLO)=COEFI(NCDOWNODO)=TDIAG

2094 Tu2 [FCICOTTIBS04.6504705

310.C

311:C INTRODUCTION CUF CELLS POTENTIAL AND LOAD FACTOR
312:C

313 705 DO 700 [TT=1+NTD

3140 700 C=C+r (NODOWITTY#FULCITT)

315. GC TO 650
316 6L2 C=0,
317 DO 113 ITO=1+NTD

318 113 C=C+F(NODOITD)#FPCT(ITDWIT=1)

319 €50 CARGANOLDU)=CARGOC(NGCDU)#FC+C

320 200 CONTINUE

221.C

322:C INTRODUCTION OF SUPPCRT CONDITICN FOR NEUMANN PROBLEM
323:C

324 . [FINCCALEQ.D)CO TO 250
529 DO 210 J=l+NPC

326« COEF(JaNCQA) =],

327. 210 CORF(NCOAJ)=0,

328: COEF (NCOAWNCQA) =],
329. CARGAINCOA)=(.

330: 250 F(IT7=1)800+5004+805

331 800 V(1)=1,

332 C

3353:C SOLUTION OF THE SYSTEM OF EQUAT IONS

334:C GJR IS A STANDARD SUBROUTINE FOR MATRIX INVERSION

335:C
336+ CALL GJUR(COEF NPMAX «NPMAX T NPCNPC+¥888PIVDO,.V)
AdT. GO TO 805

338: 888 WRITE(IMP41400)
33G: 1400 FORMAT(1X+'ERROR.., ., ]NVERSE MATRIX')

340, STOP

341 805 DO 300 NODO=1 NPC

342. SOL=0.

343, DO %10 L=1NFC

344, 810 SOL=SOL+COEF(NODOWL)&CARGA(L)
345, NC=NCUDINOULO)

346 ¢ C

347:C ASSEMBLE AND MCDIFY Tilk RESULTANT VALUES Or
348.:C THE SYSTEM OF EQUATIONS
3¢9 C



350
351
3>2.
353,
354,

400«
401~

403.
404,
405 .
40¢€
G071 e
408,
409 .
410«
411
412:
413,
414

415:C
416.C
417.:.C

418:
419
420«

491:C
422:C
423:C

424
425

426
4217 .
426&.

GO TOCZEQ 12654265432 T0+275) «NC
260 FI(NQLOWw]T)=S0L
GO TO 200
265> NC=N(C=1
DF I INCDOWNC I T)=S0L
GO TO 300
270 DO 280 [=31+2
[F CABS(DFFINODOL 1)) ,LE«1E=10)030 TO 280
DFI(NODOQ ] « IT)=SOL#DEFF{NOLO )
250 CONT INUE
GO TO 300
275 DO 285 1=1+2
285 DFI(NODOWIWIT)=S0L
300 CONTINUE
[F(CCEQ. 0 ICC=1,
FC=aCCt [ T
[F (NCOLD)411,4114412
411 IF(NP]EQ.NPDYGD TO 399
[PRaNPD+1
GO TU 413
412 IPR=a=NPC+2
413 INT=]PR

COMPUTE FUNCTION VALUE IN INTERNAL POINTS

UO 420 MMM=] NP 1=]PR+]
IFCIT=1)0421+421+422
421 C=0,

CALCULATION INTEGRATION CONSTANTS A8

DO 610 J=1.MPC
CALL ABNUMOXCIMT) oYCUINT) o XCJ) o YCU) o XCI+L) o Y(J+L1) v CTERSTINCWA(CL) vA(
12)B(1)8(2))
DA(MMMsJs1)=A(1l)
DA(MIMeJe2)=2A(2)
DA(MMMs Je3)=8(1)
610 DA(MMM,L J+v4)=B(2)

CALCULATION INTEGRATION CONSTANT C

DO 710 JJU=1+NTD
Dl=svi(JJD)
D2=v2(JJD)
D3=v3i(JJL)
D4=vV4L(JJID)
FPPT=]l,
CALL CONUMCXCINTI oYCINT) o X(DLY s Y(D1) o X(D2) s Y(D2) e X(D3)Y(D3) X(D4)
I1vYCOG)vFPPTsCTERWTINCsSI oY1 oZl V] AMEGG)
7110 D(MMM+JJD) =G
[FI(NCOTT)4L42444244T7CA
706 DO 777 JDJU=1+NTD
TT7T7T C=C+D (MMM, JDJ)RFUT (JDJ)
GO TC 424
422 C=0,
DO 423 JID=1NTD
423 C=C+D(MMMJUTDI)#FPRCT(JTD][T=1)
424 RPCT=0.
DO 430 J=1NFC
JJI=J+1
IFCJ EQ.HPCYJJ=1
430 HPCT=HPCT=DA(MMMy Jo1)%F 1 (JvIT)=DA(MMMs 3 2)2F 1 (JJsIT)+DA(MMM,y Js3)#D
IFI (e 29 ITY+DAMMMGUWG)RDF I (JJe16]T)
FINT(MMMAIT)Y=HPCT+C
420 INT=INT+1

COMPUTE FUNCTION VALUE IN CENTER NCDES OF.CELLS

399 DO 400 [TO=1«NID
[FCIT=1)401+4014402
401 C=0,

CALCULATION INTEGRATIOMN CONSTANTS A.B

DO 415 J=1+NPC |

CALL ASNUMUXTDCITOD) o+ YTODCITOD) o XCI)Y o YCU) o XCJ+)1) o YCI+1) JCTERWTINCAC(CL
1)A(2)8(1200(2))

TACITOJe1)=AC(C1)

TACITDJe2)=A(2)



429 . TACITDsJe3)=8B(1)
430: 615 TACITDWJevad=R(2)

431.C

432.C CALCULATION INTEGRATION CONSTANT C

433 .C

434 ; DO 715 110=1NTD

435, D1=Vv1(IID)

436. D2=v2(11D)

437 0D3=v3(11D)

438 . P4=V4(]ID)

439: FPPT=l-

44( < CALL CONUMUXTODCITOD)Y «YTDCITD) « X(DL)Y e Y(D1) o X(D2) «Y(D2) X(D3)eY(D3) X
441.; L1CDG) s YID4G) s FPPT o CTERTINCSTI s Y 0Z]l VI AMEGLC)
4472 715 ECITDSs11D) =G

a4 3 [FONCOTT)40344034707

444: (07 DO 779 IDI=1«NTD
4457 779 C=sC+e(ITDIDI)#FUTCIDI)

446 . GO TO 403
447 402 C=0,
443 DO 440 JTD=1+NTD

4497 440 C=C+E(]T0WJTDI#FPCT(UTD1T=1)
420: 403 HPCT=0.

451 DO 450 J=1+NPC

452 . JJIJ=J+1

44537 [F(J.EQ.NPCYJI=1

454 450 HPCT=HPCT=TACITDsJe1)#F [ (JalT)=TACITDsJa2)%FI1(JJITI+TACITDsJe3) %D
55 LF1CI 24 1T)+TACITO s &) #DFICII 11T

a56: 400 FRPCT(ITDLIT)=HPCT+C

457: TIMECIT)=TINC#|T

458§ . WRITECIMPL1250) TIME(CIT)

459: 1250 FORMATCIHL1«10Xe1F10,575 X+ "BOUNDARY NODES'/6X 4 'NODE'" +1UX
460 T'POTENTIALY +9X o "FLUX BEFORE" «9Xs'FLUX AFTER?')

461 . WRITECIMPI260)CIsFICIvITX(DPI(I0delT)ed=102)e]l=1sNPC)
4627 1260 FORMAT(S5XR+IS43F20,5)

463, [F(NCODTI50245024501

G464 502 WRITECIMPW12T0)TINECIT)

465: 1270 FORMATC(IHL1 10X +1F10,.8/5Xv"CELLS CENTER PCINTS'/6X4'"NODE ' 41
466 10X« "POTENTIALY)

457, WRITECIMP «1ZBO) (T 4FPCTCI&1T)el=1«NTD)

Gopn: 1230 FORMAT(SX+15,1F20,5?

4A9: 901 TFINPIEQ@NFDAND,NCODDLEQ.0UXGO TO 3313

470 WRITECINMPG1290)TIMEC] T)

L7107 1290 FORMAT(IH1 10X +1F1C,.5/5Xs ' INTERNAL POINTSY/6X, "NODE* 10X s
472: 1'POTENTILAL')

472 . WRITECIMP+1300)((]=1+IPRI+FINTCIslT)sI=1sNPI=]PR+1)

474 1300 FORMAT(5X+]1541F20,5)

475 333 COMTINUE

476 . STOP

477 . END

476, SUBROUTINE ABNUMUXP s YFE e X1 s YL XZeY2+CTERSTINCWALVA2431+892)
479 .C

48C:C THIS SUBROUTINE COMPUTE NUMERICALLY THE INTEGRATION CONSTANTS AW
481 :C

482. DIMENSION XI1(4) OMEG(4)

483, DATA X1/0.861136311=0.586113631+0,339985104+~0,33998104/ +
424 , 1 OMEG/0.34678548540.34785485,0.65214515+0.65214515/
435. AX=(X2=x1)/2.

486 . AY=(YZ2~=Y1)/2,

4837. BX=(X2+X1)/2,

488 . RY=(YZ2+Y1)/2.

489 . [F(AX)10+204+10

490 . 10 DIS=ABSC((AY®XP/AX=YP+Y]1=AY#X1/AX)Y/SURT((AY/AX)®#%#2+]1))
421 GO TQ 30

a32, 20 DIS=ABS(XP=X1)

433 30 SIG==((R]l1=XP)#(Y2=«YP)=(X2=XP)#(Y1l=YP)

49¢ | [F(SIG.LT.0) DIS==DIS

495, Al=0,

496 . A2=0,

437 B1=0,

498, B2=0,

499, DO 40 I=1+4

500 XC=Ax# X[ (1)+RX

D201 . YC=AY#XI(])+BY

502 . R=SURT((XP=XC) 2+ (YP=Y(C)t#2)

503 H=D ] SHOMEGCI)#BELI(RWCTERWTINC) #SQART(AX®*42+AY#%2) /R
204 ¢ G=OMEGQCI )#BFQ(RVWCTERCTINC) #SART(AX#%2+AY#32 )

505 Al=A1+(XT{I)=1)#H/(4,#3.1415G2#SQFRT(CTER®#TINC))

506 . A2=a2=(X]1{1)+1)#H/(4,#3.,141592#SQRTI(CTER#TINC))

207, R1I=B1=~(XI(])=1)%#G/(4,%3,141592)



D08, 40 B2=B2+(XI(1)+1)#G/(4.%3.141592)

506G . RETUR'

210« ENL

515 SURROUTINE ABANACXI s Y1 o XZe Y243 CTER«TINCIA1+A2,B1+82)
212 C

213:C THIS SUBROUTINE COMPUTE ANALITICALLY THE INTEGRATION CONSTANT B
214:C |

D151 Al=0,

>le.s A2=0,

517 DIS=SuRT((XZ=Xx1)#x22+ (Y ~Y]1)x2)

D18 P=BrQ(DISsCTERSTINC)#STI(LISWCTER«TINC)

519G, O=(P+BEI(D]SyCTERWTINC)®RSTC(DISCTERSTINC)I®3,1415926/72
D20 ALF=DIS/SQRT(CTER#TINC)

521 S=(ALF*Z2EL(DIS«CTERSTINC)=1) /ALF #%2

222 . R1I=(q+S)*D1I5/(2.33.161592)

PR ICR R2==S*DI15/(2.3%3,141592)

D24 . Re TURN

525 ¢ END

D26. SUBRCUTINE CONUMCAP 3y YP s X1 oY1 o AZ20Y29X30Y3 e X4 Y44FPCTACTERCTINCST WY
5271 1IsZT V]I AMEGLG)

228.C

226:C THIS SURROUTINE COMPUTE WwUMERKTCALLY THE INTEGRATION CONSTANT C
D30 C

531 DIMENSTON ST(36)sY1(36)+L1(36)+VI(36) AMEG(36)
532 H=0,

533 AACTI=0U 1253+ (Y1#(X4=X2)+X3#(Y4u=Y2Z2)~Y3#(X4=X2)=X1#(Y4=Y2))
034 AACO=ARS(AATZQD)

535. DO 30 [=1+36

530 XC=X1#ST () +x2#Y T (T)+X3# .1 (])+X4V]I(])

537 YC=Y1#STCI)Y+Y2#Y [ (I)+Y3#ZI(1)+Y4xV]I(])

53K . R=SOKT((XP=XxC) 32+ (YPRP=Y)3x#2)

239 S=1/710,%#*6

N4 [F (P=S) 30430410

5411 10 D=REQ(RCTERWTINC)Ys#AMES(])

5L H=H+[

543, 30 CONT I NUL

Y44 ; G=(H/(6.,283184+=CTERs=TINC))*»AACO

545 : RETURN

D46 . ENC

547 : FUNCTION BFO(DISyCTERSTINCY

548 C

24G:C THIS FUNCITION COMPUTE THE VALUE OF
D50:C THE MODIFIED OESSEL FUNCTION SECOND KIND ORDEK O

551.C

5hz s DOUBLE PRECISION DP XL XTaTLsCOWFKOWE
5531 A=DIS/S50URTICTERET INC)

254 [F(X=4,)543243

555 3 DP=X

256 . FKO=(1.2533143%DEXP(=DP)Y/SQRT(DP))Y# (1 ,~=C,125/0P+0,0703125/0P#5t2=0,0
557 1732421875 /0P#«#3+0,1121520996/0P%%4)
55¢ . GO TO 30

D60 FKO==0,9577216649~DLOGIDF)

€1 . E=C,

D02 . X{=1,

563 . DO 20 K=1+60

Do4 . F=b+]1. /7K

S0H . XT=bE=0,57721664%=LLOGI(DP)

56 . X2=X7#(X#%2/44) /K332

o6 1. TL=XT*X/Z

D964 . CO=FKC/10,%#3%10

55659 [FCOABS(TZ)=-DABS(CO))30+10+10

2170 10 FKO=FKO+T/Z
211 20 CONTINUE

572 WRITECC(64100)

973: 100 FORMAT(1X+'ERROR..SERIES BEO IS NOT FINISHED')
>T4 . STOP

5T5 ¢ 30 BEO=FKQ

576, RETURN

5TT. END

578: FUNCTION BE1(DIS«CTER«TINC)

579:C

580:C THIS FUNCTION COMPUTE THE VALUE O
581:C THE MODIFIED BESSEL FUNCTION SECOND KIND ORDER 1

582.:C |
583. DOUBLE PRECISION DPJEsXZ o XTaTLWFK14CO
584, XD IS/SQRT(CTER#T INC)

585 [F(X=4,)24¢343

>86 3 DP=X



287 FK1=(1.253314%DEXP(=DP)/SORT(OP)II®*(1,+0,375/0P=0,1171875/0P%%2+0.,1

28¢& . 1025390625/70P##3=(,1441955566/0P%#4)
589, GO TO 70

290« 5 DP=X/2,

591 . FK1=DLOG(DP)Y+0.577216649=0,5

5G2 E=0,

D9 3. xi=1,

594} DO 20 [=1+60

595, E=E+ll/1

296 . XT=DLOGCUR)+0Q5T77216649=E=1./7C2,#([+1.))
597, X2=X7#(X#82/4,)/CI#([+14))

566 : TZ=XT#X/

599, CO=FK1/10.%%10

600 [F(DABS(TL)Y=DABS(CO))60+40440

601 40 FK1=sFK1+T/

602, 20 COMTINUE

603, WRITE(6+300)

604, 300 FORMATCLIX s 'ERROR.SERIES BF1 IS NOT FINISHED ')
A05. STOF

6ChH., 60 FKl=FK1®X/2+)./X

¢07. 70 El=FK1

60% ., RETURN

609, END

ol FUNCTION STO(DIS+CTERs TINC)

611.C

612:C THIS FUNCTION CoMPUTE THE VALUE OF
613:C THE MOLIFIED STRUVE FUNCTIOY ORDER O

61‘4:C

5153 ODOURLE PReCISTON AsXZsFROWXAWXT W TZ+CO
Ale. A=D[S/SORTCCTER#T INC)

6l X2Z=1,5D0

61h . FKU=(l JUQAMACXL)#u2)4 /2,

619 . XhHh=1,

SWAVE DO 20 K=ll.60U

K21: AT=A/2.,

L2272 XA=XA#RCARK2, 401 /7C(28(K+1)=1,0/72)%%2
£9230 TZ=XT#XA/ O, 7854

N4 CO=FKO/1U %810

679, IF(DABSC(T2)=DABS(CO)X)Z0410410

20 1C FRO=Fk0O+T/Z

77 20 CONTINUE

6206 WRITE(64+300)

629 300 FORMAT(1X+'ERROR, ,SERIES STO IS NOT FINISHED!)
€30, STOP

631 30 STO=FKOQ

6321 RETURN

633, END

&34, FUNCTION STL(DIS+CTER«TINC)

635:C

636:C THIS FUNCTION COMPUTE THE VALUE OF
637:C THE MODIFIED STRUVE FUNCTION ORDER =1

6€38.C

639. DOUBLE PRECISION AWXZsFKO s XAWXTTZ+CO

640 . A=D]IS/SAORT(CTER#T INC)

641, xZ=1,5D0

&42. FKO=(1l./(DGAMMA(XZ)#1,.77245))+( (1.7 (ODGAMMA(XZ) #DGAMMA(XZ+1)) )A%n%2
643 174.) '
644 . XA=1,

€645, DO 20 K=1460

646 . XT=A#3%2/4,

6GT XAZXA#(AL422/74 07028 (K+1)=1,)/2,)#((2%(K+2)=1,)/2:))

648 TZ=XT#XA/1,1781

649 CO=FKO/10,#%#10

620 . [FCDABS(TZ)=DABS(CO))304+104+149

651 10 FKO=FKQO+TZ

65« 200 CONT | NUF

653, WRITE(6+300)

€54, 300 FORMAT(LXW'ERROR.,SERIES ST1 IS NOT FIN]SHED?')

655. STOP

656 30 ST1l=FKOQO

657. RETURN

5586, END



